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ABSTRACT. We approach the classification of Lie bialgebra structures
on simple Lie algebras from the viewpoint of descent and non-abelian
cohomology. We achieve a description of the problem in terms of faith-
fully flat cohomology over an arbitrary ring over Q, and solve it for
Drinfeld—Jimbo Lie bialgebras over fields of characteristic zero. We
consider the classification up to isomorphism, as opposed to equiva-
lence, and treat split and non-split Lie algebras alike. We moreover
give a new interpretation of scalar multiples of Lie bialgebras hitherto
studied using twisted Belavin—Drinfeld cohomology.
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1 INTRODUCTION

The “linearization problem” for quantum groups, outlined in spirit by Drin-
feld [D], and solved in the celebrated work of Etingof and Kazhdan [EK1] and
[EK2], naturally leads to the study of Lie bialgebras over the power series ring
R = C[[t]]. If g is a finite dimensional (necessarily) split simple complex Lie
algebra one can try to understand all possible Lie bialgebra structures that can
be put on the R-Lie algebra g ®c R. This is exactly the program started by
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2584 S. ALSAODY AND A. PIANZOLA

Kadets, Karolinsky, Pop and Stolin and pursued in [KKPS] and other papers,
where this is done by considering the (algebraic) Laurent series field K = C((t)),
and introducing (twisted and untwisted) Belavin—Drinfeld cohomologies. These
cohomologies parametrized the possible Lie bialgebra structures on g®c K, and
they were computed on a case-by-case fashion for the classical types.

We recall that the Belavin—Drinfeld theorem from [BD] gives a complete list
(up to equivalence) of all possible Lie bialgebra structures on g ®c K. It is thus
natural to approach the problem at hand by means of usual Galois cohomology.
This is done in [PS], where the Belavin-Drinfeld cohomologies are shown to be
usual Galois cohomology with values in the algebraic group C(G,rpp) (the
centralizer in the adjoint group G of g of the given Belavin—Drinfeld r-matrix
rpp). The main results of [PS] state that:

(a) untwisted Belavin—Drinfeld cohomologies are the usual Galois cohomolo-
gies He, (K, C(G,78p));

(b) for the Drinfeld—Jimbo r-matrix rp; the twisted Belavin—Drinfeld co-
homologies can be expressed in terms of the Galois cohomology set
HL. (K, C(G,rpy)) for a twisted form C(G, rpy) of the K-algebraic group
C(G,rpy). This form is split by the quadratic extension L. = K(v/t) of
K;

(¢) H, (K, C(G, rpy)) is trivial by Hilbert 90, and H' (K, C(G,rpy)) is trivial
by a theorem of Steinberg that is also used to establish the correspondence
in (b). As a consequence, there are unique (up to Belavin—Drinfeld
equivalence with gauge group G) corresponding Lie bialgebra structures
on g with prescribed doubles (namely g x g in the untwisted case, and
g ®xk L in the twisted case).

The main objective of the present paper is to develop the theory of faithfully
flat descent for Lie bialgebras over rings, with emphasis on what this theory is
best suited for: the classification of twisted forms of a given Lie bialgebra up
to isomorphism and without the restriction that the underlying Lie algebras be
split. This is the main difference between our work and the recent paper [KPS],
where the authors use Galois descent to obtain far-reaching results about Lie
bialgebra structures on split Lie algebras up to equivalence. The Belavin—
Drinfeld classification is up to equivalence, in the sense that two coboundary
Lie bialgebra structures dr and 9r’ on a split Lie algebra g are considered
equivalent if
r = a(Adx ® Adx)(r)

for some invertible scalar a and some X in a suitably chosen group with cor-
responding simple Lie algebra g. This relation is not comparable to isomor-
phism. On the one hand, scalar multiples of r-matrices in general lead to non-
isomorphic Lie bialgebras. On the other hand, non-equivalent Lie bialgebra
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structures may still be isomorphic if the Lie algebra admits outer automor-
phisms. Nevertheless, the flexibility of the point of view that we take allows
us to recover and in some cases explain all the results up to equivalence known
heretofore. As we will see, it is well suited for understanding Lie bialgebras
whose underlying Lie algebra is not necessarily split over arbitrary fields of
characteristic zero, a topic that has been little investigated in the literature.
In the appendix of [KPS], the authors classify Lie bialgebra structures on
s[(2, R) and sl(3, R) for a discrete valuation ring R using orders and lattices. It
would therefore be interesting to find a cohomological interpretation and gen-
eralization of these results. Another instance where Lie bialgebras over rings
are discussed is [BFS], where solutions to the quantum Yang-Baxter equation
that arise from Frobenius algebras over rings are treated.

After the necessary definitions in this section, the paper proceeds with the
statement of the formalism of faithfully flat descent for Lie bialgebras in Sec-
tion 2. In Section 3 we give a description of the automorphism groups of
Belavin—Drinfeld Lie bialgebras defined over the base ring. Our major result
is in Section 4, where we solve the classification problem for standard (i.e.
Drinfeld-Jimbo) Lie bialgebras over arbitrary fields of characteristic zero. In
Section 5 we turn our attention to Lie bialgebras that are locally scalar mul-
tiples of Belavin—Drinfeld structures. This includes and provides context to
previous results on twisted Belavin—Drinfeld bialgebras. In the final Section 6
we review some known classification results in the light of the results of the
previous sections.
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1.1 LiE BIALGEBRAS OVER RINGS

The importance of considering Lie bialgebras over rings that are not fields
was explained in the introduction. Throughout, we fix a unital, commutative
ring R. All unadorned tensor products are understood to be over R. By an
R-ring we understand a unital, commutative R-algebra. We will further always
assume that Spec R, as a scheme, has characteristic 0; this amounts to saying
that R is a Q-ring. For any R-module M we will always write x for the linear
map M ® M — M ® M defined by the transposition x ® y — y ® = of tensor
factors. Let M be an R-module. A Lie cobracket on M is an R-linear map
6: M — M ® M that is anti-symmetric in the sense that

Kod=—0

3

and satisfies the co-Jacobi identity
((5®Id]u)0(5: (IdM®(5)O(S+(IdM®H)O((S®Id]M)O(S.

DOCUMENTA MATHEMATICA 24 (2019) 2583-2612



2586 S. ALSAODY AND A. PIANZOLA

The pair (M,d) is called a Lie coalgebra. From the definition it follows that
the composition

M*®@ M* - (M@ M)* —— M*
is a Lie bracket on M*.

REMARK 1.1. If M is a finitely generated projective module, then the canonical
map can is an isomorphism. In that case, identifying M*® M* with (M @ M)*,
it can be verified that ¢ is a Lie cobracket if and only if 6* is a Lie bracket.

If g = (g, [,]) is a Lie algebra, and § is a Lie cobracket on g satisfying the cocycle
condition

§([a,b]) = (ad, ® 1 + 1 ® ad,)d(b) — (ady ® 1 + 1 ® adp)d(a)

for any a,b € g, then (g,d) is called a Lie bialgebra. If (g,d) and (g¢’,d’)
are Lie bialgebras, then a map ¢ : g — ¢’ is a morphism of Lie bialgebras
(g,9) = (¢’,0") if it is a Lie algebra morphism that in addition satisfies

(p@p)od =4 od. (1.1)

If ¢ is invertible, then ¢! is a morphism of Lie bialgebras (g’,6") — (g,0),
and ¢ is called an isomorphism of Lie bialgebras. Thus R-Lie bialgebras form a
category, which we denote by £Bi r. We denote by £Big the full subcategory
of £Bi r whose objects are those Lie bialgebras whose underlying module is
finitely generated and projective.

2 DESCENT FOR LIE BIALGEBRAS

We will first establish the desired correspondence between twisted forms of
bialgebras and certain cohomology classes. Let (g,0) be a Lie bialgebra over R,
and let S be a R-ring. On the S-algebra gs = g ® S one has a unique Lie
bialgebra structure dg that satisfies

Js(x®@1) =) (y;®1)®s (2 @1)

for all © € g, where >y, ® 2; = 6(x) € g® g. An R-Lie bialgebra (g’,d’) is
said to be an S/R-twisted form of (g,9) if (g,0%5) ~ (g9s,ds) as S-bialgebras.
We will mainly be interested in the case where S is faithfully flat over R. This
includes the special case where R is a field of characteristic zero and S is any
field extension.

