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ABSTRACT. This work is concerned with Mishchenko and Fomenko’s
celebrated theory of completely integrable systems on a complex
semisimple Lie algebra g. Their theory associates a maximal Poisson-
commutative subalgebra of C[g] to each regular element a € g, and
one can assemble free generators of this subalgebra into a moment
map F, : g — CP. This leads one to pose basic structural questions
about F, and its fibres, e.g. questions concerning the singular points
and irreducible components of such fibres.

We examine the structure of fibres in Mishchenko—Fomenko systems,
building on the foundation laid by Bolsinov, Charbonnel-Moreau,
Moreau, and others. This includes proving that the critical values
of F, have codimension 1 or 2 in C’, and that each codimension is
achievable in examples. Our results on singularities make use of a
subalgebra b® C g, defined to be the intersection of all Borel subal-
gebras of g containing a. In the case of a non-nilpotent a € g,¢z and
an element = € b%, we prove the following: z + [b%, b°] lies in the sin-
gular locus of F, 1(F,(x)), and the fibres through points in b® form
a rank(g)-dimensional family of singular fibres. We next consider the
irreducible components of our fibres, giving a systematic way to con-
struct many components via Mishchenko—Fomenko systems on Levi
subalgebras [ C g. In addition, we obtain concrete results on irre-
ducible components that do not arise from the aforementioned con-
struction. Our final main result is a recursive formula for the number
of irreducible components in F, (0), and it generalizes a result of
Charbonnel-Moreau. Illustrative examples are included at the end of
this paper.
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1 INTRODUCTION

1.1 CONTEXT AND MAIN RESULTS

There is a fruitful and well-developed synergy between Lie theory and complete
integrability, and this is perhaps best witnessed by the Mishchenko-Fomenko
systems on a complex semisimple Lie algebra g. Such systems were formally
introduced in the late 1970s [20], and they have received considerable attention
in the research literature (e.g. [1-6,8,11,12,14,18,21-26,29]). Particular em-
phasis has been placed on the fibres of F, : g — C?, the Mishchenko-Fomenko
system determined by a regular element a € g and a chosen basis of invariant
polynomials on g. While these fibres are known to be pure-dimensional [22],
they are sometimes singular and often admit complicated decompositions into
irreducible components. The singularities are partly governed by Bolsinov’s
description of F, and its critical points [5], while Charbonnel and Moreau [7]
give significant insight into the aforementioned irreducible components.

We study the singularities and irreducible components of fibres in Mishchenko—
Fomenko systems, building on the foundation laid by Bolsinov [5], Charbonnel-
Moreau [7], Moreau [22], and others. To describe our results, let grog denote
the set of regular elements in g and consider its complement gging := g \ Greg-
Bolsinov [5] shows the critical points of F, to be given by Sing® := gging +Ca C
g, and we use this to investigate the critical values of F,. More precisely, we
obtain the following result.

THEOREM 1.1. For all a € greg, the codimension of the closure F,(Sing®) in
CPis 1 or2.

We then use examples to show that each codimension is achievable.
While Theorem 1.1 gives information about the critical values of Fj, it has no
implications for identifying the smooth and singular fibres. We address this
by introducing a subalgebra b® C g, defined to be the intersection of all Borel
subalgebras of g containing a. This leads us to prove the following.

THEOREM 1.2. Assume that a € greg s not nilpotent. If x € b®, then x +
[6,b%] is contained in the singular locus of F, 1(Fu(x)). In particular, the
fibre B Y(F,(z)) is singular.

This gives context for considering the fibres F!(F,(z)) appearing above, i.e.
the fibres lying over points in F,(b%) C C’. One is motivated to gauge the
prevalence of these singular fibres amongst all fibres of F,, which amounts to
computing dim(Fg(b%)). Our next result gives this dimension in addition to
supplementary facts about F,(b%).
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THEOREM 1.3. Let a = s + n be the Jordan decomposition of a € greg into
a semisimple element s € g and a nilpotent element n € g. Fix a Cartan
subalgebra b C g containing s and let W be the Weyl group of (g,bh). Then
F,(b%) is a smooth, r-dimensional, closed subvariety of C* with coordinate ring
canonically isomorphic to C[h]W+, where r is the rank of g and Wy is the W -
stabilizer of s.

Our attention subsequently turns to describing the irreducible components of
the fibres of F,. To this end, suppose that p is a parabolic subalgebra of g
containing a € greg. Let a = s +n be the Jordan decomposition, and choose
a Cartan subalgebra h C p containing s. One then has a unique h-stable Levi
factor [ C p. Let a; € [ denote the projection of a onto [ with respect to the
decomposition p = [ & u, where u is the nilpotent radical of p. We establish
that a; is regular in [, allowing us to form an appropriate Mishchenko—Fomenko
system F,, : [ — C*™. We then prove the following fact about the irreducible
components of F; }(F,(z)) for = € p.

THEOREM 1.4. Use the objects and motation described in the previous para-
graph, and let xy € | denote the projection of x € p onto . IfY is an irre-
ducible component of F; '(Fy (1)) containing x(, then'Y +u is an irreducible
component of F,; 1 (F,(x)) containing x and contained in p. The associated map

{irred. comp. Y C F, '(Fy (w)) s.t. ;i €Y} —»
{irred. comp. Z C F; Y (Fy(z)) s.t. x € Z C p}
Y = Y+u

s a bijection.

This result has an interesting inductive quality, as it reduces certain questions
about Mishchenko—Fomenko fibres in g to questions about such fibres in lower-
dimensional reductive Lie algebras. On the other hand, it only constructs irre-
ducible components lying in the union of parabolic subalgebras containing a.
We are thereby motivated to find fibres F-!(z) with the following property:
there exists at least one irreducible component Z C F, !(z) that is not con-
tained in any proper parabolic subalgebra of g containing a. We call all such

irreducible components ezotic, and we prove the following result.

PROPOSITION 1.5. Assume that g is simple and that a € greg 5 semisimple.
Let g, be the g-centralizer of a, and choose a collection of simple positive roots
with respect to the Cartan subalgebra g,. Denote the resulting positive Borel
subalgebra by b C g. Let & € g be a sum of non-zero negative simple root vectors,
one for each negative simple root. If x € &+ b has a non-zero component
in the highest root space, then the fibre F, 1(F,(x)) has an exotic irreducible
component.

By virtue of Tarasov’s work [26], the above-mentioned subset £ + b is a section
of F, : g — Cb. Proposition 1.5 therefore gives a b-dimensional family of fibres
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admitting exotic irreducible components. One shortcoming is that this family
turns out not to include the zero-fibre F;1(0), arguably one of the most natural
fibres to study. We address this issue in the context of a specific example.

PROPOSITION 1.6. If g = sl3(C), then F,1(0) has an exotic irreducible com-
ponent for all a € greg.

The zero-fibre also features prominently in Charbonnel and Moreau’s paper [7].
These authors take a € greg to be nilpotent and give a recursive formula for
the number of irreducible components in F,, }(0). We generalize this formula
to the case of an arbitrary a € grcq, proving the result below.

THEOREM 1.7. For all a € gree, the number of irreducible components in
F;1(0) is given by (25).

a

To formulate our last main result, we consider the adjoint group G of g and
the adjoint representation Ad : G — GL(g). Each x € g thereby determines an
adjoint orbit Gz := {Ady(z) : ¢ € G} C g, and these orbits bear the following
relation to fibres of F,.

THEOREM 1.8. If a € greg and x € g\ Sing®, then there exists a finite subset
Ao, C C for which

F N (Fa(@) = ) (G(@+ Xa) - Aa)
AEA,

and
F;Y(F,(x))\ Sing® = ﬂ (G(z + Aa) — Aa).
AEA,

While this result is incidental to the overall emphasis of our paper, we believe
it to be interesting and worth documenting.

REMARK 1.9. It is worthwhile to ezamine and distinguish between two extreme
cases, i.e. that of a semisimple a € grog and that of a nilpotent a € greg. The
former ezhibits a so-called Tarasov section of F, : g — C® (see Theorem 3.7),
without which we would not have been able to prove Proposition 1.5. While this
section has no obvious analogue if a € greg is nilpotent (see Remark 3.10), the
nilpotent case is nonetheless special; the map F, : g — C is then intimately
related to the finite, non-periodic Toda lattice [1], and it is the subject of [7].
This is also the one case to which Theorem 1.2 does not apply.

1.2 ORGANIZATION

Section 2 gathers some of the purely Lie-theoretic ideas on which this paper
depends. We begin with Section 2.1, which is largely devoted to notation,
conventions, and classical facts. Section 2.2 then establishes some results about
interactions between invariant polynomials, regular elements, and parabolic
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subalgebras. Section 2.3 subsequently gives a Lie-theoretic introduction to the
subalgebra b® C g mentioned above.

Section 3 is concerned with fundamental properties of Mishchenko—Fomenko
systems on g. This section begins with 3.1, which recalls the Mishchenko—
Fomenko system F, : g — C® and subalgebra F, C Clg] associated to each
a € greg- Section 3.2 then connects F, to the Borel subalgebras of g that
contain a. This leads to Section 3.3, where we recall Tarasov’s sections of F;, and
discuss mild extensions thereof. Section 3.4 subsequently harnesses Moreau’s
work to consider Mishchenko—Fomenko systems on reductive Lie algebras. Such
systems are shown to have pure-dimensional fibres, and the fibre dimensions
are expressed in Lie-theoretic terms. Section 3.5 next gives a non-standard set
of free generators for F,, and Section 3.6 uses this set to prove Theorem 1.8.
Section 4 studies the irreducible components of the fibres of F, : g — C°. The
proofs of Theorem 1.4 and related facts constitute Section 4.1. These results
are then used in Section 4.2 to obtain Theorem 1.7. Section 4.3 subsequently
discusses exotic irreducible components and proves Proposition 1.5.

Section 5 deals with the singularities of Mishchenko—Fomenko systems. Theo-
rem 1.1 is proved in Section 5.1, while Section 5.2 is concerned with the proofs
of Theorems 1.2 and 1.3.

Section 6 illustrates some of our main results in the cases g = sl3(C) (Section
6.1) and g = sl3(C) (Section 6.2). In addition, Section 6.2 contains the proof
of Proposition 1.6.

After Section 6, we list and describe some of the notation appearing throughout
our paper. This is merely a quick and convenient reference for the reader, and
should not be viewed as a source of definitions.
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2 LIE-THEORETIC FOUNDATIONS

In what follows, we establish and discuss the fundamental Lie-theoretic under-
pinnings of our work. The objects and notation introduced in Section 2.1 shall
remain fixed throughout this paper.

2.1 CONVENTIONS

Let g be a rank-r complex semisimple Lie algebra with Killing form (-,-) :
g®c g — C, adjoint group G, and exponential map exp : g — G. One then has
the adjoint representation of G on g, to be denoted by

Ad:G — GL(g), g~ Ady, geG.
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The Killing form is Ad-invariant and therefore induces a G-module isomorphism
gi)g*a :CH:EV = <$a'>a T eg. (1)

Abusing notation slightly, we denote the inverse isomorphism by

g —g v, yegh (2)

The canonical Lie—Poisson structure on g* thereby corresonds to a Poisson
bracket {-,-} on Clg] := Sym(g*), defined as follows:

{f1, f2} () := (&, [df1(x)", df2(2)"]),  fr,f2 € Clg], z € g, 3)

where df1(x),df2(z) € g* are the differentials at x of f; and fs, respectively.
Note that the symplectic leaves associated with this Poisson bracket are pre-
cisely the adjoint orbits of G, i.e. the locally closed subvarieties

Gr :={Ady(z) : g€ G} Cyg, ze€g.

