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1 INTRODUCTION

The concept of a quasi-hereditary algebra was introduced by L. L. Scott in [25]
and was a key element in the characterisation of highest weight categories of
finite length given by E. Cline, B. Parshall and L. L. Scott in [8], quickly
becoming a very important concept in representation theory of algebras [13,
14, 24]. Ome of the main features of quasi-hereditary algebras is that their
homological properties are governed by the category F(A) of modules filtered
by a distinguished set A of representations known as the standard modules.
Using the standard modules as a starting point, V. Dlab showed in [12] that
many of the characteristics of quasi-hereditary algebras hold true for a more
general class of algebras, that he called standardly stratified.

Motivated by the homological properties of the standard modules, K. Erdmann
and C. Sdenz introduced in [16] the notion of a stratifying system in a module
category. They showed that one can associate to every stratifying system a
module whose endomorphism algebra is standardly stratified. This inspired
some people to start studying stratifying systems for their own sake, see for
instance [22, 21, 20, 15]. We now recall the definition of a stratifying system
as stated in [20, Characterisation 1.6].
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DEFINITION 1.1. Let A be a finite dimensional k-algebra. A stratifying system
of size t in the category mod (A) of finitely generated left A-modules is a pair
(0, <) where © := {O(i)}!_; is a family of indecomposable objects in mod (A)
and < is a linear order on the set [1,¢] := {1,...,¢} satisfying the following
conditions:

(SS1) Homu(O(4),0(i)) =0 if j > i;
(SS2) Exth(©(i),0(5)) = 0if j > i.

The literature on stratifying systems shows that the existence of a stratifying
system in the module category mod (A) of an algebra A gives lots of information
about the homological properties of mod (A) [15, 17, 22, 23]. However for a
given algebra, little is known about the existence of a non-trivial stratifying
system in its module category, with the exception of hereditary algebras [6, 7].
In this paper we give a constructive proof of the existence of non-trivial strati-
fying systems in the module category of any algebra using the 7-tilting theory
introduced by T. Adachi, O. Iyama and I. Reiten in [1]. More precisely, we
show that the construction of the standard modules A 4 from the algebra 4 A
as a module over itself can be generalised to every 7-rigid module M, giving
rise to a stratifying system that we denote Aj;. Our first main result can be
summarised as follows (see Theorem 3.4, Corollary 3.6 and Corollary 3.8).

THEOREM 1.2. Let A be a finite dimensional k-algebra and let M be basic
non-zero 7-rigid A-module. Then the following statements hold true.

(a) There is at least one stratifying system Ay induced by M whose size co-
incides with the number of pairwise non-isomorphic indecomposable direct
summands of M.

(b) The stratifying system Aps can be completed to a stratifying system of size
n, where n is the number of isomorphism classes of simple A-modules.

(¢) The smallest torsion class in mod (A) containing Apy is Fac(M).

(d) If M has a Aps-filtration, then A := Enda (M) is a basic standardly
stratified algebra. Moreover, the functor Homa(M,—) : F(Ay) —
F(AA) is an equivalence of categories with quasi-inverse M ®p — :

F(aA) = F(An).

The theory of highest weight categories and quasi-hereditary algebras inspired
other important concepts in representation theory, including the notion of an
exceptional sequence introduced by W. Crawley-Boevey in [9]. Recently, K.
Igusa and G. Todorov defined in [18] the notion of signed exceptional sequences,
a generalisation of exceptional sequences in the module category of a hereditary
algebra, to tackle a problem arising in the theory of cluster algebras.

One of the main features of 7-tilting theory is that it captures some of the com-
binatorial properties of cluster algebras in the module category of any finite
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dimensional algebra. Building on these ideas, A. B. Buan and R. Marsh in-
troduced the signed T-exceptional sequences in [5] as a generalisation of signed
exceptional sequences for every algebra.

In the second part of the paper, we study the relationship between signed -
exceptional sequences and stratifying systems induced by 7-rigid modules. Our
result can be summarised as follows. For the complete version, see Theorem 5.1.

THEOREM 1.3. Let A be a finite dimensional k-algebra and let M be a non-zero
T-rigid A-module. Then every stratifying system Ap; associated to M induces
a signed T-exceptional sequence.

The structure of the article is the following. In Section 2, we give the necessary
background to show Theorem 1.2, and we prove it in Section 3. In Section 4,
we recall the definition of 7-exceptional sequences as given in [5]. Section 5
is dedicated to prove Theorem 1.3. Finally, in Section 6 we study a specific

example in detail.
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2 SETTING AND BACKGROUND

Throughout this paper, the term algebra means a non-zero finite dimensional
k-algebra over a field k. For a given algebra A we denote by mod (A4) the cate-
gory of finitely generated left A-modules and by proj (A) the finitely generated
projective left A-modules. The number of pairwise non-isomorphic indecom-
posable direct summands of M is denoted by rk(M) and we say that rk(M)
is the rank of M for all M € mod (A). The Auslander-Reiten translation in
mod (A) is denoted by 7 and D stands for the classical duality functor.

For a given M € mod (A), we define the class Fac(M) as

Fac(M) := {X € mod (4) : 3 an epimorphism M" — X for some n € N}.
Similarly, we the class Sub(M) is
Sub(M) :={X € mod (A) : 3 a monomorphism X — M" for some n € N}.

Moreover, the right perpendicular category M=+ of M is
M~ :={X € mod (A) : Homu(M, X)) = 0}.