Let (g, 6) now be an S-Lie bialgebra, and let x : S®S — S®S be the (R-linear)
flip a® B — B ® a. There are two ways to endow g ® .S with an S ® S-module
structure; the S ® S-action being component-wise in the first, and twisted by s
in the second. We denote the two modules (algebras, bialgebras) by g®12 S and
g ®21 5, respectively. Both modules (algebras, bialgebras) are seen as having
the same underlying R-module (R-algebra, R-bialgebra) structure which we
continue to denote by g ® S.
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DEFINITION 2.1. A descent datum on g is an isomorphism 6 : gR12.5 — gR21 .5
of S ® S- Lie bialgebras, satisfying the equality

(Idek)(@eId)(Id® k) = (0 ®1d)(Id ® «)(0 ® Id)

of maps on g S® S. The triple (g, d, 0) is called a Lie bialgebra with a descent
datum. A morphism of Lie bialgebras with descent data (g,9,0) — (¢’,0",0") is
a morphism of Lie bialgebras f : (g,d) — (g¢’,0’) such that the diagram

g®125 — ¢’ ®12 S

[

IR S —— ¢ ® S

commutes, where the horizontal arrows are given by f ® Id.

REMARK 2.2. Some authors set 0 = (Id®x)(0®1d)(Id®k), 0* = (0e1d)(Id®k)
and 62 = (0 ® Id), and write the equality in the definition in the equivalent
form 61 = 6°62.

We recall the following fundamental fact of faithfully flat descent (see [KO,
I1.2.5]). Here and in what follows, if N is an R-module and T an R-ring, we
shall often abbreviate N ® T' by Nrp.

LEMMA 2.3. Let S be a faithfully flat R-ring and let N and N' be R-modules.
There is an exact sequence

0 — Hompg (N, N') —— Homg(Ns, Ni) —2— Homsgs(Nses, Ngs)
of R-modules. Here A is defined by f — (f ®1d) — (Id ® )(f @ Id)(Id ® &).

For an R-ring S, we write @iz for the category of S-Lie bialgebras with
descent data, and S%ilspb for the full subcategory formed by the objects whose
underlying modules are finitely generated projective. If (g,d) € £Bip, then
the standard descent datum on g ® S is the map

Idyr: (g®S5)®125 = (g®S5) ®a1 S.

It is straightforward to verify that this is indeed a descent datum, and that

. —— 5

we thus get a functor ©® = @15% : £Bip — £Biy, defined on objects by g —
(g ® S,1dg ® k), and on morphisms by f — f ® Ids.

Faithfully flat descent for Lie bialgebras is then as follows.

ProproSITION 2.4. If the R-ring S s faithfully flat, then ® is an equivalence
of categories @13 — @iR, and induces an equivalence £Bip — E%iIS%.

This result is well-known for modules (where the descent data are linear maps).
We will use this in the proof below.
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2588 S. ALSAODY AND A. PIANZOLA

Proof. Tt is clear that D(g) is finitely generated projective if g is. We claim

S iy
that a quasi-inverse to © is given by ®’ : £Bi, — £Big, defined on objects
by mapping (g,0) € £BiY; to

o ={regllzol) =201},

and on morphisms by restriction. It is known that g% is an R-submodule of g,
which is finitely generated projective if g is, and by [W, 17.2] ¢ ® S ~ g as
S-modules, via the isomorphism m : z ® a — azx.

The module g% is an algebra by [KO, I1.3.]. We repeat their argument here.
The Lie bracket on g induces, via the map m, a Lie bracket [,]o on g’ ® S,
thus making m into an algebra homomorphism fitting into the commutative
diagram

(@ ®8)®s (g% ®9) %g%as

lm@)sm Jm . (2.1)
g¥sg ———— ¢

Consider the following diagram of T := S ® S-modules

[7]1
el er@el) —_  —=¢aT
[7]2

(m®1ds)(1dgg ®l€)®2
(m®Ids)(Idgg ®K)
(0®215) @7 (g ®21 5) (g ®215) melds
(m®Idg)®?
0®0 0

(®129) @7 (®125) ——— (g®125)
(2.2)
where the middle and bottom horizontal arrows are the Lie brackets on the
respective modules, and the maps [,]; and [, ]2 are defined by

tRaxpyeleli=[z0aye 185,
t@®Ra,y®1®1]=Idgp @k)([z@a,y® 1)@ 3).

Note that the vertical arrows are isomorphisms: this holds for m ® Idg since .S
is flat, and for (m ® Idg)®? since tensoring is right exact, hence preserves
isomorphisms. Recall next that we have an isomorphism fy : (g° ® U) @y
(0° @U) — ¢’ ® g’ ® U for any R-ring U. Given the isomorphism fr and the
construction of [,]; and [,]2 it remains, by Lemma 2.3, to show that these two
brackets are equal. The lemma then implies that [,]s is induced by a unique
bracket on g?, which satisfies the axioms of a Lie bracket since so does [, ]y (see
[KO, I1.3.)).
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Since the rightmost vertical arrow is an isomorphism, it suffices to show that
the rear square commutes with each of [,]; as top arrow. For [,];, this fol-
lows from the commutativity of (2.1) by applying fs, tensoring with .S on the
right, and applying fr. Tensoring with S in the middle instead implies that
the top parallelogram is commutative for [,]. The bottom parallelogram is
commutative since 6 is a Lie algebra homomorphism, and the two triangles
commute by definition of a descent datum. This altogether implies that the
square commutes with [, ]2 as well, as desired.

To show that g? is a Lie coalgebra, we use the same argument up to reversing
some arrows. More specifically, we have a Lie cobracket 6y on g’ ® S, making m
into a coalgebra homomorphism such that the diagram

(0?2 9)®s (g? ®9) P es
lm@)sm Jm (2.3)

Qs 9

commutes. Consider the diagram

o1
—
@Weher@eT),—  ——g¢"eT
o2
(m®Id)(Id®kx)®?
(m®Id)(1d®~)
(g ®219) @7 (g ®21 5) (g ®21 5)
020 0

(9®129) @7 (g®125) +—— (g ®125)
(2.4)
which only differs from (2.2) at the horizontal arrows: the middle and bottom

arrows are the Lie cobrackets on the respective modules, and the maps §; and
0o are defined by

Silz®a®B)=> (i@ ® ) ®r (¢, @], ®1)
refea)=>) (1,0 ) (v;®1®a;)

with dg(z @ @) = > (z; ® o) ®g (2} @ af). As above it suffices to check that
the square commutes for each §;. For d; this follows from the commutativity of
(2.3) via fg, tensoring with S on the right, and fr. Again, tensoring with S
in the middle implies that the top parallelogram is commutative for d5. The
bottom parallelogram is commutative since 6 is a Lie coalgebra homomorphism,
and the triangles are those from (2.2). Thus dy is induced by a unique cobracket
on g?, which satisfies the axioms of a Lie cobracket since 6y does.

The cocycle condition further follows, by faithful flatness, from that on g’ ® S,
which holds in view of the isomorphism m. Thus g? is a Lie bialgebra.
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To show that @’ is well-defined on morphisms, let f : (g,60) — (¢’,60') be a
morphism of S-Lie bialgebras with descent data. Then for all € g%,

O (fz)®1) =0 (feld(z®1) = (fld)(z®1) = (fold)(z®1) = f(z)®1,
where the second equality holds by definition of a map of Lie bialgebras with
descent data, and the third by construction of g?. Thus f(z) € (¢')?, and the
functor is well-defined morphisms.

It remains to be shown that @’ is a quasi-inverse to ©. Firstly, for each
g € £Big,

DD(g) ={regeS|(Id;@k)(z®1) =2®1}.

Applying Lemma 2.3 with N = R and N’ = g, we see that the assignment

x — x ® 1 yields an isomorphism g — ©'®(g). Since this map is clearly a
natural morphism of Lie bialgebras, this implies ©'D ~ Id &5 .-

— S
Secondly, if (g,6) € £Biy, then
D9'(g,0) = (¢ ® S, Idge ® k).
From the above we know that the map m : g ® S — g is an isomorphism of

Lie bialgebras. It is a map of Lie bialgebras with descent data, since for all
zeg’anda,BeS,

Imelds)(r@a®pf)=0cr®f)=(Ba)f(ze1)=(Bea)(re])
which is equal to
frea=melds)(r@ e a)=(melds)(Idgp @ k)(r®a® ).

Naturality is clear, and the equivalence of categories thus obtained induces an
equivalence £Bigp — S%ilsz by restriction. The proof is complete. O

For any R-Lie bialgebra (g,d) and any faithfully flat R-ring S, we wish to
classify all S/R-twisted forms of g, i.e. all R-Lie bialgebras (g’,0’) such that
(g,0%) ~ (gs,05). Let A = Aut((g,d)) be the automorphism group functor
of (g,9). As one does for modules and algebras, we consider, for each faithfully
flat R-ring S the cohomology set H'(S/R, A) := Hflppf(S/R, A), consisting of
cohomology classes of 1-cocycles. Here a 1-cocycle is an element ¢ € A(S ® S)
satisfying the cocycle condition

d'¢ = (d°¢)(d°¢)
where d'¢ is the R-linear extension of ¢ to g® S ® S ® S obtained by applying
Ids to the i** copy of S; two cocycles ¢ and ¢’ are defined to be cohomologous
if
¢ = (Idg @ K)(p @ Ids)(Idg ® K)p(p™" ® Ids)
for some p € A(S). The following is then a consequence of the above proposi-
tion, and the proof is analogous to that for descent of modules.

