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ABSTRACT. Let k be a base field and G be an algebraic group over k.
J.-P. Serre defined G to be special if every G-torsor T — X is locally
trivial in the Zariski topology for every reduced algebraic variety X
defined over k. In recent papers an a priori weaker condition is used:
G is called special if every G-torsor T — Spec(K) is split for every
field K containing k. We show that these two definitions are equiva-
lent. We also generalize this fact and propose a strengthened version
of the Grothendieck-Serre conjecture based on the notion of essential
dimension.
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1 INTRODUCTION

Let k be a base field and G be an algebraic group (i.e., a group scheme of
finite type) over k. Let X be a k-scheme. A morphism 7" — X is a pseudo
G-torsor if T is equipped with a (left) action of G such that the mapping
GxxT — T xx T given by (g,z) — (x,g - x) is an isomorphism. A pseudo
G-torsor T is a fppf G-torsor if it is locally trivial in the fppf topology, i.e., if
there exists a faithfully flat morphism X’ — X, of k-schemes, locally finitely
presented, such that T'x x X' = G x, X’. We will denote the set of isomorphism
classes of fppf G-torsors over X by Tors(X, G). This set has a marked element,
represented by the split fppf G-torsor G x, X — X.

The pointed set Tors(X,G) is contained in the Cech cohomology pointed set
H'(X,G), computed in the fppf topology. If G is affine or if G is smooth and
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172 7. REICHSTEIN, D. TossICI

dim(X) < 1, then Tors(X, G) coincides with H'(X,G) (see [Mil80, Theorem
4.3 and Proposition 4.6]).

If A is a commutative k-algebra we will write Tors(A, G) and H'(A, G) in place
of Tors(Spec A, G) and H'(Spec A, G), respectively.

One can also define étale G-torsors (resp. Zariski G-torsors) by replacing the
fppf topology with the étale topology (resp. Zariski topology). Clearly a Zariski
torsor is an étale torsor and an étale torsor is an fppf torsor. For smooth
algebraic groups fppf torsors and étale torsors coincide. In the sequel we will
be primarily interested in fppf torsors and will often abbreviate “fppf G-torsor”
to simply “G-torsor”.

In a foundational paper [Ser58] (reprinted in [Ser(1]), J.-P. Serre defined a
smooth algebraic group G to be special if every G-torsor T' — X over a reduced
algebraic variety X (i.e., a reduced separated scheme of finite type over k) is
a Zariski torsor over X. His exact definition reads as follows: G est spécial si
tout fibré principal de groupe G est localement trivial. In our terminology, ‘fibré
principal’ means étale torsor (equivalently, ‘fppf torsor’ since G is smooth) and
‘localement trivial’ means Zariski torsor. It is easy to see that this condition
on G is equivalent to the following

Tors(R, G) = 1 for every local ring R containing k; (1.1)

see Remark 4.4. Note that Serre assumed that the base field is algebraically
closed, but his definition of special group remains valid and equivalent to (1.1)
over any field. Subsequently A. Grothendieck classified special semisimple
groups over an algebraically closed field; see [Gro58, Theorem 3].

There has been renewed interest in special groups in recent years. However,
many recent papers use an a priori different definition: they define an algebraic
group G to be special if Tors(K,G) = 1 for every field K containing k.! Some
of these papers, e.g., [Rei00] or [Hurl6], appeal to Grothendieck’s classification,
which is based on the Serre’s definition of special group. We will show that this
discrepancy does not cause any problems because the classical and the modern
definitions of special group are, in fact, equivalent.

THEOREM 1.1. Let G be an algebraic group defined over a field k. Then the
following conditions are equivalent:

(1) Tors(K,G) =1 for every field K containing k,

(2) Tors(R,G) =1 for any local ring R containing k,

(8) Tors(S,G) =1 for any semi-local ring S containing k.

In the sequel, we will say that G is “(1)-special” if it satisfies (1), “(2)-special”
if it satisfies (2) and “(3)-special” if it satisfies (3).

The following conjecture arose in the above-mentioned classical papers; see

[Ser58, Section 5.5, Remark] and [Gro58, Remark 3, pp. 26-27]. It was presum-
ably motivated by the difference between (1) and (2).

1This condition forces G to be smooth, affine and connected; see Proposition 2.3.
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CONJECTURE 1.2 (Grothendieck-Serre Conjecture). Let R be a regular local
ring containing k and G be a smooth reductive algebraic group over k. Then
the natural morphism H'(R,G) — HY(K,G) has trivial kernel.

