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ABSTRACT. We prove several results of concentration for eigenfunc-
tions in Toeplitz quantization. Under mild regularity assumptions,
we prove that eigenfunctions are O(exp(—cN %)) away from the corre-
sponding level set of the symbol, where IV is the inverse semiclassical
parameter and 0 < § < 1 depends on the regularity. As an applica-
tion, we prove a precise bound for the free energy of spin systems at
high temperatures, sharpening a result of Lieb.
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1 INTRODUCTION

Localisation or microlocalisation estimates are central in semiclassical analysis.
The most practical context for studying localisation of quantum states is the
case of a smooth symbol on a fixed, finite-dimensional manifold. Indeed, in this
case one can use the symbolic calculus to prove O(A*) decay in the forbidden
region.

How to improve these bounds? One idea is to impose more regularity (e.g.
real-analyticity) and try to obtain more precise microlocalisation estimates (see
section 3.5 in [24] for the pseudodifferential case and [9] for the Toeplitz case).
Recent work developing or using exponential estimates in analytic regularity
features magnetic Schrodinger operators [14, 15], the focusing NLS equation
[11], resonances of Schrodinger operators [12] and the Steklov problem [13].
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1316 A. DELEPORTE

In this article, we are interested in localisation estimates in low regularity
for Toeplitz quantization [21]. Given a compact Kéhler manifold (M,w,J),
where w is a symplectic form with integer periods and J is a complex structure,
one can construct a Hermitian complex line bundle (L, h) over M, such that
curv(h) = 2imw; then the essential ingredient for the quantization is the family
of Szegd projectors (Sn)nen: for every N € N, Sy is the orthogonal projector
from the section space L2(M, L®"N) to the subspace of holomorphic sections
HO(M, L®N). Then, the Toeplitz operator Tiy (f) associated with a function f :
M — C is the composition of the multiplication by f and the Szeg6 projector:

Tn(f): HO(M,L®N) —  HO(M,L®N)
U — Sn(fu).

One should think of N as an inverse semiclsasical parameter: N = h~!. The
Toeplitz operator T (f) is well-defined, and uniformly bounded in operator
norm, as long as f € L. This fact already hints towards a different behaviour
of Toeplitz and Weyl quantization for low-regularity symbols (in Weyl quanti-
zation, one must assume some regularity to obtain L? — L? boundedness).
We are now ready to state the first main result of this article.

THEOREM A. Let (M,w,J) be a compact, quantizable Kahler manifold. Let
a= % if (M,w,J) is CYt and a = 1 if (M,w,J) is real-analytic.
Let f € L*>°(M,R). For every § > 0 there exist C > 0,c > 0, Ny > 0 such that,
for any N > Ny, for any € > CN~30_ for any normalised u € H°(M, L®N)
and any A € R such that

Tn(f)u= Au,

with
W ={z e M,dist(z,{f > A+ ¢€}) > €},

one has

c _a
HUH%Z(W) < ? eXp(fc(Nezl) Za+1 )

In particular, if W is at fixed distance from a sublevel of f (that is, if € does
not depend on N), then the mass of u on W is always O(exp(—cN1)). This
precision is much better than the symbolic calculus even for smooth symbols
on smooth manifolds (which only leads to O(N~°°)) and, in fact, it is better
than the knowledge of the Szegd projector near the diagonal [26, 25, 4, 23],
which is also O(N~°).

In fact, Theorem A, as well as Theorems B and C below, only depend on
the off-diagonal decay of the Szeg6 projector (Proposition 2.2). In particular,
equivalents of these Theorems hold on various generalisations of Kéhler quan-
tization, as long as this off-diagonal decay holds: spin®-Dirac quantization [23],
or Bochner Laplacians [16, 20]. Semiclassical constructions of Szegé almost
projectors, like the one used for almost Kéhler quantization (appendix of [3])
are not precise enough here: they are only defined modulo O(N~°°) so the
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FrACTIONAL EXP. DECAY FOR TOEPLITZ OPERATORS 1317

kernel decay is blurred at this limit. However, all methods used here work in
this context, yielding O(N~>°) estimates for low-regularity symbols.

The factor Ne?, or equivalently the condition € > CN _i"’, does not correspond
to usual statements about microlocalisation. Usually, operator calculus works
for symbols in mildly exotic classes S 1,80 that one can prove Os(h™) decay

at distance Az~

The FBI transform (or equivalently, the Bargmann transform) allows to con-
jugate Toeplitz operators on C™ with pseudodifferential operators on R?”. Un-
fortunately, the error terms in this conjugation are usually much larger than
the decay rates in Theorem A: indeed, even for C*° symbols it is not better
than O(h*°). Thus one cannot apply Theorem A to pseudodifferential opera-
tors. Apart from the case of Gevrey or analytic regularity, the only situation
in which one is able prove exponential decay for pseudodifferential operators is
Agmon estimates for differential operators [1].

On the Toeplitz side, the quantization of indicator function of sets has raised
recent interest [6, 27], in connection with Fermi statistics. We also must men-
tion the work [19], which obtains fractional exponential decay (more precisely,
O(exp(—cN2))) at finite distance for Toeplitz operators with C° symbols; in
fact, the proof of this localisation result only uses C'''! regularity of the sym-
bol. The method used is a weighted estimate for the Kohn Laplacian (or rather,
the Bochner Laplacian): one writes Sy as the kernel of an elliptic differential
operator, then conjugate with rapidly oscillating weights.

Using the decay properties of the Szegd projector, one can simplify a great deal
the method used in [19] and relax the regularity hypotheses. This leads to the
following improvement of Theorem A.

THEOREM B. Let (M,w,J) be a compact, quantizable Kihler manifold of reg-
ularity O,

Let f € Lip(M,R). There exist C > 0,c¢ > 0 such that, for any N € N, for any
e > CN~2, for any normalised w € HO(M,L®N) and any X € R such that

if
W = {z € M,dist(z, {f > A+ CN"2}) > ¢},
one has
1
||U||2L2(W) <CN->= eXp(fce\/N).

A byproduct of Theorem B is that the eigenfunction u is O(N°) (in fact,
exponentially small) on {|f — A| > N=2+%} for any § > 0. If A is a regular
value of f, the sharpness of this localisation region cannot be improved: the
uncertainty principle forbids quantum states in Toeplitz quantization to be
concentrated on a band thinner than N~z

A version of Theorem B is used in [19] to study the low-energy spectrum of
symbols with more regularity. If f € C11(M,R) and min(f) = 0, then testing
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1318 A. DELEPORTE

against coherent states shows that the smallest eigenvalue of T (f) is of order
min(Sp(Tn(f))) = O(N~1). In this situation, one should expect the corre-
sponding eigenvector u to be concentrated on {f < N~1*9}. In the case where
f € C*, this can be obtained from the symbolic calculus [5, 8]. Here, we are
able to modify the proof of Theorem B, yielding a sharper result.

THEOREM C. Let (M,w,J) be a compact, quantizable Kihler manifold of reg-
ularity CHt.