Now let
ad:g—gl(g), z—ad,=][x,]], x€g

denote the adjoint representation of g on itself. Each x € g then determines a
G-stabilizer
Gy :={g€G:Ady(z) =z}

and a g-centralizer

g, = ker(ad,) = {y € g : ad,(y) = 0}.

The former is a closed subgroup of G with Lie algebra equal to the latter, and
x is called regular if these two objects are r-dimensional. Let g, denote the
set of all regular elements, which is known to be an open, dense, G-invariant
subvariety of g. Its complement is the closed subvariety gsing := g \ greg Of all
singular elements in g.

Recall that © € g is called semisimple (resp. nilpotent) if ad, is semisimple
(resp. nilpotent) as a vector space endomorphism of g. Every x € g has a
decomposition of the form x = s + n, where s,n € g are uniquely determined
by the following properties: s is semisimple, n is nilpotent, and [s,n] = 0. One
calls s (resp. n) the semisimple (resp. nilpotent) part of z, and refers to the
statement z = s + n as the Jordan decomposition of x.

We now discuss some conventions regarding the root space decomposition. If
h C g is a Cartan subalgebra, we shall let A C h* denote the associated set of
roots. Note that each a € A determines a one-dimensional root space

0o :={z €g:[h,x] =a(h)z for all h € b},

g=b0 D go-

acA

and that one has
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Now suppose that we have chosen a Borel subalgebra b C g containing b.
This choice induces a partition of A into positive roots A} and negative roots

A_ = —A4, so that
b=h @ o

aEA L

The nilpotent radical of b is then given by

u=[6,b]= P ga-

a€EA 4

Let us use IT € AL to denote the set of simple roots. The subsets of II are
in bijective correspondence with the standard parabolic subalgebras of g, i.e.
the parabolic subalgebras p C g satisfying b C p. This bijection associates the
subset

Hp ::{QGHZG—agp}

to each standard parabolic subalgebra p. The inverse bijection takes a sub-
set Q C II to a standard parabolic subalgebra pg, defined via the following
procedure. Let Ag be the set of roots occurring as Z-linear combinations of
elements in Q, i.e.

Ag = ANspang(Q) C h*.
Consider the reductive subalgebra

hi=he P va

aEAg

and the nilpotent subalgebra

ug = @ Ja-

a€A+\AQ

The vector space direct sum

po =lopDug

is then a standard parabolic subalgebra of g with Levi factor [y and nilpotent
radical ug.

Let us conclude with a few aspects of invariant polynomials on g. To this end,
recall that a polynomial f € Clg] is called invariant if f(Ady(z)) = f(z) for
all g € G and x € g. One has the subalgebra C[g]® C CJg] of all invariant
polynomials on g, and this subalgebra is known to be generated by r-many
homogeneous, algebraically independent elements. Let fi,..., f, be a fixed
choice of such generators, and let di,...,d, € Z~( denote their respective
homogeneous degrees. If b is the dimension of any Borel subalgebra in g, then
one has

b= 1(dim(g) +7) = Z d;. (4)
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It will be advantageous to briefly consider the map

F:=(fi,...,fr):g—C" (5)

and its fibres. We note that the closure of an adjoint orbit O C g,eg is a fibre
of F, provided that this closure is taken in g. The association @ — O then
defines a bijection from the set of adjoint orbits O C g.ce to the set of fibres of
F. It follows that

FYF(z)) =Gz and F YF(2))N greg = Gz (6)

for all * € greg. If * € greg is semisimple, then Gz is closed in g and
F~YF(z)) = Gz = F71(F(2)) N greg. We also note that F~1(0) is the cone of
all nilpotent elements in g.

2.2 SOME BASIC RESULTS

We now establish a few Lie-theoretic facts needed in subsequent sections, be-
ginning with the following slight generalization of [9, Corollary 3.1.43].

LEMMA 2.1. Let p C g be a parabolic subalgebra with nilpotent radical u. If
f €Clg]® and x € p, then f is constant on x + u.

Proof. Let U be the closed, connected subgroup of G having Lie algebra u,
observing that U = exp(u). Given u € U and £ € u, let us consider the element
Ad,(x + &) € g. We have u = exp(n) for some 7 € u, so that

Ady(r+€) =a+€+Y %adf;(x +6).
k=1

Since u is an ideal of p, this calculation establishes that Ad,(z+¢) € x +u. It
follows that  + u is invariant under the adjoint action of U.

Now assume that our element z is regular and semisimple. The centralizer
g, is then a Cartan subalgebra, and as such it must consist of semisimple
elements. The subalgebra u consists entirely of nilpotent elements, implying
that g, Nu = {0}. Noting again that u is an ideal in p, we conclude that ad,
restricts to a vector space isomorphism

ad, : u =N
This combines with the U-invariance of « + u and [9, Lemma 1.4.12] to imply
the following: Uz is a Zariski-dense subset of z + u, where Uz C g denotes
the U-orbit of z. Since an orbit of a unipotent group on an affine variety is
Zariski-closed (see [9, Lemma 3.1.1]), we deduce that

z+u=Uzx.
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Our invariant polynomial f must therefore satisfy

flz+8) = f(z)

for all ¢ € u. This proves the lemma in the case that z is regular and semisimple.
At the same time, the regular semisimple elements of g in p form a dense subset
of p. Continuity thereby forces f to be constant on = 4 u for all = € p. O

REMARK 2.2. Note that Lemma 2.1 reduces to [9, Corollary 3.1.43] if p = b
is a Borel subalgebra. In this particular case, our proof becomes essentially
identical to the one given for [9, Lemma 8.1.44].

The proof of Lemma 2.1 turns out to imply the following extra result.

COROLLARY 2.3. Let p C g be a parabolic subalgebra with nilpotent radical u
and chosen Levi factor [, and let © € p be such that g, Nu = {0}. Write
x =x+ zy withz € and x, € u. Then

r+u=z+u=Ux

1s a single U-orbit. If x is also reqular and semisimple, then x\ is regular and
semisimple in [.

Proof. The proof of Lemma 2.1 shows that if 2 € p satisfies g, Nu = {0}, then
x + u is a single U-orbit. Hence zy = ¢ — 2, € x + u must be U-conjugate
to x. If x is regular and semisimple in g, then the previous sentence forces xy
to be regular and semisimple in g. It is then straightforward to show that z; is
regular and semisimple in [. O

LEMMA 2.4. Let p C g be a parabolic subalgebra with nilpotent radical u and
chosen Levi factor I, so that p = [ & u. Assume that a € p is regular and
nilpotent in g, and let a; € [ denote the projection of a onto I. Then ay is
regular in [.

Proof. Let by C [ be a Borel subalgebra. Note that a; is L-conjugate to a point
in by, and that L respects the decomposition p = [ G u. We may therefore
assume that ay € by, in which case a € b := by ® u. Now let hh be a Cartan
subalgebra of g contained in b;. Note that h and b (resp. b and b;) determine
sets of roots A (resp. Ay), positive roots Ay (resp. (A4)(), and simple roots
IT (resp. IIy) for g (resp. [), and that we have

b=h @ga.

a€EA L

Since a is nilpotent and contained in b, we conclude that

azgr,l

aEA L
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with r, € go for each o € A;. The regularity of a and [15, Theorem 5.3] then
imply that r, # 0 for all a € II. It follows that

ay = E o

a€(A4)

with r, # 0 for each @ € IIN (A4 ) = II;. Another application of [15, Theorem
5.3] then shows a; to be regular in [. O

To prepare for what lies ahead, we record the following standard fact (cf. [27,
Proposition 20.7.6]).

LEMMA 2.5. Letp be a parabolic subalgebra of g. If © € p, then the semisimple
and nilpotent parts of x are contained in p. In particular, this holds if p = b is
a Borel subalgebra.

LEMMA 2.6. Let a € greg have a Jordan decomposition of a = s+n, where s € g
is semisimple and n € g is nilpotent. Suppose that ) C g is a Cartan subalgebra
containing s, and that b C g is a Borel subalgebra containing a and b. Fiz o
subset ) of the simple roots determined by b and b, and let llg, Ag, lg, ug,
and pg = lg D ug be as described at the end of Section 2.1. Let ay, € lg be
the projection of a € pg onto lg. Then ai, is regular in lg.

Proof. Lemma 2.5 implies that n € b, while we know that n € gs;. These
considerations force n to take the form

n = E Nea,

(a€AY)s

where A is the set of positive roots determined by § and b, (Ay)s = {a €
Ay s a(s) =0}, and ng, € gq for all @ € (Ay)s. On the other hand, g, = gsNgn
is the gs-centralizer of n. The regularity of a in g thus forces n to be regular in
gs. The previous three sentences and [15, Theorem 5.3] then imply that n, # 0
for all simple roots « of g satisfying «(s) = 0.

Now let @ be a subset of the simple roots. Noting that s € h C [g, we have

= s+ ny, with
Nig = Z N (7)
ac(Ay)sNAgQ

a;Q

The element s commutes with all n, appearing above, so that a;, = s+ ny,
is the Jordan decomposition of a,. We conclude that the [g-centralizer of ay,
equals the centralizer of n(, in (Ig),. It will therefore suffice to prove that n,
is regular in ([g)s. We thus observe that the simple roots of (Ig)s are precisely
the simple roots of g that lie in @ and annihilate s. At the same time, the
previous paragraph implies that n, # 0 for all & € @ satisfying a(s) = 0.
It now follows from (7) and [15, Theorem 5.3] that n, is regular in (Ig)s,
completing the proof. O
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PROPOSITION 2.7. Suppose that a € greg has a Jordan decomposition of a =
s+mn. Let p C g be a parabolic subalgebra with a € p, and choose a Cartan
subalgebra h C g with s € h C p. Write | for the unique h-stable Levi factor of
p, and let u denote the nilpotent radical of p. Let ay € | be the projection of a
onto | with respect to the decomposition p =1 u. Then ay is reqular in L.

Proof. Choose a Borel subalgebra b of [ that contains . Since p =D u is an
L-module decomposition and ay is L-conjugate to a point in by, we may assume
that a; € by. It then follows that a € b := by @ u. We also have b C p, so that
p = pg for some subset @) of the simple roots determined by h and b. Using the
definition of [ given at the end of Section 2.1, we see that [g is h-invariant. It
follows that lg = L.

The previous paragraph shows us to be in the situation of Lemma 2.6, implying
that a; is regular in [. O

REMARK 2.8. Letp C g be a parabolic subalgebra with Levi factor | and nilpotent
radical w. Our last few results make extensive use of the decomposition p = [Pu
and the induced projection map p — |. This projection extends to a projection
g — |, defined as follows. Given a € g, consider the linear functional af € I*
defined by af(l) = (a,l), | € l. Since the Killing form on g is non-degenerate
when restricted to a bilinear form on [, af = (a,-) for some unique element
ay € I. Our projection g — | is then defined by a — ay. One then readily verifies
that this extends the above-mentioned projection p — [.

In light of Proposition 2.7, it is tempting to imagine that a € greg implies
ar € lreg. This implication turns out to be false.

2.3 THE SUBALGEBRA b® ASSOCIATED WITH @ € @reg

To prepare for Section 5, we now associate a certain subalgebra b® C g to
each a € gree. Explaining this association here allows us to avoid a purely
Lie-theoretic digression in Section 5.

