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ABSTRACT. We study the unique solution m of the Dyson equation
—m(2)"t =21 —a+ S[m(2)]

on a von Neumann algebra A with the constraint Imm > 0. Here, z
lies in the complex upper half-plane, a is a self-adjoint element of A
and S is a positivity-preserving linear operator on .A. We show that
m is the Stieltjes transform of a compactly supported A-valued mea-
sure on R. Under suitable assumptions, we establish that this mea-
sure has a uniformly 1/3-Holder continuous density with respect to
the Lebesgue measure, which is supported on finitely many intervals,
called bands. In fact, the density is analytic inside the bands with a
square-root growth at the edges and internal cubic root cusps when-
ever the gap between two bands vanishes. The shape of these singu-
larities is universal and no other singularity may occur. We give a
precise asymptotic description of m near the singular points. These
asymptotics generalize the analysis at the regular edges given in the
companion paper on the Tracy-Widom universality for the edge eigen-
value statistics for correlated random matrices [8] and they play a key
role in the proof of the Pearcey universality at the cusp for Wigner-
type matrices [15, 19]. We also extend the finite dimensional band
mass formula from [8] to the von Neumann algebra setting by show-
ing that the spectral mass of the bands is topologically rigid under
deformations and we conclude that these masses are quantized in some
important cases.
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1 INTRODUCTION

An important task in random matrix theory is to determine the eigenvalue
distribution of a random matrix as its size tends to infinity. Similarly, in free
probability theory, the scalar-valued distribution of operator-valued semicircu-
lar elements is of particular interest. In both cases, the distribution can be
obtained from the corresponding Dyson equation

—m(2)"t =21 —a+ S[m(2)] (1.1)

on some von Neumann algebra A with a unit 1 and a tracial state (-). Here, z
lies in H := {w € C: Imw > 0}, the complex upper half-plane, a = a* € A and
S: A — Ais a positivity-preserving linear operator. There is a unique solution
m: H — A of (1.1) under the assumption that Im m(z) := (m(z) —m(z)*)/(2i)
is a strictly positive element of A for all z € H [30]. For suitably chosen a and S
as well as A, this solution characterizes the distributions in the applications
mentioned above. In fact, in both cases, the distribution will be the measure p
on R whose Stieltjes transform is given by z — (m(z)). The measure p is
called the self-consistent density of states and its support is the self-consistent
spectrum. This terminology stems from the physics literature on the Dyson
equation, where z is often called spectral parameter and S[m] the self-energy.
The linearity of the self-energy operator S is a distinctive feature of our setup.
We first explain the connection between the eigenvalue density of a large ran-
dom matrix and the Dyson equation. Let H € C"*" be a C"*"-valued random
variable, n € N, such that H = H*. A central objective is the analysis of the
empirical spectral measure py = n=! >oi i 0, or its expectation, the den-
sity of states, for large n, where A1,..., A, are the eigenvalues of H. Clearly,
n~!Tr(H — 2)~! is the Stieltjes transform of uy at z € H. Therefore, the
resolvent (H — z)~! is commonly studied to obtain information about py. In
fact, for many random matrix ensembles, in particular models with decaying
correlations among the entries, the resolvent (H — z)~! is well-approximated
for large n by the solution m(z) of the Dyson equation (1.1). Here, we choose
A = C™*" equipped with the operator norm induced by the Euclidean distance
on C" and the normalized trace (-) = n~1 Tr(-) as tracial state as well as

a:=EH, Slx] :=E[(H — a)x(H —a)], x€C™*". (1.2)

DOCUMENTA MATHEMATICA 25 (2020) 1421-1539



1424 J. Aur, L. ERDOS, T. KRUGER

If (H — z)~! is well-approximated by m(z) for large n then py will be well-
approximated by the deterministic measure p, whose Stieltjes transform is given
by z — (m(z)). The importance of the Dyson equation (1.1) for random
matrix theory has been realized by many authors on various levels of generality
[10, 13, 25, 31, 39, 48], see also the monographs [24, 37] and the more recent
works [2, 4, 6, 7, 9, 20, 28, 32].

Secondly, we relate the Dyson equation to free probability theory by noticing
that the Cauchy transform of a shifted operator-valued semicircular element
is given by m. More precisely, let 5 be a unital C*-algebra, A C B be a
C*-subalgebra with the same unit 1 and E: B — A is a conditional expecta-
tion (we refer to Chapter 9 in [36] for notions from free probability theory).
Pick an a = a* € A and an operator-valued semicircular element s = s* € B.
Then G(z) = E[(z — s — a)~!] is the Cauchy-transform of s + a. In this case,
m(z) = —G(z) satisfies (1.1) with S[z] := E[szs] for all z € A [44]. If A is a
von Neumann algebra with a tracial state, then our results yield information
about the scalar-valued distribution p = ps1, of s+ a with respect to this state.
The study of qualitative regularity properties for this distribution has a long
history in free probability. For example, the question of whether p has atoms
or not is intimately related to non-commutative identity testing (see [22, 34]
and references therein) and the notions of free entropy and Fischer informa-
tion (see [43, 45] and the survey [47]). We also refer to the recent preprint
[35], where the distribution of rational functions in noncommutative random
variables is studied with the help of linearization ideas from [27, 26] and [29)].
Under certain assumptions, our results provide extremely detailed information
about the regularity properties of p, thus complementing these more general
insights. In particular, we show that ps is absolutely continuous with respect
to the Lebesgue measure away from zero for any operator-valued semicircular
element s. For other applications of the Dyson equation (1.1) in free probability
theory, we refer to [30, 41, 44, 46] and the recent monograph [36].

In this paper, we analyze the regularity properties of the self-consistent density
of states p in detail. More precisely, under suitable assumptions on S, we show
that the boundedness of m already implies that p has a 1/3-Holder continuous
density p(7) with respect to the Lebesgue measure. We provide a broad class of
models for which the boundedness of m is ensured. Furthermore, the set where
the density is positive, {T : p(7) > 0}, splits into finitely many connected
components, called bands. The density is real-analytic inside the bands with a
square root growth behavior at the edges. If two bands touch, however, a cubic
root cusp emerges. These are the only possible types of singularities. In fact,
m(z) is the Stieltjes transform of a positive operator-valued measure v and we
establish the properties mentioned above for v as well. We also extend the
band mass formula from [8] expressing the masses that p assigns to the bands.
We use it to infer a certain quantization of the band masses that we call band
rigidity, because it is invariant under small perturbations of the data a and S
of the Dyson equation. In particular, we extend a quantization result from [26]
and [40] to cover limits of Kronecker random matrices. We remark that for
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the analogous phenomenon in the context of random matrices the term “exact
separation of eigenvalues” was coined in [11].

In the commutative setup, the band structure and singularity behavior of the
density have been obtained in [3, 1], where a detailed analysis of the regular-
ity of p was initiated. In the special noncommutative situation A = C"*"
and (-) = n~!Tr(-), it has been shown that p is Holder-continuous and real-
analytic wherever it is positive [4]. Recently, in the same setup, the precise
behavior of p near the spectral edges was obtained in [8], where it was a key
ingredient in the proof of the Tracy-Widom universality of the local spectral
statistics near the spectral edges for random matrices with general correlation
structure. However, this analysis works only at edges that are well separated
from each other (so called regular edges), i.e. away from the cusp where two
edges merge and away from the almost cusps, i.e. regions with small spec-
tral gaps or small but nonzero minima of the density. The main novelty of
the current work is to give an effective regularity analysis for the general non-
commutative case with a precise quantitative description of all singularities
including the almost cusps. One of the main applications is the proof of the
eigenvalue rigidity on optimal scale throughout the entire spectrum. This is
a key input for the recent proof of the local spectral universality at the cusp
for general Wigner-type matrices, i.e. the Pearcey statistics for the complex
hermitian case in [19] and its real symmetric counterpart in [15]. We remark
that cusp universality settles the third and last ubiquitous spectral universality
regime after the bulk and edge universalities studied extensively earlier, see
[21] and references therein.

The key strategy behind the current paper as well as its predecessors [3, 1, 4, 8]
is a refined stability analysis of the Dyson equation (1.1) against small pertur-
bations. It turns out that the equation is stable in the bulk regime, i.e., where
p(Rez) is separated away from zero, but is unstable near the points, where
the density vanishes. Even the stability in the bulk requires an unconventional
idea; it relies on rewriting the stability operator, i.e., the derivative of the
Dyson equation with respect to m, through the use of a positivity-preserving
symmetric map, called the saturated self-energy operator, F'. We then extract
information on the spectral gap of F' by a Perron-Frobenius argument using the
positivity of Imm [3, 1]. In the non-commutative setup this transformation was
based on a novel balanced polar decomposition formula [4]. In the small density
regime, in particular near the regular edges studied in [8], the stability deteri-
orates due to an unstable direction, which is related to the Perron-Frobenius
eigenvector of F'. The analysis boils down to a scalar quantity, ©, the overlap
between the solution and the unstable direction. For the commutative case in
[3, 1], it is shown that © approximately satisfies a cubic equation. The struc-
tural property of this cubic equation is its stability, i.e., that the coefficients of
the cubic and quadratic terms do not simultaneously vanish. This guarantees
that higher order terms are negligible and the order of any singularity is either
cubic root or square root.

Now we synthesize both analyses in the previous works to study the small
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density regime in the most general setup. The major obstacle is the noncom-
mutativity that already substantially complicated the bulk analysis [4], but
there the saturated self-energy operator, F', governed all estimates. However,
in the regime of small density the unstable direction is identified via the top
eigenvector of a non-symmetric operator that coincides with the symmetric F'
only in the commutative case. Thus we need to perform a non-symmetric
perturbation expansion that requires precise control on the resolvent of the
non-selfadjoint stability operator in the entire complex plane. We still work
with a cubic equation for ©, but the analysis of its coefficients is considerably
more involved than in [3, 1].

The situation is much simpler near the regular edges, where the cubic equation
simplifies to a quadratic equation; this analysis was performed in [8] at least in
the finite dimensional non-commutative case. The main novelty of the present
paper lies in handling the most complicated case, the cusps and almost cusps,
where we need to deal with a genuine cubic equation. The second goal of the
paper is to give a unified treatment of all spectral regimes in the general von
Neumann algebraic setup. A few arguments pertaining the regular edges are
relatively simple extensions from [8] to the infinite dimensional case. We will
indicate these instances but for the reader’s convenience we chose to include
these proofs since in the current paper we work under weaker conditions and
in a more general setup than in [8].

We stress that along all estimates, the noncommutativity is a permanent enemy;
in some cases it can be treated perturbatively, but for the most critical parts
new non-perturbative proofs are needed. Most critically, the stability of the
cubic equation is proven with a new method.

Another novelty of the current paper, in addition to handling the non-
commutativity and lack of symmetry, is that we present the cubic analysis in a
conceptually clean way that will be used in future works. Our analysis strongly
suggests that our cubic equation for © is the key to any detailed singularity
analysis of Dyson-type equations and its remarkable structure is responsible
for the universal behavior of the singularities in the density.

As a final remark we compare our self-consistent density of states p, obtained
from the Dyson equation, with the equilibrium density py considered in invari-
ant matrix ensembles defined via a Gibbs factor exp(—< Tr V(H)), where V is
an external potential. Recall that py is the solution of a variational principle
[18]. Both densities approximate the empirical density of states of a prominent
class of random matrix ensembles, but they have quite different singularity
structures at the vanishing points. Our classification theorem shows that p has
only square root and cusp singularities. On the other hand, if V € C? then
pv is 1/2-Holder continuous, in particular it cannot have any cusp singularity.
Moreover py may vanish at the edges of its support not necessarily as a square
root, see e.g. a behaviour py (z) ~ (x4 )%? in Example 1.2 of [16]. In general,
only powers a = 2k and a = 2k + %, k € N are possible for the vanishing behav-
ior py(z) = (x4+)®. These patterns persist under small additive perturbations
with an independent GUE matrix, moreover, at critical coupling, a cusp singu-
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larity similar to our case appears as well [17]. A summary of known behaviours
of py near its vanishing points in relation with V' is found in Section 1.3 of [12].
The complexity of these patterns indicates that a concise classification theorem
of singularities, similar to our result on p with merely two types of singularities,
does not hold for py .

ACKNOWLEDGEMENT The first and second author were partially funded by
ERC Advanced Grant RANMAT No. 338804. The third author was partially
supported by the Hausdorff Center for Mathematics.

2 MAIN RESULTS

Let A be a finite von Neumann algebra over the complex numbers with unit 1
and norm ||-||. We recall that a von Neumann algebra A is called finite if there
is a state (-): A — C which is (i) tracial, i.e., (xy) = (yz) for all z,y € A,
(i) faithful, i.e., (x*z) = 0 for some = € A implies z = 0, and (iii) normal,
i.e., continuous with respect to the weak* topology. In the following, (-) will
always denote such state. The tracial state defines a scalar product Ax A — C
through

(z,y) = (&"y) (2.1)
for 2,4 € A. The induced norm is denoted by ||z||2 = (z,z)'/? for 2 € A.
Clearly, [(z)| < ||lzll2 < ||z|| for all z € A. We note that if A is represented
as algebra of operators on a Hilbert space then ||-|| coincides with the operator
norm induced by the scalar product on such Hilbert space. We follow the
convention that small letters are elements of A while capital letters denote
linear operators on A. The spectrum of z € A is denoted by Specz, i.e.,
Specx =C\{z€C: (z —2)"! € A}.
For an operator T: A — A, we will work with three norms. We denote these
norms by || T[], ||T'||2 and ||T'||o—.| if T is considered as an operator (A, || - [|) —
(A 11D (A, T1-l12) = (A, [1-l12) or (A, ||+ ll2) = (A, ||-]}), respectively.
We denote by As, the self-adjoint elements of A, by Ay the cone of positive
definite elements of A, i.e.,

Asa = {x € A: 2" =z}, Ay = {z € Asa: x > 0},

and by Ay, the || - ||-closure of Ay, the cone of positive semidefinite elements
(or positive elements). We now introduce two classes of linear operators on A
that preserve the cone A, . Such operators are called positivity-preserving (or
positive maps). We define

Y = {S: A— A: Sis linear, symmetric wrt. (2.1)

and preserves the cone A, }, (2.2a)

Yfat = {S €X:el < inf % < sup % < 711 for some € > 0}.
zedy () ced, (T)

(2.2)
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Moreover, if S: A — A is a positivity-preserving operator, then S is bounded,
i.e., ||S]| is finite (see e.g. Proposition 2.1 in [38]).

Let a € Ag, be a self-adjoint element and S € X. For the data pair (a,S), we
consider the associated Dyson equation

—m(z)"! = 21 —a+ S[m(z)], (2.3)

with spectral parameter z € H := {w € C: Imw > 0}, for a function m: H — A
such that its imaginary part is positive definite,

Imm(z) = %(m(z) —m(2)*) € Ay

There always exists a unique solution m to the Dyson equation (2.3) satisfying
Imm(z) € A4 [30]. Moreover, this solution is holomorphic in z [30]. For Dyson
equations in the context of renormalization theory, a is called the bare matriz
and S the self-energy (operator). In applications to free probability theory, S is
usually denoted by 7 and called the covariance mapping or covariance matrix
[36].

We now introduce positive operator-valued measures with values in A,. If
v maps Borel sets on R to elements of A, such that (z,v(-)x) is a positive
measure for all z € A then we say that v is a measure on R with values in A,
or an A, -valued measure on R.

First, we list a few propositions that are necessary to state our main theorem.
They will be proven in Section 3, Section 4.2 and Section 4.3, respectively.

PROPOSITION 2.1 (Stieltjes transform representation). Let (a,S) € Az, X ¥ be
a data pair and m the solution to the associated Dyson equation, (2.3). Then
there exists a measure v on R with values in Ay such that v(R) = 1 and

m(z) = /R % (2.4)

for all z € H. The support of v and the spectrum of a satisfy the following
inclusions
suppwv C Speca + [—2||S]'/2,2||S|'/?], (2.5a)
Speca C suppw + [—||S[|"/2,[|S] /3], (2.5b)
where for the sum of two subsets I and J of R we used the notation I + J :=

{n+mn:mnel mnelJ}
Furthermore, for any z € H, m(z) satisfies the bound

2
z,Conv Speca) ’

< .
mE@le < g (26)
where Conv Spec a denotes the convex hull of Speca.
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Our goal is to obtain regularity results for the measure v. We first present
some regularity results on the self-consistent density of states introduced in the
following definition.

DEFINITION 2.2 (Density of states). Let (a,S) € A, X ¥ be a data pair, m
the solution to the associated Dyson equation, (2.3), and v the A -valued
measure of Proposition 2.1. The positive measure p = (v) on R is called the
self-consistent density of states or short density of states.

We have supp p = supp v due to the faithfulness of (-). Moreover, the Stieltjes
transform of p is given by (m) since, by (2.3), for any z € H, we have

(m(z) = / pldr)

T—Z

PROPOSITION 2.3 (Regularity of density of states). Let (a,S) be a data pair
with S € Xaae and pg,s the corresponding density of states from Definition 2.2.
Then pq,s has a uniformly Hélder-continuous, compactly supported density with
respect to the Lebesque measure,

Pa,s(AT) = pa,s(T)dT.

Furthermore, there exists a universal constant' ¢ > 0 such that the function
p: Asa X Zaar X R — [0,00), (a,S,7) > pa.s(T) is locally Holder-continuous
with Hélder exponent ¢ and real-analytic whenever it is positive, i.e., for any
(a,8,7) € Asa X Taay X R such that pa,s(T) > 0 the function p is real-analytic
in a neighbourhood of (a,S,T) in Asa X Zgat X R. Here, Asy and gt are
equipped with the metrics induced by || - || on A and its operator norm on A — A,
respectively.

In addition to the flatness condition S € Xg.¢, the other essential input of
our analysis is a boundedness assumption on m, the solution to (2.3) (see
(2.7) below). These two assumptions imply several key facts about m. The
most important ones are (i) 1/3-Holder continuity of m (Proposition 2.4), (ii)
Imm is comparable (as self-adjoint elements of A) with its average (Imm)1
(Proposition 3.5) and, finally, (iii) the specific quadratic or cubic singularity
structure of Imm (Theorem 2.5).

While the flatness condition S € Yg,¢ can be directly checked from the data pair,
the boundedness of m is more subtle. However, in the random matrix context,
in Section 9, we provide, for a large class of models, a sufficient condition for
(2.7) below that is purely expressed in terms of a and S.

We start with the Holder-continuity of m stated in the following Proposition 2.4.
We remark that in the finite dimensional case, where A = CN*V and (-) =
+ Tr(+), this proposition has already been established in [8, Corollary 4.5] and
the arguments there remain valid in our more general setup. Nevertheless, we
will present its proof to keep the current work self-contained.

1By carefully following the proof, we see that choosing ¢ = 1/200 is sufficient.
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PROPOSITION 2.4 (Regularity of m). Let (a,S) be a data pair with S € Zaay
and m the solution to the associated Dyson equation, (2.3). Suppose that for a
nonempty open interval I C R we have

lim sup sup||m(7 +in)|| < oo. (2.7)
nd0 7€l

Then m has a 1/3-Hélder continuous extension (also denoted by m) to any
closed interval I' C I, i.e.,

wp ImC) =m0

(2.8)
Zl,ZQEI/Xi[0,00) |Z1 - 22|1/3

and sup{||m(z)||: z € I' x i[0,00)} < oco. Moreover, m is real-analytic in I
wherever p is positive.

The purpose of the interval I in Proposition 2.4 (see also Theorem 2.5 below)
is to demonstrate the local nature of these statements and their proofs; if m
is bounded on I in the sense of (2.7) then we will prove regularity of m and
later its behaviour close to singularities on a genuine subinterval I’ C I. At
first reading, the reader may ignore this subtlety and assume I’ = I = R.

In Proposition 4.7 below, we provide a quantitative version of (2.8) under
slightly weaker conditions than those of Proposition 2.4.

In the following main theorem, we require that the solution m to (2.3), originally
defined for all z € H, has a continuous extension to some interval I C R. This
is apparently a stronger condition than the boundedness condition (2.7), but
they are in fact equivalent as Proposition 2.4 shows. Furthermore, if m has a
continuous extension to I then the restriction of the measure v from (2.4) to I
has a density with respect to the Lebesgue measure, i.e.,

v(A) = l/AImm(T)dT (2.9)

s
for each Borel set A C I.

THEOREM 2.5 (Imm close to its singularities). Let (a,S) be a data pair with
S € Ygar and m the solution to the associated Dyson equation, (2.3). Suppose
m has a continuous extension to a nonempty open interval I C R, i.e., m is
continuous on I x i[0,00). Then any 79 € supp p NI with p(m9) = 0 belongs to
exactly one of the following cases:

Edge: The point 1o is a left/right edge of the support of the density of
states p, i.e., there is some ¢ > 0 such that Imm(tg Fw) = 0 for
w € [0,¢] and for some vy € A} we have

Imm(r £ w) = vow'/? + O(w), wl0.

Cusp: The point 1o lies in the interior of supp p and for some vy € Ay we
have

Imm(rg +w) = vy |w|1/3+(9(|w|2/3), w—0.
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Moreover, suppp NI = suppv NI is a finite union of closed intervals with
nonempty interior.

Theorem 2.5 is a simplified version of our more detailed and quantitative The-
orem 7.1 below. In fact, we can treat all small local minima of p on suppp NI
— not only those ones, where p vanishes — and provide precise expansions cor-
responding to those in Theorem 2.5 which are valid in some neighbourhood of
To. In these expansions in Theorem 7.1, we also track the exact dependence on
p(70). In particular, we completely control the transition between a small gap
in supp p and a small local minimum of p through the cusp regime that aries
when a data pair with a cusp is subject to a small variation. By applying (-)
to the results of Theorem 2.5 and Theorem 7.1, we also obtain an expansion of
the self-consistent density of states p near small local minima in Theorem 7.2
below.

Finally, we present our quantization result. This result has appeared in [8,
Proposition 5.1] for the simpler setting A = CV*¥ and under the flatness
condition S € Yga¢. In the current work we will follow the same strategy of
proof when A is a general von Neumann algebra with certain adjustments to
treat the possibly infinite dimension and the lack of flatness.

PROPOSITION 2.6 (Band mass formula). Let (a,S) € Asa X ¥ be a data pair
and m the solution to the associated Dyson equation, (2.3). We assume that
there is a constant C' > 0 such that S[z] < C(x)1 for all x € Ay. Then we
have

(i) For each 7 € R\ suppp, there is m(7) € Asa such that lim, o ||m(T +

in) — m(7)|| = 0. Moreover, m(7) determines the mass of (—oo, ) and
(1,00) with respect to p in the sense that
p((=00,7)) = (L(=o0,0)(m(7))), (2.10)

where 1(_ 0y denotes the characteristic function of the interval (—oo,0)
and 1(_ 0y(m(7)) is defined via the spectral calculus of the self-adjoint
element m(7).

(i) If m: A — C"*" is a faithful representation such that (x) = n=! Tr(n(z))
forallx € A and J C supp p is a connected component of supp p then we
have

np(J) € {1,...,n}.

In particular, supp p has at most n connected components.

We will prove Proposition 2.6 in Section 8 below. A result similar to part
(ii) has been obtained by a different method in [26], see also [40]. In fact, we
will use the band mass formula, (2.10), in Corollary 9.4 below to strengthen
the quantization result in (ii) for a large class of random matrices (Kronecker
matrices, see Section 9). In Section 10, we study the stability of the Dyson
equation, (2.3), under small general pertubations of the data pair (a, S).
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2.1 EXAMPLES

We now present some examples that show the different types of singularities
described by Theorem 2.5. These examples are obtained by considering the
Dyson equation, (2.3), on C"*" with (-) = n~! Tr for large n and choosing
a =0 as well as § = S,, where

Sy lx] = %D(rCY diag(z))

for any z € C*"*". Here, for x € C"*", diag(z) € C" denotes the column
vector of diagonal entries. We write D(v) with v € C™ for the diagonal ma-
trix in C"*™ with v on its diagonal. Moreover, r, € C"*™ is the symmetric
block matrix from Figure 1 with a € (0,00). All entries in each block are
the indicated constants. Therefore, S,[z] is a diagonal matrix with the vector

« 1

Ta =

Figure 1: Structure of r, € C"*™.

ro diag(x)/n on its diagonal. In fact, this example can also be realized on C2
with entrywise multiplication. Here, we choose ((z1,22)) = dz1 + (1 — §)xa,
where ¢ is the relative block size of the small block in the definition of r,. In-
deed, the solution m € C™*™ of the Dyson equation on C™*"™ has the structure
m = D(my,...,mi,ma,...,ma), where m; appears nd times and my appears
(1—8)n times. Thus, in the setup on C2, the Dyson equation for (my,msy) € C?
can be written as

- (25) — G) fa (%) : Ra = (Ogs a(11_—65)> (2.11)

for (my,ms) € C2. We remark that R, is symmetric with respect to the
scalar product (2.1) induced by (-). Figure 2 contains the graphs of some self-
consistent densities of states p obtained from (2.11) for 6 = 0.1 and different
values of a. As the self-consistent density of states is symmetric around zero
in these cases, only the part of the density on [0,00) is shown. The density
in Figure 2 (a) has a small internal gap with square root edges on both sides
of this gap. Figure 2 (b) contains a cusp which is transformed, by increasing
«, into an internal nonzero local minimum in Figure 2 (¢). This nonzero local
minimum is covered by Theorem 7.1 (d) below.

2.2 MAIN IDEAS OF THE PROOFS

In this subsection, we informally summarize several key ideas in the proofs of
Proposition 2.4 and Theorem 2.5.
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Figure 2: Examples of the self-consistent density of states p from (2.11) for
0 = 0.1 and several values of «.

HOLDER-CONTINUITY OF m. To simplify the notation, we assume in this
outline that? ||m(z)|] < 1 for all 2 € H. We first show that Imm(z) is 1/3-
Holder continuous and then conclude the same regularity for m = m(z). To
that end, we now control 9,Imm(z) by differentiating the Dyson equation,
(2.3), with respect to z. Since 2i0,Imm = 9,m by the holomorphicity of m (as

2In this subsection, we write < ¥ if the two nonnegative scalars x, y > 0 satisfy = < Cy
for some constant C' > 0. For a more general definition specifying the dependence of C' on
other constants, we refer to Convention 3.4 below.
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stated below (2.3)), this yields
2i0,Imm = (Id — C,,,S) " *[m?]. (2.12)

Here, Id denotes the identity map on A and C,,: A — A is defined by C,,[z] :=
mam for any x € A.

We first analyse the derivative of Imm and prove that Imm is 1/3-Holder
continuous since, as we show next, the right-hand side of (2.12) is bounded in
terms of Im m, namely by ||[Im m/||~2. In order to control the norm of the inverse
(Id — C,,,S) ! of the stability operator, we rewrite it in a more symmetric form.
We find an invertible V' with ||V, ||V 7| < 1, a unitary operator U and a
self-adjoint operator T" acting on A such that

Id—C,,S =V~YU -T)V.

The Rotation-Inversion Lemma from [1] (see Lemma 4.4 below) is designed
to control (U — T)~! for a unitary operator U and a self-adjoint operator T
with || T]|2 < 1. Applying this lemma in our setup yields ||(Id — C,,S) 7| <
JTom =2,

Since ||m|| < 1, we thus obtain

0. Tmm| < ||Tmm]|| 2. (2.13)

This bound implies that (Imm)?: H — A, is uniformly Lipschitz-continuous.
Hence, we can extend Imm to a 1/3-Holder continuous function on RUH and

we obtain
1 / Im m(7)dr
A

m(z):ﬂ' T—2

This also implies that m is uniformly 1/3-Holder continuous on RUH. Further-
more, m(7) and Imm(7) are real-analytic in 7 around 79 € R, wherever p(79)
is positive.

BEHAVIOUR OF Imm WHERE IT IS NOT ANALYTIC. Owing to (2.13), some
unstable behaviour of the Dyson equation is expected close to points 79 € R,
where Im m(7g) is zero or small. In order to analyze this behaviour of Im m/(7),
we compute A = m(m9 + w) — m(719) from the Dyson equation, (2.3), with
w € R. Since m has a continuous extension to R, (2.3) holds true for z € R
as well. We evaluate (2.3) at z = 79 and z = 79 + w and obtain the quadratic
A-valued equation

B[A] = mS[A]A +wmA +wm?, B:=1d-C,,S, m :=m(7). (2.14)

The blow-up of the inverse B~! of the stability operator B close to T requires
analyzing the contributions of A in the unstable direction of B~! separately.
In fact, B possesses precisely one unstable direction denoted by b since we will
show that ||T||2 is a non-degenerate eigenvalue of T. We decompose A into
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A = ©b+ r, where O is the scalar contribution of A in the direction b and r
lies in the spectral subspace of B complementary to b.

We view 79 as fixed and consider w as the main variable with |w| < 1. Pro-
jecting (2.14) onto b and its complement yield the scalar-valued cubic equation

POW)’ +00(w)* + 1w = O(|lw||O(wW)| + [O(w)[*) (2.15)

with two parameters ¢ > 0 and o € R. In fact, the 1/3-Holder continuity of
m implies © = O(|Jw|'/?) and, hence, the right-hand side of (2.15) is indeed of
lower order than the terms on the left-hand side. Analyzing (2.15) instead of
(2.14) is a more tractable problem since we have reduced a quadratic A-valued
equation, (2.14), to the scalar-valued cubic equation, (2.15).

The essential feature of the cubic equation (2.15) is its stability. By this, we
mean that there exists a constant ¢ > 0 such that

1/1—1—0220.

This bound will follow from the structure of the Dyson equation and prevents
any singularities of higher order than w'/? or w'/3. Obtaining more detailed
information about © from (2.15) requires applying Cardano’s formula with an
error term. Therefore, we switch to normal coordinates, (w, ©(w)) — (A, Q(N)),
in (2.15). We will study four normal forms, one quadratic Q(\)? + A(A\) = 0,
and three cubics, Q(A\)® + A(A) = 0 and Q(N\)? £ 3Q(A\) + 2A(N\) = 0, where
A(X) is a perturbation of the identity map A — A. The first case corresponds
to the square root singularity of the isolated edge, the second is the cusp. The
last two cases describe the situation of almost cusps, see later.

The correct branches in Cardano’s formula are identified with the help of four
selection principles for the solution Q(\) corresponding to © of the cubic equa-
tion in normal form (see SP1 to SP4’ at the beginning of Section 7.2 below).
These selection principles are special properties of {2 which originate from the
continuity of m, Imm > 0 and the Stieltjes transform representation, (2.4),
of m. Once the correct branch is chosen, we obtain the precise behaviour of
Imm around 79, where 19 € supp p satisfies p(m9) = 0 or even p(7y) < 1, from
Cardano’s formula and careful estimates of r in the decomposition A = ©b+r
(see Theorem 7.1 below).

STRUCTURE OF THE REMAINDER OF THE PAPER

We conclude this section with an overview of the structure of the remaining
sections of the present work. In Section 3, we prove Proposition 2.1 and a few
basic estimates on the solution m of the Dyson equation, (2.3). Section 4 is
devoted to the analysis of the regularity of m and the self-consistent density of
states p and contains the proofs of Proposition 2.3 and Proposition 2.4. Sec-
tion 5 and Section 6 prepare the proof of Theorem 2.5 in Section 7. In Section 5,
we analyse the stability operator in the regime where the self-consistent density
of states p is small. In particular, we obtain that it has one unstable direction
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which we determine through the use of non-Hermitian perturbation theory. Sec-
tion 6 contains the derivation of the cubic equation (cf. (2.15)) describing the
component of m in this unstable direction as a function of the spectral pa-
rameter z. In Section 7, we then obtain Theorem 2.5 as a consequence of its
extended version, Theorem 7.1. The latter result is also proved in Section 7
by a detailed analysis of the cubic equation from Section 6. Proposition 2.6
is shown in Section 8. Section 9 provides some sufficient checkable conditions
in terms of a and S ensuring the flatness of S and the boundedness of m (see
(2.7)) in the setup of Kronecker random matrices. In Section 10, we study
how the solution m of the Dyson equation changes under small perturbations
of the data pair (a,S). The appendices collect a few auxiliary results applied
throughout the paper as well as their proofs.

3 THE SOLUTION OF THE DYSON EQUATION

In this section, we first introduce some notations used in the proof of Propo-
sition 2.1, then prove the proposition and finally give a few further properties
of m.

For z,y € A, we introduce the bounded operator Cy ,: A — A defined through
Cyylh] := zhy for h € A. We set C; := Cy . For z,y € A, the operator Cy
satisfies the simple relations

* —1
Cry = Cor y=, Cry = Cr1 41,

where C7  is the adjoint with respect to the scalar product defined in (2.1).
Here, the second identity holds if  and y are invertible in 4. In fact, Cy , is
invertible if and only if x and y are invertible in .A.

In the following, we will often use the functional calculus for normal elements
of A. As we will explain now, our setup allows for a direct way to represent A
as a subalgebra of the bounded operators on a Hilbert space. Therefore, one
can think of the functional calculus being performed on this Hilbert space. The
Hilbert space is the completion of A equipped with the scalar product defined in
(2.1) and denoted by L?. In order to represent A as subalgebra of the bounded
operators B(L?) on L2, we denote by ¢, for x € A the left-multiplication on
L? by x, ie., ly: L?> — L?, {,(y) = xy for y € L?. The inclusion A C L? and
the Cauchy-Schwarz inequality yield the well-definedness of £, and ¢, € B(L?),
the bounded linear operators on L2. In fact,

A — B(L?), Uy

I3

defines a faithful representation of A as a von Neumann algebra in B(L?) [42,
Theorem 2.22].
We now introduce the balanced polar decomposition of m. For any z € H, we
define w = w(z) € A, g = ¢q(z) € A and u = u(z) € A through
w = (Imm)~2(Rem)(Imm)~ /2 + i1, q = |w|?(Imm)/?,
w (3.1)

|w]
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where |w| and w/|w| are determined by the spectral calculus of the self-adjoint
operator (Imm)~'/?(Rem)(Imm)~1/2. Thus, we have

m(z) = Rem(z) + ilmm(z) = ¢*uq. (3.2)

Here, u is unitary and commutes with w. The decomposition m = ¢*uq was
already introduced and also called balanced polar decomposition in [4] in the
special setting of matrix algebras. The operators |w|1/ 2, ¢ and u correspond to
W, WvImM and U* in the notation of [4], respectively. With the definitions
in (3.1), (2.3) reads as

—u* =q(z —a)q* + Flu], (3.3)
where we introduced the saturated self-energy operator
F:=Cy g SCy 4. (3.4)

It is positivity-preserving as well as symmetric, ' = F*, and corresponds to
the saturated self-energy operator F in [4].

Proof of Proposition 2.1. The existence of v will be a consequence of the fol-
lowing lemma which will be proven in Appendix A below.

