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ABSTRACT. Symmetric multiple zeta values (SMZVs) are elements
in the ring of all multiple zeta values modulo the ideal generated
by ((2) introduced by Kaneko-Zagier as counterparts of finite mul-
tiple zeta values. It is known that symmetric multiple zeta values
satisfy double shuffle relations and duality relations. In this paper,
we construct certain lifts of SMZVs which live in the ring generated
by all multiple zeta values and 27i as certain iterated integrals on
P\ {0,1, 00} along a certain closed path. We call these lifted values
refined symmetric multiple zeta values (RSMZVs). We show double
shuffle relations and duality relations for RSMZVs. These relations
are refinements of the double shuffle relations and the duality rela-
tions of SMZVs. Furthermore, we compare RSMZVs to other variants
of lifts of SMZVs. Especially, we prove that RSMZVs coincide with
Bachmann-Takeyama-Tasaka’s &-values.
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1 INTRODUCTION

For an index k = (k1, ..., kq), the multiple zeta value (k) is the real number
defined by

= D mytmy

0<mi1<---<mgq
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366 M. HIROSE

where ki,...,kq—1 € Z>1 and kq € Z>2. Let Z be the Q-subalgebra of R
generated by 1 and all multiple zeta values. The symmetric multiple zeta value
(SMZV) is the element of Z/7?Z defined by

¢Sk, ka)
d
= <Z(—1)ki+l+“'+kd§m(k1,...,ki)gm(kd,...,km) mod 71'22)
i=0
for k1,...,kq € Z>1 where (k) is the shuffle regularized multiple zeta value.

SMZVs are introduced by Kaneko and Zagier as counterparts of finite multiple
zeta values [8][9]. In this paper, we define refined symmetric multiple zeta values
(RSMZV) ¢S5 (k) € Z[2mi] = Z @ 2miZ by considering iterated integrals along
the non-trivial simple path from 0 to 0 on P(C) \ {0,1,00} (see Figure 2.3),
and show the following properties:

o CBS(K) is a lift of ¢S(k) ie., p(CES(k)) = ¢5(k) where p : Z[2mi] =%
Z — Z/m?Z (Corollary 6).

o (S gsatisfies double shuffle relations, duality relations, and reversal for-
mula (Theorems 8 and 10).

o (5 coincides with Bachmann-Takeyama-Tasaka’s é-value in [1, Defini-
tion 2.12] (see Remark 13).

The contents of this paper are as follows. In Section 2, we give a definition
of RSMZVs and show some basic facts. In Section 3, we formulate the double
shuffle relations, and prove the duality relation and the reversal formula. In
Section 4, we consider other variants of SMZVs and compare them to RSMZVs,
and give a proof of the double shuffle relations. In Section 5, we present some
complementary results.

2 ITERATED INTEGRAL EXPRESSION OF REFINED SYMMETRIC MULTIPLE
ZETA VALUES

2.1 ITERATED INTEGRAL SYMBOLS

Let us introduce some notions concerning (regularized) iterated integrals. Our
basic references are [2] and [3, Section 2|. We define a tangential base point v,
as a pair of a point p € C and a nonzero tangential vector v € T,,C = C. We
define a path from v, to wy on a subset M C C as a continuous piecewise
smooth map v : [0, 1] — C such that v(0) =p, v (0) = v, v(1) = ¢, ¥ (1) = —w
and y(t) € M for all 0 < t < 1. We denote by 71 (M, vp, wy) the set of homotopy
classes of paths from v, to w, on M. For tangential base points z,y, z and a
subset M C C, the composition map

m (M, x,y) x 11 (M,y,z) = 7 (M,x,2) 5 (71,7%2) = 7172

DOCUMENTA MATHEMATICA 25 (2020) 365-380



DOUBLE SHUFFLE RELATIONS FOR MZVSs 367

Figure 2.1: the path o Figure 2.2: the path dch Figure 2.3: the path g

and the inverse map

7T1(M,1',y) — ﬂ-l(Mayv'r) 5 7'_}/771

are naturally defined.

