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ABSTRACT. We study the essential dimension of representations of
a fixed quiver with given dimension vector. We also consider the
question of when the genericity property holds, i.e., when essential di-
mension and generic essential dimension agree. We classify the quivers
satisfying the genericity property for every dimension vector and show
that for every wild quiver the genericity property holds for infinitely
many of its Schur roots. We also construct a large class of exam-
ples, where the genericity property fails. Our results are particularly
detailed in the case of Kronecker quivers.
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1 INTRODUCTION

Let k be a field, and let A be a k-algebra. It is a natural goal to understand
the category of representations of A, and if possible to give a classification. Ini-
tially one would like to describe representations when k is algebraically closed.
However, it is also interesting to study representations of A when k is arbitrary.
A template for this approach is provided by the classical theory of represen-
tations of finite groups (or equivalently, their group algebras), as summarized,
e.g., in the books [10] or [30]. In particular, it is interesting to understand
which representations are defined over which fields. This leads to the study of
essential dimension in representation theory; see [18], [1] and [26].

In this paper we will focus on representations of quiver path algebras. This is a
large and interesting family of algebras, which has found numerous applications
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330 F. Scavia

in algebraic geometry, Lie theory and physics. An important distinguishing
feature of this family of algebras is that here representation-theoretic results can
often be expressed in combinatorial (graph-theoretic) language. We initiated
the study of essential dimension of quiver representations in the second half of
[26]. This paper is a sequel to [26], with a focus on the genericity property.
Let k be a field. Following P. Brosnan, Z. Reichstein and A. Vistoli [6], we
define the essential dimension edy X of an algebraic stack X over k as the
minimal number of parameters required to describe any object of X. If X
is integral, we define the generic essential dimension ged, X as the essential
dimension of a generic object of X. We say that the genericity property holds
for X if ged;, X = edy, X'; see Section 3 for the precise definitions.

The genericity property fails in general (see [6, Example 6.5]) but holds for
smooth algebraic stacks with reductive automorphism groups [25] (and in par-
ticular, tame Deligne-Mumford stacks [6]). In many interesting examples where
these conditions are not satisfied, the genericity property continues to hold
[3, 25]. This phenomenon is poorly understood; one of the goals of this paper
is to investigate the genericity property of stacks of quiver representations. In
particular, we produce large families of examples where genericity holds and
where it fails.

Representations of dimension vector « of a fixed quiver () are parametrized by
an integral stack Rq o of finite type over k (see Section 3), and it makes sense
to consider the generic essential dimension of R¢g . In Remark 4.1 we give an
equivalent definition of ged; Rg,q«, not involving stacks.

In this work, we study ged, R, and the genericity property for Rg .. On
the one hand, this improves our understanding of the essential dimension of
representations of algebras. On the other hand, this is the first appearance of a
large family of counterexamples to the genericity property. The algebraic stacks
RQ,« are smooth, but their automorphism groups are often non-reductive, and
so it is natural to investigate what happens in this case.

Our first result summarizes our understanding of the generic essential dimen-
sion of Rg,o. We refer the reader to Section 2 for the definition of Schur roots.

THEOREM 1.1. Let Q be a quiver, and let a be a Schur root of Q. We have

ged, Rg,a <1—(a,a)+ Z(p”f’(g‘sd(ai)) - 1), (1.1)
p

where the sum is over all prime numbers p. One has equality if Conjecture 5.1

holds for d = ged(«;).

We generalize this result to the case when « is an arbitrary root of @ in Corol-
lary 7.7.

The genericity property implies that the same formulas are true for essential
dimension, making the question of when the property holds very natural. We
have two results in this direction. A quiver @) is connected if the underlying
graph of @ is connected.
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ESSENTIAL DIMENSION OF QUIVER REPRESENTATIONS 331

THEOREM 1.2. Let Q) be a connected quiver. Then Rq  satisfies the genericity
property for every dimension vector o if and only if Q) is of finite representation
type or admits at least one loop at every vertex.

As an important special case, the combination of Theorem 1.1 and Theorem 1.2
gives us a formula for the essential dimension of the n-dimensional representa-
tions of the r-loop quiver; see Example 11.1.

THEOREM 1.3. Let @ be a wild quiver. There are infinitely many Schur roots o
such that the genericity property holds for Rq .

For a constructive variant of this result, see Remark 12.3.
Our final result concerns generalized Kronecker quivers:

152

The genericity property does not hold for them in general. Nevertheless, we
find that it does in a certain range.

THEOREM 1.4. Assume that r > 3 and let K, be the r-Kronecker quiver. Let
a = (a,b) belong to the fundamental region of K., that is, 271’ <a< %b. Then
the genericity property holds for Rk, o. In particular:

ede Repg, o < 1—a® — b +rab+ Z(p”"(ng(“’b)) - 1),
P

with equality when Congecture 5.1 holds for d = ged(a, b).

NOTATIONAL CONVENTIONS

A base field k will be fixed throughout. We will denote by A an associative
unital k-algebra. For a field extension K/k, we will write Ax for the tensor
product A ®; K. When considering an Ax-module M, we will always assume
that M is a finite-dimensional K-vector space. For a field extension L/K, we
will denote M ®x L by M.

2 REPRESENTATIONS OF QUIVERS

The purpose of this section is to briefly recall the definitions and results from
the theory of quiver representations that are relevant to our discussion.
Recall that a quiver @) is given by a set of vertices Qq, a set of arrows @)1, and
two maps s,t: Q1 — Qq, called source and target.

Let K/k be a field extension. A K-representation (M, ) of @ is given by a
finite-dimensional K-vector space M; for each vertex i of @), together with a
linear map ¢, : Myq) — My for every arrow a € Q1. If (M’, ') is another
representation of @), a homomorphism of representations f : M’ — M is given
by K-linear maps f; : M — M; for every vertex 4, such that for each arrow a
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one has 4 © fsa) = fi(a) 0 ¢,- It is a basic fact that there is an equivalence of
categories between K @-modules and K-linear representations of @), functorial
with respect to field extensions L/K, see [27, Theorem 5.4].

The dimension vector of the representation M is the vector (dim M;);cq,. The
support of « is the subset supp o C Qg of vertices ¢ such that «; # 0.

A quiver () is said to be of finite representation type, tame or wild if its path
algebra k@ is so. The notion of representation type of an algebra is classical
(see [11]), and can be restated in simple terms using essential dimension (see
[26]). An algebra is of finite representation type, tame or wild if the essential
dimension of its representations of dimension < n is bounded, grows linearly,
or grows quadratically as a function of n, respectively.

The connected quivers of finite representation type are classified: they are
exactly those whose underlying graph is a Dynkin diagram of type A, D or E.
The quiver @ is tame if and only if its underlying graph is an extended Dynkin
diagram of type A, D or E.

The Tits form of @ is the bilinear form (-,-) : R?0 x R0 — R given by

(o, B) == Z ;i — Z s(a) Bt(a)-

1€EQo a€Q1

We also let (a, 5) := (a, 8) + (5, a).
The Weyl group of Q is the subgroup W C Aut(Z?°) generated by the simple
reflections

s;: 290 — 7%

a—a—(a,e)e

where i is a loop-free vertex of Q, and e; € Z90 is the standard basis element
corresponding to i. The fundamental region is the set F' of non-zero o € N@o
with connected support and (o, e;) < 0 for all i. The real roots for @) are the
dimension vectors that belong to an orbit of +e; (for i € Qg loop-free) under
the Weyl group. The imaginary roots for @ are the orbits of +a (for a € F)
under W. An imaginary root « is called isotropic if (o, «) = 0 and anisotropic
if (o, ) < 0. Collectively, real roots and imaginary roots are called roots. It
can be shown that every root has either all non-negative components or all
non-positive components. Hence we may speak of positive and negative roots.
A dimension vector « is called a Schur root if there exists a field exten-
sion K/k and a K-representation M of @ of dimension vector « such that
Endg (M) = K. Such M is called a brick. If K C L is a field extension and
M is a K-representation, Endx (M) @ x L = Endr(M]), hence the property
of being a brick is invariant under base change, and may be checked over an
algebraically closed field.

Given a dimension vector «, there exists a partition o = > §8; such that a
generic a-dimensional representation M of @ is a direct sum M = ®M; of
indecomposable representations, where M; has dimension vector 3;. This is
called the canonical decomposition of . For details, see [15] and [29].
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ESSENTIAL DIMENSION OF QUIVER REPRESENTATIONS 333

3 ESSENTIAL DIMENSION OF FUNCTORS

We denote by Fieldsy the category of field extensions of k. Consider a functor
F : Fieldsy — Sets. We say that an element £ € F(L) is defined over a field
K C L, or that K is a field of definition for &, if £ belongs to the image of
F(K)— F(L). The essential dimension of £ is

edy & = m}%n trdeg;, K

where the minimum is taken over all fields of definition K of &.
The essential dimension of F is defined to be

edg F':= sup edi &
(K,8)

where the supremum is taken over all pairs (K, £), where K is a field extension
of k, and ¢ € F(K).
Given a dimension vector «, we define the functor

Repg ,, : Fieldsy — Sets
by setting
Repg o (K) := {Isom. classes of a-dimensional K-representations of Q}.

If K C L is a field extension, the corresponding map Repy, ,(K) — Repg ,(L)
is given by tensor product.