LEMMA 3.1. Let A be a von Neumann algebra with unit 1 and a tracial, faithful,
normal state { ): A — C. If h: H — A is a holomorphic function satisfying
Imh(z) € Ay for all z € H and

77hﬂn;o inh(in) = —1 (3.5)

then there exists a unique measure v: B — A on the Borel sets B of R with
values in Ay such that
d
h(z) = / v(dr) (3.6)
RT — %
for all z € H and v(R) = 1.

In order to apply Lemma 3.1, we have to verify (3.5) for h = m. To that end,
we take the imaginary part of (2.3) and use Imm > 0 as well as S € ¥ to
conclude

—Imm (2) =Imz1 + S[Imm] > Im 21.

Hence, ||m(z)|| < (Im2)~! as for any € A we have ||z|| < 1 if 2 is invertible
and Imz~! > 1. Therefore, evaluating (2.3) at z = in, > 0, and multiplying
the result by m from the left yield

inm(in) = —1 + m(in)a — m(in)S[m(in)] — -1

for n — oo as S is bounded. Hence, Lemma 3.1 implies the existence of v, i.e.,
the Stieltjes transform representation of m in (2.4).

This representation has the following well-known bounds as a direct conse-
quence (e.g. [3, 4, 7]).
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LEMMA 3.2. Let v be the measure in Proposition 2.1 and p = (v). Then, for
any z € H, we have

1 I
mm(z) < ——" 1. (3.7)

<
Im{=)ll < dist( ~ dist(z, supp p)?
O

z,supp p)’

For the proofs of (2.5a) and (2.5b), we refer to the proofs of Proposition 2.1
in [4] and (3.4) in [7] in the matrix setup, the same argument works for our
general setup as well.
We now prove (2.6). Taking the imaginary part of the Dyson equation, (3.3),
yields

Imu = (Im=z2)gq" + F[Imu] > max{(Imz)qq", F[Imu]}.

Thus, Imu > (Imz)||(g¢*)~!||7'1. We remark that gg* is invertible since
Imm(z) > 0 for z € H. Therefore, the following Lemma 3.3 with h =
Imwu/||Imw||s implies ||Fll2 < 1.

LEMMA 3.3. Let T: A — A be a positivity-preserving operator which is sym-
metric with respect to (2.1). If there are h € A and € > 0 such that h > 1 and
Th <h then |T]2 < 1.

Proof. The argument in the proof of Lemma 4.6 in [3] also yields this lemma
in our current setup. O

We rewrite the Dyson equation (3.3) in the form
qla—2)¢" = u" + Flu]. (3.8)

We take the || - [|2-norm on both sides of (3.8) and use that ||ulj2 = 1 (since it
is unitary) and ||F||2 <1 to find

lala —2)q"[2 < 2. (3.9)
Then we use the polar decomposition m = ¢*uqg again and with z = 7+ in find

<ma (Cafﬂ' + 772)m> =Re <m7 Ca—z,(a—z)*m>
< | <m ) Cafz,(afz)* m> |
= [{g(a = 2)q", Cu- wlgla — 2)¢"])| < 4,

where the last step holds because of (3.9). Recall that a = a*. Since
Spec(Cu—r) = {M : Au € Spec(a — 7)} we have infSpec(Co—r) >
dist(r, Conv Spec a)?, provided 7 ¢ Conv Spec a. Thus in this case (2.6) follows.
In case 7 € Conv Speca we simply use the trivial bound ||m|2 < ||m| < !
from the first inequality of (3.7) and (2.6) still holds. This completes the proof
of Proposition 2.1. O
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From now on until the end of Section 4.2, we will always assume that S is flat,
ie, S € gat (cf. (2.2b)). In fact, all of our estimates will be uniform in all
data pairs (a,S) that satisfy

c1(z)1 < Sfz] < ea(x)1, la|]| < es (3.10)

for all z € A, with the some fixed constants c1,ca,c3 > 0. Therefore, the
constants c¢i, co, c3 from (3.10) are called model parameters and we introduce
the following convention.

CONVENTION 3.4 (Comparison relation, universal constant). Let z,y € As,.
We write x S y, or, equivalently, y 2 x, if there is ¢ > 0 depending only on the
model parameters c1, ca, cs from (3.10) such that cy — x is positive definite, i.e.,
cy —x € Ay. Moreover, we write x ~y if x Sy and x > y. We also use this
notation for scalars x,y. Moreover, we write x = y + O(«) for x,y € A and
a>0if |z -y Sa.

Constants that do not depend on any parameter are called universal constants.
Their numerical values can easily be obtained from our proofs, but they are
irrelevant and we do not follow them.

We remark that we will choose a different set of model parameters starting
from Section 4.3 below and redefine < as well as ~ accordingly (cf. Convention
4.6 below).

PROPOSITION 3.5 (Properties of the solution). Let (a,S) be a data pair satis-
fying (3.10) and m be the solution to the associated Dyson equation, (2.3). We
have

[m(2)[l2 < 1, (3.11)

1
[m(z)]| < Tmm () T dst(z.supp )’ (3.12)
lm(z)7H S1+ 2], (3.13)
(Imm(2))1 S Tmm(2) S (1 +|2[*)||m(2)[|*(Tmm(2))1, (3.14)
[m(2)[| Z (1+|2)7" (3.15)

uniformly for z € H.

The following proof of Proposition 3.5 resembles the one of Proposition 4.2
in [4].

Proof. We take the imaginary part of the Dyson equation, (2.3), multiply the
result by m* from the left and m from the right and obtain

Imm =m*((Im 2)1 + S[Imm])m > m*S[Imm|m 2> Immym*m  (3.16)

due to the lower bound on S from (3.10). We apply (-) on both sides and
conclude (3.11).

DOCUMENTA MATHEMATICA 25 (2020) 1421-1539



1440 J. Aur, L. ERDOS, T. KRUGER

We now set K := ||al| + 2||S||'/2. Note that K < 1 since |la|] < 1 and ||S]| <
[1S]l2= - < 1 by the upper bounds on a and S'in (3.10) and Lemma B.2 (i). The
Stieltjes transform representation (2.4) implies that ||m(z)|| < dist(z,suppv)~!.
Since supp p = supp v by the faithfulness of (- ), for the proof of (3.12), it thus
suffices to show that ||m(z)| < (Imm(z))~! for || < 1+ K as dist(z, supp p) =
12 (Imm(z)) for |z2| > 1+ K by (3.11). Applying the lower bound on S from

(3.10) to the imaginary part of the Dyson equation, (2.3), yields
~Imm(z)™' > S[Imm(z)] 2 (Imm(2))1.

Since Imz~! > 1 implies ||z|| < 1 for any invertible z € A, we conclude
[m(2)|| < (Imm(z))~*, thus, completing the proof of (3.12).
For the proof of (3.13), we start from (2.3) and estimate

Im(2)7H < J2l + llall + [1Sllaspllmll2 £ 1+ 2,

where we used [la|| S 1, [|m|l2 $ 1 and [|S|s— ). < 1 in the last step. These
bounds follows from (3.10), (3.11) and Lemma B.2 (i). This proves (3.13) and,
thus, (3.15) since ||m]|||m~1|| > 1.

What remains is showing (3.14). By (2.5a), we know that suppv C [-K, K].
First, we assume that |z] > 1 4+ K. The Stieltjes transform representation
(2.4) implies that z — (z,m(z)z) is the Stieltjes transform of a probabiilty
measure supported in [—K, K] for any € A such that ||z|]z = 1. Hence,
Imm(z) ~ Imm(z)) ~ |z|"2Im z if |z| > 1 + K. Moreover, |[m(z)|| ~ |z|~! in
this regime. Thus, we proved (3.14) if |z] > 1 + K.

We now assume that |z] < 1+ K. From (3.16) we conclude that Imm 2
(Im m)||m~1|| =21, and, thus, the lower bound on Imm in (3.14) as |m~!|| <1
by (3.13). For the upper bound, we take the imaginary part of the Dyson
equation and estimate

Imm = m*(Im z1 + SImm])m < (Im z + Imm))m*M < Imm)||m|*1,

where we used in the last step that Imm = (Im z)1 by the Stieltjes transform
representation (2.4) and |z| < 1. This proves the missing upper bound on Imm
in (3.14) and, thus, completes the proof of Proposition 3.5. O

4 REGULARITY OF THE SOLUTION AND THE SELF-CONSISTENT
DENSITY OF STATES

In this section, we will prove Proposition 2.3 and Proposition 2.4. Their proofs
are based on a bound on the inverse of the stability operator Id — C,,,.S of the
Dyson equation, (2.3), which will be given in Proposition 4.1 below. These re-
sults are the basis of the analysis of the singularities in the subsequent sections.

4.1 LINEAR STABILITY OF THE DYSON EQUATION

For the formulation of the following proposition, we introduce the harmonic
extension of the density of states p defined in Definition 2.2 to H. The harmonic
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extension at z € H is denoted by p(z) and given by

p(2) = = {Tmm(2)).

PROPOSITION 4.1 (Linear Stability). There is a universal constant C > 0 such
that, for the solution m to (2.3) associated to any a € Asa and S € X satisfying
(3.10), we have

1
(p(z) + dist(z, supp p))“

uniformly for all z € H.

Before proving Proposition 4.1, we will explain how the linear stability yields
the Holder-continuity and analyticity of p in Proposition 2.3. Indeed, assuming
that m = m(a, S, z) viewed as a function of (a, S, 2) € Ag X Zgar X H depends
differentiably on (a, .S, z), we can compute the directional derivative V(a,D,5)
at (a, S, z) of both sides in (2.3). The result of this computation is

(10 = C)[Va,p.5ym] = m(6 — d+ Dfm])m.
Using the bound in Proposition 4.1 and p(z) = 7~ '(Imm(z)), we conclude
from (3.12) that
Vsl < 20+ 14+ 12]) 42)
with a possibly larger C. Therefore, it is clear that the control on (Id — C,,S) !

will be the key input in the proof of Proposition 2.3.
In order to prove Proposition 4.1, we will use the representation

Id — C,,S = Cype Cou(C — FYC! (4.3)

qa*,q’

where ¢, u and F were defined in (3.1) and (3.4), respectively. This repre-
sentation has the advantage that C; is unitary and F is symmetric. Hence,
it is much easier to obtain some spectral properties for C;; — F' compared to
Id - C,,S. Now, we will first analyze ¢ and F' in the following two lemmas and
then use this knowledge to verify Proposition 4.1.

LEMMA 4.2. If (3.10) holds true then we have

lg) I S T+ D72 m)ll llaz) 7 S A+ =D m2)]?
uniformly for z € H.
Proof. For q = q(z), we will show below that

AL/2 o . Bl/2
() < g < S lme) (14)
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if A1 <Imm(z) < B1 for some A, B € (0,00) and z € H. Choosing A and
B according to (3.14), using the C*-property of | - ||, [[¢*¢|| = ||¢||?, and (3.13),
we immediately obtain Lemma 4.2.

For the proof of (4.4), we set g := Rem and h := Im m. Using the monotonicity
of the square root, we compute

Tq= h1/2(11 i h—1/2gh—1gh—1/2)1/2h1/2
§A_1/2h1/2(h_1/2(h2+92)h_1/2)1/2h1/2
< Hm||A71/2h1/2.

Here, we employed h™! < A7'1 as well as 1 < A~'h in the first step and
(Rem)? + (Imm)? = (m*m + mm*)/2 < ||m|? in the second step. Thus,
h < B1 yields the upper bound in (4.4). Similar estimates using 1 > B~'h and
[m=|=2 < (m*m + mm*)/2 prove the lower bound in (4.4) which completes
the proof of the lemma. O

LEMMA 4.3 (Properties of F'). If the bounds in (3.10) are satisfied then | F|2 is
a simple eigenvalue of F: A — A defined in (3.4). Moreover, there is a unique
eigenvector [ € Ay such that F[f] = |Fll2f and || f|l2 = 1. This eigenvector

satisfies
(f,aq")

1—|Fl2= (Imz)m- (4.5)

In particular, ||F||2 < 1. Furthermore, the following properties hold true uni-
formly for z € H satisfying |z| < 3(1 + ||la|| + ||S]|*/?) and® |F(2)|]2 > 1/2:

(i) The eigenvector f has upper and lower bounds

lm] =1 < f < [lm]*1. (4.6)
(ii) The operator F has a spectral gap ¥ € (0,1] satisfying 9 = ||m| =% and
Spec(F/||F||2) C [-14+ 9,1 — 9] U{1}. (4.7)

Proof. The definition of F in (3.4), (3.10) and Lemma 4.2 imply
(1 + D™ I ™)l S Fla] S (1 + |2)?[lm(2)]*(a)1 (4.8)

for all a € A4 and all z € H. We will use Lemma B.1 (ii) from Appendix B.
The condition (B.1) with T' = F is satisfied by (4.8) with constants depending
on ||m|| and |z|. Hence, Lemma B.1 (ii) implies the existence and uniqueness
of the eigenvector f. We compute the scalar product of f with the imaginary
part of (3.3). Since F' is symmetric, this immediately yields (4.5).

We now assume that z € H satisfies |2| < 3(1+|a||+|S||*/?) and || F ()2 > 1/2.
Then |z| < 1 and, by using this in (4.8), we thus obtain (4.6) and (4.7) from
Lemma B.1 (ii) since ||m|| 2 1 by (3.13). O

3The lower bound 1/2 is chosen solely for convenience. Any other constant in (0, 1) could
be used instead.
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The following proof of Proposition 4.1 proceeds similarly to the one of Propo-
sition 4.4 in [4].

Proof of Proposition 4.1. We will distinguish several cases. If |z] > 3(1 + k)
with s = ||a| 4 2||S||*/? then we conclude from (2.4) and supp p C [—k, k] by
(2.5a) that ||m(2)|| < (|z| — x)~1. Thus,

ISl: 1Sl

<
||Cm(z)S||2 = (|Z| — H)Q - 4(1 + H)2

1
< -.
!
Here, we used ||S||2 < ||S|| since S is symmetric and & > |S||'/2. This shows
(4.1) for large |z|.

Next, we assume |z| < 3(1 4+ ). In this regime, we use the alternative repre-

sentation of Id — C,,,S in (4.3) and the spectral properties of F' from Lemma
4.3. Indeed, from (4.3) and Lemma 4.2, we conclude

I(dd = Cn8) " l2 S mlPI(Cs = F)7H 2

1
cr —

< I (4.9)
™ (p(z) + dist(z,supp p))* ¢

F)7 2

as u € A is unitary. Here, we used (3.12) in the last step. If | F'(2)|]2 < 1/2 then
this immediately yields (4.1) as ||Cyll2 = 1. We now assume [|F(z)[2 > 1/2.
In this case, we will use the following lemma.

LeEMMA 4.4 (Rotation-Inversion Lemma). Let U be a unitary operator on L>
and T a symmetric operator on L?. We assume that ||T||2 < 1 is an eigenvalue
of T whose eigenspace is one-dimensional. Moreover, suppose that T has a
spectral gap, i.e., there is a constant 0 > 0 such that

SpecT C [=[|Tll2+ 6, [Tl — 0] U {I|T']l2}-

Then there is a universal constant C' > 0 such that

C
1722, U1

—T) Y2 <
(U )||2_9|1_

where t € L? is the normalized, ||t||2 = 1, eigenvector of T corresponding to

172

The proof of this lemma is identical to the proof of Lemma 5.6 in [1], where a
result of this type was first applied in the context of vector Dyson equations.
We start from the estimate (4.9), use the Rotation-Inversion Lemma, Lemma
4.4, with U = C} and T = F as well as (4.7) and (3.12) and obtain

(p(z) + dist(z,supp p)) !
1= [Fll2{f, Ca D]
(p(2) + dist(z, supp p)) ™!
= max{1 — [[Fll2, |1 = (fC;[/DI}

DOCUMENTA MATHEMATICA 25 (2020) 1421-1539

1(Id = CS) M2 <




1444 J. Aur, L. ERDOS, T. KRUGER

In order to complete the proof of (4.1), we now show that

max{1 — [|F|l2, [1 = (fCF[fD)]} 2 (p(2) + dist(z, supp p))°. (4.10)

We first prove auxiliary upper and lower bounds on Imu = (¢*)~*(Imm)q~*.

We have

I
p(2)(p(2) + dist(z, supp p))*1 < Tmu < — 22l

_— 4.11
~ dist(z, supp p)? ( )

For the lower bound, we used the lower bound in (3.14), Lemma 4.2 and (3.12).
The upper bound is a direct consequence of (3.7) as well as Lemma 4.2. Since
(fyqq®) > l(qq*) 17X f) = [lm||{f) by Lemma 4.2, the relation (4.5) and the
upper bound in (4.11) yield

1 —||F||2 = dist(z, supp p).

As 1 — (fCreu[f]) > 0 and (f?) = 1, we obtain from the lower bound in (4.11)
that

1= (FCLDI = Re [l = (FCLSD] = 1 = {fCreulf]) + (fCmu[f])

> 022 (p(z) + dist(z,supp )t D)

This completes the proof of (4.10) and hence of Proposition 4.1. O

4.2 REGULARITY OF THE SELF-CONSISTENT DENSITY OF STATES — PROOF
OF PROPOSITION 2.3

The following proof of Proposition 2.3 is similar to the one of Proposition 2.2
in [4].

Proof of Proposition 2.3. We first show that p: H — (0,00) has a uniformly
Holder-continuous extension to H, which we will also denote by p. This ex-
tension restricted to R will be the density of the measure p from Definition
2.2. Since Id — C,,, S is invertible for each z € H by (4.1), the implicit function
theorem allows us to differentiate (2.3) with respect to z. This yields

(Id — C,,S)[0.m] = m>. (4.13)

Since z + (m(z)) is holomorphic on H as remarked below (2.3), we have
210, p(z) = 2i0,Im (m(z)) = 9,(m(z)). Thus, we obtain from (4.13) that

V20l $10:0 + 10201 S 11022 < [|(1d = ConS) " Hlzllml|*  p~+2 (4.14)

Here, we used (4.1), p(z) < ||lm(2)]l2 S 1 by (3.11) and (3.12) in the last step.
Hence, p©*2 is a uniformly Lipschitz-continuous function on H. Therefore, p
defines uniquely a uniformly 1/(C + 3)-Hoélder continuous function on R which
is a density of the measure p from Definition 2.2 with respect to the Lebesgue
measure on R.
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Next, we show the Holder-continuity with respect to a and S. As before in
(4.2), we compute the derivatives and use (3.12) and (4.1) to obtain

ldll + D]
IV(a,0)P(a,5)(2)| S KV a,pym)| S — pC+8

Since the constants in (4.1) and (3.12) depend on the constants in (3.10), we
conclude that p is also a locally 1/(C + 4)-Holder continuous function of a
and S.

We are left with showing that p is real-analytic in a neighbourhood of (a, S, 79)
if pa,s(70) > 0. Since p(19) > 0, we can extend m to 79 by (4.14). Moreover,
m(7o) is invertible as Imm(79) > 0 and, thus, solves (2.3) with z = 75. Since
(2.3) depends analytically on a, S and z = 7 in a small neighbourhood of
(a, S, 7o), the solution m and thus p will depend analytically on (a, S, 7) in this
neighbourhood by the implicit function theorem. This completes the proof of
Proposition 2.3. O

4.3 REGULARITY OF THE SOLUTION — PROOF OF PROPOSITION 2.4

In this section, we prove Proposition 2.4. In order to modularize the following
arguments, we first collect in Assumptions 4.5 below the essential conditions
on m and F' implying the conclusion of Proposition 2.4. Finally, the proof of
Proposition 2.4 will consist of checking that Assumptions 4.5 are satisfied if
S € ¥ and (2.7) holds.

To formulate Assumptions 4.5, for any I C R and 7, > 0, we introduce the set

H;,. ={z€H:Reze I, Imz e (0,n]} (4.15)
and its closure Hy ..

ASSUMPTIONS 4.5. Let m be the solution of (2.3) for a = a* € A satisfying
lal] < ki with a positive constant ki and S € ¥ satisfying ||.S][o— . < k2 for
some positive constant ka. For an interval I C R and some 7, € (0,1], we
assume that

(i) There are positive constants ks, k4 and k5 such that

[m(2)|| < ks, (4.16)
ka(Imm(2))1 < ITmm(z) < ks(Imm(2))1, (4.17)

uniformly for all z € Hy,, .

(ii) The operator F := Cy 4 SCy» 4 has a simple eigenvalue || F||2 with eigen-
vector f € Ay that satisfies (4.5) for all z € Hy ,,,. Moreover, (4.7) holds
true and there are positive constants kg, k7 and kg such that

kel < f <kel, 0> k. (4.18)

uniformly for all z € Hy,, .
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We remark that S € Yg.; is not necessarily required in Assumptions 4.5. In
fact, we will show in Lemma 4.8 below that S € 3g,¢ and (4.16) imply all other
conditions in Assumptions 4.5.

CONVENTION 4.6 (Model parameters, Comparison relation). For the remainder
of the Section 4 as well as Section 5 and Section 6, we will only consider
ki,...,ks as model parameters and understand the comparison relation ~ from
Convention 3.4 with respect to this set of model parameters.

We remark that all of our estimates will be uniform in 7, € (0,1]. Therefore,
7s is not considered a model parameter. At the end of this section, we will
directly conclude Proposition 2.4 from the following proposition.

PROPOSITION 4.7 (Regularity of m). Let Assumptions 4.5 hold true on an in-
terval I C R for some n,. € (0,1].

Then, for any 0 € (0,1], m can be uniquely extended to Iy = {r €
I: dist(r,0I) > 0} such that it is uniformly 1/3-Hélder continuous, indeed,

[m(z1) — m(z2)|| S 0743|z1 — 2o|/? (4.19)

for all z1,2zy € Iy x i[0,00). Moreover, we have |[m(2)| < 1+ 60=43 for all
z €Iy x i[0,00).
Furthermore, if p(19) > 0, 79 € I, then m is real-analytic in a neighbourhood
of 19 and

|0,m(ro)ll S plro) 2 (4.20)

We remark that the bound in (4.20) will be extended to higher derivatives in
Lemma 5.7 below.

In the following lemma, we establish a very helpful consequence of (i) in As-
sumptions 4.5. Moreover, part (ii) of the following lemma shows that all con-
ditions in Assumptions 4.5 are satisfied if we assume (4.16) and the flatness of

S.

LEMMA 4.8. Let m be the solution to (2.3) for some data pair (a,S) € Aga X 2.
We have

(i) Let|la|| S 1, IS £1 and U C H such that sup{|z|: z € U} S 1. If (4.16)
and (4.17) hold true uniformly for z € U then, uniformly for z € U, we
have

gl ~ 1, Tmu~ (ma)d~ pl. (121)

(i) Let I C [—C,C] for some C ~ 1 and (4.16) hold true uniformly for all
z €Hyy, . If S € Xgar and ||al| S 1 then ||S|o—. S 1, (4.17) holds true
uniformly for all z € Hp,,, and part (ii) of Assumptions 4.5 is satisfied.

(tii) If Assumptions 4.5 hold true then, uniformly for z € Hyp ., we have

114 = Couy )M + 104 = Cry )M S p(2) 2 (4.22)
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Proof of Lemma 4.8. For the proof of (i), we use |la|| < 1, ||S]] £ 1 and (2.3)
to show ||m(z)71|| < 1 uniformly for all z € U. Thus, following the proof of
Lemma 4.2 immediately yields the estimates on ¢ and ¢~! in (4.21) due to
(4.16) and (4.17). Thus, as ||¢|,|lg"!|| ~ 1, we obtain the missing relations in
(4.21) from (4.17) since

Imu = (¢*) " '(Imm)g~ ~ Imm ~ (Imm) ~ (Imu).

We now show (ii). By Lemma B.2 (i), the upper bound in the definition of
flatness, (3.10), implies [|S{lo—).; $ 1. Owing to (4.16) and (3.13), we have
|m(2)|| ~ 1 for all z € Hy,, . Hence, (4.17) follows from (3.14) since |z| < C'+1
for z € Hy .. Moreover, (ii) in Assumptions 4.5 is a consequence of Lemma
4.3.

To prove (4.22), we follow the proof of Proposition 4.1 and replace the use of
(3.12) as well as (4.6) and (4.7) from Lemma 4.3 by (4.16) and (4.18), respec-
tively. This yields

1(0d = Cn )~ Hl2 S 1+ 1= [Fll2(FCINIT S L= IFI(fCRIDITT, (4.23)

where we used in the last step that (4.16) implies p(z) < 1 on Hy,, . Since
Imu ~ p by (4.21) and ||F|l2 < 1 by (4.5) that holds under Assumptions 4.5
(ii), we conclude

L=l CIMIT S L= (ORI S o7
as in (4.12) in the proof of Proposition 4.1. This shows |[(Id — C;,S) 7|2 <

~

p(z)~2. Using ||S||2 . < 1 and Lemma B.2 (ii), we obtain the missing || - [|-
bound in (4.22). This completes the proof of Lemma 4.8. O

Proof of Proposition 4.7. Similarly to the proof of Proposition 2.3, we obtain

[0:Tmm(2)]| < 0-m(2)[| < [|(Id = Con )~ [[[[m(2)]* < p(2) 72 ~ [[Tmm ()|~

(4.24)
for z € Hy,, from (4.16), (4.22) and (4.17). By the submultiplicativity of
|- Il, Imm(z))*: Hr,, — (A,]-|]) is a uniformly Lipschitz-continuous func-

tion. Hence, Im m(z) is uniformly 1/3-Ho6lder continuous on Hy , (see e.g. The-
orem X.1.1 in [14]) and, thus, has a uniformly 1/3-Hdélder continuous extension
to Elm*- We conclude that the measure v restricted to I has a density with
respect to the Lebesgue measure on I, i.e., (2.9) holds true for all measurable
A C I. Now, (A.3) in Lemma A.1 implies the uniform 1/3-Ho6lder continuity
of m on Iy x i(0,00). In particular, m can be uniquely extended to a uniformly
1/3-Holder continuous function on Iy x i[0, 00) such that (4.19) holds true. By
(3.7), we have that ||m(z)|| < 1if Imz > 1. Thus, ||[m(2)|| <1+ 6~*/3 for all
z € Iy x i[0, 00) follows directly from (4.19).

To prove the analyticity of m, we refer to the proof of the analyticity of p in
Proposition 2.3. The bound (4.20) can be read off from (4.24). This completes
the proof of the proposition. O
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Proof of Proposition 2.4. By (2.7), there are Cy > 0 and n. € (0, 1] such that
lm(r +in)|| < Cp for all 7 € I and n € (0,7.]. Hence, by Lemma 4.8 (ii), the
flatness of S implies Assumptions 4.5 on IN[—C, C] for C := 3(14 | al|+|S||*/?),
i.e., C' ~ 1. Therefore, Proposition 4.7 yields Proposition 2.4 on I N [—C, C].

Owing to (3.7) and suppv = suppp, we have dist(r,suppv) > 1 for 7 € T
satisfying 7 ¢ [-C'+ 1, C' —1]. Hence, for these 7, the Holder-continuity follows
immediately from (A.4) in Lemma A.1. Moreover, we have |m(z)|| < 1lifz € H
with Rez € T\ [-C +1,C — 1] by (3.7) as dist(z,suppv) > 1. By (2.5a), we
have Imm(7) = 0 for 7 € I satisfying 7 ¢ [—C, C]. Therefore, the statement
about the analyticity is trivial outside of [-C, C]. This completes the proof of
Proposition 2.4. O

5 SPECTRAL PROPERTIES OF THE STABILITY OPERATOR FOR
SMALL SELF-CONSISTENT DENSITY OF STATES

In this section, we study the stability operator B = B(z) := Id — C,;,(.)S, when
p = p(z) is small and Assumptions 4.5 hold true. Note that we do not require
S to be flat, i.e., to satisfy (3.10). We will first show that B has a single
eigenvalue close to zero while all other eigenvalues of B are well separated from
zero. In a second step, we then obtain precise expansions for this eigenvalue as
well as the corresponding left and right eigenvectors expressing this unstable
direction in terms of basic quantities derived from m. The obtained spectral
information will be employed in Section 6 to deduce a cubic equation for the
component of m in the unstable direction as a function of the spectral parameter
z. In Subsections 5.3 and 5.4, we will use the precise knowledge about the small
isolated eigenvalue of B and its associated eigenvectors to extend the quantities
derived from m to the real axis and establish a bound on the derivatives of m.

5.1 SPECTRUM OF THE STABILITY OPERATOR CLOSE TO ZERO

This subsection is devoted to the proof of Lemma 5.1 below, a basic result
about the structure of the spectrum of B close to zero. The key ingredient in
the proof is viewing B = Id — C},,.S as a perturbation of the operator By, which
we introduce now. We define

s := signReu, By := Cy» o(Id — CSF)Cq_*{q, (5.1)
B = (Cyrsqg — Cn)S = Cygr o(Cs — CL)FC" '
with u and ¢ defined in (3.1) and F' defined in (3.4). Note By = Id — Cy+445,
i.e., in the definition of B, u in m = ¢*ugq is replaced by s. Thus, we have
B = By + E. Apart from the base change Cy- 4, the basic constituents of By
are the two self-adjoint operators Cs and F. Their self-adjointness simplifies
the spectral analysis which is the main advantage of working with By instead
of B. Under Assumptions 4.5, (4.21) holds true which we will often use in the
following. Since 1 — |[Reu| =1 — /1 — (Imu)? < (Imu)? < p?, we also obtain

Reu = s + O(p?), Imu = O(p), Rem = ¢*sq + O(p?) (5.2)
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and with Cs — Cy, = O(||s — u||) = O(p) we get
E = 0O(p). (5.3)

Here, we use the notation R = T+ O(«) for operators T and R on A and o > 0
if |R —T| < . We introduce

fu=p 'Imu. (5.4)

By the functional calculus for the normal operator u, Reu, s and f, commute.
Hence, Cs[fu] = fu. From the imaginary part of (3.3) and (4.21), we conclude
that

(1d = F)[f,] = p~'Tm 2qq" = O(p~"Tm ). (5.5)

The following technical lemma provides control on the resolvent of the stability
operator B and its relatives. In particular, it implies that these operators
have one eigenvalue close to zero while all other eigenvalues are separated away
from zero by a controlled amount. It has been stated for the finite dimensional
situation A = CN¥*¥ in [8, Corollary 4.8]. For the reader’s convenience we
present its proof following the same line of reasoning as in [8]. For z € C and
e > 0, we denote by D.(z) := {w € C: |z — w| < e} the disk in C of radius ¢
around z.

LEMMA 5.1 (Spectral properties of stability operator). Let T € {Id — F,1d —
CsF, By, B,1d—Cy» 1, S}. If Assumptions 4.5 are satisfied on an interval I C R
for some n, € (0,1], then there are p. ~ 1 and € ~ 1 such that

(T = wId)™H 2 + 1T = wId) 7| + (7" - wId) 7' $ 1 (5.6)

uniformly for all z € Hy . satisfying p(z) + p(z) " m z < p, and for allw € C
with w € D¢(0) U Dy_2.(1). Furthermore, there is a single simple (algebraic
multiplicity 1) eigenvalue A in the disk around 0, i.e.,

Spec(T) N D.(0) = {A} and rankPp =1,

1
where Pr = —— (T — wId) dw.
2mi dDc(0)

(5.7)

Before proving Lemma 5.1, we explain the origin of its assumption p(z) +
p(2)"'Imz < p.. The condition p(z) < p. ensures the effectivity of pertur-
bation theory as B — By = E = O(p) by (5.3). The self-adjoint operator
fu is an approximate eigenvector of CyF due to Cs[f,] = fu. and (5.5) if
p(z)"1m z < p,.

If Assumptions 4.5 are satisfied on I for some 7, € (0, 1] then we have

fu :/fllmUN 1. (58)

uniformly for z € Hj, due to (4.21). This fact will often be used in the
following without mentioning it.

DOCUMENTA MATHEMATICA 25 (2020) 1421-1539



1450 J. Aur, L. ERDOS, T. KRUGER

Proof. First, we notice that for each choice of the operator T from the lemma,
the bound |[Id — T'[|o.;; < 1 holds because of || S][o— . <1, (4.16) and (4.21).
Therefore invertibility of T'— wId as an operator on L? implies invertibility as
an operator on A, as long as w stays away from 1, due to Lemma B.2 (ii). It
suffices thus to show the bound on the ||-||2-norm from (5.6) and (5.7). For
T = 1Id — F both assertions hold by Lemma 4.3. In particular, we find

f= ||fu|\§1fu+0(p_llmz), (5.9)

where f is the single top eigenvector of F', F'f = ||F||2f (see Lemma 4.3). The
proof of (5.9) follows from (5.5) and ||F|2 = 1+ O(p~'Imz) (cf. (4.5)) by
straightforward perturbation theory of the simple isolated eigenvalue ||F||2.
We will now prove (5.7) and the ||-||2-norm bound

T —wId) 2 < 1, w¢ D.(0)UD;_o.(1) (5.10)

for the choices T' = Id — C,F, By, B,1d — Cyp,« .S in this order. We start
with T'= Id — CsF. We introduce the interpolation T; := Id — V4 F' between
To=1d — F and T1 = Id — CsF by setting

Once we have established (5.10) with T' = T} for all ¢ € [0, 1], the assertion
about the single isolated eigenvalue (5.7) also follows for T = T;. Indeed,
the rank of the spectral projection Pr, is a continuous function of ¢ and thus
rank Pr, = rank Pr, = 1 by what we have already shown.

In order to show (5.10) we consider two regimes. On the one hand, for |w| > 3
we simply use ||F|2 < 1 and ||[Vi||2 < 1. On the other hand, for |w| < 3 we
estimate the norm of ((1 —w)Id — V,F)[z] from below for any € L?. For this
purpose we decompose x = «f + y according to the top eigenvector f of F,
with y L f and o € C. Then we find

11 = w)Id = V,F)[a]ll3 = [af*lw]* + [[(1 - w)Id = V,F)[y]lI3
+O(p™ ' Tm 2]|[|3)
> [af?e? + (9 — 2¢)* (|13 — |o]?)
+O0(p™ T 2]|[[3),

(5.11)

where ¥ ~ 1 is the spectral gap of F' from (4.7). In the equality of (5.11) we
used that ViF[f] = f + O(p~'Im 2) and FV;[f] = f+ O(p~'Im 2) due to (5.9),
Vilfu] = fu and ||[F|l2 = 1+ O(p~'Im 2), as well as the orthogonality of y and
f. For the inequality in (5.11) we estimated |w| > ¢ and used

(L =w)Id=ViF)[y]l3 = (11— w| = [ Fll2(1=9))?[lyll3 = (9 —2¢)*(lz]3~[af*).

From (5.11) we now conclude ||((1 — w)Id — V;F)[z]||3 2 ||=]|3 by choosing &
and p, small enough.
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Since we have established the claim of the lemma for T' = Id — CF it also
follows for T' = By because of the definition of By in (5.1) and (4.21). Thus By
has a simple isolated eigenvalue in D.(0) and we can use analytic perturbation
theory to establish the lemma for the choices T' = B,Id — Cy,« . S. Note that
in either case T'= By + O(p) due to s — u|| S p (cf. (5.2)). O

5.2  SMALL EIGENVALUE OF STABILITY OPERATOR AND CORRESPONDING
EIGENVECTORS

Lemma 5.1 asserts that the stability operator B has a simple small eigenvalue
well separated from the rest of its spectrum. In the main result of this section,
Corollary 5.2, we give a precise expansion of this eigenvalue and the correspond-
ing left and right eigenvectors. First we introduce some notation.

