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ABSTRACT. In this work we introduce a GSV type index for va-
rieties invariant by holomorphic Pfaff systems (possibly non locally
decomposables) on projective manifolds. We prove a non-negativity
property for the index. As an application, we prove that the non-
negativity of the GSV-index gives us an obstruction to the solution of
the Poincaré problem for Pfaff systems on projectives spaces.
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1 INTRODUCTION

The GSV-index for vector fields tangent to hypersurfaces with isolated sin-
gularities was introduced by X. Gémez-Mont, J. Seade and A. Verjovsky [20]
generalizing the Poincaré-Hopf index. The concept of GSV-index for vector
fields tangent to complete intersections was extended by J. Seade and T. Suwa
in [28, 29] and J.-P. Brasselet, J. Seade and T. Suwa in [2].

D. Lehmann, M. G. Soares and T. Suwa introduced in [22] the wvirtual index
for vector fields on complex analytic varieties via Chern-Weil theory. They
showed that this index coincides with the GSV-index if the variety is a local
complete intersection variety with isolated singularities. X. Gomez-Mont in
[19] defined the homological index for holomorphic vector fields on arbitrary
varieties with an isolated normal singularity, and it coincides with the GSV-
index when the variety in question is complete intersection. Recently, T. Suwa
in [31] gave a new interpretation of the GSV-index as a residue arising from a
certain localization of the Chern class of the ambient tangent bundle.

M. Brunella in [4] introduced the GSV-index for 1-dimensional singular folia-
tions in complex surfaces in terms of the germs of 1-forms inducing the foliation

DOCUMENTA MATHEMATICA 25 (2020) 1011-1027



1012 M. CoRREA, D. DA SILVA MACHADO

and established a relation between the GSV-index with the Khanedani-Suwa
variational indez [27] and Camacho-Sad index [7]. Moreover, he showed that
the non-negativity of the GSV-index is the obstruction to the solution of the
Poincaré problem in complex compact surfaces. We recall that the Poincaré
problem is a question proposed by H. Poincaré in [24] of bounding the degree of
algebraic solutions of an algebraic differential equation on the complex plane.
Many authors have been working on the Poincaré problem and its generaliza-
tions for Pfaff systems, see for instance the papers by D. Cerveau and A. Lins
Neto [9], M. G. Soares [32], M. Brunella and L. G. Mendes [5], E. Esteves and
S. L. Kleiman [17], V. Cavalier and D. Lehmann [8], E. Esteves and J. D. A.
Cruz [16], M. Corréa and M. Jardim [10], and M. Corréa and M. G. Soares
[14, 15].

In this work, our main goal is to introduce a GSV type index for Pfaff systems
on projective manifolds and demonstrate some of its important properties.
More precisely, we prove the following Theorem.

THEOREM 1.1. Let X be a projective manifold and V- C X a reduced local
complete intersection subvariety of codimension k invariant by a Pfaff system,
of rank k, induced by a twisted form w € HY(X, Q% @ N'). Then the following
hold:

(a) there exists a complex number GSV(w,V,S;) which depends only on the
local representatives of w,V and S;;

(b) if Sing(w, V) := Sing(w)NV has codimension one in V, then the following
formula holds

ZGSV(w, V,Si)[Si] = 1 (N @ det(Nyx) " Dlv —~ [V],

where S; denotes an irreducible component of Sing(w, V') and Ny, x is the
normal sheaf of the subvariety V.

The next result says us how to calculate the GSV-index which can be compared
with Suwa’s formula in [31, Proposition 5.1 |.

THEOREM 1.2. Setting as in Theorem 1.1. Let x € V, let {f1 = --- = fr =0}
be a local equation of V' in a neighborhood U of x and consider

Wy = Z ardZr, ay€ OU).
\T|=k

the holomorphic k-form inducing the Pfaff system w € HY(X, Q% @ N) on U.
Then the following formula holds

GSV(W,V,SZ) :Ordsi(a]h/) 7OI‘dSi(A]|V). (1)

where Ag is the k x k minor of the Jacobian matriz Jac(f1,..., fi), correspond-
ing to the multi-index I.
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The formula (1) allows us to prove the following non-negativity properties for
the index:

(i) If S; N Sing(V) = 0, then GSV(w, V, S;) > 0.
(ii) If V is smooth, then GSV(w,V, S;) > 0.