The left perpendicular category ~M of M is defined dually.
Let X be a full subcategory of mod (A). We say that an A-module M €
mod (A) admits an X-filtration if there is a chain of submodules 0 = My C
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M; C ... C My_1 C My = M such that each M;/M;_; is isomorphic to an
object in X. The class of all N € mod (A) which admits an X-filtration is
denoted by F(X).

TORSION PAIRS. A torsion pair (7,F) in mod(A) is a pair (7,F) of full
subcategories of mod (A) such that 7 = L F and F = T+. If (T, F) is a torsion
pair in mod (A), we say that T is a torsion class and F is a torsion free class.
Moreover it is well-known that 7 is closed under quotients and extensions,
while F is closed under submodules and extensions. If 7 is a subcategory of
mod (A) closed under quotients and extensions, then there exists a unique full
subcategory F of mod (A) such that (7,F) is a torsion pair. In particular, if
T = Fac(M) for some M € mod (A), then F = M*.

Let (7, F) be a torsion pair in mod (A). Then for every M € mod (A), there
is a short exact sequence 0 — t(M) — M — f(M) — 0, where t(M) € T
and f(M) € F, which is unique up to isomorphism. This short exact sequence
is known as the canonical short exact sequence of M with respect to (T, F).
Moreover, the natural application t(—) : mod (4) — mod (A) is a subfunctor of
the identity functor 1,04 (4) and f(—) : mod (4) — mod (A) is a functor which
is naturally isomorphic to 14 (4)/t.

APPROXIMATIONS. Let A be an algebra, X C mod (4) and M € mod (A4). A
morphism f : X — M in mod (A) is a right X-approximation if X € X and
Homa (X', f) : Homa (X', X) — Homyu (X', M) is surjective for any X’ € X.
Moreover, if f : X — M is a right X-approximation and the equality fh = f
implies that h is an automorphism, we say that f is a X-cover. The subcategory
X of mod (A) is contravariantly finite if any N € mod (A) admits a right X'-
approximation. Dually, we define left X-approximations and covariantly finite
classes. It is said that X is functorially finite if it is both contravariantly and
covariantly finite.

T-TILTING THEORY. In this paper we study stratifying systems via 7-tilting
theory, introduced by T. Adachi, O. Iyama and I. Reiten in [1]. We now give
a brief summary of the definitions and results needed for the first part of the
paper.

DEFINITION 2.1. [1, Definition 0.1] Let A be an algebra. An A-module M €
mod (A) is 7-rigid if Homa(M,7M) = 0. A 7-rigid module M is 7-tilting if
rk(M) = rk(A). Finally, a 7-rigid module M is support T-tilting if there exists
an idempotent e € A such that M is 7-tilting as a (A/AeA)-module.

Let X be a full subcategory of mod (4) and X € X. We say that X € X is
Ext-projective in X if Ext) (X,Y) =0 forall Y € X. Moreover, if X is a functo-
rially finite torsion class, there are only finitely many pairwise non-isomorphic
indecomposable Ext-projective modules in X'. Hence the category of all the
Ext-projective modules in X is a full additive subcategory of mod (A) which is
generated by a basic A-module denoted by P(X’). One of the main features of
7-tilting theory is that all functorially finite torsion classes in mod (A) can be
described by using support 7-tilting modules, as shown in [1, 3].
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THEOREM 2.2. Let A be an algebra. If M € mod (A) is a 7-rigid module, then
Fac(M) is a functorially finite torsion class. Moreover, if T is a functorially

finite torsion class in mod (A), then there exists a support T-tilting module T
such that T = Fac(T).

An important property of 7-rigid modules is that they can always be completed
to a 7-tilting module, as shown in [1, Theorem 2.10].

THEOREM 2.3. Let A be an algebra and M € mod (A) be a T-rigid module.
Then +(TM) is a torsion class and By := P(+(7M)) is a T-tilting module

having M as a direct summand. We say that By is the Bongartz completion
of M.

THE TRACE AND THE REJECT. Let A be an algebra, X C mod(A4) and
M € mod(A). The trace of X in M is Trxy(M) := > {Im(f) : [ €
Homa (X, M), X € X} and the reject of X in M is Rejp (M) := N {Ker(f) :
f € Homy (M, X), X € X}. For a more detailed treatment of the trace and
the reject see [2].

STANDARDLY STRATIFIED ALGEBRAS. Given a basic algebra A we have that
A is a left A-module over itself. Then it decomposes as the direct sum A =
@._, P(i), where P(1),...,P(n) is a complete list of pairwise non-isomorphic
indecomposable projective A-modules. Fix some linear order < on the set
[1,n] ;= {1,2,...,n} and let P(i) := @D, P(j) for each i € [1,n].

The family of standard A-modules is defined as

AA = {AA(Z) = %:ie [l,n]}.

It is well known [14] that the standard modules 4A together with the linear
order < on [1,n] form a stratifying system in mod (A) of size n.

DEFINITION 2.4. Let A be a basic algebra, 4 A = @, P(i) be a decomposition
of 4 A into indecomposable pairwise non-isomorphic projective A-modules and
let < be a linear order on the set [1,n]. We say that the algebra A is standardly
stratified if 4A € F(4A). Moreover a stratified algebra is quasi-hereditary if
End4(4A(4)) is a division ring for all ¢ € [1,n].

EXT-PROJECTIVE AND EXT-INJECTIVE STRATIFYING SYSTEMS. It was shown
in [16, 20, 21] that given a stratifying system (O, <) there is a unique Ext-
projective stratifying system (0,Q, <) and a unique Ext-injective stratifying
system (0,Y, <) associated to (0,<), up to isomorphism. The definition of
Ext-projective and Ext-injective stratifying systems follow.