Let f € CYY(M,R) with min(f) = 0. For every § > 0 and every Cy > 0,
there exists C' > 0 and ¢ > 0 such that, for any N € N, for any normalized
uw € HO(M,L®N) and any A < CoN~! such that

Tn(f)u = I,

one has

3
HUH%Z({sz—lJra}) S Ce_CN2 .

A natural set of quantum Hamiltonians which can be written as Toeplitz op-
erators consists in spin operators: here, the manifold is (CP!)? ~ (52)¢, and
the symbol f is a polynomial in the coordinates for the natural immersion into
(R%)9. Such a symbol is real-analytic, so for fixed d and N — oo this result is
weaker than the O(exp(—cN)) decay established in previous work [9]. However,
in experimental situations d is much larger than N, which raises the question
of uniform (in d) localisation estimates for a reasonable sequence of symbols.
Usual tools for the study of microlocalisation fail in this context. The symbolic
calclulus makes sense for fixed d but goes awry as d increases: for instance, the
stationary phase lemma typically requires a number of derivatives which grows
linearly with d. Theorems B and C rely on the pointwise decay property of the
Szegd projector by means of the Schur test. This also fails in large dimension
(see Subsection 2.2).

However, the method of proof used in [19] adapts to the limit d — +o00 quite
well. Controlling the various constants yields

THEOREM D. Let g be a tame spin system (see Definition 6.2). There exists
C > 0 and ¢ > 0 such that, for every N € N, for every d > do(N) large enough,
for every u € H°((S2)4, L®N) of norm 1 and A € R such that

Tn(g)u = lu,
then with L
U={lg—\ <CN-id1}
and )
W = {z € (5%)%, dist(z,U) > CN~3Vd},
one has

/ VN ()P < €
w
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FrACTIONAL EXP. DECAY FOR TOEPLITZ OPERATORS 1319

The previous result implies fractional exponential decay at distance Cv/d of U.
Localisation estimates can be used to understand, at least at dominant order,
the behaviour of the heat operator generated by T (f). This heat operator is
the complex extension of the wave propagator, restricted to imaginary time.
The analysis of this operator is relevant not only with respect to the Egorov
theorem, but also because it is believed to be related to geodesics in the space
of Kéhler metrics on M. Furthermore, in the case of spin systems, the quantity
Z = Tr(e PTn (f )) is called partition function at inverse temperature § and is a
key element of the understanding of the statistical mechanics of spin systems.

PROPOSITION 1.1. Let g be a tame spin system. Consider, for N € N and
B >0, the quantum free energy

1
Bd

Consider also the normalized classical free energy
fe=——-log

N+1\* Y
ﬂd ( s ) /(gz)de ‘|

Then there exists ¢ > 0 and C > 0 such that, uniformly in d and N, uniformly
in B < cN%dfl, one has

fo= log(Tr(exp(—BTn(g))))-

1

\fo — fol| <CN~z.

As for the standard estimate found in [22], Proposition 1.1 is a “Weyl-law”
type control: one estimates a quantum quantity, related to the distribution of
eigenvalues, using only the volume form on the phase space. Such estimates
cannot distinguish between situations where there is a phase space transfor-
mation preserving the volume form but not the symplectic form (for instance,
between a Heisenberg antiferromagnet and a Heisenberg ferromagnet).
Proposition 1.1 improves [22] by a factor d, but is unsatisfactory because the
range of temperatures covered is too restrictive for practical applications; ob-
taining a result valid for 8 < ¢(N), independent of d, could hopefully be ob-
tained by sharpening the techniques used here, in particular, Conjecture 1 and
Proposition 1.1.

This article is organised as follows. In Section 2 we review the properties of the
Szeg6 projector that we will use to prove Theorems A, B and C. In particular,
Subsection 2.2 is devoted to an analysis of the case of a product of a large
number of spheres.

In Section 3, we prove Theorem A. The method used is a decomposition of M
into shells corresponding to the distance to a level set. In Section 4, we de-
rive weighted estimates by simplifying the methods of [19], in order to prove
Theorems B and C.

The two last sections of this article are devoted to Theorem D and Proposi-
tion 1.1. In Section 5, we review the proof of the weighted estimate in [19], and
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1320 A. DELEPORTE

we give an explicit dependence of the constants in the objects (the manifold,
the weight, and the symbol). In Section 6, we construct a weight adapted to a
spin system in large dimension, and conclude the proofs.

2 RATE OF DECAY OF THE SZEGO PROJECTOR

2.1 GENERAL CASE

One of the essential properties of the Szegd projector is its rapid off-diagonal
decay. It is much easier to derive a good off-diagonal decay rate than to study
the Szegd projector near the diagonal with a corresponding degree of precision;
in fact, save for the case where M is real-analytic, the off-diagonal decay is
faster than the precision available on the diagonal.

PROPOSITION 2.1 (Pointwise estimates). Let M be a compact Kihler quanti-
zable manifold of complexr dimension d. For N € N, let Sy denote the Szegd
(or Bergman) projector on M. Then the following is true.

1. [10] If the metric of M is C11, then there exist C > 0,c¢ > 0 such that,
for any N € N, for any (z,y) € M2,

|Sn (@, y)]* < CN? exp(—cV/N dist(z, y)).

2. [2] If the metric of M is real-analytic, then there exist C > 0, ¢ > 0 such
that, for any N € N, for any (x,y) € M2,

|Sn (z,y)|* < CN®exp(—cN dist(z,y)?).

In the previous Proposition, the decay rate of case 1 is essentially sharp
(up to a power of log(NN)) if the metric of M is C™ or less [7]. Case 2
is also sharp: in the easiest examples M = C” or M = CP", one has ex-
actly |Sy(z,y)|? = CP(N) exp(—cN (dist(z,y)? + O(dist(z, y)*))). In the case
of s-Gevrey regularity, one can interpolate between cases 1 and 2, obtaining
(N dist(x,y)?)%-7, see [17]; we do not know if this decay rate is sharp.

This pointwise decay immediately leads, via the Schur test, to a decay in terms
of operators.

PROPOSITION 2.2 (Operator estimates). Let M be a compact Kihler quantiz-
able manifold of complex dimension d. For N € N, let Sy denote the Szegd (or
Bergman) projector on M. Then the following is true.

1. If the metric of M is CYY, then there exist C > 0,¢ > 0 such that, for
any N € N, for any open sets U,V of M,

|1y SnTLy| L2sre < Cexp(—cV/N dist(U, V).

2. If the metric of M is real-analytic, then there exist C' > 0, ¢ > 0 such
that, for any N € N, for any open sets U,V of M,

11y SnTy |22 < Cexp(—cN dist(U, V)?).
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FrACTIONAL EXP. DECAY FOR TOEPLITZ OPERATORS 1321

['he constant C is not trivial to get rid of. In particular, one gets estimates of
the form
Lo Sy || p2s 2 < exp(—c/(N dist(U, V)?)' o 1/2)

only under the condition that dist(U, V) > CyN~2. This remark is of little
importance on a fixed Kéahler manifold, but as we will see, the constant C' blows
up with the dimension in the case M = (52)?, at least when using a Schur test.

2.2 PRODUCTS OF SPHERES

This subsection is devoted to a discussion of Proposition 2.2 in the case M =
(52)4. Unfortunately, we are not able to prove a d-independent version of
Proposition 2.2 in this context, but we conjecture it is the case, and give a
simple proof of a weaker result.

We take the following scaling convention: the area of the sphere is 1. The Szegé
kernel on (52)? is easily obtained from that on 52: one has

d
|Sn.a(z,y)l = (N + D) T] (@iga)™

=1

For fixed d and = # y, as N — 400 this quantity decays exponentially fast.
As d increases, however, this behaviour is destroyed. It makes sense to try to
estimate operator norms of the form

[ToSnLv |22

where U and V are at positive distance, independently on d. Indeed, in this
version of the kernel estimate the factor N¢ is not present anymore (see the
difference between Propositions 2.1 and 2.2). Moreover, in the proof of Theo-
rem A, we only use Proposition 2.2.

