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ABSTRACT. We provide a stacky fan description of the total space of
certain split vector bundles, as well as their projectivization, over toric
Deligne-Mumford stacks. We then specialize to the case of Hirzebruch
orbifolds H obtained by projectivizing O @& O(r) over the weighted
projective line P(a,b). Next, we give a combinatorial description of
toric sheaves on H2% and investigate their basic properties. With
fixed choice of polarization and a generating sheaf, we describe the
fixed point locus of the moduli scheme of u-stable torsion free sheaves
of rank 1 and 2 on H?. As an example, we obtain explicit formulas
for generating functions of Euler characteristics of locally free sheaves
of rank 2 on P(1,2) x PL.
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1 INTRODUCTION

There is a nice class of toric vector bundles and projective bundles over toric
varieties. They can be constructed from toric fans and hence are also toric
varieties. This type of bundles has been well studied in [CLS11]. Given a
fan, one can construct the line bundle corresponding to a Cartier divisor by
extending the fan. Consequently, every vector bundle that can be decomposed
into line bundles and its projectivization can be constructed from a fan.

This construction can be naturally generalized to the toric Deligne-Mumford
stacks. Such stacks can be described by a stacky fan as in [BCS05]. In the
first section, we show that certain types of vector bundles can be constructed
from stacky fans. As an application, we first give a general fan description
of the weighted projective stacks. Then we construct projective bundles over
weighted projective lines P(a,b) and describe the Hirzebruch stacks, denoted
by H. When ged(a,b) = 1, in which case H2 is an orbifold, the stacky fan
can be drawn as below:

y
p1 = (b,S)
g2 p
2 =
pP3 = (_aat)
X
g3 l 04
P4 = (Oa _1)

Figure 1
where s,t € Z are chosen so that » = sa + bt. Note that the fiber of the

Hirzebruch surface over P! is always P'. But this is not true for Hirzebruch
stacks, in which case only the fiber over a non-stacky point is P*.
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Let X be a nonsingular toric variety of dimension d. A. A. Klyachko [Kly90],
M. Perling [Per04] and M. Kool [Koo10] have given a combinatorial description
of T-equivariant coherent sheaves on toric varieties. The idea is that every
toric variety can be covered by affine T-equivariant subvarieties U, = C¢,
corresponding to the maximal cones in the fan. Locally, a sheaf is described
by families of vector spaces, called o-families. Those o-families agree on the
intersection of cones and satisfy some gluing conditions.
The above idea is generalized to smooth toric Deligne-Mumford stacks first by
A. Gholampour, Y. Jiang and M. Kool in [GJK17]. Such stacks are covered
by open substacks U, = [C?/N(c)] [BCS05, Proposition 4.1]. Hence locally,
a T-equivariant sheaf corresponds to a module with both X (T)-grading and
X (N(0))-fine-grading. The local data of such a sheaf consists of families of
vector spaces with fine-gradings, called S-families. To obtain a sheaf globally,
the gluing conditions are imposed. In the case of weighted projective stacks
P(a, b, c), the gluing conditions are given explicitly in [GJK17].
In the second section, we give the gluing conditions for Hirzebruch orbifolds.
To glue the local data for any two substacks U,, and U,,, ,, we pull back the
local data to their stack theoretic intersection. Matching S-families over the
intersection allows us to describe T-equivariant coherent sheaves on Hirzebruch
orbifolds. Then we can study torsion free sheaves and locally free sheaves on
12 and construct the moduli spaces.
In the third section, we investigate some basic properties of H including
its coarse moduli scheme and modified Hilbert polynomial. From F. Nironi’s
work [Nir08], we know that a modified version of Hilbert polynomial is needed
to define the Gieseker stability for stacks. Let € be the structure morphism
from H2 to its coarse moduli scheme H. With fixed polarization L on H and
generating sheaf € on H, we define the modified Hilbert polynomial for a
sheaf F as

Pe(F.T)=x(H Fe& @cL")

and the modified Euler characteristic as
xe(F) = Pe(F,0)

In the last section, we consider the moduli scheme of Gieseker stable and pu-
stable torsion free sheaves of rank 1 and 2 on Hirzebruch orbifolds. Extending
the work of [Kool0], we generalize the characteristic function and match the
GIT stability with Gieseker stability. By lifting the action of the torus T
to the moduli scheme M5} [Section 5.1], we can describe explicitly the fixed
point locus (M%])” by the GIT quotient ML with gauge-fixed characteristic
function ¥ similar to [Kool0, Theorem 4.15].

In the case of rank 1, it leads to the counting of partitions, which generalizes
L. Gottsche’s result for nonsingular projective surface in [G6t90]. In the case
of higher rank, we express the relation between generating functions of the
moduli space of p-stable torsion free and locally free sheaves [Section 5.2], which
generalizes L. Gottsche’s result for Hirzebruch surfaces in [G6t99].
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THEOREM 1.1. Suppose ged(a,b) = 1. Let Pg be a choice of modified Hilbert
polynomial of a reflexive sheaf of rank R on H and xe be the modified Euler
characteristic. Then

%) vb Xe
Xe€EL e(M’}-[gb (R7 C1, XS))q
Z e(Myyn (R, c1, xg)) ¥ = ]._.[ (1 — q—@F)2R(1 — q—tk)2R
k=1

Xe€Z

We compute the generating function Hy"(q) := Y (M35, (2, c1, xe))aXe for

locally free sheaves over Hirzebruch orbifolds H2® with fixed generating sheaf &
and polarization L given in [Section 4.4]. Especially when r = 0, we obtain an
expression for the orbifold P(a, b) x P!, which is parallel to M. Kool’s result for
P! x P! [Koo10, Corollary 2.3.4].

THEOREM 1.2. Suppose ged(a,b) = 1. Let f = (5 + 1)(m + C) where C =
a+b+ab—1. Let p=ged(b,r) =b and ¢ = ged(a,r) = a as r = 0. Then for
fized first Chern class c1(F) = Zx + ny where c1(Dp,) = x,¢1(D,,) = y, Dy,
is the divisor corresponding to the ray p;, the generating function Hé’lb(q) for
the orbifold P(a,b) x P! is

( Z+Z+Z+2Z>qf%ﬂ + (22+2Z>qfiii+iikiklili
C Cs

Cy Cy 5 5 Co Cs3

where

Cy={(i,j,k,1) €Z*:2|m+i,2|n+4,2|7—1,2b]i—k,2a|i+k,i=pqj
—j<1<j,—pgj <k <pqj},

Co={(i,j,k,1)€Z*: 2| m+i,2|n+42|j—1,2b|i—k,2a|i+k,
—i<k<pql <i,—pqj <k,l<j},

Cs={(i,j,k, 1) €Z*: 2| m+i,2|n+42|j—1,2a|i—k,2b|i+Ek,
—i<k<pql <i,—pqj <k,1<j},

C4z{(i,j,k)€Z3:2|m+i,2|n+j,2|j+k,b|z‘,fpiq<k<piq<j},

05:{(17.75]{:) GZB:2|m+lv2|n+‘772|j+kaa|177— <k< - <]}5
pq pq
Co={(i,j k) €Z%:2 | m+14,2|n+j2a|i+k2b|i—Fk,
—pqj <k <pgj <i}.
Moreover, in the case of a = 1,b = 2, we can get more explicit expressions
[Proposition 5.12].

REMARK 1.3. In the case where ged(a,b) = d # 1, our method still works,
but we need to make the following modifications. Firstly, the inertia stack
IH will have more than one 2-dimensional components, which will cause a
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slight change in the modified Euler characteristic. Secondly, the stacky fan in
Figure 1 is changed and b, —a are replaced by g and —§ (1.3.2). Hence we

need to set p = ged(2,7) and ¢ = ged(%, 7).
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2 TORIC STACKS

In this section, we will briefly review various definitions of stacky fans and their
associated toric Deligne-Mumford stacks. Toric stacks were first introduced in
[BCS05] and later in [FMN10]. The theory was further generalized in [GS15]
which encompasses all the notions of toric stacks before. In this paper, we will
refer to [BCS05] the notation of toric stacks most of the time, but use [GS15]
when constructing the vector bundles.

DEFINITION 2.1. A stacky fan [BCS05] is a triple (N, 3,5 : Z" — N) where

e N is a finitely generated abelian group of rank d, not necessarily free.

e X is a rational simplicial fan in Ng := N ®z Q with n rays, denoted by
Py ey Pre

e (3:Z" — N is a homomorphism with finite cokernel such that 3(e;)®1 €
Ng is on the ray p; for 1 <i <n.

Given a stacky fan, the way to construct its corresponding toric stack [Zx/G 3]
is as follows:

The variety Zy is defined as C" — V/(Jx) where Jy = ([[, 4, 2il0 € X) is
a reduced monomial ideal. Suppose N is of rank d, then there exists a free
resolution 0 — Z" % Z4+" 5 N — 0 of N. Let the matrix B : Z" —
79+ be a lift of the map B : Z" — N. Define the dual group DG(B) =
(Z"+)* /Im([B Q]*), where (—)* is the dual Homgz(—,Z). Let 8Y : (Z")* —
DG(B) be the composition of the inclusion map (Z")* — (Z"*")* and the
quotient map (Z"*t")* — DG(S). By applying the functor Homgz(—, C*) to 8V,
we get a homomorphism Gg := Homgz(DG(B),C*) — (C*)™ which leaves Zy,
invariant.

The quotient stack [Zs/Gp] is called the toric Deligne-Mumford stack associ-
ated to the stacky fan X.

DEFINITION 2.2. A (non-strict) stacky fan [GS15] is a pair (X,8 : L — N),
where ¥ is a fan on the lattice L and N is a finitely generated abelian group.

REMARK 2.3. Since the fan is defined on L instead of N, we are allowed to
assume that J is of not finite cokernel. Interested readers can read [GS15] for

DOCUMENTA MATHEMATICA 25 (2020) 655-699



660 W. WANG

more details. In our paper, we will only consider S with the finite cokernel, in
which case the construction of Gg in [GS15] essentially agrees with [BCS05].

REMARK 2.4. The stacky fan defined in Definition 2.1 is a special case of
Definition 2.2. When N is free, the toric stack arising from such a stacky
fan is called a fantastack in [GS15]. When N is not free, the toric stack can be
realized as a closed substack of a fantastack, called the non-strict fantastack.

Let 8 : L =7Z" — N = Z% be a homomorphism with the finite cokernel as in
Definition 2.1. Given a cone o € ¥ in N, set ¢ = cone ({e;|p; € o}) where
{e;}"_, is the standard basis for L. Define S in L as the fan generated by
all the cones . Then the stack defined by a triple (N,3,8 : L — N) [GS15]
is same as the stack defined by a pair (f],ﬂ : L — N) [GS15]. Conversely,
if the rays of S in L are e;, the image of S under [ is a stacky fan 3 in N.
Since these two definitions agree in the case of the fantastack, we will use them
interchangeably when constructing vector bundles.

2.1 WEIGHTED PROJECTIVE STACK

Let wy,wa, ..., wp41 € Zsg. The weighted projective stack P(wy, ..., wp41) i8
the quotient stack [C"T! — {0}/C*] where u € C* acts by u(x1,...,Tnt1) =
(W@, .oy g1z, 41). We will give a general description of the stacky fan for
the weighted projective stack. Firstly, we assume ged(wy, ..., wp41) = 1, which
means P(wy, ..., wp4+1) is an orbifold and the lattice N is free.

PROPOSITION 2.5. Let ged(wj, ..., wpi1) = A for 1 < i < n. Suppose A\ = 1.
Define the map 3 : Z" Tt — Z™ by the following n x (n + 1) matriz B:

_A -
/\—2 b1 -+ bii—1 by biiv1 -+ bip—1 bin b1,nt1
1
Ai
o 0 --- X bi—1; bi—1i+1 0 bicin—1 bicin bicinta
i—1
An
0 0 0 0 0 bnfl,n bnfl,nJrl
)\n—l w w
0O 0 --- 0 0 0 e 0 ntl _-n
I X, N,
where b;; are chosen so that
/\_ n+1
;\:1wi+ Z bijwj =0 for1 <i<n-—1, (1.1.1)
Jj=i1+1
Ait1 .
0 < by, bai, - -+ by < iy for2<i<mn-—1.

