DOCUMENTA MATH. 159

EssENTIALLY FINITE VECTOR BUNDLES

ON NORMAL PSEUDO-PROPER ALGEBRAIC STACKS

FaBIO TONINI AND LEI ZHANG!

Received: October 27, 2017
Revised: September 18, 2019

Communicated by Gavril Farkas

ABSTRACT. Let X be a normal, connected and projective variety over
an algebraically closed field k. In [BdS] and [AM] it is proved that a
vector bundle V' on X is essentially finite if and only if it is trivialized
by a proper surjective morphism f : Y — X. In this paper we
introduce a different approach to this problem which allows to extend
the results to normal, connected and strongly pseudo-proper algebraic
stack of finite type over an arbitrary field k.
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1 INTRODUCTION

Let k be the base field, and let X be a connected and reduced scheme over k
equipped with a rational point € X (k). In [Nori] M. Nori constructed the
Nori fundamental group scheme 7~ (X, ) following two different paths:

1. He proved that the category N(X/k,x) of pointed torsors, that is, a triple
(P, G, p) where P is a G-torsor over X, G is a finite k-group scheme, and
p is a k-rational point lying over z, is cofiltered, then he defined
™N(X,z) = lim G

<_
(P,G,p)EN(X/k,x)
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This definition is very abstract, so it’s not easy to understand the Nori
fundamental group directly from the construction. However, this con-
struction also gave birth to several generalizations, e.g. in [Zh] the sec-
ond author studied this construction with x being replaced by a geometric
point.

2. In the case when X is proper and the field k is perfect, Nori proved
that the full subcategory of Vect(X) consisting of vector bundles which
are essentially finite (see 2.1) is Tannakian, and its Tannakian group is
precisely 7N(X,z). This Tannakian interpretation via essentally finite
vector bundles makes the Nori fundamental group more accessible, but
in order to follow this way, one has to understand better these essentially
finite vector bundles.

In [BdS] and [BdS2], I. Biswas and J. P. Dos Santos gave a more geometric
characterization of essentially finite vector bunldles. If X is a smooth, con-
nected and projective variety over an algebraically closed field they showed
that a vector bundle V' on X is essentially finite if and only if it is trivialized
by a proper surjective morphism f: Y — X, that is f*V is a free vector bun-
dle. This result has then be generalized to normal varieties in [AM]. In this
paper we present a new proof of this result which apply to more general X and
does not require the use of semistable sheaves. Let us introduce some notions
before stating our results.

A category X fibered in groupoid over a field k is pseudo-proper (resp. strongly
pseudo-proper) if for all vector bundles (resp. finitely presented sheaves) F
on X the k-vector space H’(X, E) is finite dimensional. Tt is also required to
satisfy a finiteness condition which is automatic for algebraic stacks of finite
type over k (see 2.2). Proper algebraic stacks, finite stacks and affine gerbes
are examples of strongly pseudo-proper fibred categories (see [BV, Example
7.2, pp. 20]). This is the generalization of [BdS| and [AM] we present.

THEOREM 1. Let X be a connected, normal and strongly pseudo-proper algebraic
stack of finite type over k. Then a vector bundle V on X is essentially finite
if and only if it is trivialized by a surjective morphism f : Y — X between
algebraic stacks such that f.Oy is a coherent sheaf.

We stress that the proof of this result is stacky in nature and not only because
we already start with stacks. The key example that enlightens the strategy is
when X = X is a normal variety and f: Y = )Y — X is the normalization
of X in a Galois extension L/k(X) with group G. Then we have a splitting
Y — Z =[Y/G] -5 X. Since Y is a G-torsor over Z and 7*V is trivialized
by this torsor, 7*V is essentially finite. The conclusion that V' is essentially
finite then follows formally from the fact that 7,0z ~ Ox. Thus the key
step here is to pass to a new space Z which may not be a scheme. When f is
general one can reduce the problem to the above situation. This is not possible
for stacks and in this case we introduce a different kind of “Galois cover” where
the group G is replaced by the symmetric group.
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In [TZ2, Corollary I| we prove a variant of Theorem I without any regularity
requirement on X but assuming that f is proper and flat. The proofs of those
results are independent.

