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ABSTRACT. We present an obstruction theoretic inductive construc-
tion of intersection space pairs, which generalizes Banagl’s construc-
tion of intersection spaces for arbitraty depth stratifications. We con-
struct intersection space pairs for pseudomanifolds with compatible
trivial structures at the link fibrations; this includes the case of toric
varieties. We define intersection space complexes in an axiomatic way,
similar to Goresky-McPherson axioms for intersection cohomology.
We prove that if the intersection space pair exists, then the pseudo-
manifold has an intersection space complex whose hypercohomology
recovers the cohomology of the intersection space pair. We character-
ize existence and uniqueness of intersection space complexes in terms
of the derived category of constructible complexes. In the case of
algebraic varieties we show that a parallel obstruction theory in the
derived category of Mixed Hodge Modules endowes intersection space
cohomology with a Mixed Hodge Structure if the obstruction van-
ishes. We find classes of examples admitting intersection space com-
plex, and counterexamples not admitting them which illustrate the
use of the previously developed obstruction theory (counterexamples
were known previously by various specialists). We prove that the
(shifted) Verdier dual of an intersection space complex is an intersec-
tion space complex. We prove a generic Poincaré duality theorem for
intersection space complexes.

2020 Mathematics Subject Classification: Primary 32560, 14F08,
14F45, 55N33, 55N30, 55U30

Keywords and Phrases: Intersection spaces, intersection cohomology,
Poincaré duality for singular spaces

DOCUMENTA MATHEMATICA 25 (2020) 1653-1725



1654 M. AGUSTIN VICENTE, J. FERNANDEZ DE BOBADILLA

1 INTRODUCTION

Intersection spaces have been recently introduced by Banagl as a Poincaré du-
ality homology theory for topological pseudomanifolds which is an alternative
to Goresky and MacPherson intersection homology. When they are available
they present the advantages of being spatial modifications of the given topolog-
ical pseudomanifold, to which one can later apply algebraic topology functors
in order to obtain invariants. In this sense, if one applies (reduced) singular
cohomology one obtains a homology theory with internal cup products and
a Poincaré duality is satisfied between the homology theories corresponding
to complementary perversities. Moreover, one can apply many other functors
leading to richer invariants. The idea of intersection spaces was sketched for the
first time in [2], and was fully developed for spaces with isolated singularities
in [3].

In [3] Banag] carefully analyzed the case of quintic 3-folds with ordinary double
points appearing in the conifold transition and noticed that, in the same way
that intersection cohomology gives the cohomology of a small resolution, coho-
mology of intersection spaces gives the cohomology of a smoothing in this case.
This fitted with predictions motivated by string theory (see Banagl papers for
full explanations). This motivated further work by Banagl, Maxim and Budur
([9], [10], [6], [19]) in which the relation between the cohomology of intersection
spaces for the middle perversity and the Milnor fibre of a hypersurface X with
isolated singularities is analyzed. The latest evolution of the results of these
papers, contained in [6], is the construction of a perverse sheaf in X whose
hypercohomology computes the cohomology of the intersection space of X in
all degrees except for the top degree. Such a perverse sheaf is a modification
of the nearby cycle complex and, in fact, when the monodromy is semi-simple
in the eigenvalue 1, the middle perversity intersection space perverse sheaf is a
direct summand of the nearby cycle complex.

The results described up to now are valid for only isolated singularities (some-
times even assuming that they are hypersurface singularities). In [3] Banagl
generalizes the construction for the case of topological pseudomanifolds with
two strata and trivial link fibration and sketches a method for more general
class of non-isolated singularities. In [7] intersection spaces are constructed for
the case of two strata assuming non-trivial conditions on the fibration by links.
The first case in which intersection spaces are constructed for a topological
pseudomanifold with more than two strata is in [4]. There, the depth 1 strata
are circles or intervals, and the depth 2 strata are isolated singularities; in this
case, it is the topology of the strata which is very restrictive. Finally, in [12],
intersection spaces are constructed for a class of 3-strata spaces with flatness
assumptions for the link bundles.

In [9] the following open questions are proposed: Is there a sheaf theoretic
approach to intersection spaces, similar to the one of Goresky and MacPherson
[15] for intersection cohomology? Up to which kind of singularities can the
intersection space constructions be extended? Is intersection space cohomology
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of algebraic varieties endowed with a Hodge structure?

The papers [10], [6] are contributions to the first and third question for the
case of isolated singularities. The paper [8] is also a contribution towards the
third question.

In a recent paper [13], Geske takes a new viewpoint: instead of only giving up
the topological construction and focusing on producing a complex of sheaves
at the original space, he constructs a complex of vector spaces which is related
with the complex computing the (co)homology of the original space X, but that
satisfies Poincafe duality. The construction is valid for any analytic variety
(Poincaré duality is satisfied in the compact case). His construction is a bit
further from Banagl’s original ideas than ours, since his procedure is to make
a modification which is global in a neighbourhood of the singular set, instead
of stratifying it conveniently and making a fibrewise construction.

Finally, in order to finish our review of existing results, let us mention the
rational Poincaré spaces approach developed in [16].

The present paper is a contribution to the three questions formulated above
for the general singularity case. Before explaining our results in detail in the
next Section, let us enumerate them in a very condensed way:

We realize that, for constructing Banagl’s intersection spaces in a general pseu-
domanifold X, one needs to adopt the viewpoint of pairs of spaces and asso-
ciate an intersection space pair, which is a spatial modification of the pair
(X, Sing(X)). We find a procedure which runs inductively on the codimen-
sion of the strata and, if it is not obstructed, produces the intersection space
pair. We show that, if the link fibrations of the pseudomanifold are trivial and
the trivializations of these fibrations verify some compatibility conditions, the
intersection space pair exists. This includes the case of toric varieties.

We prove that, if an intersection space pair exists for a topological pseudo-
manifold and a given perversity, then there exists a constructible complex of
sheaves in our original space X that satisfies a set of properties of the same
kind as those that characterize intersection cohomology complexes in [15]; we
call this complex an intersection space complex for the given perversity. Its
hypercohomology recovers the reduced cohomology of the intersection space in
the case of isolated singularities. In the case of a depth 1 topological pseudo-
manifold, it recovers the cohomology of the intersection space relative to the
singular stratum (like in [3]), which is the one that satisfies Poincaré duality
for complementary perversities. For depth 2 and higher, if the dimension of the
strata is sufficiently high, the intersection space construction is intrinsically a
construction of pairs of spaces, as we will see below; the hypercohomology of
our intersection space complex computes the rational cohomology of the pair
of spaces.

Next, we leave the realm of topology and shift to a sheaf theoretic viewpoint,
studying under which conditions intersection space complexes exist. We find
obstructions for existence and uniqueness of intersection space complexes and
give spaces parametrizing the possible intersection space complexes in case that
the obstruction for existence vanish. Both of these obstructions vanish in the
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case of isolated singularities and the obstruction for existence also vanish in the
case considered in [4], as one should expect. If one assumes that the topological
pseudomanifold is an algebraic variety, we notice that our constructions can be
carried in the category of mixed Hodge modules, yielding a polarizable mixed
Hodge structure in the hypercohomology of the intersection space complex,
and hence in the cohomology of intersection spaces when the corresponding
obstructions vanish.

We turn to analyze classes of topological pseudomanifolds in which we can
prove the existence of intersection space complexes. We show that they exist
for any perversity when the successive link fibrations are trivial (without the
compatibility conditions needed to construct the intersection space pair). We
also prove the existence if the homological dimension of the strata with re-
spect to local systems is at most 1. This includes the case treated in [4]. On
the other hand, building on the obstructions for existence, we produce exam-
ples of topological pseudomanifolds such that intersection space complexes do
not exist for given perversities. As a consequence, Banagl intersection spaces
can not exist either. We thought that this were the first examples, but the
referee informed us that several specialists knew examples before, see for ex-
ample Banagl-Chriestenson [7] (p. 180, Example 10.3, and p. 170, Example
6.13). One of the examples is a normal algebraic variety whose stratification
has depth 1 and whose transversal singularity is an ordinary double point of di-
mension 3 (those appearing in the conifold transition examples); the perversity
used is the middle one.

Finally, we turn to duality questions. We show that the Verdier dual of an inter-
section space complex with a given perversity is an intersection space complex
with the complementary perversity. The proof resembles the one given in [15]
for intersection cohomology complexes. However, since (unlike intersection co-
homology complexes) intersection space complexes are not unique, this does
not yield self dual sheaves for the middle perversity on algebraic varieties. In
the case of depth 1 stratifications, we prove that generic choices of the intersec-
tion space complex yield the same Betti numbers in hypercohomology and we
obtain Poincaré duality at the level of generic Betti numbers for complementary
perversities.

Some open questions and further directions are hinted at the end of the next
section.

We would like to thank the referee for his criticism and for many suggestions
that have corrected some mistakes and improved the text a lot.
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2 MAIN RESULTS

This section is the guide to the paper. Here we describe in detail the content
of the paper section by section, with cross-references to the main results. The
reader may jump to the corresponding sections for a full exposition.

2.1 TOPOLOGICAL CONSTRUCTIONS

The paper starts with a topological construction of pairs of intersection spaces
in Section 3.

Banagl’s construction of the intersection space [3] for a d-dimensional topologi-
cal pseudomanifold X with isolated singularities for a given perversity p runs as
follows. Let ¥ = {p1,...,pr} be the singular set. Around p; consider a conical
neighbourhood B;. Let L; denote the link dB;. Let ¢ be the complementary
perversity of p. Consider a homological truncation

(Li)<q(ay = Li-

This is a mapping of spaces inducing isomorphisms in homology in degrees up
to g(d) and such that H;((L;)<g(m)) vanish for j > g(d). Assume for simplicity
that the truncation map is an inclusion. Construct the intersection space re-
placing each of the B;’s by the cone over (L;)<g(a), call the resulting space Z.
The vertices of the cones are called ¥ = {p1,...,p.} as well. The intersection
space is the result of attaching the cone over ¥ to Z. If the truncation map is
not an inclusion, one may force this using an appropriate homotopy model for
it. The intersection space homology is the reduced homology of the intersection
space.

The construction for the case of topological pseudomanifolds X = X4 D Xq_m,
of dimension d with a single singular stratum of codimension m contained in [3]
and [7] is the following generalization. Let T be a tubular neighbourhood of the
singular set X4_,,. Consider the locally trivial fibration T — X4_,,, and let
0T — X4_, be the associated fibration of links. Consider a fibrewise homology
truncation

8T§q(m) — OT.

This is a morphism of locally trivial fibrations which is a g(m)-homology trun-
cation at each fibre. Remove T from X and replace it by the fibrewise cone
over 0T<g(m) (see Definition 3.3); call the resulting space Z. As before ¥ is a
subspace of Z. The intersection space is the result of attaching the cone over
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Y to Z and the intersection space homology is the reduced homology of the
intersection space.