See corollaries 3.3 and 3.4 in the section 3.

As an application, we prove, in the section 4, that the non-negativity of
the GSV-index gives an obstruction to the solution of the Poincaré Prob-
lem for Pfaff systems on projective complex space. More precisely, let w €
HO(P", QL. (d + k + 1)) be a holomorphic Pfaff system of rank k and degree d.
Let V C P" be a reduced complete intersection variety, of codimension k& and
multidegree (di,...,dg) , invariant by w. Suppose that Sing(w,V’) has codi-
mension one in V, then

D GSV(w,V,S;)deg(S;) = [d+k+1—(di+--+dg)] - (dr---d),

where S; denotes an irreducible component of Sing(w,V’). Therefore, if
GSV(w, V, S;) > 0, for all i, we have

dy+---+dp <d+k+1
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2 PRELIMINARIES

2.1 HOLOMORPHIC PFAFF SYSTEMS

Given a complex manifold X of dimension n, we denote by Q% the sheaf of
germs of holomorphic p-forms on X.

DEFINITION 2.1. Let X be an n-dimensional complex manifold. A holomorphic
Pfaff system of rank p (1 < p < n) on X is a non-trivial section

we H (X, 0% @ N),

where A is a holomorphic line bundle on X. The singular set of w is defined
by Sing(w) = {z € X; w(z) = 0}.
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Given a Pfaff system w of rank p on X, then w is determined by the following:
(i) an open covering {U, }aea of X;

(ii) holomorphic p-forms w, € Q7 satisfying

wa = (hag)wp on Ua NUs # 0,

where hos € O(U, NUg)* determines the cocycle representing N. For more
details on Pfaff systems see [11, 12, 17].

DEFINITION 2.2. We say that an analytic subvariety V' C X is invariant by a
Pfaff system w if i*w = 0, where ¢ : V — X is the inclusion map.

Let w be a Pfaff system of rank p on X and V an analytic subvariety of X of
pure codimension k . Suppose that for each « € A we have

VNU,={2€Uy: fa1(2) == far(z) =0},

where fo 1, .., far € O(Uy). If V is invariant by w, then for each i € {1,...,k}
there exist holomorphic (p + 1)-forms 63 ,...,05 € Q@tl, such that

wa/\dfa,i:fa,log'[“i’""i’fa,koia]‘g- (2>

2.2 PFAFF SYSTEMS ON P

Let w € HO(P®,Qk, (r)) be a holomorphic Pfaff system of rank k on P". Now
take a generic non-invariant linearly embedded subspace i : H ~ PF < P". We
have an induced non-trivial section

i*w € HO(H, Q% (r)) ~ HO(P*, Opr (=k — 1 4 1)),

since Qﬁ,?k = Opr(—k — 1) . The tangency set between w and H, denoted by
Z(i*w), is defined as the hypersurface of zeros of i*w on H. The degree of w,
denoted by deg(w), is defined as the degree of Z(i*w) in H and, therefore, is
given by

deg(w) =—-k—1+r.

In particular, in this case, w € H(P", QK. (d + k + 1)), where deg(w) = d. A
Pfaff system of degree d can be induced by a polynomial k-form on C" ™ with
homogeneous coefficients of degree d 4 1, see for instance [12, 13].

2.3 GSV-INDEX ON SURFACES

In this section we present Brunella’s definition of the GSV-index for one-
dimensional holomorphic foliations on surfaces, see [4].

Let X be a complex compact surface and .# a one-dimensional holomorphic
foliation on X. Let C be a reduced curve on X. Consider w € H(X, Q% @ N)
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a rank one Pfaff system inducing .%. If C is invariant by .# we say that % is
logarithmic along C.