In the case, where k is an infinite perfect field, Conjecture 1.2 was proved by
J.-L. Colliot-Théléne and M. Ojanguren [CT092, Theorem 3.2] for any smooth
linear algebraic group (not necessarily reductive). In the case, where k is an
arbitrary infinite field, it due to R. Fedorov and I. Panin [FP15]; in fact, Fedorov
and Panin allow R to be an arbitrary semi-local ring. Panin [Panl9, Panl7]
recently announced a proof in the case where k is finite (also with R an arbitrary
semi-local ring)?.

Our proof of Theorem 1.1 does not rely on the Grothendieck-Serre conjecture.
In the case, where k is infinite, we deduce it from Theorem 1.4 below. The proof
of Theorem 1.4 is short and self-contained; see Section 4. In the case where k
is finite, our proof of Theorem 1.1 relies on recent work of M. Huruguen; see
Section 5. In order to state Theorem 1.4 we shall need the following definition.

DEFINITION 1.3. Let G be a linear algebraic group over a field k. We will
say that a G-torsor 7: V' — Y is weakly (1)-versal if every G-torsor 11: 77 —
Spec(K) over an infinite field K containing k can be obtained as a pull-back
from 7 via some morphism Spec(K) — Y. In other words, there exists a
Cartesian diagram of k-morphisms

n— sV

Spec(K) — Y.

Here Y is an integral scheme of finite type over k. Similarly, we will say that
the G-torsor 7: V' — Y is weakly (2)-versal (respectively, weakly (3)-versal)
if every G-torsor 7o: Ty — Spec(R) (respectively, 75: T5 — Spec(S)) over a
local ring R (respectively, a semi-local ring S) containing k can be obtained
from 7 by pull-back via a morphism Spec(R) — Y (respectively, Spec(S) — Y).
Finally, for n = 1,2, 3, we will say that 7: V' — Y is (n)-versal if the restriction
of 7 to every dense open subscheme of Y is weakly (n)-versal.

The notion of (1)-versality was studied in [Ser02] and [DR15] under the name
of “versality”.

THEOREM 1.4. Let G be a linear algebraic group over an infinite field k, Y be
an integral scheme of finite type over k, and 7: V —Y be a G-torsor. Then
(a) T is weakly (1)-versal <= T is weakly (2)-versal <= T is weakly (3)-versal.
(b) T is (1)-versal <= T is (2)-versal <= T is (3)-versal.

2The papers [FP15, Pan19, Pan17] address a stronger version of the Grothendieck-Serre
conjecture, posed in [Gro68, Remark 11.1a], where G is assumed to be a group scheme over
R. We will only be interested in the “constant case”, where G is defined over k. To the best
of our knowledge, for a finite base field k, even the constant case of the Grothendieck-Serre
conjecture was open prior to Panin’s work.
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Let L be a field containing k¥ and p: T — Spec(L) be a G-torsor. We will say
that o descends to an intermediate subfield k C Lo C L if p is the pull-back of
some G-torsor pg: Ty — Spec(Lyg), i.e., if there exists a Cartesian diagram of
the form

rT— T,

Spec(L) — Spec(Lg).

The essential dimension ed(u) of p is the smallest value of the transcendence
degree trdeg(Lo/k) such that p descends to Lg. The essential dimension ed(G)
of G is the maximal value of ed(u), as K ranges over all fields containing k
and 7 ranges over all G-torsors T' — Spec(K). Sometimes we will write ed(u)
in place of ed(u) to emphasize that this number depends on the base field k,
and similarly for edy(G). Note that G is (1)-special if and only if ed(G) = 0;
see Corollary 2.4. For a detailed discussion of essential dimension and further
references, see [Reil0] or [Merl3].

In Section 6 we will prove the following corollary of Theorem 1.4.

COROLLARY 1.5. Let k be an infinite field, G be a linear algebraic group over k
of essential dimension d, S be a semi-local ring containing k and 7: T —
Spec(S) be a G-torsor. Then there exists a Cartesian diagram of k-morphisms

T w

Spec(S) ————— =Y,

where Y is a d-dimensional geometrically integral scheme of finite type over k,

v is a G-torsor and W (k) # 0.

In a similar spirit, we would like to propose the following variant of the
Grothendieck-Serre conjecture.