X2

DOCUMENTA MATHEMATICA 25 (2020) 655-699



ToRIC SHEAVES ON HIRZEBRUCH ORBIFOLDS 661
FEach column represents a ray in the fan X. The mazimal cones of the fan are
given by any n rays. Then the triple (Z",%,8) corresponds to the weighted

projective orbifold P(wy, ..., wp41).

Note that the choice is not unique.

Proof. The triple induces P(wy, ..., w,+1) if the following two statements are
true:

e DG(B) = Z.
o BV :Z"T! — Z is given by [wl wy ... wn+1}.
If DG(B) = Z"*1/Im(B*) = Z, then [w; wz .. wp41] spans the integer

null space of the matrix B because b;; are chosen to satisfy (1.1.1). Let B;
denote the minor of B by removing the ith column. If we can show that

ged(det(By), ..., det(B,41)) = 1, then there exists a matrix {g] with determi-

nant 1. Hence Z"™!/Im(B*) = Z.

When i = n,n + 1, we obtain two diagonal matrices and det(B,41) =
Wnt1,det(By) = —w,. For 1 < i < n — 1, we compute by induction that
det(B;) = (—=1)""'~%w,. Denote by

biit1 - bin—1 bin bin+1
Aig2
— bivin—1 bixin  bitint1
Ait1
C —
An
0 bnfl,n bnfl,nJrl
)\n—l
0 0 Wn+1 _Wn
L An An

the bottom-right (n — i + 1) X (n — i 4+ 1) submatrix of B, then det(B;) =

For i = n — 1, because ged(wp, wpt1) = Ap and Ay_1|wp_1, integers by_1 .,

and b,,—1n+1 can be chosen so that
Wn,

Wn+1 Wn—1
det(Cri—1) = —bn—1n~— —bn_1n —.
e( 1) b )\n bt )\n )\nfl

Suppose integers b; ;11, ..., bi n+1 are chosen so that

n+1
det(C;) = (—1)"* E b i — = (-1 n+l—i l
=y j=i+1 T A =1 Ai
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then we can expand the matrix C;_; by the first column and get

det(Ci_l) = bi—l,i det(Ci) — )\H_l det(CZ')

L w%\i Nip1 R W
= (=1 n+ _lbi, Z__i — (=1 n—ittrl bif . J
=1 BN =1 Ai Z BN
w1 j=1+1
= (_1)7171 = )
)\ifl

where C is the submatrix of C;_; by removing the first column and the second
row.

Now we get det(B;) = (—1)""‘w; and ged(det(By), ..., det(B,+1)) = 1.

If bj; > ’\f\t_l or bj; < 0, then we can left multiply an elementary matrix and
the integer null space will be unchanged. O

EXAMPLE 2.6. Consider the stack P(1,2,4,8). Since gcd(2,4,8) = 2
ged(4, 8) = 4, the matrix for 8 : Z* — Z3 will be

)

b ¢
d e
2 -1

o O N
SN e

such that 4 4+ 4d + 8e = 0,2 + 2a + 4b + 8¢ = 0. One of the solutions for this
system is as follows:

21 1 -1
0 2 1 -1
0 0 2 -1

When A; # 1, the lattice N is not free and can be identified as Z™ & Z/\Z.

In this case, P(wy, ..., wnt1) is a py,-banded gerbe over P(;’f—ll, ey wj\‘lﬂ ), which
.. . wi Wn+1

is isomorphic to the root stack Avop(%,...,w;jl)(l)/P( S ).
ProrosiTION 2.7. Choose ¢, ...,Cpt1 SO that Z;:rll cif\”—li = 1 mod \;. Set
c = ([e1], ..y [ent1]) where [¢;] is the class of ¢; modulo A\i. Let B’ the matriz
corresponding to P(f—ll,..., w;fl) as in Proposition 2.5. Define the map [ :

/

Mt - 72" © Z/MZ by B = [BC] . Then the triple (Z™, X%, B) corresponds to

the weighted projective stack P(w1, ..., Wn41)-

/
Proof. The [BQ] matrix as in [BCS05] is given by [B; S ] Since
1
Z;:ll ¢ = 1 mod A, the vector w1 ws -+ wp41 x| spans the in-
teger null space of the matrix [B Q). O
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2.2 VECTOR BUNDLES

In [CLS11], it mentions a class of toric morphisms that have a nice local struc-
ture. This can be naturally generalized to the morphisms of fantastacks.

Let N3, Ny be free abelian groups. Denote the bases of Z™' and Z™* by
{e1,...,en, } and {€n,41,.-; €n,4n, - By abuse of notation, we also assume the
basis of Z™ "2 is {e1, ..., €nys€ny41, -y Eny+ny - Consider the exact sequence
of the fantastacks given by a commutative diagram

(1d,0) pry
0 7 7" @ 7 z7m2 0
J{Bl J{ﬁ J{ﬂ2 (1'2'1)
f pPro
0 Ny Ny & Ny — Ny 0

such that the rows are exact and the column morphisms are of the finite cok-
ernel. Suppose there exists a splitting morphism ¢ satisfying the following
conditions:

1. Ais a rkN; x rkNN> integer matrix such that

roen = |67 insiz

9(Ba(ei)) = [Aﬂﬁ;(((j;)] ifng +1<i<ng+no.

Blei) =
2. Given cones o1 € X7 and g2 € Yo, the sum o7 + 03 lies in X, and every
cone of ¥ arises this way.

Then we say (X, 3 : Z™*"2 — Ny @ N») is globally split by (X1, 31 : Z™ — Nyp)
and (22,52 YA IR NQ)

THEOREM 2.8. If (X, 8 : Z™*"2 — N1 ® N») is globally split by (21,81 : Z™ —
Ni1) and (32,82 : Z™ — N3), then Xx g = X, g, X X5, 3,

Proof. Denote the matrices for 8; and (2 by

Bi= [Bi(er) Bile2) -+ Bilen,)],
By = [Baens+1) Baleni+2) - Bolenitna)] -

By AB,
0 By
DG(B) =2 DG(B1) ® DG(B2) and BY = BY @ By, which implies o = ay X ag,
where o, a; and agy are obtained by applying Homz(—,C*) to 8, Y, 35

It remains to show Zy, = Zx,, X Zs,,. The C-valued points of Zyx, are z € C11"2
such that the cone generated by the set {p; : z; = 0}, where p; is the cone
generated by b; in Ng, belongs to . Since every cone of X is the sum of cones
in ¥; and Yo, the C-valued points of Zy, are exactly the product of C-valued
points of Zx, and Zs,. O

The matrix for g is given by B = . It is not hard to show that
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EXAMPLE 2.9. Consider the following exact sequence of fantastacks

(0, 1>T
L y(1,0) L

4

0 A 7.2 A 0
1 2
[
0 A 7.2 A 0.

It can be shown that X5 5 = [C?/pu2] 2 C x [C/ua] = X5, g, X Xy -

REMARK 2.10. The above exact sequence of fantastacks can be better under-
stood if we draw the corresponding stacky fans defined in [BCS05]. The mor-
phism from the middle stacky fan to the right can be viewed as the projection
of rays from the lattice Z? to Z,

(0.1) ,
projection \

which is compatible with Xs; 3 = A%, g, induced from the projection onto the
second coordinate.

REMARK 2.11. The morphism of stacky fans below corresponds to a morphism
of stacks Xs 5 — [C'/us]. Indeed, Xs g is a line bundle over [C!/us] whose
fiber over the stacky point corresponds to the non-trivial representation of us.
Hence the stacky fan of Xy, g is not globally split.

(O’ I)V (2, 1) rojection 2
proj 3

With the above theorem and examples in mind, we can generalize [CLS11,
Definition 3.3.18].

DEFINITION 2.12. Given an exact sequence like (1.2.1), we say (X, 3 : Z"1+72 —
Ny @ N3) is (locally) split by (31,01 : Z™ — Ni) and (Xo, B2 : Z™ — Na) if
there exists a morphism g : No — Nj @ Ny satisfying the following conditions:

1. For every maximal cone o; € ¥j, there exists an rtkN; X rkN, integer
matrix A; such that

soen = |50 ansis

AjBa(eq)

MU e = 2] e,

2. Given cones o1 € Y1 and gy € Yo, the sum o1 + 09 lies in X, and every
cone of ¥ arises this way.
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REMARK 2.13. The map g here essentially gives the bijection ¢’ — & for the
case of toric varieties in [CLS11, Definition 3.3.18].

THEOREM 2.14. If (3,3 : Z™M*™2 — N; @ Na) is (locally) split by (31,5 :
Z™ — N1) and (2,82 : Z™ — N3), then ¢ : X5, 3 — X, 3, 15 a locally trivial
fiber bundle with fiber X, g,, i.e., X5, g, has a cover by affine open substacks
U satisfying ¢~ (U) = Xs, g, X U.

Proof. The proof is similar to that of [CLS11, Theorem 3.3.19]. O

Therefore, if the stacky fan of a vector bundle is locally split, then for every
stacky point of the base, the representation of the stabilizer group at that point
on the fiber is trivial.

Note that the above theorem can be generalized to the case where N; and Ny
are not free.

ExampLE 2.15. Consider the following morphism of stacky fans:

(_272) (071)
(1,1) - -2 1
projection
—_—

The induced morphism ¢ : Xy g3 — P(2,1) corresponds to a line bundle such
that its fan is locally split. But it cannot be written globally as the product
of one-dimensional toric stacks. Indeed, it represents Op(z 1)(—4) by the next
theorem.

For a vector bundle over a stack, the fiber over a stacky point might correspond
to a non-trivial representation of the stabilizer group. In this case, the corre-
sponding stacky fan is not locally split. To include this type of stacky vector
bundles, we generalize [CLS11, Sec. 7.3] to the case of toric stacks.

Let’s assume N is free. Given a triple (N, X, : Z™ — N), we define the new
stacky fan (N x Z, $,8:Zn* - N x 7Z) as follows:

1. B(e;) = (B(e:), —ag) for 1 < i < n.

2. Blens1) = (0,1).

3. Given o € X, set & = Cone ((O, 1), Ble)) ®1|Ble;) @1 € 0(1)) € Ng x
Q, and let X be the set consisting of ¢ for all o € ¥ and their faces.

The natural projection Z"*! — Z" is compatible with Y and X. Therefore it
gives a toric morphism 7 : A5 5 = Xs 5.

THEOREM 2.16. Denote by D, the divisor corresponding to the ray p;. Then
o Xy 7 Xs g is a line bundle whose sheaf of sections is

OXE,B (D) = OX):,B (Z a’iDPi)'
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Recall that the category of locally free sheaves on [Z/G] is equivalent to that
of G-linearized locally free sheaves on Z. Without considering the equivariant
structure, these G-linearized invertible sheaves are all isomorphic to the trivial
sheaf Oz. By the construction of a toric stack, G can be thought of as a
subgroup of (C*)". Each g = (A1, ..., A\n) € G induces an isomorphism Oz —
9*Oyz sending 1 to A;. The sheaf Os, g(D,,) has a G-invariant global section z;
such that ¢g*z; = \;z;. [BHOG]

Proof of Theorem 1.17. We will use the definition of stacky fan from [GS15].
Given a triple (N,X,5 : Z" — N), we can construct the corresponding
fan 3 in Z", which corresponds to a toric variety Zg. Then by [CLS11],
we can construct a new fan 3/ € Q" x Q. Given 0 € f], set o/ =
Cone ((0,1), (e;, —a;)|e; € 3) and let 3 be the set consisting of cones &' for
all 5 € & and their faces. By [CLS11, Proposition 7.3.1], 7 : Zg, — Zg is a
line bundle whose sheaf of sections is Oz_(>_; a;D.,) where D,, is the divisor
corresponding to the ray generated by e; in S

It suffices to show that the Gg-linearizion of this bundle exists and the action
of Gg on Zs can be lifted . Define B\’ : 2" X Z — N x Z by the following

matrices
Bler) - PBlen) O
0 e 0 1

Then G a = G and its action on the line bundle is compatible with the action

of Gg on Zs,. The toric stack Xi/ﬁf defined by the stacky fan (EA]’, B\’ I X T —
N x Z) induces the above line bundle.

