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Abstract. The nonvanishing conjecture for projective log canonical
pairs plays a key role in the minimal model program of higher dimen-
sional algebraic geometry. The numerical nonvanishing conjecture
considered in this paper is a weaker version of the usual nonvanishing
conjecture, but valid in the more general setting of generalized log
canonical pairs. We confirm it in dimension two. Under some neces-
sary conditions we obtain effective versions of numerical nonvanishing
for surfaces. Several applications are also discussed.

In higher dimensions, we mainly consider the conjecture for general-
ized klt pairs (X,B + M), and reduce it to lower dimensions when
KX + MX is not pseudo-effective. Up to scaling the nef part, we
prove the numerical nonvanishing for pseudo-effective generalized lc
threefolds with rational singularities.

2020 Mathematics Subject Classification: Primary 14E30; Secondary
14E35
Keywords and Phrases: Generalized polarized pair, numerical nonva-
nishing

1 Introduction

The notion of generalized polarized pairs was introduced in [BZ16] to deal
with the effectivity of Iitaka fibrations. Its prototype already appeared in the
treatment of the canonical bundle formulas [K98]. As it turns out, generalized
polarized pairs are natural objects in many more applications. For example,
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they are involved in the proofs of the BAB conjecture [Bi19], and Fujita’s
spectrum conjecture [HL17]. In the meantime, Osamu Fujino showed that
normal quasi-log canonical pairs can be given the structure of a generalized
polarized pair [Fu18].
Some natural questions from the point of view of the minimal model program
(MMP), such as the ascending chain condition for log canonical thresholds
([BZ16]) and the canonical bundle formula ([Fi18, HLiu19]), have been ad-
dressed in the setting of generalized polarized pairs. In this paper we consider
a possible generalization of the following important conjecture:

Conjecture 1.1 (Nonvanishing Conjecture). Let (X,B) be a projective log
canonical pair such that KX +B is pseudo-effective. Then KX + B ∼R D for
some effective R-Cartier R-divisor D.

The upshot (and difficulty) of Conjecture 1.1 is that pseudo-effectivity is a
numerical condition on the log canonical divisor KX +B, while the conclusion
is about, roughly speaking, the existence of global sections. Conjecture 1.1 is
one of the key conjectures in the minimal model program.
Easy examples indicate that one can only hope for a weaker version of the
above conjecture in the setting of generalized polarized pairs. Basically, R-
linear equivalence should be replaced with the weaker numerical equivalence.
Note that numerical nonvanishing for pseudo-effective generalized log canonical
pairs is enough to imply the existence of weak Zariski decomposition, which in
turn guarantees the existence of minimal models ([HM18, HL18]).
More precisely, we will focus on the following statement, which is an adjusted
form of [BH14, Question 3.5]:

Conjecture 1.2 (Numerical Nonvanishing for Generalized Polarized Pairs).
Let (X,B +M) be a projective generalized log canonical pair. Suppose that

(i) KX +B +MX is pseudo-effective,

(ii) M =
∑

j µjMj where µj ∈ R>0 and Mj are nef Cartier b-divisors.

Then KX +B +MX ≡ D for some effective R-Cartier R-divisor D.

The condition (i) of Conjecture 1.2 is of course necessary for the numerical
nonvanishing; the following example shows that the condition (ii) cannot be
ommited either:

Example 1.3. Let E be a general elliptic curve, and set X = E×E. Consider
the curves

F1 = {P} × E,F2 = E × {P},∆,

where P ∈ E is a fixed point and ∆ ⊂ E × E is the diagonal. According to
[L04, Lemma 1.5.4], M = F1 +

√
2F2 + (

√
2 − 2)∆ is nef, and it is not hard

to show that for any ǫ > 0, there exists a curve C satisfying 0 < M · C < ǫ;
see [vDdB18]. Suppose on the contrary that there exists an effective R-Cartier
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R-divisor D such that KX +M ≡ D. Then there exists a positive real number
α > 0 such that M · C = D · C ≥ α for any curve C * SuppD, which is a
contradiction.

Remark 1.4. For projective generalized lc pairs (X,B+M) such that KX+B
is R-Cartier and MX is nef, Conjecture 1.2 relaxes the assumptions of the
Generalized Nonvanishing Conjecture of [LP18a] in the following aspects: (1)
KX + B is not assumed to be pseudo-effective; (2) the singularities of (X,B)
are allowed to be lc but not klt; (3) the coefficients of B and MX are allowed
to be real but not rational. Note that the assumptions of [LP18a] are necessary
for the numerical abundance; see [LP18a, Section 6.1]. We give instead certain
characterization for the failure of the numerical abundance under the (more
general) conditions of Conjecture 1.2 in dimension two; see Section 3.3.
The Generalized Nonvanishing Conjecture of [LP18a] holds if

(a) the dimension of X is two ([LP18a, Theorem C]), or

(b) the dimension of X is three and either the irregularity of the threefold
or the numerical dimension of KX +B is positive ([LP18a, Corollary D]
and [LP18b, Theorem 8.1]).

Indeed, case (b) is a consequence of stronger conditional results that are valid
in all dimensions; see [LP18a, Theorem A] and [LP18b, Theorem 8.1]. Conjec-
ture 1.2 is known to hold if the pair (X,B) is klt with Q-coefficients and if X
admits a morphism X → Z to an abelian variety such that KX +B+M is big
over Z ([BC15, Theorem 4.1]).

Our first main result is a confirmation of Conjecture 1.2 in dimension two.

Theorem 1.5 (= Theorem 3.1). Conjecture 1.2 holds true in dimension two.

It can be used to prove the following two corollaries.

Corollary 1.6. Let (X,B) be a projective log canonical surface such that
−(KX + B) is nef. Then there exists an effective R-Cartier R-divisor D such
that −(KX +B) ∼R D.

Remark 1.7. In an earlier version of the paper, we deduced the numerical
equivalence of −(KX + B) to an effective R-Cartier R-divisor as an easy con-
sequence of Theorem 1.5. The R-linear equivalence as in Corollary 1.6 was
pointed out by the referee; it has been stated in [Sh00, Remark-Corollary 2.6],
but we could not find any proof thereof in the literature. The full proof given
in Section 3 of our paper is indeed quite involved.

Recall that an R-Cartier R-divisor L on a projective variety X is strictly nef if
L · C > 0 for every curve C on X .

Corollary 1.8. Let (X,B) be a projective log canonical surface. Suppose L
is a strictly nef Cartier divisor on X. Then KX + B + tL is ample for every
real number t > 3.
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In the special case of smooth surfaces with empty boundary, Corollary 1.8 has
been proved by Serrano ([Se95, Proposition 2.1]); see [CCP08] and [LP18a,
Section 6.3] for further development of the smooth case in higher dimensions.
For generalized log canonical surfaces with bounded Gorenstein indices, we
provide an effective version of Theorem 1.5. It is an analogue of the classical
statement of Enriques that |12KX | 6= ∅ for a smooth projective surface that is
not birational to a ruled surface.

Theorem 1.9 (=Theorem 3.6). Let (X,B) be a projective log canonical surface
and M a nef Q-divisor on X such that r(KX +B +M) is nef and Cartier for
some r ∈ N. Then Nr(KX +B +M) is numerically equivalent to an effective
Cartier divisor for any integer N ≥ 3.

For numerically trivial generalized log canonical surfaces with coefficients from
a given set of rational numbers satisfying the descending chain condition
(DCC), we prove the existence of a uniform bound on the Cartier indices:

Theorem 1.10 (= Theorem 3.11). Let I ⊂ Q≥0 be a set satisfying the de-
scending chain condition. Then there is an N ∈ N, depending only on I, such
that if (X,B +M) is a projective generalized lc surface with

(i) the coefficients of B lying in I,

(ii) M =
∑

µiM i where Mi are nef Cartier divisors on X and µi ∈ I,

(iii) KX +B +MX ≡ 0,

then N(KX +B +MX) is Cartier.

In higher dimensions, we confirm Conjecture 1.2 conditionally. Our typical
assumption is that KX +MX is not pseudo-effective. In this case, one can use
the technique of [DHP13, Proposition 8.7] to construct a Mori fibre spaceX 99K

Y → Z, and then run appropriate MMPs over Y or Z to reach a generalized
lc-trivial fibration, so that an induction on dimension can be applied. This
has been exploited in [Bi12, G15, DL15, Has17, Has18] for log canonical pairs
(X,B) with KX not pseudo-effective.

Theorem 1.11 (= Theorem 4.5). Assume that Conjecture 1.2 holds for pro-
jective generalized klt pairs in dimensions less than n.
Let (X,B + M) be an n-dimensional projective generalized klt pair such that
M is an R>0-linear combination of nef Cartier b-divisors. Suppose that KX +
B+MX is pseudo-effective and KX +MX is not pseudo-effective. Then KX+
B +MX is numerically equivalent to an effective R-Cartier R-divisor.

Assuming the termination of flips for Q-factorial dlt pairs, Theorem 1.11 readily
extends to the generalized lc pairs with rational singularities:

Theorem 1.12 (= Theorem 4.6). Assume that Conjecture 1.2 holds in di-
mensions less than n. Assume that the termination of flips for n-dimensional
projective Q-factorial dlt pairs holds.
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Let (X,B + M) be an n-dimensional projective generalized lc pair with ra-
tional singularities such that M is an R>0-linear combination of nef Cartier
b-divisors. Suppose that KX + B +MX is pseudo-effective and KX +MX is
not pseudo-effective. Then there exists an effective R-Cartier R-divisor D such
that KX +B +MX ≡ D.