ExXAMPLE 3.1. Let @ be the 1-loop quiver. Then isomorphism classes of n-
dimensional representations of ) correspond to conjugacy classes of n X n ma-
trices up to conjugation. The existence of the rational canonical form implies
edy Repg ,, < n. On the other hand, a matrix in rational canonical form with
characteristic polynomial t" + a1¢"~! + - - - + a,,, where the a; are algebraically
independent over k, is defined over k(ay,...,a,) but not over any proper sub-
field. This proves that in fact edy Repg ,, = n. See [24] for the details.

ExaMpPLE 3.2. Let « be a real root for the quiver Q. If K is a field, the
unique indecomposable representation of dimension vector « is defined over
the prime field of K. This was first proved by Kac [14, Theorem 1] when K
is algebraically closed and char K > 0. Later, Schofield noted that Kac’s proof
works over arbitrary fields of positive characteristic [28, p. 293], and extended
Kac’s result in characteristic zero; see [28, Theorem 8]. To our knowledge, this
is the first result related to fields of definitions of quiver representations.

In [1] and [26], the following related functors are studied. Let A be an associa-
tive unital k-algebra. For any non-negative integer n, we define the functor

Rep 4[n] : Fields;, — Sets
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by setting
Rep 4[n](K) := {Isomorphism classes of n-dimensional representations of A}

for every field extension K/k. For an inclusion K C L, the corresponding
map Repy[n](K) — Repy[n|(L) is induced by tensor product. In [26], repre-
sentations of dimension < n are considered in the definition of Rep4[n]. By
[26, Proposition 6.5], the two definitions are equivalent when A admits a one-
dimensional k-representation, e.g. when A = k@ for some quiver Q.

For a quiver @, we may consider the functors Rep, , for each dimension vec-
tor a, and the functors Repyg[n] for each non-negative integer n. Since K-
representations of a quiver () correspond to K-representations of its path al-
gebra, functorially in K, there is a clear relation between the two families of
functors, namely

edi Repygln] = Zmax edy Repg , -

;=N

4 ESSENTIAL DIMENSION OF STACKS
If X is an algebraic stack over k, we obtain a functor
Fy : Fieldsp — Sets

sending a field K containing k to the set of isomorphism classes of objects in
X(Spec K). If £ € X(K), we define its essential dimension edy & to be the
essential dimension of its isomorphism class in Fy. We define the essential
dimension of X as

edi(X) := edy(Fx).

Let X be an integral algebraic stack of finite type over a field k. The generic
essential dimension of X is defined as

ged, X :=sup{ed;n| n: Spec K — X is dominant}.
We say that the stack & satisfies the genericity property if
edp X = ged, X.

Let @ be a quiver. It is well known that one may view K-representations of ()
as K-orbits of a suitable action. Let

XQ,a = H Matat(a)xas(a),kv GQ,a = H GLai,k
a€Q1 1€Qo

be an affine space and an algebraic group over k, respectively. There is an
action of G o over Xg o, given by

(9i)ieqo * (Pa)acq, = (gt(a)Pag;(i))aEQl-
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ESSENTIAL DIMENSION OF QUIVER REPRESENTATIONS 335

By [5, Remark 2.2.4(1)], the scheme-theoretic stabilizers for this action are
smooth in arbitrary characteristic. We denote by Rg . the quotient stack
[XQ.0/Gq.al-

By [6, Example 2.6], for every field extension K /k, there is a natural corre-
spondence between the orbits of this action defined over K, that is, K-points
of Rg,a, and the isomorphism classes of representations of ) of dimension
vector . Therefore

edy RepQﬁa =ed;r RQ,a-

Remark 4.1. The construction of Xg o comes with an a-dimensional represen-
tation M&™ of () over the generic point K := k(Xg,o) of Xg,q, corresponding
to the natural inclusion Spec K — X o. One can show that

ged, RQ,a = edy M,

see [2, Proposition 14.1].

For any k-scheme S, objects of Rg o over S are pairs

FE = ({Ei}iera {‘Pa}aEQl)’

where FE; is a locally free Og-module of rank «; for each vertex ¢ and ¢, :
Ega) = Eyq) is a morphism of Og-modules for each a € 1. A morphism
E' — FE is given by isomorphisms E! — E; for each vertex i, satisfying the
usual commutativity conditions.

We conclude this section with some considerations on the genericity property
for non-wild quivers.

PROPOSITION 4.2. (a) Let Q be a quiver of finite representation type. Then
ged, RQ,o = edg Repg o =0

for every dimension vector a.
(b) Let Q be a tame quiver and § be its null root. Then

gedy, Rg,ns = edg Repg 5 = 1.

Proof. (a) It suffices to show that edy Repg, = 0 for every a. Let M be
representation of @ over some field K. By Gabriel’s Theorem [27, Theorem
8.12(2)], the dimension vector of every indecomposable summand of My is a
real root. By Example 3.2, it follows that every indecomposable summand of
M7 is defined over the prime field of K. By Noether-Deuring’s Theorem, it
follows that M is defined over the prime field of K. In particular, edy M = 0.
(b) We proved in [26, Proposition 9.3] that edy Repg, s = n for each n > 0.
Therefore, it suffices to prove that ged; Rq ns > n. This follows from the proof
of [26, Proposition 9.3], but we repeat the argument here.

We may assume that k is algebraically closed. There is a one-parameter fam-
ily of é-dimensional indecomposable representations of Q. By [29, Theorem
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3.8], the canonical decomposition of nd is Y _, 8. It follows that there exists
a G g ns-invariant dense open subset Z, C X ns such that for every repre-
sentation M parametrized by Z, we have M = ®}_; M}, where each Mj, is
indecomposable and has dimension vector §. Consider n copies of an infinite
family of indecomposable representations of dimension vector  parametrized
by an open subset of A}. This gives an generically finite dominant rational
map
prAY - Z,

such that a general G ns-orbit intersects the image of p, and does so in at
most finitely many points (by the Krull-Schmidt Theorem). It follows that the
Rosenlicht quotient Z,/Gq ns has dimension > n. Let now Spec K — Rq,ns
be a dominant morphism. Then Spec K maps to the generic point of Z,,/Gg ns,
hence ged;, Rg,ns = n. |

5 THE COLLIOT-THELENE - KARPENKO - MERKURJEV CONJECTURE

As noted in the Introduction, part of the statement of Theorem 1.1 depends on
a conjecture due to Colliot-Thélene, Karpenko and Merkurjev, formulated in
[9, §1]. Following [3], we rephrase this conjecture in a way that is better suited
to our needs.

Let A be a finite-dimensional k-algebra. We say that a projective right A-
module M of finite dimension over k has rank r € Qs if the direct sum M
is free of rank nr for some n € N with nr € N. We let Mod 4, be the functor
of isomorphism classes of projective A-modules of rank r.

Recall from [23, §4a] that a functor F' : Fields, — Sets is called a detection
functor if |F(K)| < 1 for every field extension K/k. By [3, Proposition 2.4], for
every positive rational number r, Mod4 , is a detection functor. If A = D is
a division algebra, and K/k is a field extension, by definition Modp ,(K) # 0
if and only if Xp(K) # (), where Xp is the Severi-Brauer variety of (deg D)-
dimensional right-ideals in D.

Let X be a smooth projective k-variety. We denote by cd(X) the canonical
dimension of X, that is, the minimum dimension of a subvariety ¥ of X such
that Y (k(X)) # 0. Let G be a split reductive group over k, and let B be a
Ek-split Borel subgroup of G. We define the canonical dimension cd(G) of G
as the maximum of the canonical dimensions of the K-varieties T'/ B, where
K/k is a field extension and T is a G-torsor. We refer the reader to [2], [17]
for an extensive treatment of the canonical dimension of varieties and algebraic
groups, and to [25, §2.2] for the definition of canonical dimension of a gerbe
and for a useful summary. By [23, §4al, edx Modp,1/deg 0 = cd(XDp).

The following conjecture and proposition were originally stated using canonical
dimension and incompressibility of Xp in [9, §1]. For our purposes, it is better
to rephrase them using the functor Modp 1/ qeg p, as is done in [3, Conjecture
3.10].
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CONJECTURE 5.1. Letd > 1. If D is a central division algebra of degree d over
k, then

edk(MOdDyl/d) = Z(pvp(d) _ 1),
pld

the sum being over all primes p.

PROPOSITION 5.2. Let d > 1. If D is a central division algebra of degree d over
k, then

edg(Modp,1/4) <> (pD = 1),
pld

the sum being over all primes p. Equality holds if d is a prime power or 6.

Proof. See [3, Corollary 3.8]. The inequality is proved in [9, §1]. The equality
is proved in [16, Corollary 4.4] when d is a prime power, and in [9, Theorem
1.3] when d = 6. O

6 ELEMENTARY EXAMPLES

The following examples serve to illustrate the difference between essential di-
mension and generic essential dimension, in the context of quiver representa-
tions. They show that the failure of the genericity property is quite frequent.

ExaMPLE 6.1. Let @ be the 2-Kronecker quiver:
1=—=2

Representations of @ have been classified over an arbitrary field; see [7, Theo-
rem 3.6]. The quiver @ is tame. The real roots of @ are the dimension vectors
of the form (n,n + 1) and (n + 1,n), for each n > 0. The null root of @ is
0 = (1,1), therefore the imaginary roots of @ are of the form né = (n,n). The
generic representation of @ of dimension vector (n,n + 1) is indecomposable,
and by Example 3.2 it is defined over the prime field. It follows that

gedy Rq,(nnt1) = 0-
On the other hand, by [26, Proposition 9.3] we have
edr Repg (nnt1) = edi Repg 5 = 1.