CONJECTURE 1.6. Let k be an algebraically closed field, G be a connected re-
ductive linear algebraic group over k, R be a regular local ring containing k,
and 7: T — Spec(R) be a G-torsor. Let K be the field of fractions of R and
Ti: Tk — Spec(K) be the G-torsor obtained by restricting T to the generic
point of Spec(R). Assume that edy(Tx) = d. Then there exists a Cartesian
diagram of k-morphisms

7' —m—W

Spec(R)

where Y is a d-dimensional integral scheme of finite type over k and v is a
G-torsor.
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One may also consider stronger versions of Conjecture 1.6, where R is allowed
to be semi-local, G is not required to be reductive, and/or the assumption on
the base field is weakened (e.g., k is only assumed to be infinite or perfect, or
perhaps, allowed to be an arbitrary field). If & is not assumed to be algebraically
closed, then it makes sense to also ask that W (k) should be non-empty and Y’
geometrically integral, as in Corollary 1.5, so that Conjecture 1.6 reduces to
the Grothendieck-Serre Conjecture 1.2 when d = 0. We do not know how to
prove or disprove any of these versions. Some (admittedly modest) evidence
for Conjecture 1.6 is presented in Section 7.

2 PRELIMINARIES ON (1)-SPECIAL GROUPS

Throughout this paper G will denote an algebraic group defined over a base
field k. Unless otherwise specified, we will not assume that G is linear. We will
use the terms “linear” and “affine” interchangeably in reference to algebraic
groups.

LEMMA 2.1. Let X be a scheme over k. Let G1 — G be a closed immersion of
algebraic groups over k. Then the natural sequence of pointed sets

11— Gi(X) — G(X) — (G1\G)(X) — HY(X,Gy) — HY(X,G)
is exact for any k-scheme X.

Here G1\ G denotes the homogeneous space parametrizing the right cosets of
Gl in G

Proof. See [DG70, Proposition IIT §4, 4.6] and [Mil80, Proposition IIT 4.6]. O

Remark 2.2. As a consequence of Lemma 2.1, we see that any element of the
kernel of the map H'(X,G1) — H'(X,G) belongs to Tors(X, G). Indeed the
map

(GI\G)(X) — H'(X,Gh)
send a morphism f : X — G1\G to the pull-back of the G;-torsor G — G1\G
via f.
We now proceed with the main result of this section.
PROPOSITION 2.3. Let G be a (1)-special algebraic group over a field k. Then
(a) G is smooth,
(b) G is linear,

(¢) G is connected.

Our proof of parts (b) and (c) below is adapted from [Ser58, Section 4.1], where
(2)-special groups are shown to be linear and connected.
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Proof. (a) By [TV13, Theorem 1.2], ed(G) > dim(G) — dim(G), where G is
the Lie algebra of G 3. If G is (1)-special then, clearly, ed(G) = 0 and this
inequality tells us that dim(G) = dim(G). This shows that G is smooth.

(b) By faithfully flat descent, [EGAIV5, Proposition 2.6.1], we may (and will)
assume that k is algebraically closed. By part (a), G is smooth. As we explained
in the Introduction, when G is smooth, Tors(K,G) coincides with H'(K, Q)
for any field K containing k. Consequently, H*(K,G) = 0 for any such K. We
now proceed in two steps.

STEP 1. Assume that G is connected. By Chevalley’s structure theo-
rem [Che60, Con02] there exists a unique connected normal linear k-subgroup
of G such that the quotient is an abelian variety A.

We claim that A is trivial. Assume the contrary. Then by [Ser58, Lemma
3], there exists a cyclic subgroup C' of G of prime order [, distinct from the
characteristic of k, such that the composition C — G — A is injective. Let
K = k(t), where ¢ is an indeterminate. By Lemma 2.1, the inclusion C — A
induces an exact sequence of pointed sets

A(K) — (C\A)(K) — HY(K,C) — HY(K, A).

Note that C'\ 4 is an abelian variety. Hence, every rational map A! --» C\ A
is constant; see, e.g., [Mil08, Proposition 3.9]. Consequently, (C'\ A)(K) =
(C\A)(k) and thus the morphism A(K) — (C\A)(K) is surjective. We conclude
that

the morphism H'(K,C) — H'(K, A) has trivial kernel. (2.1)

Now recall that the inclusion C' <— A factors through G. Thus the morphism
HY(K,C) — HY(K,A) factors through H!(K,G). Since we are assuming
that G is (1)-special and thus H!(K,G) = 1, we conclude that H'(K,C) —
HY(K,A) is the trivial map. That is, the kernel of this map is all of H!(K,C).
Now (2.1) tells us that H'(K,C) = 1. On the other hand, since [ is different
from the characteristic of k, C is isomorphic to p; and by Kummer theory,
HY(K,C) ~ K*/(K*)! # 1, a contradiction.

