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ABSTRACT. To each symmetric algebra we associate a family of al-
gebras that we call quantum affine wreath algebras. These can be
viewed both as symmetric algebra deformations of affine Hecke alge-
bras of type A and as quantum deformations of affine wreath algebras.
We study the structure theory of these new algebras and their natural
cyclotomic quotients.
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1 INTRODUCTION

Affine Hecke algebras and their degenerate versions are fundamental in the
study of Lie algebras and quantum groups. Affine wreath algebras, whose sys-
tematic study was undertaken in [Sav], provide a unifying and generalizing
framework for various modified versions of degenerate affine Hecke algebras (of
type A) appearing in the literature.! (Certain cases of these algebras were also
considered in [KM19].) Affine wreath algebras also occur naturally as endo-
morphism algebras in the Frobenius Heisenberg categories of [Sav18, RS17]. It
is natural to ask if such a general approach exists in the quantum (i.e. non-
degenerate) setting. The purpose of the current paper is to answer this question
in the affirmative.

Fix a commutative ground ring k and z € k. To any symmetric superalgebra A,
we associate a quantum wreath algebra H, (A, z). The superalgebra H, (A, z)
can be viewed as a z-deformation of the wreath algebra A®™ x S,,, in the sense
that H, (A,0) = A®" x S,,. Simultaneously, H,,(4,z) can be thought of as an

IThe terminology affine wreath product algebras was used in [Sav]. We drop the word
“product” in the current paper for simplicity.
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426 D. R0sso, A. SAVAGE

A-deformation of the Iwahori—Hecke algebra of type A. In particular, taking
A=k =C[q,qg ] and 2 = ¢g—q ! recovers the Iwahori-Hecke algebra. We then
define an affine version, the quantum affine wreath algebra H(A, z). Again,
this superalgebra can be viewed simultaneously as a z-deformation of the affine
wreath algebras of [Sav] and as an A-deformation of the affine Hecke algebra
of type A.

The quantum affine wreath algebras defined in the current paper unify and
generalize existing analogs of affine Hecke algebras. In particular, we have the
following:

(a) When A = C, the affine wreath algebra is the degenerate affine Hecke
algebra of type A. As noted above, when A = Clg,q"!] and 2 = ¢ — ¢!,
the quantum affine wreath algebra is the affine Hecke algebra of type A.

(b) When A is the group algebra of a finite group G, the affine wreath algebra
is the wreath Hecke algebra of Wan and Wang [WWO08]. When G is a
finite cyclic group, the quantum (affine) wreath algebra is the (affine)
Yokonuma-Hecke algebra. (See Examples 2.4 and 2.7 for details.) For
more general groups, the quantum affine wreath algebra seems to be new.

(c) When A is a certain skew-zigzag algebra (see [HK01, §3] and [Coul®6, §5]),
the corresponding affine wreath algebras appear in the endomorphism
algebras of the categories constructed in [CL12] to study Heisenberg cat-
egorification and the geometry of Hilbert schemes. They were then also
considered in [KM19], where they were related to imaginary strata for
quiver Hecke algebras (also known as KLR algebras). For this choice of
A, the quantum affine wreath algebras of the current paper yield natural
z-deformations of these affine zigzag algebras. These deformations seem
to be new.

Despite their high level of generality, one can deduce a great deal of the struc-
ture of quantum affine wreath algebras. Specializing the symmetric superalge-
bra A then recovers known results in some cases and new results in others. In
addition, just as the affine wreath algebras appear as endomorphism algebras
in the Frobenius Heisenberg categories of [Sav18, RS17], the quantum affine
wreath algebras defined in the current paper appear as endomorphism algebras
in the quantum Frobenius Heisenberg categories of [BSW]. In fact, this is one
of the main motivations of the current paper. The quantum Frobenius Heisen-
berg category acts on categories of modules for the quantum cyclotomic wreath
algebras introduced here. This action generalizes the action of the quantum
Heisenberg category of [BSW18] (see also [L.S13]) on categories of modules for
cyclotomic Hecke algebras.

We now give an overview of the main results of the current paper. We define
the quantum (affine) wreath algebras in Section 2 and discuss some natural
symmetries. In Section 3 we examine the structure theory of these algebras.
We first introduce natural Demazure operators which are useful in computa-
tions. We then describe an explicit basis of H2(A,z) in Theorem 3.10, and
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the center of H*(A,2) in Theorem 3.16. Finally, we define natural Jucys—
Murphy elements in Section 3.4 and give a Mackey Theorem for H2%(A4, 2) in
Theorem 3.20. In Section 4 we turn our attention to cyclotomic quotients. We
define the quantum cyclotomic wreath algebra HJ (A, z) associated to a monic
polynomial f with coefficients in the even part of the center Z(A) of A. These
quotients are analogues of cyclotomic Hecke algebras. We prove a basis the-
orem (Theorem 4.10) for these quotients and a cyclotomic Mackey Theorem
(Theorem 4.14). Finally, we prove that the quantum cyclotomic wreath alge-
bras are symmetric algebras and that H,{ 4+1(A, 2) is a Frobenius extension of
HI(A,2).

We expect that most of the results of the current paper can be generalized
to the setting where A is a Frobenius superalgebra, instead of a symmetric
superalgebra (see Remark 2.8). This more general setting was treated in the
degenerate case in [Sav] since the choice of A to be the Clifford superalgebra,
which is not symmetric in the super sense, yielded the affine Sergeev algebra
(also called the degenerate affine Hecke—Clifford superalgebra). However, in the
quantum setting of the current paper we choose to focus on the case where A
is symmetric for simplicity. In fact, the Clifford case is more naturally treated
by considering an odd affinization of the quantum wreath algebra. This will
be explored in future work.

HIDDEN DETAILS

For the interested reader, the tex file of the arXiv version of this paper includes
hidden details of some straightforward computations and arguments that are
omitted in the pdf file. These details can be displayed by switching the details
toggle to true in the tex file and recompiling.
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2 DEFINITIONS

In this section we introduce our main objects of study. Throughout the docu-
ment, we fix a commutative ground ring k of characteristic not equal to two.
(This assumption on the characteristic is not needed if one works in the non-
super setting.) We also fix an element z € k. All tensor products and algebras
are over k unless otherwise specified. In addition, all algebras and modules are
associative superalgebras and supermodules. We drop the prefix “super” for
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simplicity. For a homogeneous element a, we use the notation a to denote its
parity. We use N to denote the set of nonnegative integers.

2.1 QUANTUM WREATH ALGEBRAS

Fix a symmetric algebra A with parity-preserving linear supersymmetric trace
map tr: A — k. (Here we consider k to live in parity zero.) In other words,
the map

A — Homg (A, k), a+— (b > tr(ab)),

is a parity-preserving isomorphism of k-modules and, for homogeneous elements
a7 b,

tr(ab) = (—1)®tr(ba), a,b € A.
We will assume that A is free as a k-module. So we have a basis B with dual
basis {b" : b € B} defined by
tr(a¥b) = 845, a,b€ B.

It follows from the supersymmetry of the trace that

(Y)Y = (-1)’b, beB. (2.1)
Fix n € Zsg. For a € A and 1 <i < n, we define
a; = 12070 @ g @ 180 ¢ g®n,

DEFINITION 2.1 (Quantum wreath algebra). For n € N, n > 2, we define the
quantum wreath algebra (or Frobenius Hecke algebra) Hy (A, z) to be the free
product

AP (T i1 <i<n—1),

(here the angled brackets mean the free associative algebra on the given gen-
erators) modulo the relations

T,T; = T,T;, 1<ij<n—1,|i—j|>1, (2.2)
T T =Ty TiT 4, 1<i<n-2, (2.3)
T? = 2t ;1T + 1, 1<i<n-1, (2.4)

Ta = s;(a)T; acA®" 1<i<n-—1, (2.5)

where
tijo=y bib), 1<ij<n-1,
beB
and s;(a) denotes the action of the simple transposition s; on a by superper-
mutation of the factors. It is straightforward to verify that ¢; ; does not depend
on the choice of basis B. We adopt the conventions that H;(A,z) := A and
HQ (A, Z) = k.
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For w € S,,, we define
Tw - TilEQ o lev
where w = $;,8;, - - - 8i,, i a reduced decomposition. Since the generators T;

satisfy the braid relations (2.2) and (2.3), this definition is independent of the
choice of reduced decomposition.