The following corollary of Theoerem 1.12 is inspired by the nonvanishing for
pseudo-effective log canonical pairs of numerically trivial type, established in
[Has17].

Corollary 1.13 (= Corollary 4.7). Let (X,B+M) be a projective generalized
lc threefold with rational singularities such that M is an R>0-linear combination
of nef Cartier b-divisors. Suppose that

(i) KX +B +MX is pseudo-effective, and

(ii) there exists a generalized lc pair (X,C +M) with KX + C +MX ≡ 0.

Then KX +B +MX is num-effective.

Up to scaling the nef part, we are able to prove the numerical nonvanishing for
projective generalized lc threefolds with rational singularities.

Theorem 1.14 (= Theorem 4.8). Let (X,B+M) be a projective generalized lc
threefold with rational singularities such that M is an R>0-linear combination
of nef Cartier b-divisors. If KX +B +MX is pseudo-effective and MX is R-
Cartier, then there exists a 0 ≤ t ≤ 1 such that KX +B + tMX is numerically
equivalent to an effective R-Cartier R-divisor.

The paper is organized as follows. In Section 2 we explain the relevant no-
tions of divisors and define generalized polarized pairs and their singularities;
a decomposition of nef (resp. antinef) generalized log canonical divisors with
R-coefficients into those with Q-coefficients is provided. In Section 3 we prove
Conjecture 1.2 in dimension two and draw consequences thereof; several ef-
fective versions of the numerical nonvanishing are established. At the end
of Section 3 we discuss the (failure of) numerical abundance for generalized
log canonical surfaces. In Section 4 we go to higher dimensions, restricting
our attention mainly to generalized lc pairs with rational singularities; after
developing necessary tools for constructing generalized lc-trivial fibrations on
generalized polarized pairs, we prove Theorems 1.11 up to 1.14.

Convention. Throughout the paper, we work over the complex numbers.
We use the terminology in [KM98] and [Fu17] in general. For a set A of real
numbers, we use A≥0 to denote the subset {a ∈ A | a ≥ 0}. The subsets A>0,
A≤0 and A<0 are similarly defined. For an abelian group G and a commutative
ring F, we denote GF := G⊗Z F.
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2 Preliminaries

2.1 Divisors

In this subsection, X is a given normal variety equipped with a projective
morphism f : X → S. Let F denote the integer ring Z, the rational number
field Q, or the real number field R.

• An F-divisor is a finite formal F-linear combination D =
∑

j djDj of distinct
prime Weil divisors Dj . The coefficients dj are also written as multDj

D. An
F-divisor over X means an F-divisor on a higher birational model Y → X .
We use ∼F to denote the F-linear equivalence between two F-divisors. An
F-divisor is called an effective (resp. boundary, resp. subboundary) divisor if
its coefficients lie in F≥0 (resp. [0, 1], resp. F≤1).

Note that a Z-divisor is nothing but a Weil divisor and Z-linear equivalence
is just the usual linear equivalence. A Z-divisor is Cartier if locally it can
be defined by one rational function. The Weil divisors form a free abelian
group, denoted by Div(X), and the subgroup of Cartier divisors is denoted by
CDiv(X). For F = Q or R, an F-Cartier F-divisor is an F-linear combination
of Cartier divisors; an F-divisor (resp. an F-Cartier F-divisor) can be viewed
as an element of the F-vector space Div(X)F (resp. CDiv(X)F).

• In view of the projective morphism f : X → S, we use ∼F,f or ∼F,S to denote
the F-linear equivalence between F-divisors, relative with respect to f . Let
Z1(X/S) be the free abelian group generated by integral curves that map
to points on S. Then the intersection pairing CDiv(X) × Z1(X/S) → Z,
(D,C) 7→ D · C induces a numerical equivalence on both CDiv(X) and
Z1(X/S), denoted by ≡f or ≡S . Set N1(X/S) = CDiv(X)/ ≡f and
N1(X/S) = Z1(X/S)/ ≡f . Then we obtain a perfect pairing of finite di-
mensional R-vector spaces

N1(X/S)R ×N1(X/S)R → R.
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The cone of curves NE(X/S) ⊂ N1(X)R is the cone generated by numerical
classes of integral curves C in the fibres of f : X → S; its closure is denoted
by NE(X/S).

Let D be an R-Cartier R-divisor on X . We say

– D is nef/S (read ”nef over S”) or f -nef (resp. antinef/S or f -antinef ), if
the intersection D · C ≥ 0 (resp. −D · C ≥ 0) for any integral curve C in
a fibre of f : X → S;

– D is pseudo-effective/S if its numerical class lies in the closure of the cone
generated by the numerical classes of nef/S R-divisors;

– D is num-effective/S if its numerical class lies in the effective cone
NE(X/S) (see [LP18a]);

– D is num-semiample/S if it is numerically equivalent to an semiample/S
R-divisor, the latter meaning a finite R>0-linear combination of
semiample/S Cartier divisors.

Definition 2.1. For F = Z,Q or R, a b-F-divisor on X is an element of the
projective limit

Div(X)F = lim
Y →X

Div(Y )F,

where the limit is taken over all proper birational morphism ρ : Y → X from a
normal variety Y with the (cycle-)pushforward homomorphism

ρ∗ : Div(Y )F → Div(X)F.

In other words, a b-F-divisor D on X is a collection of F-divisors DY on
birational models of X that are compatible under pushforward; the divisors
DY are called the traces of D on the birational models Y . A b-divisor on X is
naturally a b-divisor on any birational model of X .
The closure of an F-Cartier F-divisor D on X is the b-F-divisor D with trace
DY = ρ∗D for any proper birational morphism ρ : Y → X . A b-F-divisor D

over X is F-Cartier if D = D where D is an F-Cartier F-divisor on a birational
model Y over X ; in this situation, we say D descends to Y .
Let D be a F-Cartier b-F-divisor that descends to a birational model Y over
X . We say

• D is nef/S if DY is nef/S;

• D is effective/S (resp. num-effective/S, resp. num-semiample/S) if DY is
effective/S (resp. num-effective/S, resp. num-semiample/S).

Note that the definitions do not depend on the choice of the birational model
Y .

Convention. If S is a point or is clear from the context then we often omit
”/S” and ”S” in the notations above.
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2.2 Generalized polarized pairs

Definition 2.2. A generalized polarized pair over a scheme S, denoted by
(X/S,B +M), consists of

• a normal variety X equipped with a projective morphism X → S,

• an effective R-divisor B on X , and

• an R-Cartier b-R-divisor M over X that is nef/S,

such that KX +B +MX is R-Cartier.

We obtain a pair in the usual sense when M = 0. Vice versa, from a pair
(X/S,B), projective over a scheme S, together with a nef/S R-Cartier R-
divisor M , one obtains a generalized polarized pair (X/S,B +M).
As before, if S is a point then we omit it from the notation; in this case, X
is projective. Concerning the main results of the paper, we need to assume
that X is projective, and S is tacitly taken to be a point. For example, the
projectivity of X is needed to apply the Riemann–Roch theorem in Section 3.
One can define the generalized log discrepancy of a prime divisor E over X
with respect to (X/S,B + M). Suppose E is a divisor on a normal variety
X̃ with a proper birational morphism f : X̃ → X . Write KX̃ + BX̃ +MX̃ =
f∗(KX + B +MX). Then the generalized log discrepancy of E is (see [BZ16,
Definition 4.1])

aE(X/S,B +M) = 1−multEBX̃ .

We say that (X,B+M) is generalized log canonical (generalized lc, for short),
resp. generalized Kawamata log terminal (generalized klt, for short) if the gen-
eralized log discrepancy of any prime divisor over X is ≥ 0, resp. > 0. For a
prime divisor E over X with aE(X/S,B+M) ≤ 0 we call its image f(E) ⊂ X
a generalized nonklt center ; the generalized nonklt locus is the union of all
generalized nonklt centers, denoted by Nklt(X,B +M). A generalized lc pair
(X/S,B + M) is generalized dlt if for the generic point η of any generalized
nonklt center of (X/S,B +M), (X,B) is log smooth2 near η and M = MX

over a neighborhood of η.
For any generalized lc pair (X/S,B+M), one can construct a Q-factorial gen-
eralized dlt modification; see [BZ16, Lemma 4.5] and [HL18, Proposition 3.9].
Namely, there is a (projective) birational morphism h : Y → X and a Q-
factorial generalized dlt pair (Y/S,BY +M) such that h∗(KX + B +MX) =
KY +BY +MY , and aE(X/S,B +M) = 0 for any h-exceptional divisor E.
The minimal model program (MMP) can be defined for generalized polarized
pairs ([BZ16, HL18]). As part of the definition, one keeps the b-R-divisor M
unchanged in running an MMP.
Recall that a contraction morphism is a surjective projective morphism between
normal varieties with connected fibres; a birational contraction is a birational
map φ : X 99K X ′ such that φ−1 does not contract any divisors.

2A pair (X,B) is log smooth if X is smooth and B is a simple normal crossing divisor.
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Definition 2.3. Let (X/S,B+M) a generalized lc pair. A minimal model of
(X/S,B+M) is a (KX+B+MX)-negative birational contraction φ : X 99K X ′

over S such that (X ′/S, φ∗B +M) is a generalized lc pair and KX′ + φ∗B +
MX′) is nef over S. The minimal model is good (resp. numerically good) if
KX′ + φ∗B +MX′ is semiample (resp. num-semiample) over S.

For surfaces we have the following observation.

Lemma 2.4. Let (X,B +M) be a generalized lc (resp. generalized klt) surface.
Then (X,B) is an lc (resp. klt) surface and MX is a nef R-Cartier R-divisor.