STEP 2. Now let G be an arbitrary (1)-special group over k. By the definition
of essential dimension, ed(G) = 0. Denote the identity component of G by G.
Since GV is a closed subgroup of G of finite index, ed(G°) < ed(G) (see [Bro07,
Principle 2.10]) and thus ed(GY) = 0. Since k is algebraically closed we conclude
that G is (1)-special and hence, affine by Step 1. Since k is algebraically closed,
every connected component of G has a k-rational point. Consequently, every
connected component is isomorphic to G° (as a variety). Thus G is the disjoint
union of finitely many affine varieties (each isomorphic to G°). We conclude
that G is affine, and hence linear.

(¢) By part (a), G is a closed subgroup of GL,, for some n > 1. The natural
projection 7: GL,, - X = G\ GL, is then a G-torsor. Clearly X is integral.

3This inequality is stated in [TV13, Theorem 1.2] only in the case where G is linear.
However, the proof given there goes through for any algebraic group G.
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Since we are assuming that G is (1)-versal, 7 splits over the generic point
of X. Consequently, GL,, is birationally isomorphic to G x X. Since GL,, is
connected, we conclude that G is also connected. O

COROLLARY 2.4. Let G be an algebraic group over a field k (not necessarily
affine). Then G is (1)-special if and only if ed(G) = 0.

Proof. (a) The implication
G is (1)-special = ed(G) =0

follows immediately from the definition of essential dimension. If k is alge-
braically closed, the converse is also obvious (we have already used this obser-
vation in the proof of Step 2 above).

Now assume that k is an arbitrary field and ed(G) = 0. Then clearly ed(Gy) =

0, where G = G Xgpec(k) Spec(k) and k denotes the algebraic closure of k. As
we pointed out above, this implies that G is (1)-special. By Proposition 2.3(b),
Gy is affine. By faithfully flat descent, [EGAIV,, Proposition 2.6.1], G is also
affine. For an affine group G, a proof of the implication

ed(G) =0 = G is (1)-special

can be found in [Mer09, Proposition 4.4] or [TV13, Proposition 4.3]. O

3 PRELIMINARIES ON (3)-SPECIAL GROUPS

The following lemma will be repeatedly used in the sequel.

LEMMA 3.1. (a) Suppose 1 — G1 — G — G2 — 1 is an exact sequence of
algebraic groups defined over k. If G1 and Go are (3)-special, then so is G.

(b) If G = G1 xi G is a direct product of G1 and Ga, then the converse holds
as well: G is (3)-special if and only if both G1 and Ga are (3)-special.

(c) Let l/k be a field extension of finite degree and G be an algebraic group
defined over 1. If G is (8)-special over 1, then the Weil restriction Ry, (G) is
(3)-special over k.

Proof. Throughout the proof, S will denote a semi-local ring containing k.

(a) The exact sequence 1 — G; — G — G2 — 1 of algebraic groups over k
gives rise to an exact sequence of pointed sets

1 — G1(S) = G(S) = Go(S) — HY(S,G1) — H'(S,G) — H'(S,G3); (3.1)

see [Mil80, Section III.4]. Since G; and G2 are (3)-special they are (1)-
special. By Proposition 2.3(b), G; and G2 are linear. Hence we have
H'(S,G1) = Tors(S,G1) = 1 and H'(S,G2) = Tors(S,G2) = 1. We conclude
that H1(S,G) = 1, as desired.
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(b) Suppose G is (3)-special. Then G is (1)-special and hence, affine by Propo-
sition 2.3(b). Since G; and G4 are isomorphic to closed subgroups of G, they
are also affine. Now H'(S,G) = H'(S,G1) x H(S, Gs) by [DGT0, 111 §4, 4.2].
Since H'(S, Q) is trivial, so are H*(S,G1) and H*(S,G2).