Let a € groz have a Jordan decomposition of a = s + n, so that s € g is
semisimple, n € g is nilpotent, and [s,n] = 0. The centralizer g; C g is a
reductive subalgebra with rank(gs) = r. We also have the decomposition

9s = 3(9s) © [9s, 9],

where 3(gs) denotes the centre of gs. Let us set [ := dim(3(gs)), observing
that the semisimple subalgebra [gs, gs] has rank r —I. Noting that a is regular
and g, = gs N gn, the previous sentence and a simple dimension count imply
that n is regular in [gs, gs]. It follows that n lies in a unique Borel subalgebra
be C [gs,0s], and that the [gs, gs]-centralizer [gs, g5, is contained in be. We
thus have

0o = 95 N 0n = 3(8s) © [9s, Gs)n §5(95>@6a =:b% (8)

Observe that a € b?, and that b® is a Borel subalgebra of g,.
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LEMMA 2.9. If a € greg has a Jordan decomposition of a = s+ n, then b® is
the unique Borel subalgebra of g5 that contains n.

Proof. Given a Borel subalgebra b C g containing n, note that b [gs, g, is a
solvable subalgebra of [gs, gs] containing n. We conclude that b N [gs, gs] C b,
which implies the inclusion

3(9s) @ (b N [gs, 9s]) € b 9)

Now observe that the codimension of [gs, gs] in gs is precisely I = dim(3(gs)),
so that
dim(b N [gs, gs]) > dim(b) — .

It follows that the left hand side of (9) has dimension at least dim(b). Since
this left hand side is also contained in b, it must equal b. The inclusion (9)
thus becomes b C b®. This forces b = b® to hold, as b and b® are both Borel
subalgebras of gs. O

LEMMA 2.10. Suppose that a € greg has a Jordan decomposition of a = s+ n.
If a is contained in a Borel subalgebra b C g, then b® = bNgs. In particular,
b® C b.

Proof. Lemma 2.5 implies that s,n € b, so that there exists a Cartan subalge-
bra § of g satisfying s € h C b. Note also that b determines the positive and
negative roots of (g,h), to be denoted A, C h* and A_ C h*, respectively.
Now observe that § is a Cartan subalgebra of g5, allowing us to consider the
roots Ay C b* of (gs,h). It is straightforward to check that Ay N A4 and
AsNA_ form positive and negative roots in Ay, respectively. One then readily
verifies that b N g is the Borel subalgebra of g, corresponding to the positive
roots As N A4. Together with Lemma 2.9 and the fact that n € b N gs, this
implies that b* = b N g,. O

PROPOSITION 2.11. If a € greq, then b is the intersection of all Borel subal-
gebras of g that contain a.

Proof. Let q denote the intersection of Borel subalgebras that contain a. The
inclusion b* C q follows immediately from Lemma 2.10. To show the oppo-
site inclusion, we choose a Borel subalgebra b C g containing a and let b,
Ay, A_, and A; be exactly as introduced in the proof of Lemma 2.10. The
aforementioned lemma gives b® = b N g5, which becomes

=he D g (10)

a€A+ﬂAS

once b N g, is decomposed into h-weight spaces.

Let W := W(g,h) and Wy := W (gs, h) be the Weyl groups of (g, ) and (gs, ),
respectively. Recall that the length I(¢) of an element ¢ € W is the number
of negative roots that ¢ sends into Ay. Denote by v € W and v € W; the
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longest elements in W and Wy, respectively. One knows that uAy = A_|
I(v) =]A_NAg| and v(A_ N A;) = Ap N A;. This implies that v € A_ for
each o € A_\ A,. With these last two sentences in mind, set w = vu and note
that

Ay NwAy = ApnNu(uAy)
= ALNvA_
= Arno((A-NA)U(AZ\AY))
= AN (v(AZNA) Uv(AZ\Ay))
= AL NA,.

This calculation and (10) imply that b N wb = b%, where wb is the Borel
subalgebra of g defined by

wbh:=hP @ o

acwA L

It follows that a lies in both b and wb, implying the inclusion ¢ C bNwb = b*.
This completes the proof. O

COROLLARY 2.12. Suppose that a € greg. If b C g is a Borel subalgebra con-
taining a, then g, C b.

Proof. The statement (8) gives g, C b®, while Proposition 2.11 implies that

b% C b. We conclude that g, C b. O

3 GENERALITIES ON MISHCHENKO—FOMENKO SYSTEMS

We devote the next few sections to a general discussion of Mishchenko-Fomenko
systems on g. While Sections 3.1-3.3 largely review relevant parts of the liter-
ature, Sections 3.4-3.6 contain new results.

3.1 THE MISHCHENKO—FOMENKO SUBALGEBRA

Let us fix a € greg. Given f € C[g] and X € C, consider the argument-shifted
polynomial fy , € C[g] given by

a(z) = flz+ Xa), zeg. (11)

Denote by F, C C[g] the subalgebra generated by all fy , with f € C[g]¢ and
AeC,ie.
Fai=(fral f € Clgl? X € C) € Clg]. (12)

We refer to F, as the Mishchenko—Fomenko subalgebra determined by a, largely
to recognize its origins in the work [20].
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Now recall the generators fi,...,f. € Clg]® fixed in Section 2.1, and let
di,...,d, € Zso be their respective homogeneous degrees. The expansion

difl
(f)rna(@) = fiz +Xa) = fi(a)\™ + ) fi(@)N, zecg, AeC  (13)
j=0

implicitly defines new polynomials f7 € Clg] for i € {1,...,r} and j €
{0,...,d; — 1}. Note that f§ = f; for all i € {1,...,r}, while (4) implies
that total number of polynomials f;; is b. These considerations justify our enu-
merating the f as fi,..., fo, where fi,..., f, are exactly as fixed in Section
2.1. Observe that this notation suppresses the dependence on a.

It is straightforward to verify that fi,..., f, generate F, as an algebra. This

is an instance of the following more substantial fact (cf. [20, Theorem 4.2]).

THEOREM 3.1 (Mishchenko-Fomenko). If a € @reg, then F, is a Poisson-
commutative subalgebra of Clg| freely generated by f1,..., fo.

REMARK 3.2. The freeness part amounts to f1, ..., fp being algebraically inde-
pendent in C[g]. Mishchenko and Fomenko’s arguments in [20] only establish
this algebraic independence for a semisimple element a € greg. Algebraic inde-
pendence for all a € greg can be extracted from [5, Theorem 1.3] or [23, Sec-
tion 3.

Theorem 3.1 implies that fi,..., f, form a completely integrable system on
the Poisson variety g, i.e. fr41,..., fp restrict to form a completely integrable
system on each generic adjoint orbit in g (cf. [12,20,23]). To study this system,
one often assembles fi,..., fp into a map

Fa::(fla-'-vfb):g*)(cb' (14>
We will sometimes refer to F, as the Mishchenko—Fomenko map, and to the
fibres of F, as Mishchenko—Fomenko fibres.

REMARK 3.3. Observe that the map F, satisfies
Fu(Ady(2)) = Faa,_, (o) (@)

for all g € G and © € g. In particular, the essential properties of F, only
depend on the adjoint orbit of a.

REMARK 3.4. One can verify that
F N (Fo(@) ={y € 9: f(z+Xa) = f(y + Aa) Vf € C[g]%, AeC}  (15)

for all x € g, a fact that we use extensively in this paper. Now suppose that
hi,...,hy € Clg] is another collection of algebraically independent generators
for F,, and consider the map

H, = (h1,...,h) : g — C"

It is then a straightforward consequence of (15) that E;Y(F,(x)) =
H;Y(H,(x)) for all x € g.

a
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It will be advantageous to recall Bolsinov’s work on the critical points of Fj,
i.e. the points = € g for which dF,(x) : Tyg — C has rank less than b. His
result [5, Proposition 3.1] states that the critical points of F, constitute the
subset

Sing® := gsing + Ca C g. (16)

This means that the regular points of F, are given by
g:reg =9 \ Singa = {x €g:x+ Ca C greg}-

Notice that g, is invariant under the dilation action of C* on g. This reflects
the fact that each component f7% of F, is homogeneous of degree d; — j.

3.2 SOME ELEMENTARY RESULTS ABOUT F,

In what follows, we establish some straightforward facts about the Mishchenko—
Fomenko map F,. These facts are exploited in later parts of the paper.

PROPOSITION 3.5. Suppose that a € greg @5 contained in a Borel subalgebra
b Cg. If B C G isthe corresponding Borel subgroup, then the restriction
Fa‘b : b — C? is B-invariant.

Proof. Choose a Cartan subalgebra h C b and set u := [b,b]. We then have
b = b @ u as vector spaces, so that each € b decomposes as ¥ = zy + 2y,
xp € b, zy € u. Now let T C B (resp. U C B) be the maximal torus (resp.
maximal unipotent subgroup) corresponding to h (resp. u). It follows that
B = TU, so that each b € B takes the form b = tu, t € T, u € U. Since the
exponential map defines an isomorphism from u to U, we may write u = exp(y)
for some y € u.

Now suppose that b € B and x € b. The previous paragraph justifies our
writing b = texp(y), t € T, y € u and © = xy + Ty, T € b, T, € u. We thus
have

=1
Adexp(y) (@) =y + 2 + ) rady(x) € 2+,
k=1

so that
Adb(l') = Adt(Adexp(y) (:L')) € Ad,; (:L'h + u) =xy + U
It follows that any f € C[g]“ satisfies

F(Ady(z) + Aa) = f(zy + Aa) = f(x + Aa),

where we have used [9, Corollary 3.1.43] twice. We conclude that Fi, (Ady(z)) =
F,(x) (see (15)), completing the proof. O

COROLLARY 3.6. Let all objects and notation be as set in the statement of
Proposition 8.5. If x € b, then Bx C F;Y(F,(x)). In particular,  + [b,b] C
F Y (F,(x)) for all regular semisimple x € b.

a

Proof. Our first assertion is an immediate consequence of Proposition 3.5. The
second assertion follows from the first, together with the fact that Bx = x+[b, b]
for all regular semisimple = € b (see [9, Lemma 3.1.44]). O
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3.3 SECTIONS OF F,

Given a € greg, the following question is natural: does the Mishchenko—
Fomenko map F, : g — C? admit a global section, i.e. a closed subvariety
Z C g for which F,| , ¢ Z — CPis a variety isomorphism? Tarasov [26] pro-
vides an affirmative answer for semisimple elements a € greg (cf. [26, Lemma

4], [18, Theorem 3.6]).

THEOREM 3.7. Let a € greg be semisimple, and choose a collection I1 of simple
roots for g with respect to the Cartan subalgebra g,. Let b C g denote the
positive Borel subalgebra induced by the choice of simple roots, and let & € g be
of the form

&= Z €—a, €—aq€08-o\{0}, aell

aclIl
The affine subspace & + b is then a global section of Fy.

We will sometimes refer to & + b as a Tarasov section. Such sections have
interesting implications, some of which we now discuss.

LEMMA 3.8. Ifa € greg and Z C g is a global section of F,, then Z C g‘slreg.

Proof. Since Fy, ‘ ,, is an isomorphism, it follows that the differential d(I7, ‘ 2)(z2)
T.Z — C’is an isomorphism for all z € Z. We conclude that dF,(z) : T,g — C?
has rank b for all z € Z, i.e. every point in Z is a regular point of Fj. Since
O%eg 18 exactly the set of regular points of F, (see Section 3.1), we must have
zZ C QSreg' U

COROLLARY 3.9. Suppose that a € greg is semisimple, and adopt all notation
from Theorem 3.7. The following statements then hold.

(Z) g +bC g(slreg;
(i) Fa|ga D 9%g — CP is surjective.
sreg

Proof. Theorem 3.7 implies that £ + b is a global section of F},. Lemma 3.8
then yields £ + b C gg.,, proving (i). Part (ii) follows from (i) and the fact
that £ + b is a global section of F,. O

REMARK 3.10. Charbonnel and Moreau [7, Remark 3] take a € greg to be
nilpotent and explain that F;*(0) need not intersect g%, (e.g9. ¢ = sl,(C) for
certain n > 3). By Lemma 5.8, this means that F, need not admit a global
section when a € greg 1s nilpotent. One can nevertheless develop the following
counterpart of Theorem 3.7.