For completeness we also deal with the analogous result of [BAS2] in our context:

THEOREM II. Let X be a connected, normal and strongly pseudo-proper alge-
braic stack of finite type over k and f : Y — X be a surjective morphism of
algebraic stacks such that f.Oy is a coherent sheaf. Consider the full subcate-
gory of Vect(X)

Vect(X); :={ V € Vect(X) | f*V is trivial }
and set L = HY(X,Ox), which is a finite field extension of k. We have

1. if Spec (f+Oy) is reduced (e.g. if Y is reduced), then Vect(X); is an
L-Tannakian category;

2. if the generic fiber of Spec (fOy) — X is étale then the affine gerbe
over L corresponding to the full sub tannakian category generated by
Vect(X); C EFin(Vect(X)) is finite and étale.

Notice that in the above hypothesis the category EFin(Vect(X)) is indeed an
L-Tannakian category (see 2.4). In situation (1) the gerbe associated with
Vect(X)y is in general not finite, as already shown in [BdS2].

In [ABETZ] is studied the behaviour of essentially finite vector bundles un-
der pushforward rather than pullback as in the present paper. We plan to
investigate the relations among these results.
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2 PRELIMINARIES

In this section we fix a base field k. We will collect here some preliminary results
and definitions needed for the next section. All fibered categories considered
will be fibered in groupoids.

We will freely talk about affine gerbes over a field (often improperly called just
gerbes) and Tannakian categories and use their properties. Please refer to [TZ,
Appendix B] for details.

DEFINITION 2.1. [BV, Definition 7.7] Let C be an additive and monoidal cate-
gory. An object FE € C is called finite if there exist f # g € N[X| polynomials
with natural coefficients and an isomorphism f(E) ~ g(E), it is called essen-
tially finite if it is a kernel of a map of finite objects of C. We denote by EFin(C)
the full subcategory of C consisting of essentially finite objects.
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DEFINITION 2.2. [BV, Definition 5.3 and Definition 7.1] Let X be a fibred
category over k. It is called inflexible over k if any map from X to a finite
stack factors through a finite gerbe. It is called pseudo-proper (resp. strongly
pseudo-proper) if

1. there exists a quasi-compact scheme U and a representable morphism
U — X which is faithfully flat, quasi-compact and quasi-separated;

2. for any vector bundle (resp. finitely presented quasi-coherent sheaf) E
on X the k-vector space H(X, E) is finite dimensional.

REMARK 2.3. The following are some general remarks about inflexible fibred
categories.

1. Let X be an algebraic stack of finite type over k. If X is inflexible
then it is geometrically connected. If X is geometrically connected and
geometrically reduced then it is inflexible. (See [BV, Proposition 5.5, p.
11])

2. Let X be a fibred category over k. If X is inflexible then k is integrally
closed in HO(OX). The converse holds if X is reduced, quasi-compact and
quasi-separated. (See [TZ, Theorem 4.4, p. 13])

REMARK 2.4. By [BV, Theorem 7.9, p. 22], if X is a pseudo-proper and
inflexible fibred category then EFin(Vect(X)) is a k-Tannakian category, which
corresponds to the so called Nori fundamental gerbe Hli &

Recall that a pseudo-proper fibred category X which is inflexible satisfies
HO(OX) = k and the converse is true if X is reduced, quasi-compact and
quasi-separated (see [TZ, Theorem 4.4]). In particular in Theorem I and II the
algebraic stack X’ is automatically inflexible over the field HO(OX).

Recall that if X is an algebraic stack with a map A: X — I to a finite gerbe
and W € Vect(T") then A*W is essentially finite. Indeed all vector bundles on T’
are essentially finite by [BV, Proposition 7.8] and A\* is exact and monoidal
because \ is flat.

We start by looking at a special case of Theorem I, that is the case of a torsor.

LEMMA 2.5. Let X be a pseudo-proper and inflexible fibered category over k
and let f: Y — X be a torsor under some finite k-group scheme G. If V
is a vector bundle on X which is trivialized by f then V is an essentially
finite vector bundle on X. Moreover the full subcategory of Vect(X) of vector
bundles trivialized by f is a k-Tannakian category whose associated gerbe T' is
the Nori reduction of X — BrG, that is, it is the image of the unique map
H%/k — BrG which corresponds to X — BiG.