LEMMA 2.3. For 0 <6 < 7/2 one has
cos(0) < exp(—6?%/2).

Proof. The two first non-zero terms in a Taylor expansion on both sides coin-
cide, so that

2 = kpn2k 1 1
exp(—6°/2) — cos(0) = Z(*l) 0 [Qkk! N (Qk)!] :
k=2

The claim then follows from the fact that the non-negative sequence

([~ wa])...

is non-increasing and the alternating series theorem.
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1322 A. DELEPORTE

Indeed, the difference between two consecutive terms is

29;; [l N 2(k9+ 1)] - (Zj:)! [1 2k + 1>9<2k+2>} '

2(k Y < 15, the difference between two consecutive terms is larger than

92k

s 2k s
m[1.3.-.(21%1)(175)—1} z% [271} > 0.

PROPOSITION 2.4. Let d, N be positive integers and let D > 0. Let U,V be
subsets of (52)¢ such that dist(U,V) = D > 0.
Then

4
MuSNLv||Lione < —

mzxd exp(—(N + 1)D?/16).

In particular,

H]IUSN]IVHL2—>L2 < \/—_4dexp(—(N+ 1)D2/16)

Proof. One has

Lo Snly e = sup/ 1S (2, 1)].
zeU JyeV
Letting P =

[0,7]¢ and B(0, D) denote the Euclidean ball of radius D in R?
one has

N +1)4
[Ty SNIv|Lispe < W+ 1) /
P

o H cos(0;/2)N sin(6;) dfy ---dbg.

\B(0,D) ;3

=2cos(0;/2)N+1sin(6;/2)

From Lemma 2.3 and the classic inequality |sin(z)| < z, one is left with

(N +1)4

d
(N+1)62/8
04.
24 /P\B(O,D) 1;[

[TuSnIv|pisp= <

Letting P = {z € C, |z| < 7} and B(0, D) denote the Hilbert ball of radius D
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in C%, one has Pc E(O, Vdr), so that

d
/ e—(N+1)92/8 H ej déy - -- ded
P\B(0,D) i1

1
:W/N e NP Az L dzgdzg
P\B(0,D)

1

< d/~ e WPy dzr L degdzg
(2m)% JB(0,var)\B(0,D)

2

woa—1 [T N
= / e~ (N+Du/8yd=1q,,
2(27T)d D2

Here woy_1 = (;%i)! is the volume of the unit sphere in dimension 2d — 1.
The Stirling formula yields

2 d—1
(N +1)? /GITr —(N+1)u/8 eu
1 1 1 yo0 < ———— “ —_— d
H USN VHL —L - m D2 € 4(d71) u

1 d7r2(N+1) /s ( er )dl 1
= —— [ —_— xX.
V2nd Jp2(N+1) 4(d-1)

The quantity to be integrated is equal to

d—1
o~ /16 <e—m(dzl) 4(de:c 1)> < fd—1p-2/16
In particular, one has
4de—(N+1)D2/16
. )

[LuSnLv]izisre <

hence the claim. O

Using the Schur test to estimate |1y Sn1y | L2 12 seems rather weak. Indeed,
an easy bound is
[LuSnlv|r2—re < 1.

Theorem 2.4 beats this easy bound when d > 3 under the condition

—1
D>5/d-L
N+l

In particular, one has

ProprosITION 2.5. Ifd > 3, if D > 10 NLH and if U,V are two open sets of
(52)4 at distance D, then

[Ty Snly |22 < exp (ﬁ

! (N + 1)D2> .
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We will rely heavily on Proposition 2.5 later on.

Using the Schur test to estimate |1y Sy1y |22 is very crude. We conclude
this section with the following conjecture.

CONJECTURE 1. There exists a universal constant ¢ > 0 such that, for any
integers d, N, for any open sets U,V in (52)¢, one has

1Ty SNTv||L2re < exp(—cN dist(U, V)?).

This conjecture is at least true if U is a ball around one point, and V is the
complement of a larger ball around that same point. If we want to prove
Theorem A in the context of a large product of spheres, one would need to
apply this conjecture to distances much shorter than vdN.

3 FRACTIONAL DECAY OF EIGENFUNCTIONS WITHOUT REGULARITY

In this section we prove Theorem A.

Let f,u, X be as above. Let us fix Uy = {f > XA+ €}. Let (see also picture
below)

a =€t N~
Uy = {x € Uy, dist(z,0Uy) > a}
Uy = {x € Uy, dist(z,0Up) > 2a}
Vy' = M\ {z € Uy, dist(z, dUy) > 3a}
Vo = M\ {z € Uy, dist(z,0Up) > 4a}
Vo = M\ {z € Uy, dist(x, 0Up) > 5a}.

Note that a = o(e) and N™2 = o(a) as N — +oo. We also let yo €
C*(M,[0,1]) be such that supp(xo) C V5’ and supp(1l — xo) C Uy

DOCUMENTA MATHEMATICA 25 (2020) 1315-1351



FrACTIONAL EXP. DECAY FOR TOEPLITZ OPERATORS 1325

Vo

"

0 = Supp Xo

_—

f small

Uy
Now

0 =(u, (f = Nu)
=(xou, (f = A)xou) + 2((1 = xo0)u, (f = A)xow)
+((1 = xo0)u, (f = A)(1 = xo0)u).

Since f — A > € on the support of 1 — xg, one has
(1= x0)u, (f = N1 = x0)u) > €llullF2(y)-

Moreover,

(1 =x0)u, (f = Mxou) < Uiglriig,,(f = Ml 72wy avgy-
0 0

It remains to bound

<X0ua (f - )‘)XOU> = <(f - A)ua X(2)u>

from above. To this end, observe that Sy(f — A)u = 0, and it remains to
estimate

((f = Nu, (1 = Snv)xpw)

- / / (F(x) — M@ Sx(x,y) [E(@)ulz) — x3()u(y)] dyda.
xeM,ye M
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We first examine this integral restricted to z € U} NV, that is,
A={(f = Nu, Lyzav[1 — Sn]xgu)
which we decompose as
A=A+ A

Ay = ((f = Nu, Tyyayy [l — SNIL A (o nve) Xow)
Ay = ((f = Nu, Lygavg [1 — Sn]Lupnve Xou)-

Since dist(Uy N Vy, M \ (Up N Vo)) > a, one can apply Proposition 2.2, so that
A1 < C n/aax/(f -\ exp(—c(Na2)")||u||Lz(UémV0/).
Upnvy
Moreover, one has

2
o] < ama (7 = M)l e

Now we consider the integral restricted to € M \ (UjNVy), that is
B = (Iap vy (f = Mu, [1 = Sn]xgu).-
One has, since xyo =0 on M \ V’,
B =By + By + B
Bi = (Lanwynvg) (f = N, [1 = SnIxglogavy)
By = (Lyp vy (f = Mu, [1 = SyIxgLanuy)
Bz = (L (f — Nu, [1 = SnIxgLanuy )-

From Proposition 2.2 one has
|Bl| S Cm]\%X(f — )\) exp(—c(NaQ)”‘)||u||Lz(U6/mV0~)

|Ba| < ij\%x(f -\ exp(—c(4Na2)a)||u||L2(M\VOr).

Moreover x3 =1 on M \ U}, so that, since Syu = u,

| Bs| = (Lapug (f = Au, [1 = SnIxglanoy)
—(Lanoy (f = Nu, [1 = Sy]xgloy).