If z € Hy,, satisfies p(z)+p(z) 'Im 2z < p, for p, ~ 1 from Lemma 5.1 then we
denote by Ps r the spectral projection corresponding to the isolated eigenvalue
of Id — C,F, i.e., Ps p equals Pp in (5.7) with ' = Id — CsF. We also set
Qs,r =1d — P; p. Moreover, for such z, we define ¢ and o by

U(2) = (sfi, (1A + F)(1d = CF) 7' Qs plsfal),  o(z) = (sfi). (5.12)

In the following corollary of Lemma 5.1, we consider B as a perturbation of
By and correspondingly expand its isolated eigenvalue and eigenvectors. In
[8, Corollary 4.8] a simpler expansion has been performed in the vicinity of
an edge point, i.e., where Im m follows the square root behaviour from Theo-
rem 2.5. However, here we have to expand to higher order because we cover
the neighbourhood of any cubic root cusp from Theorem 2.5 as well.

COROLLARY 5.2. Let z € Hy,, satisfy p(z) + p(z)"Hmz < p, for p, ~ 1
from Lemma 5.1. Let By and B be the isolated eigenvalues in D-(0) of By
and B, respectively (cf. Lemma 5.1). We denote by Py and P the spectral
projections corresponding to By and B, respectively. Then with Qqy = 1d — Py
and @ :=1d — P we have

IB7'QI + 1B~'Qll2 + |1By ' Qoll S 1. (5.13)

Furthermore, we set by := PyCy~ 4[fu] and ly = PO*C;;* [fu]- Then by and g
are right and left eigenvectors of By associated to By and we have

bo = Cye 4 fu] + O(p~'Im 2), lo=Cyp-[ful + O(p~'Im2z), (5.14a)
Bo = IIHTZ% +O0(p~2(Im2)?) = O(p 'Im 2). (5.14b)

The definitions b := Plbo] and I := P*[ly] yield right and left eigenvectors of B
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associated to 3 which satisfy

b = bo+2ipCy o(Id — CsF) Q4 p[sf2] + O(p* +Tm 2) (5.15a)

1 =1y—2ipC, ,.(Id = FC,)7'Q% pFlsfi] + O(p* +Imz),  (5.15b)
2

B(l,b) = mp m z — 2ipo + 2p* (1/) + <;—2>) +0(p* +Tmz + p~2(Im 2)?).
(5.15¢)
Moreover, we have
1l < 1, 1< 1. (5.16)

For later use, we record some identities here. From (5.9) in the proof of Lemma
5.1 with Cs[fy] = fu, we obtain the first relation in

<fua >

Bor ="y

fu+O(p~'Im 2), . F =P, r+0O(p 'Im 2),

Qs r=QsF+ O(p~'Im 2).

(5.17)

This first relation together with f, = f. implies the second and third one.
Moreover, the definitions of By and Qg yield

By'Qo = Cge o(1d — C.F) 7' Qs pCl . (5.18)

By a direct computation starting from the definition of f, in (5.4) and the
balanced polar decomposition, m = ¢*uq, we obtain

(fuaq) = p~'{Imm) = . (5.19)

Proof. The bounds in (5.13) follow directly from the analytic functional calcu-
lus and Lemma 5.1. The expressions (5.14a) for the right and left eigenvectors,
bo and [y, corresponding to the simple isolated eigenvalue Sy, follow by simple
perturbation theory from

B{Corh(fu] = p7'(Imz2)1,  BoCyq glfu] = O(p~'Im2), (5.20)

which in turn is a consequence of (5.5) and C[f,] = fu. For (5.14b) we take
the scalar product with by on both sides of the first equation in (5.20). Then
we use (5.14a) and (5.19).

Now we show (5.15a) and (5.15b). By analytic perturbation theory of B around
By we find b = by + by + O(p?) and | = lp + I; + O(p?) with by == —(Bg —
Bold)~1QoE[bo] and Iy = —(Bg — Bold) " *QiE*[lo] (cf. Lemma C.1 with E
satisfying (5.3)). Here the invertibility of By — SoId on the range of Q) is seen
from the second part of Lemma 5.1 with T"= By. In fact,

(Bo — Bold)"'Qo = By ' Qo + O(Bo). (5.21)
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Furthermore, we use (5.14a) and obtain the first equalities below:

Elbo] = Cg+4(Cs — Cu)F[fu] + O(Im 2)
= —2ipCq g[sfa] +20°Coe g f3] + O(p® +Im 2),
E*[lo) = C; 2. F(Cs — C)[ fu] + O(Im 2)
=2ipC, 1. Fsfe] +20°C L Ff3] + O(p® + Im 2).

(5.22a)

(5.22b)

In the second equality of (5.22a), we applied (Cy — C,)[fu] = 2(Imu —
iRew)(Imu) f, = —21p8f3 + 2p2f3 + O(p3), |Cs — Cull = O(p) (cf. (5.2))
and (5.5). For the second equality in (5.22b), we applied (Cs — C¥)[fu] =
2ipsfy +2p%fi + O(p*).

For the proof of (5.15¢), we start from (C.4), use E = O(p) and obtain

B(1,b) = Bollo, bo) + (lo, Elbo]) — (lo, EBo(Bo — Bold) >QoElbo]) + O(p°).
(5.23)
Each of the terms on the right-hand side is computed individually. For the first
term, we use (lp,bo) = (f2) + O(p~ Im z) due to (5.14a) and thus obtain from
(5.14b) that

Bollo,bo) = mp~Im z + O(p~2(Im 2)?).
Using (5.14a) and (5.22) yields for the second term
{lo, Elbo]) = —2ip(sf3) + 20*(fy) + O(p® +Im 2)

2
+ (2. Qurlsfl))) + O(p* + Im>2),

()

where we used Id = Ps p + Qs.r and (sf2, Ps p[sf2]) = 02 /{f2) + O(p~'Im z)
by (5.17) in the last step.
For the third term, we use (5.14b) and E = O(p) which yields

(lo, EBo(Bo — Sold) "*QoE[bo]) = (E*[lo], (Bo — Bold) ™' Qo E[bo])
+ OBl EII?)
= (E*[lo], By 'QoElbo]) + O(pIm 2)
= —4p*(sf2, F(Id = CsF) ' Qy r[s 7))
+ O(plm z + (Im 2)? + p*).

= —2ipo + 2p2(

Here, we used (5.21) in the second step and (5.22) as well as (5.18) in the last
step. By collecting the results for the three terms in (5.23), we obtain

7lm z

B, b) =

— %ipo + 22 (<sf§, (Id — F + 2F)(Id — C.F) "' Qs plsf2])

0.2

+ @) +0(p + Imz + p~*(Im 2)?),
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where we used (sf2,Qsr[sf?]) = (sf2,(Id— F)(Id — CsF)'Qs.r[sf?]),
which follows directly from Cys = C¥ and Cs[sf2] = sf2. This yields (5.15c¢).

The bounds in (5.16) are directly implied by (5.15a) and (5.15b), respectively.
This finishes the proof of the corollary. O

The following corollary has appeared prior to this work in [8, Proposition 4.4].
We include its short proof for the reader’s convenience.

COROLLARY 5.3 (Improved bound on B~1). Let Assumptions 4.5 hold true on
an interval I C R for some 1, € (0,1]. Then, uniformly for all z € Hj ,,, we
have

1

IB7 @+ 187G £ e e ey 62

with o from (5.12).

Proof. If p > p, for some p, ~ 1 then (5.24) have been shown in (4.22) as
|o| < 1. Therefore, we prove (5.24) for p < p, and a sufficiently small p, ~ 1.
By [|S]l2—. < 1 and Lemma B.2 (ii), it suffices to show the bound for |- ||2.
We follow the proof of (4.22) until (4.23). Hence, for the improved bound, we
have to show that

1= IFI2(fCIDI 2 plp + lo]) + p~ ' Tm z. (5.25)

We have [1—||F||2(fC5[f])| 2 max{1—||F|l2, |1 = (fCI[f)} 2 p~ Imz+[1 -
(fCEIfD] by (4.5). We continue

L= (fCRlDI =11 = (fu" fu™)] Z (fImufImu) + [(fImufReu)|
Z 0+ plo] + O(p® +Im ).

Here, we used 1 > (fReufRew) due to |fllz = 1, (4.21) as well as
(fImufReu) = p|lfull(f3s) + O(p® + Imz) by (5.9) and (5.2). By possi-
bly shrinking p. ~ 1, we thus obtain (5.25). This completes the proof of
(5.24). O

5.3 BEHAVIOUR OF ¢ AND % CLOSE TO THE REAL AXIS

This subsection is devoted to several results about the behaviour of o(z) and
¥ (z) close to the real axis. They are summarised in Lemma 5.5 below in the
form as they will be applied in the next section. We now prepare these results
by extending ¢, u, f, and s to the real axis.

LEMMA 5.4 (Extensions of ¢, u, f, and s). Let I C R be an interval, 6 € (0,1]
and Assumptions 4.5 hold true on I for some n, € (0,1]. We set Iy := {7 €
I: dist(r,0I) > 6}. Then we have

(i) The functions q, u and f, have unique uniformly 1/3-Hélder continuous
extensions to Hy, .. .
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(ii) The function z + p(z)~'Im z has a unique uniformly 1/3-Hélder contin-

uous extension to Hy, . . In particular, we have

lim p(z) 'Imz =0 (5.26)

Z—To
for all 1o € suppp N Iy. Moreover, for z € ﬁjem*, we have

dist(z,suppp) 2 1 = p(z) Imz > 1.

(ii) There is a threshold p. ~ 1 such that s = sign(Reu) has a unique uni-
formly 1/3-Hélder continuous extension to {w € Hy, . : p(w) < pi}.

Proof. For the proof of (i), we will show below that

Fn2) = plz) " Tmm(2)

is uniformly 1/3-Holder continuous on Hy, ,,.. Indeed, this suffices to obtain
the Holder-continuity of ¢ and u since their definitions in (3.1) can be rewritten
as

_ _ . _ 1 e 1/4
q=|h 1/2gh 1/2+1]1|1/2h1/2 _ (P(2)2ﬂ+fml/29fmlgfml/2) /4 p1/2

m

pw ()L + fm gt (5.27)

lp(2)wl i) + fmPafm |

where g = Rem, h = Imm, w is defined in (3.1) and z € H is arbitrary. Since
|p(z)w| ~ 1and fn, ~1onHyp, ,, by (4.21)as well as (4.17) and m, hence p and
Rem are Hoélder-continuous on Iy x i[0,00) (Proposition 4.7), it thus suffices
to show that fy, is uniformly Hoélder-continuous to conclude from (5.27) that
q and u are Hélder-continuous. As f, = p~'Imu = (¢*) "' fng™!, the Holder-
continuity of f,,, the Holder-continuity of ¢ and the upper and lower bounds
on ¢ from (4.21) imply that f, can be extended to a 1/3-Hélder continuous
function on Hy, . .

Therefore, we now complete the proof of (i) by showing the 1/3-Ho6lder conti-
nuity of f,,. To that end, we distinguish three subsets of Hjy, ,. .

Case 1: On the set {z € Hy, ;. : p(z) > p.} for any p, ~ 1, the uniform 1/3-
Holder continuity of f,, follows from p(z) 2 1 and the 1/3-Holder continuity
of m from Proposition 4.7.

Case 2: In order to analyze f,, on the set {z € Hy, .. : p(2) < ps} for some
px ~ 1 to be chosen later, we take the imaginary part of the Dyson equation,
(2.3), at z € H and obtain

B.[Imm| = (Im z)m*m, B, :=1d — Cp» .S, (5.28)
where m = m(z). From m = ¢*ug, we obtain the representation
Id - Cm*,mS = Cq*,q(ld - Cu*7uF)C(;*11q
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Hence, (4.5), Lemma 4.8 (ii) and Lemma B.2 (ii) yield the invertibility of B
for each z € Hy,, as well as

N _ 1 p(2)
B! B! < <
1B @l + 1B NS 7177 S s

(5.29)

for all z € H;,, (compare the proof of (4.22)). Owing to the invertibility of
B., we conclude from (5.28) that

- Imm(z) . B [m*m)]
P = M) = B )

(5.30)

for all z € Hy, 4, -

On the set {z € Hy,,, : p(z) 'Imz > p.} for any p. ~ 1, B m*m] is
uniformly 1/3-Holder continuous due to (5.29) and the 1/3-Holder continuity
of m. Moreover, from (4.5) and Imu ~ pl, we see that 1 — ||F|js ~ 1 if
p(2)7'Im z > 1. Hence, by Lemma B.3 in Appendix B below, (Id — Cy» ,F) 7!
is positivity-preserving and satisfies

(Id — Oy o F) " Hox*] > za* (5.31)

for any z € A We conclude that B! = Cgv o(Id — Cyur o F)7'CLY, s
positivity-preserving. Together with (4.21), (5.31) implies (B '[m*m]) = 1
as [[m(2)7Y < 1 by |la] £ 1, |S]| £ 1 and (2.3). Thus, (5.30) yields the
uniform 1/3-Hélder continuity of f,, on {z € Hy, ,,. : p(z) "'Imz > p,} for any
P~ 1.

Case 3: We now show that f,, is Holder-continuous on {z € Hy, . : p(z) +
p(z) 'Imz < p,.} for some sufficiently small p. ~ 1. In fact, Lemma 5.1
applied to T = B, yields the existence of a unique eigenvalue (3, of B, of
smallest modulus. Inspecting the proof of Corollary 5.2 for B reveals that this
proof only used B = By + O(p) about B. Therefore, the same argument works
if B is replaced by B, since B, = B+ O(p) (compare the proof of Lemma 5.1).
We thus find a right eigenvector b, and a left eigenvector [, of B, associated
to B, i.e.,

which satisfy
be =bo+O(p) = ¢ fuqg + O(p + p~'Tm 2), (5.32a)
Le=lo+0(p) = ¢ " fulg) ™" + Op+ p~'Im 2), (5.32b)
Bille,bs) = mp Im z + O(p + p~2(Im 2)?). (5.32¢)
Moreover, we have
IBZQul + 1B Qxll2 S 1, (5.33)

where @), denotes the spectral projection of B, to the complement of the spec-
tral subspace of [.
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Therefore, as S, # 0 (cf. (5.29)) if Im z > 0, we obtain

(L, m*m)

Tmm = (Im 2) BZ [m*m] = (Im 2) (6*_1 o

by + B*_lQ*[m*m]).

Consequently, as Imm > 0, we have

Imm (I, m*m)b. + B.(ls, b)) B71Q . [m*m)] (5.34)

(Imm) (L, m*m)(ba) + Bulls, bu)(BL' Qu[m*m])’ '
which together with (5.30) shows that f, is uniformly 1/3-Hélder continuous
on {z € Hy, . : p(2) +p(z) Imz < p.}. Here, we used that B, and, thus, S,
li, b and B 'Q. are 1/3-Holder continuous and the denominator in (5.34) is
2 1 due to

(lLeym™m) = (g7 fu(d") " ¢ u"aq"ug) + O(p + p~'Im2)
= p Mm (¢*uuu*q) + O(p+p 'Imz) =7+ O(p + p~'Im 2)

by (5.32a) and (5.32b) as well as (b.) = m + O(p + p~'Im z) by (5.19). Here,
we also used (5.32¢) and (5.33). This completes the proof of (i).
For the proof of (ii), we multiply (5.28) by p(z)~!(m*m)~! which yields

p(=) " mz = (m*m) " Bu[fu].

Owing to m*m > [[m™!|72 > 1 as well as the 1/3-Holder continuity of
m, B, and f,,, we obtain the same regularity for z + p(z) 'Imz. Since
lim,, o p(7+in)~'n = 0 for 7 € supp pN Iy satisfying p(7) > 0, the continuity of
p(2)Hm 2 directly implies (5.26). If dist(z,suppp) = 1 then p(z)"'Imz > 1
as p(z) < Im z/ dist(z, supp p)? which can be seen by applying (- ) to the second
bound in (3.7). Conversely, if dist(z, supp p) < 1 then the Holder-continuity of
p(2)7'Im z and (5.26) imply p(z) " 'Imz < 1.

We now turn to the proof of (iii). Owing to the first relation in (5.2), there is
p« ~ 1 such that |[Reu| > 21 if z € Hy, ,, satisfies p(z) < p,. Therefore, we
find a smooth function ¢: R — [—1, 1] such that ¢(t) =1 for all ¢t € [1/2, 00),
p(t) = —1forallt € (—oo,—1/2] and s(z) = sign(Reu(z)) = p(Re u(z)) for all
z € Hy, . satisfying p(z) < p.. Since ¢ is smooth, we conclude that ¢ is an
operator Lipschitz function [5, Theorem 1.6.1], i.e., [|o(z) — o(v)|| < C|lx — y|
for all self-adjoint =,y € A. Hence, we conclude

Is(21) = s(z2)[l = llp(Reu(=1)) — p(Reu(z2))l| S ll21 — 22"/,

where we used that ¢ is operator Lipschitz and u is 1/3-Holder continuous in
the last step. This completes the proof of Lemma 5.4. o

LEMMA 5.5 (Properties of ¢ and o). Let I C R be an interval and 6 € (0,1]. If
m satisfies Assumptions 4.5 on I for some n, € (0,1] then there is a threshold
px ~ 1 such that, with

Hsman = {Z € HIe,m : p(z) + p(z)illmz < P*}a

we have
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(i) The functions o and ) defined in (5.12) have unique uniformly 1/3-Holder
continuous extensions to {z € Hy, »,. : p(z) < p«} and Hsman, respectively.

(i) Uniformly for all z € Heman, we have

P(2) +0(2)* ~ 1. (5.35)

Proof. For the proof of (i), we choose p, ~ 1 so small that all parts of Lemma
5.4 are applicable. Thus, Lemma 5.4 and o = (sf2) yield (i) for o. Similarly,
since ¢ is now defined on Hj, ,,, we can define F via (3.4) on this set as well.
Moreover, owing to the uniform 1/3-Ho6lder continuity of ¢ from Lemma 5.4,
F is uniformly 1/3-Holder continuous on Ele,m- Hence, using Lemma 5.1 for
T =1d — CsF, the Holder-continuity of s and f,, the function ¢ has a unique
1/3-Holder continuous extension to Hgpay. This completes the proof of (i)
for 1.

We now turn to the proof of (ii). In fact, we will show (5.35) only on {w €
Hy, 5. : p(w) + p(w) 'Imw < p,}, where p, ~ 1 is chosen small enough such
that Lemma 5.1 is applicable. By the continuity of o and 4, the bound (5.35)
immediately extends to the closure of this set. Instead of (5.35), we will prove
that

(@, (Id + F)(Id = C.F) ' Qs pla]) + (fu, 2)? ~ [l]3 (5.36)

for all z € A satisfying Cs[z] = = and = z*. Since these conditions are
satisfied by z = sf2, (5.36) immediately implies (5.35). In fact, the upper
bound in (5.36) follows from ||(Id—CsF)™1Qs.r|l2 < 1 by Lemma 5.1, || F|j2 < 1
and f, ~ 1 due to (5.8).

From Cs[z] = x, we conclude

(z, (Id + F)(Id — CsF) Qs plz])
= (z,(Id + C,F)(Id — CsF)~'Q, plz])

_1 (5.37)
= (z, (CsF —1d) 4 21d)(Id — Cs F) ™" Qs r[x])
= (z,(-1d +2(Id — C.F) ") Qs,r[2]).
Using (5.17) and Cs[fu] = fu, we see that
CsPs plz] = Ps plz] + O(p~ " Im 2), (5.38)

CsQs.rlz] = Qsrlr] + O(p ' Im 2)
for © € A satisfying Cs[z] = . When applied to (5.37), the expansion (5.38)
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and (Id — FC,)~! = C,(Id — C,F)~1C, yield

(x,(Id + F)(Id - C;F) ") Qs rlx])

= (Qs.r[a], (—1d + (Id = C.F) ™" + (Id — FCs) ") Qs rz])
+O(|lz]3p™ Tm 2)

= (Qs,rlz],(Id = FC,)~'(Id — F?)(Id — CsF) ™' Qs p[x])
+ O(||z||2p™ Tm 2) (5.39)

= (1d = CsF)™'Qs rla], Qf(1d — F?)Q;(I1d — CsF) ™' Qs r[a])
+ O([|=]3p™ ' Im 2)

2 1Qf(1d — CsF) ™' Qs rl2]|3 + O30~ Tm 2)

2 1Qs.rlallls + O(l|z]5p™ ' Tm 2).

Here, in the first step, we also used the second and third relation in (5.17). In
the third step, we then defined the orthogonal projections Py := (f,-)f and
Q¢ =1d — Py, where F'f = |F||2f (cf. Assumptions 4.5 (ii)), and inserted Qs
using

PiQsr = O(p'Im 2) (5.40)

which follows from (5.9) and (5.17). We also used that Qs r commutes with
(Id — CsF)~t. The fourth step is a consequence of (4.7) and (4.18). In the last
step, we employed QQs r = Qs 7 +O(p~'Im z) by (5.40) and ||Id—C,F||2 < 2.
By (5.17), we have ||Psr[z]|l3 = (fu,2)? + O(|z]3p7 Im2) if z = z*.
Combining this observation with (5.39) proves (5.36) up to terms of order
O(||z||3p~'Im 2). Hence, possibly shrinking p. ~ 1 and requiring p(z)~*Im z <
px complete the proof of the lemma. O

REMARK 5.6 (Auxiliary quantities as functions of m). Inspecting the proofs
of Lemma 5.4 and Lemma 5.5 reveals that ¢, u, f, and s as well as ¢ and ¥
are Lipschitz-continuous functions of m. More precisely, we have the following
statements:

(i) Let ¢1,c2,c3 > 0 satisfy ¢; < ¢o and MO = M(l)(Cl,CQ,C3) C A be a
nonempty subset of A satisfying that

Imm, € Ag, cr{Imm)T <Immy < ea(Immg)1,
(5.41)

Immq Immo

‘ (Immq)  (Immsa)

\ < callmi — ma|

hold true for all m1, mo € MM, Then ¢, u and f,, are uniformly Lipschitz-
continuous functions of m on M.

(ii) For some p. > 0, let M@ = M@ (cy,co,c3,p.) C A be a subset of
A satisfying (5.41) for all mi,ms € M® and (Imm) < mp. for all
m € M@, Then there is a (small) p, ~ 1 such that s and o are uniformly
Lipschitz-continuous functions of m on M3 c A.
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(iif) Fix ¢4 > 0. Let M®) = M®)(¢y, 9, ¢3,c4, ps) be a subset of a set M)
from (ii) with p, ~ 1 chosen as in (ii) such that, for any m € M®)| the
operator Id—Cy(,,) F'(m) has a unique eigenvalue of smallest modulus and
this eigenvalue is simple (recall that F' = Cy 4+ SCy+ 4 is a function of m
via ¢ = q(m)). Let @, denote the spectral projection of Id — Cj(,,) F'(m)
onto the complement of this eigenvalue. Moreover, we require that

||(Id - Cs(m1)F(m1))_1Qm1 - (Id - Cs(mz)F(m2)>_1Qm2H (5_42)
< caflmy — ma|

holds true for any my, mg € M®). Then 1t is a uniformly Lipschitz-
continuous function of m on M®.

We always consider M) i = 1,2, 3, with the metric induced by the norm | - ||
on A. The constants in the Lipschitz-continuity estimates as well as p, given
in (ii) only depend on the control parameters ¢, co, c3 and cy.

5.4 BOUND ON THE DERIVATIVES OF m WHEN SELF-CONSISTENT DENSITY
OF STATES IS SMALL

The careful analysis of the operator B and its inverse allows for the precise
bounds on the derivatives of m in the following lemma.

LEMMA 5.7 (Derivatives of m). Let I C R be an open interval and 6 € (0,1].
If Assumptions 4.5 hold true on I for some n. € (0,1] then there is C ~ 1 such
that

CFE!
(TP (o) + I (7))

uniformly for all T € Iy satisfying p(7) > 0 and all k € N satisfying k > 1.
Here, we set |o(7)| := 0 if p(T) > p. with p. as in Lemma 5.5.

[oFm(r)Il <

Proof. To indicate the mechanism, we first prove that, for all 7 € Iy satisfying
p(1) > 0, we have

[o=m(D) S p~ o+ 1o) ™ EZm(n)] < p (o + o)) 72,

_ - (5.43)
[8Zm(r)| S p~°(p+ o)),

where p := p(7) and o := o(7).

Since p(r) > 0, m is real analytic around 7 by Proposition 4.7 and we can

differentiate the Dyson equation, (2.3), with respect to z and evaluate at z = 7.

Differentiating (2.3) iteratively yields

B[0,m] = m?, B[0*m] = 2(0,m)m~(d.m),
B[02m] = —6(0,m)m ™ (9.m)m ™1 (9.m) (5.44)
+ 3(02m)m =1 (9,m) + 3(0.m)m ™1 (9>m)
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where B = Id — C,,,.S and m := m(7). Since p(7) > 0, B is invertible by (5.24),
(5.26) and the 1/3-Holder continuity of m by Proposition 4.7.

We set p = p(7). If p > p. for some p, ~ 1 then (5.43) follows trivially from
(5.44), [B-1 S 1 by (5.24) and [m] + =] < 1.

We now prove (5.43) for p < p, and some sufficiently small p, ~ 1. Under this
assumption, Lemma 5.1 and Corollary 5.2 are applicable. In the remainder
of this proof, the eigenvalue 3, the eigenvectors [ and b as well as the spectral
projections P and @ are understood to be evaluated at 7. We will now estimate
the image of B~! applied to the right-hand sides of (5.44) in order to prove
(5.43).

Inserting P 4+ @ = Id on the right-hand side of the first identity in (5.44),
inverting B and using

_ <lv'>
P= (l,b)b

as well as B~1[b] = B71b yield

7<l,m2> “10[m?2
aszﬁa’b)wB Q[m~]. (5.45)

We will now estimate (I,m?) and 8(I,b). From m = ¢*sq + O(p) by (5.2),
(5.14a), (5.15b) and (5.26), we obtain

(1,m?) = (fusaq"s) + O(p) = 7 + O(p), (5.46)

where we used sf,s = fus®> = f, and (5.19) in the last step.
From (5.15¢) and (5.26), we conclude

0_2

B4, b) = —2ipo + p* (4 + @) o). (5.47)

Here and in the remainder of the proof, o, ¥, f,, ¢ and s are understood to be
evaluated at 7.

Since o and ¥ are real, we conclude |5(l,b)| ~ p(p+ |o]|) for p. ~ 1 sufficiently
small. As |[B7!1Q|| <1 and ||p|| < 1, we thus obtain [|0,m|| < p~t(p + |o|) 7!
from (5.45).

Using (5.44), (5.45), [|0:ml] S o~ (p+ |o)~" and |B1 S p=*(p+ lof) " by
Corollary 5.3 yield

2 (l,m2>2(l,bm_1b)
Oam =2 e

Here, in the last step, we used ||b]| < 1 and |[(I,bm~1b)| < |o| + p due to the
expansion

b+0(p2(p+1o))72) = O(p > (p+1o])7?). (5.48)

(1, om™'b) = (¢~ fuld®) 7 ¢ fugq " s(q) T fuq) + Op) = o+ O(p) (5.49)
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as well as [B(L,b)| ~ p(p + |o]) and (I,m?) = O(1). The proof of (5.49) is a
consequence of (5.14a), (5.15a), (5.15b), (5.26), m~! = ¢~ 1s(¢*)~1 + O(p) by
(5.2) as well as g ~ 1.

Similarly, owing to (5.44), (5.45) and (5.48), we obtain

(I, m?)*(l, bm~'b)*

Oim =12

b+O0(p~>(p+ o)) = O(p~>(p + |o]) ).

We now estimate 9¥m(z) for k > 3. To that end, we will fix a parameter o > 1
and prove that there are p, ~ 1, C; ~, 1 and Cy ~, 1 such that, for £ € N,
we have

m® = §%m = Brb + 1, (5.50)

where m = m(7) for 7 € Iy satisfying p := p(7) < p. and By € C and g € ranQ
satisfy

klC,Ch1 2kt

RICICY ' oiis
ke p

—k

— (p+1o])~".
(5.51)

Here, ~, indicates that the constants in the definition of the comparison rela-

tion ~ will depend on «a.

|Br| < (p+1o)™" el <

Before we prove (5.50) below, we note two auxiliary statements. First, as
9.m~t = —m~1(9,m)m~" it is easy to check the following version of the usual
Leibniz-rule:

ko —1 : k!
ImT=>, >

n=1 ay+...+an=k L (552)
1<a; <k
x (=) m~tm @) m = tm @2) T (an) L
for any k € N. Here, in the sum over a; + ...+ a, = k, the order of aq,...,a,

has to be taken into account since m~! and m(* do not commute in general.
Second, we also have the following auxiliary bound. For all k € N, n € N with
n < kand a > 1, we have

> R i (G (5.53)

a%---a® — ka
ai+...4an=k 1 n
1<a; <k

where ((a) = > 77, n~® is Riemann’s zeta function. The bound in (5.53) can
be proven by induction.

We now show (5.50) and (5.51) by induction on k. The initial step of the
induction with k& = 1 has been established in (5.45) with 81 = (I,m?)/(3(l,b)),
@1 = B7'Q[m?] and some sufficiently large C; ~ 1. Next, we establish the
induction step by proving (5.50) and (5.51) under the assumption that they
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hold true for all derivatives of lower order. From the induction hypothesis, we

conclude )
kIC1C5~ [0l +p

@ < 5.54
mY < :
I T T e (>34
for all a € N satisfying 1 <a <k — 1.
For k > 2, we differentiate (2.3) k-times and obtain
BloFm] = ry == 05m + m(05m ™ )m. (5.55)

By separating the contributions for n = 1 and n > 2 in (5.52), we conclude

k
k! n a — — a
Tk:Z Z ol ol (=) m @, mimlan)
n=3 ai1+...+an=~k
1<a;<k—1 (5.56)

k—1 k!
" @)yl (k—a)
* ; al(k — a)!m mem '

Since n is at least 3 in the first sum, we obtain from (5.54) and (5.53) that

k
k! a — — a
Z Z aq! a le( 1)m Lom 1m( n)”

n=3 a1+...+a,=k Lo
1<a;<k—1 (5.57)

kU bl +p : 1k
< CtTMI—C5—m
= Lo p2k—3(p+ |0-|)k 7;3 1o 2 )

where M, = 2°T2¢(a)||m=Y||(||b]| + p). A similar argument yields
k—1
k! _ _ k! 6]l + p _
[ — (a) 1, (k—a) < _—CQM Ck 2-
2 e < g e o M

Thus, we choose Cy > 2M,C4 and conclude

a=1

HTkH < E HbH+p MQC%Cgc
T ke pP 2 (p + o)k CF(1 - Mo Ch/Ca)

Therefore, we obtain the bound on ||gx| in (5.51) for Cy ~ 1 sufficiently large
since gx = Q[0¥m] = B~'Q[ry] and || B~'Q| S 1.

Moreover, 8, = (I,7)/(8(l,b)). Hence, by using the decomposition of rj in
(5.56) and (5.57), we obtain

Bl < KoCy™t bl +p Ul CiM3
ke pP i p+o)R[B(LLb)| OF (1 — MaC1/Ch)
. ’“i B[, m@mimE—a)|
~ al(k - a)! 1B{,b)|
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We use (5.50) for m(® and m(*~%) in the argument of the last sum, which
yields

1 |<l,m(“)m_1m(k_“))|
al(k — a)! 1B(1,0)|
< |ﬂa| |ﬂk7a| |<labm71b>
~ al (k—a)! |B(l,b)]

n 1% pQIIZIIIIm‘lH@HbHH)
a*(k —a) ™ 1(p+ o)k |8, b)]
CPCy plp+lol) ([, bm~'b)| -1
< + ||T]|]|m 2||b]| +
a®(k —a)p?=1(p+ |o|)* |B(1,b)| ( o+ o] (12111 [[(2[]5]] P))

Here, we applied (5.51) to estimate ¢, and gi—, as well as 5, and SB;_,. Since
1B(1,b)| ~ p(p + |o|) as shown below (5.47) and [(I,bm~1b)| < |o| + p due
to (5.49), we obtain the bound on |SB;| in (5.51) by using (5.53) to perform
the summation over a. This completes the induction argument, which yields
(5.50) and (5.51) for all k& € N by possibly increasing Cz ~ 1. By choosing, say,
a = 2, we immediately conclude Lemma 5.7 for 7 € Iy satisfying p(7) < p,. If
p(T) > p« then [|[B71|| < 1. Hence, a simple induction argument using (5.55)
and (5.56), which hold true for p(7) > p. as well, yields some C ~ 1 such that

[0Zm(r)|| < kIC*

for all k € N satisfying k > 1. Since p(r) < 1 for all 7 € Iy, we obtain
Lemma 5.7 in the missing regime. O

6 THE CUBIC EQUATION

The following Proposition 6.1 is the main result of this section. It asserts that
m is determined by the solution to a cubic equation, (6.3) below, close to points
To € supp p of small density p(70). In Section 7, this cubic equation will allow
for a classification of the small local minima of 7 — p(7). To have a short
notation for the elements of supp p of small density well separated from the
edges of I, we introduce the set

D.g:={r €supppNI:p(r) € [0,¢], dist(r,0I)> 6}

for e > 0 and 6 > 0.

The leading order terms of the cubic and quadratic coefficients in (6.3) are given
by (70) and o(7p), respectively. For their definitions, we refer to Lemma 5.5
(i) and (5.12).

PROPOSITION 6.1 (Cubic equation for shape analysis). Let I C R be an open
interval and 0 € (0,1]. If Assumptions 4.5 hold true on I for some n. € (0,1]
then there are thresholds p. ~ 1 and 6, ~ 1 such that, for all 7o € D,, ¢, the
following hold true:
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(a) The eigenvectorsl = 1(79), b = b(70) and the spectral projection @ = Q(7o)
of B(1o) ewxist as in Corollary 5.2. Consequently, for all w € [—04, .|, we
have

m(mo +w) — m(1) = O(w)b + r(w), (6.1)

where ©: [—04,0:] = C and r: [—d.,0.] — A are defined by

l
O(w) := <W , m(To +w) — m(70)>, r(w) = Q[m(ro+w)—m(70)].
(6.2)
Moreover, b = b* + O(p) and | = I* + O(p) as well as b+ b* ~ 1 and
14+ 1* ~ 1 with p = p(19) = (Imm(7p)) /7.
(b) The function © satisfies the cubic equation

1303 (W) + p20%(w) + O (W) + wE(W) =0 (6.3)

for all w € [—dx,0.]. The complex coefficients psz, p2, 1 and = in (6.3)
Fulfill

pz =¥ + O(p), (6.4a)
2= o +ip(30 + &—2>) +O(p?), (6.4b)
11 = 2ipo — 2p° (w + &—2>) + O, (6.4c)
Ew) =m(1+rv(w))+ O(p), (6.4d)

where o = o (1) as well as 1 =Y (19) are the extensions of o and 1 from
(5.12) to the real line (see Lemma 5.5 (i)). For the error term v(w), we
have

()| S 10W)] + lw| < lwl'/?. (6.5)

for all w € [=04,0.]. Uniformly for 7o € D,, 9, we have

h+o?~1. (6.6)

(¢) Moreover, ©(w) and r(w) are bounded by

w min M w|!/3 a
O)| < min {5 ]!/}, (6.72)
Ir@l S 102+ ful, (6.70)

uniformly for all w € [—d., d.].
(d1) If p > 0 then © and r are differentiable in w at w = 0.
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(d2) If p =0 then we have

Im ©(w) > 0, Im v(w)] < Im O(w),

I r(@)]| < (18(w)] + lw)Im O(w). (68)

for all w € [—d4,d.] and Re © is non-decreasing on the connected compo-
nents of {w € [—dx,d.]: ImO(w) = 0}.