COROLLARY 2.5. Let (g,0) be a Lie bialgebra over R with automorphism group
scheme A. Let S be a faithfully flat R-ring. Then there is a 1—1-correspondence
between H'(S/R, A) and R-isomorphism classes of S/ R-twisted forms of (g,?).
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3 BELAVIN-DRINFELD LIE BIALGEBRAS AND THEIR AUTOMORPHISMS

3.1 COBOUNDARY LIE BIALGEBRAS AND 7-MATRICES

A Lie bialgebra (g,d) is said to be a coboundary Lie bialgebra if § = Or for
some r € g® g, i.e. if

0(a) =(ad, ® 1+ 1 ®ad,)(r) (3.1)

for all @ € g. Using classical notation, alluding to the universal enveloping
algebra, this is written as

da)=[a®1+1®a,r]

In general, not every r € g ® g gives rise to a Lie bialgebra structure via the
above formula. We will come back to this point below.

Let G be a split simple adjoint group over R with g = Lie(G). By Chevalley
uniqueness [SGA3, XXII1.5] and the fact that R is a Q-ring, up to isomorphism
we may and will assume that G is defined over Q; thus g = go ®q R for a split
simple Q-Lie algebra go. Let E be a pinning of G. The pinning provides a split
maximal torus H, a splitting Cartan subalgebra h = Lie(H) of g, a base I' of
the corresponding root system A, a set of positive roots AT C A and, for each
a € A, a Chevalley generator X, # 0 of g,. This moreover provides a Casimir
element Q € g ® g, and we write  for its Cartan part. (More precisely,
writing b = ho ®q R, where by is the Cartan subalgebra of gy corresponding to
the above data, and taking an orthonormal basis (h;) of o, £ is the image of
>; hi ® h; under the base change Q — R.)

REMARK 3.1. It is known that in the above setting
QO ={s€cgo®@go|Va € go: (ad, ® 1 +1®ad,)(s) = 0}, (3.2)
and that any automorphism of gg fixes 2. From this we will deduce that
RQO={scg®glVacg: (ad, ® 1 +1®ad,)(s) = 0}, (3.3)
and that any automorphism of g fixes 2. Indeed, consider the Q-linear map
Fo : go ® go — Homg(go, 9o ® go), s — 0s

where 95(a) = [1®a+a®1,s]. The kernel of Fj is the right hand side of (3.2),
which thus is Q2. Base change gives a map

Fy ®q Idg : (g0 ®q go) ®g R — Homg(go, 9o ®q go) Qq R,

where the right hand side is canonically isomorphic to Homg(g, (g0 ®gg0)@gR)
since g is finite-dimensional. Since R is flat over Q, the kernel of this map is
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Q2 ®qg R. Identifying (go ®g g0) ®g R with g ®r g we thus deduce that the
kernel of the map

F:g®g— Homg(g,g®g),s — 0s,

is RQ). Furthermore Aut(g) = Aut(go)r, whence for any R-ring S and any
¢ € Aut(g)(5),
(¢ ®50)(2®g1ls) =2 1s

Note further that since g = go ®g R and {2 is defined over Q and non-zero in
g0 ® go, it follows that if A € R satisfies A2 =0 in g ® g, then A = 0.

By an r-matriz on g we understand an element r € g® g satisfying CYB(r) =0
and r + £(r) = AQ for some A € R. Here the classical Yang-Baxter operator
CYB is defined by

CYB(r) = [r12, r13] + [r12,723] + [r13, 723,

which, writing 7 = 3", s; ® t;, is shorthand for?

D (sis] @t @t +5® [t 5] @5+ 505, @ [ti,15]) gD .
i

It is straightforward to check that if r is an r-matrix, then Or is a Lie bialgebra
structure on g. Conversely, if R = K is a field and § is a Lie bialgebra structure
on g, then by Whitehead’s Lemma, § = Or for some r € g ® g. If moreover K
is algebraically closed, then one may take r to be an r-matrix (see e.g. [ES]).

REMARK 3.2. When R is a field, r-matrices r satisfying r + x(r) = 0 are called
skew-symmetric. These are excluded from the Belavin—Drinfeld classification.
In the sequel we will only consider r-matrices satisfying r + x(r) = AQ with
A € R*, i.e. those that remain non-skew symmetric under any base change
R — K with K a field.

Below we list a few properties of r-matrices and their coboundary structures
for later use.

LEMMA 3.3. Let r1 and ry be two r-matrices over g, and let ¢ be a surjective
endomorphism of the Lie algebra g. Then ¢ is a morphism of Lie bialgebras
(g,0r1) = (g,0r2) if and only if (¢ @ ¢)(r1) — ra € RQ.

Proof. Set s = (¢ @ ¢)(r1) — ro. Combining (1.1) and (3.1), one sees that ¢ is
a Lie bialgebra morphism if and only if (adg(q) @ 1 +1® adg(q))(s) = 0 for all
a € g. Remark 3.1 then implies that s € R(), since ¢ is surjective. O

3The notation is motivated by the classical situation where one passes to the universal
enveloping algebra U(g) and sets e.g. (s ® t)13 = s ® 1 ® t. The bracket then denotes the
commutator in U(g)®3. This is however merely a convenient notation and there is no need
to resort to U(g).
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LEMMA 3.4. Let ¢ € Aut(g) and let v be an r-matriz on g. Then ¢ is an
automorphism of (g,0r) if and only if (¢ ® ¢)(r) =r.

Proof. From the previous lemma we know that (¢ ® ¢)(r) = r + p for some
i € R. Moreover, r satisfies r + (r) = AQ) for some A € R. Thus

(@@9)(r+r(r)) = (0@)(r) + (9 R P)r(r) =1+ pd+ K (r) + pd = (A +2p)Q

while the left hand side equals (¢ ® @)(AQ) = AQ. Thus 2uQ = 0, whence ;. =0
by Remark 3.1. O

LEMMA 3.5. Assume that R is an integral domain. Let, for i = 1,2, r1 and
ro be two r-matrices with r; + k(r;) = \Q with A; € R*. If ro =11 — pQ) for
some i € R, then either p =0 or p = A;.

The result and its proof over fields have been communicated to us by A. Stolin.
The proof over integral domains given here is almost identical.

Proof. Inserting 1o = r1 — pfQ into the equation CYB(r2) = 0, and simplifying
the expression using the fact that CYB(r1) = 0 and &(r1) = A — 71, one sees
that the equation is equivalent to p(p — A1)[Q12, 213] = 0, where the subscripts
are as in the definition of the classical Yang—Baxter operator. Now [Q12, Q3] is
defined over Q and non-zero in g3, whence it is free over R. Thus p(u—A;) =0
and we conclude with the assumption on R. O

LEMMA 3.6. Assume that R is an integral domain, let r be an r-matriz on g
with r + k(r) = XQ, A € R*, and let o, 8 € R*. If (g,0ar) ~ (g,00r), then
b = *a.

Proof. Assume that ¢ : (g,0ar) ~ (g,00r) is an automorphism. By Lemma
3.3, (¢ @ @)(ar) = Br + u for some p € R. As in the proof of Lemma 3.4 we
get

(¢ ® ¢)(ar + K(ar)) = (BA + 2u)Q2,

while the left hand side equals (¢ ® ¢)(aAQ) = aA). Thus Remark 3.1 gives
BA = aX — 2u. On the other hand, v’ = (¢ ® ¢)(ar) is an r-matrix with
" + k(') = aAQ. Thus Lemma 3.5 implies that © = 0 or u = aA. Inserting
these cases into S\ = aX — 2u gives 8 = +a, since A is invertible. O

Finally, for later use, we recall the split exact sequence

1—— G -2 Aut(g) L Ar —— 1 (3.4)
of affine R-group schemes, where Ad denotes the adjoint representation and
Ar is the constant group scheme corresponding to the finite abstract group
Aut(T).

REMARK 3.7. This split exact sequence is obtained by base change from a
similar split exact sequence of Z-group schemes.
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3.2 BELAVIN-DRINFELD STRUCTURES

Let E be a pinning of g. By an admissible quadruple we mean a quadruple
Q = (I'1,Tq,7,74), where (I'1,T'2,7) is an admissible triple, and 7y € h® b
satisfies ry + k(rp) = Qp and

VaeTl: (1(e) @1+ 1 a)(ry) =0.