Let a € greg be nilpotent, in which case b® is the unique Borel subalgebra of g
that contains a. The Jacobson—Morozov theorem allows us to include a into an
sla-triple (a, h,e), meaning that h,e € g satisfy

[a,e] =h, [h,a]=2a, and [h,e]=—2e.
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Set b := g5, noting that h C b*. The Cartan subalgebra b C b* allows us to
define an opposite Borel subalgebra b C g. It is then straightforward to verify
that e € b®.

Now suppose that © € h N greg and let B* C G be the Borel subgroup with Lie
algebra b®. Noting that a € u® := [6%,06%], [9, Lemma 3.1.44] implies that

r+a+da€x+ut =B
Jor all A € C. This observation establishes that a + T € g§,ey, s0 that
dim(ker(dF,(a + z))) = dim(g) — b = dim(u®).
Now note that Lemma 2.1 gives
fla+x+pv+da) = fla+z+ Aa)

for any p € C, v € u®, and f € C[g]®, implying that u* C ker(dF,(a + x)).
These last two sentences imply that

u® = ker(dF,(a + z)).
In particular, the differential of
Fulyype 1a+b2 = C

is invertible at a +x for all € h N greg. We may therefore find an open dense
neighbourhood V.C a + b% of a4+ (h N greg) such that Fa‘v :V = CY is a local
biholomorphism.

Note that Fa|v need not be injective. To see this, suppose that f € Clg]®,
T € h N greg, and w € W, the Weyl group of (g,h). Lemma 2.1 then yields

fla+wz +Xa) = f(wr) = f(z) = fla+ z + Aa),

which implies that Fy(a+wzx) = F,(a+2x). We thus expect Fa‘aera ta+b% —

C to be generically |W|-to-one as a map to its image. So while there does not
seem to be a direct analogue of the Tarasov section in the nilpotent case, we
have an affine subspace that intersects generic fibres in finitely many points.

REMARK 3.11. Our previous remark discusses the non-existence of global sec-
tions for certain Mishchenko—Fomenko maps. There turns out to be an in-
teresting counterpart in the context of Gelfand—Zeitlin theory. In more detail,
Colarusso and Evens [10, Corollary 5.19] prove that the Gelfand—Zeitlin map
on 50, (C) admits no global sections for n > 3.

3.4 MISHCHENKO—FOMENKO FIBRES IN REDUCTIVE LIE ALGEBRAS

In the interest of what lies ahead, we now establish some general properties
of Mishchenko—Fomenko fibres. We begin by considering the part of Section
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3.1 that precedes Equation (14), noting that everything makes sense if one
replaces g with an arbitrary reductive Lie algebra £. We may thereby form a
Mishchenko-Fomenko map F, : € — C*(®) for each a € £,cq, where b(£) is the
dimension of a Borel subalgebra in ¢.

PROPOSITION 3.12. Let € be a complex reductive Lie algebra of rank rk(€). If
a € treq, then all fibres of Fy, are pure-dimensional with irreducible components

of dimension b(t) — rk(t).

Proof. We first assume that € is semisimple. By [22, Theorem 1.2], F, is flat
and surjective. It then follows from [13, Corollary 9.6] that every fibre of F,
is pure-dimensional with irreducible components of dimension dim(¥) — b(t) =
b(t) — rk(¥).

Now assume that € is reductive, and let 3(£) be the centre of £. One has

t= 5(9) @ [E’E]’ (17)

where [¢, €] =: [ is semisimple with rank rk(l) = rk(¢) — dim(3(8)). If @ € treq,
then we may write a = a’ + a” with @’ € 3(¢) and o € [. Since ¢, = 3(£) & [,
we must have a” € leg.

Let d := dim(3(¢)) and choose a basis fi,..., fq of 3(8)*. Let us also choose
homogeneous, algebraically independent generators fqi1,..., fixe) of C[nF,
where L is the adjoint group of L. Note that the decomposition (17) allows
us to regard fi,..., fike) as polynomials on £. Tt is then not difficult to ver-
ify that f1,..., fixe) are homogeneous, algebraically independent generators of
C[€)%, where K is the adjoint group of . We then have F, : ¢ — C*(®, the
Mishchenko-Fomenko map obtained from a € €.y and f1,..., fike) € C[gX.
Let us also consider the Mishchenko-Fomenko map F,» : [ — CP®~d oh-
tained from a” € leg and faq1, ..., fuqe) € C[F. If we use (17) to regard the
fi,--., fqa and the components of F, as polynomials on ¢, then

Fa:(fla---;fd;Fa”)'

Each fibre of F, must therefore take the form {z} x F}(w) for z € 3(¢) and
w e CY®~4 The first paragraph of this proof then implies that every fibre of
F, is pure-dimensional with irreducible components of dimension b(l) — rk([),
where b([) (resp. rk([)) denotes the dimension of a Borel subalgebra in [ (resp.
the rank of ). Note also that b(l) = b(€) — d and rk(l) = rk(€) — d, so that

b(1) — k(1) = b(E) — rk(E).

This completes the proof. o

3.5 ALTERNATIVE GENERATORS OF F,

Returning to the notation and conventions used prior to Section 3.4, we now
introduce an alternative set of algebraically independent generators for the

DOCUMENTA MATHEMATICA 25 (2020) 1195-1239



ON THE FIBRES OF MISHCHENKO—FOMENKO SYSTEMS 1213

Mishchenko-Fomenko subalgebra F,. Fix a € gy, and recall the meaning
of faq for f € Clg] and A € C. Recall also that dj,...,d, € Zsq are the
homogeneous degrees of fi, ..., f. € C[g]%, respectively. We have the following
lemma.

LemMa 3.13. Let A = AP0 e {1,...,r}, j € {0,...,d; — 1}} C C be such

that /\(()i), ce )\Si)_l are pairwise distinct for each fivzed i € {1,...,r}. Fizx a €
Oreg and define
9ij = (fz‘)/\y')ﬂ - (fi))\;_i),a(()) € Clg]

foreach i € {1,...,r} and j € {0,...,d; — 1}. The polynomials g;; then freely
generate F, as an algebra.

Proof. The homogeneity of f; implies that (fi)x..(0) = fi(a)A% for any i €
{1,...,7} and A € C, so that (13) yields
d;—1
(Fi)ra(@) = (fi)ra0) = D f(@)N, zeq.
7=0

Setting A = A\ for i € {1,...,r} and j € {0,...,d; — 1}, we obtain

gi; = > A
k=0
This amounts to the statement
1 1 1
O
(Gi0resgica;- )=t )| 02 (NP (A 2p)?
O L OO O L

for all i € {1,...,7}. Now note that the above-defined d; x d; matrix is in-
vertible, owing to the fact that )\(()Z), c )\S,)_l are pairwise distinct. Since the

algebra F, is freely generated by the f; for i€ {1,...,r}and j € {0,...,d;—1}
(see Theorem 3.1), the previous two sentences imply that F, is freely generated
by the g;; for i € {1,...,7} and j € {0,...,d; — 1}. O
3.6 SOME ADDITIONAL PROPERTIES OF MISHCHENKO-FOMENKO FIBRES

The preceding sections allow us to derive some additional results about the
fibres of F,,. We begin with the following simple observation.

LEMMA 3.14. If @ € greg, then F; Y (Fu(x)) C Gz for all T € greg-
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Proof. Consider the map F' = (f1,..., f;) : g = C", noting that F;(F,(x)) C
F~Y(F(x)) for all z € g. If © € greg, then F~'(F(z)) = Gz by (6). It follows
that F; 1 (F,(z)) C Gz for all x € greg- O

Lemma 3.13 allows us to refine Lemma 3.14 as follows.
THEOREM 3.15. Suppose that a € greg-

(i) If © € g4 ey, then

Fy N (Fa(w) = ) (G(m T ha) — )\a) (18)
AeC
and
F (Fa(@) N gheg = () (Glz + Aa) = Aa). (19)
AeC

(it) If * € greg, then there exists a finite subset A C C with the following
property: (18) and (19) are true if one only intersects over all X € A.

Proof. We begin with the proof of (i). Suppose that =,y € g, and recall the
polynomials f1,..., fi € C[g] from Section 3.1. We see that

fi(x)=fi(y) Vie{l,...,b} <= fi(z+ra)=fi(y+Xa) V ie{l,...;r}, AeC.

Now suppose that = € gg.,. This means precisely that z + Ca C gyreg, Which

by (6) yields F~}(F(z + \a)) = G(x + Aa) for all X € C.
Assuming that @ € gg,., and using the previous paragraph where apprpriate,
we obtain

F Y F.(x)) = {yecg: fily) = filz) Vie {1,...,b}}
= {yeg: fily+ra)=filz+Xra)Vie{l,...,r}, AeC}
= {yeg:y+raeGx+ra) VAeC}
= ﬂ (m—)\a).

AeC

This verifies (18). Using (6) and the fact that y € gg.., implies y + Aa € greg
for all A € C, one can obtain (19) via a similar argument.

Now we come to the proof of (ii). Note that if € greg, then z + Aa € gging
for only finitely many A € C. Keeping this in mind, we may find a finite set
A= {)\y) cie{l,...,r}, j€{0,...,d;—1}} C C with the following properties:

o M =0forallic{1,... 1}
° )\éi), el )\51?71 are pairwise distinct for all ¢ € {1,...,r};
o 2+ A4 € greg foralli € {1,...,r} and j € {0,....d; — 1}.
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Lemma 3.13 then constructs algebraically independent generators {g;;} of Fg,
and we may use these generators to compute F, '(F,(x)) (see Remark 3.4).
Note also that the condition )\(()Z) = 0 yields g;o = f; for all i € {1,...,7}. The
proof of (ii) then proceeds analogously to that of (i), after we replace f1,..., fp

We now provide some incidental descriptions of the tangent spaces to
Mishchenko-Fomenko fibres. To this end, recall the Poisson bracket (3) and
all associated notation.

PROPOSITION 3.16. Suppose that a € greg and T € @gg.,- The tangent space
T.(F Y (Fu(x))) C g can then be described as follows.

a

(i) If {hi}ic1 C Clg] generates Fo as an algebra, then
To(Fy ' (Fa(2))) = span{[z, dh;(x)"] : i € I}. (20)
Taking the components of F, as our generators (cf. (14)), we get
T.(F; (Fu(z))) = span{[z, df;(z)"] i € {r + 1,...,b}}.  (21)
(i) We have
T (F; ' (Fa(x))) = span{[a, df (z + Xa)"] : f € C[g] %, A € C*}. (22)

Proof. We begin by proving (i). Note that T, (F, !(F,(z))) is the span of the
Hamiltonian vector fields of f1,..., fp at . On the other hand, f1,..., f; and
{hi}ier generate the same subalgebra of F, of C[g]. It is then easy to deduce
that T, (F, *(F,(z))) is the span of the Hamiltonian vector fields of the h;
at . Note also that (3) forces the Hamiltonian vector field of h; at = to be
[z, dh;(x)Y]. This proves (20). The statement (21) follows from the first part of
(i) and the fact that [z,df;(x)¥] =0 for alli € {1,...,r} (see [17, Proposition
1.3]). This proves (i).

We now verify (ii). By applying (i) to the generating set {f\: f € C[g]®, A €
C} of F,, we obtain

To(F, ' (Fu(2))) = span{[z, df (¢ + Xa)"]: f € C[g]“, A € C}.