REMARK 2.2. In the degenerate case, it was shown in [Sav, Lem. 3.2] that affine
wreath algebras depend, up to isomorphism, only on the underlying algebra A,
and not on the trace map. However, in the quantum setting of the current
paper, there do not seem to be obvious isomorphisms between quantum affine
wreath algebras corresponding to the same algebra, but with different trace
maps.

EXAMPLE 2.3 (Iwahori-Hecke algebras). If A =k = C[g,¢" '] and 2 = ¢—q~ 1,
then H, (A, z) is the Iwahori-Hecke algebra of type A,,_.

EXAMPLE 2.4 (Yokonuma-Hecke algebras). Let Cy be a cyclic group of order
d. Ifk = Clg,q7 Y], 2 = (¢ — ¢ 1) /d, and A = kCy, with trace map given
by projection onto the identity element of the group, then H,(kCy,z) is the
Yokonuma-Hecke algebra (see [CPd14, §2.1]).
It follows from (2.1) that

ti,j :tj,i, 1 SZ,] <n.
Then, by (2.5), we have

Titjr = ts,_-(j),si(k)Ti 1<i<n—-1,1<j5k<n.

In particular,

Titiir1 =tii i, 1<i<n-—1

It then follows from (2.4) that the T; are invertible and we have a Frobenius
skein relation:

T,—T7 ' =z2tip1, 1<i<n-—1. (2.6)

We also have
atj, =t;rs;k(@), a€A® 1<ijk<n, (2.7)
where s;;, is the transposition of j and k. For this reason, we call the ¢; ;
teleporters. (In the string diagram formalism for monoidal categories, (2.7)

corresponds to tokens teleporting between strands. See [Sav18, §2.1].)
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2.2 QUANTUM AFFINE WREATH ALGEBRAS

DEFINITION 2.5 (Quantum affine wreath algebra). For n € N, n > 1, we define
the quantum affine wreath algebra (or affine Frobenius Hecke algebra) H2%(A, 2)
to be the free product of algebras

k[XEL . X« Hy(A, 2),

modulo the relations

T.X; = X;T;, 1<i<n—-1,1<j<n, j#ii+1, (2.8)
X,a=aX;, 1<i<n, ac A®", (2.10)

We define H2 (A, z) to be the subalgebra of H3(A, z) generated by H, (A, z)
together with k[Xy,...,X,] (no inverses). We adopt the convention that
H¥ (A 2) = H&fﬁ_(A, z) =k

EXAMPLE 2.6 (Affine Hecke algebras). If A =k = C[q,¢ ] and 2z = ¢ — ¢~ 1,
then H2T(A, 2) is the affine Hecke algebra of type A, _i.

EXAMPLE 2.7 (Affine Yokonuma-Hecke algebras). In the setting of Exam-
ple 2.4, H(kCy, 2) is the affine Yokonuma-Hecke algebra (see [CPd14, §3.1]).

REMARK 2.8. One can work in the more general setting where A is a Frobenius
algebra. In general, there exists a Nakayama automorphism v¢: A — A such
that tr(ab) = (—1)®tr(b(a)) for all a,b € A. Then we modify the relation
(2.10) to be aX; = X;4;(a), where ¥; = 12071 ® 1) @ 129 In the current
paper we focus on the symmetric case, where ¢ = 1, for simplicity. However,
it is this more general setting that motivates our use of the word “Frobenius”
in some of our terminology.

2.3 SYMMETRIES

It is straightforward to verify that we have an algebra automorphism of
H¥(A, 2) given by

Xt e Xoh L e annsi, Ty T2 = —Tasj + 2tajn-jia,
(2.11)
forall1<i<n,1<j<n-—1,ac€A.
Any algebra automorphism £: A — A preserving the trace (i.e. tr o & = tr)
induces an algebra automorphism of Hf(A, z) given by
X e XL am ), T e Ty, (2.12)
forall1<i<n,1<j<n-—1ac A®",
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LEMMA 2.9. Suppose that T: A — A°P is an isomorphism of symmetric algebras
(i.e. an algebra isomorphism preserving the trace map). Then the map

7oHM(A 2) - HM(A,2)°P, XE' e XE am m®(a), T Ty,
forall1<i<n,1<j<n-—1,a€c A®" is an isomorphism of algebras.

Proof. Tt is straightforward to verify that T preserves the defining relations
of H¥ (A, z), once it is noted that 7(t;;11) = t;i+1 (see the proof of [Sav,
Lem. 3.9]). So 7 is indeed a homomorphism of algebras. That 7 is an isomor-
phism follows from the fact that it has inverse 1. O

Recall that the center of A is

Z(A) = {a €A:ab= (fl)agba for all b € A} .

LEMMA 2.10. Let a € Z(A) be invertible and even. Then there exists a unique
algebra automorphism C,: H2 (A, z) — H(A, 2) given by

a—a, T;—T, X;—a;X; X]leaj*lXj*l,
forac A®" 1<i<n—-1,1<j<n.

Proof. 1t is straightforward to verify that (, preserves the defining relations of
H(A,2).  Then, since ¢, is invertible with inverse (,-1, it is an automor-
phism. O

3 STRUCTURE THEORY

In this section we examine the structure theory of quantum affine wreath al-
gebras. In particular, we describe a basis, the center, Jucys—Murphy elements,
and a Mackey Theorem.

3.1 DEMAZURE OPERATORS

Let
P, =KkXF .. XE and P,(A)=A®"®P,. (3.1)

(tensor product of algebras). We will use the notation f, g to denote elements
of P,(A) and the notation p, ¢ to denote elements of P,,. By abuse of notation,
for f € P,(A) we will also denote by f its image under the natural homo-
morphism P,(A) — H (A, z). In fact, it will follow from Theorem 3.10 that
this homomorphism is injective, allowing us to view P,(A) as a subalgebra of
HY (A, 2).

We consider two different actions of S,, on P,(A4). For w € S,, and f € P,,(A),
we let w(f) denote the action by permuting the X; and superpermuting the
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factors of A®™, i.e. the diagonal action on A®™ ® P,. On the other hand, we
let * f denote the action given by

Y(a®p) =a®w(p).