Notice that the intersection space homology coincides with the relative ho-
mology H,(Z,%). This observation is the starting point of our construction for
more than two strata and of our constructible complex approach to intersection
space homology. Consider a topological pseudomanifold with stratification

X=X;D0X42D..0X0D2X_1=0

and a suitable system of tubular neighbourhoods of the strata (the conical
structure of Definition 3.5). A great variety of topological pseudomanifolds
can be endowed with this structure (see Remark 3.14).

Our topological construction of intersection spaces consists in modifying the
space X inductively, going each step deeper in the codimension of the strata, by
taking successive fibrewise homology truncations. In doing so, one necessarily
modifies the singular set X;_5 and, as a result, the singular set is not going to
be contained in the modified space Z. Instead, one obtains a modification Y of
X4—2 contained in Z. One obtains a pair (Z,Y), and it is the homology of this
pair that defines our intersection space homology. An important feature of the
construction is that one needs to adopt the viewpoint of pairs of spaces right
from the beginning if one wants to have a chance of proving duality results; this
incarnates in the need of taking homology truncations of pairs of spaces. This
new feature appears from the depth 2 strata and hence it did not appear in
Banagl constructions explained above. It also may happen that, if the singular
stratum, is of small dimension in comparison with the perversity, the situation
does not appear at all.

As in the Banagl’s construction, the homology truncations need not be inclu-
sions. This forces us to work with an adequate homotopy model for X.

It is important to record for future reference that, at the k-th inductive step of
the construction, one obtains a pair of spaces (I7X, I7(X4-2)) which contains
X4_r_1 and verifies

1. the pair (I,fX\Xd,k,l, I,f(Xd,g) \ X4—r—1) is an intersection space pair
of X \ Xd—k—l-

2. there is a system of tubular neighbourhoods Ty _1 of Xgq_ 1 \ Xj—g—2in
I?X \ X4—k—2 such that we have locally trivial fibrations of pairs

T—1 N (IPX \ Xa—p—2, I (Xa—2) \ Xa—r—2) = Xa——1\ Xa—k_2,
OT—1 NV (IEX\ Xa—p—2, I7(Xa—2) \ Xa—k—2) = Xa—r—1 \ Xa—k—_2,
the first being the fibrewise cone over the second (see Definition 3.3).

The second locally trivial fibration is called the fibration of link pairs at the
k-th step of the construction.

The construction follows the scheme of obstruction theory: it is inductive and,
at each step, choices are made. The next step may be obstructed and this may
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depend on the previous choices. The obstruction consists in the impossibility
of constructing a fibrewise homology truncation of the fibration of link pairs at
the k-th step of the construction.

When there is a set of choices so that the process terminates, we say that an
intersection space pair exists. It needs not be unique.

In the case where the conical structure is trivial, that is, if the link fibrations
are trivial and the trivializations are compatible with each other (see Definition
3.13), the intersection space pair exists (see Theorem 3.31). This includes the
case of arbitrary toric varieties.

2.2 FROM TOPOLOGY TO CONSTRUCTIBLE COMPLEXES

In the rest of the paper, we investigate the existence and uniqueness of inter-
section space pairs and their duality properties by sheaf theoretic methods. For
this, we associate to each intersection space pair an element in the derived cate-
gory of constructible complexes whose hypercohomology computes the rational
cohomology of the intersection space pair.

To get this, we need to construct a sequence of intersection space pairs which
modify the pair (X4, X4—2) in increasingly smaller neighbourhoods of the strata
of X. This is done in Section 4.

In Section 5, we exploit the sequence of intersection spaces to derive a con-
structible complex I.S (see Definition 5.15) and prove, in Theorem 5.16, that
the hypercohomology of IS recovers the cohomology of the intersection space
pair. Finally, in Theorem 5.18, we prove that IS satisfies a set of properties in
the same spirit as those that characterize intersection cohomology complexes
n [15]. This is the basis for the axiomatic treatment of the next section.

2.3 A DERIVED CATEGORY APPROACH TO INTERSECTION SPACE
(co)HOMOLOGY

In Section 6, we take an axiomatic approach to intersection space complexes
in the same way as Goresky-MacPherson approach to intersection cohomology
in [15, section 3.3]. We define two sets of properties in the derived category
of cohomologically constructible sheaves on X. The first set are the properties
of the intersection cohomology sheaf composed with a shift. The second set of
properties are inspired by Theorem 5.18.

We will call a complex of sheaves verifying the second set of properties in-
tersection space complex of X (Definition 6.2). Theorem 5.18 implies that if
there exists an intersection space pair of X (see Definition 3.27), then there
exists an intersection space complex of X whose hypercohomology coincides
with the cohomology of the intersection space pair. Moreover, we compare the
support and cosupport properties of intersection cohomology complexes and
intersection space complexes. From the comparison, one sees that intersection
space complexes, except possibly in the case of isolated singularities, can not
be perverse sheaves.
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At this point, we investigate in a purely sheaf theoretical way under which
conditions an intersection space complex may exist. For k = 2, ..., d, we define
Uy := X\ X4_1 and we denote the canonical inclusions by iy : Uy — Ug41 and
Ikt Xa—r \ Xa— (k1) = Upy1.

In Theorem 7.3, we give necessary and sufficient conditions for the existence
of intersection space complexes. As in the topological setting, the construc-
tion proceeds inductively on each time deeper strata. At the (k + 1)-th step,
we have constructed an intersection space complex ISy on X \ Xg_j_1 such
that the complex j;, k4 1+1Sk on Xgq_p—1\ Xa—r—2 is cohomologically locally
constant. Comparing with the topological construction these local systems are
the cohomology local systems of the fibration of link pairs at the (k + 1)-th
step of the construction. One can consider the natural triangle in the derived
category:

o o e (1
T<q(ht 1) Jhg 1 k416 LSk = i1tk 16 LSk = To (k1) T g1 Ukt 16 Sk —

The obstruction to perform the next step in the construction is the obstruction
to split the triangle in the derived category. This is the constructible sheaf
counterpart of the possibility to construct fibrewise homology truncations in
the topological world. In Theorem 7.3, we study the parameter spaces classi-
fying the possible intersection space complexes in step k + 1 having fixed the
step k (they are not unique in general). In the same theorem, for the sake of
comparison we provide a proof of the existence and uniqueness of intersection
cohomology complexes using the same kind of techniques.

There are extension groups controlling the obstructions for existence and
uniqueness at each step. They are recorded in Corollary 7.6.

If X is an algebraic variety, we produce an analogue construction of intersection
space complexes to the category of mixed Hodge modules over X. This is
Theorem 8.1 and, as a corollary, one obtains a mixed Hodge structure in the
cohomology of intersection spaces if the corresponding obstructions vanish. The
obstructions for existence and uniqueness are the same kind of extension groups,
but taken in the category of mixed Hodge modules (see Corollary 8.2). Using
the same techniques, we show that, for an arbitrary perversity, the intersection
cohomology complexes are mixed Hodge modules (Theorem 8.3). This puts a
mixed Hodge structure on intersection cohomology with arbitrary perversity.
We believe that this should be well known, but we provide a proof since it is a
simple consequence of our ideas.

2.4 CLASSES OF SPACES ADMITTING INTERSECTION SPACE COMPLEXES AND
COUNTEREXAMPLES

From the previous section, it is clear that the spaces admitting intersection
space complexes need to be special. In this Section 9, we find two sufficient
conditions for this, yielding an ample class of (yet special) examples.

By the results explained previously it is clear that pseudomanifolds admitting
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a trivial conical structure (see Definition 3.13), the intersection space complex
exists by the combination of Theorems 3.31 and 5.18.

The point is that if one only needs the existence of intersection space complexes
one can relax the triviality properties. In Theorem 9.8 we prove that if the
link fibrations are trivial in the sense of Definition 3.10, then the intersection
space complex exists. This leaves out the hypothesis on the compatibility of
trivializations.

The next class of examples admitting intersection space complexes are pseu-
domanifolds whose strata are of “cohomological dimension at most 1 for local
systems” in the sense of Definition 9.10. This is proved in Theorem 9.11. This
includes the case studied by Banagl in [4] and the case of complex analytic
varieties with critical set of dimension 1 which are sufficiently singular, in the
sense that there are no positive dimensional compact strata (Corollary 9.12).
From our previous results, it is clear that a necessary condition for the existence
of an intersection space is the existence of an intersection space complex. We
find a few examples (see Example 9.16, Example 9.17 and Example 9.18) not
admitting an intersection space complex. The last example is an algebraic
variety with two strata and the perversity is the middle one. So, one should
not expect that algebraicity helps in the existence of intersection spaces. The
idea to produce the examples is to observe that, if an space admits intersection
space complexes, certain differentials in the Leray spectral sequence of the
fibrations of links (which in our sheaf theoretic treatment is a local to global
spectral sequence) have to vanish (Proposition 9.14 and Corollary 9.15). The
referee informed us that the fact that nonvanishing differentials in the spectral
sequence of the link bundle can obstruct fiberwise homology truncation has
already been observed in [5, Theorem 5.2 and remarks on page 296], and that
previous counterexamples to the existence of intersection spaces were found by
several specialist (Banagl-Chriestenson [7] p. 180, Example 10.3, and p. 170,
Example 6.13).

2.5 DUuALITY

In Section 10, we prove that, if p and ¢ are complementary perversities and
1S5 is an intersection space complex for perversity p, then its Verdier dual is
an intersection space complex for perversity ¢ (Theorem 10.1). So, the Verdier
duality functor exchanges the sets of intersection space complexes for comple-
mentary perversities. The proof follows the axiomatic treatment of [15] for
intersection cohomology complexes.

A surprising consequence is that the existence of intersection space complexes
is equivalent for complementary perversities (Corollary 10.2). Then, we move
to the case of depth 1 stratifications and prove, in Proposition 10.3, that,
for generic choices of the intersection space complexes, the Betti numbers are
always the same (they are minimal). Then, in Theorem 10.6, we show that
the Betti numbers symmetry predicted by Poincaré duality for complementary
perversities is satisfied for generic intersection space Betti numbers.
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OPEN QUESTIONS

Here is a list of natural questions for further study:

1.

We conjecture that the intersection space complexes associated via Defini-
tion 5.15 to the intersection space pairs constructed for pseudomanifolds
with trivial conical structure in Theorem 3.31 are self Verdier dual when
the strata are of even codimension and the perversity is the middle one.

Assume that the intersection space complex exists. Does there exist an
associated rational homotopy intersection space? Are there further re-
strictions than the existence of the intersection space complex?

If the intersection space complex exists, can one define on its hypercoho-
mology a natural internal cup product? Can one find a product turning
its space of sections into a differential graded algebra inducing a cup
product? This would lead to a definition of “intersection space rational
homotopy type”.

Toric varieties have intersection space pairs. Compute their Betti num-
bers in terms of the combinatorics of the fan.

Generalize the generic Poincaré duality Theorem 10.6 to the case of ar-
bitrary depth stratifications.

This is a suggestion of Banagl: relate our sheaf theoretical methods with
the characteristic class obstructing Poincaré duality discussed in [7]. If
the characteristic class vanishes, is the intersection space complex self-
dual in the case of pseudomanifolds with trivial conical structure, even
codimensional strata and middle perversity?