Then again

| B3| < C]vall\aéz(f —-A) exp(fc(NQa)o‘)HuHLz(Ué/).
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To conclude, from

0 = (xou, (f = A)xou) +2{(1 = xo0)u, (f = N)xow) + (1 = x0)u, (f = A) (1 —x0)u),

we obtain the inequality

2 2
COHUHL?(VO” < U?lr%\)/(o”(f - )‘)HUHL?(U[;'nV(;’)

C - A - N 2 @ 2 / ’
+ ,}?g"}d(f ) exp(—c(Na™)*)||ul| L2wynvy)
+ [}?g"%(f - )‘)H“H%Z(Uoﬁvo)

+ ij&x(f - ) eXP(—C(NGQ)a)||“||L2(U6/ﬂVo”)

+ Cm]\z}x(f - ) exp(fc(4]\7a2)o‘)HuHLz(M\VOr)

C _ N2 a ”
+ ;/[n\a,[j%exp( ¢(N*a) )||U||L2(Uo)’

which we simplify into
. —¢(N?a)™ 2
(¢~ 4Cmax|fle ) el oy
<920 Y —c(Na?)™
< 2Cmax(f = Ml L2wonve) (1ull z2wonve) +¢ -

Since N2a = Ne* > N9, let us restrict ourselves to N large enough (depending
on ¢) so that

4C max |f|eiC(N2a)a <e€/2.

In conclusion, one has the following dichotomy.

e Either |lul|r2@m,nvy) < e=c(Ne*)" in which case

O oinatye

o Or ||ull L2(wonve) = €*C(N“2)a, so that

HUH%Z(U[S’) < 4:||U||2L2(U0nv(,)-

In the second case, one proceeds to an induction, letting
Uy = int(M \ Vo)
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where int(E) is the interior of the set E. One has then

U, = {ZL' e M, diSt(:C, Uo) > 5(1}

c
4=
€

lullZaq, < 1l ) -

14+4—
€

We proceed in the induction, considering sets U, Vi, and so on, until one of

these conditions is satisfied: k = 6% or

C —c(Na?)®

If we have reached k = &, then Uy is the set of points at distance at least
2¢+ O(a) of Uy, and

4=
||u||2L2(Uk) < € < exp(—cek).

14+4—
€

In the other case, the last iteration Uy contains the set of points at distance €
of Uy, and is such that

C —¢(Na?)®
HUH%Z(UHSZL?Q (Na®) .

£

Now since k = 5=,
a

one has
—
ek ~ ¢(Na*)* ~ N2+

where &~ means “up to some constant”.
This concludes the proof.

4 DECAY OF EIGENFUNCTIONS FOR LIPSCHITZ SYMBOLS

In this section we prove Theorems B and C. They respectively follow from the
two following weighted estimates:

PROPOSITION 4.1. Let M be a CY' Kdhler manifold. Let p € Lip(M,R).
There exist two constants ¢ > 0 and C' > 0 such that, for every a € R with
la] < ¢, for every f € Lip(M,R) with Lipschitz constant K, for any N € N,
for any u € HO(M, L®N) such that Tn(f)u = \u for some X € R, one has
/ 20V Np() (f(:z:) A= CK|0<|N_%) lu(z)|?dz < 0.
M

Moreover, the constants ¢ and C only depend on the Lipschitz constant of p.
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PROPOSITION 4.2. Let M be a CY'' Kihler manifold, and let f € CYY(M,R)

with min(f) = 0. Let u € HO(M,L®N) be such that Tn(f)u = Au, with
A=O(N71). Fork € N and € > 0, define

. {f—A ifk=0
9k =

max(f — A, N71+2L’“+26) otherwise.

If, for some k > 0, for all € > 0, there exists Cy, > 0 and cx > 0 such that, for
all |a] < ¢k, one has

/ eQa\/ﬁ\/f(m) (glec(:w - CkN—l-l-ﬁ-i'e) |u(z)|2dz < 07
M

then for all € > 0 there exists Crpy1 > 0 and cx41 > 0 such that, for all
|| < cky1, one has

@ IVIE (g (a) = a2 4) JuGo) Pz <0,
M

We postpone the proof of these estimates, and first use them to prove Theorems
B and C.

PrOOF OF THEOREM B.

Letting M, f,u, A\ be as in Proposition 4.1, we choose ¢, C' corresponding to
the Lipschitz constant 1; indeed we will choose p = dist(-, U) where U will be
defined later.

Now, for every |a| < ¢, one has, by Proposition 4.1

0> / 20V Np(@) (f(:z:) - A= CK|0<|N7%) Ju(z)|?dz.
M

Let us decompose this integral in two pieces, corresponding to the sign of
f—A—CKl|a|N"2: with \; = A+ CK|a[N~2 and Ay = A + 2CK|a|N "=,
one has

02/‘ 2V (£(2) — Ay) Julx)2da
{f>x2}
+/’ e2VN@) (£(z) — Ap) u()|?de
A<r<aed
+/‘ e2VN@) (f(z) — Ay) Ju(z)|?de.
I<n

The second contribution is positive, and one can remove it; with

p=dist(-, {f < Ai}),
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this yields

CKlalN—% €2a\/ﬁdi5t(m’{f§)\l})|U(.’L')|2d[1]
{f=Xx2}

<(\ - min(f))/ lu(z)|*da.

{f<}
To conclude the proof of Theorem B, we let a = &; then for € > CN_%, with
W = {z € M,dist(z,{f > \2}) > €},

on W one has dist(-, {f < A1}) > ¢, so that

/ |u|2 < e—ce\/ﬁ e2a\/ﬁdist(m,{f§)\1})|u(x)|2dx < CN%G_CE\/NHUH%Q.
w {f>X2}

This concludes the proof.

PrROOF OF THEOREM C. Let f € CYY(M,R) with min(f) = 0. It is well-
known that +/f is Lipschitz-continuous. In particular, the initialisation of the
induction in Proposition 4.2 is given by Proposition 4.1, and thus, for all £ € N,
for all € > 0, one has

/ e20VN\/f(x) (gz(m _ CkN_H#"'e) lu(z)|?dz < 0,
M

for |ax| < cr(e).

Let 6 > 0; for some k large enough and for some € > 0 one has § = 2,6% + €.
We now proceed as in the proof of Theorem B: let A\; = A + C, N~ 1% and
A2 = A+ 2C,N~1+9. Then

0> / 620“/ﬁ‘/?(g,€c — A+ )\)|u($)|2dx
{f>X2}

+ / e20VNVT (g€ — N} + N|u(z)[*da.
{f<x}

In particular,

CkN71+662a\/2C;€Ng /

P < Cunrogevent [
{f=X2}

{f<M}
so that, finally,

/ (uf2 < e=2VE-DavTin
{(F2A+C N-1+0}

The proof of Propositions 4.1 and 4.2 rely on the following commutator esti-
mates.
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LEMMA 4.3. Let M be a CY! Kéhler manifold. Let p € Lip(M,R).

There exist two constants ¢ > 0 and C > 0 such that, for any a € R with
|a| < ¢, for any f € Lip(M,R), if K denotes the Lipschitz constant of f, one
has

| exp(—av/Np) S, exp(2av/Np)] exp(—avNp) 1212 < Clal
lexp(av/Np)[f, Sn]exp(—aVNp)|r2srs < CKNT2.
Moreover the constants ¢, C' depend only on the Lipschitz constant of p.

Proof. We first prove the second bound; the first bound is a consequence of the
second one.