EXAMPLE 6.2. Let m,n be non-negative integers, and consider the quiver Q,,
with m + 1 vertices labeled 0,1,...,m, and one arrow a; such that s(a;) = i
and t(a;) = 0 for every i = 1,...,m. Here is a picture when m = 4.

2

|
1—0+—3

[

4
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The quiver @Q,, is of finite representation type when m < 3, tame when m = 4,
and wild for m > 5. As dimension vector, choose

Qmn = (n+1,1,...,1) e R™HL,

An a, ,-dimensional representation of @), over K is given by at most m lines
in K1 up to linear automorphisms of K™+, It is basically the datum of at
most m points in P’ up to projective equivalence. More precisely, consider the
functor Repg, o, , and

L, : Fields,, — Sets
K — {PGLj1-orbits in (P" U {0})™(K)}

where PGL, 11 acts diagonally on (P")" for every 0 < r < m, and fixes 0
There is a morphism of functors ® : Repg, ... — Lm,n constructed as follows
If (M, ¢) is a K-representation, fix an 1somorphlsm ]P’(MO) P7.. Then ® sends
(M, ) to the orbit of the K-point of (P U{0})™(K) whose r-th component is
Im ¢, when ¢,, # 0, and the point 0 otherwise. Of course, the orbit associated
to (M, ¢) in this way does not depend on the choice of an isomorphism M, =
Kt

We want to show that ® is an isomorphism. It is immediate to check that if two
K-representations map to the same orbit, then they are isomorphic, so ® is in-
jective. Given a K-orbit O of (P"U{0})™, choose a K-point (L1, ..., Ly,) € O.
Set My := K™, M, := K for i > 1 and let ¢,, be the zero map if L; = 0, and
send 1 to any non-zero vector lying on the line L; otherwise. This defines a
representation (M, ¢) such that ®(M, @) = O, so P is surjective. Therefore
is an isomorphism. In particular, edy Reme o = =edyg L n-

We start by computing gedy, Rq,,,am..- 1f a morphism Spec K — R 0mom
is dominant, the corresponding orb1t in (P™U{0})™(K) consists of m-uples of
points in (IP’”)’" in general position. If m < n+2 then PGL, 11 acts transitively
on m-uples of points in general position. If m > n + 2 and the points are in
general position, we may assume after acting with PGL,, 41 that n + 2 of them
will be of the form

(1:0:---:0),(0:1:0:---:0),...,(0:---:0:1),(L:---:1). (6.1)

The PGL,,+1-orbit of this m-tuple is then completely determined by the remain-
ing m —n — 2 points. Since any one of them is determined by n + 1 coordinates
up to simultaneous rescaling, each of the m —n — 2 points contributes at most n
to the essential dimension. Moreover, consider the configuration of m points,
where the first n + 2 are as in (6.1), and the remaining m —n — 2 are of the
form

(Tiaj: :ram), i=1,....m—n—2,

where the a;; are independent variables over k. This configuration has a mini-
mal field of definition K := k(a;;);,;, so that trdeg,, K = n(m—n—2). Moreover,

DOCUMENTA MATHEMATICA 25 (2020) 329-364



ESSENTIAL DIMENSION OF QUIVER REPRESENTATIONS 339
the corresponding map Spec K — Rq,,,a,., is dominant. We obtain:

sedy Ra o = {0 ifm<n+ 2',
nim—n—2)ifm>n+2.

We now determine ed; Repg,, 4, .- In order to compute it, we may clearly
restrict ourselves to representations (M, o) such that ¢, # 0 for every 4, that
is, PGL,,4+1-orbits in (P™)™. Consider a configuration of points spanning a
subspace H of P of dimension r < min(n,m — 1). After a translation by an
element of PGL, 41, we may assume that H is given by the vanishing of the
last n — r coordinates. If m = r 4+ 1, PGL, 41 acts transitively on m-uples of
points of H. If m > r 4+ 2, the action of PGL,+; may be used to put r + 2
points in the form

(1:0:---:0),...,0:---:0:1:0:---:0),(1:---:1:0:---:0).

The remaining m — r — 2 points are now fixed, and are determined by r + 1
coordinates up to scaling. Using the inequality ab < i(a +b)2, it is easy to see
that edy Repg, 4, 1S at most:

(m —2)? if m < 2n is even,
(m—1)(m—3)if m <2nisodd, (6.2)
n(m —n —2) if m > 2n.

NN

max rm—r—2)=
1<r<min(n,m—1)

Moreover, one can construct examples showing that equality actually holds,
in a way which is totally analogous to what we did for ged, Rq,. am.n, SO
edi Repg,, a,. ., is given by (6.2).

This gives a very explicit class of examples for which the genericity property
does not hold. The simplest among these examples is when m = 4 andn = 2. In
this case @ = Dy is tame, and aq 2 = (3,1,1,1,1). Since PGL3 acts transitively
on 4-uples of points in P? in general position, the generic essential dimension
is zero. On the other hand, if the 4 points lie on a common line, and they
are chosen generically on that line, the essential dimension of the configuration
is 1.

7 PROOF OF THEOREM 1.1

Let & be an irreducible algebraic stack. Then X admits a generic gerbe, defined
as the residual gerbe at any dominant point Spec K — X (see [21, Chapitre 11]).
If v is a Schur root for the quiver @, the generic a-dimensional representation
of @ is a brick. By [5, Remark 2.2.4(1)], the scheme-theoretic stabilizers of
the G g q-action on Xg o are smooth. In particular, the stabilizer of a brick is
isomorphic to G,,. It follow that the residue gerbe of a brick is a Gp,-gerbe,
and so gives rise to a Brauer class in Br(k(G)); see [13, Lemma 4.10] (we will
recall the construction in Lemma 7.6 below).
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Let A be a central simple algebra over K. Recall that the index of [A] € Br(K)
is the degree over K of the unique central division algebra D such that A =
M, (D); see [12, Definition 2.8.1]. It is also the greatest common divisor of
the degrees of the finite separable field extensions L/K that split A; see [12,
Proposition 4.5.1].

If G is the residue gerbe of a brick, we define the index of G as the index of the
corresponding Brauer class in Br(k(G)). Our strategy will be to first compute
the index of the generic gerbe of R «, and then combine this information with
Proposition 5.2 to deduce an upper bound for the essential dimension of the
generic gerbe.

LEMMA 7.1. Let G be the residue gerbe of a brick of RQ,o. Then indG divides
ged;cg, (o).

Proof. Since G parametrizes bricks, it is a Gy,-gerbe, so its index is well-defined.
By [13, Lemma 4.10] we know that ind G is the greatest common divisor of the
ranks of all the twisted sheaves (i.e., vector bundles of weight 1, as defined in
[13, Definition 4.1]) on some open substack of R, q.

To prove that ind G divides ged(«;), it is therefore sufficient to exhibit for every
i € Qo a twisted sheaf on Rg o of rank a;. Recall that a vector bundle of rank r
on Rg,q is a 1-morphism V : Rg o — Vect,. If § is a scheme over £, an object
of Rg.o(S) is a pair E := ({E;}icQ,, {¥a}ac,), where E; is a locally free
sheaf over S of rank «; for each vertex ¢ and ¢, : Egq) — Ey(q) i a morphism
Og-modules for each arrow a. Fix a vertex ig € Qo, and set V(E) := E;,. Now
let E € Rg,a(S) and E' := ({E]}icq,, {¥) }acqi) € RQ,a(S), where S’ is also
a scheme over k and let f := (f; : B} = E;)ieq, be a morphism from E’ to E
in Rg,a, set V(f) := fi,- By definition, V is a vector bundle of weight 1 and
rank a;,. O

LEMMA 7.2. Suppose that there is a line bundle L of weight w € Z on an open
substack U of Rg,a. Then we may extend L to a line bundle L on Rg,a of
the same weight.

Proof. We make use of the following standard result, proved in [21, Corollaire
15.5].

Fact 7.3. Let X be a noetherian algebraic stack over k and U an open substack
of X. Denote by j : U — X the inclusion 1-morphism. Let M be a quasi-
coherent Ox-module and N a coherent Oy-submodule of j*M. Then there
exists a coherent Ox-submodule N’ of M such that j*N' = N.

In our case we take X = Rg o, N = L and M = j,. L. Since Rq q is noetherian,
M is quasi-coherent. The lemma gives us a coherent subsheaf F C j,£. Then
the double dual £’ := F** is a reflexive coherent sheaf of rank one on a smooth
stack. By [4, VII 4.2], it follows that £’ is a line bundle. The weight of £’ is w
because this may be checked on U, where £’ restricts to L. O

DOCUMENTA MATHEMATICA 25 (2020) 329-364



ESSENTIAL DIMENSION OF QUIVER REPRESENTATIONS 341

LEMMA 7.4. Suppose that there is a line bundle L of weight w € Z on an open
substack U of RQ,o. Then ged(a;) divides w.