Proof. Let f : X̃ → X be a log resolution, to which M descends, so M = MX̃

and MX̃ is nef. Write f∗(KX+B+MX) = KX̃+BX̃+MX̃ . Since (X,B+M)
is generalized lc (resp. generalized klt), the coefficients of BX̃ are at most 1
(resp. less than 1).
By the negativity lemma, we know that f∗

MX − MX̃ ≥ 0, where f∗ is
the numerical pull-back of R-divisors in the sense of Mumford. If we write
f∗(KX+B) = KX̃+B′

X̃
, then we have B′

X̃
≤ BX̃ . It follows that (X,B) is nu-

merically lc (resp. numerically klt). By the classification of numerically lc sur-
face singularities, (X,B) has lc (resp. klt) singularities ([KM98, Section 4.1]).
Therefore, MX = (KX + B +MX) − (KX + B) is R-Cartier. The nefness of
MX follows from that of MX′ , since MX = f∗MX̃ and we are on surfaces.

Remark 2.5. Lemma 2.4 does not generalize to higher dimensions. For ex-
ample, let f : X̃ → X be a flipping contraction between projective normal
varieties so that X̃ has klt singularities, −KX̃ is f -ample, and KX is not Q-
Cartier. Since −KX̃ is f -ample, one can find a nef Q-Cartier Q-divisor MX̃

such that KX̃ +MX̃ ∼Q,X 0. Let M = M X̃ . Then KX +MX = f∗(KX̃ +MX̃)
is Q-Cartier and, by the negativity lemma, f∗(KX + MX) = KX̃ +MX̃ . It
follows that (X,M) with B = 0 is a generalized klt pair. On the other hand,
neither KX nor MX is Q-Cartier.

Convention. We often abuse the language to describe a generalized polarized
pair (X/S,B +M) and its generalized log canonical divisor KX +B +MX in
the same way. For example, we sometimes say (X/S,B + M) is numerically
trivial when KX + B + MX is so; the divisor KX + B + MX is said to be
generalized log canonical if (X/S,B +M) is so.

2.3 Decomposition of generalized log canonical divisors with

real coefficients

Using Shokurov type polytopes, one can write nef (resp. antinef) generalized log
canonical divisors with R-coefficients as R>0-linear combination of nef (resp. an-
tinef) generalized log canonical divisors with Q-coefficients ([HL18, HLiu19]).
These decompositions are used to reduce problems about generalized log canon-
ical divisors with R-coefficients to those with Q-coefficients. We observe that,
in order to have such a decomposition, the usual condition that the underlying
variety is Q-factorial dlt as required in [HL18, HLiu19], can be dropped:
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Proposition 2.6. Let (X/S,B + M) be a generalized log canonical divisor
over a scheme S such that M =

∑

1≤j≤m µ0
jMj is an R>0-linear combination

of nef/S Cartier b-divisors Mj. If KX +B +MX is nef/S (resp. antinef/S),
then there exist finitely many real numbers cα > 0 with

∑

α cα = 1, Q-divisors
Bα and nef/S Q-Cartier b-Q-divisors M

α on X, such that

(i) (X/S,Bα + M
α) are generalized lc pairs with Nklt(X/S,Bα + M

α) =
Nklt(X/S,B +M);

(ii) KX +B =
∑

α cα(KX +Bα) and M =
∑

α cαM
α, and

(iii) KX +Bα +M
α
X are nef/S (resp. antinef/S) Q-Cartier Q-divisors.

Proof. Let f : X̃ → X be a Q-factorial generalized dlt modification of (X,B +
M), and let B̃ be the boundary divisor on X̃ such that KX̃ + B̃ + MX̃ =

f∗(KX + B + MX). Then multEB̃ = 1 for any f -exceptional divisor E.
Let B̃ =

∑

1≤i≤l b
0
i B̃i +

∑

k Ek be the irreducible decomposition of B̃, where

the B̃i are the strict transforms of the components of B and the Ek are the
f -exceptional divisors. By [HL18, Proposition 3.17] and [HLiu19, Proposi-
tion 2.7], there exists a rational polytope P in the (l + m)-dimensional R-
vector space V such that v = (b1, . . . , bl, µ1, . . . , µm) ∈ V lies in P if and
only if (X̃, B̃v + Mv) is a nef/S (resp. antinef/S) generalized lc pair, where
Bv =

∑

i biB̃i+
∑

k Ek andMv =
∑

j µjMj . Note that B̃ = B̃v0 and M̃ = Mv0

for v0 = (b01, . . . , b
0
l , µ

0
1, . . . , µ

0
m), and thus v0 ∈ P .

Note also that

KX̃ + B̃v0 +M
v0,X̃ = KX̃ + B̃ +MX̃ ∼Q,f 0.

By the argument of [HLiu19, Lemma 3.1], there is an affine subspace A of V ,
defined over Q and passing through v0, such that KX̃ + B̃v + Mv ∼Q,f 0 for
any v ∈ A.
Now it is easy to see that there are rational vectors v1, . . . , vp ∈ P ∩ A, which
can be sufficiently close to v0, and positive real numbers c1, . . . , cp such that

∑

1≤α≤p

cα = 1, B̃ =
∑

1≤α≤p

cαB̃vα ,M =
∑

1≤α≤p

cαMvα ,

Moreover, for the rational coordinates v0i of v0 we can make sure that vαi = v0i
for each 1 ≤ α ≤ p. Let Bα = f∗B̃vα and M

α = Mvα . By construction, the
generalized lc divisors KX +Bα+M

α
X are Q-Cartier, and the data cα, B

α,Mα

satisfy (i)-(iii) of the proposition.

3 Numerical nonvanishing in dimension two

3.1 Numerical nonvanishing for surfaces

In this subsection, we prove Conjecture 1.2 in dimension two:
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Theorem 3.1. Let (X,B +M) be a projective log canonical surface such that
M is an R>0-linear combination of nef Cartier b-divisors. If KX + B +MX

is pseudo-effective, then there exists an effective R-Cartier R-divisor D such
that KX +B +MX ≡ D. Moreover, if B and MX are Q-divisors then we can
additionally require D to be a Q-divisor.

We will use the following lemmas.

Lemma 3.2. Let X be a normal projective surface. Let A and B two nef R-
Cartier R-divisors satisfying A ·B = 0. Then numerical classes of A and B in
N1(X)R = N1(X)R are proportional to each other.

Proof. By replacing X with a resolution, and A and B with their pull-backs,
we may assume that X is smooth. We may also assume that neither A nor B
are numerically trivial. Let H be an ample divisor on X . By the Hodge index
theorem, H · A > 0 and H · B > 0, so there is a positive real number a such
that H · A = aH · B. It follows that H · (A − aB) = 0. Since (A − aB)2 =
A2 − 2aA · B +B2 = 0, by the Hodge index theorem again, A ≡ aB.

Lemma 3.3. Let X be a projective lc surface. If χ(OX) ≤ 0 then X has at
most rational singularities and hence is Q-factorial.

Proof. Let f : X̃ → X be a resolution of singularities. Suppose there are k > 0
elliptic singularities on X . Since χ(OX) ≤ 0 by assumption, we have

χ(OX̃) = χ(OX)− h0(X,R1f∗OX̃) = χ(OX)− k < 0.

Therefore, X̃ is birational to a ruled surface over a curve of genus at least 2
and it follows that X cannot have elliptic singularities, which is a contradiction
to the assumption.
For the second half of the statement, we note that rational normal surface
singularities are Q-factorial by [Na04, Lemma 2.12].

Proof of Theorem 3.1. First we make some preparatory reductions. After run-
ning a (KX + B +MX)-MMP, which is automatically a (KX + B)-MMP, we
may assume that KX + B + MX is nef. By Proposition 2.6, we can assume
that B has Q-coefficients and M is a Q>0-linear combination of nef Cartier
b-divisors. Finally, we can assume that neither MX nor KX + B + MX is
numerically trivial.
Let m ≥ 2 be a positive integer such that m(KX + B +MX) is Cartier. The
usual Riemann–Roch formula holds for Cartier divisors on normal projective
surfaces ([Bl95]):

h0(X,m(KX + B +MX))− h1(X,m(KX + B +MX)) + h2(X,m(KX +B +MX))

= χ(OX) +
1

2

(

m(m − 1)(KX +B +MX)2 +m(KX +B +MX) · (B +MX)
)

By the Serre duality we have

h2(X,m(KX +B+MX)) = h0(X,−B−MX − (m− 1)(KX +B+MX)) = 0.
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It follows that h0(X,m(KX +B+MX)) > 0 for sufficiently large and divisible
m unless χ(OX) ≤ 0 and (KX +B+MX)2 = (KX +B+MX) · (B+MX) = 0.
Since KX +B +MX and MX are nef, we obtain

(KX +B +MX) ·KX = (KX +B +MX) ·B = (KX +B +MX) ·MX = 0.

By Lemma 3.2, the divisor KX +B +MX , and hence KX +B, is numerically
proportional to MX . It follows that either KX + B or −(KX + B) is nef.
If KX + B is nef and not numerically trivial, then there is a postive rational
number t such that KX +B+MX ≡ t(KX +B) which is num-effective by the
nonvanishing for nef log canonical divisors in dimension two.
From now on, we can assume that χ(OX) ≤ 0, KX + B ≡ −aMX from some
a ∈ (0, 1) ∩Q, and M

2
X = MX ·B = 0.

Let f : X̃ → X be the minimal resolution and write f∗(KX + B + MX) =
KX̃ +BX̃ +MX̃ . Since χ(OX) ≤ 0, X is Q-factorial by Lemma 3.3. Hence it
suffices to show that KX̃ + BX̃ + MX̃ is num-effective. We can thus replace

(X,B +M) with (X̃, BX̃ +M), and assume that X is smooth.
Now define the pseudo-effective threshold

t0 := inf{t ≥ 0 | KX + tB +MX is pseudo-effective}.