Recall that (I';1, T2, 7) being admissible means that I'1,Ts C T and 7: Ty — T'g
is an isometry such that for every a € I'; there exists a positive integer k such
that 7%(a) ¢ T';. The map 7 extends to a map Spany(T'y) — Spany(I's), which
is also denoted by 7. Associated to these data is the Belavin—Drinfeld r-matrix

TBD :TBD(E,Q> :Th+ Z Xa®Xfa+ Z Xa/\Xf'r’“(a)'

agAt a€Spany (I'1)F
k>0

REMARK 3.8. The requirement on 7, above implies that rgp is defined over R.

We denote by App the automorphism group of (g, drgp) and by Cpp C H the
centralizer of rgp; since the action of H on g ® g is linear we have

CBD(S) = {h S H(S)|Adh ® Adh(rBD) — TBD}
for any R-ring .S, which, since the induced action of H on h® b is trivial, equals
{h € H(S)|Ad), ® Ady(rzp) = rpp}

where rp = rBp — 1y is defined over Q. Thus Cgp is obtained from an affine
Q-group scheme by base change. Since any Q-group scheme is smooth as Q is
a field of characteristic zero, and since smoothness is preserved by base change,
this proves the following.

LEMMA 3.9. The group Cpp is smooth.

Given an admissible quadruple Q = (I'1,I's, 7,7 ), we denote by A? the closed
subgroup of Ar defined by the equations

7T1) =Ty, nr=7m, and (FQRT)(ry) =ry.

Here 7 is the image of 7 under the (unique) splitting s : Ar — Aut(G) leaving
invariant each of H and E; this splitting exists by [SGA3, XXIIL.5.5].

THEOREM 3.10. Let G be a split simple adjoint R-group with g = Lie(G).
Let E = (H,T, (Xo)aer) be a pinning of G. Fix an admissible quadruple
Q = (I'1,T2,7,79) and consider rgp = mpp(E, Q). Then the sequence (3.4)
induces a split exact sequence

1 Cpp —245 App —L 5 AQ 1
of affine group schemes.
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Proof. Via the above splitting s : Ap — Aut(G), 7 — 7, Ar acts on H in
such a way that for any R-ring S and any h € H(S) and 7 € Ar(S),

Ad,., = %Adhﬁil.

Ifre A?(S), then by definition of A?, 7 € App, whence for any h € Cpp(.9)
we have - h € Cpp(S). Hence the action induces an action of AIQ on Cgp

and we may form the semi-direct product Cgp ~A19 with respect to this action,
and we have a group morphism

AdXS:CBD~A§—)ABD.

To prove the theorem it suffices to show that Ad x s is an isomorphism. The
group Cgp is smooth (hence flat), and A? is a closed subgroup of a finite
constant group, hence flat as well. Thus their semi-direct product is flat, and
the fiber-wise isomorphism criterion [EGATV, 417.9.5] reduces the problem to
the case where R = K is a field of characteristic zero. In that case the above
group schemes are smooth, and it suffices, by [KMRT, 22.5], to show that
(Ad x s)(K) : Cpp(K) - A?(f) — App(K) is an isomorphism of abstract
groups. This latter statement holds by the following lemma, which completes
the proof. O

LEMMA 3.11. Let K be an algebraically closed field of characteristic zero. The
map Ad X s defines an isomorphism of groups Cgp(K) - A?(K) — App(K).

Proof. The map in question being the restriction of an injective homomor-
phism, it only remains to be shown that it is surjective. Let ¢ € App(K).
Then ¢ = TAd, for some g € G(K) and 7 € Ap(K). As a first step we
will show that necessarily, g € H(K), building on an argument from [KKPS].
Indeed, consider the isomorphism

E:9®g— Endg(g)

defined by sending a ® b to the linear map u — (a,u)b, where (,) is the Killing
form on g. Now =((¢ ® ¢)(rgp)) = ¢=(rpp )¢~ . Hence, by Lemma 3.4, ¢ is
an automorphism of (g, drgp) if and only if ¢ commutes with Z(rgp), which
holds if and only if ¢ commutes with its semisimple and nilpotent parts. Denote
by D the semisimple part of Z(rgp). It is shown in [KKPS, Proof of Theorem 1]
that the Borel subalgebra b™ (resp. b™) is the normalizer of the eigenspace of D
corresponding to the eigenvalue 0 (resp. 1) (recall that we have fixed a pinning).
Thus if ¢ € Agp, then ¢ must preserve b and b~. Since this is true for 7, it
follows that Ad, must preserve b™ and b~. The end of the proof of Theorem 1
of [KKPS] now applies to yield that this implies that g € H(K).

Next we will show that = € A?. Once this is done, it follows from (¢ ®
¢)(rep) = rBp that Ad; ® Ady(rgp) = TBD, i.e. that g € Cpp(K), and the
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proof becomes complete. Now, (Ady®Ady)(ry) = 74, while Adg(Xa) = a(g)Xa
and Ady(X_,) = a(g) ' X,. Thus (¢ ® ¢) maps rgp to

(/ﬂ: 2y /ﬂ:)(rh) + Z Xo®@X_o+ Z )\a,k(g)Xﬂ'(a) A X—ﬂ'Tk(Oz)’

acAt o¢ESpa,nZ(l—‘1)Jr
k>0

where Ao 1 (9) = a(g)(7%(a)(g9)) "t € K*. Thus (7 ®@ 7)(ry) = rp, and

Z )\a,k(g)Xw(a) A X—ﬂ—‘rk‘(a) = Z Xﬂ A X*‘rl(ﬁ)-
a€Span, ()" BESpan,,(T'1) T
k>0 >0

Now 7 and 7 map positive roots to positive roots, and the set {Xy}aea is
linearly independent in g. Thus for the above equality to hold, m must preserve
the intersection of Spany(T'y)™ with A and thus it preserves Spany(I'y)™ NI =
I'y. Thus for any o € Spany(T'), the sum of all terms with first component
Xr(a) in the left-hand sum equals the sum of all terms with first component
Xp in the right-hand sum, for § = m(«), whence

Z )\a,k(g)Xfwrk(a) = ZX*TZW(O‘)

k>0 >0

for all a € Span,I'. We want to prove that this implies that 77 = 77. For
this it is enough to show that 77(a) = 77(a) for all @ € I'y. If 'y = 0, there
is nothing to prove. Assume thus that I'y; # (). For any « € I'y, the definition
of admissibility implies that there exists a unique integer [, > 1 such that
rla(a) ¢ Ty and 7%(a) € Ty for k < I,. Since 7(I';) = Ty, the above equality
and the construction of a Chevalley basis implies that all A, = 1, that both
sums have [, terms, and that

{n7(a), 77 (a),. .. Tl (@)} = {rn(a), 7’7 (a),... ,Tl“ﬂ(a)}.

Since l;(q) = la — 1, the set of all [, is a segment of integers starting at 1. We
may thus proceed by induction on [,. If [, = 1, the above sets are singletons,
giving the base of the induction. For [, > 1, by the induction hypothesis the
left hand side is equal to

{r7(a), Tn7 (), . .. ,TﬂTl“_l(a)}.

Thus for the above equality of sets to hold, either 77(a) = n7(«a), or
(o) = 777 () for some j > 0. This second case is however not possible,
since by injectivity of 77 it implies a = 77 () for some j > 0, which violates
admissibility. Thus 77(a) = 77(«), and the result follows by induction. This
completes the proof. O
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3.3 STANDARD STRUCTURE

Associated to a pinning E is the Drinfeld—Jimbo r-matrix

1
™DJ = TDJ(E) = 59}) —|— Z on ®X—oz-

aeAt
In other words rpy = rgp(E, Q) for the trivial quadruple @ = (0,0, Idy, Q).

LEMMA 3.12. If E and E' are pinnings of G, then the Lie bialgebras
(g,0rps(E)) and (g,0rpi(E")) are isomorphic.

Proof. If E and E’ are two pinnings of G, then there is an automorphism of
G mapping E to E’ by [SGA3, XXIIL.5.1]. As Qy is determined by h and €,
there is thus an automorphism ¢ : g — g with (¢ ® ¢)(rps(E)) = rpj(E’), and
hence ¢ is an isomorphism of Lie bialgebras. O

Following [ES], we use the term standard or Drinfeld—Jimbo for the Lie bialge-
bra structure drpy(E) on g. Up to isomorphism, the above lemma shows that
it is independent of the choice of E, and is thus determined by g. Classifying
twisted forms of standard Lie bialgebras, i.e. Lie bialgebras (g’,d’) such that
(g,0%) >~ (g9s,(0rpy)s) for a split Lie algebra g with standard Lie bialgebra
structure Orpy and a faithfully flat R-ring S amounts, by Corollary 2.5, to de-
scribing the set H*(S/R, A), where A is the automorphism R-group scheme of
(g,0rpy). For this group scheme, Theorem 3.10 has the following consequence.