So this action permutes the X;, but is A®"-linear. Of course w(p) = “p for
p € P,.
For 1 <i <n —1, we have the Demazure operators
Av: Pu(A) = Pa(A), Ai(f)= =T (3.2)
1- X, X4

It is straightforward to verify that

Ai(fg) =ADi(f)g+* fAilg), f.g € Pu(A). (3.3)
In particular,

Ai(fg) = fAilg) if *f=. (3.4)

LEMMA 3.1. For f € P,(A) and 1 <i,57 <n—1, |i—j| > 1, we have
UAf) = X XAAS), D) = =Ai(f), A f) =Y Ai(f), (3.5)
si(Ai(f) = =XiX; Z A (si(),  si(A5() = As(si(f),  (3.6)
A2 = A, (3.7)
AA; = AGA;, (3.8)
AN 1A = A1 AA Ly for1 <i<n-—2. (3.9)

Proof. The relations (3.5) follow from straightforward computations. To see
the first equation in (3.6), for a € A®™, p € P,, we compute

si(Ai(ap)) = s:(@) () " XX si@)Ap) L — XX si(a)A (%)

K2

1 si(ap) — si(a)p 1
= 7X1Xz 11 — = 7X1Xz 1Ai (sz(ap))
+ 1— XiXi+11 +

The second equation in (3.6) is straightforward. To see (3.7), we compute

Ai(f) =1 A(f) (3.5) Ai(f) - XiXi:rllAi(f)

11— X, X} 1— X, X4

A¥(f) = = Ai(f)-

For (3.8), we compute

A (f) =0 (f) 3.5 A(f) = A0 f) ¢

3.4)
— ~ =" AjA(S).
1—- XX 1— XX,

AiAj(f) -

Finally, to see (3.9), we compute

f=2f
A A1 A(f) = AiAia <m)ﬁ+1)
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N ( S
"\ (X1 — X)) (X2 — Xiq1)
5i+1f _ 5i+13if

Xit1Xiyo —

X? )
(Xito — Xi)(Xiga — Xip1)” 2
f="5f
= Xit1X;
((Xi+1 — X)) (Xipo — Xipq) TR
Si+1f75i+15if 9 fﬁSif

X, — X;:X;
(Xit2 — Xi)(Xip2 = Xir1) 72 (X1 — Xi) (X2 — Xi1) i

" S f — mssf 2 > Xit1
(Xig2 — Xi)(Xig2 — Xip1) ) Xiv1 — X,
(f = S f — Sob1 f 4 Sevis fy sisipn f_ sisisasi p)
Xi+1Xi2+2
(X1 — X)) (X2 — Xi1) (X2 — X;)

A similar computation for A;11A;A;11(f) yields the same final expression.
O

REMARK 3.2. The relations (3.7) to (3.9) imply that the A; define an action of
the 0-Hecke algebra on P, (A). Demazure operators first appeared in [Dem74].
Over the ring of integers, (3.7) to (3.9) are proved in [Dem?74, Th. 2(a)] and
[Dem74, (18)].

LEMMA 3.3. For all f € P,(A) and 1 <i<n—1, we have
Tif = si(f)Ti + 2tiiv18:(f)- (3.10)
Proof. Tt is straightforward to verify by direct computation that (3.10) holds

for f = X;El, 1 < 7 < n. For example,

K 4 (26
X, = Xia Tt = i1 (T — 2tiiv1)

=X T — 2t i1 Xip1 = Xip1 Ti + 28,101 04(X5).
Then, supposing the result holds for p,q € P,,, we have
Ti(pq) = si(p)Tiq + ztii+10:i(p)g
(2.7) (3.3)

=" 5i(pq)Ti+ztiiv15:(p)Ai(q) +2tiit1Ai(p)g =" si(pq)Ti+2ti iy12:(pq)-

Since both sides of (3.10) are k-linear in f and the X]il generate P, as a k-
algebra, the result holds for all p € P,. Now, for a € A" and p € B,, we
have

2.7
Tiap = si(a)Tip = si(a) (s:(p)T; + 2tiit10:(p)) = si(ap)T; + zt; ;410 (ap).

This completes the proof. o
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LEMMA 3.4. Suppose f € P,(A) and w € S,. In H(A, 2), we have

Twf=w()Tw+ Y fuTw  [Tw=Tow '(f)+ Y Tuf,,  (3.11)

u<w u<w
for some fy, fl € P,(A). Here < denotes the strong Bruhat order on S,.
Proof. This follows from (3.10) by induction on the length of w. O

LEMMA 3.5. For k., L € Z, £ > 0, we have

-1
A (XFXERD) = xR = A (XFTXE) (3.12)
r=0

Proof. We have

A, (xExEe) O xhxk A (XE )

i+1
-1
Xt —X¢
_ k+1“Yi41 [ k+r vk+0—r
= XPXF L = N XX
X - X; &

The second equation in (3.12) then follows from the second equation in (3.5).
O

COROLLARY 3.6. For 1 < i < n — 1, we have A;(k[X1,...,X,]) C

k[X1,..., X,

Proof. This follows from (3.12) and the fact that A; is linear in the Xj;, j #

i,i+ 1, by (3.4). O

3.2 BAsis THEOREM

Our next goal is to give explicit bases for the quantum affine wreath algebra
H2 (A, 2). We do this by constructing a natural faithful representation.

LEMMA 3.7. For1<i<n—1and{ >0,

TiXIT, = Xty — 2ti i ZXkaHkT (3.13)

Proof. For 1 <i<n—1 and ¢ > 0, we have

3. 10
nxtr 2 (XfHT' —|—zti i (X)) T
—1
CL X T2 ot ZX X ) X — 2t Y XEXSIT. O
k=1
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PROPOSITION 3.8. Let H be the free k-module with basis {Ty, : w € S}, and
V = P,(A)®H a tensor product of k-modules. Then'V is an H(A, 2)-module,
with the action given by f-(g® Ty) = fg® Ty and

_silf) @ Tspw + 2tii1Ai(f) @ Toy if L(siw) > L(w),
i) @ T + 2ti,in X A (Xisa f) @ T if U(sw) < L(w),

for f,g € P,(A), w € S,,. Here { is the length function on S,.

Proof. We need to check that the action satisfies the defining relations of
H¥(A,z). Throughout this proof, a € A®", f.g € P,(A), w € S,,
1<i<n-—1,and 1 <j <n. The relation (2.10) is clearly satisfied.

Relation (2.5): We have
Ti-(a-(feTy) =T (af ®Ty)
:{&@ﬁ®7;w+AMHAAWj®EU if £(s;w) > O(w

~

Y

sl(af) (24 Tsiw + zti7i+1X;_11Ai(Xi+1af) ® Thw if g(SZ’LU) < E(w

~—

D si(a) - (Th - (f © Tw)).

Relation (2.8): If j # 4,4+ 1, then

T (X (f @ Tw) =Ti - (X;f ®Tw)

. SZ(XJf) [ Tsiw + Zti7i+1Ai(Xjf) & Tw if E(szw) > E(w
SZ(XJf) [ Tsiw + Zti7i+1Xi:_11Ai(Xi+1Xjf) ® Tw lf E(szw) < E(w

NN

DX, (T (f o T)).

Relation (2.9): First suppose that £(s;w) > ¢(w). Then

Ti-(Xi (f@Ty) =T - (Xif @ Ty)
= 5i(Xif) @ Ty + 2ti i 104(Xi f) @ Ty

(29 Xit18i(f) ® Ts;w + 2tiiv1 (Ai(Xi)f + X¢+1Az‘(f)) ® Ty

= Xit15:(f) @ T, + 2ti i1 Xiv1 (= f + Ai(f)) @ T
= Xip1- (T — 2tiivr) - (f @ Tw))
L X (17 (F O T)).
On the other hand, if £(s;w) < ¢(w), then

T;- (Xi : (f®Tw)) =T (Xzf ®Tw)
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= Sz(Xzf) ® Ts.;w + Zti7i+1X;i_11Ai(Xi+1Xif) ® T,

3.4
(:)Xl—i-lsz f ® Tsiw + Zti,i-i—lXiAi(f) ® Tw
(3.3)

(f)
— XH-lsz(f) ® Tslw + Ztl 1+1( i(XH'lf) a XH_lf) ® T
=Xip1- (T — 2tiiv) - (f © Tw))

(QiG)XiJrl (T (f@Ty)).

Relation (2.4): First suppose £(s;w) > £(w), so that £(s;(s,w)) = l(w) <
£(s;w). Then, using the fact that s;(t;i+1) = t;i+1, we have
T (Ti- (f © Tw))
=T, (5:(f) ® Ts,w + 2ti,ip18:(f) @ Tyy)
= f@Ty+ Zti,i-i-thLlA ( i+15i (f)) ® Ts;w
+ 2tii115i (A (f)) © Topw + 27171 1 AT (f) @ T
3
2 p@ Ty + 2tian (s1(0) + XiXZhA(si(£) ) @ Tavw

+ 2ti418i (Ai(f) ® T + Z2t$z+1A12(f) ® Ty
(3.6)

(?;)f@)T + 2t i+18i (f)®Tsw+Z tzerlA (f)®Tw

=1+ z2ti i1 i) - (f @ Tw).
The case ¢(s;w) < £(w) is similar.