(c) Since G is (3)-special, it is also (1)-special, and hence, linear by Proposi-
tion 2.3(b). By the Faddeev-Shapiro theorem, H*(S, R, (G)) = H' (S®4l, G).
Note that S ®j [ is a semi-local ring containing [. Since G is (3)-special over [,
H' (S ®i1,G) =1, and part (c) follows. O

Recall that a smooth connected algebraic k-group U is called unipotent if over
the algebraic closure k there exists a tower of algebraic groups

1= U U, ¢ e Up_€ U, =U (3.2)

such that_each U; is normal in U,y and the quotient U;41/U; is isomorphic to
G (over k). A unipotent group U over k is called split, if there is a tower (3.2)
such that the subgroups U; and the isomorphisms U;11/U; ~ G, are all defined
over k.

LEMMA 3.2. The following algebraic groups are (3)-special for every positive
integer n:

(a) the general linear group GL,,,

(b) the special linear group SL,,

(c) the symplectic group Sps,,,

(d) any k-split smooth connected unipotent group.

Our proof of Lemma 3.2 is similar to the arguments in [Ser58, Section 4.4],
where the same groups are shown to be (2)-special.

Proof. Let S be a semi-local ring containing k.

(a) Elements of H'(S,GL,) are in a natural bijective correspondence with
isomorphism classes of projective modules of rank n over S; see, e.g., [Knu91,
I11.(2.8)]. Here a projective S-module M is said to be of rank n if M ®g (S/1)
is an n-dimensional vector space over S/I for every maximal ideal I of S. Part
(a) is thus a restatement of [BH93, Lemma 1.4.4]: every projective module of
rank n over a semi-local ring is free.

(b) By (3.1), the exact sequence of algebraic groups

det

1 SL,, GL, Gm 1

induces an exact sequence

det

GL,(S) —= G,,(S) — H'(S,SL,) —= H'(S,GL,)

in cohomology. By part (a), H'(S,GL,) = 1. Thus in order to show that
H'(S,SL,) = 1 it suffices to show that the map det: GL,(S) — G,,(S) is
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surjective. On the other hand, the surjectivity of this map follows from the
fact that

a 0 0
det o1 ... 0 —a
0 0 1

for any a € G,,(9).

(c) H(S,Sp,,) is in a natural bijective correspondence with isomorphism
classes of projective S-modules M of rank 2n, equipped with a symplectic
form; see, e.g., [Knu91, III. (2.5.1)]. As we saw in part (a), every projective
module over a semi-local ring is free, M ~ $2". Moreover, up to isomorphism,
there is only one symplectic form on S20 gy Axo 4 -+ Top_1 A Ty See, e.g.,
[KMS81, Proposition 2.1]. Thus H!(S,Sp,,) = 1, as claimed.

(d) Applying Lemma 3.1(a) to the tower (3.2) recursively, we reduce to the case,
where U = G,,. In this case part (d) follows by [Mil80, Proposition III 3.7] which
states that fppf cohomology is the same as Zariski cohomology for coherent
sheaves. Note that Spec(S) is an affine scheme, and Zariski cohomology of a
quasi-coherent sheaf over an affine scheme is trivial. O

Remark 3.3. Combining Lemma 3.2(d) with a theorem of N. D. Tan [Tan18],
we see that for a smooth connected unipotent group U defined over k the
following conditions are equivalent: (a) U is (1)-special, (b) U is (2)-special,
(¢) U is (3)-special, and (d) U is split. We shall not need this in the sequel.

We are now in a position to prove Theorem 1.1 in the case, where G is a torus.
LEMMA 3.4. Let T be a torus over k. If T is (1)-special, then T is (3)-special.

Recall that a torus T over k is called quasi-trivial if its character Gal(k)-
lattice is a permutation lattice. Equivalently, T' is quasi-trivial if and only
if T' = Ry/1(G,y,) for some finite field extension //k.

Proof of Lemma 3.4. By a theorem of Colliot-Théléne’s, T is (1)-special if and
only if it is a direct factor of a quasi-trivial torus; see [Hur16, Theorem 18]. In
other words, there exists another torus 1”7 over k such that Q = T x T" is a
quasi-trivial torus. As we mentioned above, every quasi-trivial torus @ over k is
of the form Q = Ry /1,(G,,) for some finite field extension //k. By Lemma 3.2(a),
Gy, = GLy is (3)-special. Hence, by Lemma 3.1(c), Q is (3)-special, and by
Lemma 3.1(b), T is (3)-special. O

4 PROOF OF THEOREM 1.4

Our proof will rely on the following lemma.

LEMMA 4.1. Let ' be a smooth connected algebraic group over k, G be a closed
subgroup also defined over k, S be a semi-local ring containing k, and

7:T — SpecS
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be a G-torsor. Assume that T lies in the kernel of the natural map H(S,G) —
HY(S,T). Then
(a) there exists a G-equivariant morphism f: T — T.