However, the rays of 5 do not form a standard basis. Hence Xi/ﬁ/
fantastack and it is not a stacky fan defined in Definition 2.1.

Consider the morphism of stacky fans given by the following commutative

diagram:

is not a

Y
Zrx 7 ——7I" X Z

|F=Frea |7

NxZ —— NXx17Z

where « is defined by the matrix

I, 0
—a; —az - —a, 1

and I, is the n x n identity matrix. Let ¢ = Cone (ei|a(ei) € f]’) The
morphism satisfies the conditions mentioned in [GS15, Theorem B.3]. Thus
s, 5 X, B is an isomorphism and X% i is a fantastack. The matrix of 3 is

e by e - sten)

—a; - —a, 1
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ExampLE 2.17. Consider the morphism of stacky fans as follows:

(0,1)
(_25 1) W (1’ 1) projection —2 1
e e

Then ¢ : Xz 3 — P(2,1) is a line bundle whose sheaf of sections is Op(z,1)(—3)
and its fan is not locally split.

Again this theorem can be generalized to the case where N is not free.

2.3 PROJECTIVE BUNDLES

Consider the locally free sheave £ = Oxy, (Do) @ -+ ® Oxy, ,(D;) given by
the cartier divisors D; = 2?21 aijD,, for 0 < i < r, then P(€) — Xyp 3 is a
projective bundle.

Assume N is free. Given a triple (N, X, 3 : Z™ — N), we define the new stacky
fan (N x Z",%, B : ZM+1 5 N x Z") as follows:

L. Blej) = (B(e), arj — agjs- -+ s arj — ag;) for 1 < j <n.
2. B(ent1+i) = (0,e;) € NXZ" for 0 <i < r, whereeg = —e;—...—e, € Z".
3. Given 0 € X, set g;, = Cone (E(ej)®1|ﬂ(ej)®1€o(1)) +

Cone ((0,€q), ..., (0,€;-1),(0,€i41), ..., (0,e,)) and let Y be the set
consisting of cones o; for all o € 3, 1 < i < r and their faces.

Then the natural projection of the fan 3 induces a toric morphism 7 : Xy 7
Xy 5. ’

THEOREM 2.18. X 7 is the projective bundle P(E).
Proof. The proof is similar to that of [CLS11, Theorem 7.3.3]. O

Suppose ged(a,b) = 1, then by Propostion 2.5, the fan of P(a,b) is given by
B(e1) = b and B(e2) = —a . Suppose r = sa + tb, then consider

&= OIP’(a,b) S5 OIP’(a,b)(SDm + tDe2>

where D,, is the divisor corresponding to the ray generated by (B(e;). Hence
B :Z* — 72 is given by

Bler) = (b.s),  Blea) = (~a,t), (1.3.1)

6(63) = (0’ _1)’ 6(64) = (Oa 1).
If ged(a,b) = d # 1 and ¢;§ + czg =1 mod d, then by Proposition 2.7, the
fan of P(a, b) is given by ' : Z? — Z & Z/dZ such that
!/ b / a
B'(e1) = (E,Cl mod d), fB'(e2) = (*3702 mod d).
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y
P11 = (b,S)
o2
pP3 = (_a'at)
X

03

P4 = (07 *1)

Figure 2

Suppose d | r and r = sa + tb, then for £ = Op(a,p) © Op(a,p)(5De; + tDe,),
B:7 = 72 ® 7/dZ is given by

d d

~ (1.3.2)
(63) = (O’ -1,0), ﬁ(e4) = (0, 1,0)-

Bler) = (2s,ci mod ), Bles) = (—2,t,c5 mod d),
3

DEFINITION 2.19. The Hirzebruch stack He is defined as
H7" = P(Op(a,n) © Op(ap)(r))

and its fan is given by (1.3.1) when ged(a, b) = 1 and by (1.3.2) when ged(a, b) =
d# 1.

From now on, to simplify the notation, we assume ged(a,b) = 11. In this case,
the matrix for 3 : Z* — Z?2 is given by

b 0 —a O
B[S 1+ _J (1.3.3)

where 7 = sa + bt. The stacky fan can be drawn as in Figure 2 and H2 is
called the Hirzebruch orbifold.

3 SHEAVES ON HIRZEBRUCH ORBIFOLDS

The Hirzebruch orbifold can be covered by open substacks of the form [C?/H]|
where H is a finite abelian group and the actions of H and the torus T 2 (C*)?
commute. Hence, to describe a T-equivariant sheaf on the Hirzebruch Orbifold,
we define it locally over each substack and then glue each part together.

Let the character group X (T) =2 Z? be written additively and m; be the basis
dual to the generators of rays of p;. For m € X(T), we denote by x(m): T —
C* the actual character viewed as a function.

LOur method still works without this assumption.
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Let T act linearly on C2. The action is given by t-z; = x(m;)(t)(z;). Given a T-
equivariant sheaf 7 on [C?/H], the corresponding module can be decomposed
into X (T)-graded weight spaces:

HY(C*,F)= @ F(m).

meX(T)

Suppose H acts by h-xz; = x(n;)(h)(z;), then F'(m) can be further decomposed
into X (H)-graded weight spaces:

neX(H)

Hence the category of T-equivariant sheaves on [C2/ ‘HJ, by [GJK17], is equiv-
alent to the category of stacky S-families. A object F' in this category consists
of the following data:

e A collection of vector spaces {F(1m)n}mex(T)nex (H)-
e A collection of linear maps

{xi(m) : F(m) — F(m 4+ m;) }iz1,2.mex (1)
induced by multiplication by x; satisfying
Xi(m) : F(m)n = F(mA+mi)nin;, Xj(m+mi)-xi(m) = xi(m+m;)-x;(m)

fori,j=1,2, m € X(T) and n € X(H).

3.1 OPEN AFFINE COVERS

Let N,, be the subgroup of N = Z? generated by the rays of o; and N(o;) be
the quotient group N/N,,. By [BCS05], each 2-dimensional cone o; defines an
open substack U; = [C?/N(0;)]. One can show that

U = Uy = [C°/(Z/VL)], Uz = Us = [C*/(Z/aZ)]

and they form an open cover of H.

The integer null space of the matrix B (1.3.3) is spanned by [a 0 b 7] and
[0 1 0 1]. Hence (1,A) € Gg = (C*)? acts on Zy = Spec Clz,y,z,w] —
V(zy,yz, zw, wx) by

(Ta )‘) : (-T,y, 2 w) — (Taxa )‘yaszaTT)\w)

and /H?b = [ZE/G,(;]

Let 1 be the morphism given by the first two columns of the matrix B. It
induces a stacky fan with two rays and the corresponding toric stack [Z;/G1]
is exactly [C?/(Z/bZ)]. Consider the open subvariety U; of Zy, defined as the
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complement of the vanishing locus of the monomial zw. There is a natural
closed embedding ¢, : Z; — U; given by

$1(Z1) =C* x 1 ={(x,y,1,1)} € C* x (C")* = U

By [BCS05], an element g € Gg belongs to Gy if and only if ¢1(Z7) - g N
¢1(Z1) # 0. In this case,

=17 =1=A=1"".
Let up be the group of bth roots of unity, then
Ur = [C /), 7€ (2,y) = (72,77 7y).
Similarly, one can show that

Us 2 [C?/pia), 7€ pa: (y,2) = (T77y,702),
Us 2 [C?/ua], T € pa: (z,w) = (t02, 77w),
Uy 2 [C¥up), 7€ pp: (w,o) — (77w, 7).

Consider the morphism q?z U — H® induced by Z; LiN U; — Zx. We can
compute stack theoretic intersections via the fiber product of U; and U; over
Hb.

2/112 = ul XH?b Z/[Q — ? [Spec (C[Jf,y]///&b]

| s

[spec Cly, 2]/ pta] ———22—— Hab

By calculating the fiber product of the corresponding groupoids [ALRO07], one
can show that

Unp = [C x C*/py X pa], (11,v) € pio X pra = (y,7) = (0~ "y, vp 7).
Similarly, the fiber products of other open substacks are given as follows:

Uzz = [Cx C* X i/ pta X pal, (11, V) € pa X pla : (2, A, 7) = (sza:uT)"VM_l )-
Usy = [C X C*/pa X i), (11,v) € pra X iy (w,T) = (u"w,vp~ 7).
Us = [CxC* < i)y X o], (1, v) € o X pup = (2, X, 7) = (u2, v "N vp = ).

Actually Usz can be further simplified. Consider the groupoid morphism
(101 X0, 10) : (e XCXC* ZCXC*) — (tha X g XCXC* X g ICXC* X pg)

defined by
1/)1(:”) = (Ma:u’)v 7/)0(2,/\) = (Zv>‘51)

One can show that it is a Morita equivalence and hence

Upg = [Cx C*/pa), 11 € pra = (2,0) = (P2, p"N).
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Similarly,
Uin = [CxC /], p€py:(z,A) = (uz, 1= "A).

The open immersions (b” ‘U = Z]/G”] — U; = [Z;/G,;] and 5]-1- Uy — U,
are induced from ¢;; : Z;; — Z; and ¢j; 1 Zj3 = Zij — Zj.

P2 (y,7) = (T7%y)  dor: (y, 1) = (yT L0,
¢23 (Z, ) ()\ 1 ) ¢32 : (Z,)\) — (Z,)\)
@34 : (w,T) = (7 b , W) ¢a3 : (W, T) = (T"w, 7%)
¢a1: (2, \) = (A1) 14 : (T, N) = (2, N).

To find X (T)-grading on each open substack U;, we need to determine how the
torus T is embedded in H2. One can show that

Unaza = Urz Xpgar Usa = [(C*)? [y X pra]
(ks 1) € o X pa = (e, B) — (u(p') e, =7 B).

Hence if ged(a,b) = 1, then Uiazs =2 (C*)2. Suppose (C*)? acts on itself by
multiplication, then we can extend this action to the orbifold H% by requiring
all the open immersions to be T-equivariant.

For example, from the following commutative diagram

.
Zi93s — Z12 2 C x C* —— Z; = spec Clz,y] Zy = spec Cly, 2]
//—\

(a,8) ———— (B,a™!) ——— (%, ) (Ba”, o)
(l,O)J(O’l) (071%(—1,0) (a,O)J{(O,l) (r,l)l(—b,o)
(tro, taff) —— (taf,t7 e t) ———— (t$a®, tay) (toft7a”, t7Pa™?)

\—/

we see that T-weights are (0,1) and (—1,0) on Zi2, (a,0) and (0,1) on Zi,
(r,1) and (—b,0) on Zs.
Similarly, one can show that T-weights are given by the following tables:

T-weights on Z; T-weights on Z;;
U, (a,0),(0,1) Ui (0,1),(-1,0)
Uy ( ) ( b 0) Uz (*b,O), (77"7 71)
Us | (=b,0),(=r—1) Usy | (—r,—1),(1,0)
Uy (0 —1), (a,0) Ui (a,0),(0,1)

3.2 GLUING CONDITIONS

To describe T-equivariant torsion free sheaves on He, we first determine the
stacky S-family F} of the sheaf F; on each open U;. Then we pull back those
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families to the intersection U;; and match them for all ¢, j. This allows us to
glue those sheaves F; to get a sheaf 7 on H%. Note that this gluing approach
follows closely the work of [GJK17].