Recall from Proposition 2.1 that the kernel of Sy is bounded everywhere: there
exists Cy > 0,¢p > 0 such that for all (x,y) € M x M, for all N € N, one has

SN (z,y)] < CN¢ exp(fcx/Ndist(z,y)).

Here d denotes again the dimension of M.
The kernel of exp(av/Np)[f, Sx]exp(—av/Np) is

(z,y) = Sn(z,y)(f(x) — f(y)) exp(aVN(p(z) — p(y))).

Let L denote the Lipschitz contant of p; then the kernel above is everywhere
bounded by

(z,y) = CoK dist(z, y) N exp((—co + oL) dist(z, y)VN).

Let ¢ = 2. For |a| < ¢, the Schur norm of this kernel is smaller than

CoK sup dist(z, y) exp (fc—odist(z,y)\/ﬁ) <C,KN™z.
yeEM JxzeM 2

For the first bound, we proceed by differentiation with respect to a. The
statement clearly holds for a = 0, in which case [Sy, 1] = 0. With

T(a) = exp(—av/Np)[S, exp(20v/Np)] exp(—av'Np),

one has

T (a) =
VN [eXp(—a\/Np)[SN,p] exp(aV'Np) — exp(aV'Np)[Sn, pl exp(—av/Np)| .
We can now apply the second bound (with f = p); as long as |a| < ¢, one has
IT"(a)|| L2~ > < 2C1LVN.

This concludes the proof. o
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PROOF OF PROPOSITION 4.1.
Without loss of generality, one can assume A = 0 by replacing f with f — A.
As in [19], since Sy fu = 0, one can write

(VNP fu, eVNoyy = ([Sy, 2*YNP) fu, u)

= ([Sn, e2YN?)[f, S ]u, u).

To use Lemma 4.3, we need to introduce a few supplementary exponential
factors:

([Sn, eV NP][f, Slu, u)
= <67°“/NP[SN, emmp]efo‘\/ﬁpeo“/ﬁp[f, SN]efo“/NpeQO“/Npu)

Hence, if K denotes the Lipschitz constant of f one has, by Lemma 4.3
([Sw, €2V £, SnJu, u) < C2lal K NTF[|eYNoy|3,.

This concludes the proof.

PROOF OF PROPOSITION 4.2.

Let us modify the proof of Proposition 4.1 in this context where u is an eigen-
function of T (gf,) only up to some error, given by the induction hypothesis.
Let p be a Lipschitz function. Then, for all o/, one has

(e Ve YNOu) — (S YN

€
Jht+1U, € Git1> SN U, )

= —(* VNP Sy (grsru), e Y VPu).

Jk+1U

If f € CY! is non-negative then +/f is Lipschitz-continuous; we now fix p = /f.
For |&/| small enough, we want to estimate

eQa/\/N\/?SN(

Giou) = (2 VIVI g2 VIVT) 2o VT (g — f 4 M.

The operator eQO‘/m‘/?SNe_QO‘/m\/? is bounded independently of N from L?
to L? if |o’| is small enough. Moreover, 941 — [+ A is supported on

{f > N
so that

| VR = AP < € ARy 2
M

P B
{FeapN Rty

Let a > C’“Q(e) (so that the weighted estimate of the induction is satisfied).

Then, on {f > A+ N*szlﬂ”e}, one has, for |@/| small enough, for some
c >0,
1
€4a/\/ﬁ\/? < e—cNW+E€2a\/ﬁ\/?’

DOCUMENTA MATHEMATICA 25 (2020) 1315-1351



FrACTIONAL EXP. DECAY FOR TOEPLITZ OPERATORS 1333

so that

40/\/N\/7 2
/{ *Hﬁ“ﬁ} c |u|
AN 2

< e—cmk1+2 +E/ 20VNVT |y 2,
B (AN IR
By hypothesis, one has

/ 20V N/ (2) (gi(x) - OkN‘“#*e) |u(z)[*dz < 0.
M

In particular,
0> CN ‘o te / )
{fer+20N " TaRrT Y

1 €

_ 1 FFzt2
*C|OZ|N 1+2k+1+€ec|a‘N2 v 2/ 1 1
(f<A+NTTaEFT Y

e?a\/ﬁ\/flu|2

3

Jul?

so that

1 €
e2m/N\/?|u|2 < CeClalNZFT t32
(F2rr2oN HaEFT Y a

Hence, for some ¢’ > 0, one has

22 YNVI S (

1. 1_Le 1 4e
22 < CemeNTH? T (ClalNZEE TR o GVl
Lz = =

gu)

)

so that
’ ’ ’ ’ %*5
(e Yo gu, e VNouy — (S, e VNP [g, Sy Ju,u)| < Ceme VT

We can now, up to this error, reproduce the end of the proof of Proposition
1 1
4.1. Since the Lipschitz constant of gj, is N™2t2rz ¢ this yields

/ 2 VNVI (@) (g(z) - cmuv*hﬁﬁ) lu(z)[? < 0.
M
This concludes the proof.

5 WEIGHTED ESTIMATES: UNIFORMITY IN THE DIMENSION

Kordyukov [19] has proposed a method for obtaining weighted estimates for
eigenfunctions of Toeplitz operators, based on the ellipticity of the Hodge
Laplacian (thus generalizing results on the off-diagonal decay of the Szegd pro-
jector).
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In this section we revisit the proof of Theorem 1.3 in [19], while making the
dependency on the geometry more explicit.

Let M be a quantizable Kédhler manifold of complex dimension d, with L its
prequantum bundle. If V¥ is the Levi-Civita holomorphic connection on L&V,
then H°(M, L®N) is the kernel of

Oy = (VV)*VY — 7 dim(M)N.
Let p € C?(M,R) and « € R. Conjugating [ with eV Np yields
Onia = exp(a\/ﬁp)DN exp(—a\/ﬁp) =0On + aAn + o®By,
where

Ay =VN(Ap+2Vp- V) (1)
By = —N||Vp|*. (2)

Here, V is the Riemannian gradient.

In this section, we consider an integrable Ké&hler manifold of the form M =
MOd,, and obtain estimates with explicit dependence on d’. Throughout the
section, the constants appearing are, unless otherwise noted, independent on
d', that is, independent on the dimension d = dim(M) = dim(Mj) x d’. The
main illustration of the results of this section is presented in Section 6, where
M = CP', so that d’ will simply be equal to d.

If M is a product of manifolds M = (My)?, then there holds a uniform bound
on the spectral gap of L.

PROPOSITION 5.1. Let My be a compact, quantizable Kdhler manifold of regu-
larity C%t. There exists Co > 0, u > 0 such that the following is true.

Let d € N and let M = Modl. For N € N, we let Oy be the Hodge Laplacian
over M with semiclassical parameter % Then for any A € C such that |\| = o,
one has

1 -1
| (2~ 3o)

L2(M)—L2?(M,L®N)

1 -1
(=57)

L2(M)—H, (M,L®N)

S CO)

1
Jr -
vN |
where the Hy quasinorm on sections of L®N is defined as

1l %, s, oy = /M VY u(@)l o rxgrenyd Vol(z).
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Proof. The claim is true for d’ = 1, where it follows from the usual Hérmander-
Kohn estimate [18]. Indeed, in this case Oy, az, is a self-adjoint operator on
L?(My, LY™N) and this estimate implies that

O'(DN,MO) - {0} n [CN, +OO)

for some C > 0.

