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ABSTRACT. We construct global cohomology classes in the middle
degree plus one cohomology group of the Shimura variety of the
symplectic group GSpg compatible when one varies the level at p.
These classes are expected constituents of an Euler system for the
Galois representations appearing in the middle degree étale cohomo-
logy groups of the aforementioned variety. As an application, we show
how these classes provide elements in the Iwasawa cohomology of these
representations and, by applying Perrin-Riou’s machinery, p-adic L-
functions associated to them.
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1 INTRODUCTION

The construction of special elements in the motivic and étale cohomology of
Shimura varieties has contributed to proving cases of Beilinson’s conjectures
on special values of motivic L-functions (e.g. [Bei86], [Kin98|, [Leml7] etc.),
the Birch and Swinnerton-Dyer conjecture and the Bloch-Kato conjecture
(e.g. [Kat04], [BDR15], [KLZ17], [LSZ19] etc.), and it constitutes one of the
main tools to study the arithmetic of Galois representations appearing in the
cohomology of Shimura varieties and their relation to special L-values.

IThe first author was supported by the Engineering and Physical Sciences Research Coun-
cil [EP/L015234/1]. The EPSRC Centre for Doctoral Training in Geometry and Number
Theory (The London School of Geometry and Number Theory), University College London.

2The second author was supported by Sarah Zerbes’ ERC Consolidator Grant Euler sys-
tems and the Birch-Swinnerton-Dyer conjecture.
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Fix a prime number p. In this article, we construct elements in the cohomology
of the Shimura variety of the symplectic similitude group G = GSpg/Q, which
satisfy the Euler system norm relations in the cyclotomic tower at p. As an ap-
plication, we show how they give rise to elements in the Iwasawa cohomology of
Galois representations appearing in the middle degree p-adic étale cohomology
of the Shimura variety for G. The strategy we adopt here has been inspired by
the work of [LLZ14] on the construction of the Beilinson-Flach Euler system,
which has also successfully been applied in many different contexts ([LLZ17],
[LSZ19] etc.).

1.1 SETTING

We consider the subgroup H = GL3 xget GL2 xget GL2 ¢ G, which, after a suit-
able choice of Shimura datum, induces an embedding ¢ : Shyy = Sh(H, X)) <
Sh(G, Xg) = Shg. By pulling back Beilinson’s Eisenstein symbol in the mo-
tivic cohomology of the modular curve associated to the first GLy-copy of H,
we get elements in the first motivic cohomology group of Shy. Their push-
forward along ¢ thus gives elements in the seventh motivic cohomology group
of Shg. One then uses the natural action of G(Ay) on the Shimura variety
Shg to perturb these classes and obtain a whole compatible system of coho-
mology classes defined over ramified extensions of the base field. Our setting

is very similar to the one first considered in [Lem10] and later developed in
[LSZ19].

1.2 MOTIVATION

Let 7 be a cohomological cuspidal automorphic representation of G(A ). After
projecting to the m-isotypic component, the motivic classes that we construct
are expected, according to Beilinson’s conjectures, to be related to special val-
ues of the degree eight spin L-function Lgpin(7,s) associated to w. This is
motivated by recent work of Pollack and Shah ([PS18]), who have given (un-
der certain hypotheses on m) an integral representation of the (partial) spin
L-function of 7, by integrating over H a GLs-Eisenstein series against a cusp
form ¢ in the space of .

1.3 MAIN RESULTS

After applying the étale regulator map and employing the action of the Hecke
algebra of G, we prove the following.

THEOREM A (Corollary 3.17 and Theorem 3.21). Let A be a highest weight
of G and let W be the Z,-local system associated to the irreducible algebraic
representation of G of highest weight X\. There exists a family of étale coho-
mology classes

2 € HL (Sha (K 0) jq(e,m)» W (@),
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NORM-COMPATIBLE SYSTEMS FOR GSpg 913

for q varying in an explicit finite set I(\) € Z depending on X\, which satisfy
the following norm relations:

K,
1. Forn>1, (ern:)l,O)*(Z,,)l\+17m) = Z7)z\,m;

Q(¢,m+1) , u,
Q(CZM) (zn7m+1) = _137 =

n,m’
Up )

2. Forn,m>1, norm

where L{I') is the Hecke operator associated to the double coset of
diag(p™3,p2,p %, p t,p 1) € G(Q,) ¢ G(Ay), and o, is the image of
p~! under the Artin reciprocity map Q;, = A}~ Gal(Q(¢m)/Q)-

Some words about the theorem above. By K, ¢ we mean a tower of sufficiently
small level subgroups of G(Z) defined by certain congruences modulo powers
of p (cf. §3.4 for precise definitions). We refer to §2.5 for the definitions of W*
(Definition 2.16) and the introduction of the appropriate twist ¢ (Definition
2.17), and to Remark 3.10 for the normalisation of the Artin reciprocity map.
As mentioned below, the first relation will allow us to vary our classes in
families, while the second relation allows one to modify the classes z;i’m so that
they satisfy the usual Euler systems relation at p. Finally, it is essential for
Iwasawa theoretic purposes to work with integral coefficients, which renders
the construction of the classes more delicate.

By using the theory of A-adic Eisenstein classes developed in [Kinl5], we also
show that these classes deform p-adically in families as the weight A\ varies
p-adically, thus obtaining a universal class interpolating all the classes zéym.
More precisely, we prove the following result.

THEOREM B (Theorem 4.8). There exists a class

z € H}\,(Sha (KL), Zp(4)) = lim HE (Sha (K, ). Zp(4)),

n,m21

and, for any dominant weight \, any r € Z and n,m € N, natural specialisation
maps

mom@ ") HI (Sha(KL,), Zy(4)) ~ HE (Sha (Kn0)/qec,m)» W),

such that, for any A= (A1 > Xy >X3), g€ I(\) and n,m € N, we have

gl g 2\
mom[c;ﬂm(z) = (Z’_Z) ~eord(z,’>m).

Some remarks and clarifications are in order. The tower of sufficiently small
level subgroups Kj, ,, is introduced in Definition 2.6 and the interpolating
module HY, (Shg (KL ),Z,(4)) is defined precisely in Definition 4.6. The op-
erator eqrq denotes the ordinary idempotent acting on HY, (Sha (KL ), Z,(4))

associated to U; (cf. §4.2.4). For the experienced reader, let us point out
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that the definition of the interpolating modules as well as the specialisation
maps are inspired by the work [Kat04], where similar constructions are carried
over for GLy. Finally, we remark that the specialisations mom[é\::im(i) for
r ¢ I(\) provide étale cohomology classes which do not arise as the p-adic
realisation of motivic elements. More precisely, the set I(\) of geometric
twists of Theorem A corresponds precisely to the set of integers where the
archimedean L-function of the motive underlying our construction vanishes at
order 1 (cf. [CLRJ19, §3.6] for a more detail discussion on this). The different
specialisations of the universal class should conjecturally be related to special
values of the complex L-function at other points, such as the critical ones.

Let us briefly mention some immediate applications of our results. Let m be
a suitable cohomological cuspidal automorphic representation of G(A) such
that 7 is U, -ordinary, in the sense that U, acting on 7570 has an eigenvalue o,
which is a p-adic unit. Let V,,(7) be, up to a twist by the cyclotomic character,
the associated eight dimensional p-adic spin Galois representation (cf. [KS16])
defined over a sufficiently large finite extension L of Q,. Denote Oy, the ring
of integers of L. Let T),(w) denote any Galois stable &-lattice in V(7). One
defines the local Iwasawa cohomology of V,,(7) as

Hllw(Q;Da Vp(ﬂ')) = @Hl(QP(Cpm)an(ﬂ)) ®g, L.

m

One can then show (cf. Proposition 5.3) that the specialisation at p of the
cohomology classes of Theorem A assemble together into a class

ZIﬂ-W,a € Hllw(Qp7 ‘/p(ﬂ-))

In particular, the image of z, , under Perrin-Riou’s logarithm map defines
an arithmetic p-adic spin L-function (cf. Definition 5.5), interpolating the
exponential and dual exponential maps of different twists of the class zf .
The p-adic L-function thus defined is not a priori related to special values of
the complex spin L-function associated to the automorphic form 7 but, as we
point out below, a relation between these objects is established in our recent
work [CLRJ19].

1.4 FINAL REMARKS AND FUTURE WORK

We finally mention that this work should be seen as a first step towards
constructing Euler systems for G. The gap between our Galois cohomology
classes and an Euler system is the absence of the so-called tame norm re-
lations, which compare classes over fields Q((me) and Q((r), where £ does
not divide m. In [LSZ19], the authors introduce a technique for proving
the tame norm relations, which relies on the local Gan-Gross-Prasad con-
jecture for the pair (SO4,SOs5). Similar techniques have also been used by
C. Cornut and in [Jet14]. We hope to be able to come back to this in the future.
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There are still many other natural questions yet to be answered concerning
the classes constructed in this article. The relation between the special values
of the arithmetic p-adic spin L-function and the critical values of the complex
spin L-function are still mysterious. We expect an explicit reciprocity law to
hold, relating values of Bloch-Kato’s dual exponential maps of our Iwasawa
class to certain values of the complex spin L-function, which should also show
the non-vanishing of the classes. Progress in this direction has been achieved
in [CLRJ19], where the archimedean regulator of the motivic classes (for trivial
coefficients) has been calculated in terms of the complex spin L-function at non-
critical points, using techniques in [Kin98|, [Lem17] and [PS18]. This estab-
lishes a connection between the arithmetic p-adic spin L-function constructed
in this article with the complex spin L-function, in the spirit of Perrin-Riou
conjectures. Moreover, in [CLRJ19], possible generalisations to GSp,,, with
n > 3, of the construction of motivic cohomology classes as well as the study
of their archimedean regulator are considered. This work can hence be consid-
ered as our first attempt devoted to the study of the arithmetic of automorphic
forms for symplectic groups.
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2 PRELIMINARIES

2.1 GROUPS

Let H = GL3 x4t GL2 x4t GL2 be the group scheme over Z obtained by taking
the product over the determinant of three copies of GL3, i.e. whose R-points
are

{(A,B,C) : A,B,C e GLy(R),detA =detB = detC'},
and let G be the group scheme over Z defined by having R-points
G(R) = GSps(R) = {Ae GLg(R) : A'JA=v(A)J, v(A) e Gn(R)},
for any commutative ring R with 1, where we have fixed J to be the matrix

(Olg

I o ), for I3 = (1 1! ) In the following, we will consider H as a subgroup of
3
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G through the embedding defined by

A:((albl),(a2b2)7(a3b3))€H'_> asz bz GG

c1 di co da c3 ds3

(&) dl

We denote by Zy and Zg the centers of H and G respectively.

2.2 SHIMURA VARIETIES
Let S = Resc/rGrm and define hgr,:S - GLg/g by

. 1
hGLZ(GJ‘F’Lb) = m(f’bg)

on the real points. Let X1, be the set of GLy(R)-conjugacy classes of hgL,
This induces a Shimura datum (GL2, XgL,), and we denote by Shgr, the
Shimura variety thus defined, i.e. the usual modular curve. For U a sufficiently
small® vopen compact subgroup of GL2(Ay), we denote by Shar,(U) the
varieties of corresponding level, with reflex field Q and whose complex points
are given by

Shar, (U)(C) = GLz(Q)\Xqr, x GL2(Af)/U.