(e) The function o: D,, ¢ — R is uniformly 1/3-Holder continuous.

The previous proposition is the analogue of Lemma 9.1 in [3]. It should also be
compared to [8, Proposition 4.12], where the shape analysis was performed only
in a neighbourhood of an edge and thus a lower order accuracy was sufficient.
The cubic equation for ©, (6.3), will be obtained from an A-valued quadratic
equation for A :=m(7y + w) — m(7p) and the results of Section 5. In fact, we
have

(mfﬁﬁmﬂzmﬁ+§wﬁ+AM+é@ﬁmm+AﬂNm% (6.9)

where 7o, 70+ w € Iy := {7 € I: dist(r,0I) > 0} and m := m(7p) (see the proof
of Proposition 6.1 in Section 6.3 below for a derivation of (6.9)). Projecting (6.9)
onto the direction b and its complement, where b is the unstable direction of B
defined in Corollary 5.2, yields the cubic equation, (6.3), for the contribution
O of A parallel with b. In the next subsection, this derivation is presented in a
more abstract and transparent setting of a general A-valued quadratic equation.
After that, the coefficients of the cubic equation are computed in Lemma 6.3
in the setup of (6.9) before we prove Proposition 6.1 in Section 6.3.

6.1 GENERAL CUBIC EQUATION

Let B,T: A — A be linear maps, A: A x A — A a bilinear map and K: A x
A — A amap. For A e € A, we consider the quadratic equation

BIA] — A[A, A] - Tle] — Kle, A] = 0. (6.10)

We view this as an equation for A, where e is a (small) error term. This
quadratic equation is a generalization of the stability equation (6.9) for the
Dyson equation, (2.3) (see (6.23) and (6.28) below for the concrete choices of
B, T, A, e and K in the setting of (6.9)).

Suppose that B has a non-degenerate isolated eigenvalue § and a corresponding
eigenvector b, i.e., B[b] = pb and D,(5) N Spec(B) = {B} for some r > 0.
We denote the spectral projection corresponding to 8 and its complementary
projection by P and @), respectively, i.e.,

[ (B —wld)'dw = <ll—>b, Q=Id-P. (6.11)

2mi oD, (8) (1,b)
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Here, | € A is an eigenvector of B* corresponding to its eigenvalue B, ie.,
B*[l] = Bl. In the following, we will assume that

BT QLA S ll=ll, KT+l + 1<, ALz 5l S iy,
ITEN S el IKLeylll S llelly
(6.12)
for all z,y € A and the e € A from (6.10). The guiding idea is that the main
contribution in the decomposition
A=obiqpl, o= (6.13)
(I,0)
is given by O, i.e., the coefficient of A in the direction b, under the assumption
that A is small. If A = K = 0 then this would be a simple linear stability
analysis of the equation B[A] = small around an isolated eigenvalue of B. The
presence of the quadratic terms in (6.10) requires to follow second and third
order terms carefully. In the following lemma, we show that the behaviour of
O is governed by a scalar-valued cubic equation (see (6.14) below) and that
Q[A] is indeed dominated by ©. The implicit constants in (6.12) are the model
parameters in Section 6.1. We stress that the implicit constants in our estimates
only depend on these model parameters and not on any other quantity.

LEMMA 6.2 (General cubic equation). Let 8 be a non-degenerate isolated eigen-
value of B. Let A € A and e € A satisfy (6.10), © be defined as in (6.13) and
the conditions in (6.12) hold true. Then there is € ~ 1 such that if ||A] < e
then © satisfies the cubic equation

130° + 12©0® + 11 © + po = ¢, (6.14)
with some € = O(|O|* + |O||le| + |lel|?) and with coefficients
ps = (L, Alb, B-IQALD, ) + AIB~1QA[, 8], 1),
pz = (I, A[b, b)),

6.15
H1 = _B<lab>a ( )
po = (I, Te]).
Moreover, we have
Q[A] = B7'QT[e] + O(|O[* + [le]*). (6.16)

If we additionally assume that ImA, 1, b € Ay and K is linear in its second
argument as well as

Blz]" = Blz"], Alx,y]" = Alz",y"], Tle]" =Tle], Kle,y]" = Kle, "]
(6.17)
for all x,y € A then there are e ~ 1 and § ~ 1 such that |A]| < e and |le|| <6
also imply
[Tm Q[A]]| < (18] + [|e[)Im ©, (6.18a)
tmeé| < (10]° + |le/)Im ©. (6.18b)
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Proof. Setting r := Q[A], the quadratic equation (6.10) reads as
Opb+ Br = Tle] + A[A, Al + Kle, A]. (6.19)
By applying @ and afterwards B! to the previous relation, we conclude that
r=B"'QTe] + ©°B 'QA[b,b] + e1, (6.20)
e1 ==0OB'Q(A[b, 7] + A[r,b]) + B'QA[r, 7] + BT'QK[e, Al.
We have [le1]| < [Ir[[[©] + [[7]* + [lell Al and [|r]| < [le]l + [©[* + [[e1]|. Hence,
Il S 1017 + llell + 712 + llell1A]l-

From the second bound in (6.12), we conclude ||P| + [|Q| < 1 and, thus,
Il + |1©] < ||A]l. By choosing € ~ 1 small enough, assuming [|A]| < € and
using ||| < ||A]| to incorporate ||r||? into the right-hand side, we obtain

Irll < 101 + Jlell- (6.21a)

By (6.12) and (6.13), we have ||A]| < |©] + ||r|. This together with (6.21a)
plugged into the estimate on ||e;|| implies

llexll < 1O1% + [lell|©] + [le]|. (6.21Db)

This proves (6.16). Defining es = e; + B~ !QT[e] yields A = ©b +
©2B1QAb,b] + e2. By plugging this into (6.19) and computing the scalar
product with (I, -), we obtain

0p(1,b) = (1,Te]) + ©*(1, Alb, b])

- B ~ (6.22a)
+®3<15A[baB IQA[ba b]] +A[B 1QA[bab]ab]> -6
where we introduced
- 4 -1 -1
é¢:=—(l,K[e, A]+ ©*A[BT QAIb,b], B~ "QAIb, ]] (6.22b)

+ A[A, ea] + Alea, A] + Alea, ea]).

Since ||ea]| < [0 + ||le]| by (6.21b) and [|A|| < |©]+ |le]| by (6.21a) and (6.16),
we conclude &€ = O(|0|* +|0|||e|| + ||e]|?). Therefore, © satisfies (6.14) with the
coefficients from (6.15).

For the rest of the proof, we additionally assume that the relations in (6.17)
hold true. Taking the imaginary part of (6.20) and arguing similarly as after
(6.20) yield

[Tmeq || < (7]l + llelDIm© + ([|7]| + [©] + [le]|)[|Tm ],
Im7r| < [OImO + ||[Imeq||.

Hence, (6.18a) and ||[Ime;| < (|0]? +||e)Im © follow for ||A]| < e and |e|| <6
with some sufficiently small € ~ 1 and 6 ~ 1. From this and taking the
imaginary part in (6.22b), we conclude (6.18b) as ||[ImA| < Im© by (6.18a)
and Im ey = Imey. This completes the proof of Lemma 6.2. O
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6.2 CUBIC EQUATION ASSOCIATED TO DYSON STABILITY EQUATION

Owing to (6.15), the coefficients s, p2 and p; are completely determined by
the bilinear map A and the operator B. For analyzing the Dyson equation,
(2.3), owing to (6.9), the natural choices for A and B are

B=Td—CnS,  Alz,yl = %(mS[m]y + yS[a]m) (6.23)

with z,y € A. In particular, @ in (6.11) has to be understood with respect
to B =1d — C},,S. In the next lemma, we compute us, pe and p; with these
choices. This computation involves the inverse of Id — C F.

In order to directly ensure its invertibility, we will assume Imz > 0. This
assumption will be removed in the proof of Proposition 6.1 in Section 6.3 below.

LEMMA 6.3 (Coefficients of the cubic for Dyson equation). Let A and B be
defined as in (6.23). If Assumptions 4.5 hold true on an interval I C R for
some 1, € (0,1] then there is a threshold p. ~ 1 such that, for z € Hy,,
satisfying p(z) + p(z)"Im z < p., the coefficients of the cubic (6.14) have the
exrpansions

ps =10+ O(p+ p~tIm z2), (6.24a)
2
p2 =0+ ip(31/1 + {;?) +O(p* + p~'Im 2), (6.24Db)

0.2

p1 = —mp Im z + 2ipo — 2p? (1/) + 7

)+ 05" +Tm z + p~*(Im 2)?),
(6.24c)

where 0 = 0(z) and ¥ = Y(z) are defined as in (5.12). Moreover, we also have

0_2

(f2)

Proof. In this proof, we use the convention that concatenation of maps on
A and evaluation of these maps in elements of A are prioritized before the
multiplication in A, i.e.,

(1, mS[lb) = o +ip(30 + 775 ) + O(% + p~'Im 2). (6.25)

AB[blc = (A[B[b]))c

if A and B are maps on A and b, c € A. We will obtain all expansions in (6.24)
from (6.15) by using the special choices for A and B from (6.23). Before starting
with the proof of (6.24a), we establish a few identities. Recalling m = ¢*uq
from (3.2) and (3.4), we first notice the following alternative expression for A

1 _ - - -
Alz,y) = 5Cqr o [uF Cly[W]C [yl + Cr y WIF Col [2]u] (6.26)

with z,y € A. Owing to (4.21), the operators Cy« 4 and qu}’q are bounded.
We choose p, ~ 1 small enough so that Lemma 5.1 is applicable. By using

DOCUMENTA MATHEMATICA 25 (2020) 1421-1539



1470 J. Aur, L. ERDOS, T. KRUGER

u = s+ ilmu+ O(p?) due to (5.2) as well as (5.4), (5.5) and (5.14a) in (6.26),
we obtain

Albo, bo] = Cq*7q[3f3 + i/)fg] + O(P2 +p~'Im z). (6.27)
Combining (6.27) and (5.18) implies
By ' QoAlbo, bo] = Cq 4(1d — CsF) 7' Qy plsfi] + Op + p~'Im2).
We now prove the expansion (6.24a) for us by starting from (6.15) and using

I =1lp+ Op), b = by + Op) by (5.15), BT'Q = By'Qo + O(p) due to
B = By + O(p) and Lemma 5.1 and the previous identities. This yields

ps = (lo, A[By ' QoAlbo, bol, bo] + Albo, By ' QoAlbo, bol]) + O(p)
= 2o wE(d — CF) 7 Qu pls 21+ wFF](0d — CuF) ™' Qo rlsf2
+ fuF(Id = CsF) 7' Qu psfi] + (1d = CoF) 7' Qs p[sfI1F(f])
+O(p+p 'Imz)
= (sfi,Id+ F)(Id = CsF)"'Qs,rlsfi]) + O(p+ p~'Imz).
Here, we also used F[f,] = fu+O(p~'Im 2) by (5.5) and u = s+ O(p) by (5.2).

This shows (6.24a).
In order to compute us, we define

by = 2ipCq+ o(Id — CsF) ' Qs pls fr],
Iy == —2ipC, . (Id — FC,) ™' Q% pFlsfr].
Then we use (5.15a) as well as (5.15b) and obtain

(I, A[b,0]) = (lo, Abo, bo]) + (l1, Albo, bo]) + (lo, A[b1, bo]) + (lo, Albo, b1])
+ O(p? +Im2)
= (sfu) +ip(fy) + 2ip(sfy, (Id + 2F)(Id — C.F) 7' Qs p[s£3])
+0(p* +p~'m z)

o2
72
Here, in the second step, we used (5.14a), (6.27) and the definition of I; to
compute the first and second term, (5.14a), the definition of b; and (6.26) to
compute the third and fourth term. In the last step, we then employed

(fu) + (sf,2(1d + 2F)(Id — CsF) ' Qs r[s£1])

= (sfi,(1d+2(1d + 2F)(Id = CsF) ™) Qs plsfal)
+(sfi, Po.r[sf3))

= 3(sfa,(Id+ F)(Id = C.F) "' Qs p[sfi]) +

:a—i—ip(Sz/J—i— ) +O(p? + p~Hm 2).

0_2

(f2)

+O(p~'Im 2).
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Here, we applied (5.17), Cs = C¥ and Cy[sf2] = sf2. Since pg = (I, A[b, b]) by
(6.15), this completes the proof of (6.24b). A similar computation as the one
for ug yields (6.25).

Since uy = —pB{,b) by (6.15), the expansion in (5.15¢) immediately yields
(6.24c). This completes the proof of the lemma. O

6.3 THE CUBIC EQUATION FOR THE SHAPE ANALYSIS

In this subsection, we will prove Proposition 6.1 by using Lemma 6.2 and
Lemma 6.3. Therefore, in addition to the choices of A and B in (6.23), we
choose A = m(79 + w) — m(70), 70,70 + w € I and

1
e=wl, Tx]=zm? Klry]= §($my + ymzx) (6.28)

for z,y € A with m = m(7) in (6.10).

Proof of Proposition 6.1. We choose p, ~ 1 such that Lemma 5.1 and Corol-
lary 5.2 are applicable. We fix 79 € D, ¢ and set m = m(7y). The statements
about [ and b in (a) of Proposition 6.1 follow from Corollary 5.2. In particular,
[(I,b)] ~ 1. Thus, the conditions in (6.12) are a direct consequence of Assump-
tions 4.5, (4.21), Lemma 5.1 and Corollary 5.2. Furthermore, if p = 0 then we
have m = m™* and, thus, (6.17) follows. For w € [—d.,d.], 0. = 0/2, we set
A = m(19 +w) — m. Since O(w)b = P[A], r(w) = Q[A] and P+ Q = Id, we
immediately obtain (6.1). This proves (a).

Next, we derive (6.9) for A := m(zp + w) — m(z9) and m = m(zp) with
zo =19 +1in, 70 € Dy, 9, w € [—04,6,] and n € (0,7:]. We subtract (2.3)
evaluated at z = 2 from (2.3) evaluated at z = zp + w and obtain (6.9) with
A and m defined at zp = 79 + in. Directly taking the limit n | 0 yields (6.9)
with the original choices of A and m at zg = 79 by the Holder-continuity of m
on Hy ., I' == {r € I: dist(r,0I) > 6/2}, due to Proposition 4.7.

Lemma 6.2 is applicable for |w| < §, with some sufficiently small §, ~ 1 since
this guarantees |A|| < e owing to the Holder-continuity of m. Hence, Lemma
6.2 yields a cubic equation for © as defined in (6.2) with [ = I(z0), b = b(z0)
and zg = 79 + in. The coefficients of this cubic equation are given in Lemma
6.2. Owing to the uniform 1/3-Hélder continuity of z — m(z) on Hy ., we
conclude from the definition of © and r := Q[A] in (6.2), the boundedness of
Q and B~'Q as well as (6.16) that |©(w)| < |w|'/?, i.e., the second bound in
(6.7a), and (6.7b) uniformly for n € [0, n.].

We now compute the coefficients of the cubic in (6.3) for 9 € D, 9. Set
zo = To + in. Note that for n = Imzy > 0 these coefficients were already
given in (6.24), so the only task is to check their limit behaviour as n | 0.
Owing to (5.26), the expansions in (6.4a), (6.4b) and (6.4c) follow from (6.24a),
(6.24b) and (6.24c), respectively, using the continuity of o, ¥ and f, on Hgpan
by Lemma 5.5 and Lemma 5.4, respectively. We now show (6.4d). With the
definitions of € and po from Lemma 6.2 (see (6.22b) and (6.15), respectively), we
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set 2(w) = w™! (1o — &) for arbitrary [w| < d,. Since l = C, . [fu]+O(p+p~'n)
due to (5.14a) and (5.15b), as well as m? = (Rem)? + O(p) = Cy+ Cslqq*] +
O(p) due to Imm ~ pl and (5.2), we have

w o = ('m?) = (fugg") + Olp+p~'n) =+ Olp+p~'n).  (6.29)

Here, we also used Cs[f,] = f. in the second step and (5.19) in the last step.
We set v(w) := —(wm)~1é. We recall e = wl. Since é = O(|O(w)|*+ |0 (w)||w]|+
lw|?) and |©(w)| < |w|'/3, we obtain (6.5). This yields (6.4d) by using (5.26) in
(6.29). Since (5.35) implies (6.6), this completes the proof of (b) for 7o € D, ¢
and we assume 7 = 0 in the following.

If p = p(19) > 0 then (4.20) yields the missing first bound in (6.7a) completing
the proof of part (c). Moreover, in this case, the definitions of © and r imply
their differentiability at w = 0 due to Proposition 4.7. This shows (d1).

We now verify (d2). Since p = 0, we have Imm(7p) = 0 and thus Im©(w) >0
by the positive semidefiniteness of Im m(m9 + w). Since pg is real as [ and T'[e]
are self-adjoint, we obtain the second bound in (6.8) directly from (6.18b) and
|O(w)| < |w[*3. The third bound in (6.8) follows from (6.18a) and e = wi.
Since p = 0 and hence b = Cy~ 4[fu] by (5.15a) and | = C;;* [fu] by (5.15b) are
positive definite elements of A, Re ©(w)+ (I, m(70))/(l,b) is the real part of the
Stieltjes transform of a positive measure p evaluated on the real axis. The real
part of a Stieltjes transform is non-decreasing on the connected components
of the complement in R of the support of its defining measure. Therefore, as
the support of p is contained in R\ int({w € [—0d,d.]: Im O(w) = 0}), where
int denotes the interior, due to Imm(m) = 0, we conclude that Re O(w) is
non-decreasing on the connected components of {w € [—ds, d,]: ImO(w) = 0}.

Lemma 5.5 (i) directly implies the Holder-continuity in (e), which completes
the proof of Proposition 6.1. O

7 CUBIC ANALYSIS

In this section, we prove Theorem 2.5. It will follow directly from its more
precise and extended formulation, Theorem 7.1 below, which is the main result
of this section. In contrast to Theorem 2.5, Theorem 7.1 treats all small local
minima 7y of p — not only those, where p vanishes. Moreover, the error terms
are effective and express explicitly the dependence on p(7p), thus, making the
statement uniform in the value of the density at the local minimum. Theorem
7.1 describes the behaviour of Imm close to local minima of p inside of supp p.
This behaviour is governed by the universal shape functions Wegge: [0,00) = R
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and Vi, R — R defined by

Wedge(N) = I+ XA
T TN 2T N e 1
(7.1a)
Tain(N) = X = (7.1)

VI+N+ 07 4 (VI A2 - NP 1

We remind the reader that the comparison relations <, 2 and ~ were defined
Convention 3.4. In the following Theorem 7.1, the model parameters for these
relations are given by ¢1, ¢o and ¢3 in (3.10), k3 in (4.16) and 6 in the definition

of Iy in (7.2) below.

THEOREM 7.1 (Behaviour of Imm close to local minima of p). Let (a,S) be a
data pair such that (3.10) s satisfied. Let m be the solution to the associated
Dyson equation (2.3) and assume that (4.16) holds true on Hy,, for some
interval I C R and some 1. € (0,1]. We write v := 7~ 'Imm and, for some
0 € (0,1], we set

Ip := {7 € I: dist(r,0I) > 6}. (7.2)

Then there are thresholds p. ~ 1 and 6. ~ 1 such that if 7o € suppp NIy is a
local minimum of p and p(19) < p« then

v(10 +w) = v(10) + h(w) + O p(ro) w|/*1(1w| S p(70)*) + ¥(w)?)  (7.3)

for w € [, 0] N D with some h = h(7y) € A satisfying h ~ 1. Moreover, the
set D and the function ¥ depend only on the type of 1o in the following way:

(a) Left edge: If 79 € (Osupp p) \ {inf supp p} is the infimum of a connected
component of supp p and the lower edge of the corresponding gap is in
Iy, ie., 71 := sup((—oo,79) Nsuppp) € Iy, then (7.3) holds true with
v(19) =0, D =[0,00) and

w

U(w) = A1/3\pedge(z)

where A := 19 — 1. If 79 = inf supp p, or more generally p(7) = 0 for all
T € [10 — €, T0] with some € ~ 1, then the same conclusion holds true with

A=1.

(b) Right edge: If 7o € dsuppp is the supremum of a connected component
then a similar statement as in the case of a left edge holds true.

(¢) Cusp: If 79 ¢ Osuppp and p(19) = 0 then (7.3) holds true with D = R
and U (w) = |w|/3.
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(d) Internal minimum: If 7o ¢ dsupp p and p(79) > 0 then there is p ~ p(70)
such that (7.3) holds true with D =R and

U(w) = ﬁq/mm(p%).

Theorem 7.1 (a) and (b) are formulated in order to track the dependence of
v near an edge on the gap size A. The simpler case of a regular edge, i.e.
when A ~ 1, e.g. at the extreme edges, is detailed in Section 7.6, especially in
Proposition 7.18 below.

Before we proceed we conclude Theorem 2.5 from Theorem 7.1.

Proof of Theorem 2.5. Since S € Yqa,t, the condition (3.10) is satisfied for some
positive constants c;, co and c3. Moreover, by possibly shrinking the interval
I and using the continuity of m, we find constants k3 > 0 and 7. € (0,1] such
that [|m(2)|| < ks for all z € Hj ., . Thus, the assumptions of Theorem 7.1 are
satisfied and Theorem 2.5 follows. O

We remark that working on the slightly smaller interval Iy instead of I ensures
some stronger a-priori control on m due to the results in the previous sections,
in particular, Proposition 4.7.

If the conditions of Theorem 7.1 hold true, i.e., the data pair (a,S) satisfies
(3.10) and m satisfies (4.16) on Hy,,, then Assumptions 4.5 are fulfilled on
Hr,,, (compare Lemma 4.8 (ii)). In fact, Theorem 7.1 holds true under As-
sumptions 4.5 which will become apparent from the proof.

Theorem 7.1 contains the most important results of the shape analysis. When
considering p = (v) instead of v the coeflicient in front of ¥(w) in (7.3) can be
precisely identified as demonstrated in part (i) of Theorem 7.2 below. More-
over, Theorem 7.2 contains additional information on the size of the connected
components of supp p and the distance between local minima; these are col-
lected in part (ii). Note that the same information were also proven in the
commutative setup in Theorem 2.6 of [3] and Theorem 7.2 shows that they are
also available in our general von Neumann algebra setup.

We remark that Upin(w) = Upin(—w) for w € R and, for w > 0, A > 0 and
p > 0, we have

Ao () o min { S 12), (1.42)
Pain (55) ~ min {0077}, (7.40)

In the following Theorem 7.2, the model parameters for the comparison rela-
tions ~, < and 2 are the constants ki, ..., ks from Assumptions 4.5 and € in
the definition of Iy in (7.2).

THEOREM 7.2 (Behaviour of p near almost cusp points; Structure of the set of
minima of p). Let I C R be an open interval and 6 € (0,1]. If Assumptions 4.5
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hold true on I for some n, € (0,1] (in particular, if the data pair (a,S) satisfies
(3.10) and m satisfies (4.16) on Hy , ) then the following statements hold true

(i) There are thresholds p. ~ 1, 0. ~ 1 and 6, ~ 1 such that if 19 €

supp p N Iy is a local minimum of p satisfying p(1o) < p« then we set
I = 27m/(2¢) with v = (1) defined as in Lemma 5.5 and have

(a) (Left edge with small gap) If 1o € Osupp p \ {inf supp p} is the infi-
mum of a connected component of supp p, |o(m0)| < 0. and the lower
edge of the gap lies in Iy, i.e., 71 := sup((—o0,79) Nsuppp) € Iy,
then

plro +w) = (1) *W(w) + O (jo(m)| T (w) + T(w)?)

w

U(w) = Al/s‘yedge(z) (7.5a)

for allw € [0,6,]. Here, T ~ 1 and ¢ ~ 1.

(b) (Right edge with small gap) If 79 € Osuppp \ {supsuppp} is the
supremum of a connected component then a similar statement as in
the case of a left edge holds true.

(c) (Cusp) If 7o ¢ Osupp p and p(79) = 0 then
1'\1/3

p(To +w) = 41/3

|w|*? + O(Jw|*/3) (7.5b)

for allw € [=6.,0,]. Here, T ~1 and ¢ ~ 1.
(d) (Nonzero local minimum) If 1o ¢ Osupp p and p(19) > 0 then

bl + ) = p(ro)
L+ O(p(10)'/?), if |w| S p(ro)™/2,
VW) < Q1 O(BBE ) i o) Sl S o)

||

1+0(T W), if p(r0)® < lw| <0,
\If(w) = ﬁlllmin (p%) ) ﬁ:: pr(lT/Oz;)

(7.5¢)
for allw € R. Here, T' ~ 1, ¢ ~ 1 and the terms 1+ O(...) indicate
multiplicative error factors.

(i) If suppp N Iy # @ then suppp N Iy consists of K ~ 1 intervals, i.e.,
there are aq,...,ax € Osuppp U dly and B1,...,8k € Osuppp U 0ly,
a; < B < ait1, such that

K
supppﬂE = U[Oéi,ﬂi] (7.6)

=1
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and B; — a; ~ 1 if B; # sup Iy and a; # inf Iy.

For p, > 0, we define the set Ml,, of small local minima T of p which are
not edges of supp p, i.e.,

M, = {7 € (suppp \ Isuppp) N Ip:
(1) < px, p has a local minimum at 7}.

(7.7)

There is a threshold p. ~ 1 such that, for all vi,v2 € M, satisfying
Y1 # v2 and for alli=1,..., K, we have

71— 2l ~ 1, lovi = 71| ~ 1, 1Bi —m| ~1 (7.8)

if a; £ inf Iy and B; # sup Iy.

The factors 4'/3 and 4='/3 in the cases (a) and (c) of part (i) of Theorem 7.2
can be eliminated by redefining I'; Ueqge and Wi,y to bring the leading term on
the right-hand sides into the uniform T''/3¥(w) form. We have not used these
redefined versions of I', Wegge and Wy, here in order to be consistent with [3].
We remark that part (i) (a) and (b) of Theorem 7.2 cover only the case of
To € Jsupp p with sufficiently small |o(7p)|. We will establish later that the
smallness of |o(7p)| corresponds to the smallness of the adjacent gap 79 — 71
(see Lemma 7.15 below). Together with the cusps and the small nonzero lo-
cal minima, they form the almost cusp points of p (see the set Peysp in (10.4)
later). At the extreme edges inf supp p and sup supp p, o is not so small. Thus,
the exclusion of these edges in the statement of Theorem 7.2 (a) and (b) is
in fact superfluous. If |o(7p)| is not so small then p(ry + w) is well approxi-
mated by a rescaled version of (w)'/? (positive and negative part of w for left
and right edge, respectively). The precise statement and scaling are given in
Proposition 7.18 below.

REMARK 7.3 (Scaling relations for p(z)). Let I C R be an open interval, 6 €
(0,1] and p(z) := (Imm(z))/m for z € H. If Assumptions 4.5 hold true on I
with 7, = 1 then there are € ~ 1 and p. ~ 1 such that

(i) (Inside support around an edge with small gap) Let 79,71 € suppp NIy
satisfy 70 < 71 and (79,71) Nsuppp = &. We set A := 71 — 79. For
w € [0,¢], we have

: . (w +n)/?

p(To —w +in) ~ p(11 +w +in) ~ B rwrnls

(ii) (Inside a gap) Let 79,71 € supp pNlp satisty 79 < 71 and (79, 71)Nsupp p =
@. We set A := 11 — 79. Then, for 7 € [1, 1] and 1 € [0, <], we have

(r+1in) ~ I ( ! + ! )
A N e T NG e
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(iii) (Around a left edge with large gap) Let 19 € Iy N0 supp p satisfy p(7) =0
for all T € [r9 — §, 70] and some § ~ 1. Then, for w € [0, €], we have

p(To +w +in) ~ (w +n)/2,

. n
p(To — w +in) CETIE
A similar statement holds true for a right edge 79, i.e., if p(7) = 0 for all
T € [10,70 + 9] and some 6 ~ 1.

(iv) (Close to a local minimum) If 79 € supp p \ dsupp p is a local minimum
of p such that p(7) < p. then, for all w € [—¢,¢] and 7 € [0, ], we have

p(o +w +in) ~ p(1o) + (Jw| +n)*/3.

These scaling relations for p(z) = (Imm(z))/m are proven in the same way as
the corresponding ones in Corollary A.1 of [3]. The proof in [3] simply relied on
the fact that (Imm(z)) is the harmonic extension of 7p to the complex upper
half-plane and the behavior of p close to its local minima and thus is applicable
equally well in the current situation, due to Theorem 7.2.

7.1 SHAPE REGULAR POINTS

In the following definition, we introduce the notion of a shape regular point
which collects the properties of m necessary for the proof of Theorem 7.1.
Proposition 7.5 below explains how the statements of Theorem 7.1 are trans-
ferred to this more general setup. In fact, Lemma 4.8 (ii) and Proposition 6.1
show that, under the assumptions of Theorem 7.1, any point 79 € suppp N[
of sufficiently small density p(7p) is a shape regular point for m in the sense of
Definition 7.4 below. By explicitly spelling out the properties of m really used
in the proof of Theorem 7.1 we made our argument modular because a similar
analysis around shape regular points will be applied in later works as well.
This modularity, however, requires to reinterpret the concept of comparison
relations. In earlier sections we used the comparison relation ~, < and the
O-notation introduced in Convention 3.4 to hide irrelevant constants in var-
ious estimates that depended only on the model parameters c;, c2, c3 from
(3.10), k3 from (4.16) and 6 from (7.2), these are also the model parameters in
Theorem 7.1. The model parameters in Theorem 7.2 are given by k1,..., kg in
Assumptions 4.5 and 6 in the definition of Iy.

The formulation of Definition 7.4 also involves comparison relations instead
of carrying constants; in the application these constants depend on the orig-
inal model parameters. When Proposition 7.5 is proven, the corresponding
constants directly depend on the constants in Definition 7.4, hence they also
indirectly depend on the original model parameters when we apply it to the
proof of Theorem 7.1. Since these dependences are somewhat involved and we
do not want to overload the paper with different concepts of comparison rela-
tions, for simplicity, for the purpose of Theorem 7.1, the reader may think of
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the implicit constants in every ~-relation depending only on the original model
parameters ¢y, ¢, c3, k3 and 6.

DEFINITION 7.4 (Admissibility for shape analysis, shape regular points). Let m
be the solution of the Dyson equation (2.3) associated to a data pair (a,S) €
A X 2.

(i) Let 79 € R, J C R be an open interval with 0 € J, ©: J — C and
r: J = Abe continuous functions and b € A. We say that m is (J, 0,b,r)-
admissible for the shape analysis at 9 if the following conditions are
satisfied:

(a) The function m: H — A has a continuous extension to 79+ .J, which
we also denote by m. The relation (6.1) and the bounds (6.7a) as
well as (6.7b) hold true for all w € J.

(b) The function © satisfies the cubic equation (6.3) for all w € J with
the coefficients

ps =P + O(p),

p2 =0 +i3¢p+ O(p* + plo)),

= —2p*) + irk1po + O(p” + p?lo]),
E(w) = w81+ v(w) + O(p),

where p := (Imm(7p))/m and ¥,k > 0 as well as 0, k; € R are some
parameters satisfying (6.6) and k, |k1| ~ 1. The function v: J — C
satisfies (6.5).

(¢) The element b € A in (6.1) fulfils b = b* + O(p) and b+ b* ~ 1.

(d1) If p > 0 then © and r are differentiable in w at w = 0.

(d2) If p = 0 then (6.8) holds true for all w € J and Re © is non-decreasing
on the connected components of {w € J: Im©(w) = 0}.

(ii) Let 70 € Rand J C R be an open interval with 0 € J. We say that 79 is a
shape regular point for m on J if m is (J, ©, b, r)-admissible for the shape
analysis at 7y for some continuous functions ©: J — C and r: J — A as
well as b € A.

The key technical step in the proof of Theorem 7.1 is the following Proposition
7.5; it shows that Theorem 7.1 holds under more general weaker conditions, in
fact shape admissibility is sufficient. For the proof of Theorem 7.1 we will first
check shape regularity from Proposition 6.1 and then we will prove Proposition
7.5; both steps are done in Section 7.4 below.

PROPOSITION 7.5 (Theorem 7.1 under weaker assumptions). For the solution
m to the Dyson equation (2.3), we write v == 7~ Imm, p = (v).
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There are thresholds p. ~ 1 and 0. ~ 1 such that if p(10) < p« and 79 € supp p
is a local minimum of p as well as a shape regular point for m on J with an open
interval J C R satisfying 0 € J then (7.3) holds true for allw € [—d4,8.]NJND.
Here, as in Theorem 7.1, h = h(my) € A with h ~ 1 and D as well as U depend
only on the type of 1o in the following way:

Suppose that 79 € dsupp p is the infimum of a connected component of supp p.
If p(7) = 0 for all T € [10 — €, 0] with some € ~ 1 (e.g. 7o = infsuppp) and
linf J| Z 1, then the conclusion of case (a) in Theorem 7.1 holds true with
A =1 and v(r) = 0.

If 7o # infsuppp and 71 := sup((—o0,79) Nsuppp) is a shape regular point
for m, A <1 with A == 79 — 11 and |o(r0) — o(11)| < |70 — 71|Y/? then the
conclusion of case (a) in Theorem 7.1 holds true with this choice of A as well
as v(19) = 0.

Similarly to (a), the statement of case (b) in Theorem 7.1 can be translated to
the current setup. The cases (¢) and (d) of Theorem 7.1, cusp and internal
minimum, respectively, hold true without any changes.

Furthermore, suppose that 79 € suppp is a shape regular point for m and
p(10) = 0, then 19 is a cusp if o(10) = 0 and 70 is an edge, in particular
To € dsupp p, if o(19) # 0.

Similarly, the following Proposition 7.6 is the analogue of Theorem 7.2 under
the sole requirement of shape admissibility. Owing to the weaker assumptions,
the error term in (7.9) as well as the result in (7.10) of Proposition 7.6 are
weaker than the corresponding results in Theorem 7.2. We will first show
Proposition 7.6 and then conclude Theorem 7.2 by using extra arguments for
the stronger conclusions; both proofs will be presented in Section 7.5 below.