Proof. Consider the following 2-cartesian diagram

Y ———  Spec (k)

| |

X — B,G
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By [BV, Lemma 5.12, Lemma 7.11] there is a finite gerbe I and a factorization
of X — BirG as: A\: X — I such that \,Ox ~ Or; I' — By G faithful.
Notice that, since I' is finite, the map I' — B;(G is affine. See for instance
[TZ, Remark B7]. In particular we also have a 2-Cartesian diagram

y—°* Spec (A)

| |

X— 2 7

By cohomology and base change along the flat map Spec A — T' we have
0:0y = Ogpec (4)- Pulling back the adjunction A* A,V — V along f we get the
map 0*0, f*V = f*A*A.V — f*V, which is an isomorphism as f*V & O%m
and 0,0y = Ogpec (a)- Since f is faithfully flat it follows that A* AV — V' is
an isomorphism. Thus V is the pull back of a vector bundle on a finite gerbe
and hence it is essentially finite.

The map Vect(I') — Vect(X) is fully faithful and embeds Vect(T') as a sub
Tannakian category of EFin(Vect(X)) by [BV, Theorem 7.13, p. 24]. To con-
clude the proof we just have to show that if W € Vect(T") then f*\*W is free.
Thus it is enough to show that A is a finite k-algebra and we can assume k
algebraically closed. In this case I' = ByH, where H is a closed subgroup
of G, and a direct computation shows that Spec A ~ G/H which is a finite
k-scheme. (]

The following result is also a variant of Theorem I, which is useful because it
will allow us to replace an arbitrary finite map by a generically étale one. The
same result is present in [TZ2, Lemma 2.3]. We include it here for completeness.

LEMMA 2.6. Let X be an inflexible and pseudo-proper fibred category over k,
V € Vect(X) and denote by F: X — X the absolute Frobenius. If there exists
m € N such that F™*V € Vect(X) is essentially finite then V is essentially
finite too.

Proof. We can consider the case m = 1 only. Set n = rkV. The vector
bundle V is given by an Fy-map v: X — Br, (GLyr,): the stack Br,(GL,r,)
has a universal vector bundle £ of rank n such that v*€ ~ V. By 24 V is
essentially finite if and only if v factors as X r Br,(GLy ,) where T’
is a finite k-gerbe and ¢ is k-linear. The vector bundle F*V corresponds to
the composition X — Br,(GLy F,) £, Br,(GLy F,), where F is the absolute
Frobenius of By, (GLy F,). Thus we have a diagram

v

>

Br,(GLnF,)

Xi |7

—_— B]Fp (GLme)

X
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where I' is a finite k-gerbe and the square is 2-Cartesian. We conclude by
showing that A is a finite gerbe over k.

The map F: Br,(GLnr,) — Br,(GLnF,) is induced by the Frobenius of
GLyr,. Since this last map is a surjective group homomorphism with finite
kernel it follows that F' and therefore A — T is a finite relative gerbe. This
plus the assumption that I is a finite gerbe implies that A is a finite gerbe. O

We finish this section by explicitly showing how to associate with an étale
degree n cover an S,-torsor and conversely. Given a scheme U and an étale
cover I/ — U of degree n we define Sp,y as the complement in E™ (the
product of n-copies of E over U) of the open and closed subsets given by the
union of the diagonals E»~! C E". The symmetric group S, acts on Sg U
over U, and by looking at the fibers of a geometric point of U we see that the
natural map

p:Spw X S — Sgyu Xu Seyu

sending (a, s) to (a,as) (with a € Sg/y and s € Sy,) is a surjective map between
two étale covers of U of the same degree. Thus p is an isomorphism and Sg,¢y
becomes an S,,-torsor over U.

PROPOSITION 2.7. Let n > 0 and denote by Et,, the stack over Z of étale covers
of degree n. Then

S: Et, — BSn, E/U’—>SE/U

is an equivalence. Moreover pry: Sg/y — E is natural and the action of S, 1
on the last components makes it into a S, _1-torsor.