Proof. By the previous lemma we may assume that £ is defined on Rgq.
Denote by So € Rg,«(k) the trivial representation of @ of dimension vector o
over k, for which the linear maps are all zero. Then the central G,, C GL, :=
[I; GLa, = Aut(S,) acts with weight w on the fiber of £ over S,. Since any
one-dimensional representation of GL, is of the form

(Al, Ceey AT) — det(Al)ml R det(AT)mT,

we get w = miag + - - - + myeq,, by restricting the above formula to r-uples of
diagonal matrices. Hence w is a multiple of ged(«;). O

PROPOSITION 7.5. Let a be a Schur root. The index of the generic gerbe of
Ro.a is equal to ged(oy).

Proof. Let us call G the generic gerbe of Rg,o. By Lemma 7.1, ind G divides
ged(ay), so it suffices to show that ged(a;) divides indG. Let V be a vector
bundle of rank n and weight w on some open substack U. Define £ := det(M),
then £ is a line bundle of weight nw. In particular, if V has weight 1, £ has
weight n, so by Lemma 7.4 ged(a;) divides n. We conclude that ged(ay;) divides
ind G, as desired. O

Let G be the residue gerbe of a brick in Rq,«, for some Schur root a. Since G
parametrizes bricks, it is a Gy-gerbe, and so admits a Brauer class in Br(k(G)).
On the other hand, G admits a smooth cover which is of finite type over k(G),
so by the Nullstellensatz there exists a field extension {/k(G) of finite degree d
such that G(I) is non-empty. If V' € G(1),

R:= Endk(g)(V)

is a central simple algebra over k(G) split by I. It is not hard to check that this
class is independent of the chosen field extension I/k(G).

LEMMA 7.6. The Brauer classes of G and R in Br(k(G)) coincide.

Proof. We briefly recall the construction of the Brauer class of G, as given in
[13, Lemma 4.10]. One starts by choosing a field extension I/k(G) of finite
degree d such that G(I) is non-empty. This means that G; =& B Gy, so it admits
a line bundle £; of weight 1, corresponding to the tautological 1-dimensional
representation of Gy,. If 7 : G; — G denotes the natural projection, V := m,.L;
is a vector bundle of rank d and weight 1 on G. The algebra bundle End(V) on
G has weight 0, and so descends to a central simple algebra A over k(G) split
by [. By definition, the Brauer class of G is that of A. One then checks that
this definition does not depend on the choice of the extension I/k(G).
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There is a chain of isomorphisms of k(G)-vector spaces:

R = Homy,gy(V, V) = Homy(V ®pg) 1, V)
=~ Homy (V% V)

(v, V)

(L1(V), Lo(V

(

(

= Homl

N—
~—
U

= Homl
= Homy (£, (V ,El (V))
= Homy(7*V(V), L1(V))

The map Hom;(V, V) — Hom,;(L1(V'), £1(V)) is the one induced by the functor
Ly, and the map Homyg)(V,V) — Homyg)(V(V),V(V)) is exactly the map
given by the functor V', hence both respect compositions. Thus the map R — A
is an isomorphism of k(G)-algebras. O

Proof of Theorem 1.1. Let Spec K — R, be a dominant map, corresponding
to an a-dimensional K-representation M. Since « is a Schur root, M is a brick.
We have

trdegy, k(M) < dim Aut(M) + dimRgo =1 — (o, ).

Let G be the residue gerbe of M. It is a Gy-gerbe with residue field k(M).
From [26, Theorem 4.4] we see that

ediar) G = ediary(ModR 1/ deg R),

for some central simple algebra R over k(M) split by [. By Lemma 7.6 and
Lemma 7.1, the index of R divides ged(ay).

Write R = M, (D), for some central division algebra D over k(M) and some
n > 1. We have deg R = ndeg D and ind R = ind D. By [3, Proposition 3.4],
we obtain

edr(ar)(Mod g 1/ deg r) = edi(ar) (Modp ) deg r) = edi(ar)(Modp 1/ deg D)-

Inequality (1.1) now follows from Proposition 5.2. Furthermore, by Proposi-
tion 7.5 the index of the generic gerbe is ged(ay), so equality in (1.1) follows
from Conjecture 5.1 and Proposition 5.2, for d = ged(a;). O

COROLLARY 7.7. Let a be a root of Q. If the canonical decomposition of «
consists only of real roots, then

ged, Rqg,o = 0.

Otherwise, let B be the unique imaginary Schur root appearing in the canonical
decomposition of a; see [29, Theorem 4.4]. If B is isotropic of multiplicity
m > 1, then

ged, RQ,a = m.

DOCUMENTA MATHEMATICA 25 (2020) 329-364



ESSENTIAL DIMENSION OF QUIVER REPRESENTATIONS 343

If B is anisotropic, then

ged, Rg,e <1—(8,8) + Z(pvp(gcd(ﬁi)) —1). (7.1)
p

One has equality if Congjecture 5.1 holds for d = ged(«y;).

Proof. Our argument will make use of the reflection functors. We refer the
reader to [20, Section 3.2] for background material on reflection functors. We
note that reflection functors may be defined over any field, and their formation
commutes with extension of scalars. It is an immediate consequence of [20,
Theorem 3.11] that if o; is a reflection at an admissible vertex i (a source or a
sink), and « is a Schur root, then

ged, Rg,a = ged,, ’RQ/,UZ,(O‘)

where @’ is obtained from @Q by reversing all the arrows at 1.

Let now « be a root. By [29, Theorem 4.4] the canonical decomposition of
« contains at most one imaginary root. If all roots are real, by Example 3.2
the generic representation is a direct sum of indecomposable representations,
all of which are defined over the prime field of k¥ by Example 3.2. Hence
ged;, Repg , = 0 in this case. Assume now that there exists an imaginary root
B in the canonical decomposition of «, and let M be a generic a-dimensional
representation.

Using a suitable sequence of reflection functors we may assume that 3 is in
the fundamental region of Q). We remark that although the reflection functors
change orientation of the arrows, the fundamental region does not change. By
[22, Proposition 4.14], 3 is either an anisotropic Schur root, or is a multiple of
the null root of some tame subquiver of Q. In the first case, one may apply [26,
Lemma 6.4] and the first part Theorem 1.1 to conclude. In the second case,
the result follows from [26, Lemma 6.4] and Proposition 4.2(b). O

Remark 7.8. If we consider generic essential p-dimension (see [23, §1.1]), the
inequalities (1.1) and (7.1) of Theorem 1.1 become unconditional equalities:

gedkyp R@ga=1- (a, ) + mgx(pvp(ng(ai)) —1)

and
gedy,, Rg.a = 1 — (B, B) + max(p?r(&=dF) — 1),
’ P

In the notation of (1.1) and (7.1), this gives unconditional lower bounds

ged, Rg.a > 1 — (a,a) + max(p'»ecdl@)) 1)
P

and
ged, Ro,a > 1—(8,8) + max(pvp(ng(Bi)) —1).
p
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We now give an unconditional formula for ged; Rq,«, involving canonical di-
mension; see Section 5 for references on this notion.

PROPOSITION 7.9. Let « be a Schur root for the quiver Q, and set d := ged (o).
Then
ged, Rao.a = 1— {a,) + cd(Ga.a/ta) (7.2)

Recall that Gg .o = Hz GL,, %, the product being over all i € Q)o. Here pq
is embedded in Gg o as the subgroup {(¢ - Ida,)icg, : (¢ = 1}. We will use
Proposition 7.9 in the proof of Theorem 1.2.

Proof. This argument was inspired, in part, by the proof of [25, Proposition
7.1]. Let Gg.o := Gg.o/H, where H = G,, is the diagonal copy of G,, inside
Go.a, and set Rg.a = [X0,a/Gqg.al- Let Uga be a Gg q-invariant dense
open subscheme of X , parametrizing bricks. Since a is a Schur root, we
may take Ug o to be the stable locus for the Gg o-action on X¢ o; see [29,
Theorem 6.1] and [19]. We define the open substacks Ug,  := [Ug,o/Gq,q] and
Ug.e = [Uga/Gg.a] of Rg.a and Rg.a, respectively. We have a cartesian
diagram
uQ,a I RQ’Q

| I

Ugo — Rq.a

where the horizontal maps are open embeddings, and the vertical maps are Gy,-
gerbes. Since « is a Schur root, Ug,«, Ug, and u Q,« are non-empty. Moreover,
Gg.a acts freely on Ug o, 50 Uqg o is an integral algebraic space of finite type.
It has dimension 1 — («, a); see [19, Proposition 4.4]. We set d := ged(a;).
Let G be the generic gerbe of Rq 4, i.e. the generic fiber of 7. Its residue field
is k(G) :== k(Uq,a). Then ged, Rg.a = 1 — (o, a) + edy(g) G. If v denotes the
class of G in H?(k(G), Gy, ), then by [25, Proposition 2.3(a)] edyg) G = cd~.
The action of GQ@ on Xq . is linear and generically free, hence it gives rise
to a versal Gg -torsor t € H'(k(G),Gg.a), and v is the image of ¢ under
the boundary map H'(k(G),Gg.a) — H?(k(G),Gm) associated with the exact
sequence

1= Gm— Goa— Gga— 1.