At a shape regular point 79 € R, we set I' :== v/27x/(2¢) (cf. Theorem 7.7 (i)
below), where k = k(79) and ¥ = 1(79) are defined as in Definition 7.4 (i) (b).

PROPOSITION 7.6 (Behaviour of p near almost cusp points, set of minima of p
under weaker assumptions). Let m be the solution to the Dyson equation, (2.3),
and p =7~ (Imm). The following statements hold true

(i) There are thresholds p. ~ 1, 0. ~ 1 and d, ~ 1 such that if 79 € supp p
is a shape regular point for m on an open interval J C R with 0 € J,
p(70) < px and 79 is a local minimum of p then we have

(a) (Left edge with small gap) If 79 € Osuppp \ {infsuppp} is the
infimum of a connected component of suppp, |o(m)| < o and
71 := sup((—o0, 70)Nsupp p) is a shape reqular point satisfying A < 1
for A =19 —71 and |o(10) —o(m1)| < |10 — 71|*? then (7.5a) for all
w e [0,0,]NJ.

(b) (Right edge with small gap) If 79 € Osuppp \ {supsuppp} is the
supremum of a connected component then a similar statement as in
the case of a left edge holds true.
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(c) (Cusp) If 79 ¢ Osupp p and p(19) = 0 then (7.5b) holds true for all
W E [—04,04] N J.

(d) (Internal minimum) If 79 ¢ Osupp p and p(19) > 0 then

om0+ ) = plro) + T3U(w) + O (ﬂlw < p(m)?) + \IJW) ,

p(70)
\II(W) = ﬁ‘pmin (P%) ) ﬁ:: %

(7.9)
for allw € [—0.,6,] N J.

(i) Let I C R be an open interval with suppp NI # & and |I| <1 and let m

have a continuous extension to the closure I of I. Let J C R be an open
interval with 0 € J and dist(0,0.J) = 1 such that J + (Osuppp) NI C
1. We assume that all points in (Osupp p) NI are shape reqular points
for m on J and all estimates in Definition 7.4 hold true uniformly on
(@supp p) N 1. If |o(10) — o(m1)| < |10 — 71|*? uniformly for all 70,71 €
(Osupp p) NI then supp p N1 consists of K ~ 1 intervals, i.e., there are
ag,...,ax € Osuppp U Ol and B1,...,08x € OsupppUII, a; < B; <
aiy1, such that (7.6) holds true with Iy replaced by I and B; — o ~ 1 if
Bi #sup I and o; # inf I.
If M, is defined as in (7.7) then there is a threshold p, ~ 1 such that if, in
addition to the previous conditions in (ii), all points of (M,, Ud supp p)NI
are shape reqular points for m on J and all estimates in Definition 7.4
hold true uniformly on (M,, Udsuppp) NI then, for v € M, , we have
| =y ~ 1 and |B; — | ~ 1 if a; # inf I and B; # sup I. Moreover, for
any v1,%v2 € M,,, we have either

=l ~1 or = el Smin{p(n),p()}. (7.10)
If p(y1) = 0 or p(v2) = 0 then, for v1 # v2, only the first case occurs.

An important step towards Theorem 7.1 and Proposition 7.5 will be to prove
similar behaviours for © as Im O is the leading term in v. These behaviours are
collected in the following theorem, Theorem 7.7. It has weaker assumptions
than those of Theorem 7.1 and those required in Proposition 7.5 — in particular,
on the coefficient p1 in the cubic equation (6.3). However, these assumptions
will be sufficient for the purpose of Theorem 7.7.

THEOREM 7.7 (Abstract cubic equation). Let ©(w) be a continuous solution to
the cubic equation

130(w)? + 20 (W) + 1 O(w) + wE(W) = 0 (7.11)
for w € J, where J C R is an open interval with 0 € J. We assume that the
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coefficients satisfy

ps =+ O(p),

pi2 = o + 3ip + O(p* + plo]),

= —2p"% + O(p* + plo]),
Ew) =r(1+vw))+ O(p)

with some fived parameters ¢ > 0, p >0, 0 € R and k ~ 1. The cubic equation
s assumed to be stable in the sense that

Y+ o*~ 1 (7.12)
Moreover, for all w € J, we require the following bounds on v and ©:
() S wl'?, (7.13a)
Ow)| < w2 (7.13b)
Then the following statements hold true:

(i) (p > 0) For any Il ~ 1, there is a threshold p. ~ 1 such that if p € (0, p.]
and |o| < IL.p? then we have

mO(w) = pWmin (F%) +O(min{p~ ||, [w]>/3}), (7.14)

with T := 27k /(2¢). Note that T ~ 1 if p, ~ 1 is small enough.

(i) (p=0)If p=0 and we additionally assume Im O(w) > 0 forw € J, Re O
is mon-decreasing on the connected components of {w € J: ImO(w) = 0}
as well as

Imv(w)| < ImO(w) (7.15)
for all w € J then we have

(a) If 0 =0 then Im O(w) has a cubic cusp at w =0, i.e.,

Im O(w) = ?(%)UBWW + O(|lw[2/3). (7.16)

(b) If o0 # 0 then Im ©(w) has a square root edge at w = 0, i.e., there is
¢y ~ 1 such that

~ w
B () + O((wl)] + e@)e@).
ImO(w) = if signw = signo,
0, if w € —signal0, c.|o)?],

(7.17)
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where A € (0,00), ¢ € (0,00) and e: R — [0,00) are defined by

N . 4 |of? AL/6
A.—mln{ﬁﬁ,l}, C-—S\/Ew—lp,
| |1/2 (7.18)
—min [ ¥ 1/3
e(w) = mln{ 170 , Jwl }

We have A ~ |o|3 and ¢ ~ 1. Moreover, for signw = sign o, we have

[O(w)| £ e(w). (7.19)

7.2 CUBIC EQUATIONS IN NORMAL FORM

The core of the proof of Theorem 7.7 is to bring (7.11) into a normal form by
a change of variables. We will first explain the analysis of these normal forms,
especially the mechanism of choosing the right branch of the solution based
upon selection principles that will be derived from the constraints on © given
in Theorem 7.7. Then, in Section 7.3, we show how to bring (7.11) to these
normal forms.

In the following proposition, we study a special solution Q(\) to a one-
parameter family of cubic equations in normal forms with constant term A(\)
(or 2A(X)), where A(\) is a perturbation of the identity map A — A. Here,
a-priori, the real parameter A is always contained in an (possibly unbounded)
interval around 0. This range of definition will not be explicitly indicated in the
statements but will be explicitly restricted for their conclusions. We compare
the solution to this perturbed cubic equation with the solution to the cubic
equation with constant term A. Depending on the precise type of the cubic
equation, the choice of the solution is based on some of the following selection
principles

SP1 A+~ Q(A) is continuous
SP2 Q(0) = g for some given Qp € C
SP3 Im (Q(\) — Q(0)) >0,

SP4> |[Tm A(N)| < y|AIm Q(A) for some v > 0 and ReQ(\) is non-decreasing
on the connected components of {A: Im Q(A\) = 0}.

We use the notation SP4’ to distinguish this selection principle from SP-4
which was introduced in Lemma 9.9 of [3].
We will make use of the following standard convention for complex powers.

DEFINITION 7.8 (Complex powers). We define C \ (—o00,0) — C, ¢ — (7 for
~v € Cby (7 := exp(ylog (), where log: C\ (—00,0) — C is a continuous branch
of the complex logarithm with log1 = 0.

With this convention, we record Cardano’s formula as follows:

DOCUMENTA MATHEMATICA 25 (2020) 1421-1539



THE DYSON EQUATION WITH LINEAR SELF-ENERGY 1483

PROPOSITION 7.9 (Cardano). The three roots of Q3 — 30 + 2¢, ¢ € C, are
§+(§), (AZ_(Q and (AZO(Q which are defined by

1 iv3
0.(0) = 220+ 5-(0) = L (@, (0) - 20,

~

Q(C) = =(24(0) + 2-(0)),

(7.20)

where

(£ -1)V3, if Re¢ > 1,
PL(¢) =9 ((£iVI-)Y3,  if|Re(| <1,
—(=(F VD3, ifRe¢< -1

PROPOSITION 7.10 (Solution to the cubic in normal form). Let Q(\) satisfy
SP1 and SP2.

(i) (Non-zero local minimum) Let Qo = v/3(i+ x1) in SP2 and Q()\) satisfy
QAP +3QN) +2A0N) =0,  A\) = (L+x2+ p(A)A +x3, (7.21)

with [p(\)| < afAY3, a > 0. Then there exist 6 ~ 1 and x« ~ 1 such
that if o, [x1l, [x2l, [x3] < x« then

Q) = Qo = Q) —iV3+ O((a + |xa| + |xs) min{|A, |\**}) (7.22)

for all X € R satisfying |\ < 5/a3, where Q(N) = Boaa(N) +iv3Peven(N)
and Poqq and Peyen are the odd and even part of the function ®: C — C,
®(C) = (/14 2+ )3, respectively.

Moreover, we have for |\| < §/a® that

Q) = Qo| < min{[Al,|AIY*}. (7.23)

In the following, we assume that Q(X), in addition to SP1 and SP2, also
satisfies SP3 and SP4’.

(i) (Simple edge) Let Qo = 0 in SP2 and Q(\) be a solution to
Q*(\) +A(N) =0, AN = (14 p(M)A (7.24)
If [uN)| < A2BINYV3 for the v > 0 of SP4’ then there is c. ~ 1 such that

Q) = Q) + O(luM)IAV?),

A0 = in2, ifA€0,e77, (7.25)
: _(_)\)1/2, Zf)\ c [_0*7—2’0]’

and Tm Q(A\) = 0 as well as Im u(\) =0 for all X\ € [—c.y~2,0].
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(iii) (Sharp cusp) Let Qo =0 in SP2, v ~ 1 in SP4’ and Q(N\) be a solution
to

Q3N +AN) =0, AN = (1L+ p(\)A (7.26)
If |p(N)| S IMNY2 then there is 6 ~ 1 such that
Q) = Q) + O (|uWIIN?),
o) = L (—1+iV3AY3, if xe (0,0, (7.27)
2 @+, if A e [-6,0]

(iv) (Two nearby edges) Let Qg = s for some s € {£1} in SP2, v ~ 1 in
SP4> and Q(X) be a solution to

Q) = 3Q(\) +2A(\) =0, AN = (14 p(A))A +s. (7.28)

Then there are § ~ 1, o ~ 1 and v, ~ 1 such that if |p(\)| < F|NV2 for
some 7 € [0, 7] then

(a) We have
Q) = Qi (1+ A + O (V) minf A2, N3}, (7.29)

for all A € $(0,26/33). (Recall the definition of Qy from (7.20).)
Moreover, for all X € 5(0,28/73], we have

Q) — Qo < min {|A[V/2, [AIY/3}. (7.30)
(b) For all A € —s(0,2 — ¢7], we have
Im Q(\) <7Y2 (7.31)

(¢) We have
Im Q(—s(2+ ¢7)) > 0. (7.32)

The core of each part in Proposition 7.10 is choosing the correct cubic root. For
the most complicated part (iv), we state this choice in the following auxiliary
lemma. For its formulation, we introduce the intervals

Il = 78[7)\1,0), IQ = 78(0, )\2], Ig = 78[)\3, )\1], (733)

where we used the definitions

)

A= 25, A2 i=2— 07, Az =24 07. (7.34)

These definitions are modelled after (9.105) in [3]. We will choose 3 = Al/3 in

the proof of Theorem 7.7 below. Then A; corresponds to an expansion range ¢
in the w coordinate. Note that with the above choice of 4, we obtain the same
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A1 as in (9.105) of [3]. However, A2 and Ag differ slightly from those in [3],
where A2 3 were set to be 2 F g|o|. Nevertheless, we will see below that 4 ~ |o|
but they are not equal in general.

For given §, o ~ 1, we will always choose v, ~ 1 so small that ¥ < 7, implies

)\124, 1< <2< A3 <3
Therefore, the intervals in (7.33) are disjoint and nonempty.

LEMMA 7.11 (Choice of cubic roots in Proposition 7.10 (iv)). Under the as-
sumptions of Proposition 7.10 (iv), there are §,0,7v« ~ 1 such that if 5§ < 7,
then we have N

Qlp, = Qy 0 Al

for k=1,2,3. Here, fAlJr is defined as in (7.20).

Proof. The proof is the same as the one of Lemma 9.14 in [3] but SP-4 in [3]
is replaced by SP4’ above. In that proof, SP-4 is used only in the part titled
“Choice of az”. We redo this part here. Recall that az = 0, £ denoted the index
such that Q|r, = Qq, o Alz, and our goal is to show az = +. Similarly as in
[3], we assume without loss of generality s = —1. Since limy_1 Q,()\) =2and
Q(0) = —1 by SP2, we conclude ay # —.

We now prove ag # 0. To that end, we take the imaginary part of the cubic
equation, (7.28), and obtain

3(Re)? — 1)Im Q = —2AIm p()\) + (Im Q)3. (7.35)

Suppose that az = 0. From the definition of Qg, A(A) = (1 + p(A)A — 1 and
LN < FIAY? we obtain

Re Qo(A(N) < —1—c|A|V24+C3Y202/3 ) Im Qo(A(N)] S FY2A%/3, (7.36)
(compare (9.120) in [3]). Thus, from (7.35), we conclude
IAY2Im Q < |AIm Q

for small A as |Imp(N)] < ImQ by SP4” and [ImA| = |A||Imu|. Hence,
ImQ(A) = 0 for small enough |A|. Thus, Re) is non-decreasing for such A
by SP4’, but from Q(0) = —1 and the first bound in (7.36) we conclude that
Re € has to be decreasing if Q(\) = SA)O(A()\)). This contradiction shows ag # 0,
hence, as = +. The rest of the proof in [3] is unchanged. O

Proof of Proposition 7.10. For the proof of (i), we mainly follow the proof of
Proposition 9.3 in [3] with v4 = X1, 75 = x2 and v = X3 in (9.35) and (9.37)
of [3].

Following the careful selection of the correct solution of (7.21) (cf. (9.36) in [3])
by the selection principles till above (9.50) in [3] yields (X) = Q(A(X)) and
hence, in particular, Q(x3) = Qo = V3(i+ x1). (2 = Q4 in [3].) By defining

Ao(A) == (1 + x2 + (M)A
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and using |u(\)| < a|A\|'/? instead of (9.54) in [3], we obtain

A0(0) - 60) = 83 ~ 0) + 0 ((hval + D5 1y )

(A) = Q(0) + O((a + [xz]) min{|Al, [A]*/*})

I
)

instead of (9.56) in [3]. Thus, (9.57) in the proof of Proposition 9.3 in [3] yields
Qxs + Ao(N) — Qxs) = 2N) — Q(0) + O((a + [xa + xsl) min{]AL A*}).

Thus, we obtain (7.22) since Q(x3) = Qo and Q(0) = iv/3. We remark that
(7.23) is exactly (9.53) in [3].

The proof of (ii) resembles the proof of Lemma 9.11 in [3] but we replace
assumption SP-4 of [3] by SP4’. Since Q(\) solves (7.24), there is a function
A: R — {£} such that Q(\) = QA(A) (A(N)) for all A € R. Here, Q.:C—C
denote the functions

" B 141/2, lfRGCZOa
Qe(Q) == {(C)”Qv if Re¢ <O0.

(Note that they were denoted by Q. in (9.78) of [3]). By assumption, there
is c. ~ 1 such that |u(\)| < 1 for all |A\| < c,y™2. Hence, by SP1, we find
ay,a_ € {£} such that A(\) = ax for A\ € £[0, c,y2].

For A > 0, we have

ImQ_(A(N)) = =AY2 + O(u(N)A?).

Thus, possibly shrinking ¢, ~ 1, we obtain Im Q_ (A())) < 0 for A € (0, c.y™2).
Therefore, the choice a; = — would contradict SP3 and we conclude a4 = +.
We now prove that a_ = 4. Assume to the contrary that a_ = —. For small
enough ¢, ~ 1, we have

Re Q- (AQN) = [A[Y?Re (1 + p(A)"/? ~ A2,
Im Q_(A(N)) = [AY?Tm (1 + p(N)/?) S A2

for A € [—c.y72,0) by the definition of Q_ and A. Hence, taking the imaginary
part of (7.24) and using SP4’ yield

AY21m Q(A) S 5]AIm Q)

for A\ € [—c.y72,0). By possibly shrinking ¢, ~ 1, we obtain ImQ()\) = 0
for A € [—c.y72,0). Hence, taking the imaginary part of (7.24) also yields
Imu(\) = 0 for A € [—c,y™2,0). Thus, SP4’ implies that Re( is non-
decreasing on [—c,y~2,0) which contradicts Re Q_(0) = 0 and Re Q2_(A())) ~
IN|Y/2 > 0 for A € [~c.y~2,0) with small enough ¢, ~ 1. Hence, a_ = 4 which
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completes the selection of the main term Q = Q in (7.25). The error term in
(7.25) follows by estimating Q(A())) directly.

For the proof of (iii), we select the correct root of (7.26) as in the proof of
Lemma 9.12 in [3] under SP4’ instead of SP-4. Since Q(\) solves (7.26) there
is a function A: R — {0, £} such that

Q) = Qan(AN)

for all A € R. Here, we introduced the functions (~2a: C — C, a=0,=+, defined
by

Q= — Qu(Q) = Q0(C).

o 41/3, if ReC > Oa S 1 $1\/_
—(=Q)Y3, if Re¢ <0, 2

(Note that they were denoted by €, a € {0,+}, in (9.87) of [3].) By SP1, A
can only change its value at A if A(\) = 0. By choosing 6 ~ 1 small enough and
using [(\)| < [A|Y3, we have A(\) = a; and A(—\) = a_ for some constants
ay and for all X € (0, 9].

We will now use SP3 and SP4’ to determine the value of a4 and a_. As in
(9.91) of the proof of Lemma 9.12 in [3], we have

V3

+(sign A)Im Q1 (A(N)) = 5

P2+ O(AY?) = [N[V2 = CIAPE.
By possibly shrinking § ~ 1, we conclude Im Q_(A(\)) < 0 for A € (0,4] and
Im Q4 (A(N) < 0 for X € [—6,0). Hence, owing to SP3, we conclude a # —

and a_ # +.
Next, we will prove a4 # 0. For A > 0, we have

ReQo(A(N) < A3 4 CX/3, TmQp(A(N) < A3,

Thus, assuming Q(\) = Qo(A())) and estimating the imaginary part of (7.26)
yield
A2BIm Q) < (Im Q)2 + [Tm AN)] < [ATm Q).

Hence, we possibly shrink ¢ ~ 1 and conclude ImQ(\) = 0 for A € [0,d].
Therefore, Re Q()) is non-decreasing on [0, §] by SP4’. Combined with Qg =0
and Re€(A(\)) < —A/3, we obtain a contradiction. Hence, this implies
ay #0,ie., ap = +.

A similar argument excludes a_— = 0 and we thus obtain a_ = —. Now, (7.27)
is obtained from the definition of ) = Q., which completes the proof of (iii).
For the proof of (iv), we remark that all estimates follow from Lemma 7.11 in
the same way as they followed in [3] from Lemma 9.14 in [3]. Indeed, (7.29) is
the same as (9.129) in [3]. The bound (7.30) is shown analogously to (9.129)
and (9.130) in [3]. Moreover, (7.31) is (9.137) in [3] and (7.32) is obtained as
(9.109) in [3]. This completes the proof of Proposition 7.10. O
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7.3 PROOF OF THEOREM 7.7

Before we prove Theorem 7.7, we collect some properties of Weqge and Wiy
which will be useful in the following. We recall that Weqge and Wpi, were
defined in (7.1).

LEMMA 7.12 (Properties of Wi and Weqge). () Let Q be defined as in
Proposition 7.10 (i). Then, for any X\ € R, we have
1

Tain(3) = —=Im [Q(\) - Q(0)]. (7.37)

(i) Let fAlJr be defined as in (7.20). Then, for any A > 0, we have

1

2\/§Im Q4 (1+2)). (7.38)

‘I’edge()‘)

(iii) There is a function U: [0,00) — R with uniformly bounded derivatives
and ¥(0) = 0 such that, for any A > 0, we have

Weage(N) = 17/2(1 +TN), [P S min{A A (7.39)

(iv) If |e| < 1/3 then, for any A > 0, we have
Ueage((1+2)A) = (14 6)"2Tegue(A) + O(emin{ A2 AM3}). (7.40)

We remark that (7.37) appeared in the last displayed equation of the proof of
Proposition 9.3 in [3]. The relation (7.38) was present in (9.127) of [3]. Note
that (7.39) is (9.144) of [3]. The relation in (7.40) is identical to (9.145) in [3].
Moreover, we follow the proofs in [3].

Proof. For the proof of (i), we first cancel the summand —1 in the definition of
Umin in (7.1b) and —Im Q(O)/\/g Multiplying the result by the denominator
in (7.1b) yields a trivial identity.

Part (ii) follows from using 1 + 2X > 1 in the definition of Im §+(1 +2)) in
(7.20) and multiplying the result by the denominator in the definition of Wegge
in (7.1a).

Expanding the definition of Weqqe around A\'/2/3 directly implies (iii).

For the proof of (iv), we remark that 1 +¢& ~ 1 for all ¢ € [-1/3,1/3]. If
0 < A <1 then (7.40) follows from (7.39). For A 2 1, the expansion (7.40) is
a consequence of (7.38) above as well as the stability of Cardano’s solutions,
(9.111) in Lemma 9.15 of [3]. O

In the following proof of Theorem 7.7, we will choose appropriate normal co-
ordinates 2 and A in each case such that (7.11) turns into one of the cubic
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equations in normal form from Proposition 7.10. This procedure has been sim-
ilarly performed in the proofs of Proposition 9.3, Lemma 9.11, Lemma 9.12
and Section 9.2.2 in [3]. However, owing to the weaker error bounds here, we
include the proof for the sake of completeness.

Proof of Theorem 7.7. We start with the proof of part (i) (cf. Proposition 9.3
in [3]). Owing to (7.13b) and [¥yin(A)| < |A|Y/2, the statement of (7.14) is
trivial for |w| 2 1 since the error term dominates. Therefore, it suffices to
prove (7.14) for |w| < ¢ with some ¢ ~ 1.

By possibly shrinking p, ~ 1, we can assume that |o| < IL.p? is small enough
such that ¢ ~ 1 by (7.12). In the following, v,,%0,71,-.-,7 € C denote
w-independent error terms such that |vx| < p for k& = v,0,1,...,7. Their
precise forms can be determined along the proof but we omit them as they are
irrelevant. We divide (7.11) by ps3 and obtain

0% +1i3p(1 4+ 72)0% — 2p*(1 +71)O + (1 + 0 + (1 + ’yy)y(w))gw =0, (7.41)

using |pu3| ~ 1 and |o| < II.p?. We introduce the normal coordinates

A=T2 Q0= ﬁ[uﬂg)%e(”;x) +1+74}, (7.42)

P’
where T' := v/27x/(2¢)). Note that T' ~ 1 since ¢ ~ 1. A straightforward
computation starting from (7.41) shows that () and A()) satisfy (7.21) with

3

AQ) = (1495 +pO)A +96, () = (1+yn)v(5o0),

ie., x2 =75, X3 =6 and @ = p by (7.13a). Hence, from (7.22) and (7.42), we
obtain § ~ 1 and . ~ 1 such that

"L on-
Im O(w) = Im T \/§[Q()\) Qo]

w . .
= pin(T5) + O (o ming AL, N2} + 7 min AL AP} )

for [\| < §/p% if p < min{x., p«}. Here, we also used (7.23) to expand p/(1+"s3)
and (7.37). By employing (7.42) again and replacing p. by min{x., p«}, we
conclude (7.14).

We now turn to the proof of part (ii) of Theorem 7.7. Since p = 0, the cubic
equation (7.11) simplifies to the following equation

PO(w)? + 0O (w)? + k(1 + v(w))w = 0. (7.43)

We now prove Theorem 7.7 (ii) (a), i.e., the case 0 = 0 (cf. Lemma 9.12 in
[3]). For any & ~ 1, the assertion is trivial for |w| > ¢ since the error term
dominates |w|'/? and Tm ©(w) in this case (compare (7.13b)). Therefore, it
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suffices to prove the lemma for |w| < ¢ with some § ~ 1. We choose the normal
coordinates
P\ 1/3

A=w, Q0 = (E) "o,

and notice that the cubic equation (7.43) becomes (7.26) with u(A) = v(A).
The bound (7.13a) implies [u(\)| < |A|Y/2. Thus, (7.16) is a consequence of
Proposition 7.10 (iii). This completes the proof of (ii) (a).

For the proof of Theorem 7.7 (ii) (b), we first show the following auxiliary
lemma (cf. Lemma 9.11 in [3]).

LEMMA 7.13 (Simple edge). Let the assumptions of Theorem 7.7 (ii) hold true.
If 0 # 0 then there is ¢, ~ 1 such that

W 1/2 _ W 1/2
VAL 4 0((1ww)] + ol O[] 7?),
Tm O(w) if signw = signo, |w| < c.|of?,
0, if signw = —signo, |w| < clo]?.
(7.44)

Moreover, we have |©(w)| < |w/a|Y? for |w| < cio]?.

Proof. Dividing (7.43) by ko yields

(1 + %e(m) %“’)2 +(1+ l/(w))g =0. (7.45)
We introduce A, Q(A) and p(A) defined by
_w . L - - 1+v(oA) B
A= BN =m0, ) = S E o

In the normal coordinates A and Q()\), (7.45) viewed as a quadratic equation,
fulfills (7.24) with the above choice of u()). Since [po1O(c\)| < |o|~2/3|\V/3
by (7.13b), there is ¢, ~ 1 such that

)] S e+l 0N S ol 72N, [Imp(N)] S Jo|~ m ©(oX)

(7.46)
for |A| < ci|o|? by (7.13a), (7.13b) and (7.15). Hence, we apply Proposition 7.10
(ii) with  ~ |o| =" in SP4’ and obtain (7.44) with an error term O(|u(\)||A[*/?)
instead, as well as |O(w)| < |o|~Y/2|w|/2. Thus, the first bound in (7.46)
completes the proof of (7.44). O

From the second case in (7.44), we conclude the second case in (7.17). The
first case in (7.17) and (7.19) are trivial if |w| 2 1 due to (7.13b) and (7.4a).
Hence, it suffices to prove this case for |w| < § with some § ~ 1. If |o| 2 1 then
the first case in (7.17) also follows from (7.44) with § := c.|o|>. Indeed, from
(7.39), we conclude

|w]

w2 N1/3 3/2
VR[] = B g () + O P),
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where ¢ and A are defined as in (7.18). Since |w| < e(w) for |w| < § and e(w)
defined as in (7.18) we obtain the first case in (7.17) if |o| 2 1. Similarly,
|O(w)| < |w/o]'/? by Lemma 7.13 yields (7.19) if |w| < § and |o| = 1. Hence, it
remains to show the first case in (7.17) and (7.19) if |o| < o, for some o, ~ 1.
In fact, we choose o, ~ 1 so small that ¢ ~ 1 by (7.12) and A <1 for lo| < o..
In order to apply Proposition 7.10 (iv), we introduce

o~ o~

%w, Q) = 3%@(%A) Fsigno,  u(\) = u(%/\) (7.47)
(cf. (9.96) and (9.99) in [3]). The cubic (7.43) takes the form (7.28) in the nor-
mal coordinates A and Q(\) with the above choice of pu(\) and s = signo
in (7.28). By (7.13a), we have |u())| < AV3A|Y/3. We set 3 = Al/3,
Therefore, Proposition 7.10 (iv) and (7.38) yield 6 ~ 1 and possibly smaller
0« = min{o., v« } ~ 1 such that the first case in (7.17) holds true for |o| < o,
and |w| < § as pu(A) = v(w) and A~ |o]3. Moreover, (7.30) implies (7.19) for
|w| < d. This completes the proof of (ii) (b) and hence of Theorem 7.7. O

A=

7.4 PROOF OF THEOREM 7.1 AND PROPOSITION 7.5

In this section, we prove Theorem 7.1 and Proposition 7.5. Some parts of
the following proof resemble the proofs of Theorem 2.6, Proposition 9.3 and
Proposition 9.8 in [3]. However, owing to the weaker assumptions, we present
it here for the sake of completeness.

Proof of Theorem 7.1 and Proposition 7.5. We will only prove the statements
in Proposition 7.5. Theorem 7.1 is a direct consequence of this proposition as
well as Lemma 4.8 (ii) and Proposition 6.1.

Along the proof of Proposition 7.5, we will shrink d, ~ 1 such that (7.3) holds
true for all w € [—d,4,0,] N J N D. We will transfer the expansions of © in
Theorem 7.7 to expansions of v by means of (6.1). To that end, we take the
imaginary part of (6.1) and obtain

v(10 +w) = v(19) + 7 'Reblm O(w) + 7 ' ImbRe O(w) + 7 ' Imr(w). (7.48)

We first establish (7.3) at a shape regular point 79 € (supp p) \ 9 supp p which
is a local minimum of 7 — p(7). If p = p(19) = 0, i.e., the case of a cusp at 79,
case (c), then o = 0. Indeed, if o were not 0, then, by the second case in (7.17),
Im ©(w) would vanish on one side of 7. By the third bound in (6.8), this would
imply the vanishing of p as well, contradicting to 79 € supp p\ dsupp p. Hence,
for any 6, ~ 1, (7.16) and (7.48) immediately yield (7.3) for w € [—d., d.]NJND
with h = (271)~1bv/3(k/4)"/3 using (6.7a), (6.7b) and b = b* due to p = 0.

We now assume p > 0 which corresponds to an internal nonzero minimum at
70, case (d). Thus, the following lemma implies that the condition |o| < II,p?,
o = o(70), needed to apply Theorem 7.7 (i) is fulfilled. We will prove Lemma
7.14 at the end of this section.
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LEMMA 7.14 (Bound on |o| at nonzero local minimum). There are thresholds
px ~ 1 and I, ~ 1 such that

|o(70)] < TLep(70)

for each shape reqular point 79 € supp p which is a local minimum of p and
satisfies 0 < p(10) < pa.

Hence, (7.14), (7.48) and (6.7b) yield (7.3) with p = pI'"'/3 and h =
7 1T1/3Reb. Here, we also used

PlOW)|+0(w)* +|w|+min{p~ wl, [w[**} £ = 1(lw| $ p°)+ ¥ (w)?, (7.49)

lwl
p
which is a consequence of (6.7a), (7.4b) for |w| < 1, as well as Reb ~ 1 and
Imb = O(p). This completes the proof of (7.3) for shape regular points 7y €

(supp p) \ Osupp p, cases (c) and (d).
We now turn to the proof of (7.3) at an edge 79, case (a), i.e., for a shape

regular point 79 € dsupp p. We first prove a version of (7.3) with A in place

of A, (7.50) below. In a second step, we then replace A by A to obtain (7.3).
Since 79 € dsupp p, we have p = p(19) = 0. Therefore, v(19) = 0 since (-) is
a faithful trace and v(7) is positive semidefinite. As 79 € 9 supp p, we have
o(19) # 0. Indeed, assuming o(r9) = 0, using Theorem 7.7 (ii) (a), taking
the imaginary part of (6.1) as well as applying the third bound in (6.8) and
the second bound in (6.7a) yield the contradiction 79 € (suppp) \ 9 supp p.
Recalling the definitions of A and ¢ from (7.18), (7.48) and (7.17) yield

v(ro+w) = 7P (W)b+ O(T(w)?), T(w) == 31/3xpedge(%) (7.50)

for any w € [—6,0.] N J N D with signw = sign o and some §, ~ 1. Here, we
also used b = b* ~ 1, the first bound in (6.5), (7.19) and £(w) ~ ¥(w) by (7.4b)
to obtain R

©(W)P + |w| + (19W)] + |w| + e(w))e(w) S ¥(w)?
for any w € [—dx,0.]NJ N D with signw = sign o and some §, ~ 1. This means
that we have shown (7.3) with ¥ replaced by v
We now replace A by A in (7.50) to obtain (7.3). To that end, we first assume
that |o| 2 1 and A < 1. The second part of (7.17) implies |a|3 <A <1and
thus |o]3 ~ A ~ 1. Since |o|> ~ A we conclude A ~ A. Therefore, we obtain

1
Al/B\I/ od e(|§|) _ (i) /6A1/3\Pedge(|Z|) + O(min{|w|3/2, |w|1/3}>.
Here, we used Weqge(|A]) < [AY/2 for |A| 2 1 and (7.39) otherwise. Applying
this relation to (7.50) yields (7.3) for w € [—dx, 0] NJ N D with signw = sign o,
8, ~1and hi=n"te(A/A)/6h ~ 1 for |o| > 1 and A < 1.

The next lemma shows that |o| 2 1 at the edge of a gap of size A > 1. We
postpone its proof until the end of this section.
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LEMMA 7.15 (o at an edge of a large gap). Let 19 € supp p be a shape regular
point for m on J. If |inf J| 2 1 and there is € ~ 1 such that p(t) = 0 for all
T € |10 — &,70) then |o| ~ 1. We also have |o| ~ 1 if supJ = 1 and p(7) =0
for all T € [10,70 + €] and some & ~ 1.

Under thAe assumptions of the previous lemma, we set A := 1 and obtain
trivially A ~ 1 ~ A. Thus, (7.50) implies (7.3) by the same argument as in
the case A < 1.

For |o| < 0. with some sufficiently small . ~ 1, we will prove below with the
help of the following Lemma 7.16 and (7.40) that replacing A by A in (7.50)
yields an affordable error. We present the proof of Lemma 7.16 at the end of
this section.

LEMMA 7.16 (Size of small gap). Let 79,71 € dsuppp, 11 < 7o, be two shape
regular points for m on Jy and Jy, respectively, where Jy, J1 C R are two open
intervals with 0 € Jo N Ji. We assume |inf Jo| 2 1 and supJ1 2 1 as well as

(11,70) Nsuppp = &. We set A(rg) := 179 — 71. Then there is ¢ ~ 1 such that
if lo(10)| < & and |o(0) — o(11)| < |10 — 71|Y/? then

A(7o)
A(ro)

=1+ 0(c(70)).

The same statement holds true when 1o is replaced by 7 with A(my) := 179 — 71.

From Lemma 7.16, we conclude that there is v € C such that |y| < 1 and
A = (1++|o])A. By possibly shrinking o, ~ 1, we can assume that |yo| < 1/3
for |o| < 0. Thus, (7.40) in Lemma 7.12 (iv) yields

Al/sxpedge(%) = (%)1/6A1/3\pedge(|2—|) + O(min{|ZL3//62, wl2}).