Now note that [z + Aa, df (z + Aa)¥] = 0 for all f € C[g]“ and \ € C (see [17,
Proposition 1.3]), which together with the last sentence yields (22). O

4 TRREDUCIBLE COMPONENTS OF MISHCHENKO—FOMENKO FIBRES

Our attention now turns to the irreducible components of Mishchenko—Fomenko
fibres. Some of our results specialize to those of Charbonnel-Moreau [7] when
@ € greg is taken to be nilpotent. This reflects the degree to which [7] inspired
our work.
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4.1 TRREDUCIBLE COMPONENTS CONTAINED IN PARABOLICS

Suppose that a parabolic subalgebra p C g contains a € greg. Proposition 2.7
then explains how to choose a Levi factor | C p such that a; € l;¢s. We could
next choose free generators of the invariant polynomials on [, subsequently
using such generators to construct a Mishchenko-Fomenko map Fj, : [ — c*O
(cf. Section 3.1). By Remark 3.4, the fibres F; *(F,, (z)) are independent of
the aforementioned generators. It is with this understanding that we formulate
the following result.

THEOREM 4.1. Let a € greg be contained in a parabolic subalgebra p C g having
nilpotent radical u. Let h C p be a Cartan subalgebra containing the semisimple
part of a, and let | C p be the h-stable Levi factor. Consider the Mishchenko—
Fomenko map Fy, : | — C*®, and suppose that we have a point x = x4+, € p
with x; € [ and x, € u. If Y is an irreducible component of Fa_ll(Fa[(x;)) con-
taining x1, then Y 4+u is an irreducible component of F,; ' (F,(x)) containing x.
We thereby obtain a bijection

{irred. comp. Y C F, ' (Fy () s.t. ; €Y} —
{irred. comp. Z C F; Y (Fy(z)) s.t. x € Z C p}
Y = Y+u

Proof. We begin by claiming that F, is constant-valued on Fa_ll(Fa, (xy)). To
this end, suppose that y € Fa_,l(Fa, (2y)). An application of Lemma 2.1 estab-
lishes that

fly+Aa) = f(y + Aar)

for all f € C[g]® and A € C, where a; is the projection of a € p onto [. Now
observe that Remark 3.4 applies to Fj,, and shows that the right hand side is
f(:z:[ + )\a;), ie.

fly+Aa) = f(zi + Aar).

A second application of Lemma 2.1 then gives
fly+ xa) = f(z(+ Aa).

Since this holds for all f € C[g]® and A € C, Remark 3.4 implies that y €
F;1(Fy(x1)). We conclude that F, is indeed constant-valued on F; *(Fy, (2()).
Now let Y be an irreducible component of F, !(F, (1)) such that z € Y,
noting that F, must also be constant-valued on Y. An application of Lemma 2.1
then shows that F, is constant-valued on Y + u. Since x = zy+ z, € Y + u,
this means precisely that Y +u C F; 1 (F,(z)). At the same time, Proposition

3.12 implies that
dim(Y + u) = b(l) — rk(l) + dim(u).
We also know that b(g) = b(I) + dim(u) and rk(g) = rk([), meaning that
dim(Y" +u) = b(g) — rk(g).
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By Proposition 3.12, the right hand side is precisely the dimension of each
irreducible component in F; (F,(z)). The irreducibility of Y + u now implies
that Y 4+ u must be an irreducible component of F, !(F,(z)). Having already
noted that = € Y + u, we have verified the first part of our proposition.

It remains only to prove that Y — Y +u defines a bijection between the above-
indicated sets of irreducible components. This association is clearly injective,
reducing us to verifying surjectivity. To this end, let Z C p be an irreducible
component of F; 1(F,(z)) such that x € Z C p. The decomposition p = [®u
induces a projection p — [, and we let Z; C [ denote the image of Z under this
projection. Lemma 2.1 then implies that Z; +u C F, 1(F,(z)). At the same
time, it is easy to see that Zy 4+ u is irreducible and contains Z. These last two
sentences force Z = Z; + u to hold.

In light of the previous paragraph, it suffices to show that Z; is an irreducible
component of F, '(F,, (1)) containing x;. We first note that the containment
x; € Zp is clear, as x € Z. To show that Z; is an irreducible component of
F1(F,, (%)), we study the intersection F, ! (F,(z))NI. Let X be an irreducible
component of F, 1 (F,(x)) NI, noting that X +u is irreducible. Lemma 2.1 also
implies that X +u C F, 1(F,(x)), so that Proposition 3.12 yields

dim(X + u) < b(g) — rk(g).

Since b(l) = b(g) — dim(u) and rk(l) = rk(g), this amounts to the statement
that
dim(X) < b(l) — rk(1).

It follows that each irreducible component of F; !(F,(x)) N[ has dimension
at most b(I) — rk(l). In particular, any closed, irreducible, (b(l) — rk(l))-
dimensional subvariety of F,; *(F, (x))Nlis necessarily an irreducible component
of F7 (Fu(x)) Nl
Now recall the first paragraph of this proof. One can use similar ideas to
show that the component functions of Fa‘[ : [ — C® belong to the subalgebra
Fa, € C[l]. This implies that F;(F,(z)) N[ is a union of fibres of F,,. We
may therefore write

F N (Fa(@) ni= ] F..'(2)

z€S

for some subset S C C*™. For each z € S, let Xz 1,5, X, n(z) be the irre-
ducible components of F,; '(z). We then have

Fo (Fa(@)nt= | U X, (23)

z€S i=1

while Proposition 3.12 implies that dim(X, ;) = b(l) — rk(l) for all z € S and
i €{1,...,n(z)}. Together with the last sentence of the previous paragraph,
this implies that (23) is the decomposition of F, 1(F,(z)) N[ into irreducible
components.
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‘We now observe that Z| is irreducible and satisfies

dim(Z,) = dim(Z; + u) — dim(u)

= dim(Z) — dim(u) (since Z = Z; 4+ u)
= b(g) — rk(g) — dim(u) (by Proposition 3.12)
= b(Il) — rk(I) (since b(1)=b(g)—dim(u) and rk(l)=rk(g)).

We may also use Lemma 2.1 and the fact that Z C F;1(F,(z)) to establish
that Z; C F; ' (F,(x)) N[. These last two sentences combine with the previous
paragraph to imply that Z; = X, ; for some z € S and i € {1,...,n(z)}. This
means that Z; is an irreducible component of a fibre of Fj,,. Since z; € Z|, the
fibre in question must be F, ! (F,, (21)). The proof is complete. O

A similar approach can be used to describe the irreducible components of
F;1(F,(x)) that are contained in a given parabolic p, provided that p con-

a
tains a € greg-

PROPOSITION 4.2. Let a, p, [, and u be exactly as described in the first two
sentences of Theorem 4.1. If x € p, then F,Y(F,(x)) NI is a union of fibres of
Fy,. Furthermore, we have a bijection

{y c F; N (Fo(x)) N1 s.t. Y is an irred. comp. of a fibre of F..} —

{irred. comp. Z C Fy N (Fu(z)) st Z C p}
Y = Y+4u

Proof. The proof of Theorem 4.1 works with minor modifications. o
We may build on Theorem 4.1 and Proposition 4.2 as follows.

PROPOSITION 4.3. Suppose that a € greg @5 contained in a Borel subalgebra
b C g with nilpotent radical u. Let h C g be a Cartan subalgebra contained in
b, and assume that x € b.

(i) The variety x +u is the unique irreducible component of F,; *(F,(x)) that
contains x and is contained in b.

(i) If x is regular and semisimple, then x 4+ u is an irreducible component of
FY(F,(x))NGz.

a

(1ii) Write © = xp + xy with zy € b and x, € u, and let W be the Weyl group
of (g,h). If a is nilpotent, then the irreducible components of F, *(Fy(x))
contained in b are the subvarieties wxry +u, w € W.

Proof. To prove (i), observe that the component functions of F,, : b — C"
are homogeneous, algebraically independent generators of C[p]. It follows that
Fy,, is a vector space isomorphism, so that Fa_hl(Fah (xp)) = {zp}. With this
in mind, consider the bijective correspondence implied by Theorem 4.1 when
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p =Dband [ = . We conclude that x5y +u = = + u is the unique irreducible
component of F,;}(F,(x)) that contains x and is contained in b.

To prove (ii), we recall from Lemma 3.14 that F;'(F,(z)) € Gz. The orbit
Gz is open in its closure, which together with the previous sentence means that
FY(F,(2))NGx is open in F;}(F,(x)). Since z+u is an irreducible component
of F,1(F,(x)) that intersects this open set, it follows that (z 4+ u) N Gz is an
irreducible component of F; }(F, (z))NGz. We are therefore reduced to proving
that (z +u) NGz = x + u. Accordingly, let B denote the Borel subgroup
of G having Lie algebra b. The result [9, Lemma 3.1.44] then implies than
Bx =z +u, so that (z +u) NGz = z + u. This completes the proof.

To prove (iii), recall that (i) gives z +u C F, 1(F,(z)). It follows that zy €
F1(F,(x)), so that F, 1 (F,(x)) = F; 1 (Fy(xy)). We also note that a € u, a
consequence of a being nilpotent. A straightforward application of Lemma 2.1
then shows that

Falg = (filgs--s frlys0s00) = C". (24)
We thus have
Fy (Fo(x)) 0h = Fy Y (Fa(xg)) Nh = F~H(F(xy)) N,

where F := (f1,...,fr) : g = C". At the same time, [15, Lemma 9.2] tells us
that F~Y(F(zy)) N is the W-orbit of xy, i.e.

F7 Y F (x) N = {wzy : w e W}

The desired result now follows from setting p = b and [ = § in Proposition 4.2,
along with the observation that I, : h — C" has only singleton fibres (see the
proof of (i)). O

REMARK 4.4. It is illuminating to consider Proposition 4.3() in the case of
a reqular element x € b. In this case, the last b —r components of Fy, form a
completely integrable system on the symplectic leaf Gx C g (see [12] or [24]).
Proposition 4.3(ii) then amounts to the following statement: x + u is an irre-
ducible component of the fibre through x in the integrable system on Gux.

REMARK 4.5. The irreducible component x +u C F; Y (F,(x)) constructed in
Proposition 4.3(i) need not meet Ocreg- 10 see this, let a be any regular nilpotent
element, b the unique Borel subalgebra of g containing a, and u the nilpotent
radical of b. It then follows that a € u. Now choose a Cartan subalgebra by of
g contained in b, which then renders u a sum of the positive root spaces. We

may therefore write
a= ) ra

aEA

where AL is the set of positive roots and 1o € go for all € Ay. Since a is
reqular, it follows from [15, Theorem 5.3] that ro, # 0 for all simple roots a.
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Now take an arbitrary y € u, writing

y= > Sa

acAy

with sq € go for oll @ € Ay, If we fix a particular simple root «, then rqy
being non-zero allows us to find A € C with s + Arq = 0. We conclude that
Y+ Aa & greg, by [15, Theorem 5.3]. It follows that y & g4, implying that
UN GGreg = 0. In particular, every x € u has the property that x +u (= u) does
not meet ggcq-

4.2 A RECURSIVE FORMULA

We now use the results established in Section 4.1 to derive a recursive formula
for the number of irreducible components in F;1(0). To this end, the following
elementary lemma is needed.

LEMMA 4.6. If a € gyeg, then every irreducible component of F;1(0) contains
the origin 0 € g.

a

% € Clg] is homoge-
neous of degree d; — j. It follows that F,1(0) is invariant under the dilation
action of C* on g. This forces each irreducible component of F;1(0) to be
invariant under the aforementioned C*-action. Since each of these irreducible
components is also closed, it must contain 0. o

Proof. The formula (13) implies that each polynomial

We now introduce the notation on which our recursive formula is based. Given
@ € Greg, let us set

B, := {Borel subalgebras b of g s.t. a € b},

T); := {parabolic subalgebras p of g s.t. p # g and a € p},

and
Po =Py \ Ba.