Let’s first compute the family Fmg, which is the pullback of Fy.

Given a torus action t - x; = x(m;)(t)(x;), the associated box Br [GJK17] is
defined as the subset of X (T) of elements of the form ), g;m; with 0 < ¢; < 1.
By the above table, the T-weights on U; are (a,0) and (0,1). Hence ¢1 = f
for 0 < k< a—1and go = 0. Note that the box Bt of U; can also be viewed
as [0,a — 1] x 0 and the size of this box is a.

For the stacky S-family Fy, denote by

(k/a,0)F1 (11, l2)

the vector space whose T-weight is (k/a + {1)(a,0) 4+ (0 + 12)(0,1).
Consider the inclusion Uj2 < U; induced from

CxC*—=C% ¢zt (y,7) = (77%y) = (z,y).

We first restrict the sheaf 7y to Im(¢12) = C* x C and then pull it back along
the morphism ¢;2.

The sheaf F is torsion free, hence the vector spaces (i /q,0)F1(l1, [2) stabilize for
Iy > 0, Iy fixed. It means that they are isomorphic for I3 > 0 [Kooll]. We
denote this limit by

(k/a,0)F1(00,[2).

The sheaf Fi|c+xc corresponds to a S-family G‘l and

(k/a,0)G(1,12) = (k/a,0)F1(00, 12)

is independent of [; because Gy is a C[z*,y]-module and multiplication by x
induces an isomorphism of vector spaces.
Pulling back the family Cfl to Zy12 along the étale morphism ¢12, we get a
C[r*, yJ-module. An element of F} 15 at the weight (k/a+11)(a, 0)+(0412)(0,1)
can be uniquely written as

@ Vg @ Tk

0<k/<a—1

where vk € (4/4,0)G1(l1,12), since the T-weight of 7 is (—1,0) on Uya.
Next, we set the fine-grading on the limit space (;/q4,0)F1(00,l2) by

(k/a,0)F1(00,12)m = (5/a,0)G1(0,12)m-
Thus the fine-grading of S-family C:'l for any [; will be
Aall

(k/a,00G11512)m = (£/a,00G1(0,12)m—at, ® fiy

Here ®/1;, means tensoring with the 1-dimensional representation of the group
wp of weight 1 € Z/bZ.
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Since the pp X pg-weight of 7 is (—1,1) on Uie, the S-family of FMQ at the
T-weight (k/a +11)(a,0) + (0 +12)(0,1) with the fine grading is

P wra0Gilllo)m @ © @k

0<k'<a—1
meEZ/bZ

= @ (k//a,o)F1(oo, 12)m ® ﬂlg—k +al g ﬂ;; k.
0<k'<a-—1
meZL/YZ.

Similarly, one can show that the S-family of F2112 at the T-weight
(0+1)(r,=r) + (/b +12)(=b,0) is

R Y

B 0imFalli, 0 @i @ p I
0<j'<b—1
neL/al

Since multiplication by 7 is an isomorphism, the S-family F 1,12 is determined
by its elements at the weight (0/a +0)(a,0) + (0+1)(0,1) = (0,1) for all | € Z.
Therefore it suffices to compute the S-family F 12 at the above weight, which
is given by

B e Fi(ool)m @iy @ pl

0<k'<a—1
meZ/bZ

Similarly, we only compute the S-family F2712 at the weight (0 + )(r,1) +
(0/b+ 0)(=b,0) = (Ir,1), which is given by

@ 0,5 /0)F2(l,00)n ® fig? ® i
0<j'<b—1
neZ/al
We can’t equate them since they are at different weights. To jump from the
weight (Ir,1) to (0,1), we multiply the second family by 7" as the T-weight of
7 is (—1,0). As a result, the fine grading is changed to

~ -/ N »/_l
D oimPloon e e p
0<j'<b-1
neL/al

Hence the gluing conditions on the substack U2 are given by:

.\ ok~ " il
@ (o/a,0) F1(00, Dm ® i, * @ il =2 @ ©0.5/0) F2(l,00)5 @ fig 7t @ pd ="

0<k<a—1 0<j<b—1

meZ/bZ neEL/al
for all | € Z. Here ®/i} means tensoring with the 1-dimensional representation
of the group pu; of weight k € Z/bZ and ®[} means tensoring with the 1-
dimensional representation of the group p, of weight j € Z/aZ.
Similarly, we can get gluing conditions for other substacks.
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ProprosSITION 3.1. The category of T-equivariant torsion free sheaves on the
Hirzebruch orbifold H is equivalent to the category of finite [Per(/, Definition
5.10] stacky S-families {E}i:1,273,4 on U; satisfying the gluing conditions given
by the following equalities of g X up representations:

@ (/a,0) F1 (00, D)m @ i * @ fiff = @ ©0,/0) F2(l,00)n ® a3t @ pd ="

0<k<a—1 0<j<b—1
meZ/bZ neEL/al
D im0 )m = P GroyFsll, 0
meZ/al n€eL/al
D o FseoDm@ig? @i = B or/wFal,00)n @ iy @
0<j<b—1 0<k<a—1
meZ/al n€Z/bZ
@ (O,k’/a)FZl(ooal)m = @ (k’/a,O)Fl(laoo)n
meEL/VL n€ZL/bL

foradlll € Z, j’ € Z/aZ, k' € Z/VZ and similar gluing conditions between the
corresponding inclusions.
3.3 EXAMPLES

In this section, we will give some examples of torsion free toric sheaves of rank
1 and 2 on Ha.

ExXAMPLE 3.2. Let F be a torsion free sheaf of rank 1 on the Hirzebruch surface
H1t. Then the gluing conditions are

0,00F1(00,1) = (0,0)F2(1,00), (0,0)F2(00,1) = (0,0)F3(l,00),
0,00F3(00,1) = (0,0)Fa(l,00), (0,0)Fa(00,1) = (0,0 F1(l,00).

On each chart, (O,O)Fi can be described as follows:
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ExaMPLE 3.3. Let F be a locally free toric sheaf of rank 1 on the Hirzebruch
orbifold ’Hﬁb. The charts U7 and U, has a box of size a, while the charts Us and
Uz has a box of size b. Since the rank is 1, the only possible choice for nonzero
b Fi s

by = (k/a,O),b2 = (Oaj/b)ab?) = (j/b,O),b4 = (O’k/a)'

For fixed 0 < j < b and 0 < k < a, The T-weights of the generator on each
chart are given by

U : (k/a + Al)(a,O) + AQ(O, 1), Us : AQ(T, 1) + (_j/b + A3)(—b,0),
Us: (j/b+ As)(=b,0) + Ag(—r,—1), Uy: As(0,—1) + (k/a + A1)(a,0).

Set
Bl = k+aA1,BQ = AQ,Bg :j+bA3,B4 :A4.

The sheaf F is uniquely determined by B;. We will show below that the fine
grading is also determined.
Suppose the pp-weight of the generator is mq on chart Uy, then

(k/a,0)F1(A1, A2)my =(k/a,0) G1(0, A2)m; —aa, =(k/a,0) F1(00, A2)m,—aa, -
The first equation of the gluing conditions implies that
mi=k+aA; +j—1rAy = By + B3 —rBy mod b.

Similarly, one can show that the fine gradings of all the generators are deter-
mined as follows:

Bi1+ Bs —rBy modbonlfy, By+ B3—rBy modaonls,
B+ Bs+rBy modaonls, By+ Bs+rBs; modbon Uy.

Denote by L(p, B, B,,5,) the T-equivariant locally free sheaf of rank 1 corre-
sponding to (By, By, B3, By) € Z*.

ProrosiTiON 3.4. Let PicT(H,‘?b) be the T-equivariant Picard group of the
Hirzebruch orbifold. Then

(By, Ba, B3, Bs) € Z' — L(p, B, B, B4 € Pic” (H)
s a group isomorphism.

REMARK 3.5. The non-equivariant Picard group of the Hirzebruch orbifold H2°
is Z & Z and

L(1,0,0,0 = (=1,0), L,0,1,0 = (—1,0),
Lo,1,0,00 = (0,=1), L,0,0,1) = (=7, —1).

DOCUMENTA MATHEMATICA 25 (2020) 655-699



676 W. WANG

EXAMPLE 3.6. Let F be a locally free toric sheaf of rank 2 on the Hirzebruch
surface H1I'. On each chart, F; can be described by a double filtration of C2:

Hence F is fully determined by A;, As, A3, Ay € Z, A1, Ao, Az, Ay € Z>( and
Py, Py, P3, Py C C?, which can also be viewed as a point (Py, Py, P3, Py) € (P1)%.
The label P;; stands for the vector space P; N P;.

Generally, for torsion free toric sheaves, the double filtrations may not have
strict corners [Kool0].

ExXAMPLE 3.7. Let F be a locally free toric sheaf of rank 2 on the Hirzebruch
orbifold H2. Since the rank is 2, either 1 or 2 box summands are nonempty.
There are 4 possible choices for p, F; to be nonzero.

1. biFi 7é 0 for by = (k/a50)7b2 = (Ovj/b)7b3 = (]/b70)5b4 = (05 k/a)
On each chart, it is described by a double filtration as for H1!.
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Since we will later work on stable toric sheaves and the decomposable
sheaves are not stable, we would like to classify all the types of indecom-
posable toric sheaves. They are listed below:

(a) A; > 0 for all i. P;’s are mutually distinct.
(b) A; =0 for some unique ¢ and A; > 0 for i #4’. Py is omitted and
P;’s are mutually distinct for 7 # 4’.
(¢) A; >0 for all . Only two of P;’s are same.
2. 4, By # 0 for by = (k/a,0),b2 = (0,5/b),b2 = (0,5 /b), b3 = (j/b,0),bs =
(j//bv 0)5 b4 = (05 k/a)
Suppose A, — Az = Ay > 0and A} — Ay = Ay > 0. Denote Az = A5 — As.
Sheaves of this type are fully determined by Aj, As, Az, A4, b1 A3 € Z,

A1,As, Ay € Z>o, and Py # P, C C2. They are decomposable and can
be described as follows:

A P

(AL, AY)

3. 5, Fi # 0 for by = (k/a,0),by = (K /a,0),b2 = (0,/b), by = (j/b,0),bs =
(07 k/a’)a b4 = (07 k//a)'
It’s similar to the second case and all the toric sheaves of this type are
decomposable.
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4. Two box summands are nonzero for all the charts.

It can be easily seen that F is decomposable in this case.

4  HILBERT POLYNOMIAL

4.1 K-Groupr

Let Ko(H) be the Grothendieck group of coherent sheaves on the Hirze-
bruch orbifold H. By [BH06], Ko(H)g is isomorphic to the quotient ring
Q[g*, hT]/I where I is generated by

1—
1—
1—
1—

P

Here g := [(—=1,0)],h := [(0,—1)] are K-group classes of the generators of
Pic(H®) 2 7 ® Z.

Recall that the T-action on H2 has four fixed points corresponding to the
origin of each chart. Denote them by Py, P, P3, Py.

PROPOSITION 4.1. In Ko(H2), we have

Op, ® fig) = (1= ¢")(1 - g"h)g",

Op, ® ﬂ% = (1—-g")(1—h)g',

Op, ® ﬂi} =(1-¢"1-h)yg",
Op, ® i) = (1 —g*)(1 —g"h)g".

Proof. The sheaf Op, ® fi} is described by a S-family where By=F;=F=0
and F} only consists of a single vector space C with u,-weight ¢ at the position
(0,0).

Using the description of the line bundle introduced in Proposition 3.4, we can
construct the exact sequence:

0 — L(a-1,1,0,00 — L(a-1,0,0,0) ® L(0,1,0,00 — L(0,0,0,00 — Op, — 0.