DEFINITION 2.5. Let A be an algebra, © = {O(i)}!_; be a family of non-zero
A-modules, Q@ = {Q(i)}!_; be a family of indecomposable A-modules and <
be a linear order on [1,]. The triple (©,Q, <) is an Ext-projective stratifying
system of size t in mod (A) if it satisfies the following three conditions:
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(EPSS1) Homa(©(j),0(i)) =0 for all j > i;
(EPSS2) for each i € [1,¢] there is an exact sequence
0— K(i) = Qi) X5 0(i) = 0
where K (i) € F({0(j) : j > i});
(EPSS3) Extl (9'_,Q(i),X) =0 for all X in F(0©).

DEFINITION 2.6. Let A be an algebra, © = {O(i)}!_, be a family of non-zero
A-modules, Y = {Y (i)}!_, be a family of indecomposable A-modules and let
< be a linear order on [1,¢]. The triple (©,Y, <) is an Ext-injective stratifying
system of size ¢ in mod (A) if it satisfies the following three conditions:

(EISS1) Homa(O(j),0(i)) = 0 for all j > i;
(EISS2) for each i € [1,] there is an exact sequence
0—03) 25 Y(3E) = Z3[) =0
where Z(i) € F({©(j) : j <i});
(EISS3) Extly (X, ®!_,Y(i)) = 0 for all X € F(O).

Moreover, it was shown in [16, 20] that the exact category F(O) is equivalent
to the category of modules filtered by the standard modules of the standardly
stratified algebras A = Enda(®!_,Q(i))°? and I = Enda(®!_,Y (7).

3 STRATIFYING SYSTEMS FROM T-RIGID MODULES

The concept of stratifying system was introduced by K. Erdmann and C. Saenz
in [16] to generalise the standard modules of standardly stratified algebras. In
this section we show that we can construct a stratifying system starting from
a 7-rigid module, generalising the construction of standard modules from the
projective modules.

This construction relies heavily in the indexing order of the indecomposable
direct summands of 7-rigid modules. This motivates the following definition.

DEFINITION 3.1. Let A be an algebra and M € mod (A) be a basic non-zero
7-rigid A-module. We say that a decomposition of M = @le M; as the direct
sum of indecomposable A-modules is torsion free admissible (TF-admissible,

for short) if M; & Fac (®j>i Mj) , for every i € [1,1].

PRrROPOSITION 3.2. For an algebra A, every basic non-zero T-rigid module in
mod (A) admits a TF-admissible decomposition.
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Proof. Let M € mod (A) be a basic non-zero 7-rigid A-module. We prove
the above statement by induction on the number of indecomposable direct
summands of M.

If M is indecomposable, then M = M; and the claim follows immediately.
Suppose that M is the direct sum of ¢ > 2 pairwise non-isomorphic indecom-
posable A-modules. Given that M is a 7-rigid A-module, Theorem 2.2 implies
that Fac(M) is a functorially finite torsion class in mod (A). Moreover, there
exists a a support 7-tilting module T such that Fac(T') = Fac(M) by Theo-
rem 2.2. Then [1, Proposition 2.9] implies that M is a direct summand of T'.
In other words, T = M @& M for some T-rigid M € mod (A). Note that M
might be zero.

Now, since M is non-zero we have that {0} C Fac(M). Then [10, Theorem 3.1]
implies the existence of a support 7-tilting module N € mod (A) which is
a mutation of 7" over an indecomposable direct summand M; and such that
{0} C Fac(N) C Fac(M).

We claim that M; is an indecomposable direct summand of M. Suppose to
the contrary that M is a direct summand of M. Then we have that M is a
direct summand of N. This implies in particular that Fac(M) C Fac(N) C
Fac(M), a contradiction. Hence M = M; @& M’', where M’ has ¢t — 1 non-
isomorphic indecomposable summands. Then, by the inductive hypothesis, we
get that M’ admits a TF-admissible decomposition M’ = @522 M;, where

M; ¢ Fac <®j>i Mj) for every 2 <1 <'t.

On the other hand, note that M’ is also a direct summand of N because we
only mutate over Mj. This implies in particular that Fac(M') C Fac(N).
Since M; ¢ Fac(N), we can conclude that M; ¢ Fac(M’) = Fac (®j>1 Mj).

Therefore, we get the decomposition of M

t t
M=M oM =M®o (EBM-) =DM,
i=1

i=2
where M; ¢ Fac <®j>i Mj) for every 1 <1 <'t. O

In the following result, we show that the TF-admissible decomposition of any
basic 7-rigid A-module M can be extended to a TF-admissible decomposition
of its Bongartz completion B)y.

PROPOSITION 3.3. Let A be an algebra, n := rk(4A) and let M € mod (A)
be a basic non-zero T-rigid A-module with TF-admissible decomposition M =
@221 M;. Then every decomposition By = @?:1 Nj into indecomposable mod-
ules of the Bongartz completion of M such that M; = Nyp_1y; Vi € [1,t] is a
TF-admissible decomposition of By .

Proof. Let By be the Bongartz completion of M. Then By = M @& M by [1,
Proposition 2.9].
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We start by proving that

M -
(¥) X & Fac <M @ Y) for any indecomposable X € add (M).