We divide the discussion according to whether t0 = 0 or t0 > 0.

Case 1: t0 = 0, so KX + MX is pseudo-effective. It suffices to show that
KX+MX is num-effective. After running a (KX+MX)-MMP, which contracts
only (−1)-curves, we can assume that KX + MX is nef. As before, using
the Riemann–Roch theorem, we can reduce to the case where χ(OX) ≤ 0,
KX ≡ −bMX for some b ∈ (0, 1) ∩ Q, and K2

X = M
2
X = 0. Then X is

necessarily a (minimal) ruled surface over an elliptic curve. In this case, −KX

is num-effective (cf. [Sh00, Example 1.1]). Therefore KX +MX ≡ −(1
b
−1)KX

is also num-effective.

Case 2: t0 > 0. In this case, we run a (KX + t1B+MX)-MMP for 0 < t1 < t0
and t0 − t1 sufficiently small, and it necessarily terminates to a Mori fibre
space h : Y → Z of KY + t1BY + MY , where BY is the strict transform of
B on Y . According to [HL18, Lemma 3.18], the (KX + t1B + MX)-MMP is
(KX + t0B +MX)-trivial.
Let F be the general fiber of Y → Z. We have

(KY + t0BY +MY )|F := KF + t0BF +MF ≡ 0.

By taking the degree, we know that t0 ∈ Q.
If dimZ = 0 then KY + t0BY +MY ∼Q 0. If dimZ = 1, then KY + t0BY +
MY ∼Q h∗L for some divisor L of nonnegative degree on Z. It follows that
KY + t0BY +MY and hence KX + t0B +MX is num-effective.

Proof of Corollary 1.6. By Proposition 2.6 we can assume thatB is aQ-divisor.
Setting M := −2(KX + B), there is a nef effective Q-divisor D such that
−(KX +B) = KX +B +M ≡ D by Theorem 3.1.
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If −(KX + B) ≡ 0 then KX + B ∼Q 0 by the abundance of KX + B; see, for
example, [Fu12]. To the other extreme, if−(KX+B) is big, then it is necessarily
Q-linearly equivalent to an effective Q-divisor. Also, if h1(X,OX) = 0 then the
numerical equivalence for Q-Cartier Q-divisors onX is the same as the Q-linear
equivalence, so −(KX +B) ∼Q D.
In the following, we assume that −(KX + B) ≡ D is nef but is neither nu-
merically trivial nor big, and h1(X,OX) > 0. Let h : X̃ → X be the minimal
resolution and write h∗(KX + B) = KX̃ + BX̃ . Then h1(X̃,OX̃) > 0 and it

suffices to show that −(KX̃+BX̃) ∼Q D̃ for some effective Q-divisor D̃. By re-

placing (X,B) with (X̃, BX̃) we can thus assume that X is a smooth projective
surface. The Albanese map induces a P1-fibration f : X → C onto a curve of
positive genus. Moreover, by contracting (−1)-curvesE with −(KX+B)·E = 0
we can assume that −(KX +B) intersects any (−1)-curve positively.
Let D =

∑

diDi be the decomposition into irreducible components. Since D
is nef but not big, we have D ·Di ≥ 0 for each i and D2 =

∑

i(1/di)D ·Di = 0,
and hence D ·Di = 0 for each i. It follows that

D2
i =

1

di



D ·Di −
∑

j 6=i

djDj ·Di



 ≤ 1

di
(D ·Di) = 0. (1)

If D · F = 0, where F is a general fibre of f : X → C, then D = f∗A for some
effective Q-divisor A on C of positive degree. It follows that −(KX + B) is
Q-linearly equivalent to the pull-back of an effective divisor A′ ≡ A on C.
From now on, we assume furthermore that D ·F > 0. Consider any irreducible
curve H , horizontal with respect to f , such that H2 ≤ 0. (For example, any
horizontal component of D is such a curve.) Denote b := multHB. Then b ≤ 1
and

0 ≤ −(KX +B) ·H = −(KX +H) ·H + (1− b)H2 − (B − bH) ·H ≤ 0

It follows that

− (KX +H) ·H = (1− b)H2 = (B − bH) ·H = 0, (2)

thus pa(H) = 1 and H does not intersect any other component of B. Since
f |H : H → C is dominant and g(C) ≥ 1, we infer that H and C are both
smooth elliptic curves.
If there is a horizontal curve H such that H2 < 0 then (2) implies that b = 1.
Since −(KX +B) · F = D · F > 0 for a fibre F of f : X → B, we obtain

H · F ≤ B · F < −KX · F = 2,

thus H · F = 1. In other words, H is a section of f : X → C with negative
self-intersection. Then there is a birational morphism π : X → X̄ contracting
exactly H to a simple elliptic singularity. Let BX̄ = π∗B. Then (X̄, BX̄)
is log canonical with π∗(KX̄ + BX̄) = KX + B, which is antinef. It holds
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h1(X̄,OX̄) = 0, so −(KX̄ + BX̄) is Q-linearly equivalent to an effective Q-
Cartier Q-divisor D̄ on X̄ as before. It follows that

−(KX +B) ∼Q π∗D̄ ≥ 0.

Now we can assume that any horizontal curve H of f : X → C has H2 ≥ 0.
Let ϕ : X → Xm be the birational morphism to a smooth model Xm without
(−1)-curves. We will show that ϕ is an isomorphism. Note that the natural
morphism fm : Xm → C is a P1-bundle, all of whose sections have nonnegative
self-intersection. Let Bm = ϕ∗B and Dm = ϕ∗D. Then −(KXm

+Bm) ≡ Dm

is nef. The class of −KXm
spans one boundary ray R of NE(X) (see [L04,

1.5.A] or [Sh00]) and the classes of Bm and Dm lie necessarily on R. We have
thus D2

m = K2
Xm

= 0. Since D2 = D2
m = 0, the morphism ϕ : X → Xm cannot

blow up any point on Dm. Also, the fact that D ·E > 0 for any (−1)-curve E
on X implies that ϕ does not blow up points outside Dm either. This implies
that X = Xm. We conclude by Lemma 3.4 below.

Lemma 3.4. Let f : X → C be a ruled surface over an elliptic curve C such
that any section of f has nonnegative self-intersection. Let B be a boundary
R-divisor on X such that (X,B) is log canonical. If −(KX + B) is nef then
−(KX +B) ∼R D for some effective R-Cartier R-divisor D.

Proof. By Proposition 2.6 we can assume that B is a Q-divisor. Let C0 be a
section of f : X → C such that −e := C2

0 attains the minimum. Then e = 0
or −1; see [Har77, V.2]. As we have already seen in the proof of Corollary 1.6,
the class of KX generates one boundary ray, say R, of NE(X). Moreover, the
linear system |−2KX | is nonempty; see [Sh00, Corollary 2.2]. Since −(KX+B)
is nef, the class of B necessarily lies on R. Note that, if B ∼Q −aKX for some
a ∈ Q≥0, then a ≤ 1 and −(KX +B) ∼Q (1− a)KX is Q-linearly equivalent to
an effective Q-divisor.
Let E = f∗OX(C0), which is a rank two vector bundle of degree −e. If E is
indecomposable then B ∼Q −aKX is for some a ≥ 0 ([Sh00, Examples 1.1 and
2.1]). If E is decomposable then E = OX ⊕ OX(e) for some e ∈ Pic0(C) and
−KX ∼ C0 + C′

0 where C′
0 ∈ |C0 − e| is another section of f . In case e is a

torsion in Pic0(C), |mKX | is base point free for sufficiently divisiblem, inducing
an elliptic quasi-bundle X → P1; it is clear now that B ∼Q −aKX for some
a ∈ Q≥0. If e is not a torsion in Pic0(X) then C0 and C′

0 are the only curves
whose numerical classes lie on R (cf. [Ho80]). In this case, B = aC0 + a′C′

0

with 0 ≤ a, a′ ≤ 1. Therefore, −(KX +B) ∼Q (1− a)C0 + (1− a′)C′
0 ≥ 0.

Proof of Corollary 1.8. The argument, already used in [Sh00, Remark-
Corollary 2.6], is by now quite standard. By the Cone Theorem, KX +B + tL
is strictly nef for any t > 3, thus there exists an effective R-divisor D such that
KX+B+tL ≡ D by Theorem 3.1. Since (KX+B+tL)2 = (KX+B+tL)·D > 0,
KX +B+ tL is big. Now, the corollary follows from the Nakai criterion for the
ampleness of R-Cartier R-divisors; see [CP90] and [L04, Theorem 2.3.18].

Documenta Mathematica 25 (2020) 93–123



Numerical Nonvanishing for Generalized Pairs 107

In view of Corollary 1.8 we ask the following question, which is meant to
generalize a conjecture of Serrano [Se95]; see also [CCP08, Conjecture 0.1].

Question 3.5. Let (X,B) be a projective log canonical pair of dimension n
and let L be a strictly nef Cartier divisor on X. Is KX + B + tL ample for
every real number t > n+ 1?

3.2 Effective numerical nonvanishing for surfaces

In this subsection we prove two effective numerical nonvanishing results, The-
orems 3.6 and 3.11, for generalized log canonical surfaces.

Theorem 3.6. Let (X,B) be a projective log canonical surface with Q-
coefficients and M a nef Q-Cartier Q-divisor. If r(KX + B +M) is nef and
Cartier for some positive integer r, then Nr(KX + B + M) is numerically
equivalent to an effective Cartier divisor for any integer N ≥ 3.