We also consider the sets
97, := {irreducible components of F;*(0)}

and
8T :={Z €%,: Z L pVp € P,}.

REMARK 4.7. One can phrase the definition of %I in slightly different terms.
To see this, note that the irreducible components of Upepa p are the mazximal
elements of P, with respect to inclusion. It follows that a closed, irreducible
subvariety of g belongs to UpePa p if and only it belongs to some p € P,. We

deduce that
T, ={Zec%,: Z¢ | v}
‘pepﬂ/
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Given any fixed p € P,, we write
87F :={Z €%7,: ZCpand Z ¢ p for all p’ € P, with p’ C p}.

Let us consider the Jordan decompositon ¢ = s + n and choose a Cartan
subalgebra h C g such that s € h. Given any p € P,, let [, denote the unique
h-stable Levi factor and ay, € [, the projection of a onto I,. Proposition 2.7
tells us that ar, is regular in I,, and we thus have analogous definitions of B'alp ,

75,:;, Pay, » ’F‘Ia,p, and ’PI(’%. Now decompose [, ;] into its simple factors
l1,...,[n, so that
If a;, denotes the projection of ag, onto l;, then aj, € ([;)reg and one has

analogous definitions of By, , Pa,,, Pa,,, “Za, , and I}, .
i i i i i

THEOREM 4.8. Using the notation explained above, we have the following re-
cursive formula for |9Z,|:

°Zal = PZ0) + ) II 'Ze, | | + [Bal- (25)

pPEPq \I C [lp, ;] simple factor

Proof. Proposition 4.3 implies that each b € B, yields an irreducible component
[b,b] of F;1(0). At the same time, observe that 8ZP N 9ZF = ) if p # p’. These
last two sentences allow us to write 8Z, as the disjoint union

°Z, = 7, u | |J °Z8 | u{[b,b]: b € B}
PEPa

It therefore suffices to prove that
[
°Z2] = 11 'Z,,|
[ C [lp, [p] simple factor

for each p € P,. Our approach is similar to that appearing in the proof
of [7, Proposition 52], and the relevant details are given below.

Fix an element p € P, and let u, denote its nilpotent radical. Lemma 4.6 and
Theorem 4.1 tell us that Y + Y +u, defines a bijection from elements of '» La,,
to those elements of 87, that are contained in p. This restricts to a bijection
between [PI(’IIP and 9ZP. We are therefore reduced to proving that

(2 |
[ C [lp, ;] simple factor

Let us decompose [[p, [,] into its simple factors [y,...,[y. It follows that the
elements of "’Ialp are precisely those varieties of the form

{0} xZix---xZnC3(l) L@ ®ly =1,
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where each Z; is an irreducible component of F;; 1(0) C I;. We therefore have

bijections
[”Ia,p o ’lIa,l X e X KNI,I[N
and
‘vz;lv = ML, XX [NI{“N,
proving the theorem. O

REMARK 4.9. Lemma 51 in [7] shows that 9I), # 0 if a € greg is nilpotent. In
Secton 6, we will see that 9I), # 0 for every a € greg when g = sl3(C).

REMARK 4.10. If a € greg is nilpotent, then |B,| =1 and Theorem 4.8 reduces
to [7, Proposition 52]. If a € greg is semisimple, then |B,| = |W| in the
recursive formula (25).

REMARK 4.11. Our recursive formula allows us to obtain lower bounds on the
numbers [9Z,|, by determining |Bg|, |Pa| and the decompositions of the Levi
factors into simple parts. If one works in Type A, for small v, then these
numbers and Levi factors are easy to obtain. We refer the reader to Section 6
for further details.

4.3 EXOTIC IRREDUCIBLE COMPONENTS

Fix a € greg and recall the statements of Theorem 4.1 and Proposition 4.2.
Note that these become completely tautological in the case p = g, so that
interesting results necessitate taking p % g. In this latter case, every irreducible
component constructed via Theorem 4.1 and Proposition 4.2 is constrained to
lie in some p € P,. It is therefore natural to consider irreducible components
of Mishchenko-Fomenko fibres that do not lie in a proper parabolic subalgebra
containing a. We begin with the following result.

PROPOSITION 4.12. Suppose that a € greg 15 semisimple. Ifp € 73;, then every
fibre of F, has an irreducible component that is not contained in p.

Proof. Observe that h := g, is a Cartan subalgebra of g contained in p. Let
A C bh* be the associated set of roots, noting that

p=bo P g (26)

acQ

for some proper subset @ C A. Choose an element 8 € A\ @, as well as a
set of negative roots A_ C A with § € A_. It follows that Ay := —A_ is
the associated choice of positive roots, and that we have the opposite Borel

subalgebras
b::h@@ga and b,::[j@@ga.
aEA L aEA_
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Now let IT C A4 be the set of simple roots and consider

&= Z €_as (27)

acll

where e_q € g_q \ {0} for each o € TI. The subset £ + b C g is then a section
of F, (see Theorem 3.7), so that it will suffice to prove (£ +b)Np = 0.

Assume that (£ +b) Np # 0. It follows that £ + x € p for some x € b, which
by (26) and (27) implies that —IT C Q. The subalgebra p then contains h and
every negative simple root space, forcing b_ C p to hold. At the same time,
our condition 8 € A_ yields the inclusion gg C b_. It follows that gg C p,
contradicting the fact that 8 € Q. We conclude that (£+b)Np = 0, completing
the proof. O

While Proposition 4.12 considers irreducible components that are not contained
in a fixed p € P,, one could ask about components not contained in any p € P,.
We formalize the latter situation as follows.

DEFINITION 4.13. Suppose that a € greg and x € g. We call an irreducible
component Z C F; ' (F,(x)) exotic if Z Z p for all p € P,.

Our next result identifies a family of fibres that have exotic irreducible compo-
nents.

PROPOSITION 4.14. Assume that g is simple, and let a € greg be a semisimple
element. Choose a collection of simple positive roots with respect to the Cartan
subalgebra b := g,, and denote the resulting positive Borel subalgebra by b C g.
Let £ € g be a sum of non-zero negative simple root vectors, one for each
negative simple root. If x € £ +b has a non-zero component in the highest root
space, then the fibre F, 1(F,(x)) has an exotic irreducible component.

Proof. Denote the sets of roots, positive roots, and simple roots by A, Ay, and
II, respectively, so that

b=b® P ga (28)

aEA L

Vi=he P g

a€A\{A}

Let us also set

where A € Ay is the highest root. Since £ + b is a section of F, (see Theo-
rem 3.7), it suffices to prove that (£ + b) \ (£ + V) is disjoint from |J

This is equivalent to verifying that (£ +b)Np C &+ V for all p € P,.
Let p € P, be given, noting that h C p. It follows that

p=be P (29)

acly

pep, P
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for some proper subset Ay, C A. We then have the following two possibilities:
—II ¢ Ay or —II C A,. In the first case, (28), (29), and the definition of &
collectively force (E + b) Np = (0 to hold. This certainly implies that (E + b) Np C
£+ V, as desired.

If —1I € Ay, then one has

(§+b)ﬂp§+<h@ T ga).

acApNAL

We conclude that (§+ b)ﬁp C¢+Vifandonly if A ¢ Ay, The latter condition is
best investigated via the following classical fact: g, and the negative simple root
spaces generate g. Since p is properly contained in g and contains the negative
simple root spaces, we must have A ¢ A,. It follows that (f + b) NpCe&E+V,
completing the proof. O

REMARK 4.15. Since & + b is a (b-dimensional) section of F, : g — C° for all
semisimple a € greg, Proposition 4.14 provides a b-dimensional family of fibres
with exotic irreducible components.

REMARK 4.16. With only mild adjustments, one can formulate Proposition 4.1/
for semisimple Lie algebras g.

5 SINGULARITIES IN MISHCHENKO—FOMENKO FIBRES

Our attention now turns to the smooth and singular loci of Mishchenko—
Fomenko fibres. Section 5.1 studies the critical values of F, while Section 5.2
elucidates a role for the subalgebra b® C g discussed in Section 2.3.

5.1 CRITICAL VALUES

Recall that the critical points of Fj, constitute the set Sing® = geing + Ca C g
(see Section 3.1). Our objective is to discuss the set of critical values
F,(Sing®) C CP’, and this necessitates using the following rephrased version
of [28, Theorem 4.2].

THEOREM 5.1. The codimension of gsing in g 1 3.

We may now gauge the codimension of the closure Fy(Sing®) C CP.

PROPOSITION 5.2. If a € greg, then Fo(Sing®) C C? has codimension 1 or 2 in
C®.

Proof. By Theorem 5.1, some irreducible component X of Sing” = gsing + Ca
has codimension 2 in g. Let j : X — g be the inclusion map, observing that
j* : Clg] — C[X] is surjective with kernel equal to a prime ideal I C CJg].

We claim that the prime ideal I N F, C F, has height at most 2. To see this,
we first note that F, C C[g] is a flat extension of rings (see [22, Theorem 1.2]).
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It follows from [19, Theorem 9.5] that this extension satisfies the going-down
property for prime ideals. Now let Jo C J; € --- € J, = I N F, be a strictly
increasing sequence of prime ideals in F,. The going-down property allows us
to find a strictly increasing sequence Iy C I; C --- C I, = I of prime ideals in
Clg] satisfying J, = I;NF, for all k € {1,...,n}. Note also that I has height 2
in C[g], owing to the fact that X has codimension 2 in g. It follows that n < 2,
and we conclude that I N F, has height at most 2 in F,.

Now note that F, is a polynomial algebra in b-many indeterminates (see The-
orem 3.1). This combines with the result of the previous paragraph to yield

Kdim((]-"a)/(l N ]—“a)> >b-2,

where Kdim denotes Krull dimension. Observing that j*(F,) & F,/(I N Fy),
we obtain
Kdim(j*(Fa)) > b —2.

We also know that the functions j*(f1),...,7*(fs) € C[X] generate j*(F,).
Taken together, these last two sentences have the following consequence: for
all generic x € X, the differentials of j*(f1),...,7*(fs) at  span a subspace of
T X of dimension at least b— 2. This is in turn equivalent to the differential of
F, ‘ X C? having rank at least b—2 at all generic points of X. We conclude

that the dimension of F,(X) C CP is at least b — 2. The inclusion F,(X) C
F,(Sing®) then establishes that the latter set has dimension at least b — 2.
On the other hand, it is a straightforward consequence of Sard’s theorem that
F,(Sing®) cannot be b-dimensional. It follows that the dimension of F(Sing®)
is b — 1 or b — 2, completing the proof. o

REMARK 5.3. Each of the codimensions 1 and 2 is achievable in examples, as
we later discuss in Remark 6.1.

REMARK 5.4. It would be worthwhile to completely characterize those a € greg

for which F,(Sing®) has codimension 1 in C’. We intend to make this part of
a forthcoming paper.

REMARK 5.5. Bolsinov and Oshemkov [6] provide a framework for studying
singularities in the bi-Hamiltonian context. The authors subsequently apply
their findings to Mishchenko—Fomenko systems on real semisimple Lie alge-
bras. Another noteworthy approach appears in Izosimov’s paper [14], which
develops connections between Lax representations and singularities. In this
context, Izosimov examines Mishchenko—Fomenko systems on compact simple
Lie algebras. It would be interesting to integrate our approach to singularities
with those adopted in [6] and [14].