The diagonal embedding GLy — H induces a Shimura datum (H, Xg) and
denote by Shg the corresponding Shimura variety. Its reflex field is again
Q. If U ¢ H(Ay) is a fibre product Uy xget Ua xger Us of (sufficiently small)
subgroups of GL2(A (), we have

ShH(U) = ShGLQ(Ul) XGum ShGLQ(Ug) XGm Sh(.}]‘_‘z(U3)7

where xg,_ denotes the fibre product over the zero dimensional Shimura variety
of level D = det(U;) R
WO(ShGLz)(D) = ZX/D

given by the connected components of Shgr,. Finally, the embedding A in-
duces another Shimura datum (G, Xg), with corresponding Shimura varieties
She with reflex field Q. Note that this Shimura datum naturally arises from
a PEL datum of type C (cf. [Mil05, Definition 8.15, Example 8.6]). For suffi-
ciently small U ¢ G(Ay), She(U) is a smooth quasi-projective scheme over Q
whose complex points are given by

Sha (U)(C) = G(Q)\Xe x G(Ay)/U.

3Recall that, for any Shimura datum (G, Xg), a compact open subgroup U ¢ G(Ay) is
said to be sufficiently small if it acts faithfully on Shg(C) = G(Q)\G(A;) x Xg. For any
such U, G(Q)\G(A}) x Xg/U is the set of complex points of an algebraic variety Shg(U),
which is defined over a number field E = E(G, X¢) called the reflex field of (G, Xg).
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We have an embedding Shy < Shg of codimension 3, which for any open
compact subgroup U of G(Ay) gives

ty : Shg (U nH) — Shg(U).
The following lemma is an adaptation of [LSZ19, Lemma 5.3.1].

LEMMA 2.1. Let U be an open compact subgroup of G(Ay) such that there exists
a sufficiently small open compact subgroup U" of G(Ay) containing U, wiUw;
and weUws, where wy = diag(-1,1,1,1,1,-1) and we = diag(1,-1,1,1,-1,1).
Then the morphism (of Q-schemes)

Ly ShH(U n H) — Shg(U)
is a closed immersion.

Proof. We note that it is enough to show it on the complex points of the
Shimura varieties. As it was pointed out before, the map at infinite level
Shi(C) — Shg(C) is an injection, hence we need to show that if z,2’ €
Shg (C) have the same image in Shg(U)(C), then z = 2'u for w € U nH. This
would follow by showing that for any u € U ~ (U n H), we have Shy(C) n
Shy (C)u = @ as subsets of Shg(C).

We show the latter as follows. The quotient W = Ziy/(Hn Zg) is generated by
the two involutions w; and ws. An easy calculation shows that the centraliser
Ca(a,;)({w1,we}) is H(Ay). Note that the action of w; and wz on Shg(C)
fixes Ship(C) pointwise. Thus, if z,zu € Shg(C) for u € U, the elements
vy = w(wyutwy) and vy = u(weulwy) fix z. By hypothesis vy, v € U’, which
acts faithfully on Shg(C), thus we conclude that vq = vo = 1. This implies that
u centralizes the subgroup generated by w; and ws and hence v € U nH, which
completes the proof. O

Remark 2.2. Let Kg(d) denote the kernel of reduction modulo d of G(Z) —
G(Z/dZ), for G € {GLy,G}. If U ¢ K¢(d) for some d > 3, then the hypotheses
of the lemma are satisfied with U’ = Kg(d).

We recall that both Shgr, and She admit a description as moduli spaces
of abelian schemes: given sufficiently small open compact subgroups V ¢
GL2(Ayf) and U € G(Ay), Shgr,(V) is the moduli of (isomorphism classes
of) elliptic curves with V-level structure, while Shg (U) parametrises (isomor-
phism classes of) principally polarised abelian schemes of relative dimension 3
and U-level structure (see for instance [Lanl3, Theorem 1.4.1.11]).

Finally, we recall that, for g ¢ G(Ay) and U sufficiently small, we have a map
of schemes over Q

g:Shg(U) - Sha(g'Ug)

given by g-[(z,h)] = [(2,hg)]. For g € G(Ay), we denote by ¢{, the composition

tgug1 9

Shg(gUg™' nH)

Sha(gUg™)

She(U) .
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Remark 2.3. For U equal to the kernel of reduction modulo d, U-level structures
of an abelian scheme A correspond to bases of the d-torsion points of A. Note
that the right-translation action of g € GLy(Z) (or G(Z)) on the variety corre-
sponds, at the level of moduli spaces, to the map g: (A4, A, {e;}) = (4, {e}}),
where (e}) = g7* - (e;), where {e;} forms a basis of the d-torsion points for A.

2.3 LEVEL STRUCTURES

We introduce next several level structures that we will be using throughout.
The reader is urged to skip this section and come back as the situation demands.

DEFINITION 2.4. Let K® c G(Z®) be a compact open subgroup satisfying
the hypotheses of Lemma 2.1. For any n € N, let K,, .= K(®) K? ¢ G(Z), where

K} :={9¢G(Zy): Re(g)=(0,...,0,1) mod p"},

and where Rg(g) denotes the sixth row of g.
For any n € N, we let Ki(n) = pry(K, n H), where pr; : H - GL; is the
projection to the first GLs-component of H. Observe that its component at p
is given by

K¥(n):={g€GLx(Zy) | g=1 mod [ ]}

We will always assume K 1(n) is a sufficiently small compact open subgroup of
GL2(Z).

Remark 2.5.
e Note that, at p, the level group K,, n H has component

KP(n) 8 GLy(Z,) 8 GLy(Z,).

o If KP) x G(Z,) = Kg(d) for some integer d > 3 coprime to p, then K,
and K (n) = (GLy(Z®) x K”(n)) n Kar,(d) are sufficiently small.

e By Lemma 2.1, g, is a closed immersion and we get
Shar, (K1(n)) <—— Shu (K, nH) —> She (K,,),

where pr; now denotes the morphism of Shimura varieties induced by
the projection to the first GLs-component of H. This diagram will be
fundamental in the definition of the motivic classes underlying our Euler
system construction.

Let n be the co-character of the maximal torus of G defined by

and let n, :=n(p) e G(Q,) € G(Ay).

DOCUMENTA MATHEMATICA 25 (2020) 911-954



NORM-COMPATIBLE SYSTEMS FOR GSpg 919

DEFINITION 2.6. Recall that we denote by Kg(p™) € G(Z) the kernel of the
reduction modulo p™. For m € N, define subgroups of G(A )

o K’ () = Knn né”*lKnn;(mH) NnKg(p™);

o K} i1 =K, oy N Ka(@™).
Remark 2.7.

e The group K, 0(p) is the largest subgroup of K, such that right multi-

plication by 7, induces a morphism

My Sha (K5, o)) — Sha (Ka)-

e The definition of these last level groups will be justified by Lemma 3.4.

e In other words, for n > m, these subgroups are defined as follows.
p

P

K{Lm::{geKO | g=1 mod Z

P

P

m+1l | m+1 pZ(m+1) pZ(m+1) ps(m+1)

p" p P
pn pm pm pm+1 pm+1 p2(m+l)
7 n m m m+1 m+1 2(m+1)
— = p" p™ p p p p
nom(p) =19 € Ko | g=Tmod | PP v p Bt TR
p" p™ p p p P
n m m m m m+
p’ﬂ p’ﬂ pn p’ﬂ p’ﬂ p n
p" p" p p p p
e Observe that we have a tower of inclusions
2 I 1 / /
Kn=K,,2 Kn,o(p) 2K 12 Kn,l(p) 2K, 52...

2.4 REPRESENTATIONS OF ALGEBRAIC GROUPS

We study now the branching laws for the restriction of an irreducible algebraic
representation of G to some of its subgroups.

2.4.1 HIGHEST WEIGHT REPRESENTATIONS

Recall that every irreducible algebraic representation of GLy is of the form
Symd ®det” for some d € N,k € Z, where Symd denotes the d-th symmetric
power of the standard GLs-representation. We will next review the highest
weight theory for the groups GSp, and GSpg.

Let T be the diagonal torus of G (which coincides with the diagonal torus of
H) and denote by x; € X*(T'), 1 <i <6, the characters of T given by projection
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onto the i-th coordinate. We then have x;x7-; = v, i = 1,2,3, where v denotes
the symplectic multiplier. We see GSp, inside G, through the embedding

A B
g:(ég)eGSp4r—>(CV(g)1D)€G,

and x;, i € {1,2,5,6}, denote as well the characters of its diagonal torus.

For a,b non-negative integers, let u = (1 > p2), p2 = b,u1 = a +b and denote
by V# the unique (up to isomorphism) irreducible algebraic representation
of GSp, with highest weight x%'y4? with central character z ~ x|, where
|¢e| = p1 + p2, which has dimension é(a +1)(b+1)(a+b+2)(a+2b+3). Similarly,
given a, b, ¢ positive integers, let A = (A1 > A2 > A3), A3 =¢, Ay =b+c, A\ =a+b+c
and denote by V* the unique algebraic irreducible representation of G with
highest weight xi‘lx§‘2 ng and central character z ~ 2, where [Al = A1+ A2+ A3,
which is of dimension %O(a +D(a+2(b+c)+5)(a+b+2)(a+b+2c+4)(b+
D(b+2c+3)(a+b+c+3)(b+c+2)(c+1) (cf. [FH13, Equation (24.19)]).

2.4.2 BRANCHING LAWS

For A = (A1 > A2 > A3) and p = (1 > po) as above, we say that p doubly
interlaces A\ if A\; > py > A3 and Ay > puo > 0. We recall the following branching
law result

PROPOSITION 2.8. Let A= (A1 2 A2 2 A3 20) and V* be as above. Then

e We have a decomposition of Sp, ® SLa-representations

VA =@ V"= (Sym™ ®Sym" ® Sym"?),
m

where the sum is over all p = (p1 2 po 2 0) doubly interlacing N and
where T; = x; —y; for {x1 > y1 > x2 > Y2 > x3 > y3} being the decreasing
rearrangement of {\1, A2, A3, p1, pi2,0}.

e We have a decomposition of SLo ® SLo-representations

Hi—p2 H2
V= @ P Sym" *YrSym" V.
z=0 y=0

Proof. The first statement is just [WY09, Theorem 3.3]. We sketch a proof
of the second point, which is stated in [LSZ19, Proposition 4.3.1]. For the
parametrization of the special case of GSp,, applying [WY09, Theorem 3.3]
we obtain

Vi =l (Sym™ ® Sym™) ® Sym*

= "1, (Sym"*"? @ Sym™ "2 2 @... @ Sym™ "2y m Sym* .
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Observe that every factor appears with multiplicity one. Dividing the sum for
0<s<pue and puy < s < py we see that r1 = p1 — o, ro = s and 11 = g —
$,T9 = jo respectively. Drawing the points (x,y) such that the representation
Sym”® ®Sym” appears in the above sum we see that we get every integer pair
(z,y) € Z? with x+y = 11 +p2 (mod 2) inside the rectangle with vertices (0, 11—
w2), (u1 = p2,0), (pe2,p1) and (p1, p2). Choosing the right parametrisation of
these points (i.e. taking (u2,u1) as the origin) we get the desired expression.