3 A TOPOLOGICAL CONSTRUCTION OF INTERSECTION SPACES

3.1 TOPOLOGICAL PRELIMINARIES
First, we give some basic definitions about ¢t-uples of spaces in order to fix
notation.
DEFINITION 3.1. 1. A t-uple of spaces is an ordered set of topological spaces
(Z17 d) Zt)
2. A morphism from a t-uple of spaces into a space (Z1,...,Zy) — Z is a set

of morphisms p; : Z; — Z.
A morphism between t-uples of spaces (Z1,...,Zy) — (Z1, ..., Z}) is a set
of morphisms ; : Z; — Z.

The mapping cylinder of a morphism ¢ = (p1,...,0t) : (Z1,...,2¢) —
Z, cyl(e), is the wunion of the t-uple (Zi,..,2Z;) x [0,1] with
(Z,Im(p2), ...,Im(p;)) with the equivalence relation ~ such that for
i=1,..,t and for every x € Z;, we have (z,1) ~ p;(x).
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REMARK 3.2. Remember that the mapping cylinder of a morphism of spaces
f: X =Y iscyl(f) = (X x[0,1]UY)/ ~ where ~ is the equivalence relation
such that for every x € X, (x,1) ~ f(x).

DEFINITION 3.3. Let 0 : (Z1,...,Z¢) = B be a locally trivial fibration of t-uples
of spaces. The fibrewise cone of o over the base B is the locally trivial fibration

7 cyl(o) = B,

where cyl(o) is the mapping cylinder of o, w(x,t) = o(x) for (x,t) €
(Z1,....Z;) x [0,1] and w(b) := b for b € B(the definition of ® is compatible
with the identifications made to construct cyl(o)). The fibrewise cone over a
fibration has a canonical vertex section

s: B = cyl(o)
sending any b € B to the vertex of the cone (cyl(o))p.

The following figure shows schematicatically cyl(o) when the fiber of o is the
pair (T,Y) where T is a torus and X is isomorphic to S!, and the base B is a
circle. The fibre ¥ is depicted into the torus T as a dotted circle.

(Zl.'- ZQ)

cyl(o)

Figure 1

We use a definition of topological pseudomanifold similar to [1, Definition 4.1.1].
In the literature it is often assumed that the singular set has codimension at
least 2. This is not necessary in our work, and some definitions fit better with
each other not assuming it. So, we do not adopt this convention.

DEFINITION 3.4. A topological pseudomanifold is a paracompact Hausdorff
topological space with a filtration by closed subspaces
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X=X;D0X41D..0XoDX_1=0.
such that
e Each pair (X;,X;-1) is a locally finite relative CW -complez.

o Every non-empty Xg—i \ Xda—k—1 is a topological manifold of dimension
d — k called pure stratum of X.

o X\ Xy_o is dense in X.

e LOCAL NORMAL TRIVIALITY. For each point © € Xg_j, \ Xg—r—1, there
exists an open neighborhood U of x in X, a compact topological pseudo-
manifold L of dimension k — 1 with stratification

L:Lk_lDLk_gD...DLoDL_lz(Z)

and a homeomorphism

o : U = RE&F (L),
where ¢°(L) is the open cone of L, such that it preserves the strata, that
is, (U N Xgq_r) = RIF x °(Ly_p_1).
L is called the link of X over the point x.
The following new notion is important in our constructions.

DEFINITION 3.5. Let (X,Y) be a pair of topological spaces and let
Xgr D Xgep-12...0X90 DX 1= 0

be a topological pseudomanifold such that X4y is a subspace of Y. We say that
the pair (X,Y) has a conical structure with respect to the stratified subspace if
for every r > k there exists an open neighbourhood TX4—r of Xg—r \ Xa—r—1
in X \ Xq—r—1, with the following properties:

1. Let TX4_, be the closure of TX4_, in X. There is a locally trivial fibra-
tion of 2(r — k + 1)-uples of spaces

(TXg—r \ Xa—r—1) N (X, Y, T X gt Xa—t, TXa—k—1, Xa—p—1, s T Xa—ry1, Xa—r41)
Od—r
deT \ Xd—r—l
such that its restriction to the boundary
(OTXa-r \ Xg—r- 1)) N (X, Y, TXg py Xap, TXg -1, Xa—p—15 00, TXd—p g1, Xa—rs1)
)
d—r

der \ der—l

1s a locally trivial fibration.
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2. The fibration oq_, is the fibrewise cone of 03770 over the base Xg—, \
derfl-

3. Let k < ry <re <d and consider the isomorphism induced by property

(2)

TXd—Tl N (TXd—rg \Xd—rg—l) =

= (TXd*Tl n (aTXd*w \Xd*w*l)) X [07 1]/ ~
where ~ is the equivalence relation of the mapping cylinder.

If we remove X4_r,—1 in both parts of this isomorphism, we obtain an
isomorphism

¢7‘1,7‘2 . (TXd—n \Xd—r1—1) N TXd—TZ =

= ((Tderl \derlfl) N 8TXd,T2) X [0, 1)

Note that since Xq—,, is contained in Xq—,,—1, the vertex section of the
fibrewise cone is not included in the previous spaces.

With this notation, we have the equality

(Od=ri)| TR\ Xy ) TR, =

—1
= Qpypy © ((O—d*ﬁ)\(TX,i,Tl\Xd,rl,l)ﬂaTX,i,W ) Id[O,l)) © Pry iy

that is, the fibration oq4—,, in the intersection (TXgq—r, \ Xdg—rj—1) N
TX g, is determined by its restriction to (T Xg—r, \Xd—r,—1)NOT X g,

Figure 3 illustrates this property.

4. Letk<ry <re <d. If 0T Xgq_r, N (Xg—r, \ Xa—r,—1) # 0, then we have
the following equality of 2(r1 — k + 1)-uples

(TXg—ry \ Xa—r, 1) N (X, Y, T X, Xt TXg -1, Xa—b—1, -
TXd—n-i—la Xd—r1+1) N aTXd—TQ = 0-;,17«1 (aTXd—TQ N (Xd—r1 \Xd—n—l))
and, in this space, we have

0 _ 0
Od—ry ©0d—r1 = Og_p,-

Figure 4 illustrates this property.

NOTATION 3.6. Consider a tuple (Y1,...,Y]) of subspaces whose components are
a subset of the components of the tuple (X, Y, T Xk, Xa—r, T Xa—r—1, Xa—k-1,
vy TX g1, Xd—rt1) considered in the previous definition. The fibre of the
fibration o9_ restricted to the tuple (Y1,...,Y]) is called the fibre of the link
bundle of (Y1,...,Y;) over X4_,.
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REMARK 3.7. The fibration ag_r is the fibration of links of Xgq— \ Xa—r—1 and
the fibration oq4—, is the fibration associated to a tubular neighborhood.

The fact that these fibrations of 2(r — k + 1)-uples are locally trivial yields that
the intersection of the link L* over the point x € X4—, \ Xgq—r—1 with the open
neighbourhoods T X g_p, T Xg—r—1,...,T Xq—ry1 only depends on the connected
component of Xq_r \ Xg—r—1 containing x.

Let k <11 < ry <d. The following figure shows how the open neighbourhoods
T X 4_, intersect each other.

Xd—rl \Xd—rl—l
Xd—’I‘Q\Xd—Tg—l [ ]

X [

TX d—ra

TXgr N TXgry .

Figure 2

The following figures show how the morphisms o4_,, and ag_rz behave in
(TXg—r, \ Xag—r,—1) N TX4_,, because of Properties (3) and (4) of Definition
3.5.
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Xd—rl \ denfl

Xd—Tz\ Xd—'rz—l ®
TXd—n \TXd—rg .
TXgry \ TXg—r,

TXur, (T X iz, \ Xa-ro1) [

Od—ry

Figure 3: Property (3)

de'rl \ Xd—'r1—1

Xd—rz\ Xd—r2—1 ®
TXd—'rl \TXd—’I'2 .
TX4y \TXg—r,

TXamn 0 (TXar, \ Xa-ro1) [}

od—Tl

19}
Ud—rz %

Figure 4: Property (4)

REMARK 3.8. Using properties (3) and (4) of Definition 3.5, we can also deduce
that

(TXg—r \ Xa—ri-)N (XY, TXq 1, Xa—t, T Xa— k-1, Xa—k—1, ...

o I X g 11, Xg—p41) N T X gy, = UJ_ln (TXg—r, N (Xa—r, \ Xa—ri—1))

and, in this space, we have
Od—ry ©O0d—ry = Od—ry-
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NoTATION 3.9. Along this chapter, we will use the superindex O to denote the
fibrations of boundaries of suitable tubular neighborhoods.

DEFINITION 3.10. We say that a conical structure verifies the r-th triviality
property (7)) if the locally trivial fibration 03770 1s trivial, that is, the following
two properties hold for every connected component Sq—, of Xa—r \ Xa—r—1.

1. There exists an isomorphism
(O’gfr)_l(‘s’d—T) =L x Sd—r;

where L denotes the 2(r — k + 1)-uple of the links of Sq—, in

(XY, TXg g, Xar, TXa— k-1, Xa—k—1, s T Xa—r11, Xa—r41)-

2. Under the identification given by property (1), 03770 restricted to L X Sq—,
is the canonical projection over Sg_..

DEFINITION 3.11. Let (X,Y) be a pair of spaces with a conical structure as in
Definition 3.5 which verifies the r-th triviality property (T.) for any r. Fiz a

trivialization
(Ufl)—r)il(sdfr) =L XSy

over each connected componet of each stratum. The set of all trivializations is
called a system of trivializations for the conical structure.