Proof. The last claim follows directly from the construction. We only have to
prove that S is an equivalence. Let I := {1,...,n}. There is a global object
Iz = I x SpecZ € Et,(Z). Since all étale covers of degree n of a scheme U
became locally a disjoint union of copies of the base, it follows that Et,, is a
trivial gerbe, and more precisely, that there is an equivalence

BG — Et,, where G' = Autg, (Iz)

mapping the trivial torsor to Iz. By the equivalence between neutral affine

gerbes and affine group schemes, the composition BG — Et, S, BS, is
induced by a morphism of group schemes ¢ : G = Autgp, (Iz) — Snz. We
must show it is an isomorphism. It is easy to see that G sends any scheme U to
the set of continuous maps |U| — S,,, where |U| is the underlying topological
space of U and S, is equipped with the discrete topology. Thus G is isomorphic
to the constant group scheme S,, 7. The composition of the isomorphism S;, 7 =
G(Spec (Z)) x Spec (Z) = G defined by the inclusion of Z-rational points with
¢ : G — S, 7z is the identity. Thus ¢ is an isomorphism. O
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3 THEOREM I AND II

Proof of Theorem I and Theorem II. Without loss of generality we can assume
that HY(Oy) is k, so that, in particular, X is inflexible (see 2.4). We split the
proof in several steps.

3.1 THEOREM I, THE “ONLY IF” PART

If V € EFin(Vect(X)) then by 2.4 V is the pullback along a morphism
X — T of a vector bundle on I', where I is a finite gerbe. Choose a point
Spec (k') — T where k'/k is a finite field extension. Then V is trivialized by
the finite flat morphism X xr Spec (k') — X.

3.2 REDUCTION TO f FINITE

Consider now a map f: )Y — X as in the statement, V' € Vect(X) and write
'Y = Spec(fiOy) — X and r = rk V. Since Iso, (V,0%) — X is affine
we have that f*V is free if and only if f*V is free. Since by hypothesis f,Oy
is coherent, we can therefore assume that f: Y — X is a finite map.

3.3 PROOF OF THEOREM II, (1) ASSUMING THEOREM I

We can assume that Y is reduced. Since by Theorem I Vect(X') is contained in
the tannakian category EFin(Vect(X)), to prove that Vect(X) is tannakian it
is enough to prove that Vect(X) is stable under taking tensor products, dual,
kernels and cokernels. Tensor products and dual can be easily checked, while
kernels and cokernels are reduced to check the following: given V' € Vect(X);
and an embedding W < V or a quotient V' — W in EFin(Vect(X)) we have
W € Vect(X);. Write Y = ]_L.E[ Y; for the decomposition into connected
components. Each ); is a reduced connected algebraic stack of finite typer
over k and, since X is strongly pseudo-proper, it is pseudo-proper. Thus
H°();,0y,) = K is a finite field extension of k, and by [TZ, Thoerem 4.4,
pp. 13] V; is inflexible and pseudo-proper over k’. Thus EFin(Vect(}})) is a
tannakian category, so the pullback of W along ); — X is a subobject or a
quotient object of a trivial object, and consequently it is trivial itself. Thus
f*W is free on each component ); and of the correct rank rk W, which means
that f*W is free on ).

3.4 PROOF OF THEOREM I AND THEOREM II, (2)

We first show how to

reduce the proof of Theorem I to the case when the generic fiber of f is étale.
Let h: U — X be a smooth atlas and £ € U be a generic point such that k(&)
is the generic point of X. Set K = k(£) and consider h(£): Spec K — X and
Spec A = Spec (K) x x Y. Notice that A # 0 because Y — X is surjective. By
[TZ, Lemma 2.3, pp. 8] there exists i > 0 such that all residue fields of A%
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the i-th Frobenius twist of A, are separable over K. We have the following
Cartesian diagrams

Spec B ——— i)

J l

Spec (AGK)) — y(i.X) y

I e | |1

Spec K X X

where (—);eqa denotes the reduction and F' is the absolute Frobenius of X'. Set
1 y%j” — X for the composition. Since h(§) is the composition of a smooth

map rU — X and a generic point Spec k(§) — U, we can conclude that B
is reduced. Since it is a quotient of A% we can conclude that B/K is étale
over K, that is, the generic fiber of f’ is étale. Notice that if f*V is free then
f(F™*V) is free and, by 2.6, V is essentially finite if F*"V is essentially finite.
Thus we can replace Y — X by Jir(;f) — X and assume that the generic
fiber of f is étale of degree say n > 0.