Relation (2.2): Let |i — j| > 1, so that s;s; = s;s;. In order to handle several

cases simultaneously, we use ¢ and 7 to denote elements of {0, 1} here. Using
(3.4) and (3.6), we have

T; - (T, - (f @ Tw))

=1;- ( i(f) ® Ts; + 215, J-i-ngJrlA ( ]+1f) ® Ty )

= (5i85)(f) @ Ts;s,w + 2ti i1 X1 A ( z+15j(f)) & T
+ 2t 54185 (Xg+1A (X +1f)) ® Tsw
+ 22 i1t X A X7 X750(X5,)) © Ty

= (8581)(f) ® Ts;50w + 2tii18; (Xz+1A (X +1f))

+ th,jJrlXJ.HA ( J+151(f)) ® Ts,w
+ ZQti,i+1tj7j+1Xj+1A (X;+1X1+T1A ( z+1)) ® Ty

=T (T - (f @ Tw)).

SJ’LU

Relation (2.3): Verifying (2.3) is the most involved, and it occupies the re-
mainder of the proof. We first show that for 1 <i<n—-2and 1 <j <n we
have

(LT Ty — Tip1 TiTi1) Xy = X, o () (TiTid Ty — Tid Ti i) (3.14)
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as operators on V. Clearly (3.14) holds for j # i,i4 1,7+ 2 because (2.8) holds
for the operators T; and X; on V, which we have already checked. Notice also
that (3.10) holds in End(V') since the proof of that relation depends only on
(2.4), (2.8), and (2.9), which we have already verified.
For j =i, as operators in End(V') we have
T T X =TT X1 (T — 2tii41)
=T Xit2(Tix1 — ztit1,i+2)(Ti — 2tiit1)
= XioTi(T1Ti — 2tiv1ivoTs — 2Ti1ti vt + 221 ivotiivt)
= Xio(TTig1Ti — 2Titiv1,iv0Ty — 2TiTigatiivr + 22 Titivivotiivn)
(2.5)
= Xigo(TiTi1Ti — 2t i02TF — 2tivniv2TiTigr + 2%t iati i1 Th)
(2.4)
= Xito(TiTia Ty — 2tiivo — 2tiv1i+2TiTit1)
and
T T X = T T X T
=T 1 X1 (T — 2ztii+1) Tia
= Xivo(Tix1 — ztiy1.iv2)(TiTiv1 — 2tiip1Tiv1)
_ Xit2(Tit1TiTig1 — 2Tivatiiv1Tiv1 — 2tip1 iv2TiTiga
+ 2%t rirotiiviTir)
=" Xipo(Tiia TiTir — 2tiipoTiy — 2tivivoTiTin + 22t ivotiiv1 Tin)
= Xipo(Ti1 TiTis1 — 2%t iaotivrivoTiv1 — 2tiive
— 2tiv1ivoTiTigr + 2%tiv1ivotiica Tiv1)
(2.7)
= Xipo(Ti1TiTip1 — 2tijiva — 2tig1iv2TiTign).

So (3.14) holds for j = 4. The cases j =i+ 1,7+ 2 are similar. Notice that
(3.14) also implies

X o) OTin T = T TiTi) = (LT T — T TiTi) X5 (3.15)
Then (2.5), (3.14), and (3.15) imply that, as operators on V,

(LT Ti—Ti 1 TiTit1) f = siyiv2 () (LT Ti—Ti41TiTi41) for all f € P,(A).
Thus, for all f € P,(A) and w € S,,, we have

(T Ti—Ti 1 TiTi)-(fTy) = Si,z‘+2(f)'((Tz‘TiHTi*TiHTiTiH)'(1®Tw))-
Hence, to prove (2.3), it suffices to prove that

(TlTl-‘rlE) . (1 (9 Tw) = (Ti+1TiTi+1) . (1 X Tw) for w € S,,. (316)
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For the remainder of the proof, to simplify the notation, we write T,, for
1 ® T, and we omit - from the notation for the action. We also adopt the
convention that operators are applied in order from right to left. For example,
Ty T 1 TTy = Ti(Togr (TT)).

It follows immediately from the definition of the action that we have

TS"UJ if £(s; 14 ’
TiT, =4 if £(sjw) > bw) (3.17)
TS]"UJ + th,jJrlTw if E(SJ’LU) < E(’LU)

We split the proof of (3.16) into the following cases:

(a) £(sisiprsiw) = l(w) + 3,
(b) L(sisiv1siw) = L(w) +1,
(c) Lsisitisiw) = L(w) — 1,
(d) Lsisisrsiw) = £w) — 3.

In case (a), we have

Lw) < (siw) < £(8i118;w) < £(s;8;418;w) and

E(’LU) < K(SiJrl’LU) < K(SiSiJrl’w) < 6(5i+15i5i+1w).
Thus

EE+1ET’LU = Tsisi+lsiw = TS,;+15,;S,;+1’LU = E+1EE+1T’LU'

In case (b), we have, without loss of generality,

L(w) > L(siw) < l(siy18iw) < (s;8;418iw) and

E(’LU) < E(SiJrl’LU) < K(SiSiJrl’w) > 6(5i+15i5i+1w).

(The other possibility is obtained by interchanging ¢ and i + 1.) Then we have
a reduced word w = s;v and so

TTa Ty = T T, 2 2Tty 1 TTy + Ty T,

(2.7)
= Zti+1,i+2TSiSi+15i’U + TSiSi+17j
and
TlJrlTlEJrlT’u} = i+1TSiSi+1Si’U = Ti+1TSi+1SiSi+1’U
(2.4)

- i+171i+1Tsisi+1'u - zti+1,i+2Tsi+1sisi+1v+Tsisi+1v-

So (3.16) holds.
In case (¢), we have, without loss of generality,

Lw) > L(siw) > £(8i118w) < £(s;8;418;w) and

DOCUMENTA MATHEMATICA 25 (2020) 425-456



QUANTUM AFFINE WREATH ALGEBRAS 439

E(’LU) < E(SiJrl’LU) < K(SiSiJrl’w) > 6(5i+15i5i+1w).

(The other possibility is obtained by interchanging ¢ and ¢ + 1.) Then we have
a reduced word w = s;s;41v and so

T TTy, =TT T T 0T,

(2.4

2 2Lt i1 T Ty + Ty Ty Ty

(2.7)

(2:4) 2tir1,i2TiTs, 1 sisi00 T 2T0ti1 2T 1 Ty + Ty

(2.7)
=" 2tip1,i 2 T 1 Ty + 2t 42T, 5, 00 + Tsi0
(2.4)
= ZQti+1,i+2ti,i+1Tsisi+1 S;v + Zti+1,i+2Tsi+1siU + zti,i-{-QTsisiJrl'u + Tsiv
and

EJrlEEJrlT’LU = i+1ETSi+ISiSi+1’L}

= i+1TiTSiSi+1Si’U
=TT TiT,

O Tty s T TTy + Ty Ton TGT,
25
§2:4; 2t 2 T T Tl Ty + 2tig1ip2Ts 50 + Too

(2.4)

2
=" 2% i12tit 1,042 s 15080000 T 2iit2Ts 5,000 + 2tin1,i02 s 1550 + Tsio
(2.7)

2
= Zz ti+1,i+2ti,i+1TSiSi+1Si’U + Zti+1,i+2TSi+1Si’U + Zti,i+2TSiSi+1’U + Tsiv-

So (3.16) holds.
The case (d) is similar and so will be omitted. O

REMARK 3.9. Notice that if p € k[Xi,...,X,], then X }A;(Xit1p) €
k[X1,...,X,] by (3.12). Then, also using Corollary 3.6, it is easy to see

that if we take Vi C V to be the space obtained by replacing P,(A) with

=

k[X1,...,X,] ® A in Proposition 3.8, then V, is invariant under the action of
H2E (A, 2).