Let (X,Y) be a pair of spaces with a conical structure as in Definition 3.5. Fix
a system of trivializations for the conical structure, assuming that there is one.
Let £k < r; < ro < d verifying that there exist connected components Sq_,
and Sq_,, of Xg_, \ Xg—r,—1 and Xg—p, \ Xg—r,—1, respectively, such that
(Ug_TZ)_l(Sd_TQ) N Sq_r, # 0, or what is the same, that the closure Sy_,,
contains Sq_,.
By definition, (¢9_,) ™ (Sa=r,) N a;}rl (Sg—r,) and ad_jh ((68_,,) *(Sa=ry) N
Si—r,) are 2(k — r + 1)-uples. To simplify the notation, along the
following reasoning we denote by (09_, )7'(Sa—r,) N o;_ln (Sg—r,) and
ot ((08_,,) 7 (Sa—r,) N Sa—r,) the first components of these 2(k — r + 1)-
uples. Consider also the space (69_,. )™ (Sa=ry) N Sa—r,-
Since we have fixed a system of trivializations, we have isomorphisms
Sa_r ~ _
Lo x Sd*w = (O—g—m) 1(Sd*7“2) N Sd*h

d*Tz
and

oyt (Sa—ry)
d*Tz

where LGIS(“T1 denotes the fibre of the link bundle of S4_,, over S4;_,, and

—7

L X Sd*w = (O—g—rg)il(sd*w) N O—d_EH (Sd*ﬁ)

U;,l” (Sa—ry)

L,~, denotes the fibre of the link bundle of o;_ln (Sd—r,) over Sq_r,.
Moreover, by the property (4) of Definition 3.5, we have an equality

a2, (Sa=r)) N (04,) " (Sa=rs) = 02, (07 1,,) " (Si=ra) N Sa=r,)
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and, again using the fixed system of trivializations, we obtain an isomorphism
— 19} - ~ 14} —
032 ((08-1,) " (Samra) N Samry) = (L) % ((03-7,) " (Sd=ra) N Sa—ry)

where Lé(_n is the fibre of the link bundle of X over Sy_,,.
Combining the previous isomorphisms, we have

U;,lrl (Sa—rq)

Ly, X Sary & (Lp,) ¥ (04-r,) " (Samra) N Sa—yy )
~ X Sd—ry
=ce(Lyg_y,) X L2 X Sa,
Let us denote by v the isomorphism
S, —r Uﬁ,lTl (S —r )
vre(LE ) X Ly m % Sacpy — Ly 07T X Sy (1)

Since under the equivalences given by the trivializations the morphisms 04—,
and 0342 are the canonical projections, using the property (4) of Definition
3.5, the diagram

c(LX

Sdfr 5,177-
d—’l‘1) X Ld*TQI x Sd_T? - Ld* ' x Sd_T?

r2
’Yl

U;,l” (Sa—ry)
d—’!‘2

L

where all the morphisms except 7y are the canonical projections, is commutative.
So ~ verifies the following condition:

Sa—r Uﬁ,lr (Sa—ry)
v C(Lilim) X Ldir; X Sq—py —> Ldir; BN Sd—ry
(z,y,2) (m(z,y,2),2)

DEFINITION 3.12. We say that the system of trivializations is compatible if for
any two connected components Sq_r, and Sq_r, as above, the map if v1 does

not depend on z, that is, if there exists an isomorphism 3 : c(Lflirl) X Ldsi;; —
g,
Ladﬂl( 4=r1) such that v = (8,1ds,_,, )

d—’!‘2

DEFINITION 3.13. We say that the conical structure is trivial if it verifies the
r-th triviality property (T}.) for any r and there exists a compatible system of
trivializations.

REMARK 3.14. For a great variety of topological pseudomanifolds
X=Xy4D2X41D..2X0DX_1 =0,
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the pair (X, X4—1) has a conical structure with respect to the stratification
Xg2D2..D0XgDX 1= 0.

Whitney stratifications, for instance, verify this property (see [14]). We as-
sume that every topological pseudomanifold which appear in sections 3, 4 and 5
satisfies this. Moreover, we fix such a conical structure and denote the relevant
neighbourhoods T X 4_, for r varying.

From Section 6, it is not necessary to adopt this assumption.

REMARK 3.15. Toric varieties with their canonical stratification are topologi-
cal pseudomanifolds which have a trivial conical structure with respect to the
stratification. Details will appear in a forthcoming paper of T. Essig and the
second author.

3.2 AN INDUCTIVE CONSTRUCTION OF INTERSECTION SPACES

Given a topological pseudomanifold we define an inductive procedure on the
depth of the strata. The procedure depends on choices made at each inductive
step, and may be obstructed for a given set of choices or carried until the
deepest stratum. If for a given set of choices it can be carried until the end, it
produces a pair of spaces which generalizes Banagl intersection spaces.

DEFINITION 3.16. A perversity is a map p : Z>o — L>o such that p(2) = 0
and p(k) <p(k+1) <p(k)+ 1.

Some special perversities are

The zero perversity, 0(k) = 0.

e The total perversity, t(k) = k — 2.

|-1.

1-1.

e Given a perversity p, the complementary perversity is t — p. It is usually
denoted by q.

The lower middle perversity, m(k) = |

[ ]
N ol

The upper middle perversity, (k) = [

The lower and the upper middle perversities are complementary.
For our construction we need the notion of fibrewise homology truncation of
fibrations of pairs of locally finite C'W-complexes:

DEFINITION 3.17. Let o : (X,Y) — B be a locally trivial fibration. We say that
o admits a fibrewise rational g-homology truncation if there exists a morphism
of pairs of spaces

¢ (X<q, Y<q) = (X,Y)

such that o o ¢ is a locally trivial fibration and, for any b € B,
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1. the homomorphism in homology of fibres
Hi(X<q)bs (Y<q)p: Q) = Hi(X3, Y35 Q)
s an isomorphism if i < q.
2. the homology group H;((X<q)s, (Y<q)s; Q) vanishes if i > gq.

NOTATION 3.18. Given a pair of spaces (X,Y") we denote by (X,Y )<, the pair
(X<q,Y<q) appearing in the definition above. Note that the spaces X<, and
Y<, are not homology truncations of X and Y.

The following figure shows a fibrewise rational 1-homology truncation of the
fibration ¢ in Figure 1. The fiber of the resulting fibration becomes a pointed
circle.

(41, Zz)gl

Figure 5

DEFINITION 3.19. Given a pair of spaces (X,Y) with a conical structure as in
Definition 3.5, a fibrewise rational g-homology truncation of O'g_r

(aTXd_r \ Xd—r—l N (Xa Y))Sq

a
(0g_r)<q

¢3—r der \ derfl

F)
94

—r

0T Xgq_ \ Xg—r_1 N (X, Y)
is compatible with the conical structure if, for every v’ > r,

Od—r' © (Ug—r)ﬁq : (Ug—r);}](TXd—r’ N (Xa—r \ Xdg—r—1)) = Xa—p \ Xa—r—1
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is the fibrewise cone of
Jg—r/ o (O—g—r)ﬁq : (O’g_T);;(aTXd,T/ M (der \ Xd77"71>> — der/ \Xd,,ﬂlfl

PROPOSITION 3.20. Given a pair of spaces (X,Y') with a conical structure as in
Definition 3.5, if there exists a fibrewise rational g-homology truncation of O'gir,
then there exists a fibrewise rational g-homology truncation of O'g_T compatible

with the conical structure.

Proof. Let us consider a fibrewise rational g-homology truncation of ag_T,

(ngr)gq-
Then, the restriction of (6§_,)<, to

(Ug—r);;((Xd—T \ Xa—r—1) \ U TXq-r)

r’'>r
is a fibrewise rational g-homology truncation of the restriction of O'g_T to
(09 )" (Xamr \ Xazr—1) \ | TXa—r)
r’'>r

Using the property (2) of Definition 3.5, we can extend the previous restriction
to a fibrewise rational g-homology truncation over

(der \ derfl> \ U TXg—ypr

!>l

for any ' > r inductively. Moreover, using the property (3) of Definition 3.5,
we can check that these extensions are compatible with the conical structure.
So, when ' = d, we obtain a fibrewise rational g-homology truncation of 03#
compatible with the conical structure. O

DEFINITION 3.21. Given a pair of spaces (X,Y') with a conical structure verify-
ing the triviality property (T) for any r (see Definition 3.10), choose a system
of trivializations as in Definition 3.11. A fibrewise rational q-homology trun-
cation of JfLT

(OTXg—r \ Xa—r—1N(X,Y))<q

(O'g—r)fq
d’?—r Xd—r \ Xd—r—l

a
Td—r
T X g\ Xa—r_10 (X,Y)

1s compatible with the trivialization if the following conditions hold.
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1. Given a connected component Sq—, of Xa—r \ Xda—r—1, if La—r =
(LE ., LY_,) denotes the fibre of the link bundle of (X,Y) over Sq_
and

(ag—r)_l(sd—r) = Ld—r X Sd—r

is the isomorphism induced by the system of trivializations, then there
exists a pair of spaces (La—r)<q = (LY ,)<q (LY _)<q) such that the
group H; (LY ) <q, (LY )<4; Q) vanishes if i > q, we have an isomor-
phism

~—

(09)2h(Sa=r) 2= (La=r)<q X Sir

~—

and, under these identifications, ((¢9_,)<,

ical projection and ((bgfr)\(Ldfr)gqudfr = (¢1,1ds,_,) where ¢
(La—r)<q = La—r is a morphism such that

|(La—r)<qXSa_r 18 the canon-

H1(¢1) : Hi((Lil(fr)SQ’ (Llefr)Sq; Q) - Hi(Lil(frv Lgfr; Q)
s an isomorphism if i < q.

2. Given v’ > r and a connected component Sq_, of Xg—r \ Xa—r—1 Such
that

(09_,)) " (Sa—r) N Sa_y # 0,

let Lgi;? and LZE;T(S(FT) denote the fibres of the link bundles of Sq_

and a;}r(Sd_T) over Sq_. respectively. Moreover, let

-1
Sq_r o4 (Sa—r)
v C(LdX—r) X Ldir’ X Sd_"/ = dalfa"7 x Sd_’",

be the isomorphism defined in Equation (1), in the discussion preceeding
Definition 3.11. Then, the image of the composition

c JId
(LY )2q) X L0 % Sacpe — P LX) % L5 % S

|

-1
Tq— (Sa—r)
L~ X Sq_pr

o7t (Sa-r)

is equal to A X Sq_,+ for some subset A C L,"]

REMARK 3.22. If the conical structure is trivial (see Definition 3.13), the con-
dition (1) of the previous definition implies the condition (2).

REMARK 3.23. If a fibrewise rational g-homology truncation of O'g_T is compat-
ible with the trivialization, then it is also compatible with the conical structure.
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THE INITIAL STEP OF THE INDUCTION.

Let X be a topological pseudomanifold such that the pair (X, X4 o) has a
conical structure with respect to the stratification, we consider the open neigh-
bourhoods T X4_, fixed in Remark 3.14.

Let m > 2 be the minimum such that Xg—., \ Xg—m—1 # 0. If the fibration

08 1 0T X g \ Xa—m—-1 = Xa—m \ Xd-m—1

predicted in Definition 3.5 does not admit a fibrewise rational g(m)-homology
truncation, then the intersection space does not exist. Otherwise we choose a
fibrewise rational g(m)-homology truncation compatible with the conical struc-
ture (see Proposition 3.20)

(0T Xa—m \ Xd—m—1)<q(m) @
m
62 Xa-m \ Xa-m-1
o
Td—m

ajj)(d—nl \ Xd-m—1

', a homotopy equivalence 7, : X/, — X with
contractible fibres and a subspace I2, X < X/ as follows.
Define the map

We construct a new space X/

(0d-m)<gm) : YL(08_) <gtm)) = Xa-m \ Xa—m-1

to be the fibrewise cone of the fibration (Ugfm)gq(m) over Xq—m \ Xg—m—1. By
property (2) of Definition 3.5 there exists a fibre bundle morphism

Gd—m : Cyl((ag—m)éti(m)) = TXa-m \ Xa-m—1

over the base X4—m, \ Xg—m—1 which preserves the vertex sections. Let

Og—m : cyl((agfm)gq(m)) = X\ Xgem-1

be the composition of the fibre bundle morphism ¢4, with the natural
inclusion of the closed subset TXg_p, \ Xg—m—1 into X \ Xg—m-1. Let
cyl(04—rm) be the mapping cylinder of 64_,,,. It is by definition the union
eyl((68_,,)<gm)) * [0, 1] TT(X \ X4—m—1) under the usual equivalence relation.
Denote by

Sd—m : Xd—m \ Xd—m—-1 — Cyl((gg—m>§é(m))

the vertex section. We define Z,, to be the result of quotienting cyl(0q—.,)
by the equivalence relation which identifies, for any = € X4, \ Xg—m—1, the
subspace s4_m,(x) x [0,1] to a point.
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In order to follow in an easier way our further constructions, observe at this
point that the mapping cylinder cyl(¢9_,) of the vertical map ¢J_, of dia-
gram (2) above is a subspace both of ¢yl(64—r,) and of Z,,.