We first deal with elliptic quasi-bundles.

Definition 3.7 ([Se91]). A projective morphism f : X → C from a smooth
projective surface onto a smooth curve is called a quasi-bundle if all of the
fibres are connected, the smooth fibres are pairwise isomorphic and the only
singular fibres are multiples of smooth curves.

Proposition 3.8. Let f : X → C be an elliptic quasi-bundle from a smooth
projective surface onto a curve. Let M be a nef Cartier divisor such that
KX +M is nef and M · F = 0 where F is a general fibre of f . Assume that
one of the following conditions is satisfied:

(i) f is an elliptic bundle, that is, it does not have singular fibres at all;

(ii) g(C) ≥ 1;

(iii) q(X) = g(C) + 1.

Then N(KX +M) is numerically equivalent to an effective Cartier divisor for
integers N ≥ 3.

Remark 3.9. It is indeed possible that 2(KX+M) is not numerically equivalent
to any effective Cartier divisor; see [Se91, Remark 4.5].

Proof of Proposition 3.8. Case (i) follows by [Se91, Theorem 4.3].
For the remaining two cases, let m1F1, . . . ,mkFk be the multiple fibres. Let
m = lcm(m1, . . . ,mk). By [Se91, Theorems 4.1 and 4.4], we have the following
description of N1(X):

• The integral numerical classes that is proportional to [F ] ∈ N1(X) are exactly
the integral multiples of (1/dm)[F ] for some fixed d ≤ 3. ThusM ≡ (a/dm)F
for some nonnegative integer a.
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• The semigroup of the numerical classes of curves that are proportional to [F ]
are generated by [(1/m1)F ], . . . , [(1/mk)F ].

Let G ⊂ Z≥0 be the numerical semi-group generated by m/m1, . . . ,m/mk. Its
Frobenius number Fr(G) is defined to be the largest integer that does not lie
in G. Since

KX +M ≡



2g(C)− 2 +
∑

1≤i≤k

(

1− 1

mi

)

+
a

dm



F,

it suffices to show that dK(G) + a > Fr(G), where K(G) := m(2g(C) − 2 +
∑

1≤i≤k(1− 1/mi)),
Define the common factor graph Γ of the natural numbers m1, . . . ,mk so that
there are k vertices vi corresponding to the multiplicities mi respectively, and vi
and vj are connected by an edge if gcd(mi,mj) > 1. Then relabel m1, . . . ,mk

in such a way that the subgraphs containing {v1, . . . , vk1
}, {vk1+1, . . . , vk1+k2

},
. . . , {vk1+···+ks−1+1, . . . , vk} respectively form the connected components of the
graph Γ. Obviously, for an index i /∈ {1, k1+1, k1+k2+1, . . . , k1+· · ·+ks−1+1},
one has gcd(lcm(m1, . . . ,mi−1),mi) > 1.
By [Br42, Theorem 2], we have

Fr(G) ≤
∑

2≤i≤k

m

mi

· di−1

di
−

∑

1≤i≤k

m

mi

= m
∑

2≤i≤k

(

di−1

midi
− 1

mi

)

− m

m1

. (3)

where di = gcd(m/m1, . . . ,m/mi) for 1 ≤ i ≤ k. We compute for 2 ≤ i ≤ k

di−1

midi
=

lcm(m1, . . . ,mi)

lcm(m1, . . . ,mi−1) ·mi

=
1

gcd(lcm(m1, . . . ,mi−1),mi)
.

Denoting ei = gcd(lcm(m1, . . . ,mi−1),mi) for i ≥ 2, it follows from (3) that

(dK(G) + a) − Fr(G)

≥dm



2g(C) − 2 +
∑

1≤i≤k

(

1−
1

mi

)



+ a−m
∑

2≤i≤k

(

1

ei
−

1

mi

)

+
m

m1

=dm



2g(C) − 2 + 1−

(

1−
1

d

)

1

m1

+
a

dm
+

∑

2≤i≤k

(

1 +
1

dmi

−
1

mi

−
1

dei

)



 .

(4)

which is positive as soon as g(C) ≥ 1. So case (ii) of the lemma is confirmed.
Now we can assume that we are in case (iii) but not in cases (i) and (ii), so
g(C) = 0. In this case we have d = 1 by [Se91, Theorem 4.1], and (4) becomes

K(G) + a− Fr(G) ≥ m



−1 +
a

m
+

∑

2≤i≤k

(

1− 1

ei

)



 . (5)
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If s ≥ 2, then

− 1 +
∑

2≤i≤k

(

1− 1

ei

)

≥ −1 + 1− 1

e2
+ 1− 1

ek1+2

= 1− 1

e2
− 1

ek1+2

≥ 1− 1

2
− 1

3
> 0.

where the second inequality is because ei ≥ 2 for each i ≥ 2, and e2 and ek1+2

are coprime.
If s = 1, then k1 = k. Since g(C) = 0, we have in any case k ≥ 2 by looking at
the monodromy of f . One see that

∑

2≤i≤k(1− 1/ei) ≤ 1 only if

(i) k = 3 and e1 = e2 = e3 = 2, in which case m = m1 = m2 = m3 = 2, or

(ii) k = 2, in which case m = m1 = m2.

In both cases we have G = Z≥0, so KX + M is numerically equivalent to an
effective Cartier divisor.

For the proof of Theorem 3.6, we need the numerical version of an effective
nonvanishing result of Kawamata ([K00]).

Lemma 3.10. Let (X,B) be a projective log canonical surface and M a big
and nef Q-Cartier Q-divisor on X. If KX + B +M is nef and Cartier (so in
particular the sum B+M has integer coefficients), then either κ(KX+B+M) ≥
0 or KX + B + M ≡ 0, where κ(KX + B + M) denotes the Kodaira–Iitaka
dimension of KX +B +M .

Proof. If (X,B) is klt then the assertion follows from [K00, Theorem 3.1].
Now suppose that (X,B) has nonempty nonklt locus. By taking a dlt modifica-
tion ([Fu17, Theorem 4.4.21]) and then the minimal resolution, we can assume
that X is smooth, (X,B) is dlt, and xBy 6= 0.
The Riemann–Roch Theorem reads

h0(X,KX+B+M)−h1(X,KX+B+M) = χ(OX)+
1

2
(KX+B+M)·(B+M).

The right side of the above equation is positive unless

(i) χ(OX) = (KX +B +M) · (B +M) = 0, or

(ii) χ(OX) < 0.

In case (i), KX + B + M ≡ 0 by the Hodge index theorem. In case (ii),
the Albanese map gives a P1-fibration f : X → C over a curve with g(C) =
1 − χ(OX) ≥ 2. Since M is big and nef, the Kawamata–Viehweg vanishing
gives

0 = H1(X,KX + pMq) = H1(X,KX +B +M − xBy),
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and hence a surjection

H0(X,KX +B +M) ։ H0(xBy, (KX +B +M)|xBy).

Note that xBy is a nodal curve. An irreducible component xBy is either vertical
with respect to f and hence has arithmetic genus 0, or dominant onto the
base curve C and hence has geometric genus at least 2. For any connected
subcurve D of xBy, since KX + B + M is nef and deg(KX + B + M)|D ≥
degKD+degDiffD(B−D), where DiffD(B−D) is an effective divisor supported
on the smooth locus of D, we have

deg(KX +B +M)|D ≥ max{0, 2pa(D)− 2}.

Taking D to be a connected component of of xBy one deduces that

h0(X,KX +B +M) ≥ h0(D, (KX +B +M)|D) > 0

where the last inequality is by the Riemann–Roch theorem for embedded curves
([BHPV04, Theorem 3.1]).

Proof of Theorem 3.6. We divide the proof into two steps.

Step 1. In this step we assume that KX +B +M is Cartier. By replacing X
with its minimal resolution and KX +B+M its pull-back, we can assume that
X is smooth, so B +M is Cartier. After contracting (−1)-curves E such that
(KX +B +M) ·E = 0 we can assume that KX +B +M intersects any (−1)-
curve (if existing) positively. We also assume KX +B +M is not numerically
trivial, otherwise there is nothing to prove.
If KX +B+2M is big, then for N ≥ 2, (N − 1)(KX +B+M) +M is big and
nef. By Lemma 3.10, we know that N(KX +B+M) is numerically equivalent
to an effective Cartier divisor.
In the following we can assume that KX+B+2M is not big. Then it necessarily
holds:

(KX +B +M)2 = (KX +B +M) ·M = 0

By Lemma 3.2, we infer that KX +B+M and M are numerically proportional
to each other. Since H2(X,N(KX +B+M)) = 0 for N ≥ 2, by the Riemann–
Roch Theorem,

h0(X,N(KX +B +M))− h1(X,N(KX +B +M))

= χ(OX) +
1

2
N(KX +B +M) · B.

As in the proof of Lemma 3.10, the right side of the above equation, and hence
h0(X,N(KX +B +M)), is positive, unless

(i) χ(OX) = (KX +B +M) · B = 0, or

(ii) χ(OX) < 0.
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In case (i), a smooth minimal model of X is one of the following:

(ia) a ruled surface over an elliptic curve,

(ib) an abelian surface,

(ic) a bi-elliptic surface,

(id) a properly elliptic surface.