O

For a fixed k and A\, we are interested in studying how many H-representations
of the form Sym(k’o’o) = Symk R Sym” ®Sym" appear in the decomposition of
the restriction of V* to H. It will be useful to consider the obvious factorisation
of our embedding H ¢ G through H' := GSp, ® GLo; this is because any
irreducible H'-factor of an irreducible G-representation will have multiplicity
one.

LEMMA 2.9. The sum of all irreducible sub-H'-representations of V> isomor-
phic (up to a twist) to V* & Sym° for some p is given by
A I=lm]
P (VirSym")ev 7,
e A(N)

where A(\) € Z? denotes the region of points (ui,pe) € Z* satisfying |u| =
|A| (mod 2) and lying in the rectangle defined by the inequalities

p1 = p2 S A1 = Az + Az,
p1 — 2 2 [A1 = Ao = Asl,
M1+ 2 2 A = Ao + Ag,
L1+ s € A1+ Aa = g

Proof. Applying Proposition 2.8, we obtain a decomposition as Sp, ® SLo-
representations

V)\

P V"= (Sym™ ® Sym"™ ® Sym")
m

min(ry,r2)

P P V'w (Sym"*"27* @ Sym"®)
" =0

min(ry,r2) min(rs,r,+ra—217)
r1+ro+r3—21-27
@ @ v (syrrrr-aiay,
u i=0 §=0

where the sum is over all p = (u1 > p2 > 0) doubly interlacing A and where
ri =a;—y; for {z1 >y1 > 2 > ya > x3 > y3} being the decreasing rearrangement

of {A1, A2, A3, pu1, 12, 0}
We deduce that if V* & Sym® appears as a sub-Sp, ® SLa-representation then

T1+T2—2’i—j:0, T3—j:0,
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which implies j = r3 and 2i = 71 + 79 — r3 and hence, since 0 < i < min(ry,72),
T1+7re 273 271 + 79 — 2min(ry,re) = |ry — o (1)

and r1 +r2+73 =0 (mod 2), which is equivalent to saying that |u| = |A| (mod 2).
The result follows by unfolding the two inequalities of (1). O

LEMMA 2.10. The sum of all irreducible sub-H-representations of V> isomor-
phic (up to a twist) to Sym*00 for some k> 0 is given by

A1-Az+ Az Ak
r- Sym(k’o’o) Qdet =,

k=|A1-A2—As]

k=|A\| (mod 2)

forr=MXy— A3 +1.

Proof. This follows immediately from Lemma 2.9. Indeed observe that, by
Proposition 2.8, for any p, the unique sub-SLs ® SLo-representation of V# of
the form Sym*® is Sym#17#2:9 " The result then follows by analysing the
possible values of 1 — ps in the region A(M) of the above lemma. The value
r is the number of (p1,p2) € A(N\) such that u; — s = k, i.e. the length of
one of the sides of the rectangle, forming the boundary of A(\). The twist is
there so that the central characters of Sym(k’o’o) and V* and the inclusion is
H-equivariant. O

Remark 2.11. The values of k and r can be easily deduced by drawing the region
A()). For instance, from Figure 1 for A = (9,6,2), we have that Sym*%0
appears in the decomposition of the restriction of V* to H only if k € {1,3,5}
with multiplicity r = 5.

2.4.3 INTEGRAL STRUCTURES

Denote by b, g the Lie algebras of H and G respectively, and write U(h),U(g)
for their universal enveloping algebras. For a € {f,g}, denote by Uz(a) the
Kostant Z-form in U(a) ([Stel6, Chapter 2]), which is some subring of U(a)
generated over Z by an explicit family of ordered monomials given in terms of
the choice of a Chevalley basis of a (which also forms a PBW-basis of U(a)),
so that U(a) is obtained from Uz(a) by base-change.

For an a-module V', an admissible lattice Vz in V is a Z-lattice which is stable
under the action of Uz(a). By [Stel6, Corollary 1], we know that admissible
lattices exist for any representation of a semi-simple Lie group, and that such a
lattice is the direct sum of its weight components. For a weight A, fix a highest
weight vector v* of weight A and consider Vi\ the maximal admissible lattice
inside V* whose intersection with the highest weight space is Z - v*. Observe
that V) is also an admissible lattice considered as an H-representation (since
Uz(h) € Uz(g), which can be seen using [Stel6, Theorem 2] and the fact that
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b

A= Ao+ As

A= A2

PV T T

A3 A2 2

Figure 1: The region A()\) for A = (9,6,2).

a set of simple roots for h can be extended to a set of simple roots of g and
that their Cartan subalgebras coincide).

Let (e1, ez, 3, f3, f2, f1) be a symplectic basis for the standard G-representation
V(12020 Denote Sym(zk’o’o) c (Sym®*00 nVgz) the minimal admissible
lattice of Sym(k’o’o) such that the intersection Sym(k’o’o) with its highest
weight space is Z - e} (it is isomorphic to the algebra of symmetric tensors
TSym%, ® TSymy, ® TSymy,).

By [Stel6, Corollary 1] (cf. also [Kos66, Corollary 1 to Theorem 1]), the restric-
tion to H of the lattice VZ)‘ decomposes as the direct sum of its highest weight
components. In particular, for every u = (u1,p2) € A(N\) and k = pug — po, we
have that (Sym(k’o’o) ®detm%) NV, ¢V is non empty. By fixing any high-
est weight vector v[*#] in this sub-lattice, we can define a homomorphism of
H-representations

A=
br[ZA’“] : Sym(zk’o’o) ®det 7 — Va,

by sending e¥ to vl

2.5 GYSIN MORPHISMS

In the next section, we will define étale and motivic classes in the cohomology
of the G-Shimura variety with coefficients by taking the image under Gysin
morphisms of certain classes in the cohomology of the H-Shimura variety. To
define these maps, we will translate the branching laws for algebraic representa-
tions of H and G described above into a statement for the corresponding étale
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sheaves and relative Chow motives on the Shimura varieties. Let us briefly re-
call the main properties of the functor defined in [Anc15]. For a reductive group
G over Q, denote by RepQ(G) the category of representations of G over Q.
Moreover, for a smooth quasi-projective scheme S over a field of characteris-
tic zero, let CHMq(,S) denote the Q-linear tensor pseudo-abelian category of
relative Chow motives over S. Recall that there is a functor M from the cate-
gory of smooth projective schemes over S to CHMq(S); let 15 := M(S), and
denote by Lg the Lefschetz motive appearing in the decomposition of M (P)
as 1g®Lg. For any positive integer m and ¥ € Ob(CHMgq(S)), we denote by
¥ (-m) and #(m) the tensor products of ¥ with LE™ and (L§)®™. In order
to define Ancona’s functor, recall the following.

PROPOSITION 2.12 ([DM91]). Let w: A - S be an abelian scheme of relative
dimension g; there exists a decomposition in CHMgq(S)

M(A) = @him),

where [n]* acts on h'(A) as multiplication by n' and the (-adic realisation of

hi(A) is Rim. Q.

Now, consider a Shimura datum (G, X) of PEL-type. For any sufficiently small
level subgroup U € G(Ay) there is a Shimura variety Shg(U), which admits a
model over the reflex field of (G, X), and a universal abelian scheme <7 /Shg (U)
with PEL structure.

PROPOSITION 2.13 ([Ancl5]). There is a tensor functor
1§ : Repg (G) — CHMq(Sha (D)),
which respects duals and satisfies the following:
1. If V is the standard representation of G, then ,ug(V) =hi();
2. If v:G — Gy, is the multiplier, then u§(v) = Lshe ()

8. for any prime p, the p-adic étale realisation of ug(V) is the étale sheaf
associated to V ® Q, (cf. [Pin92]), with U acting on the left via U -

G(Af) = G(Qp).

Remark 2.14. We have adopted conventions used in [LSZ19]. This is coher-
ent with the fact that, in the case of GL2, by Remark 2.3, the p-adic Tate
module T,& of the universal elliptic curve & corresponds to the dual of the
standard representation of GL2(Z,). Thus, T,& gives a lattice in the p-adic
étale realisation of h!(&)V.
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As explained in [LSZ19, §6.2], there is a canonical G(A ¢)-equivariant structure
on p& (V) for every V in Repq(G), which is compatible with the G(Aj)-
equivariant structure on the corresponding p-adic étale realisations. Thus, we
have a functor

pC Repq(G) — CHMgq (Shg )9 A7),

where Shg = lim She(U). We have the following compatibility.

PROPOSITION 2.15 ([Tor19, Theorem 9.7(i)]). There is a commutative diagram

of functors
G

Repq (G) a CHMq(Shg )GA7)
'Hl lA*
Repg (H) ————= CHMq(Shg ) A1),

where A" denotes pull-back.

Let U ¢ G(Ay) be a sufficiently small open compact subgroup; as in [Lem17,
§4.1], one has motivic cohomology groups Hy, . (Sha (U), Yq(m)), for any ¥q €
Ob(CHMq (Shg(U)) and any integer m. Suppose U € G(A ) is chosen so that
ty is a closed immersion (e.g. Lemma 2.1); then, by [CD19, Theorem 7 and
(2.4.39.2)], we have Gysin morphisms

et He oo (Sh (U n H), A*¥q(m)) — HZS5 (Sha(U), 7o (3 +m)).

mot mot

We want to compose these maps iy« with the maps in cohomology coming
from the branching laws in Repg (H) described above.

DEFINITION 2.16.

o Let WQA be the relative Chow motive S (W?) over Shg, where W? is
the algebraic representation of G given by V* @ v~

e Let %(;gk,o,o) be the relative Chow motive ™ (Sym®*? @det™) over
Shy.

We will now define our key map in cohomology. Note that by §2.10, we have

I\-k

Sym(k’0’0)®det z o VA

After twisting it, this gives a map

M-k M-k

=W euv 2

Sym(k’o’o) @det™ o V@
By Proposition 2.15 and Proposition 2.13(2), we get a morphism

bl 00— At (-PEE).

2
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DEFINITION 2.17. Let pu = (u1 > p2) € A(N) and let k = 1 — po; we define

gt oy (Shas (U 0 HD), "0 (4)) — HES (Sha (U), 74 (x + 3+ 55)
to be the composition of the map (corresponding in cohomology to) briA#]
with LU, -

Remark 2.18.
e Thanks to Proposition 2.13(3), we have étale regulator maps

re s Hpo(Sha (U), 74 (+)) — Hi(Sha(U), 74, (+)),

where W(S‘p is the the p-adic étale sheaf associated to Wép and HZ, de-
notes continuous étale cohomology in the sense of [Jan88|. As the étale
realisation functor commutes with the six operation of Grothendieck, we
have a compatibility via rg between motivic and étale Gysin morphisms.

e From §2.4.3, we have "integral" Gysin morphisms in étale cohomology.
Let H(Z]:O’O) (resp. W%‘p) denote the Z,-sheaf associated to the lattice

Sym(zk’o’o) ®det™ (resp. V) ® v M), then we denote by Lg\ “l the map

HE (Shir(U nH), HG 0 () — HEO(Sha (U), W, (« + 3+ E2L)).