(b) Moreover, assume that T'(k) is dense in T'. Then for any for any non-empty
G-invariant open subvariety U C T defined over k there exists a G-equivariant
morphism f: T — U.

Remark 4.2. If T' is (3)-special, then I' is affine by Proposition 2.3(b), so
Tors(S,T') = H'(S,G) = 1, and Lemma 4.1 applies to every G-torsor T over
a semi-local ring S. In this case part (a) of the Lemma is equivalent to the
assertion that the (left) G-torsor 7: I' — G\T is weakly (3)-versal, and part
(b) is equivalent to the assertion that 7 is (3)-versal.

Remark 4.3. Assume I is linear and k is infinite, and furthermore, I is reductive
or k is perfect. Then the condition that I'(k) is dense in T' in part (b) of the
lemma is automatic because I' is unirational over k; see [Bor91, Theorem 18.2].

Proof of Lemma 4.1. (a) Let X = G\T'. The natural projection 7: I' — X is
a G-torsor and 7(U) is a dense open subvariety of X. By Lemma 2.1, 7 lies
in the image of the morphism X(S) — H!(S,G). This means that 7 is the
pull-back of 7 via a morphism @: Spec(S) — X. In other words, there exists
a Cartesian diagram

T—>—-T

Spec(S) X,

Here a: T'— T is a G-equivariant morphism.

(b) Set Z = X\7(U). Let X1, ..., X,, denote the Zariski closures of the images
of the closed points of S under @ (with the reduced scheme structure). Note
that T acts on X = G\T" by right translations.

We claim that there exists a ¢ € T'(k) such that g(X;) ¢ Z for every i =
1,...,m. If we can prove this claim, then the composition f =tjoa: T — I'is
a G-equivariant morphism and its image lies in U, as desired. Here t;: I' = T’
denotes multiplication by g=! on the right, t,(y) =~v-g~'.

It remains to prove the claim. Denote the irreducible components of Z by
Z1,...,Zyn. Then g(X;) ¢ Z if and only if ¢(X;) ¢ Z; for any j =1,...,n.
The points g € I'(k) such that g(X;) C Z; are the k-points of a closed subvariety
A;; C T. Since I'(k) is dense in T', it suffices to show that

JAs #T,
4,J
where the union is taken over all i = 1,...,m and j = 1,...,n. Equivalently,
it suffices to show that
Aijj#T foreveryi=1,...,mand j=1,...,n. (4.1)
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For the purpose of proving (4.1), we may pass to the algebraic closure of k
and thus assume that k is algebraically closed. By Kleiman’s Tranversality
Theorem [Kle74, Theorem 2] there is a dense open subvariety O;; C I' such
that g(X;) intersects Z; transversely for any g € O;;(k). Since Z; # X, this
implies that ¢(X;) ¢ Z; for any g € O;;(k). Thus A;; lies in the complement
of O;; in T', and (4.1) follows. This completes the proof of the claim and thus
of part (b). O

Remark 4.4. As a consequence of Lemma 4.1(a), we see that Serre’s original
definition of special group, which was discussed in the Introduction, is equiva-
lent to our notion of (2)-special group. In other words, the following conditions
on an algebraic group G defined over a field k£ are equivalent:

(2) HY(R,G) = 1 for any local ring R containing k, and

(2") G is smooth and every G-torsor 7: Y — X, where X is a reduced algebraic
variety over k, is a Zariski torsor, i.e., is locally trivial in the Zariski topology.

Proof of the implication (2) = (2’). Assume that G satisfies (2). Then G is
smooth by Proposition 2.3(a), and (2') readily follows.

Proof of the implication (2') = (2). Assume that G satisfies (2’). We claim
that G is affine. To prove this claim we may pass to the algebraic closure of
k, i.e., assume that k is algebraically closed. In this case G is linear by [Ser58,
Theorem 1]. This proves the claim. We conclude that G can be embedded as
a closed subgroup scheme of GL,,, for some n. Since the homogeneous space
G\GL, is a reduced algebraic variety over k, and G satisfies (2'), m: GL,, —
G\GL,, is a Zariski torsor. Now consider an arbitrary G-torsor 7 : Y — Spec R,
where R a local ring containing k. Our goal is to show that 7 is split. By
Lemma 3.2(a) and Remark 4.2, 7: GL, — G\GL, is a weakly versal G-
torsor. In particular, 7 is obtained from 7 by pull-back via some morphism
Spec R — G\ GL,,. Since 7 is locally trivial in the Zariski topology, this tells
us that 7 is split. O

We are now ready to finish the proof of Theorem 1.4. Part (b) is an immediate
consequence of (a) and the definition of versality. In part (a), the implications

T is weakly (3)-versal => 7 is weakly (2)-versal = 7 is weakly (1)-versal

are obvious. So, we will assume that 7: V' — Y is a weakly (1)-versal G-torsor
and will aim to show that 7 is weakly (3)-versal.