Indeed, by Proposition 2.3 we have Fac(M @& M) = +(rM). Consider
Tx € mod (A) which is the mutation of M @ M over an indecomposable direct
summand X of M. Then Fac(Tx) € ~(rM) by [1, Theorem 2.18]. Suppose
that X € Fac(Tx). Then (7 M) = Fac(M ® M) C Fac(Tx) € ~(rM), which
is a contradiction and thus (%) holds true.
If i € [1,a] then by (%) we know that N; = M; ¢ Fac(G}j# N;). In particular
N; & Fac(@;+; N;). If i € [a+1,7], then by the fact that M = ;_, M; is TF-
admissible, we conclude that N; = M;_, € Fac(@y,_, Mk) = Fac(D;-,; N).
O

THEOREM 3.4. Let A be an algebra such that rk(4A) = n and M € mod (A)
be a basic non-zero T-rigid module with a TF-admissible decomposition M =
@221 M;. If fy, is the torsion free functor associated to the torsion pair

(Fac(@jzk M;), (D> Mj)l‘) , then the following statements hold true.

(a) The family Apr = {Ap (i) := fi11(M;)}_, and the natural order on
[1,t] form a stratifying system in mod (A) of size t.

(b) There exists at least one stratifying system (A, <) of size n >t
mod (A), where <’ is the natural order on [1,n], such that Ay (i) =
Ahy(n—t+1) for all i € [1,1].

We say that (A, <) is the M-standard stratifying system of M associated to
the TF-admissible decomposition M = @f.:l M.

Proof. (a) Counsider the family A, as defined in the statement. Then, it follows
directly from [5, Lemma 4.6] that each Aus(4) is indecomposable since M; ¢

Fac(@By> i1 Mr)-

We claim that Homa (A (7), An(5)) = 0 if ¢ > j. Indeed, we have that
Aum(j) € Dy, M)t by definition. Also Ay (i) is a quotient of M;, implying
that Ap(i) € Fac(B,>; Mk). Moreover Fac (®k2i Mk) C Fac (@k>j Mk)
Our claim follows since (Fac(ED,~; M), (D, My)t) is a torsion pair in
mod (A).

To finish the proof of (a) we need to show that Extl(An (i), Ap(4)) = 0 if
1 > j. In order to do that, we assume that ¢ > j and consider the canonical
short exact sequence

0— ti—i—l(Mi) — M; — A]u(’i) —0
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of M; with respect to the torsion pair (Fac(@k>i+1 k)s (Dr>ita Mk)l-) .

By applying the functor Hom4(—, Aps(j)) to the previous canonical exact se-
quence, we obtain the following exact sequence

Hom 4 (i1 (M), An(5)) — Extly (Anr (i), Anr(§)) = Extly (M;, Ay (5)).

Note that M; is Ext-projective in Fac(M) by [3, Corollary 5.9] thus
Ext! (M;, Ap(j)) = 0. On the other hand, from i > j, we get t;41(M;) €
Fac(B)>; 11 Mk) C Fac(By> ;1 Me). Thus Homa(tip1 (M), Am(j)) = 0,
since (]F‘ac(GBijJr1 Mk), (>4 Mk)L) is a torsion pair in mod (A4) and
An(j) € (Bysjer Mi)*. Then we have that Exty (A (i), Ay (j)) = 0 as
claimed. -

(b) It follows directly from Proposition 3.3 and (a). O

Remark 3.5. It is important to notice that the size of a stratifying system
induced by a 7-rigid object is bounded by the number of non-isomorphic in-
decomposable simple A-modules. In [20, Remark 2.7], the authors build a
stratifying system of length 5 in the module category of an algebra of rank 4.
This implies that Theorem 3.4 is not a characterisation of stratifying systems.

Let X C mod (A). Following [10], we denote by T(X') the smallest torsion class
in mod (A4) containing X. We now study the minimal torsion class containing
a stratifying stratifying system induced by a 7-rigid module.

COROLLARY 3.6. Let A be an algebra, M € mod (A) be a basic non-zero -
rigid A-module and let Ay be the M-standard system associated to the given
TF-admissible decomposition M = @221 M, of M. For eachi € [1,t], consider
the canonical exact sequence

0 = tisy (M;) — M; 25 Aps(i) = 0

of M; with respect to the torsion pair (Fac(ﬁi),ﬁj) where M; = @y-; M
and let h; : N; — M; be the right minimal add(M;)-approzimation of M;.
Then, the following statements hold true.

(b) Bi : M; — Ap(i) is a right minimal add(M)-approzimation of Ang(7)
Viellt].

(¢c) F(Anr) C Fac(M) = T(Axy).

Proof. (a) We have that Im(h;) = t;41(M;) for all ¢ € [1,
Moreover, [2, Proposition 8.20] implies that t;41(M;)
Tryz (M;).

t] b [4 Lemma 2.3].
= c(M; )(M) =
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(b) Let ¢ € [1,t]. Since M; is indecomposable, it is enough to show that f; :
M; — Ap(3) is aright add(M)-approximation of Ay (7). By applying the func-
tor Hom 4 (X, —) to the exact sequence 0 — t;41(M;) — M; LN Ap (i) — 0,
for any X € add(M), we get the exact sequence
H (X,Bi) . 1
omy (X, M;) —— Homa (X, Ap(2)) = Exty (X, ti11(M;)).

Note that M is Ext-projective in Fac(M) by [3, Corollary 5.9], and t;41(M;) €
Fac(M;) C Fac(M), which implies that Ext}(X,t;41(M;)) = 0. Thus 5; :
M; — Ap(i) is a right add(M)-approximation, proving (b).