3 DEFINITION OF THE CLASSES

This is the main section of our text. We give the definition of the zeta classes
and we study their norm compatibility as we vary the level of the Shimura
variety.

3.1 SIEGEL UNITS

Recall that when U is a sufficiently small open compact subgroup of GL2(Ay),
the modular curve Shar,(U) is a fine moduli space with universal elliptic
curve £ - Shgr,(U). In particular Shgr,(Ki(n)) is the moduli of iso-
morphism classes of (F,P,,«), where P, is an p™-torsion point of the el-
liptic curve E and « is a level pr, (K™ n H)-structure on E. Denote by
(&, en,a)/ShaL, (K1(n)) the universal object of Sher,(K7(n)). For an aux-
iliary positive integer ¢ coprime to 6, let .05 € O(& \ &[c])* be the norm
compatible unit of [Kat04, Proposition 1.3(1)]. Finally, fix an auxiliary non-
zero torsion section x € &(Shgr,(K1(0))) of order an integer N > 1 coprime
to p.

DEFINITION 3.1. For n >0, define g, := (x + e,)*(0s) € O(ShaL, (K1(n)))*.
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3.2 HIGHER WEIGHT EISENSTEIN CLASSES

Let Ha denote the relative Chow motive over Sher, (K1(n)) associated to the

GLs-representation Symk ®det7k, for £ > 0. For k > 1, Beilinson constructed
motivic Eisenstein classes

Eisy, € Hyoq (Shar, (K1(n)), HG (1))
We refer to [LSZ19, Theorem 7.2.2] for the choice of normalisation of these

classes.

Remark 3.2. For k=0, H} . (Shar,(K1(n)),Q(1)) = O(Shar,(K1(n)))*®Q
and Eis% 1S cgn ® 62—{1, for ¢ #+ 1 an integer coprime to 6 and congruent to 1

modulo p”.

We denote by Eis]gtyn the image of the (motivic) Eisenstein class under the
étale regulator. Kings has constructed an underlying integral étale Eisenstein
class. Let H%p be the Z,-sheaf associated to the minimal admissible lattice

Symk ® det ™ of Sym* @ det ™.

ProposITION 3.3 ([Kinl5]). There exists, for any c¢ be coprime with 6p and
k>0, an element CEis’gtyn € Hélt(ShGM(Kl(n)),H%p(l) such that

cEiS{éct,n = (c2 - cik (8 g 71) Eisléct,n
as elements of Hélt(ShGLz(Kl(n)),ng(l)). For k =0, CEisgtm = O(cgn),
where O denotes the Kummer map.

3.3 THE CLASSES AT LEVEL K, .,

We first construct classes in the cohomology of the Shimura variety of level
K}, -

Lemma 3.4 below is the key ingredient for proving the wvertical norm relations
of our classes (Theorem 3.21) and, indeed, it constitutes the main motivation
for working with the level K, ,,,.

LEMMA 3.4. Let n,m > 1 be such that n > 3m + 3. There exists an element
ue G(Ay) such that the commutative diagram

. Sha (Ky 1) (2)
pr
p’l"OL;, N
Shyt (uK7, w0 H) o Sha (K}, i)

’
s
P\L lﬂ'p
u
LK/

Shyr (uK, ,,u" nH) Sha(K,,,)

/

» and pr denote the natural projec-

has Cartesian bottom square, where m,,
tions.
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Proof. The proof of Lemma 3.4 is a direct and not very pleasant calculation
and it is given in Appendix A. O

Remark 3.5. The choice of u does not depend on either m or m and it is not
unique. We can take u € G(Z), whose component at p equals to (1), with

110
T:(1o1),
011

and having trivial components elsewhere.

We now define the push-forward classes in the cohomology of the G-Shimura va-
riety of level K}, ... Notice that we have a projection pr; ,, ,,, : Shu(uK], ,,u™'n

H) — Shgw,(K1(n)). Moreover, for any g € G(Ay) denote by LE?,’“] the

N
(2]

composition g, o ¢ .
p Ix O lyKy g7t

DEFINITION 3.6. Let V* be the irreducible representation of G of highest
weight A= (A1 222 A3), u=(k+j>7) € A(N\) and let n,m € N.

o Let 3:;”[%“] be the class given by

I oprt o (BisE) € HI o (Sha (K ), 74 (4 + 252),

4
n,m Us*

o Let 279,# ] be the class

re( Z1) € HY (Sha (K, ), W, (4+ 220).

The motivic classes defined above are not a priori integral, which is due to a
lack of theory of integral motivic Eisenstein classes. Building on Proposition
3.3, we give an integral construction of the p-adic étale classes as follows. This
is better suited for studying norm relations in the p-cyclotomic tower and p-adic
interpolation properties.

DEFINITION 3.7. Let 52,[1)7‘,’#] be the class given by

LE?;F‘] wx© prinﬁm( CEiSIgt,n) € Hé?t(ShG(Kr'z,m)aW%p (4+ k—2\>\| )).

)

3.4 THE LEVEL GROUPS K, ,,

Let n e N and denote by K, o € G(Z) the subgroup of K,, defined by

Kno:= Knn{geG(Zp) | g=1I mod

s
i ]
el s B o}

SIS TS TS IS TS

iSRas s TS Bus s}
—

SIS TS IS s T~

Remark 3.8. The definition of K, is motivated by the proof of Theorem 3.21.
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For m,n € N, we aim to define classes in the cohomology of

Sha (Kn,0) Xspec(q) SPec(Q(¢pm)).
DEFINITION 3.9. Let n,m € N. Define subgroups K, m, € Ky o by
Kpm=Kpon v Y1+ p™Z) = {9 Kyo:v(g)=1 (mod pWZ)}.
Remark 3.10. Let
Art: Q%\A} - Gal(Q™/Q)

be the Artin reciprocity map, normalised so that if a € 7x c A}, Art(a) acts
on roots of unity by ¢ ~ (®. As explained in [LSZ19, 5.4], if U ¢ G(Ay) is an
open compact subgroup such that

v(U)-(1+p"Z) = Z%,
then there is an isomorphism of Q-schemes

Sha (U nv ™ (1+p™Z)) = Sha(U) xspec(q) Spec(Q((pm)),

which intertwines the action of g € G(Ay) on the left-hand side with the one
of (g,04) on the right-hand side, where oy = Art(v(g)™")|q(¢,m)- In particular,
we have

Sha (Kyn,m) = Sha (Kn,0) Xspec(q) SPec(Q(Cpm))-

3.5 THE CLASSES AT LEVEL K,

For two given integers n,m > 1, take n’ = n+3(m+1) and define the projection
tm : Sha (K], ,,) = Sha (Knm),
induced by right multiplication by the element

nt = diag(p®™, p*™, p*™,p™ p", 1) € G(Qp)

defined in §2.3.

Remark 3.11. The map t,, is well-defined. Indeed, we need to check that
M " Ky iyt € Knom. Recall that K, . = Ky nn)' Kyn,™ n Kg(p™) and
Kom = Knonv!i(l +pm2), so we have U;mK;y,mU;n =0, " Kyt 0 Ky 0
n," Ka(p™)ny*. This is obviously contained in K, and in v~(1 +p™Z). Fi-
nally, if g € Ko N, Ka(p™)n,', it satisfies the extra conditions modulo p
imposed in the definition of K, g.

Before defining the classes we note that the push-forward by ¢,, . makes sense
with our p-adic integral coefficients.
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LEMMA 3.12. There is a well defined action of n;l/phw‘i" on Wé‘p defining a
morphism of sheaves

A A * A

tm,b : WZp - tm(sz)-

In particular, we have a map
et HL(Sha (K ), Wa, (4 + 557)) = HE(She (Knm), W, (4 + 557)).

defined by composing the map in cohomology induced by t;\mb with the trace of
tm in étale cohomology.

Proof. We need to show that the matrix 77;1 = diag(p~3,p 2, p %, p L,p 1)
acts on Wé‘p and that its image is contained in p*2*s WZAP. Let S be the one

dimensional split torus diag(z?,22,2% x,2,1) of G. Then V* decomposes as

the direct sum of its weight spaces relative to .S, with weights between 0 and
3A1 + 22 + 2A3. We deduce that S acts on the highest weight subspace of
W™ = VA @ v~ through the character diag(z®, 22, 2%, x,2,1) —» 2~ (*2*23) and,
in particular, the action of 7, ! on every S-weight space (and hence on all W)
will be divisible by p*2**#_ thus showing the claim. O

Remark 3.13. Observe that the normalisation by p~(*2*23) is such that the
action of p_()‘2+>‘3)77;1 on the S-highest weight subspace of W* is trivial and
divisible by p elsewhere. This optimal normalisation of the map t , will be

m,*
very helpful (in a rather subtle way) when defining our cohomology classes at
integral level and proving their norm relations (cf. Theorem 3.21).

We are now ready to define the following.
DEFINITION 3.14.

o Lot D=1}, (Z0) e H]

mot

(Sheo ) #3(1 S).
o Let CZL:\#] be the class
th, (1) € HE (Sha (K m), Wa, (4 + E21)).

3.6 NORM RELATIONS AT p: VARYING THE LEVEL

We now show that the various classes that we constructed are compatible when
we vary the variable n. Denote by

Tim* Sh(;L2 (Kl(n + 1)) nd Sh(;L2 (Kl(n))
the natural projection map. We recall the following standard result.
LEMMA 3.15. We have

Eisk ifn>1,

ét,n

)« (Eisk 1) =
(m1,n)4(c t, +1) {(1_pkd;)cEis§tyn ifn=0,
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where d,, € GLy(Z) denotes any element congruent to (1 p) modulo N, for
N >1 coprime to p being the order of the auxiliary torsion section x of Defini-
tion 3.1.

Proof. This is well-known (e.g. [Cau20, Proposition 3.26]) and it basically
follows from the compatibility relations that Siegel units satisfy and from noting
that the action of the push-forward of the multiplication by p map on the

coefficient sheaf "H’%p is given by multiplication by p*. O
Let
pry ¢ ShG(K:Hl,m) - ShG(K;z,m)

denote the natural projection map.

PROPOSITION 3.16. We have

s[A\u] ;

S[Ap] cZn,m ifn>1,
T'n,» Czn m) = *\ = .

p 5 ( +1, ) {(1_kap)cZ7[zA,’;’#] an:(),

where D, € H(Z) ¢ G(Z) is any matriz whose first GLg-component is congru-

ent to (52) modulo N, for any N as in Lemma 3.15.