COROLLARY 3.13. Let G be a split simple adjoint R-group with g = Lie(G),
and let E = (H,T',(Xa)aer) be a pinning of G. Then the sequence (3.4)
induces a split exact sequence

/

1 H 24 A Ar 1 (3.5)

of affine group schemes.

Proof. Any h € H(S), with S an R-ring, maps X, ® X_, to itself. Thus in

the terminology of Theorem 3.10, Cgp = H, and by construction AI@ = Ar.
We conclude with Theorem 3.10. O

4 STANDARD LIE BIALGEBRAS OVER FIELDS

We now specialize to the case where R = K is a field (of characteristic zero), and
consider K /K-twisted forms of standard Lie bialgebras. Recall that over K,
two (bi)algebras whose underlying modules are finitely generated are locally
isomorphic with respect to the fppf topology if and only if they become iso-
morphic after scalar extension to K. If A is an algebraic group over K, then
HL (K, A) stands in bijection to K-isomorphism classes of A-torsors that
become trivial over K. In order to classify twisted forms of standard Lie bial-
gebras, we thus wish to compute H(, (K, A), where A is the automorphism
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group scheme of the standard Lie bialgebra (g, 9rpy). We can in fact prove the
following.

THEOREM 4.1. The map f of (3.5) induces an isomorphism of pointed sets
f* : HClial(Kv A) L) HClial(Kv AF)

Proof. The split exact sequence (3.5) induces an exact sequence
Ad* fr
Hcl;al(K7 H) — H(l}al(Kv A) — H(l}al(K’ AF)

of pointed sets. The map f* is surjective since, as a consequence of Remark 3.7,
the sequence (3.5) is split by a Galois equivariant section. To prove injectivity
of f*,let c € HL, (K,A). Theset of all ¢ € H{,, (K, A) with f*(c) = f*(/) is
in bijection with a quotient of the set H¢,, (K, #+(c) H) by a certain equivalence
relation, where f- () indicates a twisted Gal(K)-action. As Ar acts on H via
permutation of the roots, s« H is a permutation torus (i.e. the Weil restriction
of a split torus T over some finite field extension K C L). By Shapiro’s
Lemma, Hf, (K, ¢+ H) = HE, (L, T) , which is trivial by Hilbert’s Ninetieth
Theorem. o

An immediate consequence is the following.

COROLLARY 4.2. Assume that g is of type Ay, B, or C, for any n, E7, Eg,
Fy or Gy. Then all twisted forms of (g,0rpy) are isomorphic.

Proof. The assumption implies that Ar is the trivial group, whence the trivi-
ality of H, (K, Ar) and, by the above theorem, of H}, (K, A). O

5 SCALAR MULTIPLES

The Belavin—Drinfeld classification is up to equivalence, which, as explained in
the introduction, groups together scalar multiples of Lie bialgebra structures
on a given Lie algebra. Therefore, it is reasonable to consider the set B, (K)
of K-Lie bialgebra structures on g that, after scalar extension to K, become
isomorphic to adrgp for some a € K and some Belavin-Drinfeld r-matrix
TBD-

We start in a more general setting. Let g be a split simple Lie algebra over
an integral domain R (as always assumed to be a Q-ring), let 6 be an R-
Lie bialgebra structure on g, and let a € S* with S a faithfully flat R-ring.
Consider the Lie bialgebra structure adg on gg. It is worth noting that a priori,
there are three possible scenarios for the descent properties of adg. Recall that
we wish to consider Lie bialgebra structures ¢’ on S/R-twisted forms g’ of g
such that (g%, d%5) ~ (g5, ads). We phrase this by saying that ads descends to
g’. Then either adg descends to g, or it does not descend to g, but descends to
a (non-split) twisted form of g, or ads does not descend to any form of g.
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REMARK 5.1. Let 6. be an S-Lie bialgebra structure on gg. Then any R-Lie
bialgebra (g’,d") with (g, d%) ~ (gs,0.) is R-isomorphic to the restriction ¢?
of d, to
gh={rcgasSirel)=r21}

for some descent datum 6 of Lie algebras. Indeed, if 8’ denotes the standard
descent datum on (g%, d%s) and ¢ : (g%, d5) — (gs,0.) is an S-isomorphism,
then § = (¢ ® Ids)¢ (¢~ ® Idg) is a descent datum on (gg,d.). Thus .
restricts to an R-bialgebra structure on g%. This is R-isomorphic to (g',d)
since by construction of @, the map ¢ is an isomorphism of S-Lie bialgebras
with descent data between (g%, d5) with datum 6’ and (gs,d.) with datum 6.
Thus to classify R-Lie bialgebras that become isomorphic to (gs, d.) over S, it
suffices to consider restrictions of J. itself to twisted forms of g. This will be
used throughout for the case §. = adg

5.1 TwISTED COHOMOLOGY

The following proposition sheds some light on the occurrence of the possible
cases discussed in the opening of this section. Our approach extends that used
for so called twisted Belavin—Drinfeld cohomologies, see e.g. [KKPS, Section 7].
We begin with the case when R = K is a field, where Galois cohomology gives
a rather precise insight, and treat the more general case below.

PROPOSITION 5.2. Let g be a split simple Lie algebra over K and let § = Or
for an r-matriz r € g ® g with r + k(r) = AQ for some A € K*. Leta € K .
Finally let ¢’ be a twisted form of g and (u~) the corresponding I'-cocycle, where
I' = Gal(K). Then ad descends to g if and only if one of the following mutually
ezxclusive conditions holds.

1. a € K* and (uy ® uy)(r) =1 for each v € T.
2. o€ KX\ (K*)? and
o if v € Gal(K(a))
(uv ® uv)(r) = { k(r) if y(a) = —a. (5.1)
Here we are using the notation g = gz and 0= 07

Proof. Assume that ad descends to g’. Then §(z) € ¢ ® ¢’ for any = € ¢,
which in terms of cocycles implies

(uy ® “7)7®V(0‘g($)) = ag(x)

for each v € T'. Using the fact that § = 9r, that 7®7r = r since r € g ® g, and
that u,(7z) = x since x € ¢, this is equivalent to

lerz+zel,y@)(uy @uy)(r)) =1z +z®1,ar]
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for each v € T". This is in turn equivalent to
V(@) (uy @ uy)(r) = ar — p, Q2 (5.2)
for some ., € K. Now CYB(ar) = o*CYB(r) = 0 and
CYB(v(a)(uy ® uy)(r)) = 7(&)2U§BCYB(T) =0.

Since
(ty @) (1) + KUy @ us) (1) = (uy @ uy)(r + K(r)) = Q,

we may, after extending scalars to K, apply Lemma 3.5 with r; = ar, rp =
Y()(uy @ uy)(r), A1 = aX, A2 = y(a)X and p = p,. Thus we get py = j o\
for some j, = 0,1. Since r + k(r) = AQ, (5.2) is then equivalent to

(@) (uy @ uy)(r) = a(—K)" ().
Applying k to both sides gives
V(@) (uy @ uy)ri(r) = a(=1)" T (r),

and adding the two equations, using r + k(r) = AQ and (uy ® u,)(Q) = Q,
yields ‘
Y(@)2 = (=1)"afd.

Thus v(a?) = o? for each v € T, whence a? € K*. For a given v € T, two
cases are possible: either j, = 0, i.e. equivalently v(a) = «, and then (5.2)
gives (uy ® uy)(r) = r; or j, = 1, i.e. equivalently v(a) = —c, and then (5.2)
gives (uy ® uy)(r) = k(r). It follows that if ad descends to g/, then (1) or (2)
holds.

Assume, conversely, that (1) or (2) holds. It is straightforward to check that
(5.2) is satisfied for each v € T, with p, = 0 if y(a) = «, and p, = aX if
~v(a) = —a. By the chain of equivalences in the above argument, this implies
that

(1 @ 1,77 (a3 () = 0B(a).

We may then conclude with the lemma below. O

LEMMA 5.3. Let g be a finite-dimensional vector space over a field K, (u.) a
I' = Gal(K)-cocycle in GL(g) with corresponding twisted form ¢, and § a Lie
coalgebra structure on §. Then & descends to g’ if and only if

(uy ® uy)®7(0(2)) = 0()
for each x € ¢'.

REMARK 5.4. Of course g ~ g’ as K-vector spaces. What the lemma achieves
is to establish an easily checked condition for when the coalgebra structure o
is compatible with the Galois action.
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Proof. What needs to be shown is that the inclusion g’ ® g/ C (F® §)F is an
equality, where the right-hand side denotes the fixed points of g ® g under the
component-wise twisted I'-action

Y ou (Y ®2) = uy(Ty) @ uq(T2).