DEFINITION 1. Fix complex numbers a1, ..., a, € C and tangential base points
xz,y. For T' € m(C\ {a1,...,an},x,y), we define Ir(z;a1,...,a,;y) € C as
follows. For a representative v of I, define the function F : (0, %) — C by

n
F.(t) ::/
! t<ty <o <t <1— t]‘;‘[ *aJ

Then there exist complex numbers cg, ¢, ..., ¢, € C such that
n
Z cr(logt)® + O(tlog" ™' 1)
k=0

for t — 0. It is known that c¢o,..., ¢, do not depend on the choice of v (see
[2, Proposition 3.238]). We define Ir(z;a1,...,an;y) := co. (In this notation,
the information of tangential base points x, y is redundant, however, we do not
omit them to conform to the standard notations).

If p # a1 and q # a,, then this is just a usual iterated integral i.e.,

n
Iy (vps a1, .. an;wy) :/ H =~
0<ty <<t <1 57 aa

2.2  DEFINITION AND EXPLICIT EXPRESSION OF REFINED SYMMETRIC MUL-
TIPLE ZETA VALUES

We define two tangential basepoints 0’ and 1’ by
0'=1p, ' =(=1);.

Put M = C\{0,1}. Let dch € m1 (M, 0’,1") be (the homotopy class represented
by) the straight line from 0’ to 1/, o € w1 (M, 1’,1") the path from 1’ to 1’ which
circles 1 one times counterclockwise, and 8 = dch - - dch™' the path from 0’
to 0" which circles 1 one times counterclockwise (see Figure 2.1, 2.2 and 2.3).
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Note that
k1—1 kdfl
—— ——
(=1)4Cu(ky,. .. k) = Igen(0';1,0,...,0,...,1,0,...,0;1")
kqg—1 ki1—1
—— —
= (=1)krtthap,  1(1:0,...,0,1,...,0,...,0,1;0")
and o)
2mi)"
—i=q, =1
I,(1;a1,...,ap;1") = n! “ ) “
0 otherwise

for ay,...,a, € {0,1} (see [2, Theorem 3.251 and Examples 3.259]).

DEFINITION 2. Ford > O and k1, ..., kq € Z>1, we define the refined symmetric
multiple zeta value ¢(*%(ky, ..., kq) € C by

k1—1 kqg—1
—1)d —_—— —_——
(Rs(kl,...,kd)::( ),@(0';1,0,...,0,...,1,0,...,0,1;0').
211
For example, (75(3,2) = 5L1(051,0,0,1,0,1;0") and ¢%5(0)
35 15(051;0') = 1.

Remark 3. In [7, Definition A.1.2 (i)], Jarossay defined the exponential adjoint
cyclotomic multiple zeta values by

¢ AL (n7) g5 (&) as13 1)

= Z §7l(x — §z)*(@I_(%e%rel@KZ)[elOegdHegd_legd o 670“_1651].

§€un(C)
Here N,nq,...,nq are positive integers, [ is a nonnegative integer, un(C) is
the set of N-th roots of unity, &1,...,&4+1 are elements of uyn(C), Pkyz is the

noncommutative power series defined by

o0
(I)KZ = Z Z IdCh(ll;ala"'7a/k;Ol)ea1 T €ay

k=0ay,...,a,€{0}Upn (C)

and  (Dpe? ™1 Dyy)[ehee,, eq? Tee, .. g teg,] is the coefficient of
eloegd+legd_1egd...eglflegl in ®pre?™ 1Py, Let N = 1 and | = 0.
The author could not find the definition of (x +— &x). in [7], but
if we assume that (z +— &x), is the identity map for & = 1, then
CoPAd((n)a; (&)ag1; 1) = ¢PAY((n4) g5 (1)as13 0) is equal to

ng—1 ni—1

— ——

I5(0;1,0,...,0,...,1,0,...,0,1;0') = (=1)%2mi¢®¥(ng, . .., 1)

by the path composition formula.
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DOUBLE SHUFFLE RELATIONS FOR MZVSs 369

There are several ways to express RSMZVs by multiple zeta values. We give
one of such expressions obtained by a most naive way here (see Corollary 12
for other expressions).