The following figures show cyl(64—,) and Z,,.

Xaem \ Xa—m—1 -
TXan\ X1 [
eyl((08_m)<itm))
eyl (03— ) <qtmy) x 10,1]
(0T X \ Xaom—1)<g(m) % [0, 1] e

Figure 6: cyl(0g—m) Figure 7: Z

The equivalence relation collapses the vertical line over the origin of the hori-
zontal plane in Figure 6, therefore the yellow line in Figure 7 becomes diagonal.

We have a natural projection map 7, : Zp, — X \ X4—m—1 which is a homotopy
equivalence whose fibres are contractible and has a natural section denoted by
Q. Q is a closed inclusion of X \ Xy4_,,—1 into Z,,. In the previous figure,
Tm is the projection onto the horizontal plane and ., is the inclusion of the
horizontal plane in the rest of the picture.

Define X/, as the set Z,,,UX4—,—1. The projection map extends to a projection

Tm: X, — X

Consider in X/ the topology spanned by all the open subsets of Z,, and the
collection of subsets of the form 7,}(U) for any open subset U of X.

This projection is also a homotopy equivalence whose fibres are contractible
and such that the natural section «,, extends to it giving a closed inclusion
of X into X/, .

Define the step m intersection space I, X to be the subspace of X/, given by
15X = eyl (09 m) <q(m)) X {0} U eyl($ ) U (X \ T Xgom),

with the restricted topology.
The following figure shows 2 X.
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dem\ demfl .

Yl((07-m)<qm) x {0}

OTX i \ Xatom—1) <gmy % 0,1] = ‘
( d-m \ Xd 1)<qm) % [0 1] }cyl(lﬁg—m)

@ X\ Xaems D

Figure 8

REMARK 3.24. Note that we have the equality cyl(¢q_, ) = 7 (0T Xa—m \
demfl)-

With the above definitions we have the following chains of inclusions
X! DX D Xg-m D ... D Xo,

X/ DIPX D X4 m D ... D Xo,

where X is embedded in X/, via the section ayy,.
An immediate consequence of our construction is

LEMMA 3.25. The pairs (X),, Xa—m) and (I2, X, X4—m) have a conical struc-
ture with respect to the stratified subspace Xg—m—1 D ... D Xo, given by the fol-
lowing open neighbourhoods of Xg—r\ Xd—r—1: 77;11 (TX4—r) is a neighbourhood
in X!\ Xa—r—1 and 7, (T X4_,) N IP, X is a neighbourhood in I2, X \ Xgq_,_1.

THE INDUCTIVE STEP.

At this point we are ready to set up the inductive step of the construction of
intersection spaces. The inductive step is different in nature to the initial step
in the following sense. The necessary condition to be able to carry out the initial
step is that a link fibration admits a fibrewise rational g-homology truncation.
In the inductive step, this condition is replaced by the condition that a fibration
of link pairs admits a fibrewise rational g-homology truncation. The smaller
space in the pair is constructed by iterated modifications of X4 o = Xg_m,.
Define

I%(deg) = Xd,Q.

We assume by induction that, for £ > m, we have constructed
(i) a space X}, and a projection
Tk - X]; — X

which is a homotopy equivalence with contractible fibres, together with
a section «ay, providing a closed inclusion of X into Xj..
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(i) subspaces IF(X4-2) C IFX C X} such that, embedding X into X} via
ag, we have the topological pseudomanifold

XoCXiC...CXgp—1
embedded into If(X4-2),

(ili) the pairs (X[, IFX), (I7X,IF(X4-2)) have respective conical structures
with respect to the stratified subspace described in the previous point.
The open neighbourhoods of X4_,\ Xg—r_1 appearing in these structures
are mp (T Xg—r) in X\ Xg—k—1 and 7y (T Xa—r) NIEX in IPX\ Xg—p—1
respectively.

If Xg -1\ Xa—r—2 is empty we define X; | := X}, mpq1 := 7, apy1 = o,
I X = X, and I} | (Xa—2) := I(X4-2). It is clear that the required
conditions are satisfied. ) )

If Xg—r—1\ Xa—r—2 is not empty, since the pair (I} X, I} (Xq—2)) has a conical
structure with respect to the stratified subspace

XoCXiC...CXg k-1,
we have a locally trivial fibration of pairs
0d—k—1: Omp (T Xa—p-1) \ Xa-p—2) N (IFX, [} (Xa-2)) = Xa-p-1\ Xa—k-2.

If the fibration does not admit a fibrewise rational g(k+1)-homology truncation,
then the intersection space construction cannot be completed with the previous
choices.

Otherwise we choose a fibrewise rational g(k + 1)-homology truncation com-
patible with the conical structure (see Proposition 3.20)

(Om (T Xamp—1) \ Xa—r—2) N (IEX, I (Xa-2)) <q(k+1)

(08 k1) <athtn)

A Xa—t—1\ Xa—r—2

ol
%

(Ome (T Xg--1) \ Xa-k-2) N (IFX, I} (X4-2))

We construct now a homotopy equivalence w41 : X, 41 — X with contractible

X, 17 (Xg_2)) = Xj,, as follows.

fibres and a pair of subspaces (I¥ ft1

k+1
Let
(0a—k—2)<qths1) : W09 _j—1)<qhsn) = Xa—r—1\ Xa_p—2
be the fibrewise cone of the fibration of pairs (O—gfkfl)ﬁt?(k-i-l) over Xg—k—1 \
X4—k—2. Recall that, according with Definition 3.3, cyl((og_k_l)gq(kﬂ)) is a
pair of spaces.

DOCUMENTA MATHEMATICA 25 (2020) 1653-1725



1678 M. AGUSTIN VICENTE, J. FERNANDEZ DE BOBADILLA

By property (2) of Definition 3.5 there exists a morphism of pairs of fibre
bundles of pairs

Ga—k—1: Y09 p_1)<qtrern) = (1 (T Xa--1)\ Xa—p—2) NIF X, I} (Xa-2))

over the base X4—r—1 \ X4—k—2 which preserves the vertex sections.
Let

Oa—r—1 = yl((09_r—1)<atk1) = Xi \ Xa—k—2

be the composition of the fibre bundle morphism ¢4_r—1 with the natural
inclusion

(m, (T Xa-k—1) \ Xa—k—2) N (ILX, I} (Xa-2)) = Xj \ Xa—p—2.

Let cyl(64-k—1) be the mapping cylinder of 64_r_1. It is by definition
the union of the pair cyl((09_,_1)<qm+1)) % [0,1] with the pair (X} \
Xi—k—2,Im(pg_r—1)2) with the usual equivalence relation (where (dg—x—1)2
denotes the second component of the fibre bundle of pairs ¢g_r—1).

Denote by

Sd—k—1 ' Xd—k—1 \ Xda—k—2 — Cyl((Ugfkfl)gq(kH))

the vertex section. We define Zj1 to be the pair of spaces which results of
quotienting cyl(64—x—1) by the equivalence relation which identifies, for any
x € Xg—k-1\ Xd—k—2, the subspace sq_r_1(z) x [0,1] to a point.

We denote the spaces forming the pair Zy11 by Zi1 = (2,1, Z7,1). We have
a natural projection map pry1 : Z,iﬂ — X} \ Xq—r—2 which is a homotopy
equivalence whose fibres are contractible, and has a natural section denoted by
Br+1- The composition

1
Tht1 1= k| X\ Xy © Pht1 * L = X \ Xa—k—2

is a homotopy equivalence with contractible fibres, and has a section aj41 =
Br+1 0 ar|x\x,_,_, providing a closed inclusion of X \ X4_p_o into Z} ;.
Define X,’H_1 as the set Z,%_H U Xg—xk—2. The projection maps pg4+1 and mg41
extends to projections
pre1 s Xppy — X, (3)
Tt Xy — X (4)

Consider the topology in Xj_, spanned by the all the open subsets of Zj 1
and the collection of subsets of the form w,:_il(U ) for any open subset U of X.
With this topology the projections are also homotopy equivalences whose fibres
are contractible, and such that the natural sections ;41 and a1 extend to
them as closed inclusions.

Define the step k+ 1 intersection space pair to be the pair of subspaces of X}
given by

(1

k+1X’ I£+1(Xd—2)) = C?/l((agfkq)ﬁq(kﬂ)) x {0}U
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Ueyl($q_1—1) U (IFX, IF (Xa—2)) \ my (T Xa—r—1),
with the restricted topology.

REMARK 3.26. Note that we have the equality cyl(¢9_,_,) = ﬁ,:_il((?TXd,k,l\
Xa—k—2).

With the definitions above, and using that the homology truncation is compat-
ible with the conical structure, it is easy to check that conditions (i)-(iii) are
satisfied replacing k by k + 1 and the induction step is complete.

DEFINITION 3.27. Given a topological pseudomanifold X4 O ... D Xo such that
the pair (X4, Xa—2) has a conical structure with respect to the stratification (see
Definition 3.21 and Remark 3.14), we say that it has an intersection space pair
if there exist successive choices of suitable fibrewise homology truncations so
that the construction above can be carried up to k = d. In that case the pair

(IPX, IP(X4-2)) = (I} X, I} (X4-2))
is called an intersection space pair associated with the stratification.

REMARK 3.28. Note that IPX and IP(X4_2) are not the intersection spaces of
X and X4_o respectively. Moreover, the absolute cohomology of these spaces is
never to be considered, only the relative homology of the pair is relevant for the
paper.

DEFINITION 3.29. We denote X' := X/. The homotopy model of X is the
homotopy equivalence wg which we denote m : X' — X. The section ag is
denoted by o : X — X' and provides a closed inclusion of X into X'.

REMARK 3.30. If the intersection space pair exists it does not have to be unique
up to homotopy. The different choices of fibrewise homology truncations may
yield different choices of intersection spaces. The construction of intersection
spaces follows the scheme of obstruction theory in algebraic topology: previous
choices of fibrewise homology truncation may affect the possibility of finishing
the construction in the subsequent steps.