Given a point x € C, let f = 0 be a local equation of C in a neighborhood
U, of x and let w, be the holomorphic 1-form inducing the foliation .# on
U,. Since # is logarithmic along C, it follows from [25, 23, 30] that there
are holomorphic functions g and ¢ defined in a neighborhood of z, that do not
vanish identically both of them simultaneously on C, such that

Wa _ df
f—§f+77, (3)

with 7 being a suitable holomorphic 1-form. M. Brunella in [4] showed that
the GSV-index can be defined as follows:

9

DEFINITION 2.3 (Brunella [4]). Let .# be a one-dimensional holomorphic foli-

ation on a complex compact surface X and logarithmic along a reduced curve
C C X. Given x € C, we define

GSV(Z#,C,x) = zordm (§|CZ) ,

where C; C C are irreducible components of C' and ord, (§|CZ) denotes the
g

order of vanishing of §|C at .
g

THEOREM 2.4 ( Brunella [4]). Let # be a one-dimensional holomorphic foli-
ation on a complexr compact surface X and logarithmic along a reduced curve

C cX. Then

> GSV(Z,Ca)=N-C-C-C.
mESing(y)ﬁC

2.4 DECOMPOSITION OF MEROMORPHIC FORMS

A. G. Aleksandrov in [1] introduced the concept of multiple residues of a log-
arithmic differential form with poles along a complete intersection which is a
generalization of Saito’s residues [25].

In this section, we make a brief presentation about a decomposition of mero-
morphic forms with poles along complete intersections which is used in the
definition of the GSV-index for Pfaff systems.

Let U be a germ of n-dimensional complex manifold. Let D be an analytic re-
duced hypersurface on U and consider its decomposition into irreducible com-
ponents

D=DyU---UDyg,
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and suppose that the analytic subvariety V = Dy N---N Dy has pure codimen-
sion k. We assume that

V={z€U: fi(z) = = fu(z) =0},
with f1,..., fr € O(U) and for each i € {1,...,k},
D;={z€U: fi(z) =0}.

Since V is a reduced variety, then the k-form df; A ... A dfy is not identically
zero on each irreducible component of V.

We denote by QqU(ﬁl), g > 1, the Oy-module of meromorphic differential ¢-
forms with simple poles on the ﬁl =DyU---UD;_1UD;y1 U---UDy, for each
1=1,2,... k.

THEOREM 2.5 (Aleksandrov [1]). Let w € Qf(D) be a meromorphic g-form
with simple poles on D. If for each j =1,...,k,

k
dfi Awe > QFH (D)

i=1
then, there exist a holomorphic function g, which is not identically zero on
every irreducible component of V', a holomorphic (q — k)-form £ € Qquk and a
meromorphic q-form n € Zle Q?](ﬁl) such that the following decomposition
holds

df1 df

Since g is not identically zero on every irreducible component of V', the restric-
tion

£

—|v

9
is well defined and it is called the multiple residue of the meromorphic g-form w.

PROPOSITION 2.6 (Aleksandrov [1]). The multiple residues of the meromorphic
q-form w do not depend on the decomposition (4).

REMARK 2.7. It follows from [1, remark 2] that in the decomposition (4), the
function g belongs to the ideal of O(U) generated by all k x k minors of the
Jacobian matriz Jac(f1,... fx) of the map

zeU v (fi(2),..., fr(z)) e C.

In other words, if for each multi-index I = (i1,...,ig), 1 <i1,...,i < n, we
denote the corresponding minor of Jac(f1,... fr) by
Ofi .
A[det{ / }, 1<i,r <k,
azir
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then g can be written as

g=>_ MAL A eOQ). (5)
|I|=k

Moreover, if the meromorphic q-form w is represented in U by

1

then for each minor Ay the following identity holds:

A] Z a_]dZJ = (6>

[J]|=q
— A Andi A S agmdZe |+ (fie e
|[I"|=q—k

Thus, for the special case where ¢ = k, we have that £ € O(U) is given by

512/\101- (7)

|I|=k

PROPOSITION 2.8. Let w € HY(X, Q% @ N) be a Pfaff system of rank p on a
complex manifold X, and V C X a reduced local complete intersection subvari-
ety of codimension k which is invariant by w. Then for all local representations
we = wly, of w, and all local expressions of V in U,

VmUa = {Z S Ua : fa,l(z) == fa,k(z) = 0}7

there exist a holomorphic function g, € O(Uy), a holomorphic (p — k)-form
&y € Q];};k and a holomorphic p-form ne € Q; , such that

gawa:dfa,l/\"'/\dfa,k /\ga+na- (8>

Moreover, g, is not identically zero on every irreducible component of V. and
Na 1S given by