Since t is versal, cdt = cdGg.a; see [25, §2.2]. On the other hand, by [25,
Lemma 2.2(b)] we have cdt = cdv. By [8, Corollary A.2] we have an isomor-
phism of functors

Hl(_’aQ,a) = Hl(_’ GQ,a/lud)’
hence cd(Gg.o) = cd(Gg.a/ta). Combining these equalities we obtain
edy(g)(G) = cdy =cdt = cd Gg,o = cd(Gq.a/pa)- O

The following general lemma will be used in the proof of Theorem 1.2 and
Theorem 1.4.
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LEMMA 7.10. Let @ be any quiver, o a Schur root for QQ, and M an «-
dimensional brick. Then

edp M < ged, Rg,a-

Proof. Let M be an a-dimensional brick defined over L/k. We must show that
edy M < ged;, Rq,o. By Proposition 7.9, this is equivalent to

edi M <1 - {a,0) + cd(Gg.a/ia),

where d := ged(ay). We write M for the image of M in Rg,a. Consider a
subextension £ C K C L such that M descends to K and trdeg; K = edj M.
We have a cartesian diagram

gM E— Z/{Q,a

| !

Spec K —— Ug.a

where Gy is the residue gerbe of M, and Uy, and HQ,Q are as in the proof
of Proposition 7.9. Since M is defined over L, Gy, is split by L, and the map
M : Spec L — Uq, factors through a map My : Spec L — Gar. Now My (and so
M) descends to some intermediate subfield K C Ky C L such that trdeg;, Ko <
edi(Gar). By [25, Proposition 2.3(a)] edy Gar = ¢d G- By Proposition 7.5 the
generic gerbe has index d, hence it follows from [25, Lemma 2.4(a)] that ind G,
divides d. Therefore, by [25, Lemma 2.2(c)], ¢cd(Gar) < ¢d(GLg /114). Consider
the commutative diagram

1 fd GLqg GLg /g — 1

| J

1 —— Mg — GQ7(X — GQ,a//Jd — 1

with exact rows. Here GLg is embedded in G block-diagonally. The as-
sociated diagram in cohomology shows that for every field extension k’/k, the
coboundary map H*(k',GLg /pa) — H*(K', 1q) = Br(k’)[d] factors through the
coboundary H'(k', Gg.a/1a) — H?*(K',pa). Now apply [25, Lemma 2.2(b)]
with G = GLg or G = Gg,a, and C = pg, to obtain cd(GLg /pa) <
cd(Gg,a/1a). By [25, Lemma 2.2(c)], it follows that cd(Gar) < cd(GQ,a/td)-
On the other hand, by [26, Corollary 8.2] we have trdeg, k(M) < 1 — (o, ).
Thus

edy M = trdegy, k(M) + edpany M <1 — (o, ) + cd(Gq,a/1ta)-
Combining this with Proposition 7.9 yields edy M < ged RQ,q, as desired. [
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8 FIELDS OF DEFINITION

If M is a representation of @), we denote by k(M) its residue field, i.e., the
residue field of its residue gerbe (see [21, Chapitre 11]). Since k(M) is contained
in any field of definition for M, we have

edy M = edy(ary M + trdegy, k(M).

In this section, we address the first term of this sum, by presenting a strength-
ening of [26, Lemma 4.8] for quiver algebras.

LEMMA 8.1. Let M be a representation of Q, and let G be its residue gerbe
in Rg,a, with residue field K := k(G). There exists a separable finite field
extension | of K such that G(1) # 0.

Proof. Let o be the dimension vector of M. Since R, is of finite type over &,
by [21, Théoréme 11.3] the gerbe G is of finite type over K. We may find
a smooth cover U — G that is of finite type over K. Let Specl — U be a
closed point. Then, by the Nullstellensatz, [ is a finite extension of K. The
composition Specl — U — G gives an [-point for G, corresponding to an
object £ € G(I). This is equivalent to G; = B Aut(§). Since Aut(&) is an open
subscheme of a vector space, it is smooth over K, hence G is smooth over K.
It follows that U is also smooth over K, and so we may take [ to be separable
over K. O

PROPOSITION 8.2. Let Q be a quiver, and let M be an indecomposable -
dimensional K -representation of Q, for some field K containing k. Then
edk(M)M < ) min a; — 1.
1ESUpp @

Proof. Let G be the residue gerbe of the point Spec K — R, given by M. By
Lemma 8.1 there exists a separable finite field extension [ of the residue field
k(G) = k(M) and an l-representation N of @ such that Nj, = M, for any field
L containing both K and I. We may assume that {/k(M) is Galois. We let G
be the Galois group of I/k(M), and we set d := [l : k(M)]. We denote by N
the k(M )-representation of @ obtained from N by restriction of scalars. Let

N — @Zle]?Th

be the decomposition of N in indecomposable k(M )-representations of , where
Np, =2 Ny if and only if h = h’. We may write

N@)k(M) Il =®seaN°.

Let L = [K be a compositum of [ and K. Since M is defined over K and
is indecomposable, the Galois group of L/K acts transitively on the set of
isomorphism classes of indecomposable summands of My. It follows that all
indecomposable summands of Ny = My, have the same dimension vector .
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Since every N}, is a summand of N, we deduce that each N, has dimension
vector multiple of 8. In particular, supp S = suppa. For every h, we write
dimy(pry Np = npf3, where ny, > 1. By definition

da = dimk(M) N = Z Th dimk(M) Nh = (Z rhnh)ﬁ.
h=1 h1

Consider
A = Endk(M) (N)/j (Endk(M) (N))

and
Ap = Endg(ar) (Nn)/j(Endg(ar) (Nn)),

for h =1,...,s. We may write A, = M,, (Dy) for some division algebra Dj,.
Fitting’s lemma and [3, Corollary 3.7] imply

A= f[ Ap.
h=1

Let i € suppa = supp 3. By [26, Lemma 4.7], dimyas) Dp < dim(N;), for
every h. By [3, Corollary 3.7], we have

Th .
edg(ary(Mody, 1/4) < Eh dimp(ary (Nn)i-

Using [3, Proposition 3.3 and Proposition 3.2], we get

1 .
edk(M) (MOdAJ/d) < Zedk(M) (MOdAh,l/d) < E ZTh dlmk(]\/j) (]\7}1)z = Q4
h h

for each vertex i € supp a. The claimed inequality now follows from an appli-
cation of [26, Theorem 4.4]. O

9 BEGINNING OF THE PROOF OF THEOREM 1.2

Let @Q be a connected quiver. In this section we show that if @) is of finite
representation type or admits at least one loop at every vertex, then Rg
satisfies the genericity property for every dimension vector .. This will establish
one direction of Theorem 1.2; we will prove the other direction in Section 11.

By Proposition 4.2(a), the genericity property holds when @ is of finite rep-
resentation type. We may thus assume that @) has at least one loop at every
vertex. We start by reducing the problem to the following assertion. A dimen-
sion vector o € N®0 is called sincere if a; # 0 for every i € Q.

CLAaM 9.1. Let @ be a connected quiver having at least one loop at every
vertex. Assume that @ is not the 1-loop quiver. Then for every sincere dimen-
sion vector «, and for every a-dimensional representation M of () that is not
a brick, we have

edy M < — (o, ).
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LEMMA 9.2. Assume that Claim 9.1 holds. Let QQ be a connected quiver with
at least one loop at every vertex. Then for every dimension vector o the stack
Rq,« satisfies the genericity property.

Proof. Since @ has at least one loop at every vertex, every dimension vector «
belongs to the fundamental region, hence by [22, Proposition 4.14] either « has
tame support or is an imaginary anisotropic Schur root. On the other hand,
the only tame quiver with at least one loop at every vertex is the 1-loop quiver,
so if « has tame support then o = me; for some m > 1 and some vertex i. For
such « the genericity property holds (see Example 3.1 or Proposition 4.2(b)).
Assume now that « is an imaginary anisotropic Schur root. The subquiver
Q' of @ defined by Q) = suppa and @} the set of all arrows in @)1 between
vertices in supp « also has one loop at each vertex, thus we are reduced to the
case when « is sincere.

When « is sincere, by Claim 9.1 we have edy, M < — («, &) for every represen-
tation M that is not a brick. By Remark 7.8, ged;, Rg.o > 1 — (@, a), so the
maximum must be attained among bricks. The conclusion now follows from

Lemma 7.10. O

The combination of Lemma 9.2 and Claim 9.1 proves the first implication of
Theorem 1.2. The purpose of the remaining part of this section is the proof of
Claim 9.1.

Let @ be as in Claim 9.1. For each vertex i of @, let [; be the number of loops
at i. Since @ has at least one loop at every vertex, we have [; > 1 for every
1 € Qo, so in the Tits form

(B,8) = Z (1-1,)B7 — Z Bs(a)Bt(a)

’LGQU ate

every monomial appears with a non-positive coefficient.
We split the proof into several lemmas.

LEMMA 9.3. Let Q be as in Claim 9.1, and let o be a dimension vector.

(a) We have
—{a, @) > min ay,
1€Qo
with equality if and only if Q is the 2-loop quiver and o = (1) or the
quiver
1——2 (9.1)
and oo = (1,1).
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(b) Let iy € Qo satisfy l;, > 2, and write « = Y., _, Bn, for some B, €
N®@o\ {0} and r > 2. Then

=" (B ) < — (@) — i
h=1

Proof. (a). The monomials in the Tits form of @ can only appear with negative
coefficients (or zero). Since a;a; > ; when «; # 0, the inequality immediately
follows. In order to have equality, it is necessary that the Tits form consists
of exactly one monomial. If I; > 2 for some %, this implies that @ is a 2-loop
quiver, and then it is clear that « = (1) as well. If [; = 1 for every i, then
there are two vertices (just one is excluded, because @ is not the 1-loop quiver)
connected by exactly one arrow, so the quiver is (9.1) and o = (1,1). This
proves (a).