If (uj)jen is an orthonormal basis of eigenfunctions of Oy az,, with eigenvalues
(15)jen, then the eigenfunctions of On are tensor products of the u;’s (acting
on different variables), since

d/
On = Zf®j_1 ® On,amp ® IdLj?
=1

moreover the eigenvalues of [ are the sums of d’ eigenvalues of Oy ag,. In
particular, the spectral gap on Uy s, propagates to Oy, leading to

1 —1
- =0
|(-50v)

for |\| = 5% and Cp = 2.
Moreover, the family (u;);en is also orthogonal for the H, product, since

2

<&
-2

L2(M)—L2?(M,L®N)

(ug,un) g, = (VN VVur) e = puug, un) 2.

Thus the estimate on the operator norm L? — H; also propagates from M to
M, which concludes the proof. O

By the usual resolvent identity, this leads to a spectral gap on Oy, for ||
small.

PROPOSITION 5.2. In the situation of Proposition 5.1, let p € Lip(M,R). For
all a such that

1

< min ||Vp| 7L, —
ol < min 19714 75

) —1
(¥ H sl +3190) .

one has

1 -1
A= —Onia
|- 5o

2

L2(M)—L2(M,L&N)

1 -1
A= —Onia
(- 5)
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Proof. One has

-1 -1
1 1
A= —Onw) - (A=—=0O

-1
1 1 1
=N (A - NDN;a) (aAn + &°By) ()\ - NDN)

-1

Here Ay and By are given by (1). Writing Ay = Ano + Ay - VY where
An.,0, An,1 are respectively Ap and 2Vp, one has

_1
< |alNT2[|Ap| L= + a®|[Vpl

— L2

1
w ladno+a® Bl .

and 1
~ ANt V¥ g, ope < 2lelN"2 (V| Lo

In particular, by Proposition 5.1,

1 -1
(aAx + o®By) </\ - NDN)

L2—L2

< Cola] (N[ Apllz + [ Vpll e 2+ ol Vell~))

so that, if

J —1
af < min [ 90174 50 (V21800 + 3190l ]

1
2Cy
then

2+ |af[|Vpl L~ < 3.
In particular,

<

L2—L2

1 - 1
(aAn + o®By) ()\ — NDN) 3

Hence, the operator I — (aAN + QQBN) ( — %DN)_1 is invertible on L?, with
operator norm bounded by 2, so that the resolvent identity yields

1 -1 1 -1
A— —=0Ona < - =
(=wowe) 22| 0-50)
L2— L2 L2—L?
A L a - <20 A L a -
N Me o NV .
L2—H, L2—H,
One can then conclude from Proposition 5.1. O
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REMARK 5.3. Proposition 5.2 can be used to obtain off-diagonal exponen-
tial estimates for the kernel of the Szegé projector. For fixed d' and p, |a]
is bounded by a constant, which limits this method to a decay of the form
exp(—v/N dist(z, y)).
As d’ increases, using a similar construction as in Subsection 6.1, this method
is able to yield, at best, a decay of the form

[1gSnly| < Cexp(—c1Nd~2 dist(U, V),

which is too weak for our purpose; in particular, the more elementary estimate
of Proposition 2.4 beats this estimate on most of M x M.

Following [19] we then obtain a dimension-independent version of Lemma 4.3.

LEMMA 5.4. In the situation of Proposition 5.2, there exists C1(My) such that

| exp(—av'Np)[Sn, exp(2aVNp)] exp(—aVNp)| 12 12

< Cila] [N"F [ Apllo + | Voll= ]

Moreover, for every f € C?(M,R), one has

| exp(aVNp)[f, Sn]exp(—aVNp)| 2 r2
< [NilHAf”L"O F N7Vl (1+ ||VP||L<>0)} :

Proof. By Proposition 5.1 and the spectral gap property, the Szegé kernel is
given by the following integral:

1 1 -t
e L Ao —DN) .
21 SN =0 < N

In particular, one has

exp(—aV'Np)Sn exp(av/Np) — exp(av/Np)Sy exp(—av/Np)
1

1 1 —1 —1
= 5. A— _AN;OL) - <>\ - _AN;a>
2 [Al=po [< N N

—1 —1
20 1 1 1
- = A= —Ana ] Av (A= =Ana] .
N2m7|€_m( N N’) N( N N’)

By Proposition 5.2 and the expression of Ay given in (1), we obtain the desired
control.
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For the second estimate, we need to commute f with Oy and Oy . From the
computations

[f,0n] = Af +2Vf-VE
[}, AN] = —2V'N(V ,Vp)
[fa BN] = Oa

and Proposition 5.2 one has

1 -1
H|:ﬂ <>‘NDN,0¢) ‘|
L2—L2

1 -1 1 1
(A NDN,a) |:faNAN,a:| (A NDN,a)

< C(NTAS e + N7H[Vf |l Vol + N3V S|z ).

-1

L2— L2

Now

exp(aV'Np)|f, Sn] exp(—av'Np) = [f,exp(av/Np)Sy exp(—av'Np)]

-1
1 1
- 5 fa (1__DN,(1> )
20m [A|=po N

which concludes the proof. o

In the case of a quantum spin system, f is a finite sum of eigenfunctions of A,
in which case the commutator is smaller.

LEMMA 5.5. Under the hypotheses of Lemma 5.4, if Af = —uf, then there
exists Ca(p, Mp) such that

lexp(a/Np)[f, Sn] exp(—av'Np)l[r2r2 < CN72[[V f [z (1+ [ Vpll1=).

Proof. The proof proceeds as previously, isolating Af = —uf in [f,0On.a]. A
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first application of the resolvent formula yields

[ [ (-am) -

1 -t ) 1 -1
- —0O N—2Vf- N7ivf. vV - —0
/M_HO ()\ ~ N,a) (a Vi -Vp+N'Vf.V )()\ ~ N,a)

_1
L2 L2 <CNT 2|V fllLoe (141 VpllLoo)

1 —2
T uNTf <A - —DN,Q)
Al=p0 N

=0

1 -1 1 -1
N1 — =0 — =0 )
+u e l()\ N N,a> ,f] ()\ N N,a>

By induction,

1 1 -1
%/M_Mo [f, <)\ NDN,a) 1

L2112
1 Jroo
< ONTZ|| Vo= (1+ [ Vpllz=) D (pNHE.
k=0
This concludes the proof. O

We are now in position to prove a weighted estimate on eigenfunctions.

PROPOSITION 5.6. Let My be a compact Kdahler manifold. There exists C3 > 0
such that, for every N > 1, for every f € CQ(MOd/, R) and every p € Lip(MOd,),
if Sy denotes the Szegd kernel on Modl and if A € R,u € HO(MOd/,L®N) are
such that Sy(fu) = Au, then

[ e (1(w) = A= Cf plablute)Pd Volla) <0,
where
C(f.p) = Cs [N"H|Ap = + |V pl| =]
x [NTHAS = + N[V l= 0+ Vel )]

If f is a sum of eigenfunctions of —A on Mg/, with frequencies bounded by
independently on d’, then one can choose

C(f,p) = Cs() [N ¥ Apllsoe + Vol oe] [NHIV e (14 [ 9p]122)]
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Proof. Up to replacing f with f — A, one has A = 0.
As in [19] one has

(exp(aV/Np)(f = \u, exp(av'Np)u)
= ([Sn, exp(2aV'Np)] fu, u)
= ([Sn, exp(2aV'Np)|Sn fu, u) + ([Sn, exp(2aV/Np)|(1 — Sn) fu, u)
)]

<[SN,€Xp( \/_ [fa SN]U’ u)

‘We write

(SN, exp(2aVNp)][f, Sn]u, u)
= (e_a‘/ﬁp[SN, eQamp]e_ampea‘/ﬁp [f, S’N]e_a‘/ﬁpea‘/ﬁpu, eo“/ﬁpw

so that, by Lemma 5.4,
([Sn s exp(20VNp)f, Sxlu,u)| <
Clal [N|Af e + N[V f 1 (1+ Vo]l 2)]

x [N“2Apl i + 11Vl | exp(av/Np)ul.