PROPOSITION 4. We have

S (ky, .. ky)
(727-(-1')17*0 kb 1+"'+kd
= Y TG Rl R
0<a<b<d ’

kj=1 for all a<j<b

— —
Proof. Letn = k1+---+kq+1and (ay,...,a,) :=(1,0,...,0,...,1,0,...,0,1).

Then from the path composition formula, we have

I5(0%5aq,...,a,;0")
= Y Lw(0sar,. a5 1) 0(Via, - am; 1)

0<i<m<n
X Idchfl(l/; Am+41y .-+, An; 0/)
)™
= > ﬁldch(o/;alw--aal;l/)ldch1(1/;am+17'-'aan;0/)'
0<i<m<n ’

a;=1 for all I<j<m

Here, again from the path composition formula, we have

Z Idch(O’; Ai,...,0a]; 1/)Idch*1(1/; Am+1y-- -5 0n; 0’)

0<l=m<n

= Idch-dch*1 (O/; A1y ...,0n; 0/) =0.
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370 M. HIROSE

Thus

Ig(()';al,...,an;()')

2mg)mt
= Z %Idch(ol;ala'"aal;ll)ldch1(1/;a’m+1""’a’n;0/)
0<l<m<n '
aj=1 f_or<a117<jgm
(2mi)p+1 / I ,—La_l .
= Z mldch(o;1,0,...,0,---71,07---50;1)

0<a<b<d
k;j=1 for all a<j<b

kpt1—1 kqg—1
— —
 Lyy-1(130,...,0,1,...,0,...,01;0)
ori)b—at1 _
=y By (k)

b—a+1)!
0<a<b<d ( +1)
k;j=1 for all a<j<b

X Cu.l(kda .. -7kb+1)

—9omi b—a
= (—1)%2mi 3 (2D gy kttba g (R
0<a<b<d (b—a+1)!
kj=1 for all a<j<b

X Cui(kd, -, kpy1)-
Thus the claim is proved. O
COROLLARY 5. We have (%%(ky, ..., kq) € Z[27i].
COROLLARY 6. (T%(ky,... kq) is a lift of (% (ky,... kq) i.c.,

d

¢ (ky, . ka) =) (DR TR (R K G (R ki)
i=0
(mod 27i Z[2mi]).
Remark 7. Corollary 6 can also be deduced from the expansion
. 2 n—2_,n
Brehe? ™ Dy = 1+ 2imbpher by + (2im) D Y (m)ni'elqmz
n>2 ’
given in [7, page26] since @i%el@Kz is the generating function of (3 (k) :=
¢ (0,0).

3 RELATIONS OF REFINED SYMMETRIC MULTIPLE ZETA VALUES

In this section, we state the double shuffle relations, the duality, and the reversal
formula for the refined symmetric multiple zeta values. For this purpose, we
first introduce some notations and algebraic setup.
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DOUBLE SHUFFLE RELATIONS FOR MZVSs 371

3.1 ALGEBRAIC SETTINGS

Let Q(eg,e1) be the free non-commutative ring generated by formal symbols
eo and e; over Q. Put

b := eoQ(eo, e1) ® e1Q(eo, e1) C Q(eq, e1),
b0 == e1Q ® e1Q(eo, e1)er.
For ki,...,kq € Z>1, define w(ky, ..., kq) € h° by
w(ky, ... kq) = (fl)delegl_lel . ~ele§d7161.

Note that w() = e; where @ = () is an empty index, and that the elements
w(ky, ..., kq) with d > 0 and ki, ..., kq € Z>1 form a basis of h°. We define a
linear map Z%% : h — C by

1

—,Ig(()';al, ooy a0,

ZRS(eal N .eak> = 27‘-@

From the definition, Z%5 (w(ky, ..., kq)) = (®%(ky, ..., kq).