Let (e;) be a K-basis of g’. Tt is then finite by assumption, and a K-basis of g.
Thus if z € g® g, then

xr = E Qjje; @ e;
i,

for some a;; € K. Then for each v € T,

4,3

Yz =3 vy, e) @ u,(Te) = 3 ylay)e @ e,
]

where the last equality holds since ej € g’ implies u,(Ye) = ey for each k. If

z € (g® E)F/, then for each v € ', v -, = x, which, together with the above,
by linear independence implies that y(e;;) = auj, i.e. ay; € K, for each i and j.
Thus z € ¢’ ® ¢/, as desired. O

REMARK 5.5. Note that this result encompasses those Lie bialgebras that in
[KKPS] and [PS] are treated by means of twisted Belavin—Drinfeld cohomolo-
gies. Indeed, when they exist, these are obtained by constructing the cocycle
(u.) as follows: one takes a € K™ with a? € K*\ (K*)2, and sets u, = Id for
any v € Gal(K (a)), and u,, = Ady'7*Adx for X € G(K) satisfying certain
conditions. (Here G is an adjoint group with g = LieG, and ~, is the non-
trivial element of Gal(K(a)/K).) Note that, as the authors remark in [PS],
this cocycle is trivial as a Lie algebra cocycle, i.e. the fixed locus is the split
Lie algebra g. However, the descended Lie bialgebra is, by Lemma 3.6, not
isomorphic to (g, 80r) for any § € K*.

Led by the above, we define twisted cohomologies as follows. For each o € K"
with a? € KX\ (K*)? we write 7(11 = 71(K, Aut(g,0r),a) for the set of all
Gal(K)-cocycles (u,) in Aut(g) that satisfy (5.1). Thus 7; C Aut(g)(K),

and we define an equivalence relation ~ on 7; by
(0) ~ (uy) <= Fp € Aut(g, 0)(K) : ¥y v, = p~luy)p (5.3)

and write ﬁéal(K ,Aut(g,Jr),a) for the set of equivalence classes. The pur-
pose of this set is explained by the following result.

PROPOSITION 5.6. Let o € KX. The set of all K-Lie bialgebras that become
isomorphic to (g, a0r) over K is in bijection with

1. HL, (K, Aut(g,0r)), ifa € K*,
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2. H (K, Aut(g,0r),0), if o> € K\ (K*)2, and
3. the empty set, otherwise.

Proof. Corollary 2.5 and the fact that Aut(g, a0dr)) ~ Aut(g,dr)) whenever
a € K* together imply (1), and (3) follows from Proposition 5.2. For (2), the
proposition provides a surjective map from the set of all K-Lie bialgebras that
become isomorphic to (g, adr) to Z'. To show that it induces a bijection with
the twisted cohomology, let first g’ and g” be twisted forms of g to which ad
descend (where 6 = 9r), and let (u) and (v,) be the cocycles corresponding
to g’ and g”, respectively. Denote by 4’ and ¢ the respective descended Lie
bialgebra structures.

If (¢',68") ~ (g”,0"), then there is a K-automorphism p of (g, «dr) that maps
' to g'*. (We denote by g'* the set of all € § that are fixed under the
twisted action v -z = uy"x of I' = Gal(K), and likewise for I',.) Then for any
yeTandz eg e,

p(uy @) = p(x) = vy7p(z).

Since g is generated as a K-vector space by g *, this implies that Uy =
p~tv,(7p), ie. (u,) ~ (vy), since the K-automorphisms of (g,adr) coin-
cide with those of (g,0r). If conversely (uy) ~ (v}) with p satisfying
u, = p~'v,(7p), then it follows that p maps g'* to g * and thus induces

an isomorphism (g’,0") — (g”,9"). O

In the more general case where R is an integral domain, Proposition 5.2 admits
the following generalization.

PROPOSITION 5.7. Assume that R is an integral domain. Let g be a split simple
Lie algebra over R, and let g’ = g‘gs be the S/ R-twisted form of g corresponding
to the descent datum 6 and cocycle ¢. Let 6 = Or be a coboundary R-Lie
bialgebra structure on g, with r € g ® g an r-matriz satisfying r + k(r) = AQ
for some N € R*. Finally let S be a faithfully flat R ring and o € S*.
Then adg descends to g’ if and only if one of the following mutually exclusive
conditions holds.

I.aeR* and (¢ @P)relel)=rlel,
2. e R*\(R*)? and (@ 9)(rel1el)=kr(r)@1e1.

Let us give some explanation of the terminology of the proposition. If § is a
descent datum on gg, then § = (Idy ® k)¢ for some ¢ € Aut(g® S ®S) (recall
that (Idg®k) is the standard descent datum, corresponding to the S/R-form g).
This automorphism is the cocycle corresponding to 8. We thus have

g ~{regaSprzel)=Id;@k)(z®1)}.

We will also identify, for any ring T', T-ring U, and T-module M, (My)®y (My)
with (M @1 M) @7 U.
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Proof. Write T = S®S. Assume that adg descends to g’. Then adg(x) € g'®g’
for any x € g’, which in terms of descent data implies

(0 @7 0)(ads(z) ®1) = adg(x) ® 1.

Using the fact that 6 = 9r, that (0 @7 0)(r®1®1) = (¢@71¢)(r®1®1) since
r€g®g, and that f(x ® 1) = x ® 1 since = € g’, this is equivalent to

[1or(2@1)+(z®1)r], (¢R7¢)(relea)] = [1@r(z@1)+(z®1)®7r1, rea®l].

Since the module g7 is generated over T by elements of g’, this is, by Re-
mark 3.1, equivalent to

(PR (roloa)=roaol)—uQel1e1l). (5.4)

Now for any 8 € T, CYB(r ® 8) = f2CYB(r ® 1 ® 1) = 0 and CYB((¢ @7
®)(r® B)) = B2®T3CYB(r ® 1 ® 1) = 0. We may thus apply Lemma 3.5 to
grwithr =ra®l,rm=>00¢)(r®l®a), \1 =Xa®1land A2a = A® a.
Thus we get 1 = j(Aa ® 1) for some j € {0,1}. Since r + &(r) = AQ, (5.4) is
then equivalent to

p@)(relea)=(-k)()eadl.
Applying k to both sides gives
(p@ ) (k(r)®1l®a)= (-1 r)eazl.

and adding the two equations, using r + £(r) = AQ and the fact that Q®1®1
is fixed by automorphisms, we get

Qelea=(-1)Y0®a®1.

Thus 1 ® a? = o ® 1, whence by faithful flatness, o® € R*. Two cases are
then possible: either j = 0, whence @ € R*, and then p = 0 and (5.4) gives
(pRP)(relel)=r®l®l;orj=1, whence 1 ® @ = —a ® 1, and then
p=Xx®1and (5.4) gives (¢ @) (r®@1®1) =k(r)®1®1. It follows that if
adg descends to g’, then (1) or (2) holds.

Assume, conversely, that (1) or (2) holds. It is straight-forward to check that
(5.4) is satisfied with g = 0 in case (1) and g = aA ® 1 in case (2). By the
chain of equivalences in the above argument, this implies that

(0 @7 0)(ads(x) ®1) = ads(z) ® 1.
We may then conclude with the lemma below. O
LEMMA 5.8. Let g be a finitely generated projective R-module, let S be a faith-

fully flat R-ring and 6 a descent datum on gg with corresponding twisted form

¢, and & a Lie coalgebra structure on gs. Then & descends to g' if and only if

0 ®ses(0(z)®1)=4(z)®1

for each x € ¢'.
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Proof. Again we write ' = S® 5. What needs to be shown is that the inclusion
g ®g C(gs @s gs)? is an equality, where the right hand side denotes the set
ofallw=>",y; ® 2z € gs ®s gs that satisfy

(0 @71 0) <Z(yz ®1) Q7 (2 ® 1)) = Z(yz ®1)®r (2 ®1)

7 7

By descent it is enough to show that for some faithfully flat R-ring ﬁ, the
inclusion (g’ ® g') ® R C (gs @5 95)° ® R is an equality. The left hand side is
isomorphic to g’ﬁ ®n g’ﬁ, and the right hand side is isomorphic to

0
((gfc)s(@é Dsar (9§)5®fe) ;

where 0 is obtained from 6 by the base change induced by R — ]?E; this follows
from faithful flatness and the canonical isomorphism

(807)ser @son (Or)ser = (95 @s gs) @ R.