Hence
[Op]=1+g"h—g" —h=(1-g")(1—h).
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Since By = ad; = 0,By = Ay = 0, the fine grading of Op, ® i} is equal to
Bs mod b on U;. As a result,

[OPI ® %] = [OPI & L(o,o,z‘,o)] = (1 - ga)(l - h)gi-
The calculation for other charts is similar. O

Now let’s consider the general case. Suppose there is a S-family such that
Fy, = Fy = Fy = 0 and F} consists of a single space C with up-grading i
at the position (k/a + A1)(a,0) + A2(0,1). Then the corresponding sheaf is
Op, @ LktaAy, As,imk—aA;+rAs,0) and its class in Ko(HeP) is

(1= g") (1= h)g42nte = (1 - g*)(1 — h)g".

As a result, the class of such a sheaf in Ko(H2’) only depends on the fine
grading. This is quite useful when we calculate the Hilbert polynomial later.

4.2 RIEMANN-ROCH

Riemann-Roch on Deligne-Mumford stacks was first proved in [Toe99]. Later,
[Edil12] gave a simpler proof based on the equivariant localization theorem. In
our paper, we will follow the notation of inertia stacks used in the appendix of
[Tsel0], which is essentially same as [Edil2, Section 4].

Recall from [BCS05] that for each d-dimensional cone in the fan ¥, Box(o) is
the set of elements v € N = Z2 such that v = ZpiGU q;b; where b; is the ith
column of the matrix B (1.3.3) and 0 < ¢; < 1 with ¢; € Q. Denote by Box(X)
the union of Box(c) for all d-dimensional cones.

Since H = [Z/(G] is a quotient stack, each component of its inertia stack is
isomorphic to [Z9/G] where Z9 denotes the locus of points fixed in Z by g.
By [BCS05], the elements v € Box(X) are in one-to one correspondence with
elements g € G that fix a point of Z.

Suppose ged(a,b) = 1. A box element for the stacky fan of the Hirzebruch
orbifold H can be in Box(p;), Box(ps) or Box(c;) for 1 < i < 4. Hence to
find all the components of the inertia stack, we classify all the substacks which
correspond to the minimal cones that contain the box elements.

If a box element is on Box(p;), then z = 0 and the corresponding stabilizer
g = (7,\) must satisfy A = 1,7 = 1,77\ = 1. Suppose ged(r,b) = p, then

g= (V"5 1),1=1,...p— 1.
Hence the corresponding component of the inertia stack is
X, = [Z9/G] = [C* —V(yz, 2w0)/(C)?], (1,\): (y,2,w) = Ay, 702, 7" w).
Let ged(r,a) = q. We summarize all the components in the table below:
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bt g Substack [27/G] | (r ) € (C)-action
271'\/7_1%

P1 l(e , ) 1)1 [(C3 —V(yz, Zw)/((c*)Q] (y, 7, W)=y, sz7 )
=L.,p=
(eQTr\/TI% 1)

po| ol (€ = Viaywa) /() @y w) = (rw, dy, 7 Aw)
=L..,q9—-

(627r\/—_1% 6727‘-\/7_551)
o ’ (C2=VE)/CP] | (zw)> (27 xw)

SrLi=1,..b-1
(627r\/jlé 6727r\/jl%l) 5 5
lop aty l:, L a—1 [C* = V(zw)/(C*)?] (z,w)—=(T%, 7" Aw)

211, .

(6271- - éal) 2 *\2 a
03 %)(171: 1,.”,017 1 [(C *V(IL’ZJ)/(C ) ] (:E,y)%(T $7>\y>
(627T 71%71) 2 *)2 b

Write IH2 for the inertia stack of the Hirzebruch orbifold H2°. Let 7 : IH® —
H be the natural projection. Suppose a vector bundle V on IH is de-
composed into a direct sum @, V; of eigenbundles with eigenvalue (;. Let
loo be the group of all roots of unity, then we define p(V) := Zg ¢V and

ch : KO(H) — A*(IH®) ® 10 as the composition
KO(H) ™ KO(IH®) 2 KO(IH™) @ pioo < A*(TH™) @ pico.
For a line bundle L on H%, define Td : Pic(H®) — A*(IH®) ® pioo as

. Td(m*L) if the eigenvalue of 7*L is 1
Td(L) = 1
ch(l—=¢t-m*LV)

if the eigenvalue of 7*L is ( # 1.

Then by Riemann-Roch, the Euler characteristic of a coherent sheaf F on H2
is given by

\(F)= [ d(F)-TAOD,)) - TAOD,,)) - TdO(D,,) - THO(D,,)

where D, is the divisor corresponding to the ray p; in Figure 2.

PROPOSITION 4.2. Suppose ged(a,b) = 1. Consider the line bundle (m,n) €
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Pic(H2) (Remark 3.5). The Euler characteristic is given as follows:
-1 ml
l4n 1+ 1+ +1 ”Z w +1
_ n n 14+n)m nn+1r I L

2a 2b ab 2ab — 1— w;“l b

x((m,n))

S =

. qg—1 w;”l n+1 . b—1 wg”l 1_ wb—(n—i—l)sal
: : —bl : : —al —sal
1 —wq = 1—w, 1—w, ™
by
P

_ w;nl 1— wg(n+l)tbl 1
T Z —bl 1 — oot a
a

27/ —1

where p = ged(b,r), ¢ = ged(a, 1) andwy, = e~ & fork = a,b,p,q. Especially,
X(Onar) = X(O(Dy,)) = x(O(D,)) = 1.

Proof. The only 2-dimensional component of IH is H2 itself. By [EM13]
and [CLS11], the orbifold Chow ring is

Qlz,y, 2, w]/(zz, yw, br — az, sz +y + tz — w) = Qlz, y]/(2?, ay® + ray)

1
and fHQb Ty = 3.

The 1-dimensional components come from p; and p3. By [BCS05], the substack
[Z9/G] for p1 is isomorphic to the substack constructed from the quotient
stacky fan /p; [BCS05]. One can show that Z(p1) = C? — V(y,w) and the
action of G(p1) = C* x up on Z(p1) is given by (A () (y,w) = (Ay, A\(*w).
Hence the Chow ring is Q[y]/(y?) and me y=1.

Similarly, the Chow ring is Q[y]/(y?) for another type of 1-dimensional com-

ponents and prg y=1.

There are 4 types of 0-dimensional components induced by o;. Two of
them are isomorphic to Bup, and others Bpu,. The Chow ring is Q and

fB,ub l= %’fB,ua = %'

Thus IH2 is the disjoint union of 7 types of components in general. Depending
on the relations among a,b and r, there may be fewer types.

On each type of components, the Chern character of a line bundle gﬁ((m, n))
is given by

m 1 m m m
(1 + (ot ny) + 5 (ot ny)?, (L4 ny)wp, (14 ny)wy,

(m—mnsa)l —ntb)l l l
wy, ,w((lm " ),w;",wg" .

Note that ! runs over {1,...,p — 1} for the 2nd type, {1,...,q — 1} for the 3rd
type, {1,...,b — 1;% {1} for the 4th and 7th types, {1,..,a —1;% { I} for the
5th and 6th types.
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One can also show that Td(O(D,,)) - Td(O(D,,)) - Td(O(D,,)) - Td(O(D,,))

on each type of components is

booro 1 b1 1+y 14y

1 44z — 4=
( +y+(2a+2a+2)z+(2a+2)w’1—w;“l’1—wq—”l’
1 1

(1 —wp ™)1 —wp™) (1 —wa™)(1 —with)’

1 1
(1 —wa™) (1 —wa®™)’ (1 —wy (1 —wy )

Adding all the integrals together, we get the desired result.
To show x(Oyav) = X(O(Dy,)) = x(O(Dy,)) = 1, we repeatedly use the

following two facts:

p—1 1 p—1 1
e If a,p are coprime, Z — = Z -
1w lzllpr
1 1
° 7 — =1L
I-w, 1-wp
(]

4.3 COARSE MODULI SPACE
Suppose ged(a, b)=1. The coarse moduli space of the Hirzebruch orbifold H2

is a toric variety H given by the following fan

y

p1 = (b/p,s/p)
02

ps = (—a/q,t/q)

03

pa=(0,—-1)

where r = sa + bt, p = ged(b,7) and ¢ = ged(a, 7). Since ged(a,b) = 1, £ and

! are integers. Let D; be the divisor corresponding to the ray p;. Then

b
°Dy ~ 2Dy
q

5 t
D1+ Dy + -D3 ~ Dy.
p q
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To find the Picard group, we need to determine when a Weil divisor is Cartier.
Suppose D =t Dy + t2 D5 is Cartier. Denote by n, the primitive generator of
the ray p. Then for each o;, there exists m,, = (z;,;) such that (m,,,n,) =
—t, for all p € 0;(1), where 0;(1) denotes the collection of rays of o; [CLS11].
For o1, it implies

b s
-1+ —y1 = —h
p p

y1 = —t2
from which we get % | —t1 + %tg. By checking each o;, one can show that the

conditions for D to be Cartier are % | t1, % | t2. Therefore
. b ba b ba
PIC(H) = {tl—Dl + t2_D2|t1,t2 € Z} = {fl—Dl + t4—D4|t1,ﬁ4 S Z} ~ 72

The Cartier divisor 12 D1 + t4 D4 is ample if and only if for each o;, there
exists my, = (zi,y;) such that

(Mg, ,np) = —t, for all p € g;(1)

(Mg, ,mp) > —t, for all p e X(1)/04(1)

One can compute that my, = (—t1,0),my, = (0,0), My, = (%t 9t), Mo, =

(f;“t4 — 1y, p“t4) is a solution. B

We get several inequalities which reduce to ¢; > 0, t4 > 0. Thus Oy (tlng +
b—aD4) is ample if and only if ¢1,t4 > 0.

Consider the ample line bundle L = OH( D + b“D4) By the property of

the root stack [FMN10], € : H® — H is a morph1sm with divisor multiplicities
(p,1,q,1). Hence

b b
€L = Oyor (D), + —“DM) = (ba(1 + piq), p—‘;) € Pic(H™).

For any coherent sheaf F on ’Hfb,
of F with respect to €*L as

P(F,T):=x(FoLT).
PROPOSITION 4.3. Suppose ged(a,b) = 1.  Consider the line bundle

(m,n) € Pic(H2), then
2

P(m,n),T) ( bar b_a)T2+(a+b+ m+r
2p ?®  pg 2pq

q—1 ml
+Z

P,
1
Proof. To calculate x((m + ba(1 + =)T',n + ba e T)), we note that

we can then define the Hilbert polynomial

+n+ 1+

—l —bl
“pq = Pq

) T+ x((m,n)).

Z—‘;sa Z%(T7 b) ﬁtb %(T*Sa)
Y = wy =1,wi" =wi =1.

Then the result follows. o
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4.4 MODIFIED HILBERT POLYNOMIAL

By [0S03] [Nir08], A locally free sheaf & on Hirzebruch orbifold H% is a gen-
erating sheaf if for every geometric point  of H2%, the representation &, of the
stabilizer group at that point contains every irreducible representation.

One can show that £ = @sz_ol(—k:, 0) is a generating sheaf, although is not of
minimal rank usually. Let € : H% — H be the structure morphism. Fix the
generating sheaf £ as above and the ample invertible sheaf L = O(%Dl + Z—ZD;;).
We define the modified Hilbert polynomial for a sheaf F on the Hirzebruch
orbifold H2 as

Pe(F,T) = x(H" Fe &' @cLh)
and the modified Euler characteristic as
Xg(]:) = Pg(]:,O).
PROPOSITION 4.4. Suppose ged(a,b) = 1. Then

b2a’*r  b%a? ab
Pg((m,n),T) = (W + E T2+ (%(a+b+r+2m1+ab)

+ab(n+1))T+ %(a+b+2m+ab—1fnr).