This concludes the proof in the general case. If f is a sum of eigenfunctions
of —A, then one can remove the factor N7!|Af|L~ by Lemma 5.5. This

concludes the proof.

6 CASE STUDY: SPIN SYSTEMS

In this section, we study Proposition 5.6 in the particular case of spin systems,

where My = S% = CP!. Since dim(Mp) = 1, we drop the notation d’ and use
directly the dimension d in our estimates instead.

6.1 CONSTRUCTION OF THE WEIGHT

Let us construct a weight p adapted to Proposition 5.6.
Let U C M = (S2)? be an open set. Let pp : M — R be as follows:

. if dist(z,U) < coVd
po dist(z,U) — cov/d  otherwise.

Let also x : R — R be as follows:

N 1—2? if|z|<1
T x
X 0 otherwise.
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We will inject in Proposition 5.6 the following function:

pT [/yeMx (Mzti\%w)) dy]_l /yeMx (Mijj\%m)) po(y)dy.

Note that p is supported on {dist(z,U) > %“\/E} and is greater than
1 dist(z, U) on {dist(z,U) > 3coV/d}

PROPOSITION 6.1. The following controls hold independently on cy and d:

Vpllr~ <1
16v/d

[1Apllze

IN

Co
Proof. Let xg,z1 € M. There exists u € (503)d7 of norm 1, such that

exp(dist(xo, x1)u)xro = 1. From the definition of p and the invariance of
the integral kernel under (SO3)¢, one has

f ot Y 2 dist(y,z) [/)o(y) — o (edist(zu,zl)uy)} dy
Y coVd
nyM X (2d:)t\(/ya,x)) dy

From there, since pg is 1-Lipschitz, p is 1-Lipschitz.

To estimate Ap, let us bound
2 dist
o (2080,

/yeM Co\/a

where the norm of the gradient is the /2 norm.

p(xo) — p(z1) =

First, one has almost everywhere

2 dist(y, x)> 8
Vex | ——=— | = —= dist(x,y)1
X < coVd cid @)

where v is the derivative at 0 of the unique unit speed geodesic from y to x
with minimal length.

0va Y
d(z,y) <0

In particular, on the complement of
d / 1 1 d
d(l‘,y) € CO\/_ 1+ Y 760\/_ )
2 4d?  2d 2

oo (o)l = 55 (o)
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so that

/ HV . (Qdist(y,x))de
B(a e (i -a)) |7\ eV

< 4/d N <2dlst(y,z)) dy.
(&) M Co\/E

To estimate the integral on the complement, we introduce f : R} — R} as the
ratio of the area of spheres on M versus C:

VOle_l (SM (.T, T))

V012d71 (S@i (0, 7’)) '

fire—
An essential property of f is that it is decreasing. Indeed,

sin(r|z;|)

1
r x —————=dzdz
f( ) VOle 1(5@(! 0 1 /Cd(o 1) H |z 7/‘< T|Z |

where the quantity to be integrated decreases with respect to r.
Now

/ N e v &
B(z,ﬂ-‘—f)\B(m,ﬂ)Z—ﬁ( ). ‘ coVd

cqVd

2
8
= VOlgd_1(52n71) / 7“2d71f(r)—drdr
08 (/T —34)

For r in the integration range, f(r) < f (r (1 - ﬁ)) since f is decreasing;
moreover, for all d € N,

Hence,

J P (5 o
B (2,20 \B (2,90 (/T4 - 34) coVd

d

0 (1-24) .
< 4Volyg_1(S*" 1) / r2d f(r)%dr.
o (T L) (1- %) 0
Since
1 L 1+ 1 !
2d = 4d2  2d’
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one is left with part of the integral controlled previously:

3 (1-57)
V012d1(S2n1)/ TQdf(T) 8

——dr
cid
< (Vit Tz —4)(1-4) ’
< 4/d N <2dlst(y,z)) dy.
(&) M Co\/a

Thus, one has the following control:
2dist(y,z)> )1/ <2d1st Y, T )H 16
X|—F—|dy VeX dy < —Vd.
(/M < coVd M coVd Co

Let © € M. Without loss of generality, = (1,...,1) is the North pole. Let
(Xi)1<i<a and (Y;)1<i<q be the vector fields on M corresponding to unit speed
rotation around the X or Y axis on the i-th sphere. Then

s = ([ (F45) )5 o (H052) i

2dlst(y,ac))
+ 0y, x | ——=—= | Oy, .
le( > v.Po(y)

The semidefinite scalar product induced by (X;) and (Y;) is everywhere con-
trolled by the usual one: for all u,v € TM with same base point,

d

Z<Xia U><X¢,U> + <}/Zvu><YZa ’U>

i=1

< [{u, )|

In particular, since ||Vpg|| < 1, one has
2 dist(y, x

|Ap(a)] < (/x (“ti%””)) dy)/ "

which concludes the proof. o

6.2 IMPLEMENTING THE WEIGHTED ESTIMATES

To begin with, let us define the class of symbols, called tame spin systems, with
which we will work.

DEFINITION 6.2. Let G = (V, E) be a graph with |V| = d vertices. Suppose
that the valence at each site is bounded by v. Assign to each edge e € F a
colour among k elements; one can decompose £ = E; U Es U ... Ey into the
disjoint union of the sets of edges of a prescribed colour. Now, for each colour
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J, let w; : My x My — R be a C? function, where My = (5?)™° is a product
of spheres; suppose that w; is a finite sum of eigenfunctions of the Laplace
operator.

Then the following function g is a TAME SPIN SYSTEM on (M) = {(z4),a €

vV} .
g:x— Z Z w;(xq, Tp).

§=1 (a,b)EE,

This very broad class of functions contains any finite-range spin system on a
lattice, quasi-crystal, or random graph with bounded valence, with any reason-
able boundary condition. Examples of spin systems not satisfying the control
above are

e The boundary condition “all spins at the boundary are identical”, except
for spin chains

e Infinite range interactions (with sufficiently slow decay)
o Mean field theories

e Random interactions (if the strength of the interaction is not bounded).

Since this section is concerned with the d — 400 limit, we will consider d-
dependent families of tame spin systems. Without risk of confusion, we will
call “tame spin system” a family of tame spin systems where, with the notations
of Definition 6.2, the objects mo, v, k, (w;)1< <k are fixed.

The following property follows immediately from the definition.

PROPOSITION 6.3. Let g be a tame spin system. There exists C such that, for
every d, one has

lgllz~ < Cd
IVgllz~ < CVd
|Agllz~ < Cd.

We will not apply Proposition 5.6 to a tame spin system g itself, but to the
N-dependent symbol f which is such that

Tn(f) =d " Tn(g — V)2,

where A is the eigenvalue to be studied.
The properties of f depend on the symbol calculus on 52

PRrROPOSITION 6.4. Uniformly in N and d, one has
IV flle < CVd
[Afllee < Cd
f=d (u—X?+ON).
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Proof. For N € N, let By denote the Berezin transform, defined as follows: for

f € C>®(M,R), the operator T (f) has an integral kernel; we let
Tn(f)(@, ).