Thus, replacing R by a faithfully flat R-ring R so that g Ris free, we may
assume that g’ is a free R-module. Let (e;) be an R-basis of g’. It is then finite
by assumption, and an (e; ® 1) is an S-basis of gs. Thus if w € gs ® gg, then

w= (e ®ay) s (¢ ©1)
i

for some a;; € S. Then

Owel)=0or0) | Y ((i®a;el)er(elel)|,
0,
which equals >, ;(e; ® 1 ®ay;) ®r (e; ® 1® 1) since ey, € g’ implies that ¢ fixes
er ®1®@1 for each k. If w € (gs ® gs)?, then 0 @7 0 fixes w ® 1, which by

linear independence implies that (a;; ® 1) = (1 ® ;) for each ¢ and j, whence
a;; € R for each i and j by faithful flatness. Thus = € g’ ® ¢, as desired. O

As in the field case, we can encode this in terms of twisted cohomologies. Given
a split simple Lie algebra g over an integral domain R, an r-matrix r on g, a
faithfully flat R-ring S, and o € S*, we set

7' :=7'(S/R, Aut(g)) = {¢ € Z'(S/R, Aut(9))|(d ® ¢)(r) = x(r)},

where Z!(S/R, Aut(g)) is the set of 1-cocycles on Aut(g) (using the conven-
tions of [W, 17.6]). Thus 7' Aut(g)(S ®.S). We then define an equivalence

relation ~ on Z by
b~ ¢ == 3p € Aut(g,dr)(S) : ¢ = (Idg ® v)(p © 1ds)(Idg @ K)(p @ Ids) ™!

and write 7 (S/R, Aut(g, 0r)) for the set of equivalence classes.
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COROLLARY 5.9. The set of all R-Lie bialgebras that become isomorphic to
(gg,adr) over S is in bijection with

1. HY(S/R,Aut(g,dr)), if « € R*,
2. T (S/R, Aut(g,dr)), if a® € R\ (R*)?, and
3. the empty set, otherwise.

Proof. Part (1) follows from Corollary 2.5 since Aut(g, adr)) ~ Aut(g,dr)),
and part (3) is immediate from Proposition 5.7. For part (2), in view of the
proposition, we have a surjective map from the set of all R-Lie bialgebras that
become isomorphic to (gs,adr) to Z'. To show that it induces a bijection
with the twisted cohomology, assume first that g’ and g” are twisted forms of g
to which adg descend, where 6 = Jr, and let 6’ and 6” be the descent data
corresponding to g’ and g”, respectively. Denote by 0’ and §” the respective
descended Lie bialgebra structures.

If now (g’,0") ~ (g”,¢"), then there is an S-automorphism p of (gs, adr) that
maps gg to g‘gsu. Thus for all x € gGS/ we have

0" (plds)(z®1) = (p@Ids)(z@1) = (p®1ds)d (z @ 1).
Now g® S® .S is generated as an S ® S-module by g‘gsl ®1, and, for all A\, u € S,
0" (p@lds)(A@p)(z®1)) = (L@ N0 (p@1ds)(z @ 1)
which equals
(LN (p@lds)t'(z @ 1) = (p @ 1ds)8' (A ® p)(z @ 1)),

whence 0" (p®1Ids) = (p®Idg)¢’. Expressed in terms of the corresponding cocy-
cles ¢ for 6’ and 1 for 6" this precisely gives 1) ~ ¢, since the S-automorphisms
of (gs, adr) coincide with the S-automorphisms of (gg, Or).

Assume conversely that ¢ ~ ¢, with p such that

Y = (Idg ® k) (p @ Ids)(Idg ® K)p(p ® Ids)™?,

or equivalently 8” (p®1Idg) = (p®1dg)#’ in terms of the corresponding descent
data. Then the automorphism p of (gg, Or) maps ges to g% and thus induces an
isomorphism of Lie bialgebras (g’,0") — (g, ¢”). This completes the proof. O

5.2 INTERPRETING TWISTED COHOMOLOGIES

The twisted cohomologies defined above can be interpreted as (ordinary) co-
homologies of twisted groups. To begin with, we need to determine when the
twisted cohomology sets are non-empty. This is the content of the following.
Throughout, we work over a field K.
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ProrosSITION 5.10. Let rgp be a Belavin—Drinfeld r-matriz with associated
admissible quadruple (I'1, T, 7, 7). Then Féal(K, Aut(g, Orpp)) is non-empty
if and only if there exists a diagram automorphism © of I' satisfying

m(C1) =Ta, 7([2)=T1, wrn'=7"" and (F7)(rs) =1;". (5.5)
The following lemma will be helpful.

LEMMA 5.11. Let rgp be the Belavin—Drinfeld r-matriz with associated ad-
missible quadruple (I'v,To,7,7y). If there exists a diagram automorphism w
satisfying (5.5), then there exists a diagram automorphism ' of order 1 or 2
satisfying (5.5). More specifically, either 7 itself is of order 1 or 2, or g is of
type Dy and rgp = rpy, in which case 1d satisfies (5.5).

Proof. This is immediate if g is not of type Dy4. If g is of type Dy and T'; # (),
then it is straightforward to check, case by case, that for all admissible I'y, 'y
and 7, a diagram automorphism satisfying (5.5) must satisfy 72 = Id. If I'; =
[y = () and 7% # Id, then 7° = Id. But then the condition (¥ ® T)(ry) = 7'
implies that (72 ® 72)(ry) = ry, whence

ry = (72 @7°)(ry) = (F @7)(ry) = 15"
Thus since ry + 7“%1 = Qy, this implies that ry = %Qh, whence rgp = rpjy. In
that case Id satisfies (5.5), and the proof is complete. O

Proof of Proposition 5.10. Assume such an element 7 exists. By the above
lemma, we may assume 72 = Id. Let x be the Chevalley automorphism of g
and set ¢ = x, which we view as an element of Aut(g)(K). We claim that

¢ € Z (K, Aut(g,drpp), ).
We have x(h) = —h for any h € b, whence (x ® x)(ry) = 5. Moreover 7

permutes all « € A*, and 77% = 7%, whence

(¢ ® (b)(rBD) = Tgl + Z X o ®Xy+ Z X*ﬂ'(a) A X'r*kw(a)'
acAt a€Span, (I')+
k>0
For fixed v and k, setting o/ = 77%7(a), the term X_ (q) A X ~kr(a) Decomes
X_rk(ary AN Xor. Summing over o’ and k, we thus get

(¢®¢>(TBD) :Tﬁl + Z X7Q®Xa+ Z X_.,.k(a/) /\Xa/,
aEAT a’€Span, (T'1)*
k>0

which is equal to r35. Since x and m commute and are of order at most two,
we have ¢? = 1. Since ¢ is stable under the Gal(K)-action, we get an element
u,, of Z1(K, Aut(g)) by setting
" — Id if v € Gal(K(a))
T 9 ify(a) = —a.
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By construction, this element belongs to Z' (K, Aut(g,0rpp), a).
Conversely, assume that Z (K, Aut(g, Orpp ), ) is non-empty. Then in partic-

ular there exists ¢ € Aut(g, Orpp)(K) satisfying (¢ ® ¢)(rp) = rZL,. Arguing
as in 3.11, we conclude that any such ¢ must map the semisimple part of
Z(rpp) to the semisimple part of Z(r3h). By [KKPS], the semisimple part of
E(rgp) differs from E(rpy) only by an element in Z(h ® h), and thus likewise
for Z(r3ly). Thus we have (¢ ® ¢)(rpy) = 73}, and thence ¢ = yAd,7 for some

h € H(K) and a diagram automorphism 7. Thus
(m®7)(rep) = Adj-1X(rEp)-

This implies (7 ® 7)(r) = 3" (since both Ady, and x leave h @ b fixed), and

Z XTI'(O() A X*ﬂ'rk(a) = Z Aﬁ,lXTl(ﬁ) AN X,ﬁ,
a€Spang (') " BeSpany (I'1)*
k>0 >0

for non-zero scalars Ag ;, which then must equal 1. Thus (7®7)(rgp) = x(rdL),
and h=1 € C(x(rg}y)), which implies that h € C(rgp). Similarly to the case
in the proof of Lemma 3.11 this implies that 7(I';) = T's and #(I's) = T';.
Relabeling the terms, the equality becomes

Z Xw(a) N X,,T,rk(a) = Z Xﬂ AN X,.,_fz(ﬁ),
a€Span, (') " BESpan, (') ™
k>0 >0

Proceeding again as in the proof of Lemma 3.11, this implies that for each
a € I'y we have the equality of sets

{r7(a),... Tl (@)} = {7 'n(a),... ,Tﬁl“ﬂ(a)},

where [, is defined as in the proof of Lemma 3.11. As there, we proceed by
induction on I, the case I, = 1 being clear. For [, > 1, since l;(4) = lo — 1,
by the induction hypothesis the left hand side is equal to

{rn7(a), 7 a7 (a),... ,TﬁlﬁTlail(Oé)}.