Proof. From commutativity of the diagram

u
Loer

ShH(’uK’ n+l,m

K
n+1,mu71 n H) - ShG(K;Hl,m)

p.;,‘n l lprn
Lo

Shy (uK), ,u™ nH) - Sha (K}, ),

where pr, : Shy (uK),

n+l,m
jection map, we obtain

u™' nH) - Shu(uK], ,,u™' nH) is the natural pro-

s[2n] - (A p] k
prnq*(cszrl,m) = Prp,x© LK;H o *(CZH,'rHl,m)

= ] 5 k
= Uk u,* Oprn,*(CZH,nJrl,m)a

n,m?

k

where we have denoted by 2§, ,,, the class prj, .. (Eis, ,). Thus, we are

reduced to studying compatibility relations of CzI’fI,n +1,m With respect to pr
which follows from Lemma 3.15. Indeed, the Cartesian diagram

T, %)

Pri n+1,m

ShH(uK;l+17mu71 ﬁH) ShGL2 (Kl(n+ 1))

pNTn l/ lﬂ—l’n

Pr'yn,m

Shu (uK), ,,u" N H) —————— Shqr, (K:(n))
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gives

k ~ .k
prn,*(czH,nJrl,m) = prn,* o pr;'rwl,m( CEISét,nJrl)

ck
prin,m o(ﬁlﬁn)*( CElsét,n+1)'

Thus, the result now follows from Lemma 3.15 and by observing that, for any
D, € H(Z) as in the statement of the proposition, one has a commutative
diagram

prl,n,nL

ShH(uK;lﬁmufl N H) _— Sh(;,L2 (Kl(n))

Shir(uk, ,u~t 0 H) ——"" > Shar, (K, (n)),

which can be easily checked using the moduli space description of the varieties.
O

This immediately translates into the identical norm relations for the level K, ,,
classes.

COROLLARY 3.17. Let pry, : Sha(Kn+1,m) = Sha(Kn,m) be the natural projec-
tion map. We have

A, .
Pr'n *(CZ[NN] ) — CZ"[%”{LL] an 21,
> n+l,m (1—ka;)cZ7[L/,\’;#] if?’LIO,

where D, € H(Z) ¢ G(Z) is any matriz whose first GLg-component is congru-
ent to (52) modulo N, for any N as in Lemma 3.15.

3.7 NORM RELATIONS AT p: CYCLOTOMIC VARIATION

In the section we prove our main result stating that our cohomology classes
satisfy the Euler system relations at powers of p.

3.7.1 HECKE OPERATORS

We now define the (normalised) Hecke operator which is going to show up in
the norm compatibility relations of our cohomology classes.

DerFINITION  3.18. We define the Hecke operator L{I’) acting on
Hgt(Shg(K{hm),W%‘p 4+ %w)) to be the action of p~(A2+X3) -K{Lmn;lK’

n,m»
where K ,n,'K},, is seen as an element of the Hecke algebra
H(K,, ,\G(Af)/K], )z, of K], ,-bi-invariant smooth compactly supported

Z,-valued functions on G(Ay).
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In other words, the action of K, ,,n,' K], ,, on cohomology is the one induced

from the following correspondence on Shg:

Sha (K7, ()
o J/ K
Sha (K}, ) > Sha (K2, ),

where the vertical arrow is the natural projection 7, and the diagonal one is
induced by right multiplication by 7,, and hence L{I') is given by the composition

(m)”
H, (She (K, ) Wy, () ——  HE(Sha (K}, ) Wz, ()

A
N«
Hgt(ShG(K;z,m)aW%p(q))a
where g =4 + k—T\Al and 772,* is defined exactly as the map tfm* of Lemma 3.12.

Remark 3.19. The notation chosen for the Hecke operator is motivated by the
fact that U, is dual to the Hecke operator U, associated to 7.

3.7.2 NORM RELATION FOR THE CLASSES 02,[1?;#]

Recall that the diagonal matrix 7, := (p*, p?,p%,p,p, 1) € G(Q,) induces a mor-
phism of Shimura varieties 7, : Shq (K], m(p)) - Shg (K7, ,,,) and, by Lemma
3.12, a map
A H7 Sh / Wk 4 k—‘)\l 7 Sh Kl W)\ 4 k—lM

77p,>(- . ét( G( n,m(p))’ Zp( + 2 )) - ét( G( n,m)) Zp( + 2 ))
Let m > 1, n > 3(m + 1), and denote by 7, the composition of the natu-
ral projection map pr : Sha(Kj, 1) = Sha(K] () with the map n, :
Sha (K], () =~ Sha (K, ;). By the same arguments as in Lemma 3.12, we
can once more define a normalised trace

p,*

e HLSa(K) W, (1+ 520) = HESha (KW, 1+ 585,

as the composition the trace of pr with 7727*.
We have the following push-forward compatibility relation.

THEOREM 3.20. Form>1, n>3(m+ 1), we have

~\ R D7 P W
np,x-(czn,n”l) - up ’ Cz’r[z,m]’

where U; is the Hecke operator defined in Definition 3.18.
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Proof. Denote by .2y n.m the class pri , . (¢ Eist, ). The result follows from

ét,n

Lemma 3.4. Indeed, by the definition of the class 02’7[{\777;;11 we have

s[n] [An] k
pT*( nm+1 =Pr« OLK’ u*(CZH,n,erl)

[/\,u]

:pT*OLK' +1,u*oﬂp(Canm)5

+1°

where 7, is as in Lemma 3.4. By the Cartesianness of the square of the diagram
of Lemma 3.4, we have that

[Au]
prs© LK,IU‘m+1v“ * ( ) ° LK, m7u *)
so we deduce
A k ~[\,
pre(eiimy) = () ot | (cotrnm) = () (D),

where the last equality follows by definition. Hence, by applying 77{7\,* to both
sides, we get

np,*(czn m+1) np, ( p) ( ) u’ NL),\;#]

as desired. O

3.7.3 NORM RELATION FOR THE CLASSES cz,[ﬁ,,‘f]

Q(Cperl)

Call norme, * the norm map of the natural projection
P

Sha (Kn,0)/Q(¢,me1) = Sha (Kn0)/Q(c,m)-

Moreover, let o, denotes the image of % € Q, under the Artin reciprocity map.
THEOREM 3.21. For n,m > 1, we have

Q(< m+1) u

4
—Y . [Ap]
IlOI‘IIlQ(< c? nm+1 - g Czn,m )

where U;, s the Hecke operator associated to p’o‘?”S) ~Kn,mn;1Kn,m.

Proof. We first deduce the norm relation at levels K, ,,,. By Theorem 3.20 and
the commutative diagram

m+1

p
ShG( n, m+1) - ShG(Kn,m+1)

Sha (K ) —2—> Sha (Knm),
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where the right vertical arrow is the natural projection map, it suffices to
show that the Hecke operator L{; commutes with tf,‘w, i.e. that we have a
commutative diagram

e _
H(Sha (KL, ,,) Wy, (4+ 52y 5 H7(She (K,m), Wy, (4+52L))

2 2
a P
— t:\n,* —
HPSha (R 0., (4 E) S5 17 (S (), 3, (44 52

Recall that the Hecke operator L{Z’) at level K, ., is defined as the correspondence
Pra s © 771))‘,* o pry, where pri, pro are natural projections sitting in the diagram

_ Mp _
Shg (Kn,m N npKn,mnpl) - ShG(nlen,mnp N Kn,m)

pri l lpT2

Shg (Kn,m) Shg (Kn,m)

Then, the two Hecke operators commute if | K, 1 015" Ky i 1p\ K| = [K,/ 0
n;lK;,mnp\Kjl,,mL This is indeed the case, since both sizes can be checked to
be p'2. Here, we are making an essential use of the extra congruences modulo
p satisfied by the elements in K, o. Finally, the result follows after using the
isomorphism

Sha (Knm) = Sha (Kn.0) Xspec(q) SPec(Q(¢pm ),

which intertwines the Hecke operator U, on the cohomology Sha (K m) with

Art(v(p)lQee,m Uy = 03Uy
=

Remark 3.22. For calculating the size of the quotient for K, ,,, one actually
crucially uses the congruences modulo p appearing in the definition of the
level group K, o, and the result would not hold if we didn’t impose those
congruences.

4 p-ADIC INTERPOLATION

We show in this section how the compatible systems of elements so far con-
structed can be p-adically interpolated. In §4.2.3, we vary one of the variables of
the weight to interpolate several classes geometrically constructed. In §4.2.4,
we construct a universal class that specialises, under some twisted moment
maps, to all the geometrically constructed classes. The problem with this last
approach is that we do not know how to naturally interpret these twisted mo-
ment maps. As an application, we can consider different specialisations of this
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universal class and thus obtain new classes at finite level that do not a priori
come from a geometric construction.

In this section, we replace the Shimura varieties for G € {GLq2, H, G} with their
smooth integral models defined over Z[%], for S sufficiently large and divisible

by p.

4.1 p-ADIC INTERPOLATION FOR GLo

We first recall the p-adic interpolation results that we need from [Kinl5]; we
follow the exposition given by [LSZ19]. Fix an open compact subgroup U®) ¢

G’LQ(AEJ))) and let U, = UPUP with UP = K”(n) (cf. §2.3) and assume that
U,, is sufficiently small for every n.

DEFINITION 4.1. We define
Hi,(Sher, (Us), Zy(1)) = lim Hi (Shar, (Un), Zp(1)),
n>1
where the inverse limit is taken with respect to the natural trace maps.
Recall that, for every k£ > 0, and n € N we have moment maps
momgy, , * Hz (Shar, (Us), Zy(1)) - Hi (Shar, (Un), #7, (1)),

defined in [KLZ17, Theorem 4.5.1(2)]: let e, f be a basis for the standard
representation of GLsy. If t%”zk/pn 7 is the reduction modulo p" of %”ka, we have
a section

ek € HY (Shar, (Un), Hognz)

given by the reduction modulo p" of e®* in Sym’% ®det ™. Then, the moment
map Inom’éL2 », 1s defined by sending any element (vs)s»1 to (prgjl ) (V50 g5,
which defines a class in

lim Hi (Shar, (Un), A7) z(1)) = Hé (Shar, (Un), 7, (1))

s2n
Crucially, we have the following interpolation result.
THEOREM 4.2 ([Kinl5]). The cohomology class
cEisgL, = (0(cgn))n>1 € He’}t(ShGLz(UOO)v Zp(l))
s such that, for every k,n € N, we have

k . -k
momgy,, ,(cEisgL,) = Eisg ,, -

4.2 p-ADIC INTERPOLATION FOR G: VARYING THE WEIGHT

In §4.2.2, we discuss interpolation properties of the classes at level K, ,,,, which
result in a compatibility with respect to varying the weight of our local sys-
tems in one direction. This reflects the asymmetry of the construction of our
cohomology classes. Proposition 4.5 below is not subject to any L{;—ordinarity
assumption and it is a direct consequence of Proposition 3.16 and Theorem 4.2.
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4.2.1 EXPLICIT BRANCHING LAWS

It will be useful to construct explicit highest weight vectors of the sub-H-spaces
of V* given by the branching laws. Only the element W defined below will be
used in §4.2.2 - §4.2.3 and the rest of them will only be useful for §4.2.4, so the
reader is invited to come back to their definition when needed.