Proof. To prove the proposition, we note that:

ab—1qg—1 (m+k)l q—1 —ab—1 (m+k)l
Wp _ k=0 “p _ :
° = =0, since p | ab.
1— w—al 1— w—al ’
k=0 1=1 P =1 p

Then the result follows. O

PROPOSITION 4.5.

Pe(
Pe(

OPI ®ﬂlzy ,T):Pg( OP4®/)Z' aT):aa
Op, ® [, ,T):Pg( Op, ® [, ,T):b.

Proof. Recall from Proposition 4.1 that [Op, ® i) = ¢* + ¢*T"h — g* ™" — g'h.
Hence

Pg([OP1 ® ﬂz]a T) = Pg((fiv O)a T) + Pg((*a — i, 71)7T)
~ Pe((—a—1i,0),T) — Pe((—i,~1),T) = a.

Similarly, we can obtain the other results. o
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Generally, if there is a S-family such that Fy, = F3 = Fy = 0 and F} consists
of a single space C with pp-weight ¢ at the position (k/a+ A1)(a,0) + A2(0, 1),
then the K-group class of the corresponding sheaf is (1 — g%)(1 — h)g* and
Pg(Op, ® L(jtaA;, Az i—k—aA,+742,0), 1) = a.

Thus the modified Hilbert polynomial of a sheaf corresponding to a single
space C in one chart only depends on the chart itself.

We will now look at the modified Hilbert polynomial of indecomposable locally
free toric sheaves of rank 2 on the Hirzebruch orbifold H2.

Recall that a necessary condition for such a sheaf to be indecomposable is
exactly one nonzero box summand for each chart. In this case, we set

By =k+aAy,By = A2,B3 = j+bA3, By = Ay
A1 =alq, A2 = Ao, Az = bA3, Ay = Ay '
A locally free toric sheaf of such kind is entirely determined by B, Bs, B3, B4 €
Z, A1, A2, A3, Ay € Z>( such that a | A1,b | Az and Py, Py, P3, Py C C?. It is
indecomposable if and only if it satisfies one of the conditions in the first case

of Example 3.7

PROPOSITION 4.6. Let F be a locally free toric sheaf of rank 2 with exactly one
nonzero boxr summand for each chart. Then the modified Hilbert polynomial
of F is given by

Pg ((731 — Bg — B47’, 7B2 — B4))
+Pg ((731 7A1 733 7A3 7B4T*A4T,*B2 7A2 7B4 7A4))
— (1 — (Splpz)AlAg — (1 — 6P2P3)A2A3 — (1 — (Sp3p4)A3A4 — (1 — (Sp4p1 )A4A1.
where dp,p; is 1 if P; = Pj and 0 if P; # P;.
Proof. We can define another toric sheaf G such that its S-family G satisfies

dim(,Gi (11, l2)m) = dim(p Fi(l1,12)m)

for all charts. Then according to [GJK17, Lemma 7.7], [F] = [G] € Ko(H2).
To define the S-family G’, we set,

vGi(l1,12) = vL(B,,By.Bs,B4),i(l1,12) © bL(By+A1,BotAo,Bs+As, Bat-Aa),i (115 12)
in the following regions

I > Ai+A;orly > Ajpr + Ay,
1 <A;+A; and Ir < Ai—i—l + Ai—i—la if P, = Pi—i—l

for 1 < i < 4. Note that if P; # P;;11, then a rectangle of size A;A;11 is
removed. Hence the modified Hilbert polynomial is decreased by A;A;+1. O
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5 MODULI SPACE OF SHEAVES

5.1 MobpuLl FUNCTOR

Suppose the modified Hilbert polynomial of a pure coherent sheaf F of dimen-
sion d is

d .
Tl

Pe(F,T) = agi(F) -
i=0 ’

Then the reduced modified Hilbert polynomial is defined as

f%(fljn
FT)= ————~
pe(F.T) e F)
and the slope of F is defined as
g d-
pe(F) = ===
ag.d

DEFINITION 5.1. F is Gieseker-stable if pg (F') < pg(F) for every proper sub-
sheaf 7' C F [Nir08].

DEFINITION 5.2. F is p-stable if pg(F’) < ug(F) for every proper subsheaf
F' CF.

For toric varieties or orbifolds, we only need to check all the equivariant sub-
sheaves for stability. It was proved for Gieseker stability in [Kooll]. For
p-stability, it was only shown in [Kooll] for equivariant reflexive sheaves and
recently extended to equivariant torsion-free sheaves in [BDGP18].

We can then define a moduli functor M5, where M¥p_(S) is the set of equiv-
alent classes of S-flat families of Gieseker stable torsion-free sheaves on the
Hirzebruch orbifold H2® with the modified Hilbert polynomial Pe. It is shown
in [Nir08] that there exists a quasi-projective scheme M7, that corepresents
M, and is indeed a coarse moduli space. The closed points of M3, are
therefore in bijection with isomorphism classes of Gieseker stable torsion free
sheaves on H2 with the modified Hilbert polynomial Pe.

We also define a moduli functor Mﬁ_f,z C M5, which only consists of u-stable
locally free shaves. The coarse moduli space is an open subset M’fgz C Mp,.
To get similar results of [Kooll, Theorem 4.15], we need to modify the defi-
nition of the characteristic function for %% and match the GIT stability with
the Gieseker stability.

DEFINITION 5.3. Suppose ged(a,b) = 1. Let F be a torsion free sheaf on
the Hirzebruch orbifold H°. The characteristic function ¥z is defined as the
disjoint union

a—1b—1

XF = H H (k,j) X F

k=0 j=0
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where (; yXr : (Z?)* — Z* is the characteristic function

(k) XF (1), e )XF (M2), k) XF (M3), () XF (Ma))
= (dime((k/a,0)F57, ), dime (0,575 3 )» dime (/5,0 Fi ) dime (o0,5/a) Fit)) -

restricted to the following box summand
b1 = (k/a,O),bg = (0,j/b),bg = (j/b,O),b4 = (O,kz/a)

Let F be a torsion free sheaf of rank 2, then F is u-stable if and only if F**
is u-stable. Since F** is locally free, indecomposability of F** implies that
S-family , FZ** # 0 for only one box element by Example 3.7. Hence , F, #0
for the same b;. As a result, the characteristic function of a stable sheaf F
must be of the form
XF = (kj)XF-

Denote by Gr(m,n) the Grassmannian of m-dimensional subspaces of C*. We
define the following ambient quasi-projective variety:

a—1b—1 4

A=TTTI(IT TIGr(wnx5 (mi).2)

k=04=0 \i=1m;ez2

Then there is a locally closed subcheme Ny of A whose closed points are framed
[Kool0] torsion-free S-families with characteristic function . Consider the
special linear group G = SL(2,C). Then G acts regularly on A leaving Ny
invariant. For any G-equivariant line bundle £ € Pic®(Ny), we can define the
GIT stability with respect to £ [Dol03]. Denote by /\/;% the G-invariant open
subset of GIT stable points. We obtain a geometric quotient 7 : /\/;% — Mf( =
Né /G.

PROPOSITION 5.4. Let X be the characteristic function of a torsion free sheaf
of rank 2 on the Hirzebruch orbifold H®. Let Pe be the modified Hilbert poly-
nomial with respect to the ample sheaf L = O(%Dl + %D4) and the generating

sheaf € = Zb:_ol(—k,O). Then there exists an ample equivariant line bundle

Ly € Pic“ (Nx) such that any torsion free sheaf F on H with characteristic
function X is Gieseker stable if and only if it is GIT stable w.r.t. Ly.

Proof. If Xz = (x,;)X7, then the S-family has exactly one nonzero box sum-
mand for each chart. Hence the double filtrations are similar to the cases of
toric varieties as in [Kooll] and the proof carries over without any difficul-
ties. o

REMARK 5.5. For locally free sheaves of rank 2, we can also match the u-
stability with the GIT stability w.r.t some line bundle E%. But in general, the

line bundle E% is different from L. We denote the GIT quotient w.r.t this line
bundle by /\/lif.
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Suppose F is a T-equivariant sheaf on the Hirzebruch orbifold H2. By tensor-
ing a character of T, the equivariant structure is changed, but not the under-
lying sheaf. This degree of freedom can be fixed by requiring Bs = By = 0. In
this case, we call XY= gauge-fized. Note that our definition is slightly different
from [Kool1] as we choose Bs, By from o4, which has the largest index, to make
the calculation easier.

By [Kooll], the Hilbert polynomial of a torsion free toric sheaf on a smooth
toric variety is fully determined by the characteristic function of that sheaf.
The result also applies to the Hirzebruch orbifold H2?. Therefore, we can write
Xp, for the set of characteristic functions with the modified Hilbert polynomial
Pe.

Since the T-action lifts naturally to Mp,_, we get the following two theorems
similar to [Kooll].

THEOREM 5.6. For any choice of a generating sheaf £ with an equivariant
structure on the Hirzebruch orbifold H3®, there is a canonical isomorphism

Mp)T= T M

)ZE(XPg)gf

Since (geometrically) p-stability and locally freeness are open properties for
the moduli functor M%_ [Kooll] [HL10], we obtain

THEOREM 5.7. For any choice of a generating sheaf £ with an equivariant
structure on the Hirzebruch orbifold H2®, there is a canonical isomorphism

HS\NT ~ us
(M) I M
)Ze(XPg)gf
5.2 GENERATING FUNCTIONS

Denote the moduli scheme of p-stable torsion free, resp. locally free, sheaves
of rank R with first Chern class ¢; and modified Euler characteristic ye by
Miyyar (R, c1,Xg), Tesp. M;’ﬁb (R,c1,xe). Our goal is to use the idea of fixed
point loci to compute the forllowing two generating functions:

Z e(M’Hﬁb (Ra ClaXE))qXEa Z e(M;]Lkéb(Raclaxg))qXE
Xe€EZ Xe€ZL

for R = 1,2 with fixed c;.

5.2.1 RANK 1

Consider p-stable torsion free toric sheaves of rank 1 on the Hirzebruch orbifold
H2 with fixed first Chern class ¢; = mZ + ny where z = ¢1(D,, ),y = ¢1(D,).
Let
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Ge, (Q> = Z e(MHﬁb(lﬂcl;X$>>qX£

Xe €L
be the generating function. Note that e(Myan (1, c1, xe) = e(Mpar (1, ¢1, xe)T)
by torus localization.

PROPOSITION 5.8.

o0
Ginz g (q) = q = (arbi2mtab=izn) 11
) k:l( o

1
q=*)2(1 — q~bk)2°

Proof. An equivariant line bundle L, B, B, B,) is non-equivariantly trivial if
and only if
B+ B3 +rBy=0;Bs + By = 0.

If F is a torsion free toric sheaf of rank 1, then F ® L(B,4B,r,Bs,—Bs,—By) 19
gauge-fixed. Therefore, we only consider torsion free toric sheaves of rank 1
with reflexive hulls Lp, B,,0,0)-

For fixed c1, the reflexive hull is uniquely determined as L(_,, —p 0,0y = (m,n).
The modified Euler characteristic is given by

_1+n

xe((m,n)) = 5 (a+b+2m+ab—1—nr).

For a torsion free toric sheaf F with the reflexive hull L, _, 0,0), the cokernel
sheaf Q of the exact sequence

0—=F = Li—m,—no00 — 20

can be described by young diagrams. By Proposition 4.5, the modified Eu-
ler characteristic of Q increases by a, resp. by b for each cell in the young
diagrams on charts Uy and Uy, resp. Us and Us. Hence the closed points of
Myyar (1, 1, xe)T are in bijection with four partitions (A1, A2, A3, \4) such that

1+n
2

(a+b+2m—+ab—1—nr) —a(#M + #\1) — b(#Xa + #X3) = xe.
O

REMARK 5.9. By Proposition 4.5 and Proposition 4.1, the modified Euler char-
acteristic of @ is independent of the fine grading, whereas the K-group class

is not. Hence we do not need to consider the colored Young diagrams as in
[GIK17].