3.5 CONSTRUCTION OF ©x AND ITS QUOTIENT

For each smooth map U — X, where U is a connected scheme, let Yy :=
Y xxU. Since the generic point of U goes to the generic point of X', the generic
fibre Ly of Yy — U is finite étale of degree n. By 2.7 Ly corresponds to an
Sp-torsor Sp, /() over Spec (K (U)), where K (U) is the function field of U.
Let ©y be the normalization of U inside S, /x ) = H*(S1, /x (1)) Then Oy
is equipped with an action of S, and a morphism ©y — Yy define by the
projection Sz, /@y — Spec (Ly) (the last claim of 2.7). This construction
is functorial. If V.— U is a smooth morphism then by 2.7 and [SP, 03GC]
we have
suv  Spy/rw) QW) K(V) = SLy, kv
Ouv: (Ou xuV — Yy xy V) = (0y — Yy)

and also the action of S,, on Oy is the same as the one obtained by the pull-
back of the action on ©y. Moreover, if there is a third map W — V| then
su,v,sv,w,su,w and Oy v, 0yvw,0uw are compatible in a natural way. This
allow us to construct maps Oy — Z — X fitting in 2-Cartesian diagrams

Ou Ox Speck

J : l

[©v/5S,] ?JZ By Sn,
| |+
X

vg——
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and a map Oy — )Y fitting in the 2-diagram

Oy ———)
N
X

for all smooth U — X with U being connected, where Z is the following
category fibred over X: for each t : T — X, Z(T) is the category consisting
of diagrams

P—z>®T—>®X

Nl

T——x
where y : P — T is a torsor under S,,, O is the pullback, and = is a map of

schemes which is Sp,-equivariant. Just as in the case when Oy is a scheme and
Z = [Ox/Sy], one can show that the diagram

Oy —— Speck
Z—>BkSn

is Cartesian. In particular Z is an algebraic stack of finite type over k. Since
Vect(X)s C Vect(X)p, is fully faithful, by [TZ, Remark B7] we can assume
Y = 0Oy and f = hx for both Theorem I and Theorem II, (2). Consider the
following 2-Cartesian diagram

Oy X Spec k

|- J |

Z—" X x BLS, —— BiS,

It l

X — Speck

Since w is finite and v is proper we can conclude that the map h: Z2 — X
maps coherent sheaves to coherent sheaves. Thus Z is a strongly pseudo-proper
and normal algebraic stack of finite type over k.

3.6 PROOF OF Oy = h,0Oz

We are going to show that Oy — h,Oz is an isomorphism. In particular it
will follow that H’(Oz) = k and therefore that Z is inflexible over k. Given
U = Spec A — X a smooth map with U being connected and written Oy =
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Spec B, the push forward of the structure sheaf along [0y /S,] — U is B".
and we must show that BS" C A. Set K 4 for the function field of A and K for
the generic fibre of B/A, that is Kp = S, /k,. We have B C BﬂKgn =
B K4 = A because A is normal and Kp is an Sy,-torsor over K 4.

3.7 END OF THE PROOF OF THEOREM I

Let V be a vector bundle on X which is trivialized by f. Since Z is pseudo-
proper and inflexible, by 2.5 A*V is essentially finite. Thus there is a finite
gerbe I and a 2-commutative diagram

zZ——T

Lo, b

X — BGL,,

where ¢ corresponds to the vector bundle V. Replacing I by its image under A
we may assume that X is faithful. Since I" is finite it follows that A is affine
thanks to [TZ, Remark B7]. As h.Oz = Ox the unique map Z — X xgar,, I
induces

Spec (h*Oz) =X — X XBGL I' —T

Then ¢ factors though A : I' — BGL,,, so that V is essentially finite. This
ends the proof of Theorem I.

3.8 END OF THE PROOF OF THEOREM II, (2)

Since h.Oz = Oy, we have that the pullback Vect(X) — Vect(Z) is fully
faithful (see [BV, Lemma 7.17]). In particular we get a fully faithful monoidal
map Vect(X); — Vect(Z).. By 2.5 Vect(Z), corresponds to a gerbe I'; affine
over BjSy and thus finite and étale. By [TZ, Remark B7] it follows that the
gerbe associated with Vect(X)y is a quotient of I'; as required. O
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