Let us first write down the decomposition of the three basic representations
Y (12020) 1/(12120) 4 Y (12121) 49 5 direct sum of H'-representations. Ap-
plying the branching laws we readily get the following decompositions of H'-
representations:

7 (12020) _ (V(OZO) 2 Syml) ® (V(le) = symo),
y(12120) _ [(V(Ozo) 2 Sym’) ® v]e (V(lzo) ® Sym') @ (V(lzl) = Sym”),
y(12121) _ [(V(lzo) = Symo) ®v]e (V(lzl) = S‘yml)-

Let V be the standard representation of G with its symplectic basis

(e1,e2,es, f3, f2, f1). Since we will only be interested in those H-factors of the

form Sym(k ’O’O), using the branching laws from H' to H in the decompositions

above, we fix highest weight vectors for the following H-representations:
W i=e1 € SymM 00 ¢ V1200 g gy ¢ 7 (12020),
Xi=e1Afi—eaN foe Sym(o’o’o) ®det € (V(Ozo) X Symo) ®vc V(lzlzo),
Y i=es A fo—es A fy e Sym 00 @ det ¢ V2D g Sym” ¢ (121200,
Zi=ernean fa—ernes A fz e SymH00 @ det (VD gSym°) g v c 112D,
Observe that, for p,q,r,s € N, we have

WP.X9.Y"-Z° e SymP*500 gdet?*"+s
(V(p+r+szr) = S_ymO) Q@ It

(p+q+r+s2q+r+s=s)
4 ;

N

N

where the operation - denotes Cartan product.

LEMMA 4.3. Let A= (A1 > A2 > A3) and let p=(p1 > p2) € A(N) be such that
kI:Ml—MQZAl—AQ-F)\g. Then

plronl = WhHi=k2=As | xAa=As-pz  yH2  zAs Sym(k"o’o) ®detAZ

(V& Sym”) @ 27+
VA

N

N

is an H-highest weight vector.

Proof. The vector vl*#] of the statement is an H-highest weight vector, because
it is a Cartan product of H-highest weight vectors. O
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Let p and k be as in Lemma 4.3. Let w**) be the image of v[**] in Wy =
V) ® v M. We have the H-equivariant inclusion

prirel Sym(zk’o’o) ®@det™ c Wy ® 2.

(k,0,0)

This is defined by sending the image of the vector e e Sym., in
Sym(zk’o’o) ®det™ to whH @ ¢*2, where ¢ is a basis of the symplectic mul-

tiplier representation v. Now, for any integer ¢ > 1, denote by w?’“ I and Gt
their reduction modulo p.

4.2.2 MOMENT MAPS

Consider the level groups K, ., ¢ G(Ay) defined in §2.3. Let us begin by
describing the moment maps from

Héit(ShG(Koo,m)’ ‘C) = @Héit(ShG(Kn,m)a £)a

n>1

where the inverse limit is taken with respect to the natural trace maps, to
H}, (Sha(Kn,m), L") for certain Z,-local systems L, L.

LEMMA 4.4. Let A= (A1 2 A2 2 X3) and k= (k>020). Forn>1, we have a
map

momg,, : Héy (Sha (Keo,m), Wy, ) = lim Hi, (Sha (Kem), Wy )
> lim H{ (Sha (Ksm), Wape ® Wi ,e))
~ lim Hf (Sha (Ko m), W)
~ lim H, (Sha (Knm), Wayjn:)

S

= H(She (Kn.m), Wz,"),

where the first map is an isomorphism, the second map is obtained by
taking the cup product against the étale section associated to wgﬁ’“] m
Hgt(Shg(Ks,m),Wg/ps) for u = (k,0) as in Lemma 4.3, the third one is the
map induced in cohomology by the Cartan product, the fourth one is obtained

by taking the projection to level n, and the last one is an isomorphism again.

Proof. To show that the moment map is well defined, we need to verify that
wg'{’“ s fixed by K m. Notice that, by the chosen twist in the definition of
W*, the vector whorl = Wk = e]f is fixed by the subgroup of the Levi factor of
the Klingen parabolic given by
T
( A 1 ) ’
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where A € GSp, and z = v(A). Finally, since wl**l is fixed by the unipo-

tent of the Borel, it is in particular fixed by the unipotent of the Klingen

parabolic. We deduce then that wg'{’“ lis fixed by K, and defines an element

in HY, (Sha (Ksm), W3+ ), hence the moment map is well defined. O
4.2.3 p-ADIC INTERPOLATION

We can now state the main theorem of the section.

PROPOSITION 4.5. There exists an element
c¢Zm € Hgt(ShG(Koo,m)v Z,(4))
such that, for alln>1 and k >0, we have

k _ e
momds , (c7m) = s,

as elements of H, (Sha (Knm ), Wz (4)), where k= (k>020) and p = (k> 0).

Proof. The proof is similar to [LSZ19, Proposition 9.3.3]. First, notice that
from the very definition of the moment map mom’éLZ’n, we can define mom’f_l,n

to be the map
H, (Shys (K, u™ 0 H), Z, (1)) > H (Shir(uk), a0 H), HG00(1))

given by taking the cup-product with the image wF of e?k € Sym(zk’o’o)

(Zk/’;;%) ®det ™. Indeed, wF defines a section in HY (Shu(uK{,,u™' n

H),’H(Z]:O’O)), because uK{ ,u™ nH c uK;ou™ nH = Ky o nH fixes w}. By
Theorem 4.2, the class czm,m = (P77, m)n>>0(cEisqL, ) satisfies

in Sym

momllv-l,n(CZHym) = pr;,n,m( CEiSIgt,n)'

Moreover, for k= (k>02>0), p=(k>0), and n’ =n+3(m+1), we claim that
we have a commutative diagram

momk ’
HY (St (Voo o), Zp(1)) — HE (Shit (Vi ), Hy " (1))

[r,n]
L L
L O Uy* l K’ u
n!,m

H{, (Sha (Ko ), Zp(4)) H, (Sha (K 1) Wy, (4))

ltw,m,* ltfm*
k

Hgt(ShG(Kw,m)a Zy(4)) —= Hgt(ShG(Kn,m)a ng (4)),

where V. ., . = qud’mu_l NH for r € {00,n'}, tooux = (LK7,  ux)n>>0, and
similarly feom,« is the collection of pushforward maps of ¢,, : Shq(K ,,) —
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Sha (Ks,m), for 8" = s+3(m+1), as s > 1 varies. Indeed, this follows from the
explicit choice of the H-highest weight vector wl**], as we now explain. Recall
that the branching map brl®*] sends e® to wl®rl. Notice that v - wl®rl =
wl™" lies in the highest weight space relative to the one dimensional torus
S = diag(x3,2%,22,2,2,1) of G, since S acts trivially on it. As discussed in
Remark 3.13, the map ty;, , acts trivially on the S-highest weight subspace, thus
we have that

e (el = 5 () iy = 5 (0l = () wlo]

as sections of (tm) Wz, .z. This equality is crucially employed in the proof
of the commutativity of the diagram above. Recall that ¢, , =t . oty, |, then
for v = (vg)ss1 € Hélt(ShH(qux,mu’1 nH),Z,(1)),

m,b?

K,, m
(L. © LE(,'LL] i © momﬁn,)(v) = (tm..© LE(,'LL] ) ((erf" +(vgr U wf,))

m’ s2n

=(tm..© Lrm] Y(vpr Uwh))

U, *
n!,m’

(v 7#])

_tﬁ (LK u*('Un)U’u,*w,
- m,*(tm,b(m;,’m,u,*(vn,)) U (t) wlenl)

(¢ L OUK, ,u,,)vnfuw[ riott]
,m

%

(pl“ > m) (( m,* © LK’ ,u,*)vs’ Uwgmﬂ])szn
(momG n oo,m,x- ©° L°°7Ua*)(v)a

where the third equality follows since u, = (u™!)* distributes over cup products,
while the second, fifth and sixth ones follow by the projection formula. This
shows the claimed commutativity.

Finally, we define
cZm = (toe,m,* o Loe,u,*)(czH,m)-

Its interpolation property follows by the commutativity of the diagram and
Theorem 4.2:

moms; ,, (c2m) = (15 , LEQ“] e omOMmpy ) (cZHm)

_(tm*OLK’ u*)(prln m( Elsetn))

[#,14]
c~ét,n,m"

4.2.4 CONSTRUCTION OF THE UNIVERSAL ELEMENT

It is a natural question to ask whether we can p-adically interpolate a larger
family of geometric classes, improving Proposition 4.5. In order to do so, we
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need to work with the level groups K,’Lm defined before, vary the cyclotomic
coordinate and consider a twisted form of the moment maps to make all con-
structions compatible, as it will be explained below.

DEFINITION 4.6. For any A = (A1 > A2 > A3) and integers ¢,j, we define the
groups

HIlw(ShG(Kéo)awép(.j)): kin H;t(ShG(K;z,m)aW%p(j))a

n,m>1

where the inverse limit for n is taken with respect to the natural trace maps
and the inverse limit for m is taken with respect to the map 772,* of Theorem
3.20.

In order to define the moment maps analogous to those of Lemma 4.4, we need
to introduce some further notation. Together with the vectors W, XY, and Z
introduced in §4.2.1, we define, for any X = (A\; > Ao > A3) and p € A()) as in
Lemma 4.3, the elements

1>1>0
X' = 2(61/\62)—61/\€3€Wé ),
1>1>0
Y’ = 61/\62—61/\636[&2 ),
! 1>1>1
A = 2(61/\62/\63)EH/é ),

and set
(w’)[)\v#] = P HImH2 A (X’)&*)\z*#z . (Y’)#z . (Z’)/\s c Wi\

Denote, for any integer ¢ > 1, by (w')?’“] its projection modulo pf. It will
turn out that (w’)[M*] is the projection to the S-highest weight eigenspace of

the image w** in WZAP of the element vl**l defined in Lemma 4.3, where

we recall that S denotes the 1-dimensional split torus diag(x?, 2%, 22, z,x,1),
and this is of course the motivation for defining such a vector, as will be clear

during the proof of Theorem 4.8 below.
LEMMA 4.7. Let A= (A1 2 A2 > A3) and let p € A(N\) as in Lemma 4.3. Then,
form>1,n>3(m+1), and r € Z, there exist maps mom[é’::’;g defined as the
composition
Hi,, (Sha (KL ), Zp(4)) = lim He (Sha (KL ), (Z/p')(4))
s,t
 lim Y, (Sha (K,), (2 @ W) (4= s - 1)
s,t
~ lim H, (Sha (K ), Wapi (4= Ao = 1))
s,t

- LinHét(ShG(K;z,m)v W%/pt (4 - A2 — 7’))

t

> Hy (Sha (K}, ,,), Wa, (4= X = 7)),
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where the first map is an isomorphism, the second map is obtained by taking

the cup product against the étale section associated to (w')EA’“] ® Q?(f)‘rr) in
Hgt(Shg(K;’t),W%/p,,(—)\g—r)), the third one is the Cartan product, the fourth

one is obtained by taking the projection to level K,’hm, and the last one is an
isomorphism again.