Thus 77 1m(a) = 77(a), since by admissibility 7~ 7 (a) # 771777 () for any
7 > 0. This completes the proof. O

We are now ready to re-interpret iR (K, Aut(g,0rpp)) whenever it is non-
empty. Recall that in these cases there exists a diagram automorphism 7« of
order at most two satisfying (5.5). Recall also that we are in the situation
where K C K(a) C K, with o? € K.

Set App = Aut(g,drpp). We have a map v = v, : Gal(K) — Aut(App)(K)
that is the identity on Gal(K («)) and maps v, to p — xmp(x7) ™! = x7pmy;
this is well defined since by the above, x7(rgp) = 735, so

(xmp(xm) ™" @ xmp(xm) ") (rep) = reD.
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Since Gal(K) acts trivially on p +— xmp(x7)~!, and since the map is of order
2, it is a cocycle, and, following [KPS] we may consider the twisted group
(App)y. The Gal(K)-action defining the cocycle set Zéal(K, (App)y) and the
cohomology H¢, (K, (Agp)y) is given by

v-p=v()("p).

THEOREM 5.12. Let rgp be a Belavin—Drinfeld r-matrixz with associated admis-
sible quadruple (I'1, T, T,1q) such that Fl(K, Agp) is non-empty, and let 7 be
any diagram automorphism of T' of order at most two satisfying (5.5). Then
the map

=1

zZ (Ka ABD; a) — Z(l}al(Ka (ABD)’U)

mapping the cocycle (u-) to the cocycle u, defined by

. { Uny if v € Gal(K («))

Uy = ; _

uymx i (o) = —a,

induces an injective map

—1

H (Ka ABD) - H(l}al(Ka (ABD)’U))
where v = v, s constructed as above.

Proof. First we show that the map is well-defined. If (u,) € Z (K, App, o) we

need to show that (u,) is in Agp (K) and satisfies the twisted cocycle condition

a’n'm = a’n”(ﬁ’l)('yl ﬂ%).

To show that each 4, is an automorphism, we must show that (4, ®u,)(rgp) is
equal to rgp. This is automatic whenever y(«) = «, and holds when (o) = —«
by the proof of Proposition 5.10. The twisted cocycle condition follows from
the cocycle condition on (u.) by a direct computation in each of the four cases
(71(a),v2(a)) = (xa,xa). Thus the map is well defined. To show that it
induces an injective map on cohomology, we need show that

(Uy) ~ (wy) = (Uy) ~ (D),

where the equivalence relations are in the respective cohomology sets. For
~v € Gal(K(«)), this holds by definition. For those v € Gal(K) with v(«) = —q,
the right hand equivalence amounts to

wyTY = p Uy X P

which is equivalent to

Wy = pilu'y’ypv
which is precisely what the left hand equivalence amounts to. This completes
the proof. O
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6 PREvVIOUS RESULTS REVISITED

In the light of the above, we will now review those results obtained in [PS]
(for split Lie algebras) and [AS] (for a class of non-split Lie algebras) which
are concerned with Drinfeld-Jimbo (i.e. standard) Lie bialgebra structures.
Throughout, we work over a field K of characteristic zero and consider(K /K)-
twisted forms. We begin by the following consequence of Theorem 4.1.

PROPOSITION 6.1. Let g be a split simple Lie algebra over K, and let g’ be
a twisted form of g. Then there is, up to K-isomorphism, at most one Lie
bialgebra structure 6’ on g’ such that (g',0") is a twisted form of the standard
Lie bialgebra structure on g.

Proof. The inclusion i : A — Aut(g) induces a map
P Ha (K, A) — b (K, Aut(g)).

Now the first (resp. second) of these cohomology sets classifies those Lie bial-
gebras (resp. Lie algebras) that are twisted forms of (g, drpy) (resp. of g), and
the map ¢* corresponds to sending the isomorphism class of a Lie bialgebra
to the isomorphism class of the underlying Lie algebra. We thus need show
that ¢* is injective. But by construction, the isomorphism f* : HL, (K, A) —
HL. (K, Ar) of Theorem 4.1 factors through i*, which therefore is injective. O

REMARK 6.2. Note that in general, the map ¢* is not surjective, meaning that
there exist twisted forms g’ of g which admit no Lie bialgebra structure that
is a twisted form of the standard structure on g. By Corollary 4.2, this is in
particular the case whenever g’ is non-split of type A1, By, Cp, E7, Eg, F4 or
Ga.

REMARK 6.3. In [PS], this was proved in the special case g’ = g, by formulating
the problem in terms of Galois cohomology of split tori and using Steinberg’s
theorem. This essentially corresponds to considering Lie bialgebra structures
on g up to those isomorphisms that are inner automorphisms of g.

REMARK 6.4. In [AS], the authors studied the classification of Lie bialgebra
structures on certain non-split Lie algebras of type A,, up to equivalence by
certain natural gauge groups. More precisely, the authors considered special
unitary Lie algebras under the action of unitary groups with respect to a
non-square d € K*. Curiously, for twisted forms of the standard structure,
they showed that if such twisted forms exist, there exists a unique equivalence
class if n is odd, but if n is even, the equivalence classes are parametrized by
K> /N(K(\/d)*). This does not contradict the above result, since the unitary
group is not adjoint. It is rather straightforward to check that if one uses the
corresponding adjoint group in the calculations of [AS], one obtains uniqueness
in all cases.
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The main part of [AS] is concerned with Lie bialgebras that upon extension to

K become equivalent to adrpy for some o € K - \ K* with d:=a? € K*.

To review these results, let K be a field of characteristic zero admitting a
quadratic extension I = K(vd) 2 K with d € K*. Set g = sl,(K) and
consider the Lie algebra

g =su,(K,d) = {z € sl,(L)|7" = —z},

where x — T is the linear map induced by the non-trivial Galois automorphism
of L/K.

Note that g ~ gz = sl,(L). In the sequel we fix an algebraic closure K of K
containing L, so that g'f ~ sl,,(K). As a direct consequence of Proposition 5.2,
we obtain the following result from [AS].

COROLLARY 6.5. Leta € K . If the Lie bialgebra structure adrpy on sl,(K)
descends to g', then o € K*.

One thus distinguishes two cases: o? € (K*)?d, in which case K(a) = L, and
a? ¢ (K*)2d, in which case K(a) N L = K. The former case is the one that is
thoroughly studied in [AS], and in this case, we obtain the following result.

COROLLARY 6.6. Let o € K with o € (K*)2d. Then adrpy descends to g'.

Proof. Note that the twisted form g’ of g corresponds to the Gal(K)-cocycle

(uy) defined by w., (z) = —=z', where 7, is the non-identity element of
Gal(L/K), and by u, = Id whenever v € Gal(L). Since r53’ = x(rpys), Propo-
sition 5.2 implies that adrpjy descends to g'. O

REMARK 6.7. In [AS], the authors obtain, over e.g. fields of cohomological
dimension at most 2, a classification parametrized by (K*/N(L*))™ for a
certain power m. Although we are here considering isomorphism classes of
Lie bialgebras that become a unique isomorphism class after scalar extension,
whereas in [AS] the authors consider equivalence classes that become a unique
equivalence class upon extension, our results above can be used to explain
the appearance of these norm classes, namely by restricting ourselves to inner
automorphisms in Proposition 5.6. Let us first clarify what we mean. The
embedding g’ — g1, defines an L-isomorphism of Lie algebras g7 — gr. A Lie
bialgebra structure §’ on g’ induces, by means of this isomorphism, an L-Lie
bialgebra structure 07 on gr. We shall consider those §’ where ¢} ~ \/E@TDJ
via an inner automorphism of g, i.e. an element of the form Adx for X €
GL(L). Two such structures on g’ are considered (gauge) equivalent if they
are isomorphic via an inner automorphism of g’. Recall further that an inner
automorphism of gy, is an automorphism of (g, Orpy) if and only if it is of the
form Adp with D € H,, (L), where H,, is the split torus of GL,, fixed by the
choice of a pinning.

This corresponds to considering, in 7;, those cocycles (uy) with u,, = Adp, x
for the generator 7, of Gal(L/K), with D, € H,(L) and where y is the
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Chevalley automorphism. (Note that in general, not every D satisfies Adpx €

7(11(L), as the map in Theorem 5.12 may not be surjective. We will not go
into details, but refer to [AS].) Two cocycles Adp,x and Adp,x are then
equivalent if they satisfy (5.3) with p = Adp for some D € H(L). This
equivalence condition translates as

Adp,x = Adp'Adp, YAdp.
By definition of y, and the fact that D! = D, this is equivalent to
Adp,x = Adp'Adp, Ad 'y,

iLe. Adp, = Adppp, , which amounts to saying that each entry of D, differs
from the corresponding entry of D,, only by a factor in N, /5 (L*). We thus re-

trieve the result obtained in [AS]. (Technically, 7; was defined with respect to
the extension K /K, but one can similarly consider any finite Galois extension.)
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