Hence, choosing h := 7~ 1¢(A/A)Y/6b as before and noticing h ~ 1 yields (7.3)
in the missing regime. This completes the proof of Proposition 7.5. As we have
already explained, Theorem 7.1 follows immediately. o

The core of the proof of Lemma 7.14 is an effective monotonicity estimate on
v, see (7.51) below, which is the analogue of (9.20) in Lemma 9.2 of [3]. Owing
to the weaker assumptions on the coefficients of the cubic equation, we need to
present an upgraded proof here.

Proof of Lemma 7.14. In the whole proof, we will use the notation of Definition
7.4. We will show below that there are p. ~ 1 and II, ~ 1 such that

(sign k10 (7))0-v(1) = p(7) 7 (7.51)

for all 7 € R which satisfy p(7) € (0, pi] and |o(7)| > IL.p(7)? and are admis-
sible points for the shape analysis.
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Now, we first conclude the statement of the lemma from (7.51) through a proof
by contradiction. If 7y satisfies the conditions of Lemma 7.14 then 0;p(m) =0
as 7o is a local minimum of p. Assuming |o(79)| > IL.p(70)? and applying (-)
to (7.51) yield the contradiction 9, p(79) > 0.
For the proof of (7.51) we start by proving a relation for 9;v(r). We divide
(6.1) by w, use ©(0) = 0 and (0) = 0 as well as take the limit w — 0 to
obtain 9,m(7) = bd,,©(0) + 9,,7(0). Taking the imaginary part of the previous
relation yields

70;v(7) = Im [b0,,0(0)] + Im 9, 7(0). (7.52)

We divide (6.7b) by w, employ the first bound in (6.7a) and obtain

MH“*\%\Q“*M
w I~ w ~ pt

By sending w — 0 and using r(0) = 0, we conclude
[[Tm D, r(0)|| < 1. (7.53)

We divide (6.3) by piw, take the limit w — 0 and use lim,, 0 O(w) = ©(0) =0
to obtain
oL60) — 0 (5t 00))ixapo + 2% + O + 47lo])
[mal> 4pt [+ O(p + |o])]? + p?[r10 + O(p* + plo])[?
_K ik10 + 209 + O(p* + plo])
oA+ Op + [o])]? + |k1o + O(p? + plo|)|*

(7.54)

where we employed [jia[2 = 4p4|t + O(p + lo])|? + p?lr10 + O(p® + plo)|? as
0, Y, k1,0 € R. Thus, we obtain

p+plo|
Red,0(0)| S ' o
| OIS 10700+ 1oDP + o + O + Aol (7%

Therefore, using b = b* + O(p), b+ b* ~ 1, k ~ 1 and |k1| ~ 1 yields
-1
. p_lo|+O(p+|o|) + O(p + plo])
sign k10)Im [b0,0(0)] =
ign 1) OO 15002 + ol + 16+ 0o + 10T
ol 1
~ ol +pp

Here, in the first step, the error term O(p + p|o]|) in the numerator originates
from the second term in

(sign k10)Im [b0,,0(0)] = (sign k10) (Re bIm 0,,0(0) + Im bRe 9,,0(0))

(7.56)
2 (sign £10)Im 9,0(0) — p|Re ,,0(0)]

and applying (7.55) to it. We applied (7.54) to the first term on the right-
hand side of (7.56). In the last estimate, we used ¥, |o|,p < 1 and |o| > ILp?
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for some large I, ~ 1 as well as p < p, for some small p, ~ 1. Employing
|o| > I, p? once more, the factor |o|/(Jo|? + p*) on the right-hand side scales
like (1 + |o])~! > 1. Hence, we conclude from (7.52) and (7.53) that

(sign k10)0;v(T)

By choosing p. ~ 1 sufficiently small, we obtain (7.51). This completes the
proof of Lemma 7.14. O

Proof of Lemma 7.15. We prove both cases, p(7) = 0 for all 7 € [ — €, 70]
or for all 7 € [r9,79 + €], in parallel. We can assume that |o| < & for any
o ~ 1 as the statement trivially holds true otherwise. We choose (, 0,7«) as
in Proposition 7.10 (iv), A as in (7.18), normal coordinates (A, (\)) as in
(7.47) as well as 3 = Al/3 and s = signo. We set A3 := 2 + oAL/3 (cf. (7.34))
and wy = ﬁ)\g/Q. There is & ~ 1 such that A < ~2 for lo| < & due to
A ~ |o|? by (6.6) and the definition of A in (7.18). Hence, w3 < C|o|® and,
by possibly shrinking & ~ 1, we obtain —wssigno € J for |0] < 7 due to
the assumption on J (|infJ| 2 1 or supJ 2 1). From (7.32), we obtain
Im Q(—Agsigno) > 0. Hence, Im ©(—wssigno) > 0. From the third bound in
(6.8), the second bound in (6.7a) and ws < |o|3, we conclude v(—ws signo) > 0
for |o| < o and sufficiently small & ~ 1. Thus, p(—wssigno) > 0 which
implies w3 > €. Therefore, |o|> > w3 > & ~ 1 which completes the proof of
Lemma 7.15. U

We finish this section by proving Lemma 7.16. It is similarly proven as Lemma
9.17 in [3]. We present the proof due to the weaker assumptions of Lemma
7.16. The main difference is the proof of (7.58) below (cf. (9.138) in [3]). In
[3], © could be explicitly represented in terms of m, i.e,

O(w) = (f,m(r0 +w) —m(70))

(cf. (9.8) and (8.10c) in [3] with & = 0). In our setup, b and r do not necessarily
define an orthogonal decomposition (cf. (6.1)).

Proof of Lemma 7.16. Let (0, 0,7+) be chosen as in Proposition 7.10 (iv). We
choose A as in (7.18) and normal coordinates as in (7.47) as well as 3 = Al/3
and s = signo. We assume A < ~3 in the following and define A3 as in (7.34).
By using |inf Jy| 2 1 as in the proof of Lemma 7.15, we find & ~ 1 such that
—ws3 € Jy for ws = A3£/2 and |o| < 7. Thus, —A =71 — 719 € Jy. We set

Ao = 1inf{A > 0: ImQ(A\) > 0}

and remark that Ay = 2A/ A due to the definition of A and the third bound
n (6.8). From (7.32), we conclude Ao < A3. Thus, A < A(1 4+ OF)) =
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ﬁ(l + O(|o])) as ¢ ~ 1 and 5 ~ |o|. Therefore, it suffices to show the opposite
bound,
A > A1+ O(|o])). (7.57)

If Ao > Ao == 2 — pAY/3 (cf. (7.34)) then we have (7.57) as A3 ~ |o| and
o~ 1. If \g < A9 then we will prove below that

Im QAo + &) 2§12 (7.58)
for € € [0,1]. From (7.31), we then conclude
co(A2 = X0)'/? <Im Q(X2) < Cyfo|'/?
as ¥ ~ |o|. Hence,
Ao > X — (C1/c)?|o] =2 —Clo],

where we used Ay = 2 — ¢y and ¢ ~ 1 in the last step. This shows (7.57) also
in the case A\g < As. Therefore, the proof of the lemma will be completed once
(7.58) is proven.

In order to prove (7.58), we translate it into the coordinates w relative to 7o
and v. From )y < A2, we obtain

A< (1= oAYHA S ol (7.59)
Since
m(ro — A — @) =blmO(—A — @) + Imr(—A — ),
the bound (7.58) would follow from

o(to — A — @) = A(ro)~V0w| /2 (7.60)

for sufficiently small A < |03 < 33 and & < 4 due to the third bound in (6.8).
Since v(71) = 0 and 71 = 79 — A is a shape regular point, we conclude from
(7.50) that

o(n =) 2 A(n) 02

for |@w| < §. Therefore, it suffices to show that

~

A(r) S A(n) (7.61)
in order to verify (7.60). Owing to |o(79) — o(m1)| < AY3 and (7.59), we have
o ()| £ lo(ro)| + AY? < o (ro).

We allow for a smaller choice of & ~ 1 and assume ¢ (71) ~ 1(79) ~ 1 by (6.6).
Assuming without loss of generality A(7g) < 1 and A(71) < 1, we obtain (7.61)

by the definition of A in (7.18). We thus get (7.61) and hence (7.60). This
proves (7.58) and completes the proof of Lemma 7.16. o
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7.5 PROOFS OF THEOREM 7.2 AND PROPOSITION 7.6

Proof of Proposition 7.6. We start with the proof of part (i). We apply (-) to
(7.3), use p = (v) and obtain (h) from the definitions of h in the four cases
given in the proof of Proposition 7.5. Indeed, by using the relations

(b) =7+ O(p), ¢ =4r, (7.62)

which are proven below, as well as Lemma 7.16 in the cases (a) and (b) and the
stronger error estimate (7.49) in case (d), we conclude part (i) of Proposition 7.6
up to the proof of (7.62).

The first relation in (7.62) follows from applying (-) to (5.15a) and using
(5.14a), Corollary D.2 with 79 € supp p, the cyclicity of (-) and (5.19). The
second relation in (7.62) is a consequence of the definition of ¢ in (7.18) and
the definition of I in Theorem 7.7 (i). This completes the proof of part (i).
We now turn to the proof of part (ii) of Proposition 7.6 and assume that all
points of (0 supp p) NI are shape regular for m and all estimates in Definition
7.4 hold true uniformly on this set. As in the proof of Proposition 7.5, we
conclude o(79) # 0 for all 79 € (9supp p)NI. Owing to dist(0,0.J) 2 1 and the
Holder-continuity of o on (0 supp p) N I, Proposition 7.5 is applicable to every
7o € (Osupp p) N I. Hence, (7.4a) and dist(0,0.J) 2 1 imply the existence of
61,c1 ~ 1 such that

p(10 + w) > c1|w|/? (7.63)

for all w € —signo(7)[0,1] and 79 € (Osuppp) N I. In particular, 79 —
sign o(79)[0, d1] C supp p for all 7o € (Osupp p) N I. Since |I| < 1, this implies
that supp pN I consists of finitely many intervals [a;, 5;] with lengths > 1, and,
thus, their number K satisfies K ~ 1 as §; ~ 1 and 8; — a; > 61 if B; #supl
and a; # inf I.
Additionally, we now assume that the elements of M, are shape regular points
for m on J and all estimates in Definition 7.4 hold true uniformly on M,,, .
By possibly shrinking p. ~ 1, we conclude from (7.63) that |a; —y| ~ 1 and
|Bi —y| ~1lforanyi=1,...,K and v € M,_.
Suppose now that 79 € M, with p(79) = 0. Then part (i) and dist(0,0J) 2 1
yield the existence of o, co ~ 1 such that

p(ro +w) > calw|'/?
for all |w| < d3. By possibly further shrinking p, ~ 1, we thus obtain |[7p—~v| ~ 1
for all v € M, \ {70}. We thus conclude (7.10) in this case.
Finally, let 71,72 € M, with p(71), p(72) > 0. Then applying (i) with 70 = 7
and 79 = 2 yields

Uy (w) + Ta(w) S wl? (p(1) 1wl S p(1)?) + p(12)1(|w] £ p(12)*))
+ 0 ()2 + Uy(w)?,
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where we defined w = 5 — 1 and

~ w _
Uy (w) = plwmin(tﬁi)a Uy (w) = Pz‘l’min(q)
P1 P2

with p1 ~ p(11) and pa ~ p(y2) (cf. Corollary 9.4 in [3]). Thus, we obtain
either |w| ~ 1 or |w| < min{p(71), p(72)}*. This completes the proof of (7.10)
and hence the one of Proposition 7.6. O

Finally, we use Proposition 7.6 and a Taylor expansion of p around a nonzero
local minimum 7y to obtain the stronger conclusions of Theorem 7.2.

Proof of Theorem 7.2. We start with the proof of part (i). Let 79 € suppp N
Iy satisfy the conditions of Theorem 7.2 (i). Then, by Proposition 6.1, the
conditions of Proposition 7.6 (i) are fulfilled and all conclusions in Theorem 7.2
(i) apart from the case |w| < p(79)7/? in (7.5¢) follow from Proposition 7.6 (i)
and (7.4b).

For the proof of the missing case, we fix a local minimum 7y € supp pN Iy of p
such that p(79) < p.. We set p := p(19). Owing to the 1/3-Holder continuity
of p by Proposition 4.7, there is € ~ 1 such that p(m9 + w) ~ p if |w| < ep3. In
particular, p(79 + w) > 0 and using Lemma 5.7 with k¥ = 2,3 to compute the
second order Taylor expansion of p around 7y yields

c w|?
@) = sl +0) = ) = S+ (L) (7.64)
for all w € R satisfying |w| < ep3, where ¢ = ¢(79) satisfies 0 < ¢ < 1.
On the other hand, 7y is a shape regular point by Proposition 6.1 and a nonzero
local minimum of p. Hence, Proposition 7.6 (i) (d) implies

Fro(w) = p\I/min(F%) + O(%) - %oﬁ + O(li—f + |ip|) (7.65)

for |w| < ep?, where I' = T'(19). Here, we also used the second order Taylor
expansion of Wi, defined in (7.1b) in the second step. Note that I" ~ 1 since
1+ 0% ~ 1 by (5.35) and |o| < p? by Lemma 7.14.

We compare (7.64) and (7.65) and conclude

3
oL, I

2
-2
185" - (pg P

c
_5w2 —
P

7

for |w| < ep®. Choosing w = p7/? and solving for ¢ yield

FQ
c=1gt O(p'/?). (7.66)

By starting from the expansion of f,, in (7.64), using the Taylor expansion of
U onin and (7.4b), we obtain (7.5¢) in the last missing regime |w| < p7/2.
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We now turn to the proof of (ii) of Theorem 7.2. By Proposition 6.1, the
conditions of Proposition 7.6 (ii) are satisfied on I’ := I N [—3k, 3k], where
k= [|la]|+2(|S|[*/2 Since ||a|| < Land ||S| < [|S]la—.| < 1 by Assumptions 4.5,
we have |I'| < 1. Moreover, suppp C I’ by (2.5a). Hence, by Proposition 7.6,
it suffices to estimate the distance |y; — 72|, where v1,7v2 € M, satisfy 1 # 72.
Let 71,72 € M,,. By (7.10) in Proposition 7.6 (ii), we know a dichotomy:
either [y1 — 72| 2 1 or |y1 — 72| S min{p(71), p(72)}*. For m # 72, we now
exclude the second case by using the expansions obtained in the proof of ().
If p. ~ 1 is chosen sufficiently small then ¢(y1) ~ 1 and ¢(y2) ~ 1 by (7.66).
Hence, by assuming |1 — 72| < min{p(11), p(72)}*, we obtain p(v2) > p(71)
from the expansion of fr,(w) in (7.64) with 70 = 71 and w = 3 — 7. Similarly,
as ¢(y2) ~ 1, the expansion of f (w) in (7.64) with 79 = 72 and w = 71 — 72
implies p(y1) > p(y2). This is a contradiction. Therefore, the distance of
two small local minima of p is much bigger than min{p(y1), p(72)}* and the
dichotomy above completes the proof of (ii). o

7.6 CHARACTERISATIONS OF A REGULAR EDGE

In this subsection, we introduce the concept of reqular edges of the self-
consistent support and give several equivalent characterisations relying on the
cubic analysis of the previous sections. We assume that S is flat and a is
bounded, i.e., that (3.10) is satisfied. In particular, owing to Proposition 2.3,
there is a Holder continuous probability density p: R — [0, 00) such that

() = [ 2

where m is the solution to the Dyson equation, (2.3).
We now define regular edges of p as in [8].

DEFINITION 7.17 (Regular edge). We call 79 € Osupp p a regular edge if the
limit 3/2

lim p(T) _ ryedge

supp p37—To /|7- _ 7-0| T
exists for some 7eqge that satisfies 0 < ¢, < Yedgge < ¢* < 00 for some constants
¢y and c*.

The following proposition provides several equivalent characterisations of a reg-
ular edge.

PROPOSITION 7.18 (Characterisations of a regular edge). Let a and S satisfy
(3.10) and m be the solution of the corresponding Dyson equation, (2.3). Sup-
pose for some 1y € Osupp p, there are m, >0 and § > 0 such that

[m(r +in)|| < m. (7.67)

for all T € [19 — 0,70+ 3] and n € (0,0]. We set o := o(70). Then the following
statements are equivalent:
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(i) The point 1y is a reqular edge of p.
(i) There are 0 < ¢, < ¢* < 00 such that

PO o imsp 20D

LA S
Supp p>7—T7o |T — 7‘0| Supp p37—To |T - 7_0|

c. < liminf

(iii) There are positive constants o, and o* such that

o« < lo| < o™

(iv) There is 0, > 0 such that

xl/2

p(10 +w) =< |o|1/2
0, if signw = —signo,

w2 4+ O(|w)), if signw = signa,

for all w € [~6.,6.]. In particular, we have Yeage = 7/|0|'/>.

(v) There is dgap > 0 such that
p(t) =0

for all T € 19, T + Ogap] or for all T € [To — dgap, To]-

All constants in (i) — (v) depend effectively on each other as well as possibly c1,
a2, c3 from (3.10) as well as 6 and m, from (7.67).

In our recent work [8] on the universality of the local eigenvalue statistics at
regular edges parts of Proposition 7.18 have already been proven. In fact, in
Theorem 4.1 of [8], we showed that (i) implies (iii) and (iv). The new impli-
cations in Proposition 7.18, however, require the cubic shape analysis of the
previous subsections which was not available in [8]. Using our preceding anal-
ysis, the proof of Proposition 7.18 is quite short. In the proof, the comparison
relation ~ is understood with respect to ¢y, ca,cg from (3.10) as well as ¢ and
my from (7.67).

Proof. For the entire proof, we remark that, by Lemma 4.8 (ii), the conditions
of Proposition 6.1 are satisfied. Moreover, p(79) = 0 due to the continuity of
p and 19 € dsupp p. Before establishing the equivalence of (i) — (v), we show
that o # 0 and there is ¢ ~ 1, depending only on the constants in (3.10) as
well as § and m,, such that

L/2| |1/2+O(M) if signw = sign
plro +w) = o172 g2/ T VBN T RERS (7.68)
0, if signw = —signo,

for all w € [—c|o?, ¢|o|?].
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By Proposition 6.1, we find §p ~ 1, depending only on the constants in (3.10)
as well as § and m., such that taking the imaginary part of (6.1) and applying
() to the result yield

p(1o +w) = Im (O(w)r (b)) + 7~ (Imr(w))

7.69
=ImO(w) + O((|O(w)| + |w|)Im O(w)) 7o

for |w| < &g. Here, we used (b) = 7 by (7.62) in the proof of Proposition 7.6 as
well as the third bound in (6.8) in the second step.

By Proposition 6.1 the assumptions of Theorem 7.7 (ii) are satisfied with k = 7.
Hence, from Theorem 7.7 (ii) (a), (7.69) and |O(w)| < |w|'/? by (6.7a), we
conclude that o # 0 as 79 € 9suppp. From (7.69) and Lemma 7.13, we,
thus, conclude (7.68) as |o| < 1, |O(w)| < |w/o]'/? by Lemma 7.13 and, hence,
()| < O(W)] + w| < |w/a|'/? by the first bound in (6.5). This completes
the proof of (7.68).

We now show that the statements (i) — (v) are equivalent. Trivially, (i) implies
(ii). Moreover, if (ii) holds true then (7.68) yields (iii). Clearly, (iv) is implied
by (iii) due to (7.68). Furthermore, (v) is trivially satisfied if (iv) holds true.
We now prove that (v) implies (iii). By Proposition 6.1, 7y is a shape regular
point. Thus, (iii) is a consequence of (v) by Lemma 7.15. Finally, (iii) implies
(i) due to (7.68). This completes the proof of Proposition 7.18. O

8 BAND MASS FORMULA — PROOF OF PROPOSITION 2.6

Before proving Proposition 2.6, we state an auxiliary lemma which will be
proven at the end of this section.

LEMMA 8.1. Let (a,S) be a data pair, m the solution of the associated Dyson
equation (2.3) and p the corresponding self-consistent density of states from
Definition 2.2. We assume ||a|| < ko and S[z] < ki{(z)1 for all x € A, and for
some kg, k1 > 0. Then we have

(i) If T € R\ supp p then there is m(7) = m(7)* € A such that
lim|m(r 4+ in) — m(7)|| = 0.
nl0
Moreover, m(7) is invertible and satisfies the Dyson equation, (2.3), at

z =1. There is C > 0, depending only on ko, k1 and dist(r, supp p), such
that ||m(7)|]| < C and ||(Id — (1 — t)Cm(T)S)_lﬂ <Cualtel0,1].

(i) Fiz T € R\ suppp. Let m; be the solution of (2.3) associated to the data
pair

(at, St) == (a — tS[m(7)], (1 — t)S)

for t € [0,1] and p; the corresponding self-consistent density of states.
Then, for anyt € [0, 1], we have

lsy s (7 + i) = m(7)]| = . (5.1)
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Moreover, there is ¢ > 0, depending only on ko, k1 and dist(r, supp p),
such that dist(T,supp p) > ¢ for all t € [0,1].

Proof of Proposition 2.6. We start with the proof of (i) and notice that the
existence of m(7) has been proven in Lemma 8.1 (i). In order to verify (2.10),
we consider the continuous flow of data pairs (a, St) from Lemma 8.1 (ii) and
the corresponding solutions m; of the Dyson equation, (2.3), and prove

pi((=00,7)) = (L(—o0,0)(m(7))) (8.2)

for all ¢ € [0,1]. Note that dist(r,supp p;) > ¢ for all ¢ € [0,1] by Lemma 8.1
(ii).

In particular, by Lemma 8.1 (ii), m:(7) = m(7) is constant along the flow, and
with it the right-hand side of (8.2). The identity (8.2) obviously holds for ¢t = 1,
because m1(z) = (a — Sm(7) — 2)7! is the resolvent of a self-adjoint element
and m(7) satisfies (2.3) at z = 7 by Lemma 8.1 (i). Thus it remains to verify
that the left-hand side of (8.2) stays constant along the flow as well. This will
show (8.2) for ¢ = 0 which is (2.10).

First we conclude from the Stieltjes transform representation (2.4) of m; that

pi((—00,7) = —o0 ¢ (my(2)) dz, (3.3)

27

where the contour encircles [min supp pt, 7) counterclockwise, passing through
the real line only at 7 and to the left of minsupp p;, and we extended mq(z)
analytically to a neighbourhood of the contour (set m.(z) := m(z)* for z € H
and use Lemma D.1 (iv) close to the real axis to conclude analyticity in a
neighbourhood of the contour).

We now show that the left-hand side of (8.3) does not change along the flow.
Indeed, differentiating the right-hand side of (8.3) with respect to t and writing
me = my(z) yield

d
< wmmm:f@wumz

= Ut 507 ). Slm(r)] - Sl
= f{(@.mo)(S[m(r)) ~ Slm]))d=
1

%@<m§m@m§mﬁmm>ma
Here, in the second step, we used dymy(z) = (C,F — Sp) 7 [=S[my] — S[m(7)]]
obtained by differentiating the Dyson equation, (2.3), for the data pair (as, St)
defined in Lemma 8.1 (ii) and the definition of the scalar product, (2.1). In
the third step, we employed (C;Lt1 —8) 1] = (0,mq(2))* which follows from

differentiating the Dyson equation, (2.3), for the data pair (as, S¢) with respect
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to z. Finally, we used that m, is holomorphic in a neighbourhood of the contour.
This completes the proof of (i) of Proposition 2.6.

For the proof of (ii), we fix a connected component J of supp p. Let 7,72 €
R\ supp p satisfy 7 < 7 and |11, 2] Nsupp p = J. By (2.10), we have

np(J) = n(p((—o0,72)) — p((—00,71))) = Tr(Ps) — Tr(Py) = rankP, — rank Py,

where P; := 7(1(_u,0)(m(7;))) are orthogonal projections in C"*" for i =
1,2. Hence, np(J) € Z. Since 0 < np(J) < n by definition of supp p, we
conclude np(J) € {1,...,n}, which immediately implies that supp p has at
most n connected components. This completes the proof of Proposition 2.6. [

Proof of Lemma 8.1. In part (i), the existence of the limit m(7) € A follows
immediately from the implication (v) = (iii) of Lemma D.1. The invertibility
of m(7) can be seen by multiplying (2.3) at z = 7 +in by m(7 +1in) and taking
the limit n J 0. This also implies that m(r) satisfies (2.3) at z = 7. In order to
bound [|(Id — (1 — £)Cy, -y S) ||, we recall the definitions of ¢, u and F from
(3.1) and (3.4), respectively, and compute

Id — (1 —t)CrS = Cygr o(Id — (1 — t)C, F)Ct,

for m = m(z) with z € H. Hence, by (D.1), Lemma 4.8 (i) and Lemma B.2,
we obtain [|(Id — (1 = #)CnS) M| S (1= L = t)[|F2)" < 1 - [Fll2)™t < C
for all z € 7 + 1N, where the set N C (0,1] with an accumulation point at 0
is given in Lemma D.1 (ii). Taking the limit n | 0 under the constraint n € N
and possibly increasing C yield the desired uniform bound. This completes the
proof of (i).

We start the proof of (ii) with an auxiliary result. Similarly as in the proof of
(i), we see that Id — (1 — t)Cy» 1, S is invertible for m = m(z), z € 7 +iN with
N as before. Since ||[F(z)]]2 < 1—C~! for z € 7+ iN as in the proof of (i),
Lemma B.3 implies that (Id — (1 —#)Cy= ,F) ™!, F = F(z), and, thus, (Id—(1—
t)ChmxmS) ™t = Cy o(Id — (1 — t)Cu*qu)_quilyq are positivity-preserving for
z € T+iN. Taking the limit n = Im z | 0 in N shows that (Id—(1—¢)Cy,,()S) ™"
is positivity-preserving for any t € [0, 1]. Moreover, (B.12) with z = 1 yields

(Id = (1 = t)Crm= mS) 1] = Cgr g(Id — (1 = 1)Cu» o F) ' C1 [1] > 1. (8.4)
Since (8.4) holds true uniformly for z € 7 +iN and ¢ € [0, 1], taking the limit
n=Imz ] 0in N, we obtain

(1d = (1= )Cr(ryS)~[1] > 1 (8.5)

for all ¢t € [0, 1].
We fix t € [0,1]. We write m = m(7) and define ®;: A4 x R — A through

Oy(A,n) = 1d— (1 -t)CpS)[A] — ig(mA + Am) — inm?

_ %(1 — )(AS[Alm +mS[A]A)
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In order to show (8.1), we apply the implicit function theorem (see e.g. Lemma
D.4 below) to ®,(A,n) = 0. It is applicable as ®;(0,0) = 0 and 9;$:(0,0) =
Id — (1 — ¢)C,,.S which is invertible by (i). Hence, we obtain an € > 0 and a
continuously differentiable function A;: (—e,e) — A such that ®:(A:(n),n) =
0 for all n € (—¢,e) and A(0) = 0. We now show that Ai(n) + m(r) =
my (7 +in) for all sufficiently small > 0 by appealing to the uniqueness of the
solution to the Dyson equation, (2.3), with the choice z = 7 + in, a = a; and
S =S5=(1-1)S. In fact, m = m(r) and m; = m:(7 + in) with n > 0 satisfy
the Dyson equations

g —a+8Sm], —-m;'=r+in—a+tS[m]+ (1 —1t)S[m:] (8.6)

_m_
and m; is the unique solution of the second equation under the constraint
Imm,; > 0 (compare the remarks around (2.3)). A straightforward computation
using the first relation in (8.6) and ®:(A(n),n) = 0 reveals that A.(n) +
m(7) solves the second equation in (8.6) for m;. Moreover, differentiating
D:(At(n),n) = 0 with respect to n at n = 0 yields

Oy Im Ay(n = 0) = (Id — (1 — t)Cp, )~ [m?]
> [m ™72 (1d ~ (1 = 1)Cn ) THA] 2 Im | 7?1,

Here, we used that (Id — (1 — t)C,,,S)~! is compatible with the involution
*and m = m”* in the first step. Then we employed the invertibility of m,
m? > ||/m~!|| 721 and the positivity-preserving property of (Id — (1 —¢)C,,S) ™!
in the second step and, finally, (8.5) in the last step. Hence, Im (A (n)+m(7)) =
Im A.(n) > 0 for all sufficiently small > 0. The uniqueness of the solution to
the Dyson equation for m, the second relation in (8.6), implies A¢(n)+m(7) =
my (7 + in) for all sufficiently small n > 0 and all ¢t € [0,1]. Therefore, the
continuity of A; as a function of 1, Ai(n) — A(0) =0, yields (8.1).

We now conclude from the implication (iii) = (v) of Lemma D.1 that
dist(r,supp p:) > e for some £ > 0. Lemma D.1 is applicable since |la:| <
ko + k1C (cf. Lemma B.2 (i) and Lemma 8.1 (i)) and Si[z] < S[z] < ki(z)1
for all # € Ay. For any t € [0,1], statement (iii) in Lemma D.1 holds true
with the same m = m(7) by (8.1) and S replaced by S; = (1 —¢)S. By (i),
[m| < C and ||(Id — (1 — t)C,,S)7Y|| < C for all t € [0,1]. Hence, owing to
Lemma D.1 (v), there is & > 0, depending only on kg, k1 and dist(7, supp p),
such that dist(r, supp p;) > ¢ for all ¢ € [0,1]. Here, ¢ depends only on kg, k1
and dist(7, supp p) due to the exclusive dependence of C' from (i) on the quanti-
ties and the effective dependence of the constants in Lemma D.1 on each other
(see final remark in Lemma D.1). The uniformity of ¢ in ¢ is a consequence of
the uniformity of C' from (i) in ¢. This completes the proof of Lemma 8.1. [

9 DYSON EQUATION FOR KRONECKER RANDOM MATRICES

In this section we present an application of the theory developed in this work
to Kronecker random matrices, i.e., block correlated random matrices with
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variance profiles within the blocks, and their limits. Kronecker matrices were
introduced in [7], where several applications of them were outlined. In Lemma
9.1 and Lemma 9.3 below, we will provide some sufficient checkable conditions
that ensure the flatness of S and the boundedness of ||m(z)]|, the main assump-
tions of Proposition 2.4, Theorem 2.5 and Theorem 7.1, for the self-consistent
density of states of Kronecker random matrices.

9.1 THE KRONECKER SETUP

We fix K € N and a probability space (X, 7) that we view as a possibly infinite
set of indices. We consider the von Neumann algebra

A = CEE o L>(X%), (9.1)
with the tracial state -

(kR f) = _Ir(l-@ xfdﬁ.
For K = 1 the algebra A is commutative and this setup was previously

considered in [3, 1. Now let (a,)‘,,(8,)2, be families of matrices in

pn=1> v=1
CEXE with o, = oy, self-adjoint and let (s“)ff:l, ()%, be families of non-
negative bounded functions in L>°(X?) and suppose that all s* are symmetric,

s#(x,y) = s"(y,z). Then we define the self-energy operator S : A — A as

£y L2
S(“ & f) = Z Ry @ S,uf + Z(ﬂv’fﬂ; T, f+ ﬂ;“ﬂv & T;f) ; (9-2)
v=1

pu=1 —

where the bounded operators S,,, T, T, : L>(X) — L*°(X) act as

(Suf) (@) ::j/s“<x4»f«ywwdy>, (T, )(@)

X X

<ﬁmm:/ﬁmnmwm»

X

(@, y) f(y)m(dy) ,

Furthermore we fix a self-adjoint a = a* € A. With these data we will consider
the Dyson equation, (2.3).

The following lemma provides sufficient conditions that ensure flatness of S
and boundedness of ||m(z)|| uniformly in z up to the real line. We begin with
some preparations. We use the notation z — v, for z € X and an element
v € CEXK © L>°(X), interpreting it as a function on X with values in CE*X.
We also introduce the functions v € L>°(%?) via

) = ([ 15 ) = )+ o) = )

e (03)

[ () = (u,y) ()
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and I' : (0,00)% — L>®(X), (A, 7) + T's,.(7) through

Here,

Lpe(r) = (/36(% + llaz — ayll + (=, y)A) 27T(dy)) 1/2- (9.4)

we denoted by || - || the operator norm on CX*¥ induced by the Euclidean

norm on CX. The two functions v and T' will be important to quantify the
modulus of continuity of the data (a, S).

LEMMA 9.1. Let m be the solution of the Dyson equation, (2.3), on the von
Neumann algebra A from (9.1) associated to the data (a,S) with S defined as
in (9.2).

(i)

(i)

(iii)

(iv)

Define T'(1) = Cgressinfy 'y (1) with Cx, = (4 + 4K +
lo)max,, ,(||aull? + [|8.]12)"/2, where Ta () was introduced in (9.4)
and assume that for some z € H the L2-upper bound ||m(z)||2 < A for
some A > 1 is satisfied. Then we have the uniform upper bound
—1(A?)
A 3

where we interpret the right-hand side as oo if A is not in the range of
the strictly monotonously increasing function T.

[m(2)]| < (9.5)

Suppose that the kernels of the operators S* and TV, used to define
S in (9.2), are bounded from below, i.e., essinf,,s"(z,y) > 0 and
essinf, , t¥(z,y) > 0. Suppose further that

k Trk

V2% 2
1
inf —— <Z aukag + Y (BukfB + B;nﬂy)> >0, (9.6)
p=1 v=1
where the infimum is taken over all positive definite k € CEK*K . Then S
is flat, i.e., S € Bgat (cf (2.2b)).

Let S be flat, hence, A := 1+ sup,cy|m(z)||2 < co. Then (9.5) holds
true with this A.

If a = 0 then, for each ¢ > 0, (9.5) holds true on |z| > € with A =
1+2e 1

Proof of Lemma 9.1. We adapt the proof of Proposition 6.6 in [3] to our non-
commutative setting in order to prove (i). Recall the definition of vy(z,y) in

9.3).

Estimating the norm ||m/||2 from below, we find

1 7(dy)
[mll5 = Eﬂ/ﬁ
2 m(d
> [ ST o
x mz (m3) ™'+ [lae — ay[* + vy (z, y)?[Imll3
2
> C; (Dmi.e(Ime]) ™
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for m-almost all x € X, where we used

T m) ™ < m md) ™ oy~ ax)(ay — a2’
+ ((Sm)z — (Sm)y)((Sm)s — (Sm),)"
< ()™ 4o — P

+ K (4 + o) max(fla|* + 18,1%) (. y)* [m]3

We conclude A > A7'T(A|m.||) for any upper bound A > 1 on |m|2. In
particular, (9.5) follows.

We turn to the proof of (ii). We view a positive element r € Ay as a function
r:[0,1] — CE*K with values in positive semidefinite matrices. Then we find

€1 ZZ
(Sr)e > c /x (Z aury, + Y (Bury Bl + ﬁzrym)w(dy),
pn=1 v=1

as quadratic forms on CKX*¥ for almost every & € X. The claim follows now
immediately from (9.6). Part (iii) is a direct consequence of (i) and (ii) as well
as (3.11). For the proof of part (iv), we use part (i) and (2.6) if a = 0. O

9.2 N x N-KRONECKER RANDOM MATRICES

As an application of the general Kronecker setup introduced above, we con-
sider the matrix Dyson equation associated to Kronecker random matrices.
Let X,,Y, € CN*N be independent centered random matrices such that
Y, = (y};) has independent entries and X, = (z};) has independent entries up
to the Hermitian symmetry constraint X, = Xj. Suppose that the entries of
VNX,,,VNY,, have uniformly bounded moments, E(|f; [P +[y/;[?) < N~P/2C,
and define their variance profiles through

s'(i,j) = NE[a[?, t'(i, j) = NE[yY|*.