Proof. As in Lemma 4.4, to show that the moment map is well defined, we
only need to verify that the image of (w’)E/\’“] ® Qg(_)‘z_T) in W%/p,,(—/\g -r)
is fixed by K ,, where s > 3(¢ + 1), so that it gives a well defined element in
Hgt(Shg(K;,t),W%/p,,(él — Xy —1)). This is an immediate consequence of the
fact that K, is contained in the kernel Kg(p') of reduction modulo p* and
hence acts trivially in the whole representation W, It (A2 —7). O

We let

€ord = lim U'k!
ord Pty )

be the ordinary idempotent acting on HY (Shg(KL),Z,(4)). We can now
state our main result of this section concerning the existence of a class inter-
polating all previous constructions at finite levels.

THEOREM 4.8. There exists a class .z € HY (Sha(KL),Z,(4)) such that, for
any A= (A1 2 X2 > A3), pe A(N) as in Lemma 4.3 and n,m € N, we have

0], ~ aA\™
th momQ 2 0(2) = (7)ol

Proof. First, we define the class .z € H{ (Shg(KL.),Z,(4)). We denote by
H} (Shar, (K1(0)),Z, (1)) ¢ H} (Shgr,(K1()),Z,(1)) the sub-module
of elements compatible under base-change. Then, let

o Hiy (Shar, (K1(00)), Zp(1))" » Hfy (Sha (KL), Zy(4))

be the map gn L{Z';m “€ord * LK’ % O DPIT ., m- Explicitly, we have
n,m n,m>% [RLS)

a((zn)nzl) = (u;;_m : eord(LKy’hm,u,* o prinvm(zn)))n,mzl

for any (2, )n>1 € HE, (Shar, (K1(00)),Z,(1))P¢. The fact that this map is well
defined follows from (the proofs of) Proposition 3.16 (for the compatibility for
varying n) and Theorem 3.20 (for the compatibility for varying m).

We then define

ci = a(cEisGL2).

We now move to proving the interpolation properties of .z. Note that we have
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a diagram

H} (Sher, (K1(2)). Z,(1))" —— H}(Sher, (Ki(n)). Hg ™" (1)

GLg,n

H{,(Shg(KL,),Zp(4)) HJ,(Sha (K, ), Wi (4= X2))

A, p,0
lmomg,::mz l
A

tm,*
Hgt(ShG(K;z,m)5 Wép (4 - >‘2)) - Hgt(ShG(Knﬁm)a Wép (4 - >‘2))7

3\ M

A o . .
[n] opry , ., and v = (M—Z) ~eord~t;\n7*, with eqrq denoting now

here 8 = 5,
where (3 LK, o s

the ordinary idempotent limy_, o L{I’)k! acting on HZ, (Sha (Kn,m), W%p (4-X2)).

We claim it is commutative. Indeed, as in Proposition 4.5, after translating the
result to a calculation for the algebraic representation corresponding to W%p,
it follows from proving that

o () = 80, (') ),

as sections of t* (WZ /pm) Recall, from Remark 3.13, that the map t;\mb acts
trivially on the S-highest weight space of W%‘ Jpm and by a positive power of

p™ on all the other eigenspaces, thus tA , factors through the projection to the
highest weight space relative to S. Notlce that

Tw=w
1[1~X:X—2(61/\62)—61/\63+62/\63
u71~Y:Y—2(62/\63)—61 Aes+erAey
uZ=7-2(e1 neg nes).

Considering the twisting when moving from Vi\ to Wé‘ and the normalisation
of Lemma 3.12, one easily checks that, for any m > 1,

—-m 71 (1>0=0)
My W =We Wz/p

pfmU;mufl ‘X =2(e1nex)—ernez=X"¢ Wé};po)
p’mn;mufl Y=eines+ernes=Y'"€ Wé};bo)
P—an;mu‘l -Z=2(eyhNeane3)=2Z"¢ Wé};1>1)-

We deduce from the above that the image of p—m(/\2+>\3)n;m acting on wl]

in WZ Jpm is given by
p—m()\2+k3)n;m . w[)\,u] _ W;u—ug—Ag . (X/)kg—)\g—ug . (Y/)HQ . (Z/)Ag

[Aou] A
(w,)m Hle WZ/pm‘
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This shows that tfnyb(u*w,[ﬁ’“]) = tfnyb(w’)%’i], since tﬁlﬁb(w’)%“] = (w/)k}vu].
The theorem is now a consequence of the interpolation properties of the ele-
ments Eisgr, of Theorem 4.2 and of Theorem 3.21. O

Remark 4.9. As one can see from the above proof, the vector (w')*#] is pre-
cisely the projection of the vector w* to the S-highest weight eigenspace of
WZAP. Notice that the result above will remain true if one modifies the con-
struction of the moment maps of Lemma 4.7, by adding any element in the
complement of the S-highest weight eigenspace to (w’)**. We do not know
whether there is a natural choice for those test vectors.

5 IWASAWA THEORY

We finish with an application to the construction of a compatible system of
classes in the Galois cohomology of the Galois representation associated to
certain cohomological cuspidal automorphic representations of GSpg.

5.1 GALOIS REPRESENTATIONS

Let m = Ty ® e be a cuspidal automorphic representation of G(A) of level
U = K, for some n € N such that U is sufficiently small and satisfies
v(U) = Z*. We assume throughout the hypotheses (St), (L-coh) and (spin-
reg) appearing in the work [KS16]. These hypotheses assure the existence (cf.
[KS16, Proposition 13.1]) of the eight-dimensional spin Galois representation
Vp(m) € Repy (Yq) with coefficients in a sufficiently large finite extension L of
Q, associated to w (here Rep; (%q) denotes the category of continuous finite
dimensional L-linear representations of the absolute Galois group %q of Q)
and satisfying the usual expected properties. In particular, this representation
is irreducible, the characterstic polynomial of Frobenius at a finite prime ¢ # p
such that ¢ ¢ Spaq is given by the expected Hecke polynomial associated to
the spin representation of Gspin,(C), and it is de Rham at p (crystalline if
D ¢ Sbad), where Spaq denotes the set of primes containing 2 and those primes
where 7 is not unramified. We refer to [KS16, Proposition 13.1] for further
details and to [KS16] for the precise definition of (St) and (spin-reg). The hy-
pothesis (L-coh) is defined as follows: 7o, is in the discrete series L-packet for
WA, for some weight A and, in particular, up to twist, the  p-isotypic com-
ponent of the group Hﬁét(ShGya(U),Wi‘) is non-zero. Here Hfét(w) denotes
interior cohomology.

More precisely, recall that we have the isotypic decomposition with respect to
the Hecke algebra Hr,(U) of L-valued bi-U-invariant functions on G(Ay) (cf.
[BRO4, §2.3-4])

H!?ét(ShG,Q(U)v Wi\) = @Hgt(af) ® JfU(L)a
of

where HS, (07) = HomHL(U)(af,Hfét(ShGQ(U),Wi\)), O'fU(L) is a realisation
of an over L, and where oy runs through cohomological cuspidal automorphic
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representations of G(Ay). As 7y is non-endoscopic (thanks to the running
hypothesis (St), c.f. [KS16, Lemma 2.7, Corollary 2.8]), the 7 ¢-isotypic compo-
nent in the above decomposition is a direct summand of H ef3t(ShG76(U ), W)
(cf. the proof of [KS16, Proposition 8.2]. Thus, the projection to the ms-

isotypic component yields a map
) A U
re i Hy (She g(U), W) = Hg (mp) @ 7§

Moreover, note that HS, (7f) coincides with V,(7) as the automorphic multi-
plicity of 7 is one (cf. [KS16, Theorem 12.1]). Thus, the choice of a vector
vE (w})U gives a map

pr,, - Hg (She g(U),Wr) = V(). (3)

5.2 IWASAWA COHOMOLOGY

The purpose of this section is to show that the classes constructed in Theo-
rem 3.21 give rise to a class in the local Iwasawa cohomology of the Galois
representation V,(7) associated to 7.

Let us start by recalling some general notions of p-adic Hodge theory. Let
L/Q, be a finite extension and denote by Rep;%q, the category of continuous
L-linear representations of the absolute Galois group ¥q, = Gal(ap/Qp) of
Qp. Let V € Repr9%q, and let T ¢ V be a 9q, -stable &p-lattice. We will
assume through all this section that our Galois representations are crystalline
with negative Hodge-Tate weights. Let

Hllw(Q;Da V)= LiLnHl(Qp(Cpm)aT) ®g, L= Hl(Qpa oL[[T]][1/p]e V)

m

denote the Iwasawa cohomology of the representation V', where the pro-
jective limit is taken with respect to the corestriction map, where I' =
Gal(Qp(Gp=)/Qp) = Zy, OL[[T']] is the Iwasawa algebra of I' and where the
second isomorphism follows from Shapiro’s lemma.

We suppose that 7 is U -ordinary, in the sense that U, (acting on 7Y) has an
eigenvalue o which is a p-adic unit. We deduce, equivalently, that U, (which
is the Hecke operator associated to n, - cf. Remark 3.19) acts on (w]*c)U with
an eigenvalue the p-adic unit a. Choose a vector v, € (w;)U in the (U, = a)-
eigenspace.

DEFINITION 5.1. Denote by T),(7) the 9q-stable Op-lattice given by the image
of Hgt(ShG,G(U)v W5, ) under the map pr, ,, given in (3).

LEMMA 5.2. The edge map of the Hochschild-Serre spectral sequence induces a
natural map

DTy, Hm HE (Sha (Knm ) Wi, (4+9)) = lim H' (Q(¢m ), T (7) (4 +9)).

m m
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Proof. Let U = K,, o and 7 be as in §5.1. Let
@
m + HE (Sha (Kn,m), Wa, (4+q)) - Hi(Shg g(U), Wp, (4+ )" 8¢

denote the edge map of the Hochschild-Serre spectral sequence and denote M,
its kernel. We then have natural maps

My, ~ H' (Q(Cpm), HE (Shg 5(U), W5, (4+9))) (4)

and a short exact sequence

My = H (Sha (Knm), W, (4+ ) =2 HZ, (Shg g(U), W5, (4+q)) P2,
(5)

Recall that the trace maps associated to the natural projections
H (Sha (Knm+1),Wp, (4+4)) > Hi (Sha (Knm), W, (4 +9))

correspond to the corestriction maps in Galois cohomology. Taking inverse
limits with respect to m in Equation (4) one obtains a natural map

lim My, — lim H' (Q(¢pm ), H, (Shg g(U), Wa, (4+ ). (6)

Taking the projection to the ms-isotypic component of the short exact sequence
(5), and observing that inverse limit functor is left exact and that the zeroth
Iwasawa cohomology group

@Ho(gq(cpm), Hgt(ShG,a(K’n”m)’ WgL (4 + q))[ﬂ-f])

m

vanishes (cf. for instance, [Kat04, (12.2.3)] or [Nek06, Proposition 8.3.5]; ob-
serve that we consider here the m¢-isotypic component in order to have finite
rank modules), one gets an isomorphism

lim M, (] 5 lim HY, (Sha (Kon). W, (4 + )], (7)

The composition of the (inverse of) isomorphism (7) with the maps from Equa-
tion (6) and the maps in cohomology induced my pr, , gives then the desired
map. O

Recall that we have denoted egrq := limg_ oo Uz')k!. We can now prove the follow-
ing.