(b). If oy > 2, then

r
Zﬁi7io <ai =204, +2 < of — ayy;
h=1
see [3, Lemma 6.5]. We also have the trivial inequalities
r ks
Z ﬂi,i < Oé?a Zﬂh,s(a)ﬂh,t(a) < as(a)at(a),
h=1

h=1

for each vertex i # iy and each arrow a. Adding all of these inequalities together
gives the conclusion. If a;, = 1, then we need only show that

T
- Z <6h56h> < = <Oé,0(> )
h=1
but this is clear because all monomials appear with a positive (or zero) coeffi-

cient and r > 2. O

LEMMA 9.4. Let @ be as in Claim 9.1, and let o be a dimension vector. Let M
be an indecomposable a-dimensional representation over an algebraically closed
field, and assume that M is not a brick. Then

trdeg, k(M) <1 — (a, &) — min .
1€Qo

Proof. Using [26, Corollary 8.2], we may write

trdeg, k(M) <1 — Z (Bns Br)

h

where 3}, is the dimension vector of im "~ /im " for a generic ¢ € End(M).
All the entries of 81 are non-zero, and since the generic ¢ is non-zero there
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exists a vertex ig such that B2, # 0. If there is a vertex ¢’ with two or more
loops, then by Lemma 9.3(b) we have

trdeg, k(M) <1 -— Z By Br) <1 — (o, a) — ar
h

and the conclusion follows. Hence we may assume that [; = 1 for every i € Q.
In this case, since @ is not the 1-loop quiver, ) has at least two vertices. If
J # ig is another vertex of @, then

iy @) z(z Bh,io)(z Br 5)
I h!

= Zﬂh,igﬂh,j + Z Bhio Bhr 5
3 oy

> Zﬂh,igﬂh,j + B2,i0 81,5 + Biio Z Br.j
3

h'>2

> BuioBhi + a;.
n

Fix an arrow a such that s(a) = ig and t(a) = i;. We consider the estimate
above for the term corresponding to a (that is, by letting j = 41), and the
inequality

Z Bh,s(a)Bh,i(a’) < Bsar)Be(ar)
I

for every arrow a’ # a. Summing up all these inequalities yields

—Z(ﬁh,6h>§—<a,a)—ajS—(a,a>—minai. O
h 1€Qo
LEMMA 9.5. Let Q and « be as in Claim 9.1, and let K be a field containing
k. If M is an indecomposable K -representation of dimension vector a and is
not a brick, then
edy M < —{a,a).

Proof. Consider the decomposition Mz = @7 _; N in indecomposable rep-
resentations. By [26, Lemma 12.1], this decomposition is defined over K3°P,
hence over a finite Galois extension L/K. Since M is defined over K, the Galois
group of L/K acts transitively on the set of isomorphism classes of indecom-
posable summands of M;. We deduce that if some N, is a brick all the other
summands are bricks as well, and that for each h,h’ the iterated images of
the generic nilpotent endomorphisms of N, and Np. have the same dimension
vectors. We let a = dimg M, 8 = dimg Ny, so that o = sf3.

Assume that NV}, is a brick for every h. Then, since M is not a brick, necessarily
s > 2. We have trdeg;, k(Np,) < 1—(8, 8) by [26, Corollary 8.2]. By Lemma 9.3,
we have min8; < —(8,8) — 1, with the exception of the 2-loop quiver and
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B = (1), and of the quiver (9.1) and 5 = (1,1). If min 5; < — (B, 8) — 1, using
Proposition 8.2 and [26, Corollary 8.2], we obtain:

edy M = edyary M + trdeg, k(M)
< edpan M+ trdeg, k(Ny)
h

gsggiﬁi—urs(l—(ﬁ,@)

< —s(1+(8,8)) —1+s(1—(5,8))
< —2s </85/6> < 752 </85/6> == <O[,O[>.

If Q is the 2-loop quiver and 3 = (1), we have (3,8) = —1 and (a, o) = —s2.
If s > 3, following the same steps as above we obtain

edy M <35 —1<s%=—{(a,0).

If s =2, we may choose a basis so that M is represented by 2 matrices Ay, Az
commuting with the nilpotent Jordan block of size 2. This implies that

a; 0 .
Ai = (bz ai), 1= 1,2
soedy M <4 =—{(a,a).

If @ is the quiver (9.1) and 8 = (1, 1), we have again (8, 5) = —1 and (a, a) =
—s2. If s > 3, the same computation yields

edy M <35 —1<s%=—{a,a).

Assume that s = 2, and let a be the unique arrow with s(a) =1 and t(a) = 2.
Notice that ¢, : M1 — M, splits, upon base change to L, into the direct sum
of two linear maps of the same rank (they are L-conjugate), so rank ¢, is either
0 or 2. In the first case ¢, = 0 and M is the direct sum of two representations
of dimension (2,0) and (0,2), and it is easy to see that edy M < 4. If @, is
an isomorphism we may identify M; with My via ¢,, so that M becomes a
representation of the 2-loop quiver, so edy M < 4 by the previous case.
Assume now that the N, are not bricks. Note that this time s might be 1.
Combining Proposition 8.2 with Lemma 9.4, we get:

edp M < edyary M + ) _ trdegy, k(Ny)
h

< S}ggiﬁi —1+s(1—(B,0) —ifgégf[l)ﬁi)

< 7S</35/8>+571 S 7<O[,O[>,
the last inequality being equivalent to — (3, 5) s(s — 1) > s — 1, which is true

because « is sincere and so (3,3) = s72 (o, a) < 0. This concludes the proof
of Lemma 9.5. O
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Proof of Claim 9.1. Let M be a K-representation that is not a brick, for some
field extension K/k. If M is indecomposable, then edy M < — (a,a) by
Lemma 9.5. If M is decomposable, denote by M, ..., M its indecompos-
able summands, for some s > 2. Applying Proposition 8.2 and [26, Corollary
8.2] to every M, we obtain

edp M <Y ediar,) M+ Y _ trdegy k(M) < min a; — > (Bn. B,
=1 =1 ERo )

where > 8, = a. To prove that edy M < — (a, o), it suffices to show that

— (o) + Y (Bn, Br) > Inin o;.
h

Assume first that there exists a vertex j such that the sum a; = ) 8 ; has at
least two non-zero terms. Consider an arrow a having j as one of its endpoints,
and let 7 be the other endpoint of a (possibly i = j). We have

oo — Zﬁh,iﬁh,j = Zﬁh,z‘(ag‘ — Bhj) > Zﬁh,z' = .
h h I

For every other arrow a/, we have

Qs(a’)Qe(a’) — Zﬁh,s(m)ﬁh,t(a') >0 (9.2)
B

The claim follows from adding up all of these inequalities.

Assume now that 8,; € {0,a;} for each vertex i and every h. Since M is
decomposable, there exists an arrow a with endpoints ¢ and j (possibly i = j)
and two distinct positive integers hy # ho such that By, ; = oy and By, ; = «;.
Then f,; = 0 for all A # hy, and Bh, ; # 0 for all h # he. Thus

oo — Zﬁh,iﬁh,j = ;05 > .
h

The claim follows by adding this to the inequalities (9.2), for all arrows a’ # a.
O

10 SUBQUIVERS

If Q is a quiver, recall that a subquiver of @ is a quiver @’ such that Q{ C Qo
and whose arrows are all the arrows of @ between vertices in Q.

To finish the proof of Theorem 1.2, we will need the following combinatorial
lemma.

LEMMA 10.1. Let @ be a connected quiver that is not of finite representation
type and does not admit at least one loop at every verter. Then ) contains a
subquiver of one of the following types:
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1. a tame quiver,
2. a quiver with two vertices and r > 3 arrows, none of which is a loop and
not necessarily pointing in the same direction,

T

1

2

8. a quiver with two vertices, one of which has s > 2 loops, and with r > 1
arrows between the two vertices.

0
| =

2
s loopsG \’3

Proof. Note that @ has at least two vertices, otherwise it would be the trivial
quiver with one vertex (which is of finite representation type) or an r-loop
quiver (which has at least one loop per vertex).

Assume first that ) admits at least one loop. Then, since @ is connected, we
can find two adjacent vertices 7 and j such that there is at least one loop at @
and there are no loops at j. If there is exactly one loop at i, then @ admits a
1-loop quiver as a subquiver, and this is tame. If there are at least two loops
at ¢, then @ admits a subquiver of type (3).