Case (ia). Let f : X → C be the Albanese fibration, which is a P1-fibration
over an elliptic curve C. Let F be a general fibre of f . The Riemann–Roch
Theorem gives that

h0(X,KX +B +M + α) ≥ h1(X,KX +B +M + α). (6)

where α ∈ Pic0(X). Note that either h1(X,KX + B + M + α) = 0 for any
α ∈ Pic0(X) or h1(X,KX + B + M + α0) = 0 for some α0 ∈ Pic0(X). By
[Se95, Proposition 1.5] and (6), KX + B +M is numerically equivalent to an
effective Cartier divisor in both cases.

In cases (ib), (ic) and (id), X is minimal: otherwise KX is an numerically
equivalent to an effective divisor containing at least one (−1)-curve E and
hence (KX +B +M) ·KX ≥ (KX +B +M) ·E > 0 by the assumption made
in the beginning of the proof.

Case (ib). The divisor KX + B +M is numerically equivalent to an effective
Cartier divisor by [Ba98, Lemma 1.1].

Case (ic). In this case B+M ≡ KX+B+M is nef and numerically proportional
to the fibres of an elliptic quasi-bundle f : X → C satisfying the conditions of
Proposition 3.8. Thus N(KX +B+M) ≡ N(B+M) is numerically equivalent
to an effective Cartier divisor for N ≥ 3.

Case (id): In this case KX + B +M is numerically proportional to a fibre F
of the Iitaka fibration f : X → C. Since the topological Euler characteristic
vanishes:

e(X) = 12χ(OX)−K2
X = 0,

one sees that f is an elliptic quasi-bundle and Proposition 3.8 does the job.

Case (ii). In this case the Albanese map gives a P1-fibration f : X → C onto a
curve C with g(C) = q(X) ≥ 2. Let F be a fibre of f .

Claim. (KX +B +M) · F = 0.

Proof of the claim. By Theorem 3.1 there is an effective Cartier divisorG which
is numerically equivalent to N(KX +B+M) for some positive integer N . Let
Gi be the irreducible components of G. Since G is nef and G2 = 0, one sees
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easily that G2
i ≤ 0 and KX · Gi = −(B +M) · Gi ≤ −G2

i . It follows that for
any i

pa(Gi) = 1 +
1

2
(KX +Gi) ·Gi ≤ 1. (7)

Since g(C) ≥ 2 > pa(Gi), every Gi must be vertical with respect to f , which
means (KX +B +M) · F = 0.

Now that (KX +B+M) ·F = 0, f : X → C is a P1-fibration, and KX +B+M
is Cartier and nef, we infer that KX + B +M ≡ aF for some positive integer
a.

Step 2. Now we treat the general case. Let M ′ = (r− 1)(KX +B+M) +M .
Then KX + B + M ′ is Cartier and nef. By Step 1 we know that N(KX +
B +M ′) = Nr(KX +B +M) is numerically equivalent to an effective Cartier
divisor for N ≥ 3.

For numerically trivial generalized log canonical surfaces, we notice the follow-
ing consequence of the Ascending Chain Condition (ACC) for partial minimal
log discrepancies of lc surfaces ([Al93]) and the Global ACC for numerically
trivial generalized lc pairs ([BZ16]).

Theorem 3.11. Let I ⊂ Q≥0 be a set satisfying the descending chain condition.
Then there is an N ∈ N, depending only on I, such that if (X,B + M) is a
projective generalized lc surface with

(i) the coefficients of B lying in I,

(ii) M =
∑

µiM i where Mi are nef Cartier divisors on X and µi ∈ I,

(iii) KX +B +MX ≡ 0,

then N(KX +B +MX) is Cartier.

Proof. Without loss of generality we can assume that 1 ∈ I. Note that (X,B)
is a lc surface by Lemma 2.4. Let f : X̃ → X be a dlt modification of (X,B)
and BX̃ the boundary divisor on X̃ such that KX̃ +BX̃ = f∗(KX +B). Then

MX̃ =
∑

µif
∗Mi and (X̃, BX̃+M) is still a generalized lc surface satisfying the

conditions of the theorem. Note that the Cartier index of KX̃+BX̃ is the same
as that of KX +B while the Cartier indices of MX and MX̃ differ at most by
a factor m such that mµi are integers for all i. Thus the uniform boundedness
of the Cartier index of KX + B +MX follows from that of KX̃ + BX̃ +MX̃ ,
provided that the coefficients µi belong to a fixed finite set.
By [Al93, Theorem 3.2], the partial minimal log discrepancies pmldp(X̃, BX̃)

at the singular points p ∈ X̃ satisfy the ascending chain condition. Here
pmldp(X̃, BX̃) is the minimal log discrepancies of exceptional divisors appear-

ing on the minimal resolution of p ∈ X̃ . Upon extracting the exceptional divi-
sors E over the singular points p ∈ X̃ such that aE(X̃, BX̃) = pmldp(X̃, BX̃),
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we infer that the partial minimal log discrepancies together with the coeffi-
cients of BX̃ and the µi form a finite set I0 by the Global ACC for generalized
lc pairs [BZ16, Theorem 1.6]. By [Al93, Lemma 3.3], log canonical surface
singularities with fixed pmld and with coefficients from a given finite set have
bounded Cartier indices. It follows that the Cartier indices of the divisors
KX̃ + BX̃ + MX̃ under consideration are uniformly bounded. Since the µi

appearing in the theorem belong to the fixed finite set I0, we infer that the
Cartier indices of KX +B +MX are also uniformly bounded.

Since going to higher birational models may reduce the Cartier indices of gen-
eralized log canonical divisors, the condition (ii) in Theorem 3.11 cannot be
replaced by ”M =

∑

µiMi where Mi are nef Cartier b-divisors on X and
µi ∈ I”, as the following example shows:

Example 3.12. Let f : X̃ → E be a ruled surface over an elliptic curve E such
that there is a section E0 with E2

0 < 0. Let E1 be a section of f such that
E1 ·E0 = 0. Set BX̃ = E0 +E1. Let F1 and F2 be two distinct fibres of f . Set

M = F1 − F2; by construction, MX̃ = F1 − F2 ≡ 0. Then (X̃, BX̃ +M) is a
generalized lc pair such that KX̃+BX̃+MX̃ is Cartier andKX̃+BX̃+MX̃ ≡ 0.

Now let h : X̃ → X be the contraction of E0 and BX = h∗BX̃ . Then KX +BX

is a Cartier divisor. Note that MX is Q-Cartier if and only if (F1 − F2)|E0
is

a torsion line bundle on E0, or, equivalently, MX̃ = F1 − F2 is a torsion line

bundle on X̃; moreover, the torsion order of MX̃ is the same as the Cartier
index of MX . Thus, by choosing F1 and F2 appropriately such that MX̃ is a
torsion of order m, we obtain a generalized lc surface (X,B+M) such that BX

and MX are both Weil divisors (with Z-coefficients) and KX +BX +MX ≡ 0,
while the Cartier index of KX +BX +MX is m, which can be arbitrarily large.

It is an interesting question as to whether Theorem 3.11 still holds in higher
dimensions.

3.3 Numerical abundance for surfaces

Numerical abundance does not hold for generalized log canonical surfaces
(X,B + M) with worse than generalized klt singularities or when KX + B
is not pseudo-effective ([LP18a, Section 6]). In this subsection we give some
characterization of the failure of numerical abundance in dimension two.

Theorem 3.13. Let (X,B + M) be a projective generalized klt surface such
that KX + B +MX is nef. Then either KX + B +MX is num-semiample or
KX + B ≡ −tMX for some real number 0 ≤ t ≤ 1. In particular, there is a
real number 0 ≤ t ≤ 1 such that KX +B + tMX is num-semiample.

Proof. Suppose that KX +B + 2MX is big. Then

2KX + 2B + 2MX − (KX +B) = KX +B + 2MX
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is big and nef, and by Kawamata–Shokurov’s base point freeness theorem KX+
B +MX is semiample.
Now we assume that KX +B + 2MX is not big. Then (KX +B +MX)2 = 0
and (KX+B+MX) ·MX = 0. By Lemma 3.2, the divisors KX+B+MX and
MX are numerically proportional. If KX+B+MX is numerically trivial, then
it is num-semiample. Otherwise, there is a nonnegative real number a such
that MX ≡ a(KX +B+MX). If a ≥ 1 then KX +B+(1− 1

a
)MX ≡ 0 is num-

semiample and we take t = 1− 1

a
. If 0 ≤ a < 1, then MX ≡ a

1−a
(KX+B) and it

follows that KX+B is nef and hence semiample. In this case, KX+B+MX ≡
1

1−a
(KX +B) is num-semiample.

Theorem 3.13 does not hold for generalized log canonical surfaces, as the fol-
lowing example shows.

Example 3.14 (cf. [L04], 2.3.A). Let C0 ⊂ P2 be a smooth cubic curve. Let
f : X → P2 be the blow-up of 12 general points on C0, and let C be the strict
transform of C0 on X . Then KX + C ∼ 0. Let M = 4H − E where H = f∗L
is the pull-back of a line and E =

∑

1≤i≤12
Ei is the reduced exceptional locus

of f . The divisor M is big and nef, but not semiample. Since X has no torsion,
the numerical equivalence coincides with Q-linear equivalence for Q-divisors
on X . Thus there is no semiample divisor that is numerically equivalent to
M ∼ KX + C +M .
Now let h : X̃ → X be the blow-up of a point not lying on C ∪E. Let C̃ be the
strict transform of C and M̃ = h∗M − F , where F is the exceptional divisor
of f . Since M̃ = 4h∗H − F + C̃. One sees easily that M̃ is nef, and (X̃, C̃)
is dlt.
Note that KX̃ + C̃+ M̃ = h∗(KX +C+M) is big and nef, but not numerically
equivalent to a semiample divisor. Then for any 0 ≤ t < 1, we have (KX̃ +

C̃ + tM̃) · F = −1 + t < 0. Thus KX̃ + C̃ + tM̃ is not nef, and hence not
num-semiample either.