Recall that we are assuming that G is a linear algebraic group, i.e., a closed
subgroup of GL,, for some n > 1. Set X = G\GL,, let 7: GL,, — X be the
natural projection and 1 be the generic point of X. Since 7 is weakly (1)-versal,
7y, is the pull-back of 7. That is, over some dense open subvariety Xg C X
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defined over k, 7 is the pull-back of 7, via a Cartesian diagram

GL, < oy, i 1%
G\GL, 2= ox, — % Y.

Here Uy = 7 (Xp). Now suppose S is a semi-local ring containing k and
73: T3 — Spec(S) be a G-torsor. (Here the “3” in the subscript indicates
that we are testing for (3)-versality.) By Lemma 3.2(a), GL, is (3)-special.
Moreover, since k is infinite, GL,, (k) is dense in GL,,. Applying Lemma 4.1 with
I' = GL,, we conclude that there exists a G-equivariant morphism f: T5 — Uj.
Composing f and ¢ we obtain a Cartesian diagram

Spec(S) ! Xo

which shows that 7 is (3)-versal. O

5 PROOF OF THEOREM 1.1

The implications (3) = (2) = (1) are obvious, so we will focus on showing
that (1) = (3). Suppose G is (1)-special. Then by Proposition 2.3, G is
smooth, linear and connected. Our goal is to show that G is (3)-special. We
will consider three cases.

CASE 1: The base field k is infinite. Since G is (1)-special, the trivial torsor
m: G — Spec(k) is weakly (1)-versal. By Theorem 1.4, 7 is also weakly (3)-
versal. In other words, for any local ring S containing k¥ and any G-torsor
w: T — Spec(S), there exists a Cartesian diagram

T G

Spec(S) ——— Spec(k),

We conclude that p is split. Thus shows that G is (3)-special, as desired.

CASE 2: G is a connected reductive group defined over a finite field k.
By [Bor91, Proposition 16.6], a reductive group over a finite field k is quasi-
split, i.e., has a Borel subgroup defined over k. This allows us to appeal to the
following result, due to M. Huruguen [Hurl6, Proposition 15]:
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A quasi-split reductive linear algebraic group G over k is (1)-special if and only
if there exists an exact sequence of the form

1 H G T 1,

where T is a (1)-special k-torus, H = Hy X ...x Hy, and each H; is of the form
Ry, i(SLin;) or Ry, ji(Spay,,), for some field extension l;/k of finite degree.

By Lemma 3.4, T' is (3)-special. We claim that H is also (3)-special. If we can
prove this claim, then applying Lemma 3.1(a) to the above sequence, we will
be able to conclude that G is (3)-special, as desired.

To prove the claim, recall that by Lemma 3.2, SL,, and Sp,,, are (3)-special for
every n. By Lemma 3.1(c), each H; is (3)-special, and by Lemma 3.1(b), H is
(3)-special, as claimed.

CASE 3: G is an arbitrary connected smooth linear algebraic group defined over
a finite field k. Let U be the unipotent radical of G. Recall that U is defined
as the largest smooth connected normal unipotent subgroup of G. Since k is
perfect, U is defined over k and is k-split; see [Bor91, Corollary V.15.5(ii)].
The quotient G = G/U is a reductive group over k. By [San81, Lemma 1.13],
the natural morphism H'(K,G) — H'(K,G) is a bijection for any field K
containing k. By our assumption G is (1)-special, so Tors(K,G) = HY(K,G) =
1. Hence, H'(K,G) = 1 as well. We conclude that G is (1)-special.