3.2 DOUBLE SHUFFLE RELATIONS

We define the shuffle product W : Q{eg,e1) x Q{eg,e1) — Q(ep,e1) by the
recursion
w1l =1Wu=u,

equ W epu’ = eq(u W epu’) + ep(equ '),
where a,b € {0,1} and u,u’ € Q(ep,e1), and define the harmonic product
*: 0 x hO — b by
€1 % U =1ux*e =u,
wky, ... ko) *w(ly, ... lp) = —erel ™ (w(ky, ... ko) xw(ly, ..., 1))
—ereld T (w(ky, . ka) xw(lay . 1))
+erep ™ (w(kay . ka) *w(la, .. 1))
For example, w(k) x w(l) = w(k,l) + w(l, k) + w(k +1).
THEOREM 8 (Double shuffle relations for RSMZVs). We have
o ZES(uwv) =2miZ7%(u) 273 (v) for u,v € b,
o 78S (uxv) = Z89u) 2R3 (v) for u,v € h°.
The first formula is an immediate consequence of the iterated integral expres-

sion of RSMZVs, but the second one is not obvious from the definition. We
give a proof of Theorem 8 in Section 4.2 in a more general setting.

Remark 9. In [7, page27|, Jarossay also mentioned about the fact that the
first formula of the theorem above is an immediate consequence of the iterated
integral expression for RSMZVs.
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3.3 DUALITY AND REVERSAL FORMULA
We define an automorphism ¢ and anti-automorphism 7 of Q{eg, e1) by
pleo) = eo — e1, p(e1) = —ex,
T(eg) = —eg, T(e1) = —eq.
THEOREM 10. We have
o ZF5(p(w)) = —ZBS(w) for w e b°,
o ZBS(r(w)) = —ZRS(w) for w € b.

Proof. The first formula follows from the Mébius transformation ¢ — t_% The
second formula follows from the reversal formula of iterated integrals. O

4 RELATION TO OTHER VERSIONS OF SYMMETRIC MULTIPLE ZETA VALUES

For n € Z, put 3, = dch-a”-dch™* € 7, (C\ {0,1},0’,0’). Define a linear map
L, :Q{ep,e1) — C by

Ly(€q, - €qp) =15, (0;a1,...,a;;0).
For w € Q (eg, e1), let L(w; T) € C[T] be the unique polynomial of T such that
L, (w) = L(w; 2min).

We see the existence of such a polynomial as in the proof of Proposition 4 by
using the path composition formula. From the definition, for w € h we have

1
ZB5(w) = Q_m'L(w; 27i).

We can consider many variants of lifts of symmetric multiple zeta values. In
this section, we express such variants by using L(w;T).
4.1 GENERATING FUNCTIONS

For an index k, we denote by (. (k;T) € R[T] (resp. (i(k;T) € R[T]) the
shuffle (resp. harmonic) regularized multiple zeta values with 7', which are
characterized by the shuffle (resp. harmonic) product identity and {,,(1;7) =
¢(1;T)=T. For d >0 and k1, ..., kq € Z>1, we put

¢k, ka; Ty, To)

d
= (=Rt (B ks TG (ks - K To),
=0
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DOUBLE SHUFFLE RELATIONS FOR MZVSs 373

(K1, ka; Tr, To)

d
= Z(il)kd+vvv+ki+1<* (kla ceey k’ba Tl)g* (kdv R ki+1; TQ)
i=0
Let R = Q((Xo, X1)). Put T1(t) = exp(Xpey &2 (—1)¥) € R[[t]]. Define an
anti-automorphism € : R — R by €(X,) = fX Put

Z Z Idch(()/;al;---;ak;ll)Xm "'Xak exp(_TXl)
k=0ay,...,ap€{0,1}

®,(T) := O, (T)T1 (—X1) 7t
D5 (T1, Tp) := @, (T1) X16(P o,y (T2))
O3 (T1,T) := @, (T1) X16(P, (T3))
RS =N" N Z%%(eq, -+ €ay) Xay - Xay

k=1lay,...,ar€{0,1}

)= > L(ea, - €ay; T)Xay - Xay.

k=0ay,...,ap€{0,1}

We denote by coeff(f, X4, -+ Xq,) the coefficient of X, ---X,, in f. The
following formulas are essentially proved in [5, Proposition 10 and Theorem 1].

coeff(®,(T), Xy XF 1 Xy XFamhy = (—1)¢w (koo ks T)
coeff (. (T), X, X7t Xy XF ) = (=1) %, (ku,y .. ks T).