5.2.2 RANK 2

For a toric surface, there is a nice expression that relates the generating func-
tions of torsion free and locally free sheaves given by [G6t99]. We also derive a
similar relation for the Hirzebruch orbifold #2’, which is given in Theorem 1.1.
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Proof of Theorem 0.1. The proof is similar to that of [GJK17, lemma 7.4] ex-
cept in our case the moduli scheme is stratified by the modified Euler charac-
teristics. O

Let F be a locally free toric sheaf of rank 2 on the Hirzebruch orbifold H2.
By tensoring with L(p,4,B,,B,,—Bs,—Bs), We only consider toric sheaves with
B3 = B4 = 0, which are gauge-fixed.

From Example 3.7, we know that there are three types of indecomposable toric
sheaves. Hence, the connected components of the fixed locus M';_,[]?:b (R,c1,xe)T

can be explicitly classified as follows:

1. A; > 0 for all i. P;’s are mutually distinct. 2

Consider four equivariant line bundles L;, Lo, L3, Ly C F generated by
Py, P, P, P, respectively.

L1 = LB, BotAs,As,As> Ly = Lp,+Ay,Bas,As,Ass
L3 = Lp,+A,Bo+A2,0,Asy La = LB, +A, BotAs,A50-

Any rank 1 equivariant subsheaf of F is contained in one of L; and does
not have bigger slope. Hence it suffices to test pg(L;) < pe(F) for all L;.
The stability conditions are given by

Ay < pgho+ Az + (r+pg)As, pgha < Ay + Az + (1 + pg)Ay,
Az < Ay +pgha + (r+pg)As, (v +pg)As < Ay +pgha + Az,

Denote by D the set of points (Py, P, P3, Py) € (P*)* where Py, P, P3, Py
are mutually distinct. Then the connected component of the fixed locus
is given by D/SL(2,C) and e(D/SL(2,C)) = e(P* — {0,1,00}) = —1.

2. Ay = 0 for some unique 7' and A; > 0 for ¢ # i’. Py is omitted and P;’s
are mutually distinct for ¢ # ¢'.
Suppose A; is 0, then the above inequalities are reduced to

pgho < Az + (r+pg)As, A3 < pghAs + (7 + pg)Asg,
(r + pq)Ay < pgha + As.

Hence the connected component is D/SL(2,C), where D is the set of
points (P, P3, Py) € (P!)? where P», P3, Py are mutually distinct, and
e(D/SL(2,C)) = 1.

3. A; > 0 for all 7. Only two of P;’s are same.

Suppose P, = P», P3, Py are mutually distinct. Then we need to con-
sider line bundles L}, L3, Ly where L] = L(p, B, as,a,))- The stability
conditions are are given by

Ay +pgho < Az + (r +pg)As, Az < Ay + pghAs + (7 + pg)As,
(r + pg)As < A1 + pgha + As.

2For notation, see Section 4.4 and Example 3.7
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Similar to the case 2, the topological Euler number of this component
is 1.

Thus there are 11 types of incidence spaces contributing to the generating
function similar to the case of Hirzebruch surface in [Kool5].

Consider locally free toric sheaves of rank 2 with fixed first Chern class ¢; =
2r + ny where ¢1(D,,) = x,¢1(Dp,) = y. By Proposition 4.6, one can show
that

c1=—(2B; + Ay + Ag + A47’)§ — (2By + Ay + Ay)y.

Hence

2B1+ A1+ As+Agyr=-—m, 2By+Ay+Ay=—n.

If F is of the first type mentioned above, then the modified Euler characteristic
is given by

Pe ((—=B1,—Bs3),0) + P ((=B1 — A1 — Ag — Ayr, — By — Ay — Ay),0)

“AyAg — AgAs — AsAy — Ay,

mn n?r 1

1 T T
= §(C—r)n+0+m+7fT—§(A2+A4)(A1+§A2+A37§A4)

where C' = a + b+ ab — 1. Similarly, we can obtain the modified Euler charac-
teristics for other types.

Let

H () = D e(M30 (2, 1, xe))a*

be the generating function. Define f = %(C —r)n+C+m+ B2 — "TQT. Then

Hv%bz—i-ny(q) — Z qf*%(A2+A4)(A1+§A2+A3*§A4)

A1, A2, A3, Mg €250
a’| A1, b | Ag
2| —m — Ay — Az — rAy
2| —n — Ay — Ay
A1 < pgAg + Az + (r + pa)Ag
pgho < Ay + A3 + (r+ pa)Ay
Az < Ay + pagAg + (r + pa)Ag
(r+pa)Ay < Ay +pgAa + Ag
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4 Z qf TRt A (Mt 5A2+As =5 04) 4 5 similar terms

A1, A2, A3, M4 € Z50
alAp,b|Ag
2| —m — Ay — A3 — TA4
2| —n — Ay — Ag
A1 + A3 < pgAg + (r + pa)Ay
pahg < Ay + Az + (r + pa)Ay
(r+pa)Ag < Ay + pagAa + Ag

—1 r a—T o s
+ E of 2 (Mo FA) (582483 =584) | 3 gimilar terms.
2| —m — Az — rAy
2| —n — Ay — Ay
paA2 < Az + (r + pa)Ay

Az < pqAg + (r + pq)Ay
(r + pa)Ag < pgAo + A3

Note that the first term corresponds to the component of the first type and the
negative sign comes from e(P! — {0,1,00}) = —1. The signs for the remaining
terms are positive because the topological Euler number is 1 for the other com-
ponents. Using proper substitutions, we can simplify this generating function
further.

PROPOSITION 5.10. Suppose ged(a,b) = 1. Let f = %(C—r)n—i—C—l—m—l—%—"TQT

where C' =a+b+ab—1. Ifr > 0, the generating function H%?Hny(q) equals

HEZ, oy (@) =<— > +Z+Z+Z+Z>qf‘%j“*%”

Cl C6 C7 CS CQ

Ca 03 Cy CS

where

Cy={(i,j,k,) €Z*: 2| m+i,2|n+52]7—12a|i+k+r(-1),

2b i —k,i=pqj,—j <1<j,—pqj—r(j—1)<k<pg},
Co={(i,j,k,1)€Z*:2|m+i,2|n+752|7i—12a|i+k+r(i+1),

20 |i—k,k<pgl <il<j,—i—r(G+1)<k,—pgi—r(G+I1) <k},
Cs={(i,j,k,1)€Z*:2|m+i,2|n+42]|7i-012b|i+k+r({—1),

2a |i—k,k<pgl <i,l<j—i—r(G+1)<k,—pgj—r(+1) <k},
Co={(i,j,k,1)€Z*: 2| m+i,2|n+52|7i-01,2b|i+k—r(—1),

2a|i—kk<pgl <i,l<j,—i+r(—1) <k, —pgj <k},
Cs={(i,j,k, 1) €Z*: 2| m+i,2|n+752]|7i—12a|i+k—r(-1),

2b|i—kk<pg <il<j,—i+r([G—1) <k, —pqj <k},
Co={(i,j, k) €Z®:2|m+i,2|n+752|7+k2b|2i+7(+k),

) rj

r+pqg  T+pg

r
2

(+k) <iyi<pqj—

<k< i},
pq
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Cr={(i.j.k) €2’ :2|m+1i,2|n+352|j+k2al|2i+r(+k),

r,. .. . ? )
—-(J+k)<ii< — —
2(] ) Py r+pg r+pq

Cs={(i,j,k) €Z>:2|m+4,2|n+752a|i+k+2rj20|i—k,
—pgj —2rj <k <pgqj < i},

Co={(i,j,k) €Z%:2|m+i,2|n+342al|i+k2b|i—Ek,
—pqj <k <pgqj <i},

<k< L},
pq

P’f’OOf. Set i = A1+A377’A4,j :A2+A4,l€ = Al*Ag*TA;l,l = A27A4.
The first term is split into two

_ Z qff%j(z“r%j) _ Z qff%j@%j)

i, k,l €L i,j,k,l €L
2| m+i,2|n+44,2]5—1 2|m+i,2[n+j,2]5—1
2b|i—k,2a|i+k+r(G—1) 2b|i—k,2a | i+ k471G —1)
paj < i, —j <1 <j i < pqj, —i < pgl < i+ r(G —1)
—pqj — (G —1) <k <pqj —i—r(G -l <k<i

based on whether pgj < i or pgj > i. By same substitutions, the first three
terms can be combined into one. The remaining terms can be obtained by the
following substitution.

Term | Substitutions

4th ’L':A1+A3—TA4,]':A2+A4,I{/’:A1—A3—’I“A4,ZZA4—A2
5th 1=MA+A3—rAy,j=As+ Ay, k=—AN1 +A3—rAy,l = Ay — Ao
6th ’L':A1+A3+TA4,j:A2+A4,I{/’:—A1 +A3+TA4,Z=A2—A4
7th 1=MAN+A3+rAy,j=Ao+ A,k =A1 —As+1rAg, 1= Ao — Ay
8th ’L':Ag—TA4,j:A2+A4,I{/’:A4—A2

9th 1=MA +A3—rAy,j=As,k=A1 — A3 —rAy

10th ’L':Al—TA4,j:A2+A4,I{/’:A4—A2

11th | i= A1+ As,j = Ao, k= A — Ag

O

If 7 = 0, the above result yields the Theorem 1.2 for the orbifold P(a, b) x P!

REMARK 5.11. If a = b = 1, the orbifold becomes the variety P! x P! and
f= % +m+n+2. Consider a torsion free sheaf F of rank 2 with ¢; = mx+ny
where ¢;(D,,) = x,¢1(Dp,) = y. Suppose ca(F) = cxy. One can show that
X(F) = —c+mn+m+n+2. Hence the above generating function agrees with
the one given in [Kool0, Corollary 2.3.4] when A = 1. Note that the divisor
D, in [Kool0] is really Dy in our paper, but Dy ~ Dy in the case of P! x P*.

Let (i,j) € Pic(H2). One can show that tensoring — ® (i,j) preserves
p-stability. Suppose F is a locally free toric sheaf of rank 2 on the Hirzebruch
orbifold H% with ¢1(F) = 2z + ny. Then

Xe(F®(4,5)) =xe(F)+i(2+n+2j) +jl@ab+a+b—1—r+m—nr—rj).
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Let g(i,j) =i(2+n+2j)+jlab+a+b—1—r+m—nr—rj). We obtain an
isomorphism

2i
M3 (2, e1, xe) 2 M3 (2, e + — +2jy, xe + 90, 1)),

which induces

2 ;
Z e(M}Eb(Q,cl + E:c+2]y,xg)) Qe = q9(9) Z 'Hab (2,¢1,xe))qx¢.
Xe €L Xe€EL

Thus for the Hirzebruch orbifold, the only interesting cases for the generating
functions are (m,n) = (0,0), (0,1),(1,0) and (1,1).

PROPOSITION 5.12. Consider the orbifold H?, which is P(1,2) x P, In this
case, r = 0,a = 1,b = 2,p = 1,q = 2,C = 4. Let ¢1(F) = mx + ny where
(D) = 2 and &1(Dyy) = y.