Na = fa,1 a1t + -+ fa,1 Naks
where each 1y, € leJa is a holomorphic p-form.
Proof. Consider for each i € {1,...,k}

Di = {2 €Uy : fasl) =0},
and

Di:DlU---UDi_lUDH_lU---UDk.
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Since V' is invariant by w it follows from the expression (2) that for each i €
{1,...,k}, there exist differential (p + 1)-forms 6%, ...,0% € Q@tl, such that

W /\dfa,i = fa,loial + - +f(l,k9i0;c'

With this, we deduce that

&

k
dfa,j/\%GZQpa(ﬁi), j=1,...

i=1
Hence, the meromorphic p-form Yo satisfies the hypothesis of Theorem 2.5 and
«
the decomposition (8) follows from decomposition (4). O
The decomposition (8) will be called an Aleksandrov-Saito’s decomposition of
w in U,.
3 GSV-INDEX FOR PFAFF SYSTEM ON PROJECTIVE MANIFOLDS

In this section we define the GSV-index for Pfaff systems on projective mani-
folds X.
Let X be a projective manifold. Consider a Pfaff system

we (X, 08 @ N)

of rank p and V' a reduced local complete intersection subvariety of pure codi-
mension k invariant by w. Let us denote Sing(w, V') := Sing(w) N V. We also
assume that the rank of w coincides with the codimension of V, i.e., p = k.
Fixed an irreducible component S; of Sing(w, V'), let us take w, = w|y,,, a local
representation of w, such that U, N.S; # 0. Assume that w, is defined by

Wo = Z ar(2)dZ;, ar € O(Uy).
|I|=k

Also, we consider a local expression of V' in U,, given by
VNUy={2€Uy: far(z) =+ = far(z) =0}

and let us take an Aleksandrov-Saito’s decomposition of w in U,,

gawa:(dfa,l/\"'/\dfa,k)ga'i_na; (9)
with 76 = fa1 a1+ + fak ok, Where 04, € Q’f]a and, furthermore, &,

being a holomorphic function.
In this context, we define the GSV-index:
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DEFINITION 3.1. Suppose that S is a codimension one subvariety of V. The
GSV-index of w relative to V in S is defined by

‘. >
GSV(w,V,S) := ords | =—|v; |,
1) =3 S<ga|v

where the sum is taken over all irreducible components V; of V and

ordg <§—a|vj) denotes the order of vanishing of f]—“|vj along S.
o «

We recall that for a rational function r the order of vanishing is defined by
ords(r) = los.y, (Os,v;/(r)), where los.y, (Os,v;/(r)) denotes the length of the
Os,v;-module Og v, /(r), see [18].

Now we will prove our main result.

3.1 PROOF OF THEOREM 1.1

Firstly, it follows from the definition and Proposition 2.6 that GSV(w,V,S;)
does not depend on chosen decomposition of w. Now, we will prove that
GSV(w, V, S;) does not depend on the local representation w, of w, and does
not depend on local expression for V:

VNUy,={2€Uy: far(z) =+ = far(z) =0}.

In fact, if we consider another local representation wg = wl|y,, such that Ug N
S; # () and other local expression for V

VNUg={2€Uz: fgi1(z) =--- = fgr(z) =0},
we obtain the Aleksandrov-Saito’s decomposition of w in Ug
gsws = (dfpa A= Ndfsr) € +np (10)
and the decomposition of w in U,
o wa = (dfa,s A+ Ndfa k) Ea + N (11)
where ng|v = nq|v = 0. Now, in the intersection U, N Ug # () we have that
(dfai Ao Ndfar) =mag (dfga A ... ANdfg k) + ba,s, (12)

where magly € Ov(Us NUg N V)* is the cocycle of the determinant of the
normal bundle det(Ny,x) on V and 6, s is a holomorphic k-form such that
Oa.8lv = 0. Also, in U, N Us we have that

Wo = ha,@w,@a (13)

where hqog,€ O(Uy NUg)* is the cocycle of the line bundle A/. On the one
hand, by using (12) and (13) in (11), we obtain

(gahas)ws = (Map€a)(dfp1 A ... Adfs k) + Na + Oap. (14)
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On the other hand, by using (10) in (14), we obtain

(hagépga — Mapbagp) (dfs1 A ... Ndfax) =1s + 9870 + 90,5

Since (13 + gaNa + 9s0a,s)|v = 0, we conclude that

(hagggga — magfagg) (dfﬁﬁl VAR dfﬁ7k> = 0( mod (fﬁﬁl, ceey fg7k>>.