Thus from the definition, we have

coeff(®5,(Th, To), X X 71 Xu X§e 7 X)) = (= 1) (ks ks Th, T)
coeff(®F(Ty, To), X1 X 71 Xy XF 1 X)) = (=1)4¢E (R, . . . ks T1, T).

THEOREM 11. We have

d
% (T, Ty) = —0L(T) ,
N dr T=-T1+T>
OL(mi — T Ty) — ®L(—mi — T T:
<I>*S(T1,T2): (i 1+ T3) — (—mi 1+ 2)’
&L (27i) — dL oL (2mi) — 1
(I)RS — ( 7”) . (0) (: ( 7.”.) ), (41)
211 211
1 271
PR = — ®° (0, 7)dT
5 ), @01,

@RS = (I)f(fﬂa ﬂ)
2° 2
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Proof. Tt is enough to prove the first and second formulas since the third for-
mula is obvious from the definition and the fourth and fifth formulas are con-
sequences of first three formulas. From the path composition formula, we have

OL(T) = ®1,,(0) exp(T X1 )e(P,(0)). (4.2)

Thus the first and second formulas are proved as follows. For the first, we
compute

O5/(T1, T) =B, (T1) X16(Py, (T3))
=P,,,(0) exp(—T1X1)X1€(P,(0) exp(—T2X1))
=&, (0) exp((—T1 + T2) X1) X1e(®,(0))
= Lok (r)

dr T=—T1+T>

Here, we have used @,(T) = ®.,(0) exp(—TX;) for the second equality and
(4.2) for the last equality. For the second one, we compute similarly using (4.2)
and the classical formula for the gamma function as

Y (T1,Tz) = 0. (T1) X 16(D.(T2))
=, (0T (—X1) Lexp(—T1 X1) X,
x € (P (0)I1(—X1) " exp(—ToX1))
=0, (0)01 (=X 1) ' (X)X exp(— (T — T2) X1)e(®,(0))

= 20,0 2T e (13 + 1)) 0)
o (I)L(ﬂ"t' — T1 + TQ) — (I)L(—ﬂ"t' — T1 + TQ)

O

21

Comparing the coefficients of the identities in the theorem, we get the following
corollary.

COROLLARY 12. Fork = (k1,...,kq) € (Z>1)%, we have

T T) = L (k) T)

3

T=-T1+T>
L(wk);mi — Ty + T3) — L(w(k); —mi — 11 4+ T¢
¢k Ty, To) = wk) 1+ T2) 27m'( (k) 1 T2 (4.3)
RS 1 27 s
RS k) = S k_ﬂ ﬂ .

Remark 13. In [1], Bachmann, Takeyama and Tasaka introduced complex num-
bers £(k) as limits of certain finite multiple harmonic g-series. They also prove
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DOUBLE SHUFFLE RELATIONS FOR MZVSs 375

the equation

d . .
™ m
Elka, ... k) = Zo(fl)kd+"'+k“+lC*(k1, ooy ks *?)C*(kd, ooy kayt; 5)
T T
(: gf(klavkdaigag))

(see [1, Theorem 2.10, (2.18)]). Thus we have

Elkg,. .. k1) =CB(ky, ... ka)

from the last formula of Corollary 12.

4.2 PROOF OF THE DOUBLE SHUFFLE RELATIONS

PRroPOSITION 14. We have

o L(uwv;T) = L(u;T)L(v;T) for all u,v € Q (eq, e1),

2me

o Luxv;T) = 5= L(w; T)L(v; T) for all u,v € h° where we put L(u;T) :=
L(uw; T+ mi) — L(u; T — 7i).