Then we are interested in the asymptotic spectral properties of the Hermitian
Kronecker random matrix

él ZZ
H=A+> a,X,+> (B 0Y, +8,0Y;) e CF VN  (99)
p=1 v=1

as N — oo. Here the expectation matrix A is assumed to be bounded, || 4] < C,
and block diagonal, i.e.

N
i=1

with E;; = (51'16%){?’,6:1 € CN*N and a; € CE*E_ In [7] it was shown that the

resolvent G(z) = (H — z)~! of the Kronecker matrix H is well approximated
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by the solution M(z) of a Dyson equation of Kronecker type, i.e., on the von
Neumann algebra A in (9.1) with self-energy S from (9.2) and a = A € A,
when we choose X = {1,..., N} and 7 the uniform probability distribution. In
other words, L™ (X) = CV with entrywise multiplication.

9.3 LiMITS OF KRONECKER RANDOM MATRICES

Now we consider limits of Kronecker random matrices H € CV*¥ with piece-

wise Holder-continuous variance profiles as N — oo. In this situation we can
make sense of the continuum limit for the solution M (z) of the associated ma-
trix Dyson equation. The natural setup here is (X,7) = ([0, 1],dz). We fix
a partition (I;)E, of [0,1] into intervals of positive length, i.e., [0,1] = Uil
and consider non-negative profile functions s#,t" : [0,1]> — R that are Holder-
continuous with Holder exponent 1/2 on each rectangle I; x I,. We also fix
a function a : [0,1] — CE*K that is 1/2-Holder continuous on each [;. In
this piecewise Holder-continuous setup the Dyson equation on A with data
pair (a,S) describes the asymptotic spectral properties of Kronecker random
matrices with fixed variance profiles s* and t”, i.e., the random matrices H
introduced in Subsection 9.2 if their variances are given by

1 /i 1 /i j
EH?:_#(__) El/.2:_tl’(__)
" = ¥ v N vil” = ¥ (¥ )

and the matrices a; in (9.10) by a; = a(%).

LEMMA 9.2. Suppose that a, s* and t” are piecewise Holder-continuous with
Holder exponent 1/2 as described above. The empirical spectral distribution of
the Kronecker random matriz H, defined in (9.9), with eigenvalues (\;)EL con-
verges weakly in probability to the self-consistent density of states p associated
to the Dyson equation with data pair (a,S) as defined in (9.2), i.e., for any

e >0 and ¢ € C(R) we have

| KX
Pl |— ;) — N .
(’KNZQD()\Z) /Rgodp‘ > 5) — 0, — 00

i=1

Proof of Lemma 9.2. Tt suffices to prove convergence of the Stieltjes transforms,
i.e., in probability &% Trxny G(2) — (m(z)) for every fixed z € H, where
G(z) = (H — )~ is the resolvent of the Kronecker matrix H and m(z) is the
solution to the Dyson equation with data (a, S).

First we use the Theorem 2.7 from [7] to show that v Trgxn G(z) —
+ Zf\il Trxmi(z) — 0 in probability, where My = (mq,...,my) €
(CEXEYN denotes the solution to a Dyson equation formulated on the von
Neumann algebra CK*K @ CVN with entrywise multiplication on vectors in CV
as explained in Subsection 9.2. We recall that in this setup the discrete ker-

nels for S, and T}, from the definition of S in (9.2) are given by NE|z/;|* and

NE|y};|?, respectively, and a = Zf;l a(4) ® ;. To distinguish this discrete
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data pair from the continuum limit over CX*X & L°°[0, 1], we denote it by
(an,Sn). Note that in Theorem 2.7 of [7] the test functions were compactly
supported in contrast to the function 7 +— 1/(7 — z) that we used here. How-
ever, by Theorem 2.4 of [7] and since the self-consistent density of states is
compactly supported (cf. (2.5a) and ||.S]| < 1) no eigenvalues can be found be-
yond a certain bounded interval, ensuring that non compactly supported test
function are allowed as well.

Now it remains to show that (My) — (m) as N — oo for all z € H. For this
purpose we embed CV into L°[0, 1] via Pv := vazl vil[i—1)/N,i/n)- With this
identification My and m satisfy Dyson equations on the same space CK*¥ @
L>°[0,1]. Evaluating these two equations at z + in, for a fixed z € H and any
n > 0, and subtracting them from each other yield

B[A] = m(Sy — S)[m]A + Cp,(Sn — S)[A] + mSy[A]A
+ Ci(Sy — S)[m] — m(any — a)A — Cplan — a],

where m = m(z +1in), My = My(z+1in), B =1d — C;,,S and A = My — m.
Using the imaginary part of z we have dist(z + in,suppp) > Imz > 0. By
(3.22), (3.23), (3.11a) and (3.11c) of [7] we infer ||m||+|B~1|l2 < C foralln >0
with a constant C' depending on Im z. Note that although the proofs in [7] were
performed on CV*¥ all estimates were uniform in N and all algebraic relations
in these proof translate to the current setting on a finite von Neumann algebra.
Using ||Sy — Sll2 < ||Sny — S| as well as ||Sy|| < C and possibly increasing C,
we thus obtain

1Az < C(¥N + A3, Uy = llan —all + [|Sv = S,

where A = A(z + i), for all n > 0. We choose Ny sufficiently large such that
20 NC? < 1/4 for all N > Ny and define 7. = sup{n > 0: |A(z + in)|2 >
2C¥n}. Since | My|| + ||m| — 0 for n — oo, we conclude 7, < co.

We now prove . = 0. For a proof by contradiction, we suppose 7. > 0.
Then, by continuity, ||A(7 + in.)||2 = 2C¥ . Since 2¥yC? < 1/4, we have
|A(z +ine)]|2 < 4CTN/3 < 2CT N = ||A(z + iny)||2. From this contradiction,
we conclude 7, = 0. Therefore, for N > Ny, we have

[Mn(2) = m(2)] < [|A(2)]l2 < 20N =2C([[Sn = S| + [lan —a])-

Since the right-hand side converges to zero as N — oo, due to the piecewise
Holder-continuity of the profile functions, and since z was arbitrary, we obtain
(Mpy) — (m) as N — oo for all z € H. This completes the proof of Lemma 9.2.

O

The boundedness of the solution to the Dyson equation in L2-norm already
implies uniform boundedness in the piecewise Holder-continuous setup.

LEMMA 9.3. Suppose that a, s* and t” are piecewise 1/2-Hdlder continuous and
that sup,cp||m(z)|l2 < oo for some domain D C H. Then we have the uniform
bound sup,cp||m(z)|| < oo.
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In particular, if the random matrix H is centered, i.e., a = 0, then m(z) is
uniformly bounded as long as z is bounded away from zero; and if H is flat in
the limit, i.e., S is flat, then sup,y||m(z)| < ooc.

Proof. By (i) of Lemma 9.1 the proof reduces to checking that lim,_, ., I'(7) =
oo for piecewise 1/2-Holder continuous data in the special case (X,7) =
([0,1],dz). But this is clear since in that case ||a; — ay||* +v(z,y)* < Clz —y|
implies that the integral in (9.4) is at least logarithmically divergent as
T — 00. O

COROLLARY 9.4 (Band mass quantization). Let p be the self-consistent density
of states for the Dyson equation with data pair (a,S) and 7 € R\ supp p. Then

L
p((—00,7)) € {%Zklm k= 1K}
=1

In particular, in the L = 1 case when s t* and a are 1/2-Holder continu-
ous on all of [0,1]% and [0,1], respectively, then p(J) is an integer multiple of
1/K for every connected component J of supp p and there are at most K such
components.

Proof. Fix 7 € R\ supp p. We denote by & — m,(7) the self-adjoint solution
m(7) viewed as a function of = € [0, 1] with values in CE*%_ As is clear from
the Dyson equation this function inherits the regularity of the data, i.e., it is
continuous on each interval I;. By the band mass formula (2.10) we have

L L
1 1
H(-oem) = £ 3 / T ma(r)de = 3l

where k; = Tr 1(_,0)(m2(7)) € {0,..., K} is continuous in = € [; with discrete
values and therefore does not depend on . o

REMARK 9.5. We extend the conjecture from Remark 2.9 of [1] to the Kronecker
setting. We expect that in the piecewise 1/2-Holder continuous setting of the
current section, the number of connected components of the self-consistent
spectrum supp p is at most K (2L — 1).

10 PERTURBATIONS OF THE DATA PAIR

In this section, as an application of our results in Sections 4 to 7, we show that
the Dyson equation, (2.3), is stable against small general perturbations of the
data pair (a,S) consisting of the bare matrix a and the self-energy operator
S. To that end, let T C R contain 0, S;: A — A, t € T, be a family of
positivity-preserving operators and a; = a; € A, t € T, be a family of self-
adjoint elements. We set S := S;—¢ and a := a;—g and will always assume that
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there are ¢y, ...,c5 > 0 such that

@l < Skl <e@l,  fal < [S—Sd<et,  fla—adl < est

(10.1)
for all x € Ay and for all t € T. For any t € T, let m; be the solution to the
Dyson equation associated to the data pair (a, St), i.e.,

—my(2) 7t = 21 — ay + Si[my(2)] (10.2)

for z € H (cf. (2.3)). We also set m := my—o.

The main result of this section, Proposition 10.1 below, states that ||m(z) —
m(z)|| is small for sufficiently small ¢ and all z away from points, where m(z)
blows up. Depending on the location of z, there are three cases for the estimate:
we obtain the best estimate of order |t| on ||m:(z) — m(z)| in the bulk, the
estimate is weaker, of order |t|1/ 2, if z is close to a regular edge and the weakest,
of order |t|'/3, if z is close to an (almost) cusp point.

We now introduce these concepts precisely. For a given m, > 0, we define the
set P, := P C H, where ||m(2)|| is larger than m., i.e.,

P = {1 € R:sup||m(r +in)| > m.}.
n>0

For any fixed m. > 0 and § > 0, we introduce the set Dypqq of points of distance
at least § from P, i.e.,

Dpaq := D" o= {z € H: dist(z, P) > 0} (10.3)

Note that |m(z)]| < max{m,,d~'} for all 2z € Dpgqg as |m(z)|| <
(dist(z,supp p))~! by (3.7).

We now introduce the concept of the bulk. Since S € Yga.¢, the self-consistent
density of states of m (cf. Definition 2.2) has a continuous density p: R — [0, 00)
with respect to the Lebesgue measure (cf. Proposition 2.3). We also write p
for the harmonic extension of p to H which satisfies p(z) = (Imm(z)) /7 for
z € H. For p, > 0 and s > 0, we denote those points, where p is bigger than
px or which are at least 5 away from supp p, by

Dpuik == DYy o= {z € H: p(z) > pi},
Dot = D%, = {z € H: dist(z,suppp) > ds},

out ‘T

respectively. We remark that, for fixed p, and d,, we have the inclusion Dy U
Dout C Dpaa for all sufficiently large m, and sufficiently small § by (3.12).

For 7 € R\ supp p, let A(7) denote the size of the largest interval that contains
7 and is contained in R \ supp p. For p, > 0 and A, > 0, we define the set
Peusp = PP« R of almost cusp points through

cusp

PC”JSJPA* :={7 € suppp \ dsuppp : 7 is a local minimum of p, p(7) < p.}

U{r € R\suppp: A(r) < A,}.
(10.4)
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For some §, > 0, we denote those points which are at least 6. away from almost
cusp points by
Dnocusp = {Z cH: diSt(Z, Pcusp) > 55}

We remark that D = Dy,qq NDeysp, where D denotes the set of points which are
away from P, and Peysp. More precisely, for some § > 0, we define

D :={z e H:dist(z, Py) > ¢, dist(z, Peusp) > ¢}

In this section, the model parameters are given by ¢y, ..., ¢s from (10.1) as well
as the fixed parameters m., 0, p«, s, A, and d. from the definitions of P,,, Dyqq,
Dyuiks Dout, Peusp, and Dygeusp, respectively. Thus, the comparison relation
~ (compare Convention 3.4) is understood with respect to these parameters
throughout this section.

PRrOPOSITION 10.1. If the self-adjoint element a = as—g, a¢ in A and the
positivity-preserving operators S = Si—g, St on A satisfy (10.1) for eacht € T
then there is t. ~ 1 such that

(a) Uniformly for all z € Dyaa and for all t € [—t., t.]NT, we have
lme(z) = m(2)|| < 1¢/°.

In particular, ||mi(2)|| < 1 uniformly for all z € Dypaa and for all t €
[—te, t]NT.

(b) (Bulk and away from support of p) Uniformly for all z € DyycUDout and
forallt € [—ti, t.]NT, we have

[m(2) —m(2)[| < [

(¢) (Away from almost cusps) Uniformly for all z € Dyocusp N Dbaa and for
all t € [—ty,t] NT, we have

Ime(z) = m(2)]l < [¢'2.

In order to simplify the notation, we set Am; = Amy(z) = mi(z) —m(z). The
behaviour of Am, will be governed by a scalar-valued cubic equation (see (10.6)
below). This is the origin of the cubic root |t|'/? in the general estimate on
|lm¢(z) — m(z)|| in Proposition 10.1. In the special cases, z € Dpyux U Doyt and
2z € Dpocusp, the cubic equation simplifies to a linear or quadratic equation,
respectively, which yield the improved estimates |¢t| and |¢|'/2, respectively.
We now define two positive auxiliary functions & (z) and &(z) for z € Dpaq
which will control the coefficients in the cubic equation mentioned above. For
their definitions, we distinguish several subdomains of Dpqq. The slight ambi-
guity of the definitions due to overlaps between these domains does, however,
not affect the validity of the following statements as the different versions of &§;
as well as &2 are comparable with each other with respect to the comparison
relation ~ and & as well as & are only used in bounds with respect to this
comparison relation. For p, ~ 1 and d, ~ 1, we define
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e BULK: If z € Dy U Doyt then we set
€1(2) = &(2) = 1. (10.5a)

e AROUND A REGULAR EDGE: If z = 19 + w 4+ i € Dyocusp N Dpaa with
some Ty € supp p, w € [—dx, 0] and n € (0, 0,] then we set

&(2) = (Jwl +m)"?, &(2) = 1. (10.5b)

e CLOSE TO AN INTERNAL EDGE WITH A SMALL GAP: Let a,8 €
(Osupp p) \ Py, satisfy 8 < o and (3, a) Nsupp p = &. We set A := a— (.
If 2 € Dyqgq satisfies z = a—w+in or z = f+w—+in for some w € [—d,, A/2]
and 7 € (0,4,] then we define

&1(2) = (lwl +m)" 2 (lw| +n+ A)°, &(2) = (| +n+A)"/°
(10.5¢)

e AROUND A SMALL INTERNAL MINIMUM: If z = 79 + w + in € Dpyq,
where 79 € suppp \ dsuppp is a local minimum of p with p(79) < pa,
w € [—dx,04]) and 7 € (0,0,] then we define

€1(2) = (p(m0) + (lw| +n)'/*)?, &2(2) = p(r0) + (Jw| + )"/,
(10.5d)

We remark that 79 € Osupp p is a regular edge if p(7) = 0 for all 7 € [rg — ¢, 70]
or 7 € [19, 70 + €] for some ¢ ~ 1. In fact, Dyocusp N Dpaa N dsupp p consists
only of regular edges.

In the proof of Proposition 10.1, we will use the following two lemmas, whose
proofs we postpone until the end of this section.

LEMMA 10.2. Let Dygq be defined as in (10.3). Let a, S and (at)ter and
(St)ier satisfy (10.1). Then there is 1 ~ 1 such that if ||Am(2)| < e1 for
some z € Dpaq, t € T, then there are I,b € A depending on z such that
O = (I, Amy) /{1, b) satisfies a cubic inequality

07 + 607 + &6y < [t (10.6)

with complex coefficients & and & depending on z and t. The function Oy
depends continuously on Imz and we also have |O¢ < ||[Amy| as well as
|Amy|| S O] + [t| for allt € T

The coefficients, & and &2, behave as follows: There are 6. ~ 1, p. ~ 1 and
cx ~ 1 such that, with the appropriate definitions of & and & from (10.5), we
have

o If z € Dyaa satisfies the conditions for (10.5a) or (10.5¢) with w €
[cx A, A/2] then we have

G(2) ~ &) &) S &) (10.7a)
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o If z € Dyaq satisfies the conditions for (10.5¢) with w € [—dx, c ] or
(10.5b) or (10.5d) then we have

€1(2)| ~ &1(2), [€2(2)] ~ E2(2). (10.7b)

All implicit constants in this lemma are uniform for any t € T.

LEMMA 10.3. For 0 < n. < n* < oo, let &1,&2: [N, n*] = C be complez-valued
functions and 51,52, d: [n«,n*] = RT be continuous.
Suppose that some continuous function ©: [n.,n*] — C satisfies the cubic in-
equality

0% + £0% + 60| <d (10.8)

on [n«,n*] as well as

d d } (10.9)

O] < min{dl/g, =, =
6”@
at n.. If one of the following two sets of relations holds true:
1) (i) £/d, /a2, £/(d&) are monotonically increasing functions,
(ii) 6] ~ &, |6| ~ &,
) d2/§~i” + dé/{% at n* is sufficiently small depending on the implicit
constants in 1) (i) as well as (10.8) and (10.9).

2) (i) g?/d? is @ monotonically increasing function,
. P~ ~1/2
(ii) |&a] ~ &, Il S &%
then, on [n«,n*], we have the bound

d'/? d
}

9] < min{dl/?’, = (10.10)
52 &

Proof of Proposition 10.1. We start the proof by introducing the control pa-
rameter M (t). Let & and & be defined as in (10.5). For t € R, we set

M(t) = min{[t]/3, &2tV &7 )} (10.11)

We remark that M also depends on z as 51 and £~2 depend on z.

We will prove below that there are t, ~ 1 and C' ~ 1 such that, for any fixed
t € [—ts,t] NT\ {0} (if this set is nonempty) and z € Dpqq, we have the
implication

[Am¢(Rez +1in)|| <e1 forallnp>Imz = |Amy(2)]] < CM(t),
(10.12)
where €1 ~ 1 is from Lemma 10.2.
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Armed with (10.12), by possibly shrinking ¢, ~ 1, we can assume that 201tL/3 <
g1. We fix 7 € R and t € [—t,,t.]NT\ {0} and set

n. = sup{n > 0+ [Amy(r +in)| > 20M (1)},

Here, we use the convention 7, = —oo if the set is empty. Note that ||Am; (T +
in)|| < 2n~1! since m and m; are Stieltjes transforms. Hence, 7, < oo as t # 0.
We prove now that 7, < inf{Imz : z € Dpga, Rez = 7}. For a proof by
contradiction, we suppose that there is z, € Dpgq such that Rez, = 7 and
Imz, = n. (note that if 7 4+ in € Dpgq then 7 4 in’ € Dpgq for any ' >
n). Since Am, is continuous in z, we have ||Amy(z.)|| = 2CM(t). Thus,
[Am (T + in)|| < 2013 < £, for all > 1, by the choice of t,. From (10.12),
we conclude ||Amy(z,)|| < CM(t), which contradicts ||Amy(z.)]] = 2CM ().
Thus, 7. < inf{Imz: z € Dypqq, Rez = 7}.

As T was arbitrary, this yields ||[Am(z)|] < 2CM(¢) for all z € Dypqaq, which
proves part (a) of Proposition 10.1 up to (10.12). Since & (z) ~ 1 for z €
Diulk U Doyt and gg(z) ~ 1 for z € Dyocusp N Dbad, we also obtain part (b) and
(c) from the definition of M in (10.11).

Hence, it suffices to show (10.12) to complete the proof of Proposition 10.1.
In order to prove (10.12), we use Lemma 10.3 with O(n) = O:(Rez + in),
n > ne = 1Imz, d = |t|, and &, & and €1, & are chosen as in (10.6) of
Lemma 10.2 and (10.5), respectively. As [[Am;(Re z+in)|| < e foralln > Im z,
we conclude that (10.8) is satisfied with d = |t| due to (10.6).

We first consider z € Dy xUDoyt. If 2 € DpyxUDoyt then Re z4+in € DpyxUDout
and & (Rez +in) = &(Rez +in) = 1 for all n > 7, and assumption 2) of
Lemma 10.3 is always fulfilled. Since ||Am(Rez + in)|| < 2n~! as remarked
above and ¢ # 0, the condition in (10.9) is met for some sufficiently large n > 0.
Hence, by Lemma 10.3, there is C' ~ 1 such that |©.(z)] < CM(t). Possibly
increasing C' ~ 1 and using |t| < t, ~ 1 yield [|[Am(2)| < CM(t) due to
[|Am:|| < 1©¢] + |¢| from Lemma 10.2.

For each z € Dpad \DbuikUDout, due to (10.7), we have {1 (z5) ~ 1 and &2(25) ~ 1
for zs :== Rez + id,, where , ~ 1 is as in Lemma 10.2. Hence, we conclude
|®t (2’5)| < CM(t) as for z € Dpuik U Doyt. For each z € Dbdd\DbulkUDout; the
validity of assumption 1) or assumption 2) of Lemma 10.3 can be read off from
(10.7). Lemma 10.3, thus, implies |©4(z)] < CM(t). As before, we conclude
|Am:(z)]] < CM(t) from Lemma 10.2. This completes the proof of (10.12)
and, hence, the one of Proposition 10.1. O

Proof of Lemma 10.2. We remark that a straightforward computation starting
from (2.3) and (10.2) yields

B[Amy] = A[Amy, Amy] + K[AS A% Amy] + T[AS, A, (10.13)
where B :=1d — C,,,S, Alx,y] := (mS[z]y + yS[z]m)/2 are defined as in (6.23),
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A% =S, —S, A® :=a; —aand
K[A%, A% Amy] = %(mAS [Amy)Amy + AmyAS [Amym + mAS[m)Am,

+ Am A% [m]m) — %(mAaAmt + AmiA%m),

T[AS, AY] = mAS[m]m — mA®m.

In the following, we will split Dy,qq into two regimes and choose [ and b according
to the regime. In both cases, we use the definitions

o, L, Amy) o _ { )
0:=0,= i QAm:], Q=1d- R (10.14)

In particular, Am; = ©b+ r. We denote by p(z) the harmonic extension of p,
e, p(z) = (Imm(z))/~.

If z is close to a regular edge or close to an almost cusp point then Amy(z) is
governed by a quadratic or cubic equation for ©;, respectively, where [ and b
are a left and a right eigenvector of B, respectively. If z is in the bulk or away
from supp p then Am;(z) can be controlled by ©; with [ = b =1 and ©; is the
solution of a scalar-valued linear equation. Note that in the bulk and away from
supp p the choice [ = b = 1 is arbitrary, in fact the splitting Am; = b+ r
is artificial since the stability operator does not have a distinguished “bad”
direction that needs to be treated separately. We still use this formalism in
order to treat all three cases uniformly for the sake of brevity. For a similar
reason we will always write the equation for ©; as a cubic equation, sometimes
by adding and subtracting apparently superfluous (and negligible) terms.
Case 1: We first assume that z € Dpqq satisfies p(z) > p. for some p, ~ 1 or
dist(z,supp p) > ¢ for some § ~ 1, i.e., z € D7, UDS . This implies that
B is invertible and [|[B™!|| < 1 due to (4.1), [[S|lam S 1, [[m(2)]| < 1 and
Lemma B.2 (ii). In this case, we choose | = b = 1 and apply QB~! to (10.13)
to obtain

r=QB ! (A[Amy, Amy] + K[AS, A", Amy] + T[A%, A%])
= O(18 + Il Ame]l + [t]),
where we used that ||m| < 1 on Dyaq as well as |AS|| + [|A? < |¢]. Shrinking
g1 ~ 1, using ||Am;|| < &1 and absorbing ||7||||Am¢| into the left-hand side
yield ||7|| < |©% + |t|. Thus, ||Am.|| < |O] + |¢|. Hence, applying B! and (-)
to (10.13) and using (r) = 0 as well as [|[Am.|| < [O] + ||, we find & € C such
that |§2| 5 1= 52 and

6 = —&0% + O(|t]|8] + [t]) = —£&67 + O(|t)).

Adding and subtracting ©2 on the left-hand side as well as setting & = 1 — ©2
show (10.6) in Case 1 for sufficiently small €1 ~ 1 as || < ||Amy|| < &1 implies

[&1] ~ 1= 51 This completes the proof of (10.7a) for z € Dy U Doyt.-
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Case 2: We now prove (10.6) for z € Dypqgq satisfying p(z) < p. and
dist(z, supp p) < ¢ with sufficiently small p, ~ 1 and § ~ 1. For any €, ~ 1, we
find 6 ~ 1 such that p(z)~!'Im z < e, for all 2z € H satisfying dist(z, supp p) < &
due to (5.26) and the 1/3-Holder continuity of z — p(z)~'Im 2z by Lemma 5.4
(ii). Therefore, using p(z) < p., we see that Lemma 5.1 and Corollary 5.2 are
applicable for sufficiently small p, ~ 1 and § ~ 1. They yield [,b € A which we
use to define © and r as in (10.14), i.e., Am; = Ob+r and © = (I, Amy)/(l,b).
In order to derive (10.6), we now follow the proof of Lemma 6.2 applied to
(10.13) instead of (6.10). Here, A and A® play the role of e. In fact, by
Lemma 5.1 and Corollary 5.2, the first two bounds in (6.12) are fulfilled. Owing
to ||m]] < 1, the third bound in (6.12) is trivially satisfied. Instead of the last
two bounds in (6.12), we use

ITIA%, A S [AZI+AY, KA A% Ame|| < (JAZ[+ [ A%l Ame],

due to [|m|| £ 1 and ||Amy|| < 1. In fact, the last bound in (6.12) will not hold
true for a general y € A but in the proof of Lemma 6.2 it is only used with the
special choice y = Am;. We choose g1 < ¢ for ¢ from Lemma 6.2 and obtain
the cubic equation (6.14) from Lemma 6.2 with pg = (I, T[A%, A%)) and ||e]|
replaced by |t| as [|A%| + ||A%|| < |t|. In particular, [uo| < |t|. We decompose
the error term € = O(|O* + [t||©] + [t|?) from (6.14) into € = €03 + &5 with
€1,¢6o € C satisfying €; = O(|©|) and € = O([t||©] + [t|?). With the notation
of Lemma 6.2, the cubic equation (6.14) can be written as

(13 — €1)0° + 120% + 11O = —pg + &2 = O(Jt]).

Since A and B introduced above have the same definitions as in (6.23) and us,
w2 and pq in (6.15) depend only on A and B, Lemma 6.3 yields the expansions
of us, po and pq in (6.24) for sufficiently small p, ~ 1 and  ~ 1. By possibly
shrinking 1 ~ 1, we find ¢ ~ 1 such that |uz —€1]| + |p2| > 2c as |e1] < O] <
[|Am;|| < e1. Here, we also used |ug|+ |pz2| 2 ¥+ |o| by (6.24) as well as (5.35).
Consequently, we obtain (10.6), where we introduced

2
-

&= (2 + (15— &1 = 1)0)1(Jpal > ) + -2 1((pal < ),

M1
—&

&= l(|p2| = c) + e 1(|p2| < o).

Hence, we have |&3]| ~ |u2| and |&1| ~ |u1| for sufficiently small e; ~ 1 as
le1] £ 1©] and O] < ||[Amy|| < 1. This completes the proof of (10.6) in Case
2

It remains to show the scaling relations in (10.7) for z € Dypgq satisfying
p(z) < ps and dist(z, supp p) < ¢ in order to complete the proof of Lemma 10.2.
Starting from |&1| ~ |u1] and [€2] ~ |pz2| proven in Case 2, we conclude as in
the proof of (10.6) in [3] that

&) ~ p(2)? +o(2)lp(2) + p(z) Tmz,  [&] ~ p(2) +|o(2)],
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where o is defined as in (5.12). Here, & and & play the role of m and o,
respectively, in [3]. Their definitions differ slightly but this does not affect the
straightforward estimates. Note that the proof in [3] relies on the expansions
of w1, po and pg from (8.33) in [3]. These are the exact analogues of (6.24),
where p plays the role of « from [3].

Note that according to Remark 7.3 the harmonic extension p(z) for z € H in the
vicinity of the singularities has the same scaling behavior as in Corollary A.1
of [3]. Similarly, the proof of (10.7) in [3] yields

o (B)] ~ lo(@)] ~ (a=B)12 ()| S plro)?, (10.15)

where «, 8 € (Osuppp) \ P satisfy f < « and (8,a) Nsuppp = & and
To € suppp \ dsuppp is a local minimum of p and p(19) < p.. Here, we
use Lemma 7.16 above and |o| ~ A/3 by Theorem 7.7 (ii) (b) instead of
Lemma 9.17 in [3] and Lemma 7.14 above instead of Lemma 9.2 in [3]. We then
follow the proof of Proposition 4.3 in [2] and use the 1/3-Hélder continuity of
o proven in Lemma 5.5 (i). This yields the missing scaling relations in (10.7).
We remark that ©; constructed above is not continuous in Im z due to the
separation into two cases. However, there is only one transition between Case
1 and Case 2 for z € Dpgqq when Im z is varied while Re z is kept fixed. Therefore,
we obtain a continuous version of ©; by a simple interpolation between these
two cases in the vicinity of this transition point. We leave the details of this

interpolation argument to the reader. This completes the proof of Lemma 10.2.
O

REMARK 10.4 (Scaling of coefficients). The proof of Lemma 10.2 can equally
well be carried out under Assumption 4.5 instead of the flatness condition in
(10.1). In particular, it shows that in the setting of Theorem 7.2, there are
Ox ~ 1,ps ~ 1 and ¢, ~ 1 such that the following comparison relations hold for
z € Ig +1[0,n4]:

o If z satisfies the conditions for (10.5a) or (10.5¢) with w € [e. A, A/2],
then we have

p(2)* +1o(2)lp(z) + p(z) Tmz ~ &1(2),  p(z) +o(2)] S &l2).

e If z satisfies the conditions for (10.5¢) with w € [—d,, c.A] or (10.5b) or
(10.5d) with p(79) < p«, then we have

p(2)? +o(2)lp(2) + p(z) mz ~ &1(2),  p(2) + |o(2)] ~ &(2).
Proof of Lemma 10.3. By dividing the cubic inequality through d and consid-

ering % instead of ©, we may assume that d = 1. We fix ¢ € (0, 1) sufficiently
small. First we prove the lemma under assumption 1). Owing to the smallness

~ 2
of é%—i—gv—; at n* as well as the monotonicity of £; and %—1 there are 0 < n1,m2 < n*
1 1 2
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with the following properties: (i) & > £4€2 on [, m]; (ii) & < £%€2 on [y, n*);
(iii) & < 1 on [N, me]; (iv) €1 > 1 on [n2,n*]. Here the intervals [77*,172] and
[17+,m1] may be empty. We will now assume the bound || < min{1, < T _

at the initial value n* and bootstrap it down to 7.. Now we distinguish two
cases:

Case 1 (m > m2): On [n1,n*] we have €§~1 > 1 and §~2 < 545?. Thus, by the
cubic inequality
|®|<_{11}'1, |®|<1<'{ 52}
ming 1, —— ¢ implies = < mince, == ¢.
~ Z1/2 ~ ~ Z1/2
52/ &1 52/
In particular, there is a gap in the values of || and by continuity all values lie
below the gap on [n1,n*].
The interval [, m] is split again, [n., m] = [1«, 73] U[ns, m], where n3 is chosen
such that (i) &e2 > 1 on [n3,m]; (ii) &e2 < 1on [14,m3]. Here one or both

of these intervals may be empty. Using & > £*¢? we see that on [n3,7:] the
bound

1 1
0] < min{—,—~} implies  [0©| <

1 < i { 1 1 }
_— min —=, —— o .
e ¢ 53/2«5/2 ~ cl/2 £7/2¢,

Again the gap in the values of |©] allows us to infer from the bound |0] <
min{1, < o L1 at n; that |©| satisfies the same bound on [13,7;] up to an

e-dependent multlphcatlve constant - B

Finally, on [n.,ns] we have «52 <e?and € < e < ¢76. Using the cubic
inequality this immediately implies |0]< 1<, min{1, < AT L } Here and in the
following, the notation <. indicates that the implicit constant in the bound is
allowed to depend on «.

Case 2 (m <mn2): On [n2,n*] we have 551 > 1 and EQ < 545?. So this regime
is treated exactly as in the beginning of Case 1. On [n.,n2] we have e& <1
and & < & (1) < %1 (n2)? = €2, which implies |0]< 1<, min{1, <! i L }

Now we prove the lemma under assumption 2). In this case we choose 0 < 71 <
n* such that (i) &5 > 1 on [n1,n*]; (ii) €& < 1 on [n.,m]. Here the interval

[77*5 771] may be empty
On [n1,n*] the bound

0] <1 implies &0 < 1+A1/2|@|2 < e 124 2129
< Ve

implies [0 < =
\/551
From the gap in the values of |©| and its continuity we infer |O)|

mm{\/_ } On [, m] weuse & < e~Land |&] < €77 < e~ 1/2 to conclude

[0]<15. mln{l, = }. This finishes the proof of the lemma. O
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LEMMA 10.5 (Holder continuity of o and ¥ with respect to a and S). Let T C R
contain 0. For each t € T, we assume that the linear operator Sy: A — A
satisfies

cr(z)1 < Sifx] < ea(x)1 (10.16)

for all z € Ay and some ca > ¢ > 0. Moreover, let a; = a} € A be self-adjoint
such that Sy and a; satisfy (10.1) with a := at—g and S := Si—g. Let m; be the
solution to (10.2) and p(z) := (Immg(z))/7 for z € H.

If oy and 1y are defined according to (5.12), where m is replaced by my, then
there are px ~ 1 and t, ~ 1 such that

|ow(21) — ao(z1)| S J¢*3, e (22) — o(22)| S [¢/3

for allt € [—ty,t:] NT and all 21,22 € Dpaa N {2z € H: |2| < c¢6} satisfying
p(z1) < ps and p(22) + p(22)"m 2o < p.. Here, cg > 0 is also considered a
model parameter.