THEOREM 3.10 (Basis Theorem for Hf(A, 2)). The map
V=P PA)@H— HNAz2), foT,— fTu,
is an isomorphism of H* (A, z)-modules.
Proof. Let D be a basis of P, (A), and let
B ={f®Ty,:feD, weS,} CV,
By ={fTy:feD, weS,} CH¥M(A,z).
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Then B; is a basis of V. It follows from Lemma 3.3 that By spans H2(A, 2).
Furthermore, we have that (f7Ty,) - (1 ® T1) = f ® T\, and so the elements
of By are linearly independent, hence a basis. Since V is a cyclic module
generated by 1®T,, there is an H2(A, z)-module homomorphism H2%(A4, z) —
V', determined by 1 — 1®7T,. This map sends fT,, € By to f®T,, € Bz, hence
it is an isomorphism because it gives a bijection of k-bases. O

For A= (A1,...,\n) € Z", we let X = X" --- X, Recall that B is a k-basis
for A.

COROLLARY 3.11. The sets
{aX*T, :a€ B®", A€ Z", weS,} and
{T,aX*:ae B®", \cZ", weS,}
are k-bases for H (A, z).

Proof. Tt follows immediately from Theorem 3.10 that the first set is a basis.
The fact that the second set is also a basis follows from (3.11) by induction on
the length of w. O

COROLLARY 3.12. The sets
{aX*T, :a€ B®", NeN", we S,} and
{T,aX*:ae B®", AeN", weS,}
are k-bases for Hgfﬂ_(A, z).
Proof. This uses the same reasoning as Corollary 3.11, due to Remark 3.9. O

REMARK 3.13. For the case of the affine Hecke algebras (see Example 2.6),
Corollary 3.11 recovers a result of Lusztig [Lus89, Prop. 3.7]. For affine
Yokonuma—Hecke algebras (see Example 2.7), it was proved in [CPd16, Th. 4.4].

3.3 DESCRIPTION OF THE CENTER

We now compute the center of quantum affine wreath algebras. By (2.10), we
have that P,(Z(A)) = Z(A)®" @ P, is a subalgebra of P,(A).

LEMMA 3.14. The centralizer of P, in H(A, 2) is equal to P,(A).

Proof. By (2.10), it is clear that elements of P,,(A) commute with elements of
Py Nowlet a =3 g fulw € H2(A, 2), where f,, € P,(A) for all w € S,,.

Let v € S,, be a maximal element in the strong Bruhat order such that f, # 0.
Suppose v # 1, and let 1 < i < n such that v(i) # i. Then, by (3.11) we have

Xia—aX; = (Xz - Xv(i))fvTv + Z guT,
uzv
for some g, € P,,(A). Thus, by Theorem 3.10, o does not centralize X;; hence
the result. O
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LEMMA 3.15. The centralizer of P, (A) in H (A, 2) is equal to P,(Z(A)).

Proof. The centralizer of P, (A) inside H*(A, 2) is contained in the centralizer
of P, which by Lemma 3.14 is equal to P,,(A). Hence the centralizer of P, (A)
is equal to the center Z(P,(A)). Using (2.10), we have

Z(Po(A)) = Z (A" @ P,) = Z(A®") ® Z(P,) = Z(A)®" @ P, = P,(Z(A)),
where we use the fact that Z(A®") = Z(A)®" since A is free over k. O

For any subset Y C P,,(A), we define
Y5 ={feY :w(f)=f forall we S,}.
THEOREM 3.16. We have Z(Hfff(A,z)) = P,(Z(A))5".

Proof. Suppose f € Z(H(A,z2)) C P,(Z(A)). For 1 < i < n—1, (3.11)
implies that
T;f = si(f)T; +g for some g € P,(A).

Then

F=TifT;7 " = (s:(/)Ti + 9)T; "

(2.6)
= si(f) +9(Ti — ztiiv1) = si(f) + 9Ti — zgtiiv1-

By Corollary 3.11, we have g = 0; hence f = s;(f). Since this is true for all
1 <i<n-—1,it follows that f € Pn(Z(A))Sn_
Now suppose f € P,(Z(A))*". Foreach 1 <i<n—1and ac Z(A)®", we

have
(2.7)
tiip1a=at;iv1 = tiir18:(a).

It follows that ¢;;+1% f = ¢;i+15:(f), and so
J=°f J = si(f)

ti 1A\ =t — =t —)
1,5+1 l(f) 1,541 1— XiXijrll 7,541 1— XiXijrll

Thus, by (3.10), we have T;f = fT; for all 1 < i < n — 1. Since f clearly
commutes with all elements of P, (A), we have f € Z(H2T(A, 2)). O

REMARK 3.17. For affine Hecke algebras (see Example 2.6), Theorem 3.16
recovers a well-known description of the center (see [Lus89, Prop. 3.11]). For
affine Yokonuma—Hecke algebras (see Example 2.7), it recovers [CW, Th. 2.7].

PROPOSITION 3.18. Suppose A’ is a mazimal commutative subalgebra of A.
Then P, (A" is a mazimal commutative subalgebra of H*(A, 2).
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Proof. Suppose a € H2(A,z) commutes with all elements of P,(A’). By
Lemma 3.14, we have a € P,(A). Thus oo = Y . axX?, for some ay € A%,
Then, for all b € (A")®" we have

ba = ab — Z ba), X* = Z a,bX*.
AEZ™ AEL™

Thus, by Corollary 3.11, bay = a,b for all A\. Since A’ is a maximal com-
mutative subalgebra of A, this implies that ay € (A4)®" for all \. Hence
a € P,(A"). O

3.4 JUuCYS—MURPHY ELEMENTS

Define the Jucys—Murphy elements in H,, (A, z) by

J1 =1, Ji=TiaJiaTiy =Tj—y - ToTETo - Ty, 2<i<n.
(3.18)
These elements generalize the well-known Jucys—Murphy elements in the
Iwahori—Hecke algebra, as well as the Jucys—Murphy elements of the
Yokonuma-Hecke algebra introduced in [CPd14, (2.14)].

PROPOSITION 3.19. There is a surjective algebra homomorphism H (A, z) —
H, (A, z) defined by

X — J;, ar— a, Ty—T, 1<i<n, acA® wes,.

Proof. We need to check that this maps preserves the relations (2.8) to (2.10),
in addition to the facts that X;X; = X;X; and that X; is invertible for 1 <
1,7 < n. Clearly J; is invertible for all 1 < i < n because T} is invertible for
all 1 <k <n. Also, (2.9) follows from the definition of J;. Relation (2.10) is
satisfied because of (2.5), while the fact that J;J; = J;J; for all 1 <4,j < mn,
in addition to relation (2.8), follows from repeated use of (2.2) and (2.3). O
3.5 MACKEY THEOREM

For a composition u = (u1, ..., pr) of n, let

Sy =58 x--x8, €S,

denote the corresponding Young subgroup. We then define the parabolic sub-
algebra H,(A,z) C H,(A,z) to be the subalgebra generated by A®" and
{Tw : w e S,}. We also define Hf}ff(A,z) C H*(A,2) to be the subalge-
bra generated by H, (A, z) and P,. So we have an isomorphism of algebras

f ~ pyaff aff
HE (A, z) = H;I (4,2)® - ® HZT (4, 2),
and a parity-preserving isomorphism of k-modules

H (A, 2) = P, ® Hy(A, 2).
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Let D,, ,, denote the set of minimal length (.S, S, )-double coset representatives
in S,,. By [DJ86, Lem. 1.6(ii)], for 7 € D, ,,, S,NwS, 7! and 771S,7NS, are
Young subgroups of S,,; hence we can define compositions pN7v and 7~ 'uNv
by

SN 7S, 1 = unmy  and 7T71;S’H7T NS, = Sr—1,00-

Furthermore, the map w + 7~ lw restricts to a length preserving isomorphism
Sumﬂu — S}fluﬁy

which, due to the length-preserving property, induces an isomorphism of alge-
bras

HMﬁTFV(A) Z) — Hﬂ'*l;,aﬁll(Aa Z)a
ar @), Ty Ty acA® wes,.