Note that the surface X̃ in Example 3.14 contains a curve F such that (KX̃ +

C̃+tM̃)·F < 0 for any t < 1. Obviously, this annoying curve is contracted by a
(KX̃+C̃+tM̃)-MMP. We encode this observation in Theorem 3.15 which deals
with generalized log canonical (but not necessarily generalized klt) surfaces.

Theorem 3.15. Let (X,B+M) be a generalized log canonical surface. Suppose
that KX + B + MX is pseudo-effective. Then there exists a 0 ≤ t0 ≤ 1 such
that (X,B + t0M) has a numerically good minimal model.

Proof. We proceed as in the proof of Theorem 3.1, scaling M instead of B. Let
t0 := inf{t ≥ 0 | KX +B + tMX is pseudo-effective}.
If t0 = 0 then KX +B is pseudo-effective and the Abundance Theorem for log
canonical surfaces gives the assertion.
If t0 > 0 then we may run a (KX + B + t0MX)-MMP, and reach a minimal
model (X ′, BX′ + t0MX′), where BX′ is the strict transform of B. We will
show that KX′ +BX′ + t0MX′ is num-semiample.
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After running a (KX′ + BX′ + t1MX′)-MMP for some t1 < t0 with t0 − t1
sufficiently small, which is (KX′ +BX′ + t0MX′)-trivial, we reach a Mori fibre
space f : Y → Z of KY +BY + t1MY , where BY is the strict transform of B.
Then KY + BY + t0MY is the pull-back of a divisor of non-negative degree
on Z, which is num-semiample by the fact that dimZ ≤ 1.

4 Numerical nonvanishing in higher dimensions

In this section we investigate the numerical nonvanishing for generalized polar-
ized pairs in all dimensions. The generalized canonical bundle formula, made
available very recently by [Fi18] and extended by [HLiu19], is crucial for our
purpose.

Theorem 4.1 ([Fi18, HLiu19]). Let F denote either the rational number field
Q or the real number field R. Let (X/S,B+M) be a generalized polarized pair
over a quasi-projective scheme S such that M is an F>0-linear combination of
nef/S Cartier b-divisors. Let f : X → Z be a surjective projective morphism
of normal varieties, projective over S, such that KX + B +MX ∼F,f 0. Then
there is a generalized polarized pair (Z/S,Bf +Mf ) such that

KX +B +MX ∼F f∗(KZ +Bf +Mf,Z).

Moreover, if (X/S,B +M) is generalized lc (resp. generalized klt), then so is
(Z/S,Bf +Mf ).

Lemma 4.2. Let (X/S,B + M) be a generalized klt pair. Then the following
holds.

(i) The singularities of X are rational.

(ii) If KX + B + MX is pseudo-effective/S and either B or MX is big/S,
then (X/S,B +M) has a good minimal model over S.

(iii) If KX + B +MX is not pseudo-effective/S, then we may run a (KX +
B+MX)-MMP with scaling of an ample/S R-Cartier R-divisor and end
with a Mori fiber space over S.

Proof. If B or MX is big/S then one can find a big/S boundary divisor ∆ ∼R,S

B +M such that (X,∆) is klt; see [HL18, Lemma 3.5].
(i) Let H be an ample divisor over S on X . Replacing M with M+H, we can
assume that MX is big over S. Thus there is a klt pair (X,∆) as above and
the assertion follows from the fact that klt singularities are rational.
(ii) By [BCHM10], the pair (X,∆) found above has a good minimal model over
S which is automatically one for (X/S,B +M).
(iii) Let H be an ample/S R-divisor on X such that KX + B + H + MX is
not pseudo-effective. Replacing M with M + H, we can assume that MX is
big. Thus there is a klt pair (X,∆) as above. By [BCHM10], we may run a
(KX + ∆)-MMP with scaling of H and end with a Mori fiber space over S,
which is also one for (X/S,B +M).
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We generalize a construction for log canonical pairs (Lemmas 4.3 and 4.4),
initiated in [DHP13, Proposition 8.7] and then extended and applied in
[Bi12, G15, DL15, Has17, Has18]. The content of the lemmas should be known
to experts, and the ideas of the proofs are already contained in the above
references: we scale a non-pseudo-effective generalized log canonical divisor
KX +B′ +M

′
X with another generalized boundary divisor B′′ +M

′′
X , in order

to construct a Mori fibre space Y → Z, and then one can run MMP over Y
and Z, if needed.

Lemma 4.3. Let (X/S, (B′ + B′′) + (M′ +M
′′)) be a Q-factorial generalized

dlt pair, where M
′ and M

′′ are R>0-linear combinations of nef/S Cartier b-
divisors. Suppose that KX + (B′ + B′′) + (M′

X + M
′′
X) is pseudo-effective/S

but KX +B′ +M
′
X is not. Let

t0 := inf{t ≥ 0 | KX +B′ +M
′
X + t(B′′ +M

′′
X) is pseudo-effective/S}.

Then there exists a birational contraction φ : X 99K Y such that there exists a
projective morphism f : Y → Z with connected fibers satisfying:
(i) (Y/S, (B′

Y + t0B
′′
Y ) + (M′

Y + t0M
′′
Y )) is Q-factorial generalized lc,

(ii) (Y/S,B′
Y +M

′
Y ) is generalized klt,

(iii) the relative Picard number ρ(Y/Z) = 1,

(iv) KY + (B′
Y + t0B

′′
Y ) + (M′

Y + t0M
′′
Y ) ∼R,f 0,

(v) B′′
Y +M

′′
Y is ample over Z, and

(vi) dim Y > dimZ,
where B′

Y , B
′′
Y are the strict transforms of B′, B′′ on Y respectively. In partic-

ular, if B′,M′
X , B′′,M′′

X are Q-divisors then t0 ∈ Q.

Proof. Since KX + (B′ +B′′) + (M′
X +M

′′
X) is pseudo-effective/S and KX +

B′ +M
′
X is not pseudo-effective/S , we have 0 < t0 ≤ 1. Let ti be a strictly

increasing sequence of positive real numbers ti such that limi→+∞ ti = t0. By
[BZ16, Lemma 4.4], we may run an MMP of KX+(B′+ tiB

′′)+(M′
X + tiM

′′
X)

with scaling of an ample divisor and reach a Mori fiber space fi : Yi → Zi.
Since ρ(Yi/Zi) = 1, there exists a positive number ηi such that

KYi
+ (B′

Yi
+ ηiB

′′
Yi
) + (M′

Yi
+ ηiM

′′
Yi
) ≡Zi

0,

where B′
Yi
, B′′

Yi
are the strict transforms of B′, B′′ on Yi.

It is clear that ti < ηi ≤ t0, limi→+∞ ηi = t0, and ti ≤ glct(Yi/S,B
′
Yi

+
M

′
Yi
;B′′

Yi
+M

′′
Yi
), where glct denotes the generalized log canonical threshold.

By [BZ16, Theorem 1.5], (Yi/S, (B
′
Yi

+ t0B
′′
Yi
) + (M′

Yi
+ t0M

′′
Yi
)) and hence

(Yi/S, (B
′
Yi

+ ηiB
′′
Yi
) + (M′

Yi
+ ηiM

′′
Yi
)) are generalized lc for i ≫ 0.

Let Fi be a general fiber of fi. Then

KFi
+ (B′

Fi
+ ηiB

′′
Fi
) + (M ′

Fi
+ ηiM

′′
Fi
)

:= (KYi
+ (B′

Yi
+ ηiB

′′
Yi
) + (M′

Yi
+ ηiM

′′
Yi
))|Fi

≡S 0.
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By the Global ACC ([BZ16, Theorem 1.6]), there is some i0 such that ηi = t0
for i ≥ i0. Setting Y = Yi0 , Z = Zi0 , we obtain the desired birational map
X 99K Y .

If B′, B′′,M′
X ,M′′

X are Q-divisors, then so are B′
Y , B

′′
Y ,M

′
Y ,M

′′
Y . It follows

from (iii) and (iv) that t0 ∈ Q.

In order to use the generalized canonical bundle formula for the purpose of
induction on dimension, we need a (relative) good minimal model whose (rel-
ative) Iitaka fibration has positive dimensional fibres.

Lemma 4.4. Let the notation be as in Lemma 4.3. Assume additionally that
(X/S, (B′ +B′′) + (M′ +M

′′)) is generalized klt. Then there is a higher model
(W/S, BW+(M′+t0M

′′)) of (X/S, (B′+t0B
′′)+(M′+t0M

′′)) admitting a good
minimal model over Z whose relative Iitaka fibration has positive dimensional
fibres. Moreover, if (X/S, (B′ + B′′) + (M′ +M

′′)) has Q-coefficients then so
does (W/S, BW + (M′ + t0M

′′)).

Proof. Upon replacing B′′ and M
′′ with t0B

′′ and t0M
′′ respectively, we may

assume that t0 = 1. To simply the notation further, we denote B = B′ + B′′

and M = M
′ +M

′′.

Let p : W → X be a log resolution to which the b-R-divisor M descends.
We may assume that the induced birational map q : W 99K Y is a morphism.
(Note that we are using the notation of Lemma 4.3.) Let BY = B′

Y + B′′
Y .