(c) By using the canonical exact sequence given above, it follows that Ay; C
Fac(M). Therefore F(Ap) C Fac(M) and T(Ap) € Fac(M). For each
i € [1,t], let M := ,,; M;. Consider the torsion pair (Fac(M!), M!*") in
mod (A), the canonical exact sequence

0= ti(M;) — M; 25 £ (M) = 0

and the add(M/)-cover h; : N; — M, of M;. Then, by [4, Lemma 2.3], we
have that t;(M;) = Im (h}). Hence, from [10, Lemma 3.7], it follows that M €
T(@!_, f/(M;)); and thus, Fac(M) C T('_, f/(M;)). On the other hand,
since M; C M/, we have f/(M;) € M!™ C MZL Hence there is some 7; :
A (i) — £1(M;) such that ~;8; = ;. Moreover +; is an epimorphism since 3 is
so. Then, we get that f/(M;) € T(Ay) and thus Fac(M) C T(L_, f/(M;)) C

T(Awm). O

Remark 3.7. Let A be basic algebra. Note that any decomposition into in-
decomposables 44 = @, 4P (i) of the 7-rigid module 4 A is TF-admissible.
Moreover, by Corollary 3.6 (a), we get that the 4 A-standard system coincides
with the usual standard A-modules.

In general it is not true that 4 A € F(4A) unless A be standardly stratified.
Thus it is worth wondering what happens if we assume that M € F(Aj;) where
M is a 7-rigid module with TF-admissible decomposition M = 69::1 M;.

COROLLARY 3.8. Let A be an algebra, M € mod (A) be a basic non-zero T-rigid
A-module, Ay be the M-standard system associated with the TF-admissible
decomposition M = @f.:l M, of M and define M; := Drsi Me. If M €
F(Apr), then the following statements hold true.

(a) Trgz, (M;) € F(Am(j) = j > 1) for each i € [1,1].

(b) (Anr, {M;}:_,,<) is an Ext-projective stratifying system in mod (A) of
size t, where < is the natural order on [1,t].

(¢) A := Ends(M)°P is a basic standardly stratified algebra with respect to
the decomposition into indecomposables A = @f.:l AP(i), where AP(i) :=
Homy (M, M;), and the natural order < on [1,t].
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(d) The functor Homa(M, —) : F(Anr) — F(aA) is an equivalence of cate-
gories with a quasi-inverse given by M @5 — : F(AA) — F(Apr).

(e) Homa(M,Ap(i)) = AA(G) and M @ AA(i) = Ap(3) for each i € [1,1].

Proof. Let M € F(Ap). By Theorem 3.4 (a), we know that (Ap,<) is a
stratifying system of size t. Then, by [21, Corollary 2.5, Proposition 2.14
(b)] there is an Ext-projective stratifying system (AM,Q = {Q)}_1, <)
and P(Apy) N F(Apy) = add(Q), where @ @ i1 Qi) and P(Ayps) is
formed by all of the X € mod (A) such that ExtA(X F(Apr)) = 0. Since
M € F(Ayr), and Extl (M, Fac(M)) = 0, we get from Corollary 3.6 (c) that
M € P(Ap) N F(Ap) and so we get that M € add (Q). Moreover, [21, Re-
mark 2.7] gives us 7k(Q) =t = rk(M), and hence add(Q) = add(M).

Let ¢ € [1,t]. By Definition 2.5 and [21, Lemma 2.3], there is an exact sequence
0— K(i) = Q1) > Anm(i) — 0,

where K (i) € F{Am () : 7> i}) and Q(i) — Ap (i) is an add(Q)-cover of
A (7). On the other hand, we have the canonical exact sequence

0 = tisy (M;) — M; 25 Apr(i) = 0

which is given by the torsion pair (Fac(ﬁi),ﬁj). By Corollary 3.6 (b), we
know that 5; : M; — Ap(i) is an add(M)-cover of Aps(i). Using now that
add(Q) = add(M), it follows that the above two exact sequences are isomor-
phic. In particular we get (b), and (a) follows by Corollary 3.6 (a). Once we
have that (Aar, {M;}_,, <) is an Ext-projective stratifying system in mod (4),
the items (c), (d) and (e) follow from [21, Theorem 3.2]. O

DEFINITION 3.9. Let A be an algebra. An Ext-projective stratifying system
(©,{Q(i)}_;, <) in mod (A4), with the usual natural order on [1,¢], is said to
be T-torsion-free admissible (TTF-admissible, for short) if @ := @'_, Qi) is
7-rigid and a TF-admissible decomposition. We denote by 7TFepss(A4) the
class of all the Ext-projective stratifying systems which are 7TF-admissible.
We also consider the class TFproper(A) of all pairs (M, {M;}7_;) such that
M € mod (4) is a non-zero basic 7-rigid A-module and M = @;_, M; is a
TF-admissible decomposition satisfying that M € F(Apy).

THEOREM 3.10. For any algebra A, there are well defined functions
TTFepss(A) RN TFproper(A) Z 7TFepss(A),

where T(0,{Q()H_1, <) = (B'_, Qi) {QU)H_,) and W(M, {M}_,) =

(Apr, {M;i}Y_q, <). Moreover, for any X € TTFepSS(A) andY € TFproper(A4),

we have that U(Y(X)) ~ X and T(¥(Y)) =Y.
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Proof. Let Y € TFproper(A). By Corollary 3.8 (b), we get that ¥(Y) €
TTFepss(A). Moreover, it is clear that T(¥(Y)) =Y.