It is easy to verify that, for 7 € D, , and s; € Suary, we have 771(i + 1) =
77 1(i) + 1, and hence 7~ 1s;m = Sg-1(j- Thus, for each m € D), ,,, we have an
algebra isomorphism

o1 HM (A, 2) — Hffflum(fl,z),

pNmTy
(pﬂ'*l(T’w) = Tﬂ'*lwﬂ'a (pﬂ'*l(f) = ﬂ._l(f)v w e Suf‘lﬂ'l/a f € Pn(A)
If N is a left H2T (A, z)-module, we denote by "N the left H*E (A, 2)-

—“lunv igkd%
module with action given by

a-v = -1(a)v, aGHzﬁw, ve™ = N.

The inclusion H2%(A, z) C HA¥(A, z) gives induction and restriction functors

Res); H(A, 2)-mod — HEH(A, z)-mod,
Indj; : HﬁH(A, z)-mod — H*(A, 2)-mod.

THEOREM 3.20 (Mackey Theorem for H2®(A, 2)). Suppose that M is an
H (A, 2)-module. Then Res;, Ind;; M admits a filtration with subquotients
evenly isomorphic to

Ind ., " (Res’ .

pNmTy M)v
one for each m € D, ,. Furthermore, the subquotients can be taken in any
order refining the strong Bruhat order on D,, ,,. In particular, Ind’; Reszmy M

pv
appears as a submodule.

pNv

Proof. The proof is essentially the same as the proofs of [Kle05, Thm 3.5.2]
and [Kle05, Thm 14.5.2]; hence it will be omitted. O

4 CYCLOTOMIC QUOTIENTS

In this final section we define cyclotomic quotients of the quantum affine wreath
algebras and prove some of their key properties. These quotients are natural
analogues of cyclotomic quotients of affine Hecke algebras (see Example 2.6).
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4.1 DEFINITIONS

Identifying A with A ® 19"~1 we can naturally view P;(4) = A[X3] as a
subalgebra of P, (A). Let
feZ(A)o[X1]

be a monic polynomial of degree d in X; with coefficients in Z(A)g, the even
part of the center of A. We write

f=X+au-nX{+ +amy X1 +a), (4.1)

with a(;) € Z(A)o. We assume that a(g is invertible.
We define the corresponding quantum cyclotomic wreath algebra to be

H](A,z) = H} (A, 2)/(f),

where (f) denotes the two-sided ideal in H2f(A, z) generated by f. We call d
the level of H] (A, z). Since f € H2% (A, z) C H2(A, z), we can also define

H’r{,—i-(A’ Z) = H'ra:f—i- (A’ Z)/<f>+,

where (f)+ denotes the two-sided ideal in H3T (A, z) generated by f.
Let f1 := f and, for 2 < i < n, define

fi=Tiq - DT f1TV T - - Ty (4.2)
It follows immediately that
fi commutes with all elements of A®™ for all 1 < i < n. (4.3)

LEMMA 4.1. For1 <i<n—1, we have

d—1
fi — de S Hi(A, Z) + Zk[Xl, . aXi—l]gd—eXieHi(A; Z)
e=1
where k[X1,..., X;_1]<q—e denotes the space of polynomials of degree less than

or equal to d — e.

Proof. We prove this by induction. For ¢ = 1, the result is immediate. Now
assuming the result true for all 1 < j <4, we have

d—1
(3.13) _
forr = X = T(f = X — 2t Yy XEXIHET,
k=1
d—1
S TlHl(A, Z)Tl + T; Z k[Xl, - aXi—l]gd—eXin(A; Z)Tl
e=1

d—1
kyd—k
-z E Xi X tiin Ty
k=1
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-1
C Hit1(A 2) + Zk[Xh oy Xil<a—e X1 Hiv1 (A, 2),

where, for the final inclusion, we used (3.13). O
Consider the algebra homomorphism given by the composition

n: Hgfer(A, z) < Hflff(A, z) —» Hf:(A, z), (4.4)
where the first map is the natural inclusion and the second is the projection.
LEMMA 4.2. The map 7 is surjective.

Proof. Notice that
Xl_ = a(O)X f (0) (Xii_l + a(cl—l)Xii_2 +oot a(2)X1 + a(l)) )
and so
n (7(1(*0; (X{ ' +fagenX{ 2+ + a) X1+ a(l))) =X e HI(A>2).

It then follows by induction that X} = T,7' X "7, " € n (H2¥ (A4, 2)) for all
1 <1¢ < n—1, which gives the result. o

LEMMA 4.3. We have

H,(A z)fH,(A z) = E A®"fiTw = En filHn (A, z)
1<i<n i=1
weS,

Proof. We have

H,(A,2)fHn(A,2) = Y Hn(A,2)fA®"T,
VES,

S Hu(A )T, (by (4.3)

vES,

= i Z APy Ty T f T,

i=1 z,vES,

z(1)=1

i Z ATy - T fTLT,

:zn: ZAWJ; 1Ty fT
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i Z APy Ty fTy - Ty Ty,
i=1ues

>
=1

Z A®nfiTuv
€S

where the sixth equality follows from the fact that the 7; are invertible. The
final equality in the statement of the lemma then follows from (4.3). O

LEMMA 4.4. For all1 <i<mn, we have
(Ha(A,2)fHu(A, 2)) N (XHT (A, 2)) =0.
Proof. By Lemma 4.3, any element of the intersection is of the form

Z ajﬁwijw € Xszi_ (A, Z)
J,w

for some a;j,, € A®". It follows from Corollary 3.11 and Lemma 4.1 that
a; ., = 0 whenever j # i. Then, by (3.13), the constant term (i.e. the term of
degree zero in the X;) of Zw a; 4 fily, which must equal zero, is

0= Zai,wTifl - ThayTy - T Ty
) Tioy---ThTh - - T Z ;,151,i(a(0)) Tw-

Since the T} are invertible, as is a ), it follows from Corollary 3.11 that a; ,, = 0
for all w € S,,. O

PROPOSITION 4.5. The map n induces an isomorphism
H] (A2) = HI(A,z).
Proof. We need to show that (f); = n~1((f)), which is to say that
(F) NVHRL (A 2) = (f)
Clearly (f)4+ C (f) N H2% (A, z); so we need to show the other inclusion.

Define a partial order on Z™ by A < p if A; < p; for all 1 <4 < n. Using
Lemma 3.4 and (2.5), any element of the form

A A
E ay X Ty | f E b X', | = E aywX Twbu o X" fT,
AEZ™ pEeZ™ A, w,v
weSy, vES,
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can be written in the form Z/\ wo cAywvaAwaTv. Thus, it suffices to show
that if

Z C)\,w,UX)\waTv € HS,HJF (A’ Z), (45)
Aw,v
then A > 0 whenever cy ., # 0 for some w,v € S,,.
Take a minimal element A = (A1,...,A,) appearing in (4.5) with ¢y . # 0.
Suppose, towards a contradiction, that A\; < 0 for some 1 < ¢ < n. Since
f € A[X;], by Lemma 3.3 and Corollary 3.6 we have

TwfT, € kK[X1,..., X,]Hn(A,2)

for all w,v. Thus, by Corollary 3.11 and the minimality of A\, we must have

XY exnwoTwfTs € HYL (A, 2).

w,v

Since A; < 0, Corollary 3.11 implies that Y., , exwoTwfTy € X;HET (A, 2).
But this is impossible by Lemma 4.4. O
4.2 Basis THEOREM

We now prove a basis theorem for H,{ + (A, z), which also gives a basis theorem
for HI(A, z) in light of Proposition 4.5. We follow the methods of [Kle05, §7.5]
and [Sav, §6.3].