1. If (m,n) = (0,0), then f =4.

oo
vb 2 4 4t?
Hi'(a) = —>_(2t

t=1
—(2u+2p)p _ 4—(2u+2p)(2t+1)

oo oo
(4t+4)(t—p+1)—2p—2u 9 q
D) BT

tlulpl

q” (2u+2p—2)p _ q—(2u+2p—2) (2t+1)

+ Z Z Z 4q"" ety 1 — q—(ut2r-2)

t=1 u=1p=1

oo 2t o -
+ Z Z 4q4_(4t+4)(t—p+1)—2p q 2p° _ q (2t+1)(2p)
(1 — q~(t+4=2p))(1 — q=2p)

t=1 p=1

oo 2t—1 q72p2 o q74pt

+ 4q472t(2t72p+1)
22 =) (=)
oo 4—4t(t+1)

4—(4t—2)t

q - q
+Y 22t - 1) § 2t—1m

t=1 t=1
4-2t(2t+1)

oo oo
+Z22t—1q +3 2 2t—1qﬁ
t=1 t=1

8 1
= 2q* +5+—+—+O{—}
q? q

4—4t(t+1)
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2. If (m,n) = (1,0), then f =5.
—(2u+2p—2)(2t+1)

> —(2u+2p—=2)p _ 4—(
vb (4t+1)(t—p+1) 9 q
() = 35373 20

tlulpl

= —(2u+2p—2)p _ o —(2u+2p—2)(2t+1)
5—(4t+2) (t—p+1)+t+u 9 q
D) H e i
t=1 u=1p=1
oo oo 2t—1 q7(2u+2p72)p7q72t(2u+2p72)

+ Z Z Z 2q57(4t71)(t7p) 1— q—(2u+2p—2)

t=1u=1 p*l

0 —(2u+2p—2)p _ —(2u+2p—2)(2t+1)
(4t+2)(t—p+1)—t—u 9 q
£

t=1 u=1p=1
oo 2t—1 —21)2 —dpt
5—(4t4+1)(t—p)—2p q q
rL 0 @i
oo 2t—1 —2p% _ _—dpt
_ _p)— q q
+ 2q5 (4t+1)(t—p)—p
oo 2t—1 —21)2 _—Apt
(4t+3)(t—p)—2p d d
L 1 q )i —q )
oo 2t—1 —21)2 —dpt
5—(4t+3)(t—p)—3 q —9q
+ Z Z 2q ? g 1— (4t 2p) 1—q—2p
= ( )( )
—(4t+1)(t+1) oo —(4t—1)t 5 (4t+1)t

+22t (4t+1) +Z t —(4t— 1)+Z4t 1_

12 12 14 20 11°
= 2¢° +4q? +6q+8+—+ 5+ 35+ O[} .
a ¢ ¢ q

q

3. If (m,n) = (0,1), then f =6.

Hvb Z4t2 6—(2t+1)2

oo oo 2t—1 q—(2u+2p—2)p _q—2t(2u+2p—2)

+ Z Z Z 4q6_2t(2t_2p+1) 1 — q—(ut2r-2)

t=1 u=1 p=1

o oo 2t—1 q_(2u+2p)p _ q—2t(2u+2p)

n Z Z Z 4q5—4t(t—p+1)—2u =

t=1 u=1 p=1

o 2t —2p% _ —2p(2t+1)
(4t42) (t—p+1) q q
+ Z 24(1 (1 — q—(@t+2-29)) (1 — q—2p)

t=1p=1
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oo 2t—1 —A4pt

—2p% _
5—4t(t—p+1) q q
+D_ D 4q (1 — q-(@t+2=20))(1 _ q—2»)

t=1 p=1

6—2t(2t+1) b~ t=D2t+1)

- q
+> @t -1 + Z (4t — —q*(4t*2)
t=1

t

Il
—

6—2t(2t—1) o 6—(2t+1)(2t+3)

q q
+ 1— q—(4t—2) + Z4t 1— q—(4t+2)
t=1

2(2t — 1)

M8

t

Il
—

5 14 5 17 17°
= 2¢* + ¢ + 6¢° +q+9+ +—+ +¥+O[].

4. If (myn) = (1,1), then f = 1—25

HY () =
q7(2u+2p72)p _ q7(2u+2p72)(2t+1)

Z Z Z 2q7 w2 1 — q—ut2p-2)

t=1 u=1p=1

o o0 2t—1 —(2u+2p—2)p _ q—2t(2u+2p—2)

7—(4t—1)(t—p+1)—u+p 4
I D) B B

t=1 u=1 p=1

o0 o0 2t—1 —(2u+2p—2)p _ —2t(2u+2p—2)

+ Z Z Z 2q° e : 1- q_(2u(-l|-2p—2)

t=1 u=1 p=1

o0 oo 2t—1 —(2u+2p—2)p _ q72t(2u+2p72)

+ Z Z Z 2(177(4”1)(#}7)7““ : 1 — q—ut2p-2)

t=1 u=1 p=1

oo s -
+Y° Z 9P+ (t—pt1) 9 2p% _ = 2p(2t+1)
t=1 p=1 (1 —_ (4t+2*2p))(1 o q,2p)
S —2p? —op(2t+1
g ety
t=1 p=1 (1 — q—(4#+2-20)) (1 — q=2p)
oo o -
+ 303 g neprn 4 2% 22+
i (1= ¢ )1 — q )
[ o -
+) Z 9~ pi A7 —d 2p(26+1)
t=1 p=1 (1 — q~(4+2-2))(1 — q—27)
o) 15 L(2t4+1)(4t+1) oo 271(2)%1)(4)571)
qz 2 51
+ Z 2t 1 _ o (dt+1) + Z 2t =
t=1

%’—%(% 1><4t+1> qF @@=

+222t_1 1—q (t-2) +222t_1 1—q (t-2)
t=1 t=1
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¢ gt

14 18 24 22 11°
:2q6+4q5+6q4+8q3+10q2+14+EJr = O{}.

Proof. We will show how to rewrite the sums over C; and C3 in the case of
(m,n) = (0,0). The calculation of other parts is similar.
The second and third terms can be combined into one

Z4q4—iij+ijk—%kl—ili
c;
where
Ch=A{(i,j, k1) €Z*:214,2]5,2]1,2 | k,4|i—k,
—i<k<2l<i,—2j<k,l<j}

It can be then split into two terms by either i < 25 or 25 < i.
(Z+Z)4q47%ij+ig’k7ikl7ili
cy oy
where
cl ={(i,4,k,1) €Z*: 20,2 4,2 |1,2 | k,4|i—k,
—2j < —i<k<2<i<2j},
Cl ={(i,4,k,1) €Z*: 20,2 4,2 |1,2 | k,4|i—k,
— i< =2 <k<2<2j<i}.

Suppose ¢ = 4t + 4, then we have the following picture for the case ¢ < 2j.

IS

ik s Al e 2j
—At—4  2t—-2 0 2A+2  4Atr4 ‘

Hence j =2t + 2+ 2u,l =2t +2—2p,k =4t +4 — 4p — 4s and

co oo 2t 2t+1-—p

Z qiij—%jk-i-%kl-i-ili _ Z Z Z Z q4t2+8t—4pt—4p+2up+2p2+4+2s(u+p)

Cé/ t=1u=1p=1 s=1

oo oo 2t 2u+2 2u+42p) (2t+1
B Z Z Z (46 4) (t—p-+1)+ 2p-+ 20 q p)p _ o p)( )
- q 1 _ q2u+2p

t=1 u=1p=1

This is the second term of the generating function in the case of (m,n) = (0, 0).
Suppose i = 4t 4+ 2, we will obtain the third term. The fourth and fifth terms
come from the case when 25 <.

Basically, we split the terms by 4 | ¢ or 4 | i + 2 when ¢ is even, and by 4 | i + 1
or 4| i+ 3 when ¢ is odd. Then the result follows from tedious calculation. O

DOCUMENTA MATHEMATICA 25 (2020) 655-699



698 W. WaNG
REFERENCES
[ALRO7] A. Adem, J. Leida, and Y. Ruan, Orbifolds and stringy topology,

[BCS05]

[BDGP18]

[BHO6]

[CLS11]

[Dol03]

[Bdi12]

[EM13]

[FMN10]

[GIK17]

[G5t90]

[G5t99)

[GS15]

[HL10]

vol. 171, Cambridge University Press, 2007.

L. Borisov, L. Chen, and G. Smith, The orbifold Chow ring of toric
Deligne-Mumford stacks, Journal of the American Mathematical
Society, vol. 18(1):193-215, 2005.

I. Biswas, A. Dey, O. Genc, M. Poddar, On stability of tangent
bundle of toric varieties, arXiv:1808.08701, 2018.

L. A Borisov and R. P. Horja, On the K-theory of smooth toric DM
stacks, Contemporary Mathematics, vol. 401:21-42, 2006.

D. A. Cox, J. B. Little, and H. K. Schenck, Toric varieties, Ameri-
can Mathematical Society, 2011.

I. Dolgachev, Lectures on invariant theory, vol. 296, Cambridge
University Press, 2003.

D. Edidin, Riemann-Roch for Deligne-Mumford stacks, A celebra-
tion of algebraic geometry, Clay Math. Proc., vol. 18:241-266, 2013.

D. Edidin and Y. More, Integration on Artin toric stacks and Euler
characteristics, Proceedings of the American Mathematical Society,
vol. 141(11):3689-3699, 2013.

B. Fantechi, E. Mann, and F. Nironi, Smooth toric Deligne-
Mumford stacks, Journal fiir die reine und angewandte Mathematik
(Crelles Journal), vol. 2010(648):201-244, 2010.

A. Gholampour, Y. Jiang, and M. Kool, Toric sheaves on weighted
projective planes, Advances in Theoretical and Mathematical
Physics, vol. 21(6):1455-1524, 2017.

L. Gottsche, The Betti numbers of the Hilbert scheme of points on a
smooth projective surface, Mathematische Annalen, vol. 286(1):193—
207, 1990.

L. Gottsche, Theta functions and Hodge numbers of moduli spaces
of sheaves on rational surfaces, Communications in Mathematical
Physics, vol. 206(1):105-136, 1999.

A. Geraschenko and M. Satriano, Toric stacks I: The theory of
stacky fans, Transactions of the American Mathematical Society,
vol. 367(2):1033-1071, 2015.

D. Huybrechts and M. Lehn, The geometry of moduli spaces of
sheaves, Cambridge University Press, 2010.

DOCUMENTA MATHEMATICA 25 (2020) 655-699



[Jia08]

[K1y90]

[Koo10]

[Kool1]

[Kool5]

[Nir08]

[0S03]

[Per04]

[Toe99)

[Tsel0]

TORIC SHEAVES ON HIRZEBRUCH ORBIFOLDS 699

Y. Jiang, The orbifold cohomology ring of simplicial toric stack bun-
dles, Tllinois Journal of Mathematics, vol. 52(2):493-514, 2008.

A. A. Klyachko, FEquivariant bundles on toral varieties, Mathemat-
ics of the USSR-Izvestiya, vol. 35(2):337-375, 1990.

M. Kool, Moduli spaces of sheaves on toric varieties, Ph.D. thesis,
Oxford University, 2010.

M. Kool, Fized point loci of moduli spaces of sheaves on toric vari-
eties, Advances in Mathematics, vol. 227(4):1700-1755, 2011.

M. Kool, FEuler characteristics of moduli spaces of torsion free
sheaves on toric surfaces, Geometriae Dedicata, vol. 176(1):241-
269, 2015.

F. Nironi, Moduli spaces of semistable sheaves on projective Deligne-

Mumford stacks, arXiv:0811.1949, 2008.

M. Olsson and J. Starr, Quot functors for Deligne-Mumford stacks,
Communications in Algebra, vol. 31(8):4069-4096, 2003.

M. Perling, Graded rings and equivariant sheaves on toric varieties,
Mathematische Nachrichten, vol. 263(1):181-197, 2004.

B. Toen, Théoréemes de Riemann—Roch pour les champs de Deligne—
Mumford, K-Theory, vol. 18(1):33-76, 1999.

H.-H. Tseng, Orbifold quantum Riemann—Roch, Lefschetz and
Serre, Geometry & Topology, vol. 14(1):1-81, 2010.

Weikun Wang

Department of Mathematics
University of Maryland
College Park, MD 20742
USA

wwang888@Qumd.edu

DOCUMENTA MATHEMATICA 25 (2020) 655-699



700

DOCUMENTA MATHEMATICA 25 (2020)