Let X := (0,{Q(i)}!_, <) be an Ext-projective stratifying system in mod (4).
By [21, Remark 2.7], we know that all the elements of the family {Q(i)}!_;
are pairwise non-isomorphic. Let Q := @221 Q(i) be 7-rigid and a TF-
admissible decomposition. Then, we have the Ext-projective stratifying sys-
tem (Ag,{Q»i)}:_,,<) = ¥U(Y(X)). By Definition 2.5, [21, Lemma 2.3] and
Corollary 3.6, we have the canonical exact sequences

0— K@) > Q) 25 03) - 0 and 0— ti1(Q() — Q) 25 Ag(i) — 0,

where 8; and 7; are both add(Q)-covers. Let A := End4(Q)°P. Then, by [21,
Theorem 3.2 (a)] and Corollary 3.8 (e), it follows that ©(i) ~ Q ®x AA() ~
oA(i), and thus we get an isomorphism ¢; : ©(i) = Ag(i) for each i € [1,¢].
Therefore, €;v; : Q(i) — Ag(¢) is an add(Q)-cover, for each i € [1,¢]. Hence,
for each 4, there exists an isomorphism Z; : Q(i) — Q(¢) such that e;v; = 5;Z;,
proving that U(T (X)) ~ X [21, Definition 2.4] O

It is mentioned in [1] that 7-tilting can be dualised by considering 7~ -rigid
objects, that is objects N € mod (A) such that Homa (7~ N, N) = 0, where
7~ is the inverse of the Auslander-Reiten translation 7. As a consequence, all
the results in this section can be dualised as well.

4 PERPENDICULAR CATEGORIES AND SIGNED T-EXCEPTIONAL SEQUENCES

In this second section of background, we recall the process of 7-tilting reduc-
tion introduced by G. Jasso in [19] and the definition of signed 7T-exceptional
sequences introduced by A. B. Buan and R. Marsh in [5]. This will allow us
to compare in Section 5 the stratifying systems arising from Theorem 3.4 with
the signed exceptional sequences of [5].

Let M € mod (A) be a non-zero basic 7-rigid module and let By; € mod (A)
be the Bongartz completion of M. Following [19], we consider the algebras

B]M = EndA(BM)Op and CM = BM/<€]M>,

where ej; is the idempotent associated to the Bjs-projective module
Homy (Bar, M). We regard mod (Chpy) as a full subcategory of mod (Bys) via
the canonical embedding. The Jasso’s subcategory J(M) associated with the
T-rigid module M is
J(M) := M*+n +(rM).
We now state [19, Theorem 3.8].
THEOREM 4.1. Let M be a basic T-rigid module in mod (A). Then the functor
F :=Homus(Ba,—) : J(M) — mod (Cyy)

is an equivalence of categories with a quasi-inverse given by

G := By QB — - mod (CM) — J(M)
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The previous result implies the existance of relative 7-rigid objects in the
Jasso’s subcategory J(M). The following result, which appears in [19, Propo-
sition 3.15], shows how to find them all.

PROPOSITION 4.2. Let M and M’ be two A-modules such that M & M’ is
7-rigid, (Fac(M), ML) be the torsion pair associated to M and let

0—t(M')— M = {(M)—0

be the canonical short evact sequence of M' with respect to (Fac(M), M> ).
Then {(M') is a T-rigid object in J(M). Moreover, every T-rigid object in
J(M) arises this way.

In order to define the concept of signed T-exceptional sequences we need to
introduce some notation.

DEFINITION 4.3. [5, Definitions 1.1] Let A be an algebra and consider its
bounded derived category D(mod (A)). Define C(A) to be the full subcate-
gory of D¥(mod (A))

C(A) := mod (A) Umod (4)[1]

whose objects are the disjoint union of the objects of the module category
mod (A) and its shift mod (A4)[1]. Likewise, for every subcategory X’ of mod (A),
define C(X) to be C(X) := X U X[1]. An object M = M U P[1] in C(A) is said
to be 7-rigid if M is 7-rigid in mod (A), P € proj(A) and Homa (P, M) = 0. If
in addition we have that rk(M) + rk(P) = rk(4A), we say that M is support
T-tilting.

Remark 4.4. Let A be an algebra and M = M LI P[1] € C(A) be a basic 7-rigid
object. The Jasso’s subcategory for M is J(M) := J(M) N J(P). Note that
Theorem 4.1 can be extended to this case, and thus J(M) is a wide subcategory

of mod (A) which is equivalent to a module category of an algebra [11, Theorem
4.12].

With this notation fixed, we can now recall the definition of signed m-exceptional
sequences.

DEFINITION 4.5. [5, Definition 1.3] Let A be an algebra. A ¢-tuple of indecom-
posable objects (U, ..., U;) in C(A) is a signed T-exceptional sequence if Uy is
a 7-rigid object in C(A) and the tuple (U1,...,U;—1) is a signed T-exceptional
sequence in C (J(Uy)).

Remark 4.6. For a signed T-exceptional sequence (U, . ..,U:) in C(A), we have
that J(U;) is equivalent to the module category of an algebra A:, allowing
the recursive nature of the definition. Now, U;_; is a 7-rigid object inside
C(J(Uy)) = J(Uy)UJ (U )[1]. Hence one can calculate the perpendicular category
of U1 inside C(J(U;)), and thus we get J(U;—1). Proceeding inductively,
we have that every signed 7-exceptional sequence (Ui, ...,U;) induces a set
{JU),...,J(U:)} of nested wide subcategories of mod (A).
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DEFINITION 4.7. [5, Definition 1.2] Let A be an algebra. A ¢-tuple of indecom-
posable objects (71,...,7¢) in C(A) is an ordered 7-rigid object if ]_[221 Tiis a
T-rigid object.