Consider now the case when that () does not have any loops. Assume first that
there are two vertices ¢ and j connected by r > 2 arrows. If r = 2, then @
admits a tame subquiver of type As. If » > 3, then it contains a subquiver of
type (2). Assume now that @ does not have multiple arrows. If @ admits a
cycle, then it admits a tame subquiver of type Zn The last case to consider
is that of a quiver @ without cycles and multiple arrows. By assumption, @
is not of finite representation type. Let @’ be a maximal subquiver of finite
representation type of Q). Since @ is not of finite representation type, Q # @Q’,
and so @ contains a subquiver Q" obtained from @’ by adding one new vertex j
to @', connected to a single ¢ € Q{, via a unique arrow. One patiently considers
all cases for 7, and concludes that either Q” is of finite representation type, or
it contains a tame subquiver. More precisely:

o if Q' is of type A, then either Q" is of type A,D,E, or it contains a
subquiver of type F;

o if Q' is of type D, then either Q" can be of type D, E or it contains a
subquiver of type D, F;

o if Q' is of type Eg, then Q" either is of type Eg, Eq, B or contains a
subquiver of type Dy, D5, Dg, and similarly in the case when Q' is of
type E7 and Eg.

Since @’ is maximal among subquivers of () of finite representation type, Q"
may not be of finite representation type, and so it contains a tame subquiver.
Therefore, @ contains a tame subquiver. O
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11 END OF THE PROOF OF THEOREM 1.2

Let @ be a connected quiver. In Section 9 we showed that Rg,. has the
genericity property for every dimension vector « if @) is of finite representation
type, or if (Q has at least one loop at every vertex. In this section we will
establish the converse, thus completing the proof of Theorem 1.2.

Assume that for every dimension vector «, the stack Rq, satisfies the generic-
ity property. Then the same is true for every subquiver of (). This is because a
representation of a subquiver @)’ may be extended to a representation of @) by
associating zero vector spaces and zero linear transformations to the vertices
and arrows in () but not in ()’. This gives rise to an isomorphism between the
functors Repg, , and Repg, o, where a € N@ is obtained from o/ € N@o by
filling in zeros for the missing vertices.

Therefore, it suffices to find for every quiver of the list of Lemma 10.1 a di-
mension vector for which the genericity property does not hold. We will argue
in the following way. Suppose that we may find a real root a and a dimension
vector (3 such that f; < a; for each vertex i and such that edy Repg 5 > 0. By
Example 3.2 we have ged;, Rg, = 0, but on the other hand by [26, Lemma
7.2] one has edy, Repg,o > edi Repg g > 0, so the genericity property does not
hold for Rq,q-

Consider first the case when @ is a tame quiver, and let 8 = § be its null root.
By [20, Theorem 7.8(1)], there exists a real root « such that a; > §; for each
vertex ¢ of ().

Let now @ be of the second type. The dimension vector (n,n) is a Schur
root of generic essential dimension at least 1 + (r — 1)n?, since after fixing an
isomorphism between the two vector spaces using one of the arrows, one is
reduced to the (r — 1)-loop quiver. We now construct a suitable real root a.
One can easily compute the two simple reflections for Q:

(21, 22) = (ree — x1,22), (21, 22) ¥ (21,721 — X2).
If we apply them to (1,0), we get
(1,0) = (1,7 = 1) = (12 —r — 1,7 — 1).

Since r > 3, we have 72 —r — 1 > r — 1, hence it suffices to choose o =

(r*—r—1,r—1)and 8= (r—1,7r —1).

Let now @ be of the third type. Assume first that » > 2. One can see as in
the previous case that the dimension vector (n,n) is a Schur root of generic
essential dimension at least 1+ (r — 1)n?. The fundamental region of Q is given
by those vectors (z1,22) satisfying

rr1 — 2x9 > 0.

The vector (2,1) is in the fundamental region and is therefore a Schur root.
There is only one simple reflection, given by

o (x1,x2) = (1,721 — T2)
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By Theorem 1.1, the Schur root @ = (2,2r — 1) obtained by reflecting (2,1)
satisfies:

ged, Rg,a =1—(a,a) =2r+4s — 4.
On the other hand, since r > 2, the vector 8 = (2, 2) is component-wise smaller

than «, and
ged, Rgp=4r+4s—7>2r +4s—4,

thus the genericity property does not hold for a.

If » = 1, one may choose o = (4,3) and 8 = (4,2). The vector 8 belongs to
the fundamental region {(x1,z2) : 1 — 2z2 > 0}, hence it is a Schur root and
has generic essential dimension 5. The vector « is obtained by reflecting (2, 1),
which belongs to the fundamental region. Hence « is also a Schur root, and
has generic essential dimension 4. This completes the proof of Theorem 1.2.

ExAMPLE 11.1. Let » > 1, and consider the r-loop quiver L,, here depicted
for r = 4.
0

1
-
¥

The case » = 1 has been considered in Example 3.1. Representations of L,
correspond to representations of the free algebra on r generators. It follows
from Theorem 1.1 and Theorem 1.2 that

edy Ri, n <1+ (r— 10>+ (pr™ —1),
p

with equality when [3, Conjecture 3.10] holds for n.
This example was originally worked out by Z. Reichstein and A. Vistoli (un-
published). Their proof is in the spirit of [25].

12 PROOF OF THEOREM 1.3
The starting point for the proofs of Theorem 1.3 and Theorem 1.4 is the fol-
lowing lemma.

LEMMA 12.1. Let Q be a quiver, and let a be a dimension vector in the funda-
mental region of Q such that a; > 0 for each vertex i. Write a« =Y., _, By for
some dimension vectors (), € N0,

(a) We have

= (BnBr) < = (a,q).
h=1

(b) Assume further that for each vertex i there exist at least two vectors By
satisfying B, #0. Then

_;(5h,5h>§—<a,a)—22(041-—1)( 3 %4_ 3 O;%.(Z_)—l).

1€Qo a:t(a)=1 ’ a:s(a)=1
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Proof. Since a belongs to the fundamental region, for each vertex ¢ we have:

(o, ;) = 200; — Z Qs(a) — Z Qy(q) < 0.

a:t(a)=1 a: s(a)=1
Since a; > 0, this may be rewritten as
As(a) At (a)
—_— — =120 12.1

By algebraic manipulations, starting from

(iBhj — jBhi)?* >0,

we obtain o o
i 92 i a2
Bh,jﬁh,i < gjﬁh’j + Eﬁh,i
for every i,j € Qo and every h = 1,...,r. Hence
T
1= BBy =1— > Brit Y. Bus@Bhia
h=1 1€Qo,h ac€Q1,h

2 Xs(a) p2 QXt(a) 2
<1- Zh Bhi + Zh 2 Bhta) T Zh Ts(a)ﬁh,s(a)

= a3 G

i,h  a:t(a)=i a:s(a)=1
_ 2 Qs(a) At(a)
S 3 S 2 s )

(a) By (12.1), the quantities in the parentheses are non-negative. Since
Zh Bn,i = o and Byp; > 0, clearly

> Bri <ol (12.2)
h

Substituting (12.2) into the previous inequality, we get

T

SRS S (Pl "Rgp ol )

h=1 % a:t(a)=1 a:s(a)=1
=1— (o, ).

(b) The conclusion follows from using, for every vertex i, the inequality

> Bri< ol —20+2
h
(see [3, Lemma 6.5]) instead of (12.2). O
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LEMMA 12.2. Let r > 3, and @ be a quiver whose underlying graph has the

following form.:

1

2

Then, for infinitely many n, the genericity property holds for the dimension
vector (n,n).

Proof. Let M be a K-representation of @) of dimension vector o = (n,n), and
let 1 < d < 2n be the number of indecomposable summands in a Krull-Schmidt
decomposition of M. By Proposition 8.2 and [26, Corollary 8.2], we may write

edy M <n—1+d—Y_ (BB

for some dimension vectors 3, satisfying > 8, = a (note that the 3, are not
necessarily the dimension vectors of the summands of M). If 8, = (n,0) or
By = (0,n) for some h, then it is clear that edy M = 0. In all other cases, by
Lemma 12.1(b) we have

=" (B, Br) < (r —2)n? — 4(n — 1)(% 1)< (r—2)n?—2n+2.

We deduce that
edkMgd—n—i—l—i—(r—Q)nQ.

Assume that n is the power of a prime. Then by Theorem 1.1 we have
ged, Ro.a = (1 —2)n* +n.

If d < 2n — 1, the result follows. On the other hand, if d = 2n, then M is
a direct sum of representations of dimension vectors (1,0) or (0,1), and so
edy M = 0. We conclude that the genericity property holds when n is the
power of a prime. O

Proof of Theorem 1.3. By Theorem 1.2, we may assume that @ does not have
at least one loop at every vertex. Moreover, we are allowed to pass to a sub-
quiver of Q. By Lemma 10.1, we may assume that @ is of one of the following

types:

1. a quiver obtained from a tame quiver )’ by connecting one extra vertex
19 without loops to a single vertex i; of Q' with r > 1 arrows,

2. a quiver with two vertices and r > 3 arrows, none of which is a loop,

3. a quiver with two vertices, such that one vertex has s > 2 loops and the
other vertex has none, and with » > 1 arrows between the two vertices.

Types (2) and (3) come directly from Lemma 10.1. Type (1) of the list needs
further explanation. Assume that @) contains a tame quiver, and let ig € Qg
be connected to at least one vertex i; of Q’. If there are s > 1 loops based at
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i0, then the subquiver of @) whose vertices are iy and ¢; is of type (1) if s =1,
and of type (3) if s > 2. Assume now that there are no loops based at ig. If
ip is connected to more than one vertex of @', then @ contains a cycle and
admits at least one vertex with at least 3 arrows starting from or pointing to
it. This means that @ has a wild proper subquiver ), and we may consider
the smaller quiver Q" instead of Q). Iterating this procedure, we eventually
arrive to a quiver of type (1).