5.2 A FAMILY OF SINGULAR FIBRES

Fix a € greg and recall the subalgebra b C g from Section 2.3. This subalgebra
and its nilpotent radical u® := [b%, 6%] C b turn out to play the following role
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with respect to singular points in Mishchenko—Fomenko fibres.

PROPOSITION 5.6. Suppose that a € greg s not nilpotent. If x € b®, then x+u®
lies in the singular locus of F, *(Fy(x)).

Proof. Let a = s+n be the Jordan decomposition of a, where s € g is semisim-
ple and n € g is nilpotent. Since a is not nilpotent, s # 0 and the Levi
subalgebra g, is properly contained in g. It follows that no Borel subalgebra of
gs can have the dimension necessary to be a Borel subalgebra of g. In particu-
lar, b® cannot be a Borel subalgebra of g. It now follows from Proposition 2.11
that there exist distinct Borel subalgebras by, bs C g such that b* C by N bs.
Proposition 4.3 then implies that x +u; and x + uy are irreducible components
of F;1(F,(z)), where u; and us are the nilpotent radicals of by and b, respec-
tively. Since by and by are distinct Borel subalgebras, we see that = + u; and
T + uy are distinct irreducible components of F, }(F,(x)). We also note that
u® C uy Nug, implying that = + u® lies in the intersection of the two compo-
nents « +uy and x + uy. We conclude that = 4+ u® consists of singular points in
FoH (Fa(w)). [
One immediate consequence of Proposition 5.6 is that the Mishchenko—
Fomenko fibres over F,(b%) C C? are singular when a € gyeg is not nilpotent.
In other words, the points in F,(b%) index a family of singular Mishchenko—
Fomenko fibres. This leads us to study F,(b%) in more detail, for which the
following lemma will be helpful.

LEMMA 5.7. Suppose that a € greg has a Jordan decomposition of a = s+ n,
where s € g is semisimple and n € g is nilpotent. Let ) be a Cartan subalgebra
of gs contained in b*. The polynomials fl‘b’ . "fb|b then generate C[h]"s,

where W is the Weyl group of (g,b) and Wy is the W -stabilizer of s.

Proof. An application of [9, Corollary 3.1.43] gives f;(x + Aa) = fi(x + As) for
alli € {1,...,r}, z € h, and A € C. Tt follows that f{(x) = f5;(z) for all
i€{l,...,r},j€{0,...,d; — 1}, and = € b, where the f are defined in (13)
and the f; are defined analogously. In other words, we have

Gly=Fialy ie{lry, je{0, . di— 1}

S

We are thus reduced to proving that the fij‘h generate C[h]"=. To this end,

the first lemma appearing on page 302 of [25] implies that the fj‘g generate

Clgs]%*. Note also that is the image of [ ‘gs under Chevalley’s restriction

il
isomorphism Clgs]%s — C[h]"=. It follows that the 5 ’h
completing the proof. O

must generate C[h]"s,

We may now establish the following qualitative features of Fy(b®).
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THEOREM 5.8. Suppose that a € greg has a Jordan decomposition of a = s+n,
where s € g is semisimple and n € g is nilpotent. Let 7, : C®* — C" denote
projection onto the first r components, and let h be a Cartan subalgebra of gs
satisfying h C b*. Consider the Weyl group W of (g,b), and let Wy C W be
the W -stabilizer of s.

(i) We have F,(6%) = Fu(h).

(ii) The image F,(b%) is an r-dimensional closed subvariety of C® satisfying
7. (Fo(6%)) = C". If a is nilpotent, then F,(b%) = C" x {0} C Cb.

(i1i) Consider the restricted map Fa‘h : b — F,(b%) obtained by virtue of (i).
The associated comorphism (Fa‘h)* : C[F,(6%)] — CIb] is injective with
image C[p]W-.

(iwv) The restriction T, : Fo(b%) — C" is a finite morphism of degree

W/ Wl

[Faor)

Proof. We begin by verifying (i). Suppose that = € b, and write x = zp + zya
with 75 € b and 2y« € u® := [b%,0%]. If f € C[g] is an invariant polynomial,
then [9, Corollary 3.1.43] allows us to write

Fla+Aa) = flay +Aa+240) = fg + Aa) (30)

for all A € C. It follows that F,(b*) = F,(h).

We now verify (ii). Consider the restriction Fa’h :h — Cb as well as the
induced map of coordinate rings (Fa|h)* : Clz1, . .., 2] — C[h]. We then have
(Fa‘h)*(a:i) = fi‘h for all i = 1,...,b. The polynomials f; b fT‘h generate
the subalgebra C[h]", so that the image of (F"|h)* must contain C[h]". Since

the Chevalley—Shephard—Todd theorem shows C[h] to be a free module of finite
rank |W| over C[h]" | it follows that C[h] is finitely generated over Clz1, .. ., x3).
This amounts to Fa|h being a finite morphism of affine varieties. Noting that

finite morphisms are closed, we see that F,(h) = F,(b%) is a closed subset of CP.
The equality F,(b%) = F,(h) implies dim(F,(6%)) < dimbh = r. On the other
hand, note that m. o F, : g — C" is the map F from (5). The restriction
F’h : h — C" is known to be surjective (see the proof of [16, Proposition 10]),
so that we must have

7 (Fo(6%)) = C".

This implies that dim(F,(6%)) > r, and we conclude that dim(F,(b%)) = r.
To prove the second claim in (ii), suppose that a is nilpotent. The equation (24)
then implies that

Folg = (F[4,0,...,0): g = CP.

It follows that F,(b%) = F,(h) = F(h) x {0} = C" x {0} C C®, where the final
instance of equality comes from F ‘h : h — C7 being surjective.
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To prove (iii), we consider the restricted map Fa‘h : b — F,(b%). Since this
map is surjective (by (i)), it induces an injection (Fa‘h)* : C[Fo(6%)] — C[b]
of coordinate rings. At the same time, note that (ii) shows the inclusion j :
F,(6%) < C’ to be a closed immersion. It follows that j* : Clzy,..., 2] —
C[F,(b%)] is surjective, so that C[F,(b%)] is generated by j*(z1),...,j*(xp). On
the other hand, it is straightforward to verify that

(Ful)" (" (@) = £,

for all ¢ = 1,...,b. We conclude that the image of (Fa|h)* is generated by
fl B

Let us now prove (iv). Note that Chevalley’s restriction theorem forces
f ‘h’ cee fT‘h to be algebraically independent generators of C[h]"V, so that there

. fb’h, which by Lemma 5.7 means that the image is exactly C[h]".

is a unique C-algebra isomorphism C[z1,...,2,] — C[h]" sending z; to f; .
t=1,...,7r. This isomorphism fits into the commutative diagram
C[zla v 7:CT] —_— C[h]W

(r.

C[Fa (b)) ———=—=CIh]"",

o

where the rightmost vertical map is the obvious inclusion, (Fa’h)* is the map

from (iii), and (WT‘F (b@))* is the map of coordinate rings corresponding to

7TT‘ Fu(ba) - F,(6%) — C". Now consider the corresponding commutative dia-
gram
b/ Ws = F,(b%)
l l’”‘m(w)
h/W cr

in the category of affine varieties, noting that the map h/Wy — h/W is a
finite morphism of degree |W/Ws|. Since the horizontal arrows in this second
diagram are isomorphisms, it follows that .|, (69) is a finite morphism of

degree |W/Wg|. O
6 EXAMPLES

In the interest of concreteness, we illustrate some of our results in the cases

g = sl3(C) and g = sl3(C).

DOCUMENTA MATHEMATICA 25 (2020) 1195-1239



ON THE FIBRES OF MISHCHENKO—FOMENKO SYSTEMS 1229

6.1 THE CASE g = sl3(C)

Consider g = sl5(C) and let h C sl(C) be the standard Cartan subalgebra of
diagonal matrices. We also have the positive Borel subalgebra by C sl3(C) of
upper-triangular matrices, as well as the negative Borel subalgebra b_ C sl5(C)
of lower-triangular matrices.

Observe that a € sl3(C) is regular if and only if @ # 0. At the same time, recall
that the relevant properties of F,, only depend on the conjugacy class of a (see
Remark 3.3). We will therefore assume that a is one of

s<%1 _(;1>(a17é0) and n<8 é)

Note that Sing® = Ca in each case.

The Killing form determines a quadratic form on sls(C), and this freely gener-
ates the algebra of invariant polynomials on sl3(C). Note that the aforemen-
tioned quadratic form takes z € sl3(C) to a constant multiple of tr(z?). A
straightforward calculation then justifies our taking F, : sl3(C) — C? to be

1
F.(x) = (§tr($2),tr(ax)).
If we now write

. 1 )
Tr = < T3 —1y > GE[Q((C), (31)
then we obtain

Fy(xy,29,23) = (27 + 2923,20171),

Fo(z1,20,23) = (2] + 2023, 73).

It follows that

F7H0) = {z€slk(C): 22 + a2 =0 =2a121}
= {:L'GE[Q((C):1‘1:0,$2$3:0}:u+ qu,
F7H0) = {reslh(C): a2 +xas=0=ax3} =uy,

where u; and u_ are the nilpotent radicals of by and b_, respectively. Note
that F;1(0) has no exotic irreducible components in each case. Using the
notation of Section 4.2, these last two sentences imply that |[$2(©)Z| = 2,
|52, = 1, and [#2©7/| = 0 = |2(©7’|. One can also establish that
Bs = {by,b_}, B, = {by}, and Ps = P, = 0. The reader will note that the
previous two sentences are consistent with our recursive formula (25).

We now describe the images F,(Sing®) and F'(b%), treating the cases a = s and
a = n separately. To this end, suppose that a = s and z = (21, 22) € C2. Let
us write 7" for the maximal torus of diagonal matrices in SLy(C), in which case
we have following;:

2221 2 2221 1 22
z; 1 Pk w9 €C\{0} =T z% 2o if zl—m;ﬂ)
AT %) % T2 1747 T 2ar
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and

22 22 0 2
~1(,) =) 2a T2 . 2a , . 2
Fs (Z) —{( 01 oz | x5 €C pU ;Egl oz | x3€C if 2174(1% =0.

2a1 2a1

If z; — % # 0, then F;1(2) does not meet Sing® = h and is irreducible. If

2
21— 4% = 0, then the irreducible components of F; 1(z) are x +uy and x +u_

with © = ;TZ%S € Sing®. This shows that F,!(z) meets Sing® if and only if

z1 — % = 0. Noting that Sing® = b° = h, we have

Fy(Sing®) = Fu(6°) = { (21, 22) € C%: 21 — 2 =0} (32)

Observe that projection onto the first factor Fi(bs) — C is two-to-one, except
over the origin (cf. Theorem 5.8(iv)).
In the case a = n, we have

F712) = {z €5ly(C): 22 — 220 = 21, 23 = 22}

for all 2 = (21,22) € C2. We see that F, 1(z) is irreducible if zo # 0 or
21 = 0 = 29, and we have already noted that F,1(0) = u; = Cn = Sing” in
the latter case. If zo = 0 # 21, then denote by ,/z1 a fixed square root of z;.
We then have

F1(2) = (ding (v/37, /) + 4) U (diag(— /71, y71) + 1),
This consists of two irreducible components, each contained in by (cf. Propo-
sition 4.3(iii)).
We now compute Fy, (b™) and F,,(Sing™), noting that b™ = b = {3 = 0} in the
notation (31). Since F,(z1,72,0) = (2%, 0), we see that

F(6™) = {(21,22) € C*: 20 =0} = C x {0}.
We also have Sing” = Cn = {1 =0 = z3} = uy, yielding
F,(Sing") = {0}. (33)

REMARK 6.1. Recall that Proposition 5.2 reduces the possible codimensions of
F,(Sing®) to 1 and 2. Equations (32) and (33) show that each of these possible
codimensions is achievable.