Proof. The first formula follows from the shuffle product formula for iterated
integrals. Define the harmonic coproduct A : b — h ® h° by

d
A(w(kla e kd)) = w(klv RS kl) ® w(ki+17 RS kd)
i=0
Then (h°,*,A) is a commutative Hopf algebra (see [4, Theorem 3.1]). We
define f : O — R[T}, To] by f(u) = 5= L(u; T). Since f(w(k)) = ¢ (k; Ty, T5)

2me

by (4.3), f coincides with the composite map

60 2 10 @0 L2 RITY @ R[T,] <222 R[Ty, 1)

where g, h are defined by

g(’LU(kl, R kd)) = C*(kla v 7kd;T1)a
h(w(ky, ... kq)) = (=1)*T TR (kqg, ... ky; To).

Since (h°, %, A) is a Hopf algebra and g, h are ring homomorphisms from (h°, )
to R[T1] or R[T3], we have

fluxv) = f(u)f(v),
which is equivalent to the second formula of the proposition. o

Proof of Theorem 8. By putting T' = 27 in the first formula of Proposition 14,
we obtain the first formula of Theorem 8. By putting 7' = m¢ in the second
formula of Proposition 14, we obtain the second formula of Theorem 8. O
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Remark 15. It is also possible to prove the second formula of Theorem 8 by
the identity &(kq,...,k1) = (®5(ki,...,kq) and the harmonic product for-
mula of the cyclotomic analogue of finite multiple zeta values ([1, (3.4)]) since
2 (k; €2™/™) in their paper satisfy lim,, oo (1 — e?™/™)z, (k; €27/™) = 0.

5 COMPLEMENTARY RESULTS AND A CONJECTURE

5.1 THE SPACE GENERATED BY RSMZVs

For an index k = (k1,...,kq), we call k1 + - - - + k4 the weight of k. For k € Z,
we denote by Zj (resp. Z[*°) the subspace of C over Q generated by all MZVs
(resp. RSMZVs) of weight k indices, i.e., we put

2k = (Cuk,. .. ka) [ d € Lo, ks ka € L1, b1+ +ka=k)q,
ZH5 = (P (ky, ... ka) | d € Zxo, K, ..., ka € L>1, k:1+---+kzd:k>Q.
PROPOSITION 16. For k € Z, we have
285 = 2, @ 2miZy_y.
We need some lemma to prove this proposition.

Proof. Since Z,fs C Zy @ 2miZy—1 from Proposition 4, it is enough to prove
that

Zp @ 2miZp_q C 215,
We prove the proposition by induction on k. The case k < 0 is trivial. Assume
that Z,isl = Zp_1927iZ_s. Let x be an element of Z;. From the theorem of
Yasuda ([10, Theorem 6.1]), there exists y € ZF¥ such that z —y € 2miZ,_1 @
(27i)2 Zk_2. Thus

xr — .
Y e Zp @ 2miZ_ s = 215,
2mi

From the special case of the shuffle product formula

ZRS(61 Wu) = QﬂiZRS(u) (u € ),

we have z —y € 2miZFS C ZF5. Thus z = (v — y) +y € ZF and the claim
is proved. O

It is conjectured by Zagier that
"
dimQ Zk = dk (51)
where (dj)j are integers defined by

0 k<0
dp, =<1 k=0
dip_o +dr_3 k>0.
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DOUBLE SHUFFLE RELATIONS FOR MZVs 377

Therefore, from Proposition 16, the conjectural dimension of Z,fs is given by
dimg Z5 < dj, + dy_1.

5.2 COMPARISON OF THE SHUFFLE RELATIONS OF RSMZVs AND KANEKO-

ZAGIER’S SHUFFLE RELATIONS FOR SMZVS

We define Z° : h° — Z/((2)2 by Z5(w(ky,... ka)) == (%(k1,...,ka). Put
Z5(u) = Z%(ue1) and @ = —ey7(u)e; " for u € Q@ e1Q (eg, e1). The following
relations of SMZVs were already known.

PROPOSITION 17 ([9],[11, Corollary 6.1.5]). Z%(u) * Z°(v) = Z%(u)Z%(v) for
u,v € b,

PROPOSITION 18 ([6],[9],[11, Theorem 6.3.4]). Z°(uwv) = Z°(ud) or equiva-
lently Z5((u wiv)e;) = Z5(uere(v)) for u,v € Q@ e1Q (eg, e1).