In case (3), @ has a subquiver with at least one loop at every vertex, so the
claim holds. Case (2) has been treated in Lemma 12.2. If Q is of type (1), let
0 be the null root of the tame subquiver )'. Fix m > 0 and define a dimension
vector a of Q) by setting a;, = 1 and «a; = md; for each i # iy. In other words,
a = md +e;,, where 6 is viewed as a vector in R¥° by extension to zero. Notice
that a belongs to the fundamental region of @) for m > 2, since

2— mr(Sil if i = ’L'O
(a,e;) = ¢ —r ifi=1d;
0 otherwise.

By [22, Proposition 4.14] « is an anisotropic Schur root for every m > 2. We
also have

(a, &) = (md, md) + (md, e;,) + (€iy, €i0) = 1 — Ty, .
Since ged(a;) = 1, by Theorem 1.1 we get
ged, Rg.a =1— (v, a) =10y, .

Let now K be a field containing k, and let M be an a-dimensional K-
representation of (). By Proposition 8.2, edypy M = 0. We may write
Mz = My © My © M3, where M; is the unique indecomposable summand
with (M7);, # 0, My is the direct sum of all imaginary indecomposable sum-
mands of M7, and M3 is the direct sum of the real ones. Write a = 8+ ¢cd +
for the corresponding decomposition of the dimension vector of M. By [26,
Corollary 8.2], we may write

trdegk k(Ml) <1- Z <ﬁha 6h>

h

for some decomposition 8 = > B,. Among the 85, only one is not supported
on the tame subquiver @', and we denote it by 8’. For every other 35, we have
(Bn, Br) > 0. Writing 8’ = e;, + 3", for some " € N9, we obtain

trdegk k(M1> <1- <ﬂlvﬂ/> =1- <ei076i0> - <ﬂ//aﬂ”> - (ﬂ/lveio) <1+ rﬂz{l'
From Proposition 4.2(b), we have

trdegy, k(Mz) < c.
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Example 3.2 gives
trdegy, k(M3) = 0.

Thus
edpy M = trdegy, k(M) < rfj, + ¢ < r(Bi, + ¢di,) < roy,.

Therefore, the genericity property holds for the dimension vector a. O

Remark 12.3. If Q is of type (1) in the list above, § is the null root of its tame
subquiver @', « = md+e;,, we have just shown that (when m > 2) « is a Schur
root and the genericity property holds for a. If Q is of type (2), we have shown
in the proof of Lemma 12.2 that the genericity property holds for (n,n) when
n is the power of a prime. Finally, if Q is of type (3), it contains the s-loop
quiver for s > 2 as a subquiver with unique vertex iy, and so by Theorem 1.2
the genericity property holds for me;, for every m > 0.

By Lemma 10.1, every wild quiver contains at least one subquiver of type (1),
(2) or (3). To produce Schur roots for which the genericity property holds, it
thus suffices to identify one of these subquivers.

13 PROOF OF THEOREM 1.4

For a positive integer r, let K, be the r-Kronecker quiver.
Let o = (a,b) be a dimension vector for K. The quiver K; is of finite repre-
sentation type, hence by Proposition 4.2(a) we have

ed; Repg, o, = 0.

The indecomposable representations of Ks were classified by Kronecker (see
[7, Theorem 3.6] for a description over an arbitrary field). It follows from the
classification that

edi Repg, , = min(a, b).

The purpose of this section is the proof Theorem 1.4. Recall that we have
already shown in the course of proving Theorem 1.2 that the genericity prop-
erty fails for the Schur root (r? —r — 1,7 — 1). Therefore one cannot expect
Theorem 1.4 to hold for every Schur root.

The argument follows steps similar to those of the proof of Claim 9.1. We start
with a simple estimate.

LEMMA 13.1. Assume that « = (a,b) is in the fundamental region of K,., r > 3.

Let

Then
f(a,b) > min(a,b) — 1.
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Proof. Since (a,b) belongs to the fundamental region of K,, we have 2a < rb
and 2b < ra. Moreover, since f is symmetric, we may assume that a > b. Then
5> 550
ra

flab) 2 20— 1)(5 ~1) > (- 1)(r—2) 2 b~ 1. 0
LEMMA 13.2. Assume that M is an indecomposable a-dimensional represen-
tation of K, over an algebraically closed field K, and that M is not a brick.
Then

trdeg, k(M) < 2 — (a, &) — min (o)

1=1,2

=2—a? —b* + rab — min(a, b).
Proof. Let ¢ € Endg (M) be a generic nilpotent endomorphism of M. Write
ap = (ap, by) = dimg (Im (ph_l/Im ")

for every h > 0. If a; = a, this means that there exists a nilpotent endomor-
phism @ of M such that ¢; = 0 and 15 # 0. We may choose bases of M; and
Ms in such a way that 1 is represented by a nilpotent matrix in Jordan form.
With respect to these bases, the matrices Aq,..., A, corresponding to the r
arrows of K, all have at least one common row made of only zeros. This is
impossible, since M was supposed to be indecomposable. An analogous reason-
ing proves that b, # b, so each of the decompositions a = > ap and b = > by,
contains at least two summands. Using [26, Corollary 8.2] and Lemma 12.1(b),
we obtain

T

trdegy k(M) <1-> (ap,a) <1 - (a,a) — f(a,b),
h=1

where f(a,b) is as in Lemma 13.1. By Lemma 13.1, we have f(a,b) >
min(a,b) — 1. Therefore

trdeg, k(M) < 1 — a* — b* + rab — min(a, b) + 1. O

LEMMA 13.3. Assume that M is an indecomposable a-dimensional representa-
tion of K, over an arbitrary field K containing k. If M is not a brick, then

edg M <1—{(a,a).

Proof. Consider the decomposition M7 = ®;_, N} in indecomposable repre-
sentations. By [26, Lemma 12.1], this decomposition is defined over K%¢P,
hence over a finite Galois extension L/K. Since M is indecomposable, the Ga-
lois group of L/K acts transitively on isomorphism classes of indecomposable
summands of M. We deduce that if one of the N}, is a brick all of them are,
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and that for each h,h’ the iterated images of the generic nilpotent endomor-
phisms of N and Np: have the same dimension vectors. We let a = dimg M,
B = (81, f2) = dimg Np, so that a = sf3.

Assume that NV}, is a brick for every h. Since by assumption M is not a brick,
necessarily s > 2. We have trdeg; k(Np) < 1 — (3, ) by [26, Corollary 8.2].
Since £ is in the fundamental region of K, it satisfies the inequalities

201 —rp2 <0, 202 —1rp1 <0,
which imply
—(B,8) = =B} — B3 + 1B1 82 > max(B} — 83, 83 — 57).

If 81 # B2, we obtain — (8, ) > min f3;, which is also true if 51 = 2. We use
Proposition 8.2 and [26, Corollary 8.2] to obtain:
edy M = edy(apy M + trdegy, k(M)
< edyan M + ) _ trdeg k(Ny)
h

< szrili%ﬂz —1+s(1—(8,8))
15 (8,8) =1~ (a,a).

The last inequality holds because it is equivalent to —s(s — 2) (5,8) > s — 2,
which is clearly valid if s = 2, and reduces to the true statement —s (5, 5) > 1
when s > 3.

Assume now that the Nj, are not bricks. We still have — (8, ) > min f3;. Note
that this time s might be 1. Combining Lemma 13.2 with Proposition 8.2, we
get:

IN

edy M < edyary M+ trdegy, k(Ny)
h

< sg}gﬂi—leS(?*inl}%ﬂi* (B,8))
:257175<ﬂvﬂ>
<1-s2(8,8)=1—(a,0).

The last inequality is equivalent to 2(s — 1) < —s(s — 1) (8, 8), which is clearly
satisfied for s = 1, and if s > 2 reduces to 2 < —s (3, §), which is also true. O

Proof of Theorem 1.4. Let K be a field extension of k, and let M be an a-
dimensional representation of K. that is not a brick. It suffices to show that
edi M <1—{a,a).

If M is indecomposable, edy M < 1 — (o, &) by Lemma 13.3. If M is decom-
posable, set o = (a,b), and write M = @} _, M, for the decomposition of M in
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indecomposable representations, where s > 2. Let 8, = (ap,bp) = dim My,. If
Br = (an,0) for some h, then let M’ := @, M;. It is clear that M), is defined
over k, hence by [26, Lemma 6.4] we have edy, M = ed;, M'. Moreover

<a_ﬁhaa_ﬁh> Z <Oé,0(>,

since this reduces to ap(2a — rb — ap) < 0, which is true because 2a — rb < 0.
Since M’ has dimension smaller than M, we may assume that the claim holds
for M’. Thus

edy M =edpy M' <1—{a—fp,a—PB) <1—{a,a).

The case when some 3, is of the form (0, by,) is similar. Therefore, we may as-
sume that ay,, by, # 0 for every h. Using in order Proposition 8.2, [26, Corollary
8.2], Lemma 12.1(b) and Lemma 13.1, we obtain:

edk M S Zedk Mh
h
= Z(edk(Mh) My, + trdegk k(Mh>>
h

< (min(an, bn) = (Bn, Bn))
h

<min(a,b) — {a,a) — f(«)
<1—{o,a). =
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