3.3 INTERSECTION SPACE PAIRS FOR PSEUDOMANIFOLDS HAVING TRIVIAL
CONICAL STRUCTURES

Let X be a topological pseudomanifold with a trivial conical structure (see
Definition 3.13). Fix a compatible system of trivializations (see Definitions 3.11
and 3.12). We carry out the inductive construction of the intersection space
pair as above, but we add the following property to the properties (i)-(iii) which
are checked along the induction:

(iv) the conical structures of the pairs (X}, IFX), (IFX, I} (X4—2)) with re-
spect to
XoCX1C...CXg_k-1

are trivial, and a compatible system of trivializations is inherited from
the inductive construction.
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At the initial step of the construction we have a topological pseudomanifold
XD>OXg-mD...DXp

with a trivial conical structure and a compatible set of trivializations (as before
the codimension of the first non-open stratum is m).
The compatible system of trivializations gives us a fixed trivialization of the
fibration

08 OTXa—m \ Xa-m—1 = Xa—m \ Xd-m-1.

Choose a rational §(m)-homology truncation of the fibre. This is always possi-
ble and elementary. Now, using the trivialization, the rational g(m)-homology
truncation of the fibre propagates to a fibrewise g(m)-homology truncation of
the fibration above. This is the truncation chosen at the initial step.

Now, using the compatibility of our system of trivializations, it is easy to show
that the pairs (X, I2, X), (IF, X, I? (X4_5)) satisfy the required properties (i)-
(iv). The compatible systems of trivializations required in property (iv) are
inherited, by construction, by the compatible system of trivializations used at
the beginning.

The inductive step of the construction is carried out in the same way: the fixed
trivializations propagate to rational homology truncations of the corresponding
fibrations of pairs of links.

We have proven:

THEOREM 3.31. If X is a topological pseudomanifold with a trivial conical
structure (see Definition 3.13,) then there exists an intersection space pair as-
sociated with it for every perversity.

COROLLARY 3.32. Let X be a toric variety, endowed with an stratification such
that each stratum is an orbit by the torus action. Then, X has an intersection
space pair for every perversity.

Proof. The proof can be derived easily using the torus action to construct a
compatible system of trivializations. A fully detailed proof is lengthy, and
will appear in a forthcoming paper of T. Essig and the second author, where

Poincaré Duality for intersection spaces associated with toric varieties is proved.
O

4 A SEQUENCE OF INTERSECTION SPACE PAIRS

Our aim is to associate with any choice of intersection space pair, a constructible
complex on the original topological pseudomanifold X, whose hypercohomology
coincides with the hypercohomology of the intersection space I’ X. In order to
do so, we define an increasing sequence of modified intersection space pairs, all
of them included in the homotopy model X’. We provide precise definitions of
the sequence, but leave much of the straightforward checking to the reader.
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4.1 SYSTEMS OF NEIGHBORHOODS
Given a topological pseudomanifold
X:XdDXd72D..-DXODX71:®,

such that the pair (X, X4_2) has a conical structure with respect to the strat-
ification
Xg—2D..D0XoD X1 =0

(see Remark 3.14), we denote the relevant neighbourhoods by T X4, for r
varying.

Property (2) of Definition 3.5 states that the fibration o4_, is the fibrewise
cone of the fibration og_r over the base X4_, \ Xq—,—1. This means precisely
that TX4—, \ X4—r—1 is equal to the product

aTXd—T \ Xd—r—l X [Oa 1];

modulo the equivalence relation which identifies (x,1) and (y,1) if ¢9_, ()
equals 09 (y).

For any r € 2,...,d and any n € N we define the open neighborhood T"X4_,
to be the quotient of

T X g\ Xagoro1 x (1—1/(n+1),1]

under the same equivalence relation.

The open subsets T X4, for n varying, form a system of tubular neighbor-
hoods of X4—» \ Xgq—r—1 in X \ X4_,_1, whose intersection is the stratum
Xi—r \ Xd—r—1. Moreover, for any fixed n the collection of neighborhoods
T"X4_r, for r varying, give a conical structure to (X, Xy4_2) with respect to
the topological pseudomanifold X495 D ... D Xp.

4.2 'THE SEQUENCE OF INTERSECTION SPACE PAIRS

Suppose that there exists successive choices of suitable fibrewise homology trun-
cations so that the construction of intersection space pairs described in the
previous section can be carried up to k = d. Fix such a choice.

Fix n € N. Following the inductive construction of the previous section we
produce a sequence of pairs

(P X I (Xa-2))

for k = 2,...,r as follows.
Let m be the minimum such that Xg—., \ Xg—m—1 # 0. Define

K (X) =m0 (TXamm \ T" Xa-m) C X,

INMN(X) = I7,(X) U K, (X),
Cr(Xa—2) =0,

1P (X yga) = I (Xyqo2) = Xq_o.

DOCUMENTA MATHEMATICA 25 (2020) 1653-1725



1682 M. AGUSTIN VICENTE, J. FERNANDEZ DE BOBADILLA

REMARK 4.1. Note that 7, (T Xag—m \ T"Xa—m) \ Xa—m—1) = cyl(qbg_m) X
[0,1—1/(n+1)] (see Remark 3.24).

The following figure shows the previous modification in Figure 8. K (X) is
the union of blue set and brown set.

Xa-m\ Xg-m-1 =
eyl ((04-m)<qim)) % {0}
TXg-m \T" Xg-m .

T TX o \ T" Xa) \ TX i \ T X,

Figure 9

The following figure shows T'X4_,, \ T"X4—m in more dimensions than in the
previous figure. K7 (X) is the preimage of the blue set by the morphism .

Xd-m—-1 ®

Xd—m \ Xd—m—l

TXaem \T"Xo-m [

Figure 10

Assume that KJ(X),Cp(Xg—2), IP™(X) and I (X4—2) have been defined.
Recall that pg41 is the projection defined in Equation (3). Define

Ki o (X) o= pty (X N (T X g o) \ 7 (T X g rog1)))U
UK (X)\ 7 (T Xa—e41))))
IPNX =10 X UK} (X),

Cior(Xa—2) == p 1 (I (Xa—2) N7 " (T X g o) \ 7 (T Xa— (e41)))U
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U(CE (Xa—2) \ 1y " (T" Xa—k41)))
Ilff1(Xd—2) = I£+1(Xd—2) U Cryr(Xa—2).
The following figure illustrates the second induction step. Recall that the codi-
mension of the biggest non-open stratum is m. The figure shows (T X4_., \
T"Xg—m) \ T"Xg—m—1 in blue and green and (TXi—m-1 \ T"Xd—m-1) \
(TXq-m \T"Xq—m) in yellow. K, (X) is the union of

e the preimage of the blue and green set by 7,41

e the preimage of the yellow set by 7,41 intersected with the preimage of
I8 X by pms1

Cl 4 1(Xa—2) is the union of
e the preimage of the blue and green set by 7,41

e the preimage of the yellow set by m,,+1 intersected with the preimage of
1P, (Xa-2) by pm+1

Xd—m—l ®
Xd—m \ Xd—m—l

(TX4—m\T" Xg-m)\TXg-m—1 .

F X (TX = \T" X gem) N T X g1
_/ \ (TXt 1 \ T" Xt 1)\ (TX e \T" X )

(TXa-ma \T" X g1 ) VT Xy \T" X)) .

Figure 11

Iterate the construction until £ = d and define
(Iﬁ’an Iﬁ’n(Xd—Q)) = (Ig,an Ig,n(Xd—Q))a

which is a pair of subsets of X”’.
Since the closed subsets K}'(X),C}(Xq—2) are increasingly larger when n in-
creases we have constructed a sequence of pairs of closed subsets

(IPX,I°(X4_2)) C ... C (IP"X, IP™(Xy4_5)) C (IP"T1X, IP"TH (X, 5)) C ...
An easy inspection on the construction shows:

PROPOSITION 4.2. The previous construction has the following properties.
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The inclusions IP"X C IP"X and IP"(X4-2) C IP"TH(X4-2) are
strong deformation retracts for any n € N. If we denote the inclusions
by vy, , o P (Xa—2) = IPX, % 2 IPPX P X and i, ,
IP"(X4-2) — IP"Y (X4 2) and the retractions by r% : IP"TIX —
"X and v, o 1PN (Xg9) = IP™(Xg_2), we have commutative
diagrams

TP (X o) —L s [P X (5)

n -1 n n
"Xq_2 (\szdz ' \D TXx
+1

1P+ (X ) Y

We have the equality IP"™(X4—2) = IP" (X 4_o) N IP"(X).

For any x € X\ X4—_o, there exists a small contractible neighbourhood U,

of ¥ in X and a natural number ng such that, for every n > ng, 71 (U,)
is contained in IP"X and 7= Y(U,) N IP™"(X4q_2) = 0, where 7 is the
homotopy equivalence from the homotopy model (see 3.29).

For any x € Xg—r \ Xq—r—_1, there exists a small contractible neighbour-
hood U, of x in X and a natural number ng such that, for any n > nyg,
the diagram (5) restricts to the diagram

IPM(Xg_0) N~ (Uy) —L—= IP"X N7 (U,) (6)

n -n
T 3 iy n
Xd2/<l Xd—2 1Xl>7"x
n+1

1PN ( Xy o) N~ Y(U,) L PP X A= Y(U,)

and we have the equalities % (IP" 1 (Xq_o)Nm = (Uy)) = IP™(Xq—2)N
71 (U,) and r%(IP" (X)) Na=Y(U,)) = IP"(X) Nm Y (Uy).

Then, the inclusions
a7 U,) NIP"X — 7= (U,) N 1P X,

7N U) N IP™(X o) <= 1 (U,) N TP (X, o)

are strong deformation retracts.

Proof. (Sketch) For any r, we have an equality

(TXd,T \ TnXd,T) \ derfl = aTXd,T \ derfl X [0, 1-— 1/(TL + 1)]

So, there are canonical retractions TXg ,» \ T" ™' Xy — TXg_r \ T"Xg_-
These retractions induce retractions K" ™1(X) — K?*(X) and C*(X4_2) —
Cr'(X4—2) which produce the morphisms 7% and 'y, , respectively.
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Let € X \ X4_2. A small ball U, around of = verifies property (3) if there
exists a natural number ng such that U, does not intersect T"° X,_, for any
r. Moreover, this number ng exists if and only if U, N Xy4_o is empty.

Let © € X4 \ Xgq—r—1. A small neighbourhood of z, U,, verifying property
(4) can be constructed as follows: let V,, be a ball around z in the stratum
Xd—r \ Xd—r—1. Take V, small enough so that there exists a natural number ng
such that V. does not intersect 77 Xy4_ for any k > r. Consider the retraction
04—r appearing in Definition 3.5, (1). Define

U, := ad__lr(Vm) NT™ 11X, .

The following figure shows U, where z € Xy, \ X4—m—1 in Figure 11.

Xd—m—l L J

Xa-m \ Xd=m-1

(TXa—m \T™ X g )\T X g1 .
e X TR \ T X )\ (T \ T X 1)
— N Sy T\ T X )N i)
o)

Figure 12

O

DEFINITION 4.3. Let x be any point of X. If v € X \ X4—2, a principal
neighbourhood of x is a small neighbourhood which verifies Property (3) of
Proposition 4.2. If x € X4_9, a principal neighbourhood of x is a small
neighbourhood which verifies Property (4) of Proposition 4.2.