For I ={i; <---<ip} C{l,...,n}, let

fr=fifi o fi. € HE (A, 2).
We also define
Qn:={(\I): TC{1,...,n}, AeN" \; < d whenever i ¢ I},
QF ={(\1)€Q,: I #a}.
LEMMA 4.6. We have that H,af_i_(A, z) is a free right H, (A, z)-module with basis
(XM () € Q).

Proof. Consider the lexicographic ordering < on N™. Define a function

A ifigl
0, — N7 AMND =, V), h iy = ’
7 YA = ) where {)\i+d ifvel.
Using induction on n and Lemma 4.1, we see that, for all (A, I) € Q,,
X r— XD e N XFH, (A, 2). (4.6)
=X

Now, 7: ©, — N" is a bijection and, by Corollary 3.12, {X* : A € N"} is
a basis for H2" (A, z) as a right H,(A,z)-module. Thus the lemma follows
from (4.6). O
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LEMMA 4.7. We have that f,, commutes with all elements of H,_1(A, 2).

Proof. Tt follows from the definition (4.2) of f,, and from the relations (2.3),
(2.8), and (4.3) that f, commutes with Tj, 1 <i < n — 2, and a € A®(»=1),

O
LEMMA 4.8. We have (f)1 = > 1 k[X1,..., X,|fiHn(A, 2).

Proof. We have

(f)e = HX (A, 2) fk[X1, ..., Xa]Ho(A, 2)
= H3 (A, 2)k[X1,..., X0 fH,(A, 2)
= H3™ (A, 2)fHn(A, 2)

=Kk[X1,...,Xn)Hn(A, 2)fH, (A4, z)

=303 k[Xy,..., X, JA®" T, (by Lemma 4.3)
i=1 wes,
ST ST KX X AT,
i=1 wes,
1=1

LEMMA 4.9. For d >0, we have (f)+ =3\ near X frH, (A, 2).

Proof. We prove this by induction on n. When n = 1, the statement is obvious.
Now suppose that n > 1, and define (f)’, := Hszl,+(A,z)fH§ffl,+(A,z). By
the induction hypothesis we have

Ny= > XNfrH, (A 2). (4.7)

+
M IeQr

Let J =3\ neat XA frH, (A, 2). Clearly J C (f)+, and so we need to show

that (f). C J. By Lemma 4.8, it is enough to show that X*f;H,, (A, z) C J
for all A € N* and 1 < ¢ < n. Consider first the case i = n and write
XA = XM X# where g = (A1,...,A\_1) € N*~1. Expanding X* in terms of
the basis of H3§17+(A, z) of Lemma 4.6, we see that

X/\ann(sz) g Z Xy)L\nX/\,fI/anl(AvZ)ann(sz) g Jv (48)
(M, I)EQn 1

where the second inclusion follows from Lemma 4.7.
Now consider X*f;H,(A,z), with 1 < i < n. As above, we write X* =
X X*# where u € N*~1. By the induction hypothesis, we have

X fiHp(A 2) = X)r XM il (A, 2) € Y X XN frHa (A, 2).
WL IHeQl |
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Now we show by induction on A, that X » X f1, H, (A, z) € J for all (N, I') €
Q. This follows immediately from the definition of Q | when \, < d. If
An > d, by Lemma 4.1 we have

Xpr XN frHo (A, 2) = X0 XY {1 X2H, (A, 2)
d—1
€ X;z\n_dX/\/fI’ann(Aa Z) + Z X7/z\n_d+e<f>/+Hn(Aa Z)
e=0

By the definition of J, we have X »~9¢X* f, f, H,(A,z) € J. Now, by (4.7),
for 0 < e < d, we have

Xr)l\nfd+e<f>/+Hn(A, Z) C Z X2"7d+eX/\/fI’Hn(A’ Z)
v, 1eet

Since 0 < A\, —d+ e < A\, each term in the above sum is contained in J by
the induction hypothesis, which concludes the proof. O

THEOREM 4.10 (Basis theorem for cyclotomic quotients). The canonical images
of the elements

{X*aT, : \eN", \;<dVi, ac B webs,}
form a basis of Hf;Jr(A,z) and of Hf (A, 2).

Proof. By Lemmas 4.6 and 4.9, the elements {X*f; : (A, I) € Q;'} form a basis
for (f)+ as a H,(A, z)-right module. Thus Lemma 4.6 implies that

{X*:XeN" )\ <d, Vi}

is a basis for a complement to (f) inside H3Y | viewed as a right H,(A,z)-
module. O

REMARK 4.11. In the setting of affine Hecke algebras (see Example 2.6), The-
orem 4.10 recovers [AK94, Th. 3.10]. For affine Yokonuma—-Hecke algebras (see
Example 2.7), it was proved in [CPd16, Th. 4.4].

COROLLARY 4.12. FEvery level one quantum cyclotomic wreath algebra is iso-
morphic to H, (A, z).

Proof. If f = X; — 1, then the map H¥(A,2) — HI(A,2) = H,(A,z) is
exactly the map of Proposition 3.19. In general f = X; + a with a € Z(4
even and invertible. So the result follows by applying the automorphism (_,
of Lemma 2.10.
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4.3 CycLOTOMIC MACKEY THEOREM

Theorem 4.10 implies that the subalgebra of HTJ: 4+1(A, 2) generated by
X1, 0, X, A®" ® 1 and Th,...,T,_; is isomorphic to Hf(A,z). Thus we
can define induction and restriction functors

FInd™*: HI (A, 2)-mod — HL_I(A, z)-mod,
T Res HfH(A, z)-mod — HJ (A, z)-mod.

n

Let TI: Hf (A, z)-mod — H}(A,z)-mod denote the functor that reverses the
parity of the elements of a module.

PROPOSITION 4.13. Recall that d = deg f.
(a) We have that Hf:Jrl(A, 2) is a free right HY (A, z)-module with basis

{(XJa;Tj- T, :0<r<d, a€B, 1<j<n+1}.

(b) We have a decomposition of (H] (A, z), Hf (A, 2))-bimodules

H,,{_,,_l(A,Z) = Hi:(AaZ)TnHv{(A’Z) ©® @ X:;-i-lan-‘rlH'r{(Aﬂz)'
0<r<d, a€eB

(¢) For 0 < r < d and homogeneous a € A, we have parity-preserving iso-
morphisms of (HI (A, 2), HI (A, z))-bimodules

H,{(A, z)TnHj;(A, z) & H,{(A, 2) Qs (A2) H,{(A, z) and
n—1{4,
X! an1 HL (A, 2) 2 TI°HJ (A, 2).

Proof. The proof is almost identical to the proof of [Kle05, Lemma 7.6.1] and
so will be omitted. O

THEOREM 4.14 (Cyclotomic Mackey Theorem). For all n € Ny, we have a
natural isomorphism of functors

fRes 1 f Ind! 1t a2 jq@d dim{Ao) p@ddim(As) ¢ f1pg” | f Res”

n—1-

Proof. This follows from Proposition 4.13. O

REMARK 4.15. Proposition 4.13 is the key ingredient in showing that the quan-
tum Frobenius Heisenberg categories of [BSW] act on categories of modules for
quantum cyclotomic wreath algebras. It corresponds to the inversion relation
in the quantum Frobenius Heisenberg categories.
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4.4 SYMMETRIC ALGEBRA STRUCTURE
By Theorem 4.10, we can define a k-linear map
trh: Hi (A, 2) =k, X*aT, — 6 06u1tr(a), (4.9)

where tr(a) = tr®?(a) is the natural trace map on the tensor product algebra
A®™ (here, on the right-hand side, tr is the trace map on A).