Now by Case 2, G is (3)-special. By Lemma 3.2(d), U is also (3)-special.
Applying Lemma 3.1(a) to the exact sequence 1 — U — G — G — 1, we
conclude that G is (3)-special. This completes the proof of Theorem 1.1. O

Remark 5.1. Our argument in Case 2 uses [Hurl6, Proposition 15], whose
proof, in turn, relies on Grothendieck’s classification of special groups over an
algebraically closed field [Gro58, Theorem 3. In using Grothendieck’s classi-
fication, Huruguen implicitly assumed that every (1)-special group G over an
algebraically closed field is (2)-special. This does not cause a problem though,
either for us or in [Hurl6], since we established the equivalence of (1) and (2)
for groups over an infinite field in Case 1 by a self-contained argument. Al-
ternatively, the equivalence of (1) and (2) over an infinite perfect field can
be deduced from the variant of the Grothendieck-Serre conjecture proved by
Colliot-Théléne and Ojanguren in [CTO92, Theorem 3.2]. O

6 PROOF OF COROLLARY 1.5

Let k be an infinite field, and G be a linear algebraic group over k. We may
assume that G is a closed subgroup of GL,,. Let X = G\GL,,, K = k(X) and
7Tk be the restriction of 7w to the generic point n: Spec(K) — X of X. Then
ed(mr) = ed(G); see [Merl3, Proposition 3.11] or [Rei00, Theorem 3.4]. This
means that there exists an intermediate subfield £ C Ky C K and a pull-back
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diagram
GL,, =<1 (Spec(K)) —— Ty

X <——Spec(K) — Spec(K))
such that Ty — Spec(Kj) is a G-torsor and trdeg; (Ky) = ed(G). Since K is
a finitely generated field extension of k, so is Ky. In other words, there exists

a dense open subvariety Xo C X defined over k, such that over X, 7 is the
pull-back of 7, via a Cartesian diagram

open

GL, Uy w
X open )XO ) Y,’

where Uy = 771(Xj), Y is a geometrically integral scheme of finite type over
k of dimension dimy(Y) = ed(w) = ed(G), the function field of ¥ is Koy, v is
a G-torsor and the map ¥ is dominant. Note that since k-points are dense in
GL,, they are also dense in W. Now using Lemma 4.1(b), as we did in the
proof Theorem 1.4, we see that for every semi-local ring S and every torsor
7: T — Spec(S), T can be obtained by pull-back from v. O

Remark 6.1. The above argument shows that the G-torsor v: W — Y in the
statement of Corollary 1.5 can be chosen to be versal and independent of the
choice of S or 7. Here “versal” means “(1)-versal”, “(2)-versal” or “(3)-versal”;
these notions are equivalent by Theorem 1.4.

7 SOME EVIDENCE FOR CONJECTURE 1.6

Let k be an algebraically closed field. Our main observation is the following.
Remark 7.1. Conjecture 1.6 holds if (a) ed(7x) = 0 or (b) ed(7x) = ed(G).

Indeed, in case (a) Conjecture 1.6 reduces to the variant of the Grothendieck-
Serre Conjecture 1.2 proved in [CTO92, Theorem 3.2] and in case (b) Conjec-
ture 1.6 reduces to Corollary 1.5. In particular, if

ed(a) =0 or ed(G) (7.1)

for every field K containing k and every G-torsor ov: X — Spec(K), then Con-
jecture 1.6 is satisfied for every local ring R and every G-torsor T'— Spec(R).
Condition (7.1) is obviously satisfied if ed(G) = 0 (i.e., G is a special group; see
Corollary 2.4) or ed(G) = 1. Other examples are given below. For simplicity,
we will assume that char(k) # 2 or 3.
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PROPOSITION 7.2. Conjecture 1.6 holds if
(a) G is the projective linear group PGL,,, for n =2, 3 or 6, or
(b) G is the exceptional group Gs.

Proof. In view of (7.1), it suffices to show that H'(K,G) = 1 for every field
extension K /k of transcendence degree < ed(G).

(a) Here ed(G) = 2; see [Rei00, Lemma 9.4]. Moreover, H!(K,PGL,) is in
a natural bijective correspondence with isomorphism classes of central simple
algebras of degree n over K. By Tsen’s theorem, H!(K,PGL,) = 1 for any
K /k of transcendence degree < 1.

(b) Recall that H'(K,G>) is in a bijective correspondence with isomorphism
classes of 3-fold Pfister forms ((a, b, ¢)) over K and ed(Gz2) = 3. Let K/k
be a field extension of transcendence degree < 2. By the Tsen-Lang theorem
every 3-fold Pfister form is isotropic and hence, hyperbolic over K; cf. [Rei00,
Theorem 11.2] and its proof. Thus H' (K, Gs) = 1, as desired. O
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