Since B′′
Y + M

′′
Y is ample over Z and ρ(Y/Z) = 1, the divisor BY + MY is

also ample over Z. Again by the fact that ρ(Y/Z) = 1, each of BY and MY is
ample over Z as soon as it is not numerically trivial over Z.
Since (X/S, B+M) is generalized klt, we may choose a rational number 0 < ǫ ≪
1 and BW = p−1

∗ B + (1− ǫ)FW , FW being the sum of the reduced exceptional
divisors over X , such that

KW +BW +MW = p∗(KX +B +MX) +GW ,

where GW is an p-exceptional effective R-divisor. Then the generalized klt pair
(W/S,BW + M) is a higher model of (X/S,B + M). We will show that the
former has a good minimal model over Z.

By Lemma 4.2, (W/S, BW +M) has a canonical model (U/S, BU +M) over Y ,
where BU is the strict transform of BW . We have KU + BU + MU + EU =
g∗(KY + BY + MY ), where g : U → Y is the induced morphism and EU is
some g-exceptional divisor. Since −EU is ample over Y , EU is effective and
Supp(EU ) = Exc(g).
We can choose two rational numbers 0 < δ1, δ2 ≪ 1 such that

• (U/S, (BU + δ1EU − δ2(g
∗
MY −MU ))+ ((1− δ2)M+ δ2MY )) is generalized

klt, and

• the boundary partBU+δ1EU−δ2(g
∗
MY −MU) ≥ ǫg∗BY for some 0 < ǫ ≪ 1.
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Since at least one of BY and MY is ample over Z, one sees easily that either
BU + δ1EU + δ2(g

∗
MY − MU ) or (1 − δ2)MU + δ2g

∗
MY is big over Z. By

Lemma 4.2, (U, (BU + δ1EU − δ2(g
∗
MY −MU )) + ((1 − δ2)M + δ2MY )) has

a good minimal model U 99K V over Z.
Note that

KU + (BU + δ1EU − δ2(g
∗
MY −MU )) + ((1− δ2)MU + δ2g

∗
MY )

= KU +BU +MU + δ1EU (8)

Since KU +BU +MU + EU ∼R,Z 0, we have

(
1

δ1
− 1)(KU +BU +MU ) ∼R,Z

1

δ1
(KU +BU +MU ) + EU

∼R,Z

1

δ1
(KU +BU + δ1EU +MU ).

It follows that the (KU +BU +δ1EU +MU )-MMP is at the same time a (KU +
BU +MU )-MMP, and (V,BV +M) is a good minimal model of (U,BU +M)
over Z, where BV is the strict transform of BU . Obviously, KV +BV +MV is
not big over Z, and its relative Iitaka fibration has positive dimensional fibres.
The rational maps involved in the proof are as in the following commutative
diagram:

W

q

��

p

~~⑥⑥
⑥
⑥
⑥
⑥
⑥
⑥

//❴❴❴ U

g
~~⑥⑥
⑥
⑥
⑥
⑥
⑥
⑥

//❴❴❴ V

~~⑦⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦

X //❴❴❴ Y

f

��

Z

Now we are ready to prove several numerical nonvanishing results in dimensions
higher than two.

Theorem 4.5. Assume that Conjecture 1.2 holds for projective generalized klt
pairs in dimensions less than n. Let (X,B+M) be an n-dimensional projective
generalized klt pair such that M is an R>0-linear combination of nef Cartier
b-divisors. Suppose that KX + B +MX is pseudo-effective and KX +MX is
not pseudo-effective. Then KX +B +MX is num-effective.

Proof. By Lemma 4.2, X has rational singularities. Concerning numerical non-
vanishing, we can replace X with a higher model and assume that (X,B) is a
Q-factorial klt pair. Let t0 := inf{t ≥ 0 | KX + tB +MX is pseudo-effective}.
By Lemma 4.4, there is a higher model (W,BW +M) of (X, t0B +M) admit-
ting a good minimal model (V,BV +M) over some variety Z, where BV is the
strict transform of BW .
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Let h : V → Z̃ be the relative Iitaka fibration of KV + BV + MV . Then
dim Z̃ < dim V . By Theorem 4.1 there is a generalized klt pair (Z̃, Bh +Mh)
such thatKV +BV +MV ∼R h∗(KZ̃+Bh+Mh,Z̃). Note thatKZ̃+Bh+Mh,Z̃ is

necessarily pseudo-effective. Since dim Z̃ < dimX , we know by hypothesis that
KZ̃ +Bh+Mh,Z̃ is num-effective. Therefore, KV +BV +MV is num-effective.
It follows that KW+BW+MW is num-effective. Pushing down toX we deduce
that KX + t0B +MX , and a fortiori KX +B +MX , is num-effective.

Assuming the termination of flips for Q-factorial dlt pairs, Theorem 4.5 readily
extends to generalized lc pairs with rational singularities as follows:

Theorem 4.6. Assume that Conjecture 1.2 holds in dimensions less than n.
Assume that the termination of flips for n-dimensional projective Q-factorial
dlt pairs holds.
Let (X,B + M) be an n-dimensional projective generalized lc pair with ra-
tional singularities such that M is an R>0-linear combination of nef Cartier
b-divisors. Suppose that KX + B +MX is pseudo-effective and KX +MX is
not pseudo-effective. Then there exists an effective R-Cartier R-divisor D such
that KX +B +MX ≡ D.

Proof. Since (X,B+M) has rational singularities, its numerical nonvanishing is
implied by that of its Q-factorial dlt modification ([Na04, Lemma 2.12]). Thus
we can replace (X,B+M) with a Q-factorial dlt modification and assume that
itself is Q-factorial generalized dlt.
Let t0 = inf{t ≥ 0 | KX+tB+MX is pseudo-effective}. Then 0 < t0 ≤ 1. Since
we assume the termination of flips for n-dimensional Q-factorial dlt pairs, by
[HL18, Theorem 1.6], KX + t0B+MX has a log terminal model, φ : X 99K X ′.
In particular, φ is (KX + t0B+MX)-negative. Thus there exists a positive real
number ǫ > 0 such that, for any t ∈ [t0− ǫ, t0), φ is (KX + tB+MX)-negative;
obviously, KX′ + tBX′ +MX′ is not pseudo-effective, where BX′ is the strict
transform of B, and (X, tB +M) is generalized klt.
By [HL18, Lemma 3.17], there exists a positive real number t1 ∈ (t0 − ǫ, t0),
such that any (KX′ + t1BX′ + MX′)-MMP is (KX + t0BX′ + MX′)-trivial.
By Lemma 4.2, we may run a (KX′ + t1BX′ +MX′)-MMP with scaling of an
ample divisor and end with a Mori fiber space, f : Y → Z of KY + t1BY +MY ,
where BY is the strict transform of B. By Theorem 4.1, KY + t0BY +MY ∼R

f∗(KZ + t0Bf +Mf,Z) for some generalized lc pair (Z, t0Bf +Mf ). Since we
assume Conjecture 1.2 holds in dimensions less than n, KY + t0BY + MY is
num-effective. Hence KX + t0B +MX is also num-effective.

Corollary 4.7. Let (X,B+M) be a generalized lc threefold with rational sin-
gularities such that M is an R>0-linear combination of nef Cartier b-divisors.
Suppose that

(i) KX +B +MX is pseudo-effective, and

(ii) there exists a generalized lc pair (X,C +M) with KX + C +MX ≡ 0.
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Then KX +B +MX num-effective.

Proof. If C = 0, then KX + B +MX ≡ B which is effective. We may assume
C 6= 0, so KX +M is not pseudo-effective. Then the assertion of the corollary
follows from Theorem 4.6.

Up to scaling the nef part we establish the numerical nonvanishing for gener-
alized lc threefolds with rational singularities:

Theorem 4.8. Let (X,B +M) be a generalized lc threefold with rational sin-
gularities such that M is an R>0-linear combination of nef Cartier b-divisors.
Suppose that KX + B + MX is pseudo-effective. Then KX + B + t0MX is
num-effective, where t0 := inf{t ≥ 0 | KX +B + tMX is pseudo-effective}.

Proof. If t0 = 0, then KX+B is pseudo-effective, and the theorem follows from
the nonvanishing theorem for projective lc threefolds ([Sho96, KMM94]).
If t0 > 0, then KX + B is not pseudo-effective. Replacing (X,B + M) with
a Q-factorial generalized dlt modification, we can assume that (X,B +M) is
itself a Q-factorial generalized dlt threefold. By the termination of lc threefolds
([Sho96]), KX + B + t0MX has a log terminal model φ : X 99K X ′ ([HL18,
Theorem 1.6]). In particular, φ is (KX + B + t0MX)-negative. Thus there
exists a positive real number ǫ > 0, such that φ is (KX + B + tMX)-negative
and (KX′ +BX′ + tMX′) is not pseudo-effective for any t ∈ [t0 − ǫ, t0), where
BX′ is the strict transform of B.
By [HL18, Lemma 3.18], there exists a positive real number t1 ∈ (t0 − ǫ, t0),
such that any (KX′ +BX′ + t1MX′)-MMP is (KX +BX′ + t0MX′)-trivial. By
[HL18, Lemma 3.5] and [BCHM10], we may run a (KX′ +BX′ + t1MX′)-MMP
with scaling of an ample divisor and end with a Mori fiber space, f : Y → Z
of KY +BY + t1MY , where BY is the strict transform of B. By Theorem 4.1
there is a generalized lc pair (Z,Bf + Mf), such that KY + BY + t0MY ∼R

f∗(KZ + t0Bf +Mf,Z). Since KZ +Bf +Mf,Z is necessarily pseudo-effective

and dim Z̃ ≤ 2, the divisor KZ +Bf +Mf,Z is num-effective by Theorem 3.1.
Therefore, KY +BY + t0MY is num-effective. Hence KX +B + t0MX is also
num-effective.
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