It follows from [26] that there exists r € Z, with r > 1, such that

.@T(hagfgga — magfagg) € dfg,1 N Qg;l + -+ dfgr A Q]f];l,

where & is the ideal of Oy, generated by all minors of maximal order of the
Jacobian matrix Jac(fg.1, ..., fs.k). Now, as observed in [1, Proposition 2] the
image Im(2) of 2 in the ring Oyny, is not equal to Ann(Ovny,). In fact,
since V' is reduced, then dfg 1 A ... A dfg does not vanish identically on each
irreducible component of V. Therefore, it follows from [6, Theorem 2.4. (1)]
that the Oy ny,-depth of the ideal 9" is at least 1. Then, there is D € 2 which
is not a zero-divisor in Ovaﬂ and

D" (hag€pga — Masagp) € dfsn AU+ -+ dfan A
Thus, the class D" (hag&sga — Mapagp) =0 € Q]lchﬂ- Then

(haﬁgﬂga - maﬁgagﬁnv =0

since D € 2 is not a zero-divisor. We conclude that

j—zw = ho (110) " §—2|v. (15)

Thus, we obtain a family of meromorphic functions s = {({n/9a)|v }aca which
defines a rational section of the line bundle [N ® det(NV/X)_1]|V on V whose
support is Sing(w,V) = U;S; . Since hag and (mag)~! are non-vanishing
holomorphic functions we observe that

Ordsi <§—a|v> = Ordsi <§—ﬁ|v> .
Yo gp

Therefore, we have the Cartier divisor associated to the section s given by

(s)o =Y _ GSV(w,V,5)[Si].

That is
O((S)O) = [N@det(NV/X)_l]lv.
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Thus, by normalization property of the Chern class [18, Thm. 3.2,(f)] we have

cl(V @det(Nyyx)7'lv) = a(O((s)o))

> GSV(w,V, S)[Si].

Therefore

D GSV(w, V5[] = ex ([N @ det(Nyx) " lv) ~ [V].
The next result says us how to calculate the GSV-index which can be compared
with Suwa’s formula in [31, Proposition 5.1 ].

THEOREM 3.2. For each multi-index I, with | I |= k, the following formula
holds

GSV(CU, V, Sl) = Ordsi (a] |V) — OI‘dSi (A] |V>

where At is the k X k minor of the Jacobian matriz Jac(fa,1,- .., fa,k), corre-
sponding to the multi-index I.

Proof. By the expression (6) we have

(Ar. Z ajdZy)lv = [(dfaq N ... Ndfar)arlly.
| TI=k

Since

dfar Ao Ndfor = Z AydZy,
|T|=k

for each J, with | J |= k, we get
(Araj)lv = (Asar)lv. (16)

Thus,

GSV(w,V,S;) = ordg, <§—a|v>
g

(03

(03

Ordsi (f]—ah/) + Ordsi(Aﬂv) — Ordsi(A]h/)

oA
ordg, (59 I|V> — ordg, (Af]y).

(e
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By (7) we have

§a = Z Asaj.

=

Hence, by using (16) we obtain

LAy = D A(asADlv =Y A (Asan)ly

|J]=k |J|=Fk

( Z A Ag)arly = gaarly,
=

where in the last step we have used (5). Thus,

(03

oA
ordg, (5 L |V) = ordg, (ar|v) -

Then

GSV(CU, V, SZ) = Ordsi (a] |V) — OI‘dSi (A] |V)

o
COROLLARY 3.3. If S; N Sing(V) = 0, then GSV(w,V, S;) > 0.
Proof. By Theorem 3.2, for each multi-index I, with | I |= k, we have
GSV(w, V, S;) = ordg, (ar |v) — ords, (Ar|v). (17)

Let h; € Oy (U, NV) be a function which defines locally S; in U, NV, i.e.,
UaNV)NS; ={2€ Uy NV : hi(z) = 0}.
If GSV(w,V,S;) < 0 then, by (17), for each multi-index I, with | I |= k,
ordg, (Ay|v) =65 > 0.
Therefore, we obtain
Arlv =" prlv,

for some function uy € Oy (U, N V). This implies that for each multi-index I,
with | I |= k, the following inclusion occurs

{z€eUs, NV :hi(2) =0} C{z€U,NV : Af(z) = 0}.