PROPOSITION  5.3. Theorem 5.21 produces naturally a class czf,, €
lim HY(Q(¢m), Tp(m)(4 + q)).  In particular, the restriction at p gives
an element in H: (Qyp, Vp(7)(4+q)).
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Proof. By Theorem 3.21 one has
3 \" [ im H7 A
(%) -eonalealem) e tim B (Sho (Knm) W3, (4+ ).
P m2>1 m
Thus, by Lemma 5.2,
(7'3 m .
o =0 ((7) - eonalcRi)) elim HY(QUG). Ty(m) 4+ ),

giving the desired element. O

5.3 THE p-ADIC SPIN L-FUNCTION

We finally recall that the work of Perrin-Riou [PR95] allows one to associate
a p-adic L-function to an element of the Iwasawa cohomology. Before stating
the result we need to introduce some more notations. Since we claim no new
results in this section and for the sake of brevity, we will not aim to give any
motivation and we will refer the reader to [RJ18] for it, from where we also
borrow most of the notations.

Let V € Rep;%q, and I' be as above. From the interpretation of the Iwasawa
cohomology in terms of cohomology classes taking values in V-valued measures,
we easily get, for any j € Z and a locally constant character n : I' - L*,
specialisation maps

HIIW(Q;Da V) e Hl(QpaV(an))a z = /1:77XJ 2
Recall that we have Bloch-Kato’s exponential and dual exponential maps

exp : Derys (V(1x7)) = H' (Qp, V(1X7)),
exp” : Hl(va V(an)) - DcryS(V(an))v

where De,ys(—) denotes the functor associating to a p-adic local Galois repre-
sentation its crystalline module. For j > 0 (resp. j <« 0) the exponential (resp.
dual exponential) map is an isomorphism of L-vector spaces and we will denote
by

log : Hl(va V(nx?)) = Derys(V(nx7))

to be either exp* (if j < 0) or exp™! (if 7 > 0). We can then consider the com-
position of the specialisation maps and the logarithm map to obtain elements
in the crystalline module of some twist of V.

Recall that the one dimensional representation L(nx?) = L- e, ; is crystalline
and egf} = G(n)t’jenyj is a basis for the module DcryS(L(nxj)), where t € Beyis

denotes Fontaine’s ‘2im’. Let ef}I;’V = G(n) ey,
Derys(V(n'x™)). Tensor product against eiI;’V gives natural identification

maps

which is a basis for

DCryS(V(T/Xj)) ; DCTYS(V)'
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Putting all this together, we get natural maps
1 -4 dR,
H(Qp V) = Dergo(V) 12 log([ 7x 7 - 2) e

Finally, let Z(Z,, L) denote the space of L-valued distributions on Z, i.e. the
topological L-dual of the space of L-valued locally analytic functions on Zj.
Recall the following

PROPOSITION 5.4 ([PR95]). Let V € Repr(¥q,) be a crystalline representation.
There exists a map

LOgV :Hllw(Q;Da V) - @(Z;’L) ®L Dcrys(V)

such that, for any z € HL, (Qp, V), j€Z, >0 or j <0, and n : Z;, > L*a
finite order character of conductor p™, n >0, we have

, o i L dR,
fz; na’ -Logy (2) = ep(n)I"(j + 1)p (J”)-log(frn X7z eel
where ep(n) =1 if n>1 and ep(n) = (1-p~to™') if n =0 and where
" ifj>0

J
T*(5+1) = ! o
( ) { 27;21)! if 1<0

is the leading coefficient of the Laurent series of the function T'(s) at s =7+ 1.

The term (1 -p~ty™t) for trivial 7 is the usual Euler factor appearing in the
interpolation properties of the p-adic L-functions. Recall that, when V is the
Galois representation associated to a modular form, the above theorem applied
to Kato’s Euler system gives, after projecting to a Frobenius eigenline, the
usual p-adic L-funciton of the modular form as constructed, for instance, in
[MTTS86]. This should justify the following

DEFINITION 5.5. We define the p-adic spin L-function of 7 to be

cliq = Logy, (ry (resp(c2h,0)) € Z(Zy, Derys(Vp () (4 + 9)))-

Let us make some comments on our constructions. We expect an explicit
reciprocity law to hold, relating values of Bloch-Kato’s dual exponential maps of
Jen X7 - (vesp(e2fy, o)) to the values of the complex spin L-function Lgpin (7 x
7,7) for a certain range of integers j. For the group GSp, and the classes
constructed in [L.SZ19], recent progress on this has been announced by Loeffler
and Zerbes. In [CLRJ19], we have shown that our motivic classes (in the case
of trivial coefficients) are related to non-critical special values of the complex
spin L-function, as predicted by the conjectures of Beilinson and Bloch-Kato,
through Deligne’s regulator taking values in Deligne cohomology. This gives
a link between the special values of the arithmetic p-adic spin L-function at
certain integers and non-critical special values of of the spin L-function.
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A PRroor or LEMMA 3.4

We finally give a proof of Lemma 3.4. Let u € G(Ay) be the element whose

. 110
component at p is (§7), for T = (3(1)%), and let n,m > 1 be such that n >

3m + 3. Then, the commutative diagram

u Sha (K, 0) 0
LK;L,erl l
pr
p'roﬁ;(, "
ShH(uK;1m+1u‘1 NnH) : ShG(K;,m(p))

’
s
Pl/ lﬂ'p
u
LK/

Shu (uK), ,,u' N H)

has Cartesian bottom square.
In order to show the Cartesianness of diagram 8, it is enough to check that

1. The map pro 1., is a closed immersion or, equivalently,
n,m+1

! -1 _ ! -1 .
ul, v NH=uK,  u nH;

2. [uKy ut nH kK], qu nH] = [K K]

These two facts are shown in the next two lemmas.

LEMMA A.1. We have the equality of subgroups of H(A )

/ -1 _ / -1
ul, v NH=uK, v nH.

Proof. 1t suffices to show that if g = (4 B) € K/ is such that ugu™' e H

n,m(p)

then ge K/ , .., i.e that g = I mod p™*'. Writing down the condition ugu= e
H, we get that g is of the form
a; —cz —c3 (a1—d3)—c2 (a1—d2)—c3 by
—-c1 a2 —c3 (azfdg)*61 ba (a2*d1)*53
g - —=C1 —C2 as bg (agfdQ)*Cl (agfdl)*cz
Cc3 d3 Cc3 Cc3
[ c2 d2 c2
Cc1 C1 C1 dl

The congruences of the (1,2) and (1,3) entries give co = ¢3 = 0 mod p™*!L.

Moreover, taking a look at the elements off the anti-diagonal of B, we easily
deduce that a1 =as =as=ds =ds =dy =1 mod p™*'. O

We are left with showing that the degrees of the two vertical maps of the bottom
square of (8) are equal.
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LEMMA A.2. We have

[UK;L,mu_l nH: UK;L,erlu_l n H] = [K;z,m : ;z,m(p)]
Proof. Since a system of coset representatives of @ = K, ,,, /K] determines
one for

! -1 ’ -1
ul, u [uK

it suffices to prove that we can find {o;}ie; system of coset representatives for
@ such that uo;u™' € H for all i € I. Consider the following set of elements of
K, ,, whose conjugation by u is in H:

" ” P
1+p™a —p™r' —pmp p2my” p2my pImy

1+p™b —p™r pTc  p™k’ p?™t
Oy = —p™r’ 1+p™d pmk” pTe p>mit ,
- p™r 1+p™s pTr pTr
me/ me’ 1+pmf me’
1

where for each vector v € Z/p3Z x (Z/p*Z)* x (Z/pZ)® =: V we consider one
(and only one) lift

(k,t,t’,t”,t’”, k,,k”,T, T’,S) c 210

so that o, € G(Ay), where we have set

”

a=r"+s+p™t , b=r+pht,

c=r—s+pTt, d=7"+p"t,
e=r—s+p"(t'+t -t ), f=r'—r+s+p"(t -t).

We claim that {o,'},ey (or a subset of it) is a system of coset representatives
for the quotient Q. We only sketch the proof of this, which consists of a very
long but straightforward calculation. Given g = (é g) € K, ,,, we wish to
prove that there exists v € V such that op,g= (£ 5 )€ K} (o)
Writing down carefully the eight equations modulo p™*!, the four modulo
p2("*1) and the remaining one modulo p*("*1), we determine v by choosing
ten of those equations and showing, by the use of the symplectic equations,
that the other three equations are redundant. Slightly more precisely, we have,

after reducing the equations modulo p™*!

aig — pMr'az — pMrass
a3 —p"r'azs - pTrass
diz+pmr=0 [p™t]

d23 +pm7” =0 [p
bo1 +p"(r —s)di +p™k'da1 =0 [p
b22 +pm(T - S)d12 +pml€’d22 =0 [pm+1]
b31 +pmk"d11 +pm(7“ - S)d21 =0 [pm+1]
b32 + pmk"dlg +pm(7“ - S)d22 =0 [pm+1]

0 [pm+1]
0 [pm+1]

m+1]
m+1]
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From the second pair of equations we get r and ' and, after replacing p™r and
p™r’, the first pair becomes redundant by the use of the symplectic equations
of g

A'ILD - C'ILB = v(g)I}.

Indeed, comparing the entries (2,3) gives

a12d33 + azadas + azadiz — c12b3z + cagbag + c32b13 = 0,

which reduces modulo p™*! to

_ +1
a12 + Ggadog + azadi3 =0 [p"7]

)

which coincides with the first equation after substituting dis and do3 with
—p™r and —p™r’. Similarly, we get the redundancy of the second equation by
comparing the entries (3,3) modulo p™*!.

To solve s,k and k" from the third series of equations, one has to show that

the rank of the matrix
di1 d21 0 —b2y
(d12 daz 0 =ba2 )

d21 0 di1 bz
da2 0 di2 —b32

is three. The fact that its rank is at least three follows by the fact that the
determinant of A*I}D is invertible modulo p™*! (all entries of B are divisible
by p) and so

det(D) = dy1doy — do1dys = diyday [p™H]

is invertible as well. Hence, we can find a 3 x 3 minor with invertible deter-
minant. Finally, the fact that the big determinant is zero follows from an
application of the relation

d12b31 + dagba1 = di1bsa + darbos [P,
from the symplectic equations of g
B'I'D-D'I\B=0.
Indeed, unfolding the calculation of the determinant we get

dll [d22(d22b21 - d11b32) - d?l(d22b22 - d12b32):| -
_d12 [d22(d21b21 - d11b31) - d?l(d21b22 - d12b31):|

is congruent modulo p™*! to

d11d22(d22bo1 + d12b31 — d11b32 — d21ba2)+
+d12d21(d12b32 +da1ba — daoboy - d12b31)
which is in turn congruent to
(d11dag — diaday ) (daabay + diabzy — di1bzs — darbaz) =0 [p™*].

The rest of the equations follow more easily. O
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