DEFINITION 4.4. Letx € X\ X4—r—1. A carved principal neighbourhood of
x is an open subset U equal to Uz \ Xq_, where Uy, is a principal neighbourhood

of x.
Analogously to Property (4) of Proposition 4.2, we have

PROPOSITION 4.5. If UZ is a carved principal neighbourhood of x € Xg_, \
Xi—r—1, there exists ng € N such that, for every n > ng, the diagram (5)
restricts to the diagram

IP(Xg_0) N Y (UF) —L= [P X A=Y (UF) . (7)

x
n n n n
Txd2/(llxd2 IX\D\TX
n+1

TP+ (X o) N~ Y (UF) L= P+ X 0 =L (U)
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For the next propositions recall that o9 is the fibration of Definition 3.5, (2).

PROPOSITION 4.6. If U, is a principal neighbourhood of x € Xgq—p \ Xa—r—1
for any r > 0 and n € N big enough, the cohomology group

HY(IP"X Nr Y (U,), IP"X4_o N1 Y (U,); Q)
is 0 if i < q(r) and isomorphic to the i-th cohomology group of the pair
(03_.)"Mx) C (7, X, 17 (Xa—2)) if i > q(r).

Proof. Sketch of the proof. The pair (IP"X N7~ Y(U,), IP"Xq_o N7~ Y(U,)) is
homotopy equivalent to the pair (IPX Mo, (V,), [P Xq—2 N oy (Vi) where
V. is a small ball around z in the stratum Xy, \ X4_,_;. With the notation
of section 3, this space is equal to

yl(((0F_) <atr) 02 )1 (va)) X {0} U eyl ((95_,) 107 y-1(vi))V

U (o) M (Ve ) N (I7_1 X, 17y (Xa2))),
which has the cohomology type of 7= ((¢§_,) (Vi) N (IP_, X, IP_, (X 4—2))

, _ yir—1
7 (09 )" x)) N (IP_1 X, 1P | (X4-2)) except for the first ¢(r) cohomol-
ogy groups which vanish by putting in Cyl((("g—r)sa(whwg, »-1(va)) X {0} U
Yl (DG 107 y-1(v))- O

PROPOSITION 4.7. If U} is a carved principal neighbourhood of © € Xg_, \
Xg—r—1 for any r > 0 and n € N big enough, the cohomology group
HY(IP"X N7~ Y (U2), IP" Xq_o N7 1 (U2); Q)

x

is isomorphic to the i-th cohomology group of the pair (0§ )" Y(z) C

(IP_ X, I?_|(Xa-2)) for every i € Z.

5 SHEAFIFICATION

5.1 SHEAF OF CUBICAL SINGULAR COCHAINS

In this section, every topological space is hereditaly paracompact and locally
contractible. In particular, the topological pseudomanifold and the intersection
spaces of the previous section verify these properties.

In order to produce constructible complexes whose hypercohomology computes
the cohomology of intersection space pairs we use sheaves of singular cohomol-
ogy cochains. For technical reasons cubical cochains, as developed by Massey
in [17, Chapters 7 and 12|, adapt best to our construction. Here we sketch
very briefly the main points we need; the reader should check [17] for complete
definitions and proofs.

We denote by (Ce(X,Q),d) the complex of cubical chains of a space X. The
group C;(X,Q) is defined to be the quotient

Cz(XaQ) = Ql(XaQ)/Dl(XaQ)a
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where Q;(X,Q) is the vector space spanned by maps from the i-cube to X
and D; (X, Q) is the subspace of degenerate maps (maps which are constant in
one direction of the cube). The differential 0 is defined in the usual way. The
functor given by the homology of the complex (C4 (s, Q), 9) defines a homology
theory with coefficients in Q.

Let (C*(X,Q), ) be the complex of cubical cochains of X. It is by definition the
dual of (Ce(X,Q), ), and hence C*(X, Q) is the subspace of Hom(Q;(X,Q),Q)
formed by elements vanishing at D;(X, Q). The functor given by the cohomol-
ogy of the complex (C*(.,Q),d) defines a cohomology theory with coefficients
in Q.

Let f: X — Y be a continuous map. We denote by

f#i : Ci(Xa @) — Cl(YaQ)a
f#i.CY(Y,Q) = CY(X,Q)

the associated transformations of complexes of cubical chains and cochains.
They form morphisms of complexes

f# : (Co(XaQ)aa) — (CO(YaQ)aa)a

f#:(C*(Y,Q),6) = (C*(X,Q),9).
Let f,g : X — X two continuous maps. If f and g are homotopic, then fxu
and gx are homotopic morphisms of complexes, and the same happens for f #

and g#. We need for later use an explicit form of a homotopy of complexes
between f# and ¢g#. Let

p: Cz(X,Q) — Cz'Jrl(I X Xa@)

be the morphism such that, if o; is a singular i-cube in X, p(c;) = Id; X o;
(the homomorphism p takes degenerate cubical chains to degenerate cubical
chains). Let H : I x X — Y be a homotopy between f and g, that is, Hy = f
and H; = ¢g. A homotopy between the morphism of complexes fu and g4 is
given by Hx o p. The dual morphism of Hy o p is an homotopy between f#*
and g#.

LEMMA 5.1. Let h: Z — X be a continuous map. If (Hy)|mm(n) is independent
of t € I, then for every o; € Qi(Z,Q), Hy o po hy(o;) is degenerate.

Now we produce a sheafification of cubical cochains. This is an adaptation of
the sheafification of singular chains appearing in [20].

DEFINITION 5.2. For every i € Z>q, let C* be the presheaf of vector spaces
U~ CYU,Q)

where the restriction morphisms are the obvious ones.
The sheaf of cubical singular i-cochains C is defined to be the sheafification
of C*.
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For every i € Z>o, let C%(X) be the vector subspace of C*(X) given by the set
of cochains " € C*(X) such that there exists an open covering {U;};jes of X
such that E‘in =0 for every j € J. As in [20] one shows that the sheafification
is defined by

Cx(U) = C*(U)/C(U).

At the level of sheaves we have functoriality as well. Let f : X — Y be a
continuous map. Then, f induces a morphism of complexes of sheaves on Y

7.0y — f.C%.

As one expects, if X is contractible then

e ={ 3 4 13!

This implies that the complex of sheaves C% is a resolution of the constant
sheaf Qx.

Moreover, for every i € Zxq, the sheaf C? is flabby. Indeed, it is enough to prove
the restriction morphisms of the presheaf, C*(X,Q) — C*(U,Q), are surjective
for every open subset U C X. Given & € C'(U,Q), let £x € CH(X, Q) be the
linear morphism C;(X, Q) — Q such that, for every singular i-cube o in X, we

have
[ &(o) if Im(o)CU
tx(o) = { 0 if Im(o)¢ U
Then, (gX)\U =¢.

COROLLARY 5.3. For every i € Zx, the i-th cohomology group H'(X,Q) is
isomorphic to i-th group of cohomology of the complex C%(X).

5.2 THE INTERSECTION SPACE CONSTRUCTIBLE COMPLEX
Let X be a topological pseudomanifold with stratification:
X=X42X42D2..2X0D2X_1=0

and a conical structure given by the stratification such that there exists a set
of choices so that the inductive construction of the intersection space of X is
not obstructed. Let X’ be the homotopy model of X and 7 : X’ — X the
homotopy equivalence. Let (IP>" X, IP™(X4_5)) with n € N be the associated
sequence of intersection space pairs and

G P X o X
pt 1P (Xgog) = X!

the canonical inclusions.
In order to lighten the formulas appearing in this section we denote by CYy *
and C}’d; the complex of sheaves of cubical singular cochains in I?>"X and

IP-"(Xy4_5) respectively.
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PROPOSITION 5.4. For every n € N, there exists a commutative diagram

n1#
nt1pon+1,e0 vV +1pn+1,e
JETCTT T Cx, (®)

nF# nH
‘/ZX \LleZ

.n M, e v nomn, e
j* CX M* CXd72

where all the morphisms are surjective.

Proof. For every open subset U C X', the inclusions of Diagram (5) restrict to
a diagram

v

IP"(Xq_o) N U PnX U

;T
l o “‘l

_ pntl _
P (X o) NU L= [P+l N U

So, we have the following diagram between the cubical cochain groups:

CiIP™1X N U, Q) —L CIIP™ (X, _5) N U, Q)

n# nH
lzx llez

CiIP"X N U, Q) — L5 CH(IP™(Xy_5) N U, Q)

The morphisms of this diagram induce the morphisms of the proposition.
Moreover, these morphisms are surjective since every inclusion of topological

spaces induces a surjection between the corresponding cubical cochain groups.
O

Denote by K™* the kernel of "#. There is a canonical morphism
Z-n# :K:nJrl,o s e

REMARK 5.5. For every i € Z>o and every n € N, the i-th rational cohomology
group of the pair (IP" X, IP"(Xy4_5)) is isomorphic to i-th cohomology group
of the complex K™*.

DEFINITION 5.6. Given a pair of natural numbers nq < na, we will define
qMone = gm# o o2l fn2e Ly jonase

Then, the complexes of sheaves {K™ *},cn and the morphisms ¢"*"2 form an
inverse system and we can consider the inverse limit

1'£1 ICTL, .7
neN

which is a complex of sheaves.
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LEMMA 5.7. (7 ]'&nneN K™®)x\x,_, 18 quasi-isomorphic to Qx\x,_,-

Proof. Let x € X \ X4—2. We have the following equalities:

(M m ™), = lim m(imK™*)(U) = lim (lm K™ *)(xH(U)) =
neN zcUopen neN xcUopen neN
— liy (K ().
zeUopen neN

Let U, be a principal neighbourhood of x (see definition 4.3). There exists
ng € N such that, for every open subset U C U, and for every n > ng, we have

N U)NIP"X = 77 1(U)

and )

7 HU) N IP™ (X g-2)
Consequently, K™ *(7=1(U)) = j2Cy°* (=1 (U)) = C% (71 (U)) where Cx- is
the sheaf of singular i-cochains in X’.
Moreover, for every n > mng, i"* = i}# = Idcs,(x-1v))- So,
lim _ (K™ (x=1(U))) = C (r= 1 (U)).
Thus, we have shown that (. ]'glneN
mTeQr-1(x\x,_,), and the later sheaf is quasi-isomorphic to Qx\x,_, since
7T|,T—1(X\Xd72) is a homotopy equivalence.

I
=

K™*)x\x,_, is quasi-isomorphic to

We study now the cohomology of the complex 7, ]'glneN K™ ® over each of the
deeper strata of X and over the global sections. With this purpose, we study
the cohomology of 7, @neN K™* in the principal and the carved principal
neighbourhoods (see definitions 4.3 and 4.4) and in the total space.

PROPOSITION 5.8. Let U be equal to X or a principal neighbourhood or a carved
principal neighbourhood of some x € Xq_ \ Xq_(x41). Then,

H (lim (K™ *(x= (U))) 2 lim H' (K™ *(~1(U)).
neN neN

Now, we need some preliminary work in order to prove Proposition 5.8.

LEMMA 5.9. Let U be equal to X or a principal neighbourhood or a carved
principal neighbourhood of some v € Xq_1 \ Xq_(r+1).- Then, there eists
ng € N such that if n > ng, there exists a morphism

rift K (a N (U) = KM (N (U)

such that i"# (r~1(U)) OTZ# = Idin. e (z—1(v)) and 7’;}# 0i"#(r=1(U)) is homo-
topic to the identity.