PROPOSITION 19 ([6, Corollaire 1.12]). Z%(¢(u)) = —Z°(u) for u € b°.
PROPOSITION 20 ([9],[11, Theorem 6.3.4]). Z%(e(u)) = —Z%(u) for u € h°.
On the other hand, we proved the following relations of RSMZVs in this paper.
(i) ZB9(u) x ZB3(v) = ZBS (u) ZR5 (v) for u,v € h° (Theorem 8).
(ii) ZB9(uwv) = 2miZB5(u) 275 (v) for u,v € h (Theorem 8).
(iii) Z%3(p(u)) = —ZBS(u) for u € h° (Theorem 10).
(iv) ZB5(e(u)) = —ZBS(u) for u € h (Theorem 10).

Now Propositions 17, 19 and 20 are immediate consequences of (i), (iii) and
(iv) respectively. However the relation of Proposition 18 and (ii) is not obvious.
The purpose of this section is to deduce Proposition 18 from (ii). First, we show
that Corollary 5 can be extended as follows.

LEMMA 21. For u € b, we have
ZBS () € Z[2mi).
Proof. The claim follows from the identity

exp(2miXy) — 1

RS = P, (0
LU( ) 271

e(q)l—l—'(o))a

which is a consequence of (4.1) and (4.2). O

LEMMA 22. We denote by hLub the subspace of b spanned by {uv | u,v € h}.
Then for all u,v € Q{eg,e1) and a € {0,1}, we have

(ullv)e, — ueqe(v) € hLub.
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Proof. 1t is enough to consider only the case where v is a monomial ep, - - - €5
Then we have

"t

(uWv)e, —ueqe(v) = — Z(u Ll €p, ) - €p,)eq Ll €e(ey, ---ep,) € huh. O
i=1

Proof of Proposition 18 using (ii). Let u,v € Q ® e1Q (eg,e1). From Lemma
22, we have
(u W v)er —uere(v) € hLuh.

Hence from (ii) and Lemma 21, we have
ZB5((u wv)e; — uere(v)) € 2miZ[2mi].
Therefore, from Corollary 6, we have
Z9((u W v)e; — uere(v)) = 0.

Thus Proposition 18 is proved. o

5.3 THE SIZE OF THE DOUBLE SHUFFLE RELATIONS OF RSMZVs

We define a grading b = &2 _, b by b = @al,...,ak+1e{0,1}Q€a1 ey, We
put hY := b N H°. From Theorem 8, we have

D(u,v,w) := u* (vWw) — v (u*w) € ker 27
for u,v,w € h°. For example
D(e?,e1,e1) = 2w(2) + w(l,1) € ker 275,

CONJECTURE 23. All Q-linear relations of RSMZVs are generated by
D(u,v,w), i.e., the space ker Z3 C b0 is linearly spanned by

{D(u,v,w) | u,v,w € f)o}.

If we assume Zagier’s conjecture (5.1), the above conjecture is equivalent to
the following conjecture.

CONJECTURE 24. For k > 1, we have

(u,0,w)€hg x by xhY

dimg <D(u, v, W)

a+b+c=k—1, > > ok—1 _ di — di_1.
Q
For u,v,w € h°, we put

D' (u,v,w) : = D(w,v,u) — D(u,v,w) + D(u,w,v)

=wx* (uWv) —wl (u*0v).
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For u € h%,v € h® and k > 1, we denote by Ej(u,v) (resp. Ej(v,w)) the
subspaces of h? spanned by {D(u,v,w) | w € h2_,_, 1} (vesp. {D'(u,v,w) |
w E f)g_a_b_l}). We verified Conjecture 24 up to k = 16 by numerical compu-
tation. More precisely, we checked that the dimension of the Q-linear subspace
spanned by

Er(e3,e1) U Ep(e2,e1e0e?) U Bl (e1,e1) U B (e3,e1) U Ep (€2, e3)

is greater than or equal to 2¥~! — dj, — dy_1 for each 1 < k < 16.
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