THEOREM 4.8. [5, Theorem 5.4] Let A be an algebra and n := rk(4A). Then for
every t € [1,n] there is a bijection between the set of ordered T-rigid objects in
C(A) having t non-isomorphic indecomposable summands and the set of signed
T-exceptional sequences of length t.

5 STRATIFYING SYSTEMS AND SIGNED 7-EXCEPTIONAL SEQUENCES

In this section we show that every stratifying system that is produced by us-
ing Theorem 3.4 can be seen as a signed T-exceptional sequence. Moreover,
we characterise all the signed 7-exceptional sequences that come from such
stratifying systems. Our main result of this section is the following.

THEOREM 5.1. Let A be an algebra and M € mod (A) be a non-zero basic
T-rigid A-module and let Ap; be the M-standard system associated with the
given TF-admissible decomposition M = @f.:l M; of M. Then, the t-tuple
Uns = Un(1), ... U (t)), where Ung (i) := Ap (i) U0 Vi € [1,t], is a signed 7-
exceptional sequence of length t in C(A). Moreover, every signed T-exceptional
sequence U = (U(1),...,U(t)) in C(A) where U(i) = U®G) U0 and U>%) €
mod (A) Vi € [1,t] arises this way.

The main difference between the two constructions is that the signed 7-
exceptional sequences in C(A) are constructed recursively, while the construc-
tion of the stratifying system Ay, is direct. Therefore, the first step in order
to show the compatibility between both constructions, we need to show that
the perpendicular categories that we find are the same.

LEMMA 5.2. Let A be an algebra, M & M’ € mod (A) be a basic T-rigid module
and let f : mod (A) — mod (A) be the torsion free functor associated to the
torsion pair (Fac(M), M*). Then, Fac(M @& M') N M~ = Fac(f(M")) C J(M).

Proof. By [19, Proposition 3.15] it follows that f(M @ M’) is Ext-projective
in Fac(M @ M’) N M~*. In particular f(M’) € Fac(M @& M') N M+ and thus
Fac(f(M')) C Fac(M @ M') N M+ because is a torsion class in J(M) by [19,
Theorem 3.12].

Take N € Fac(M @ M')N M+. Since Fac(M & M') N M+ C Fac(M'), we have
that N is in Fac(M’). Then there exists an epimorhism p : M"” — N with M"”
in add(M"). Now, consider the canonical short exact sequence

0—t(M")— M"—f(M")—0

of M" with respect to the torsion pair (Fac(M), M~). By applying the functor
Hom(—, N) to the previous short exact sequence, we obtain the exact sequence

0 — Homx (f(M"), N) — Homa(M", N) — Hom (t(M"), N).
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Now, since N € Fac(M & M’') N M+ we have that N € M=*. Thus
Homa (t(M"),N) = 0. Hence every map from f € Homu(M" ,N) fac-
tors through a map f' € Homyu(f(M"), N). In particular, the epimorphism
p: M" — N factors through a map p’ : f(M"”) — N which is necessarily an
epimorphism. Therefore N € Fac(f(M')) and the result follows. O

COROLLARY 5.3. Let A be an algebra, M € mod (A) be a non-zero basic -
rigid A-module, M = @le M; be a TF-admissible decomposition of M, and
let f; : mod (A) — mod (A) be the torsion free functor associated to the torsion
pair (Fac(M;), M;j-). Then £,(M) is a T-rigid object in J(M;) and f,(M) =
@:;i f:(M;) is a TF-admissible decomposition of f;(M).

Proof. The fact that f; (M) is a 7-rigid object in J(M;) follows from Proposition
4.2. Similarly, by Proposition 4.2, we get that f;(M;) is a 7-rigid object in
J(My), for all 1 <14 < t¢—1. Moreover, for every 1 <14 < ¢—1, the object f;(M;)
is indecomposable by [5, Lemma 4.6]. Note that these objects are pairwise
non-isomorphic by [5, Lemma 4.7]. Therefore we have that

f.(M) = @ft(Mi)

is a decomposition of f; (M) since f;(M;) = 0. Finally, the fact that the previous
decomposition is TF-admissible follows from Lemma 5.2. o

LEMMA 5.4. Let A be an algebra, M & M’ € mod (A) be a 7-rigid module and
let for be the torsion free functor associated to the torsion pair (Fac(M), M1).
Then, the canonical short exact sequences of X with respect to the torsion pairs
(Fac(M @ M"), (M & M")*) in mod(A) and (Fac(far (M')), far(M')*) in J(M)
are isomorphic for all X € J(M).

Proof. Let X € J(M) and let tagnr (X) and tar)(X) be the torsion sub-
modules of X with respect to the torsion pairs (Fac(M @& M'), (M & M’")*) in
mod (A) and (Fac(far(M")), far (M')+) in J(M), respectively. Note that it is
enough to show that tae s (X) is isomorphic to tear)(X).

By Lemma 5.2 we have that Fac(f(M’)) = Fac(M®M')NM=*. Thus tg ) (X) €
Fac(M @ M')N M+ In particular, t ) (X) € Fac(M & M’). Then there exist
a monomorphism [ : tgar)(X) — tarear (X) because taren (X) contains all
submodules of X that are isomorphic to a module in Fac(M @& M").