THEOREM 4.16. The cyclotomic quotient H,{(A, z) is a symmetric algebra with
trace map tr.

Proof. Consider the total order on N™ given by A < p if and only if
An = Uns -y Nik1 = Mi+1 and \; < p;  for some 1 < ¢ < n.
For the remainder of this proof,
e ) and p will denote elements of N™ such that A;, u; < d for all 4,
e a and b will denote elements of B®", and
e u,v,w will denote elements of S,.

We must verify that the basis given in Theorem 4.10 has a left dual basis with
respect to tr'y. By (3.11), we have

trf (X *aVT, -1 X"bT,)

= tr} <X“’l(“)_’\avw_1(b)Tw1Tv+ Z fuTuTv> (4.10)

u<w—1

for some f, € P,(A).
By Theorem 3.10, the equation (3.17) holds in H2(A, 2). It follows that

Ty-1Tw €T+ Pu(A)T, and TyaiTy €Y Po(A)T, if w<u.
v#1 v#£1

The second equation above also implies that

T.T, € Z P.(A)T,, whenever u < v *,
v/ #£1

since u < v™! = u~! < v. Thus, it follows from (4.10) and Lemma 4.1 that
tr} (X ~*a¥T,-1 X*aT,) = 1 and that

trf (X *a¥T, -1 X*bT,) =0
whenever

o w<v,or
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e w=wvand A < pu, or
e w=wv, A=y, and a #b.

Thus we can find a left dual basis to the basis given in Theorem 4.10 by inverting
a unitriangular matrix.

It remains to prove that the trace map tr’y is symmetric. Let ¢) denote the
Nakayama automorphism corresponding to tr (see Remark 2.8). So we want
to show that 4 is the identity automorphism. It follows from (2.5) and (2.10)
that

tr?(kaaTw) = 0,00y 1tr(ba)
= (—=1)®®65 00w 1tr(ab) = (1)t} (X aT,b).

So ¥(b) = b.
If X # 0, we have (noting that A; preserves polynomial degree)

(T X aT,) 2 o (XN s @) TT + 2ti120:(XNT,)

=0 =t} (X aT,T;).
We also have

tr' (TiaTly,) = tr'f(si(a)TiTy)

(.17 |t (si(a)Ts,w) if {(s;w) > £(w),
B tr} (si(a)Ts,w + 2tii+1Tw)  if £(siw) < £(w)

{0 if w # s,

tr(s;(a)) =tr(a) if w=s;.

Similarly,
0 if w# sy,

117 (al), T}) =
rj(a ) {tr(a) if w=s;.

Thus ¥(T;) = T;.
Now, if ¢(X;) = X; for some 1 <i < n—1, then

W(Xien) D GTXT) = $(T)w(X)w(T) = TiXT 2 Xy

Therefore, it remains to show that ¢(X;) = X;. That is, we need to show
tr'f (X1 X aT,) = tr}(X*aT,X1) for all A, a,w. (4.11)
It follows from (2.8) and (2.10) that (4.11) holds when w(1) = 1.
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Now suppose w = s1v for some v € S, with v(1) = 1. Then

tr} (X aT, X1) = tr}(X*aTy T, X1)

%) pn(x aT X, 1) Ezzgi W XOXT s ()T, (412
2.5
It is clear that (4.12) is equal to zero unless \a =d—1and A3 =--- = A, =0,
which we assume from now on. Now, for m > 1, we have
m m—1
m 3.10 m m-—=r r (26 m — m—=r T
T U2 Xt -t S XXy ) Xp T < e Y XPTXG
r=1 r=1
(4.13)
Using (4.1), this gives
d—1 d—1
Xngl — Z Tla(m)X{n =+ Zt172 ZX?*TX;
m=0 r=1
Therefore, from (4.9) and (4.12), we have
d—1
tr?(X)‘aTle) =—z Z tr?(Xf‘lTla(m)X{"sl(a)Tv)
=0 (4.14)
4.1
41y _, Z tr;}(Xf‘lsl(a(m))X;laTlTv) =0.
m=0

Now we consider the general case where w(1) # 1. Then we can write a reduced
expression w = wj sjws, where wy(1) = we(1) = 1. Then, for all g € P,(A),
we have

tr' (97w X1) = tr’f (gTw, T1Tw, X1)

(3.11), ., _ "
= (T, w (9) 1 T, X1) + Z 0} (T fuT1 Ty X1)

u<wi

= tr}(w ™ (9) T2 T, X1 T, ) + Z tr} (fuT1 Ty X1T0)
u<wi

(2:8) ., _ "

=" tr}(w (9T T, T, X1) + D tr}(fuTi T, TuX1)  (4.15)
u<wi

for some f, € P,(A), where, in the third equality, we used the fact that ¥(T,) =
T, for all v € S, and, in the fourth equality, we have used the fact that u(1) =1
whenever u < w;. Now, since wz(1) =1 and u(1) =1 for all u < wy, we have
that

Tw,Tu€ » Pu(A)T, forallu<w.

viv(l)=1
Thus, it follows from (2.5) and (4.14) that (4.15) is equal to zero. Since
'} (X197, T1Tw,) = 0, we are done. O
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REMARK 4.17. For affine Hecke algebras (see Example 2.6), Theorem 4.16
was proved in [MMO98, Th. 5.1]. For affine Yokonuma-Hecke algebras (see
Example 2.7), it was proved in [CPd16, Th. 7.1].

4.5 FROBENIUS EXTENSION STRUCTURE

Let
Apy1 :=19"® A = Spang {a,11 :a € A} C A®M+D),

By Proposition 4.13(b), we have a decomposition of (H}(A,z), HI(A,z))-
bimodules

d—1
H7{+1(A7 Z) = AnJrlHr{(Aﬂ Z) S @ X;+1An+1H7J:(A, Z) S Hj:(Aa Z)TnHr{(Av Z)

r=1

(4.16)
Define the partial trace map
trf 1 HI L (A,2) — HI(A,2)
to be the homomorphism of (H/ (A, z), H! (A, z))-bimodules given by the pro-
jection onto the first summand in (4.16) followed by the map
Ap1HI(A2) = HI (A, 2), apyia—tra(a)a, ac A, ac HI(A,2).

It follows that

tI’}H_l — tI‘{ o trg 0---0 tr7fl+1 = tr? o tY£+1-

ProproOSITION 4.18. The quantum cyclotomic wreath algebra HTJ:Jrl(A,z) is a
Frobenius extension of HJ (A, z) with trace map tr£+1.

Proof. Since HI(A,z) C HfH(A,z) are both symmetric algebras, it follows

from [PS16, Cor. 7.4] that Hf:H(A,z) is a Frobenius extension of HJ (A, z)
with trace map
o Z tr’}“(ﬁva)ﬁ,
BeY

where Y is a basis of Hf(A,z). (Note that 8 denotes the right dual of 8 in
[PS16], whereas it denotes the left dual in the current paper.) Since

>t (8 = 3 urf (il (8 ) 6

BeY BeY
= Z tr'y (ﬁvtr£+1(a)) 8= tr£+1(a),
BeEY
the result follows. O

It follows from Proposition 4.18 that the functors f ITnd”*" and / Res” "™ are
both left and right adjoint to each other. Indeed, induction is always left adjoint
to restriction. It is also right adjoint to restriction precisely when the larger
algebra is a Frobenius extension of the smaller.
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