™

B T T
AE R A v

The Berezin transform is related to the symbol product ([4], Proposition 6). It
admits an expansion in negative powers of N:

+oo
By =1+Y N7¥B,+O(N~>),
k=1

where By, is a differential operator of order 2k.
The operator By commutes with the SO(3) action on 52 (since the Szegd kernel
is invariant by this action). In particular, there exist coeflicients (cy x)r<k such

that, for every k,
k

Bk = Z ngkAé.
£=0
Moreover, one has By (1) = 1 by definition, so that ¢o, = 0 for all £k > 1. In
other terms, for some differential operators C one can write

—+o0
By =1+» N"CyA+O(N~™).
k=1

The symbolic product is then a polarisation of the Berezin transform: a mono-
mial term in By of the form A¢ leads to a term in the symbol product of a and

=0
b of the form 0%ad b.
The Berezin transform on (5$2)? is the tensor product of the Berezin transform
on each sphere. In particular, one has

“+o0
a=-0+ > ]I (Z NkC’w’) (97(9-2.9" (9 ).
JC“{yl‘;.i,d}jeJ k=1

Here, C/';/J denotes the polarisation of C} acting on the j-th coordinate (holo-
morphic derivatives act on the first function, antiholomorphic derivatives on
the second function). We, crucially, use the fact that the Berezin transform,
and the symbol calculus, lead to absolutely converging sums for spin systems.
If g is a tame spin system, then for any jo € {1,...,d} the number of J C
{1,...,d} such that jo € J and 87g # 0 is bounded independently on jo
and d. Using the notations of Definition 6.2, an upper bound is 20V — 1. In
particular, uniformly in j, and d,

+o0 - _
Yo II (>N (aj(g—A),aj(g—A)) —O(NY).
chl{)lc,.j,d} JjeTJ \j=1
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In fact, N(df — (g—\)?) is again a tame spin system (with classical dependence
on N) and satisfies the same type of bounds as g, as in Proposition 6.3. This
yields the desired bounds on Vf and Af. O
ProoF OF THEOREM D

Let p be constructed as in Section 6.1 (we will define U and ¢¢ later) and let

f be as above. The spectral gap condition of Proposition 5.2 amounts (for d
large enough) to

la] < esN2d 2 ¢q
and the constant in Proposition 5.6 is controlled by
C(f,p) < Cs(p)N " dey .

In particular, one has
/ eesV/Nap (f - C(M)N*%d%) luf? < 0.
M
Let now A; = C(u)N~2v/d and Ay = 2C()N~2+/d. There holds

(h— Ces(A+ N~2d)) > C(u)N~2Vd

on {h > A2}
‘We now choose

U={f<M\}

1

Co = N™2

and « large enough. Then, decomposing the integral yields, for some c4 > 0,

. _1

0> C(M)Nié\/a/ eC4\/NdlSt(CE,U)d 3 |u|2($)dl‘
1%
—C(M)N—%\/ﬁ/ |u)?(z)da,
U
where
V= {o e M.dist(e,U) > 3N"3Vd} 0 {f > 20() N4V},
Since f = é(g — A2+ O(N1), one has
{f(x) = M} C {lg(z) — A| > CN~di}.

This yields Theorem D.
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REMARK 6.5. The window |g—A| > CN~id1 seems larger than what Theorem
B allows for: by applying Proposition 5.6 directly to g, we would have obtained
lg — Al > CN~2dz. However, since even the lowest eigenvalue of T (g) is
typically of order N~1d if min(g) = 0, this constant appears in the lower bound
for the negative part of the weighted integral; this would yield an estimate of
the form

/ e&u/ﬁdist(z,U)d’% |u|2($)d$ < CN_%\/Q,
w
which, as d increases, is no better than the trivial estimate

/ 664\/Ndi8t(z’U)d7%|u|2(:€)d1' < CeC\/N.
w

REMARK 6.6. Letting ¢y be a small constant rather than N~2 in the proof of
Theorem D, we obtain the following variant:

/ eC4NdiSt(I7U)d7% |U(Z’>|2d1‘ S Ca
w

where
W = {z € (5?)%, dist(z,U) > CcoVd}.

6.3 THE PARTITION FUNCTION

To conclude, in this subsection we use Theorem D to prove Proposition 1.1.

1
We let ¢ be a tame spin system and S < cN2d~'. Let (uk)lng(NH)d be a
spectral basis for Ty (g) and (Ar)1<p<(nv+1)e be the associated family of eigen-

functions. Then
(N+1)¢

TT(G_'BTN(Q)) — Z e~ Bk
k=1
We wish to compare
(ug, e~ PIuy)

and
(g, e PTN @) ) = =B

3

for g < eNzd~ 1,
Following Theorem D, let

W= {:c € (3%, dist(w, {lg — \e| < CoN~#di}) > KOON*%VE} :
Here Cy is the constant C' in Theorem D, and K is an integer large enough.

Since || Vg|| < C(w,v)v/d by Proposition 6.3, for z € (52)%\Q one has |g—\i| <
CN-zd. In particular, for some C > 0 independent of N and d, one has

1 1
e—,@/\ke—CN Zﬂd/ |u($)|2 S/ 6_59|u($)|2 Se—,@/\keCN ZBd/ |u(m)|2
c WC

c
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A first application of Theorem D yields

[ @) < coemeor
w

so that, in particular, for K large enough

One can then simplify the previous inequality into

efﬁ/\kefc’N*%ﬁd S/ e 9 u(2)? < efﬁxkecz\r*%m’

c

for some C" > C.
It remains to give an upper bound on

/ e P9|ul?,
w

To this end, we observe that, on W,
—B(g — M) < BCN™5d% + dist(z, {|g — Al < CN~"1d5})B|Vyl.

By Proposition 6.3, the bound on 5 and the definition of W, this simplifies into
—Bg— M) < C(N"2Bd )N 2d~2 dist(x, {|g — A < CN~4di})

< coN~2d" = dist(z, {|g — A\| < CN~idi})

if 8 <cN 3d~! with ¢ small enough. Here ¢y is the exponential constant in
Theorem D.
Hence, by Theorem D,

/ =09 2 < PN < =P ((ON B _ 1y
w
To conclude,

1 I — % I
§€—ﬂz\ke—czv 2 3d S/e—ﬂg|uk|2 Se—B)\keCN 2pd

Summing this estimate over k yields:

Tr(exp(—ATn(g)))e"C'N 64 < / e (Z |uk|2>

k

< Tr(exp(—BTx(g)))eC N 54,
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Since the ug’s form an orthonormal basis of the Hilbert space, one has, for

every r € M,
d
N+1
Z|Uk|2< > -
- T

Up to this factor, the quantum partition function Tr(exp(—58Tn(g))) is, ap-
proximately, given by the classical partition function || o e~P9. This concludes
the proof.

REMARK 6.7. The multiplicative error term ¢C'N°"" is better than the outcome
of the method used by Lieb [22]. In this method, one bounds the quantum

partition function by a term of the form

d
N+1+4+2C / B9
™ M ’

where C' is the maximal order of the spin polynomial at one given site (the
order of Sy ; Sz j+1 is 1, but the order of S; ;Sy ; is 2). The error is then

(N—l—l—i-QC

d
Nl ) = O(exp(CdN™1)).

REMARK 6.8. In this method, the upper bound on S is driven by the bound in
the weighted estimate in Theorem D. Following Remark 6.6, on the improved
range 3 < cNd~!, we obtain the weaker estimate
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