Proof. We choose t, as in Proposition 10.1 and conclude from this result that
lme(2)|| < ks for all t € [—t,,t] NT, all z € Dpqq and some k3 ~ 1. Hence,
owing to (10.1), (10.16) and Lemma 4.8 (ii), the conditions of Assumptions 4.5
are met on Dpqg N {z € H: |z| < ¢s}. Hence, from the proof of Lemma 5.4, it
can be read off that, after reducing p, ~ 1 and t, ~ 1 if necessary, M® =
{mi(z1): t € [~te, ] NT} and MG = {my(22): t € [~t,,t.] N T} satisfy the
conditions of Remark 5.6 (ii) and (iii), respectively, uniformly for any z1, 22 €
Dpaa N {z € H: |z] < c6} such that p(z1) < ps and p(22) + p(22) " 1Im 2o < p,.
Therefore, the lemma is a consequence of Remark 5.6 (ii) and (iii) as well as
Proposition 10.1 (a). O

REMARK 10.6. Combining Lemma 5.5 and Lemma 10.5, we obtain that m,
o and v are jointly Holder continuous in all three variables (z,a,S) in the
following sense. Suppose that m solves the MDE for some data pair (a,.S)
satisfying Assumptions 4.5 on some I for some 7, € (0,1] and consider a one-
parameter family of data pairs (a¢, St), t € T, as described in Lemma 10.5.
Then m = m¢(z), as well as of o¢(21) and :(z2) are uniformly 1/3-Holder
continuous functions of ¢ € [—t,,t, ] NT as well as z € Hy, ,., z1 € {¢ €
Hi, .2 p(C) < pu} and 22 € {¢ € Hy, 5.2 p(¢)+p(¢) ' Tm ¢ < p.}, respectively,
for sufficiently small ¢, ~ 1 and p, ~ 1.

REMARK 10.7 (Scaling of o). Let Assumptions 4.5 hold true for some interval
I and n, € (0,1]. Let 6 € (0,1].
(i) As in the proof of (10.15) in the proof of Lemma 10.2, we obtain that
o (70)| ~ lo ()] ~ (r1 — 70)*/2,

if 79,71 € supp p N Iy satisfy 79 < 71 and (79, 71) Nsupp p = &. Further-
more, there is p,. ~ 1 such that

lo(10)| < p(70)*,

if 79 € supp pN Iy is a local minimum of p satisfying p(70) < p..
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(ii) Owing to the 1/3-Hoélder continuity of o from Lemma 5.5 (i), we conclude
that there is € ~ 1 such that |o(7)| ~ (11 — 70)"/? for all T € suppp N Iy
satisfying min{|r — 7|, |7 — 11|} < (11 — 7o) for some 79,71 € supp pN Iy
such that 79 < 71 and (79,71) Nsuppp = &.

(iii) If 7 € Iy satisfies the assumptions of (ii) as well as p(7) > 0 then we write
A =7 — 19 and conclude from (ii) and Lemma 5.7 that

1
[0rm(7)|| < p(7)(p(7) + AL/3)

A STIELTJES TRANSFORMS OF POSITIVE OPERATOR-VALUED
MEASURES

In this appendix, we will show some results about the Stieltjes transform of a
positive operator-valued measure on A.

We first prove Lemma 3.1 by generalizing existing proofs in the matrix algebra
setup. Since we have not found the general version in the literature, we provide
a proof here for the convenience of the reader. In the proof of Lemma 3.1, we
will use that a von Neumann algebra is always isometrically isomorphic as a
Banach space to the dual space of a Banach space. In our setup, this Banach
space and the identification are simple to introduce which we will explain now.
Analogously to L? defined in Section 4, we define L' to be the completion of A
when equipped with the norm ||z||; = ((z*z)'/?) = (|z|) for = € A. Moreover,
we extend (-) to L' and remark that zy € L! for x € Aand y € L'. Tt is
well-known (e.g. [42, Theorem 2.18]) that the dual space (L')" of L! can be
identified with A via the isometric isomorphism

A— (Ll)', T Py, e L' - C, y— (xy). (A1)

We stress that the existence of this isomorphism requires the state (-) to be
normal.

Proof of Lemma 3.1. From (3.5), we conclude that

7]—>OO
for all x € A. Hence, z — (x, h(z)x) is the Stieltjes transform of a unique finite
positive measure v; on R with vz (R) = ||a*z||; (see e.g. Theorem 3.5 in [23]).
For any = € A, we can find x1,...24 € Ay such that x = x| — x5 + iz3 — iz4.
We define

vp(x) = U\/E(B) — v /a5 (B) +iv azz(B) — v 7 (B) (A.2)

for B € B. This definition is independent of the representation of z. Indeed,
for fixed x € A, any representation x = 1 —xgy+irs —izry with x1,..., 24 € Ay
defines a complex measure ¢.(x) through B — ¢p(z) on R via (A.2). However,
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extending h to the lower half-plane by setting h(z) := h(2)* for z € C with
Im z < 0, the Stieltjes transform of ¢.(x) is given by

RN OV R NN ON
iy, h(2)VE) — /T, AV = (A(:)a)

for all z € C\ R. This formula shows that the Stieltjes transform of ¢.(x) is
independent of the decomposition © = x1 — 29 + izg — izy. Hence, pp(x) is
independent of this representation for all B € B since the Stieltjes transform
uniquely determines even a complex measure. A similar argument also implies
that, for fixed B € B, ¢p defines a linear functional on A.

Since v 7(R) = (y) fory € A, we obtain for z = (Rez); —(Rex)_+i(Imz); —
iImz)_ € A

lo5(@)] < v fRee; (R) +v e (R) + o ey (R) + vy (R)
< ((Rex)y + (Rex)- + (Imz)y + (Imz)-) < 2|z,

where we used that (Rez); 4+ (Rex)- = |[Rez| and (Imz)1 + (Imz)_ = [Imz|.
Therefore, pp extends to a bounded linear functional on L! as A is a dense
linear subspace of L'. Using the isomorphism in (A.1), for each B € B, there
exists a unique v(B) € A such that

pp(r) = (v(B)r)

for all z € A. For y € A, we conclude v, (B) = v 57=(B) = ¢(yy*) =

(y,v(B)y) > 0, where we used that v, = v ;7= since their Stieltjes transforms

coincide by (y,h(2)y) = (Vyy*, h(2)\/yy*) due to the trace property of (-).
Since (v(B)y) > 0 for all y € Ay, we have v(B) € A, for all B € B. Moreover,
vy = (z,v(-)z), in particular, (x,v(R)x) = v,(R) = (z,z), for all 2 € A. The
polarization identity yields that v is an A -valued measure on B satisfying (3.6)
and v(R) = 1. This completes the proof of Lemma 3.1. O

LEMMA A.1 (Stieltjes transform inherits Holder regularity). Let v be an A -
valued measure on R and h: H — A be its Stieltjes transform, i.e., h satisfies
(3.6) for all z € H. Let f: I — A, be a y-Hélder continuous function on an
interval I C R with v € (0,1) and f be a density of v on I with respect to the
Lebesgue measure, i.e.,

1£(r) = fm)l < Colr — ", v(A) = /A f(r)dr

for all 7,7 € I, some C > 0 and for all Borel sets A C I. Moreover, we
assume that || f(T)|| < Cy for all T € I. Let 6 € (0,1].
Then, for z1,zo € H satisfying Re z1,Re zo € I and dist(Re z,01) > 0, k = 1,2,
we have
2100 4|lv(R 1401
h(er) - )] < ( Lol

Y1 —=n) 0 ekl

)|zl — 2|7 (A.3)
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Furthermore, for z1,zo € H satisfying dist(zx,suppv) > 0, k = 1,2, we have

2||v(R
wpl — ZQ|’Y. (A4)

We omit the proof of Lemma A.1 since it is very similar to the one of Lemma
A7 in [3].

[7(z1) = h(z2)] <

B  POSITIVITY-PRESERVING, SYMMETRIC OPERATORS ON A

LEMMA B.1. Let T: A — A be a positivity-preserving, symmetric operator.

(i) If T[a] < Cla)1 for some C >0 and all a € Ay then ||T||2 < C. More-
over, ||T||2 is an eigenvalue of T and there is x € A4 \ {0} such that
Tlz] = T2

(ii) We assume ||T|l2 =1 and that there are ¢,C > 0 such that
(@)l < T[a] < Cla)l (B.1)

for all a € Ay. Then 1 is an eigenvalue of T with a one-dimensional
eigenspace. There is a unique x € Ay satisfying T[x] = x and ||z|2 = 1.
Moreover, x is positive definite,

cCTV2 <z < C1. (B.2)

Furthermore, the spectrum of T has a gap of size 0 := c%/(2(c*+2C?)C?)),
i.e.,

Spec(T) C [-1+6,1—6] U{1}. (B.3)

Lemma B.1 is the analogue of Lemma 4.8 in [4]. Here, we explain how to
generalize it to the context of von Neumann algebras. In the proof of Lemma
B.1, we will use the following lemma.

LEMMA B.2. Let T: A — A be a linear map.

(i) If T is positivity-preserving such that T[a] < C(a)1 for all a € A4 and
some C >0 then ||T| < [|T|[2—. < 2C.

(i) If T—wld is invertible on A for some w € C\{0} and ||(T—wld) |2 < oo,
| T||2—.)| < oo then we have

(T = wId) M| < w71+ (1T oo (T = wId) 7 l2).

We include the short proof of Lemma B.2 for the reader’s convenience. In fact,
the first part is obtained as in (4.2) of [4] and the second part as in (5.28) of
[3].

Throughout the following arguments, we will use that |{a)| < (Ja|]) < ||a||2 for
all a € A.
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Proof of Lemma B.2. Let a € Abe self-adjoint, i.e., a = a*. Thus,a = a4 —a—
is the sum of its positive and negative part, ay,a_ € Ay. We conclude

Tla] < Tlay] + Tla-] < Clas +a_) < Clalls

since a+ + a— = |a|]. Hence, ||T[a]|| < C|lall2 as T[a] > —C|la||2 is shown
similarly. For a general a € A, we obtain ||T[a]|| < 2C||a|l2. As |lall2z < ||a]
this completes the proof of part (i).

For the proof of (ii), we take an arbitrary x € A. We set y := (T' — wId)~![x].
From the definition of the resolvent, we conclude wy = T'[y] — x. This yields

Iyl < el AT o pllyllz + i) < ol @+ 1T m g 1T = wId) ™ l2) 2],

where we used ||z|l2 < ||z|| in the last step. Since z was arbitrary, we have

completed the proof of (ii). O

Proof of Lemma B.1. For the proof of (i), we remark that Lemma B.2 (i)
implies |72 < || T[l2.) < 2C. Since T' is positivity-preserving, we have
T[b] € A, for all b € Ag,. For a =z + iy € A with x,y € As,, we have that

ITlalll = 1715 + NTWIE < 1T ]au 32l + yl13) = 17|43 llal3.

Hence, ||T) 4. ll2 = [|T||2- If a = a* is self-adjoint then decomposing a = a4+ —a—
in its positive and negative part yields

Tla] < Tla4] +Tla-] < Clay + a-) < Cllallz,

where we used ay + a_— = |a|. Similarly, T'[a] > —C|lal|2 and, thus, |T|2 =
||T|AsaH2 S C

Without loss of generality, we assume ||T'||2 = 1 in the remainder of the proof.
Since | T|a.llz2 = ||T]|2, we conclude that 1 is contained in the spectrum of

T: L2 — L2, where L2, = A ”2, due to the variational principle for the
spectrum of self-adjoint operators and |(b, T'[b])| < (|b],T[|b]]) for all b € As,.
This last inequality can be checked easily by decomposing b = by — b_ into
positive and negative part.

Hence, due to the symmetry of T, there is a sequence (yy, ), of approximating
eigenvectors in Ag,, i.e., Yn € Asa, ||ynll2 = 1 and T[y,] — y» converges to 0
in L? for n — oco. We set zy, = |yn|. By using |T|z2 [|2 = 1 and (b, T'[b]) <
([b], T[]} for all b € Asa, we obtain || T'[z] —2n 13 < 2/|ynll2l|T[yn] — ynll2 and,
thus,

Tim ([ Te,] = ] = 0. (B.4)

Since the unit ball in the Hilbert space L? is relatively sequentially compact in
the weak topology, we can assume by possibly replacing (x,, ), by a subsequence
that there is z € L? such that z, — x weakly in L?. From T[z,] < C(z,)1,
we conclude

zn < (Id = T)[zn] + Clxn)1.
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Multiplying this by /z, from the left and the right, applying (-) and using
|znll2 = 1 yield
1< (2, (Id = T)[x,)) + Clx,)>. (B.5)

Taking the limit n — oo in (B.5), we obtain
(z) > C~1/? (B.6)

due to (B.4). Hence, z # 0 and we can replace x by z/||z||2 and x,, by x,/||z||2.
For any b € L?, we have

(b, (1d = D))y = lim (b, (1d = T)fe,)) = 0

due to x,, — x and (B.4). Hence, T'[x] = x. Since || T[] < 2C, we have
T[b] € A for all b € L? and thus » = T[z] € A. Owing to z,, — x and z,, € A,
we obtain z € A,. This completes the proof of (i).

We start the proof of (ii) by using (B.1) with a = z which immediately yields
the upper bound in (B.2) since (z) < ||z||2 = 1. As (z) > C~'/2 by (B.6), the
first inequality in (B.1) then yields the lower bound in (B.2).

In order to prove the spectral gap, (B.3), we remark that ||T||s— . < 2C due
to the upper bound in (B.1) and Lemma B.2 (i). Hence, by Lemma B.2 (ii),
the spectrum of T' as an operator on A is contained in the union of {0} and
the spectrum of T as an operator on L?. Therefore, we will consider T as
an operator on L2 in the following and exclusively study its spectrum as an
operator on L?. Hence, to prove the spectral gap, it suffices to establish a
lower bound on (y, (Id + T)[y]) for all self-adjoint y € A satisfying ||yl = 1
and (z,y) = 0. Fix such y € A. Since y is self-adjoint we have

N
. N N N _N
y=lim y%,  y" = ]; Ak P (B.7)
for some A\ € R and p)Y € A orthogonal projections such that p¥ p& = pIV gy ;.
Here, the convergence y©¥ — y is with respect to [|-|. We can assume that
[y |2 = 1 for all N as well as (pY) > 0 for all k and (pY¥ + ...+ p¥) =1 for
all V.

We will now reduce estimating (y, (Id + T")[y]) to estimating a scalar product on
CN. On C, we consider the scalar product (-, -)x induced by the probability
measure w(A) = >, ., (pr) on [N], ie.,

Nmn =D Mo (ph)
k=1

for A = (M)A, 1= (uk)h_, € CN. The norm on CV and the operator
norm on CV*¥ induced by (-, - )y are denoted by || - || ;v and || - ||, respectively.
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Moreover, Idy is the identity map on CV. With this notation, we obtain from
(B.7) that

(v, (=T = Jim S AAN Y, (1d £ )
k=1

Jim AV, (1dy £ 5V

—00
where we introduced AN = (ANV)M | € CV and the N x N symmetrlc matrix
S™N viewed as an integral operator on ([N],7) with the kernel s7) given by

y_ N T

Skl =

) ()

Since ||yV|l2 = 1, we have ||AY ||y = 1. By the flatness of T, we have

c< sy <C. (B.8)

In the following, we will omit the N-dependence of A\, sg; and pg from our
notation. By the definition of (-, ), we have

N
(A, S\ N Z e (Dk) sk Py = (y NaT[?JND-
k=1

Let s € CN be the Perron-Frobenius eigenvector of S satisfying Ss = ||S]|s
IIs|lx = 1. From (B.8), we conclude

c<{e,Se)ny <||S]l = (s,5s)n <|[[T[l2=1

(B.9)
where e = (1,...,1) € CV. Since ||s|y =1 and ¢ < ||S||, we have
N I 1/2 1/2
_(8s); _C C 2 C
max s; = 1] < zzsk<pk> S < Z<pk> Z S5 (Pk) =
k=1 k=1 -
Therefore, applying Lemma 5.7 in [3] with X = {1,..., N} equipped with the
normalized counting measure, T'= S, h = s yields

Spec(5) [ 151+ S5 11— 5] U €IS,

where we used that infy, ; sk, > ¢ by (B.8) and Gap(S) is the difference between

the largest and second largest of eigenvalue of the matrix |S|. We decompose
A= (1—||w||3)"?s 4+ w with w L s and obtain

C3 C3
[N SAN] < ISHA = [lwliR) + (HSH - E)Ilwll?v <1-Zlwly, (B.10)
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where we used ||S|| <1 in the last step. Hence, it remains to estimate ||w|| .
Recalling T[z] = x, we set & = ({(zpx)/(pk))_, and compute

(@, y™) = Aelzpr) = (&, \)n.
=1

Since the left-hand side goes to (z,y) = 0 for N — oo, we can assume that
|(Z, \)v| < \/e/2 for any fixed £ ~ 1 and all sufficiently large N. As & > ¢//C
by (B.2), we obtain

A 2% (S selon) | < (1 )@ 5%
C
= (B.11)
<:E7>‘>N - <i'aw>N>2

= (
< 2/|Z X [lwllF + e

Now, we use ¢ < (s, Ss)n from (B.9) to get

N N 2
c<(s,Ss)ny = Z skswsi{pr)(p1) < C (Z 5k<pk>> :

k=1 k=1

By plugging this and ||Z]|% < Hx||2zli\[:1(pk> = 1 into (B.11), solving the
resulting estimate for ||w||3 and choosing € = ¢3/(2C?), we obtain
3

2 C
>
il = 2(c3 +2C2)

Therefore, from (B.10), we conclude
6

AMSON| €1 — ————
|< ) >N| = 2(03 +2C2)02
uniformly for all sufficiently large NV € N. We thus obtain that
b

W, D) 2 5 Henee

if y L x and ||y|l2 = 1. We conclude (B.3), which completes the proof of the
lemma. O

LEMMA B.3. If T: A — A is a positivity-preserving operator such that ||T||2 < 1
and ||T||a— . < oo then Id — T is invertible as a bounded operator on A and
(Id — T)~! is positivity-preserving with

(Id —T) " 'a*x] > z*x (B.12)

for all x € A.
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Proof. Since || T||2 < 1, Id — T is invertible on L? and we conclude the invert-
ibility of Id — T" on A from Lemma B.2 (ii).

Moreover, for y € A with ||y*y|l2 < 1, we expand the inverse as a Neumann
series using || T||2 < 1 and obtain

(Id=T)"'[y"y] = y"y + (ZTk[y*y]) > y"y.
k=1

The series converges with respect to || - ||2. In the last inequality, we used that
T* is a positivity-preserving operator for all & € N. Hence, by rescaling a
general x € A, we see that (Id —T)~! is a positivity-preserving operator on A
which satisfies (B.12). O

C NON-HERMITIAN PERTURBATION THEORY

Let By: A — A be a bounded operator with || Byl|| + || Boll2 < Cy. We assume
that By has an isolated, single eigenvalue 3y satisfying the following conditions:

e There is € > 0 such that Specy(Bo) N D:(Bo) = {Po} and

sup  ([|(Bo — wlId) Y|z + ||(Bo — wId) ™| + (B — @Id) ) < Cy.
WEBDE (BO)
(C.1)

e Furthermore, the spectral projection

1
PO = —— (BO — CUId)_ldw
27'('1 6D5(ﬂ0)

has rank 1.

Let by and lp be the normalized, [|bol|2 = [|lol|2 = 1, right and left eigenvectors
of By associated to By, respectively, i.e., Bo[bo] = Bobo and Bf[lo] = Bolo. In
that situation, we have

<ZO ) * >
Py Io . bo) bo. (C.2)
We assume that [|bol, ||lo]| < Cs.
Moreover, we set Qg := Id — Py, i.e., Py and )y are the spectral projections
corresponding to By and Spec(Bg) \ {Bo}. Note that they are not orthogonal
projections in general.
In the following lemma, we established that the perturbation

B=DBy+E

has similar spectral properties than By if £: A — A is a bounded operator of
sufficiently small norm.
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LEMMA C.1. In the above situation, there is ¢ > 0, depending only on e, C,
Cy and Cs, such that if |[E||2 + || E| + || E*|| < ¢ then the following holds true:

(i) We have Specy(B) N D.(Bo) = {8}, where B is an eigenvalue of B =
By + E. The spectral projection P of B corresponding to [3, which is
defined through

1
Pi=_—— (B — wId) " 'dw,
27'('1 6D£(ﬂ0)
has rank 1.

(i) The definitions b := P[bg] and | := P*[ly] yield eigenvectors of B and B*

corresponding to 8 and 3, respectively. Moreover, we have
b=bo+b+ba+O(E|?), I=lo+lL+L+0O(E|*, (C3)
where we introduced

b1 = — Qo(Bo — Bold) ' Elbo],
b2 = Qo(Bo — fold) ™ E(Bo — Bold) ™ Qo F[bo]
— Qo(Boy — Bold) " 2EPyE[by] — PyEQo(Bo — Bold) ">E[bo],
i = —Qy(Bg — Fold) ™ E*[lo],
lo = Q5(By — Bold) ™ E*(Bj — Bold) "' Q3 E*[lo]
— Qy(By — Bold) 2E" Py E*[lo] — Py " Qo(B5 — Bold)2E" [o].
In particular, we have b;,l; = O(|E||*) for i = 1,2. Furthermore, we
obtain

B(1,b) = Bo(lo,bo) + (lo, Ebo])

s (C4)
—(lo, EBo(Bo — Bold) *QoE[bo]) + O(| E||*).

The implicit constants in the error terms depend only on e, Cq, Cy and Cs.

Proof. In this proof, the difference B —w with an operator B and a scalar w is
understood as B — wld. We first prove that

P="Py+ P+ P+ O(|E|*), (C.5)
where we defined
P o= — Qo EPy— P,E Qo ,
By — Bo By — Bo
Qo Qo Qo Qo
P, =PFF E + FPE
? " By—Bo Bo—pBo  Bo—Bo ° Bo—fo
Qo Qo Qo
+ E FPy— ————FEFPEF,
Bo—0Bo Bo—fo ° (Bo — Bo)? 0o
Qo Qo
— PF——"——FF)— PP EP)F————.
T (Bo— B2 VT (By — Bo)?
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The analytic functional calculus yields that

P:—L. dw
27 Jy B —w
1 1 1 1
= — (— + E (C.6)
27 Jr By—w By—w By—w

1 1 1
- E E
Bofw Bofw Bofw

)dw+ O(IEJ),

where I' is a closed path that encloses only 8 and 8y both with winding number
+1 but no other element of the spectra of B and By. Integrating the first
summand in the integrand of (C.6) yields Fy. In the second and third summand,
we expand Id = Py+ Qg in the numerators. Applying an analogue of the residue
theorem yields P; and P; for the second and third summand, respectively. For
example, for the second summand, we obtain

1 1 1 Qo Qo
2 Jp By - wEBo - wdw ~ Bo-— ﬁoEPO a POEBO —Bo
The other two combinations of Py, Qg vanish. Using a similar expansion for
the third term, we get (C.5).

Starting from (C.5) as well as observing b; = P;[bo] and I; = P}[lo] for i =1, 2,
the relations (C.3) are a direct consequence of the definitions b = P[bg] and
I = P*[lp] and (C.2).

We will show below that

BP = ByPy + B1 + By + O(|| E||%), (C.7)

Py

where we defined

Qo Qo
By = ByEP, — ( EPy + P,E )
1 0 EPo — o Bo— By 0+ Fo Bo— 7o
Qo Qo Qo Qo
By = f3 (P E E n EP,E
? By —Bo Bo—Bo  Bo—Bo - Bo-—fo
Qo Qo BoQo
+ E ERy) — == ERER
Bo—fBo Bo—fBo ) (Bo—po2 V"
BoQo BoQo
— —FP)— BhEP F———.
(Bo—Bo)2 0 T (By — fo)?
Now, we obtain (C.4) by applying (C.3) as well as (C.7) to 8(l,b) = (I, BPb).
In order to prove (C.7), we use the analytic functional calculus with I" as defined
above to obtain

- PRE

BP:—L, wdw
2mi Jp B —w

17{ 1 1 1

S S T

27 Jp By—w By—w By—w
L p L p ! Jdw + O(IE])
Bofw Bofw Bofw v '
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Proceeding similarly as in the proof of (C.5) yields (C.7) and thus completes
the proof of Lemma C.1. O

D CHARACTERIZATION OF supp p

The following lemma gives equivalent characterizations of supp p in terms of
m. Note supp p = supp v due to the faithfulness of (-). We denote the disk of
radius € > 0 centered at z € C by D.(z) :={w € C: |z —w| < &}.

LEMMA D.1 (Behaviour of m on R\ supp p). Let m be the solution of the Dyson
equation (2.3) for a data pair (a,S) € Aga x 3 with ||a|| < ko and S[z] < ki(z)1
for all x € AL and some ko, k1 > 0. Then, for any fired T € R, the following
statements are equivalent:

(i) There is ¢ > 0 such that

lim sup n||Imm(7 +in)|| ' > ¢.
70

(i) There are C > 1 and N C (0, 1] with an accumulation point 0 such that

[m(2)[l < C, Im(=)"M < €,
C HImm(2))1 < Imm(z) < C{Imm(2))1, IF(2)l2<1—C1
(D.1)
for all z € T +iN. (The definition of F was given in (3.4).)
(iii) There is m = m* € A such that
lim||m(7 + in) — m| = 0. (D.2)
n40

Moreover, there is C > 0 such that |m| < C and ||(1d — C,,S)71|| < C.

(iv) There are ¢ > 0 and an analytic function f: Dc(7) = A such that f(z) =
m(z) for all z € D(m) NH and f(z) = f(2)* for all z € D.(7). In
particular, f(z) = f(2)* for z € D(7) NR.

In other words, m can be analytically extended to a meighbourhood of T.
(v) There is € > 0 such that dist(r,supp p) = dist(r, suppv) > ¢.
(vi) There is ¢ > 0 such that
1ir7171¢%nf77||1m m(r+in)||~! > e
All constants in (i) — (vi) depend effectively on each other as well as possibly

ko, k1 and an upper bound on |7|. For example, in the implication (iii) = (v),
e in (v) can be chosen to depend only on ki and C in ().
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We remark that m in (iii) above is invertible and satisfies (2.3) at z = 7.
As a direct consequence of the equivalence of (i) and (v), we spell out the
following simple characterization of supp p.

COROLLARY D.2 (Characterization of supp p). Under the conditions of Lemma
D.1, we have
hf&n||1mm(r+in)||—1 = 0. (D.3)
7

if and only if T € supp p(= suppv).

REMARK D.3. In the proof of Lemma D.1, the condition S[z] < ki (x)1 for all
r € A, is only used to guarantee the following two weaker consequences: First,
this condition implies [|S||o—.| < 2ki. Moreover, this condition yields, by
Lemma B.1 (i), that F = F(7 + in) has an eigenvector f € A, corresponding
to ||El2, E'f = ||F||2f, for any fixed 7 € R\ supp p and any 7 € (0,1]. If both
of these consequences are verified, then the condition S[z] < ki(x)1 may be
dropped from Lemma D.1 without any changes in the proof.

LEMMA D.4 (Quantitative implicit function theorem). Let X,Y, Z be Banach
spaces, U C X and V CY open subsets with 0 € U, V. Let ®: U xV — Z be
continuously Fréchet-differentiable map such that the derivative 919(0,0) with
respect to the first variable has a bounded inverse in the origin and ®(0,0) = 0.
Let § > 0 such that Bf C U, BY CV and

sup [ldx — (819(0,0)) " 91 ®(z,y)|| <
(z,y)eBFxBY

, (D.4)

NN

where Bf and Bgf denote the 6-ball around 0 in X and Y, respectively. We
also assume that

1(0:1®(0,0)) 7| < Cn, sup 022 (z,y)|| < C2
(z,y)€EBFxBY

for some constants C1, Ca, where Oy denotes the derivative of ® with respect
to the second variable. Then there is a constant € > 0, depending only on §, C
and Cs, and a unique function f: BY — By such that ®(f(y),y) = 0 for all
y € BY. Moreover, f is continuously Fréchet-differentiable and if ®(z,y) =0
for some (x,y) € BE x BY then x = f(y). If ® is analytic then f will be
analytic.

Proof. Following the standard proof of the implicit function theorem (see e.g.
Theorem 3.4.10 in [33]) on Banach spaces and using the additional assumptions
of Lemma D .4 yields this quantitative version of the implicit function theorem.
We leave the details to the reader. o

For z,y € A and w € C, we define
w 1
@y (y,w) = (Id = CuS)ly] —wa® — o (wy + yx) — 5 (2Slyly +ySlylz). (D.5)
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We remark that ®,,(.)(m(z +w) —m(z),w) = 0 for all z € H and z +w € H
(see (6.9)).

Proof of Lemma D.1. Lemma B.2 (i) yields ||S||lo— .| < 1 due to S[z] < ky(z)1
for all z € Ay. Therefore, [|a < 1 and ||S|| < [|S]lay. < 1 imply that
supp v = supp p is bounded, i.e., sup{|7]: 7 € supp p} < 1 by (2.5a).

First, we assume that (i) holds true. We set N := {n € (0,1]: n|Imm(r +
in)||~! > ¢/2}. By assumption, N is nonempty and has 0 as an accumulation
point. In particular, we have

2n

Mmm(z)| <=, 71 SImm(2) S

o3

1 (D.6)

for all z € 74+iN. The first bound is a direct consequence of the definition of V.
The second bound follows from (2.4) and the bounded support of v. Moreover,
the first bound immediately implies the third bound. By averaging the two
last bounds in (D.6) and using Im m(7+1in) < n for n € N, we obtain the third
and fourth estimates in (D.1). In particular, p(z) ~ |[Imm(2)|| for z € 7 + iN.
Owing to (2.4), for any z € H and x,y € L2, we have

L[ {z,0(dn)a) + g, o(dr)y)
el <5 | L

S 2 (o Inm(=)e) + (. Tmm(:)y)
< 2 (el + Inl3).

Here, we used that v has a bounded support and (2.4) in the second step and
the first bound in (D.6) in the last step. This proves the first bound in (D.1).
The second estimate in (D.1) is a consequence of (2.3) as well as |ja]| < 1,
S]] < ||Sll2— - S 1 and the first bound in (D.1). We recall the definitions of
q=q(z) and u = u(z) in (3.1). Owing to Lemma 4.8 (i), the bounds in (D.1)
yield

IS, IS, Tmu~ (mal ~pt (D7)

uniformly for all z € 7 +iN. Thus, for all z € A and z =7 +inpandn € N,
F = F(z) satisfies Flz] < (z)1 due to S[z] < (z)1. Hence, Lemma B.1 (i)
yields the existence of an eigenvector f € A, i.e., Ff = || F|2f. By taking the
imaginary part of (3.3) and then the scalar product with f as well as using the
symmetry of F, we get

(f,qq")
(f,Tmu)

for 2 = 7 +1in and n € N (compare (4.5)). Here, we also used f € Ay, (D.7),
p(z) ~ |[Imm(z)| and the definition of N. This completes the proof of (i) =
(ii).

1=|[Flla=mn ~nfmm(z)| 7! 2 (D.8)
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Next, let (ii) be satisfied. As before, Lemma 4.8 (i) implies (D.7) for all z €
7 4+ iN due to the first four bounds in (D.1). Thus, inspecting the proofs of
Lemma 4.8 (iii) and Proposition 4.1 and using |[S][o— .| < 1 via Lemma B.2
(ii) yield

11d = CreyS) 1 S1 (D.9)
uniformly for all z € 74+iN. Thus, we can apply the implicit function theorem,
Lemma D.4, to ¥, (A,w) == ®py(r4in) (A, w) (® has been defined in (D.5)) for
each n € N with w € C. Since ¥,(0,0) = 0 for all n € N, there are ¢ > 0
and unique analytic functions A,: D.(0) — Bg' by Lemma D.4 such that
U, (Ay(w),w) =0 for all w € D.(0) and all n € N. We now explain why ¢ can
be chosen uniformly for all n € N. By (D.1) and (D.9), there are bounds on
m(z) and (Idme(Z)S)*l which hold uniformly for z € 74iN. Hence, it is easy
to find § > 0 such that (D.4) holds true uniformly for all n € N. These uniform
bounds yield the uniformity of €. Since 0 is an accumulation point of N, there
is no € N such that 1y < e. We set z := 7 4+ ing. An easy computation using
(2.3) at spectral parameters z and z + w shows ¥, (m(w + z) — m(z),w) =0
for all w € C such that w 4+ z € H. Owing to the continuity of m, we find
e € (0,¢) such that m(w + 2z) — m(z) € B§* for all w € D./(0). Thus, by
the uniqueness of A, (cf. Lemma D.4), A, (w) = m(w + z) — m(z) for all
w € D.(0). As A, and m(- + z) are analytic, owing to the identity theorem,
we obtain A, (w) +m(z) = m(w + z) for all w € D.(0) satisfying w + z € H.
Using 1o < €, we set m := Ay (—ino) + m(z). For this choice of m, the
continuity of A, (w) for w — —ing and A, (w) +m(z) = m(w + z) yield (D.2).
It remains to show that m is self-adjoint. Since (D.7) holds true under (ii) as
we have shown above, we obtain

nltmm()]| " ~ 1 [Flle > €

for z = 7 +in and n € N as in (D.8). Thus, liminf, o|Imm(r +in)|| < 0
Hence, we obtain Imm = 0, i.e., m = m*. This completes the proof of (ii) =
(ii).

If (iii) holds true then Id—C,, S has a bounded linear inverse on A for m. Hence,
we can apply the implicit function theorem, Lemma D .4, to ®,,(A,w) = 0 (see
(D.5) for the definition of ®) as ®,,(0,0) = 0 and 0;9,,(0,0) =1d — C,,,S. It is
easy to see that there is 6 > 0 such that (D.4) is satisfied. Therefore, there are
e > 0 and an analytic function A: D.(0) — Bi' such that ®,,(A(w),w) = 0
for all w € D.(0). In particular, f: D.(7) = A, f(w) := A(w —7) +m is
analytic. From (D.2) and (2.3), we see that m is invertible and satisfies (2.3)
at z = 7. Thus, a straightforward computation using (2.3) at z = 7 and at
z = 1T +in yields @,,(m(r + in) — m,in) = 0 for all n € (0,e]. Therefore,
m(r+in) = A(in) +m = f(7+1in) for all n € (0, 7n.] and some 7, € (0, ] due to
the uniqueness part of Lemma D.4 and (D.2). Since m and f are analytic on
D.(7) NH, the identity theorem implies m(z) = f(z) for all z € D.(7) NH. A
simple computation shows ®,, (A(@0)*,w) = &, (A(@),w)* =0 for allw € D.(0)
as m = m*. Hence, A(w) = A(w)* for all w € D.(0) by the uniqueness part of
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Lemma D.4. Thus, f(w) = f(w)* for all w € D.(7) and f(w) = f(w)* for all
w € D.(7) NR. This proves (iii) = (iv). Clearly, (iv) implies (v) by (2.4).

If the statement in (v) holds true then dist(7,suppp) > . In particular, by
(3.7), we have

lim inf || Im m(7 + in)|| =" > lim inf dist(7 + in, supp p)* > &2
nd0 n40

for all n > 0. Here, we used (3.7) in the first step. This immediately implies
(vi) with ¢ = 2. Moreover, (i) is immediate from (vi).

Inspecting the proofs of the implications above shows the additional statement
about the effective dependence of the constants in (i) — (vi). In particular,
the application of the implicit function theorem, Lemma D.4, in the proof of
(iv) shows that & can be chosen to depend only on k; and C from (iii). This
completes the proof of Lemma D.1. O
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