On the other hand, we have that X € J(M) = M+ N +7M. Then X is
in the torsion free class M~. In particular, this implies that tarenr (X) €
M+ since every torsion free class is closed under submodules. Also, we have
that taprga (X) € Fac(M @ M') by definition. Then tyrgn (X) € Fac(M &
M') N M+ = Fac(f(M")) by Lemma 5.2. Hence, there exists a monomorphism
f"+ tmaem (X) = tgar)(X) by the properties of the torsion functor. Thus
t]\/j@M/(X)%Ef(M)(X) for allXGJ(M). O
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Proof of Theorem 5.1. Let M € mod (A) be a non-zero, basic and 7-rigid A-
module with a TF-admissible decomposition M = @221 M;. We first show, by
induction, that

u]\/f = (UM(l)a s 52/{]\/1(1&)))

where Ups (i) := Ap (1) LU0 Vi € [1,¢], is a signed T-exceptional sequence.
First, by construction of Ay, we have that Aps(t) = My. Then Uy := Ap(¢)U0
is a support 7-rigid object in C(A) because Aps(t) is a 7-rigid indecomposable
A-module.

Now, Corollary 5.3 implies that

£ (M) = @ft(Mi)

is a TF-admissible decomposition of f;(M), where f; is the torsion free functor
associated to the torsion pair (Fac(M;), M;-). Then we have that Ay (t—1) =
fi(M;_4) is an indecomposable 7-rigid module in J(M;) by [5, Lemma 4.6] and
[5, Lemma 4.7], implying that U1 := Ap(t — 1) U0 is an indecomposable
support 7-rigid in C(U;). Hence {U;_1,U;} is a signed 7-exceptional sequence
of length two.

Let f,_1 be the torsion free functor associated to the torsion pair induced by
f,(M;_1) within J(U;) = M- N +(7M;) and f,_; be the torsion free functor
associated to the torsion pair

(Fac(@zztflMi)v (@E:tflMi)L)

generated by M;_1 @ M,;. By Lemma 5.4 we have that ft_l(ft(Mi)) ~f (M)
for all 1 < ¢ < ¢t —2. Thus, again by [5, Lemma 4.6] and [5, Lemma 4.7],
we have that Ay (t — 2) = fi—1(M;—2) is an indecomposable 7-rigid object in
J(Up—1), implying that

{Ut_g = A]\/[(t - 2) |_|0, L{t_l = AM(f— 1) |_|0, L{t = A]\/](t) |_|0}

is a signed T-exceptional sequence of length three.
Now we do the inductive step. Suppose that

{Uk = AM(k)LIO gy Z/{t—l = A]\/](t_ 1)|_|0, Ut = AM(t)UO}

is a signed T-exceptional sequence of length k. Once again Lemma 5.4 implies
that fk(fk,l(Mi)) = i, (M;) for all 1 < i < k — 1, where fy is the torsion free
functor associated to the torsion pair induced by fi_1(My) within J(Ug—1).
Then we can apply one more time [5, Lemma 4.6] and [5, Lemma 4.7] to
conclude that

{Uk+1 = AM(I{/’—F 1)|_|0, Uk = AM(I{?)UO, cee Ut = AM(f) |_|0}

is a signed T-exceptional sequence of length &k + 1.
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For the moreover part, let
{Uy = N; U0: N; € mod (A) forall 1 <4 <t}

be a signed 7T-exceptional sequence as in the statement. Then, by Theorem 4.8
there exists an ordered 7-rigid object M = @;;1 M, in C4 inducing this signed
T-exceptional sequence. By hypothesis, #; = N; U0 where N; € mod (A) for
all 1 < i <t. Hence [5, Remark 5.12] implies that

N; = £ (fo1 (... (Fi1 (M)

forall1 <i <t, where fk is the torsion free functor associated to the torsion pair
induced by Uy, in J(Uk+1). This implies that M; = M; 0 where M; € mod (A)
for all 1 < i < t. Moreover, by Lemma 5.4 we have that N; = f; 1 (M,) for all
1 < i <t, where f;;; is the torsion free functor associated to the torsion pair
(Fac(@fc:Hle), (QBZZZ-HM;C)J—). Since N; is non-zero for all 1 < ¢ < t, we
have that M; & Fac (®j>i Mj). Then M = @221 M; is a 7-rigid module in
mod (A) and this is a TF-admissible decomposition of M. Hence Theorem 3.4

implies that Ayr = {Ap (i) = fi41(M;) : 1 <4 < n} is a stratifying system and
Ni = ij(i) for all 7. O

6 EXAMPLE

We finish the paper by studying the number of stratifying systems induced by
the 7-tilting modules of an algebra.

Ezxample 6.1. Let A be the quotient path k-algebra given by the quiver
2

/N

l<———-3

and the third power of the ideal generated by all the arrows. The Auslander-
Reiten quiver of A can be seen in Figure 1.

VAVAVAN

Figure 1: The Auslander-Reiten quiver of A
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Note that every module is represented by its Loewy series and both copies of
5 should be identified, so the Auslander-Reiten quiver of A has the shape of a
cylinder. One can see that there are 10 7-tilting modules in mod (A4). In the
table 1, we give a complete list of them and we indicate how many stratifying
systems and 7TF-admissible Ext-projective stratifying systems they induce, up
to isomorphism. In particular, from the first line of the table, we get that this
algebra is not standardly stratified under any linear order on the set {1,2,3}.

7-tilting module | ind. strat. syst. | 7TFepss up to isom.
25 @) 6 0
3 1 2
2 P H @ 2 2 0
2 1
2 D 1 D1 2 0
3 2
2 3
3h1Ps 2 0
1 2
1
2@ ,P2 3 3
TEHCE 1 1
2 2
HEHEE 3 3
2
eHEE 1 1
3 p
1QId 3 3
11Ds 1 1

Table 1: The number of stratifying systems and 7TF-admissible Ext-projective
stratifying systems (up to isomorphism) induced by each 7-tilting module in
mod(A).
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