6.2 THE CASE g = sl3(C)

Suppose that g = sl3(C) and that a € sl3(C)yee. The map F, : sl3(C) — C°
is more complicated than its slo(C) counterpart, to the point that general
fibres of F, are more difficult to describe explicitly. We will nevertheless show
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that F,(0) has an exotic irreducible component, and we will illustrate the
assertions of Theorem 5.8.
We may take F, : sl3(C) — C® to be given by

Fo(z) = (tr(2?), tr(z®), 2tr(ax), 3tr(az?), 6tr(a’z)). (34)

It is also straightforward to verify that

s1 0 O p 1 0 01 0
s=| 0 s2 0 |(si#s; Vis), r=|0 p 0 [(#0), and n=[0 0 1
0 0 s3 0 0 —2p 0 0 O

are a complete collection of representatives for the conjugacy classes of regular
elements in sl3(C). In light of Remark 3.3, we will assume that a is one of s,
r, and n.

Recalling the notation established in Section 4.2, we obtain the following data.

* * 0 0 * *x 0 0 = * 0 0 * ok ok

B, = s o« 0, (0 = 0], ESE N B 1,10 % 0 s
* * ok * ok ok 0 = * * 0 *x x*

7)5 - {pl

S O *
S * %
S ¥ %
O *

*

I
~

*
*

* K

In what follows, h C sl3(C) is the usual Cartan subalgebra of diagonal matrices
and uy C sl3(C) and u_ C sl3(C) are the maximal nilpotent subalgebras of
upper-triangular and lower-triangular matrices, respectively.

PROPOSITION 6.2. If s € sl5(C) is as defined above, then there exists an element
x € F71H0) N (u_ @ uy) that is not contained in any p € Ps.
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Proof. Given i € {1,2,3}, let ¢; € b* be the linear functional that picks out
the diagonal entry in position (i,7). We then have the standard simple roots
a:=a;=¢—¢cyand B :=as =€ —€3, and we put v := a3z = a+ [ =€ —e€3.
It follows that A = {«, 3,7, —a, —8,—7} and AL = {«, 5,7}
If i,7 € {1,2,3} are distinct, let e;; € sl3(C) be the matrix with 1 in position
(i,7) and all remaining entries equal to 0. Let us set
€q ‘= €12, €pi=€23, €4 =€13, €_o:=E€21, €_p:=€32, €_5I=E3],
reflecting the fact that ejo lies in the a-root space, es3 is in the S-root space,
etc. We also consider the matrices in h given by
ha = [ea,e—q] = diag(1,—1,0) and hg:= [eg,e_g] = diag(0,1,—1).

Now expand s in the basis {hq, hg} of b, i.e.

s = Saha + sghg = diag(sa, sg — Sa, —58)
for s4,sg € C. Note that

as) =2s4 —sg, and f[(s) =2s5 — sq. (35)
Now consider an element

T = Zzyey cu_ duy,
vEA

where all , € C. Let us choose z4,23,2—, € C such that

(Tazpr—r)? = a(s)B(5)7(5)-

Note that x,, g, and x_, are non-zero, as s being a regular element forces
each of a(s), 5(s), and v(s) to be non-zero. Now define z_n,z_g,2, € C by
the conditions

TaT-o =a(s), xpr_pg=p(s), T,o_y=—7(s).

It follows that x,, # 0 for all v € A. A glance at the above-listed elements of
Ps = Bs U Ps then reveals that a ¢ p for all p € Ps.

It remains only to verify that x solves Fi(x) = 0. To this end, recall the form
of our Mishchenko-Fomenko map F : sl3(C) — C°. We have tr(s’z) = 0 =
tr(sx), so that the equation Fs(z) = 0 is equivalent to the system of equations

(<= tr(2*) =0
(<= tr(sz?)

(= tr(2®) :70

Toloq +TRT_3+ Ty =
S8TaT—q — SaZBT_g — (S8 — Sa)TyT—y =

LalRT—y + Ty pT_q =

o O O

)

0)
).
To address the first equation, note that

Tal—o +TT—p + 277y = as) + B(s) —y(s) = 0.
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The second equation is also satisfied, as (35) gives

$8Tal—a = Sa®pl-p = (58 = Sa)TyT— = spa(s) = saB(s) + (55 — sa)7(s)
= spa(s) — safB(s)

+ (55 = sa)(a(s) + B(s))
= 25,53 — s% — 25453 + s2
+ (58— 5a)(sa + p)

_ 2 2 2 2
= sa—sﬂ+55—sa

0.
To deal with the third equation, observe that

(TaTpT—ry) (TaTpT—ry + TyT_pT_a) = (xaxﬂx—v)Q Tt Tl —alpT—gLyT—y

a(s)B(s)v(s) — als)B(s)v(s)
=0

Since zoxgr—_~ # 0, this implies
TaTBT—ny + Ty T_gT_o = 0.
O

REMARK 6.3. Recall the notation used in the proof of Proposition 6.2. One

can verify that the element x = x,e, is reqular nilpotent, i.e. 22 #£0 =23,

We also have
tr(sz) = tr(s’z) = tr(sz?) = tr(2?) = tr(2%) = 0,
so that
tr((z +As)*) = tr((As)*) and tr((z + As)*) = tr((As)?).

This is easily seen to imply that x + As and As belong to the same adjoint orbit
for all X # 0. Since x and s are both regular, we conclude that x € sl3(C)5,.,-

PROPOSITION 6.4. Ifr € sl3(C) is as defined above, then there exists an element
x € F71(0) Nimage(ad,.) that is not contained in any p € P,..

Proof. Let us write

11 T12 T13
r=|T21 X222 T23 | € 5[3(@)
Tr31 T32 I33

Now recall the definition of r and observe that z € image(ad,) if and only if
x11 + @22 = 0 = w33 = x91. In this case, the equation F,.(z) = 0 reduces to the
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system
T3, + T13731 + To3T32 = O
ZE11($13$31 - $23$32) + x12w23231 = 0
20731 — PT13T31 — PTozaz + Tozxzr = O.

One can use a direct calculation to check that

—3p 1 3pi
T = 0 3p 9p%
3pt 0 0

is a solution, where i = v/—1. An inspection of the list 7/3: = B, U P, shows
that z is not contained in any p € P,., since xa3,x31 # 0. O

REMARK 6.5. A direct calculation establishes that the above-constructed matriz

—3p 1 3pi
T = 0 3p 9p%
3pt 0 0

is reqular nilpotent, i.e. x*> # 0 = x3. One can also check that x + \r and \r
have the same Jordan canonical form for all X # 0. It follows that x + Ar and
Ar are SL3(C)-conjugate for all X # 0, and we conclude that x ¢ Sing”.

It remains to consider the case a = n. To this end, Charbonnel and Moreau
establish that

0
0
-1

(36)

&

I
oo
coo

is contained in F, 1(0). It is also clear that = does not lie in any p € P,. This
combines with Propositions 6.2 and 6.4 to yield the following result.

THEOREM 6.6. If a € 613(C)yeq, then F,1(0) has a point that does not lie in
any p € P,. Equivalently, F,;1(0) has an exotic irreducible component.

REMARK 6.7. Note that Fy is invariant under the action of the centralizer
SL3(C), C SL3(C). Note also that F;1(0) is invariant under the dilation ac-
tion of C* on sl3(C), and that this action commutes with the adjoint action of
SL3(C), on sl3(C). Now let x be the element constructed in the proof of Propo-
sition 6.2 if a = s, Proposition 6.4 if a = r, and Equation (36) if a = n. It is
then straightforward to deduce that the exotic irreducible component referenced
in Theorem 6.6 is the orbit closure (C* x SL3(C),)z C F;1(0).

We now illustrate Theorem 5.8, and this involves considering the subalgebra
b® in each of the cases a = s, a = r, and a = n. A first observation is that

* 0 0 * x 0 * %
b°=10 % 0])=H b"=]0 *x 0], and 6" =[0 =
0 0 = 0 0 = 0 0
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Recall also that the Weyl group W is generated by the simple reflec-
tions [0 diag(zu,:cgg,—zu — 5622) — diag(zgg,zu,fxu — ZL'QQ) and g9 .
diag (211, Ta2, —11 — Ta2) — diag(—x22 — 11, T2z, T11)-

A straightforward computation reveals that the restriction of F to b® = b is

2(2%, + 23, + z11722)
—3(x3 202 + 21123;)
Fé(,iE) = 2(281 + 82)1'11 + 2(81 + 252):622 N
73(5256%1 + 2(81 + 82)1'111'22 + 515632)
76(25152 + 83)1'11 - 6(8% + 25152):622
where x;; denotes the entry of € b® in position (¢, j). One can also show that
the restriction of F,. to b” is given by

2(x3 + 135 + 711722)
—3(z3 w22 + 1173,)
F.(z) = 6p(x11 + 22) , zeb.
—3p(a; 4 4w11722 + 235)
—18p*(z11 + 22)

The restriction of F, to b™ = b is given by

2(96%1 + 22, + T11792)
3(—ai wo2 — T115)
F,(z) = 0 , T EDL".
0
0

Note that each of these restrictions only depends on the diagonal part zy of =
(cf. Theorem 5.8(i)). We also see that F,(b™) = C? x {0}, which is consistent
with Theorem 5.8(ii).
We now illustrate Theorem 5.8(iv) by computing the degree of w3 : F.(b%) —
C2%. Consider the semisimple part ry := diag(p, p, —2p) of r, observing that
W, = {id,o1}. The restriction FT|h : h — CP is easily seen to be invariant
under W, . At the same time, one can verify the following fact: if z € hNgeg,
then

Fr(o(x)) # Fr ()
unless o € W, . Using these last three sentences and recalling that F,.(b%) =
F.(h) (see Theorem 5.8(i)), it is straightforward to deduce that w3 : F.(b") —
C? has degree |W/W,, | = 3.

NOTATION
e |M]| cardinality of a set M

° f}Z restriction of a map f to a subset Z
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df (z) differential of a map f at a point x

Hax orbit of x under a group H

H, C H the H-stabilizer of x

g semisimple Lie algebra

r =rk(g) rank of g

b = b(g) dimension of a Borel subalgebra of g

(-, Killing form on g

G adjoint group of g

exp : g — G exponential map

Ad, ad adjoint representations of G, g, respectively

g, C g the g-centralizer of z € g

h C g Cartan subalgebra; T = exp(h)

A, AL 1T sets of roots, positive roots, simple roots, respectively
W =W(g,h) = Na(T)/T Weyl group

B C G Borel subgroup; b = Lie(B)

b? intersection of all Borel subalgebras of g that contain a € greg
u® nilpotent radical of b®

P C @ parabolic subgroup; p = Lie(P)

[ Levi factor in a parabolic subalgebra

greg Tegular elements in g

Osing = 0 \ Oreg Singular elements in g

Sing® = gsing + Ca

Goreg = 0\ Sing”

C[X] coordinate algebra of a complex affine variety X

Clg]¢ C Clg] algebra of G-invariant polynomials on g

fi,..., fr homogeneous, algebraically independent generators of C[g]“

F the adjoint quotient map (f1,...,fr): g — C"
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F,:9— C? Mishchenko-Fomenko map associated with a € Oreg

F. C C[g] Mishchenko—Fomenko subalgebra associated with a € greg
B, set of all Borel subalgebras of g that contain a € greg

P, set of all proper parabolic subalgebras of g that contain a € greg
Pa=Pa\ Ba

97, set of all irreducible components in F,1(0)

97/ set of all Z € 97, satisfying Z ¢ p for all p € P,
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