Thus, we conclude that
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UanV)NS; = {2€U,NV:hi(z)=0}C
C [){z€UanV:As(z) =0} = UynSing(V)
)=k
and consequently, we get S; N Sing(V') # 0. O
COROLLARY 3.4. IfV is smooth, then GSV(w,V, S;) > 0.

Proof. If V is smooth, then there exists some kx k minor Ay (of Jacobian matrix
Jac(fa1s- -, fa,k)) which is not zero along V' and in this way, we obtain

ordg; (Ar]y) = 0. (18)
Therefore, it follows from Theorem 3.2 that

GSV(w,V,S;) = ordg, (ar|v) — ords, (Ar |v) = ordg, (ar |v) > 0.

4 AN APPLICATION: POINCARE PROBLEM FOR PFAFF SYSTEMS

In this section we show that the non-negativity of the GSV-index gives an ob-
struction to the solution of the Poincaré problem for Pfaff systems on projective
spaces. This application was motivated by a result due to M. Brunella in [4].

THEOREM 4.1. Let w € H(P™, QK. (d + k + 1)) be a holomorphic Pfaff system
of rank k and degree d. Let V C P™ be a reduced complete intersection variety,
of codimension k and multidegree (dy,...,dy) , invariant by w. Suppose that
Sing(w, V') has codimension one in V, then

D GSV(w,V,S;)deg(S;) = [d+k+1—(di+--+di)] - (dr---d),

where S; denotes an irreducible component of Sing(w,V). In particular, if
GSV(w,V,S;) > 0, for all i, we have

dy+--Fdp <d+k+1

Proof. By applying Theorem 1.1 and taking degrees we obtain

ZGSV(w,V,Si)deg(SZ-) = deg (c1(INV @ det(Nypn) " lv ~ [V]).
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On the one hand, the normal bundle of V is given by
Ny /pn = Opn(d1) @ - -+ @ Opn (di)|v-
Thus
det(Ny pr) = Opn(di + -+ - +d)|v.
On the other hand, we have that
N =Opn(d+k+1).

Now, since

[V] = (dy---di) c1(O(1))"
we get that deg([N @ det(Nypn) ]|y —~ [V]) is equal to
(d+Ek+1)—(di+---+di)] - (di---di).

Therefore, we obtain

> GSV(w,V,Si)deg(S;) = [d+k+1—(di+--+d)] - (dr--dg).

Now, if GSV(w, V, S;) > 0, for all i, we have

0<> GSV(w,V,S)deg(S;) = [d+k+1—(di+ - +d)] - (dy--dg).

3

This implies that
di+--Fdp <d+k+1

O

In the next result we obtain a bound similar to those by Esteves—Cruz [16] and
Corréa—Jardim [10].

COROLLARY 4.2. Letw € HY(P™, QF, (d+k+1)) be a holomorphic Pfaff system
of rank k and degree d. Let V C P™ be a reduced complete intersection variety
of codimension k and multidegree (di,...,dy) invariant by w. Suppose that
Sing(w, V') has codimension one in V and that S; N Sing(V) = 0 for all i, then

di+--+dp, <d+EkE+1
Moreover, if V' is regular we have
di+---+dp <d+ k.
Proof. The result follows from Corollary 3.4 and Corollary 3.3. O

Now we give an optimal example.
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EXAMPLE 4.3. Consider the Pfaff system w € HO(P", QF, (d + k + 1)) given by

w= > (-1)d;f; dfo A+ Ndf; A+ Ndfe,
0<j<k

where f; is a homogeneous polynomial of degree d;. We can see that

do+di+-+d,=d+k+1.

Suppose that deg(fo) = dop = 1 and that V = {f; = --- = fi = 0} is smooth.
We have that V is invariant by w and

dy+ -+ dy =d+F.
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