Moreover, there exists a homotopy hy; between rg# o " (n~1(U)) and
Tdjcn+1, o (x—L(U)) such that ’L'"#(Tr_l(U)) ohf; =0.
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Proof. Let U be a principal neighbourhood and let ny be the natural number
of Proposition 4.2 (4). For every n > ng, the diagram (6) induces a diagram

. n o/ _ yT# n n+l,e, _
JHICRT (@ U) (T (U)

n# | | n# n# n#
Tx (lzx lxdzl)\Tde

JrC *(nm 1 (U)) ——— piCx, ,(r =1 (U))

where i?gffz O T;?Zi2 = Id#gC;?dLZ (m=1(U))> Z}# o 7’}# = Idj:}C;"(ﬂ'*l(U)) and

r}fq o ian,g and T?(# o i”X# are homotopic to the identity.

Then, we obtain a canonical morphism
rif K (a N (U) = KM (T (U)

such that i"# (7= (U)) or(# = Idicn. o (r-1(y) and 177 0i"# (7 =1(U)) is homo-
topic to the identity.
Consider the diagram (6) of Proposition 4.2 (4). There exist homotopies

HY 7o Y U)NIP" X x [ — o~ Y (U)n PP X
between i o 7y and Id;-1()nre.nt+1x and
Hy, o ' (U)NIP" T (Xgop) x I — 7' (U) N IP" T (X g-2)

between iy ory  and Id;-vu)nremti(x,_,). Moreover, we can suppose
that, for every ¢ € I, the restrictions of Hy, and HY _, to a Y U)n P X
and 771 (U) N IP"(X4_2) are the identity respectively.
Following the procedure explained in Section 5.1 the mapping H% induces a
n+# n#
X

homotopy between iy" o ry" and Idjlz,+1c;(+l,a(ﬂ_,1(U)). Moreover, applying

-1

Lemma 5.1 we have that ZX# o h% is equal to 0.
Similarly the mapping HY  , induce a homotopy h’y,  between i}f% o r;?z;
and

n#

Iduiwrlc;:i,; (r—1(uy) Such that i3" oh% is equal to 0.

So, there exists a homotopy hl; between i"# (71 (U))or’[}# and Idin+1, e (z-1 (1))
such that i"# (7=1(U)) o b}, = 0.

If U is equal to X or a carved principal neighbourhood we can apply the same
method using the diagram (5) of Proposition 4.2 or the diagram of Proposi-
tion 4.5, respectively. O

REMARK 5.10. The diagram (5) of Proposition 4.2 is valid for every n € N.
So, in the previous lemma, we can take ng =0 if U is the total space.

REMARK 5.11. Note that the morphisms Tg# do not induce a morphism of
complezes of sheaves since they are not defined for every open subset.

DOCUMENTA MATHEMATICA 25 (2020) 1653-1725



1692 M. AGUSTIN VICENTE, J. FERNANDEZ DE BOBADILLA

DEFINITION 5.12. Given a pair of natural numbers ny < ng such that ng < ny,
we define

ot = 7’8271# 0..0 Tgl# LK (N U)) = K2 (N (U))

REMARK 5.13. For every n > ng, the inclusions =1 (U) N IP"X — 7= 1(U) N
IPHLX and =Y (U)NIP " Xg_o < 7 1 ({U)NIP" T Xy 5 are homotopy equiv-
alences. So, inX#(ﬂfl(U)) and i}fﬁZ(ﬁ’l(U)) are quasi-isomorphisms.
Then,

" (@ H(0)) KM (TN ) = KM (TN ()

s also a quasi-isomorphism and we have an isomorphism
im _ HY(K™ (77 H(U))) —= HI (K™ *h 2 (77 H(U))))

{[&0 ]} nen [541]

NOTATION 5.14. For every open subset V C X', the elements of
Hl(@neN K™ (V) are equivalence classes of elements
{&n}nen € Kef(%aﬂl(‘/)) - LiL?N’C"’i(V)
ne ne

which we are going to denote with [{£!},en].
In addition, given n € N and an element & € Ker(95H1(V)) € K™4(V), we
are going to denote its equivalence class in H' (K™ *(V')) with [£}].

Proof of Proposition 5.8. It is enough to prove that, if U is equal to X or a
principal neighbourhood or a carved principal neighbourhood of z, then the
morphism

Ker(lim, _,, 05! (r (1)) == lim,__, HY (K™ (w1 (1))

{§Z}neN {[Sz]}neN

factorizes into a morphism
(13 n,e( _— 8 : i n.e/ —
Hi(fim, O (7 U)) — fim HOOC (7(0))

which is an isomorphism.

First, we prove a factorices. Let us consider an element {£!},en €
Im(@neNafll(ﬁ_ll(U))). Then, there exists an element {05 '},eny €
Hm (7=*(U)) such that

Lim 9, (71 (U)) ({8 " Jnen) = {&3 b ner-

neN
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So, for every n € N, 9 (7= 1(U))(6571) = &,. Consequently, a({& }nen) =
{[€:]}nen = 0 and we conclude that the morphism factorizes.

Now, we prove that « and, consequently, 5 are surjective.

Because of Remark 5.13, it is enough to prove that, for every ele-

ment ¢ € Ker(9iFL,(71(U)))), there exists an element {& }nen €

Ker(lim _. oy (m=1(U))) such that &, ., = &.
Let us consider
(ot (=) (&) if n<ng+1
& = £ if n=ng+1
rg""’l’"(«f) if n>ng+1

Then, for every pair of natural numbers n; < ng, we have the equality

(@) (w7 (U))(En,) = &,

Hence {& }nen belongs to Hm Kmi(n=1(U)).
Moreover

e we have the vanishing (95,7}, (7=1(U)))(¢) = 0,
e for every pair of natural numbers n; < ns we have the equality
a:zl o in17n2 — ,L'nlﬂlz o 8112

and

)

e if n; > ng, we have the equality

Oh, (x (U)o T = i 0 8, (L (1)),

Consequently (0571(7=1(U)))(€L) = 0 for every n € N, {¢& },en belongs to
Ker(lim _. OiFY(r=1(U))) and « and B are surjective.

Finally, we prove f3 is injective, that is, Ker(a) = Im(lim _. ot (= 1(U))).

Let {€} }nen € Ker(lim _ 95+1)(x~1(U)) such that a({&} }nen) = {[€1]}nen =
0. Then, &, ., € Im(8}, (71 (U))). So, there exists § € Kot =1 (z=1(U))
such that (9}, (7= 1(U)))(6) = &, 41

For every n € N, we define

(it (z=HU)))(6) if n<ng+1
5t = ) if n=ng+1

Tﬁ““’”(é) if n>ng+1

Then, {65 }en € m K=Y (= 1(U)).

Let us denote &, := (9;,(r~"(U)))(d;, ") for every n € N. Then we have
the equality (lim _ 0} (7~ (U))({0; " tnew) = {& }nen and [{€} }nen] = 0 in
Hi(lim, _ K (0 (U).
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So, to prove [ is injective, it is enough to prove the equality [{{;‘l}neN] =
i . i1 n,e(—1

[{& nen] in H'(im _ K™ (7 =1 (U))).

If n < ng+ 1, we have

&, = Oh(r (U)@Y) = O (x U)o (7 (U)))(6)) =

= P U) O (7 U (E) = P U))(€y ) = €

If n =ngp+ 1, we have

ffm-u = 8;0+1(W_1(U))(6) = fm+1-
If n > ng+ 1, we have
= Ou(n T (U))@) = O U)o 0) =

=1 (0 (P U))@)) = 1 T (1) =

= LR (ot (L (1)) (64).

For every n > ng + 1, let Ay be the homotopy defined in Lemma 5.9. A simple
computation shows that, for every n > ng + 1, we have the equality:

n—1
§o—& =00 Y (rp™ o (&) + by (EL)):

k=no+1
Let
1—1 { 0 lf n S no —+ 1
" Dk n0+2(TU o RN (ED) +hEHE) if n>mo+1

Let us prove {e1},en € T&lneN(lC"’ifl(ﬂfl(U))).
Since, for every n > ng + 1, i"#(r=1(U)) o h¥ = 0 and i"# (7~ (U)) o 7“7(}# =
Idin, e(-1(v)), if n1 > ng + 1, we have the equality

nzfl

i U Y (g™ o k(G + i THE)) =
k=no+2
= 3 b e + e
k=no+2

and if n; < ng+ 1, we have

7’7,271

imr (O Y g™ o g (D) + i THE,)) = 0.

k=ng+2
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Then, {€:1},,cn belongs to fm (K™ =1(7x=1(U))) and we have the equality

lim & (7 (U) ({7 nen) = {& bnen — {€ Inen.

neN

Therefore, [{£}nen] equals [{€l }nen] in Hi(]'glneN(lC"*i(ﬂfl(U)))) and we
conclude. O

DEFINITION 5.15. Let us define 1S := m, ]'&nnel\! e,

THEOREM 5.16. The hypercohomology of IS is isomorphic to the cohomology
of the intersection space pair.

Proof. The sheaves K™ are flabby. Let U be any open subset in X’. Every
section in K™ ¢(U), &, is also a section of j7C™*(U). Then, £ is the equivalence
class of a singular cubical i-cochain ¢’ € C*(UNIP" X, Q). We can extend &' by
0 to get a singular cubical i-cochain &f5ny € CH(IP" X, Q), that is, for every
singular i-cube o in I»" X, we have

, _ [ €lo) if Im(o)CU
f[ﬁmX(U) - { 0 if Im(o)Z U

The equivalence class of 7, in the sheaf of singular cubical i-cochains is a
section £x in j7C™ H(X'). Tt is easy to check that x is contained in K™ *(X”)
since it is a extension by 0 of &.

Now, we prove ]glneN K™% is also flabby. Let {&,}nen be a section of
(T&lneN KmH(U) = ]'glneN(lC”’ {(U)). Since K™ (U) is flabby for every natural

n, the sections &, extend by 0 to sections 57)1(/ in K™ 4(X"). It is easy to check
that 4""2 (X7)( ,)f;) is equal to fffll for every pair of natural numbers n; < no.
So, {&X }nen is a global section of fm _ K™

Then, all the sheaves of the complex IS are flabby and, consequently, the
hypercohomology of IS is equal to the cohomology of the global sections of I.S.

By Proposition 5.8, there is an isomorphism

H'(I(X,1S)) = lim H'(T(X',K"*)).
neN

Since the cohomology H*(T'(X’,K™*)) is the cohomology of the intersection
space pair for every n € N, we conclude. O

Now we prove a set of properties of the complex IS, in a similar vein as those
satisfied by intersection cohomology sheaves.

DEFINITION 5.17. Fork =2, ...,d, we define Uy := X\ X4_1 and we denote the
canonical inclusions with iy : Up — Ukq1 and ji : Xa—g \ Xa—k+1) = Uky1-

THEOREM 5.18. The complex of sheaves 1S satisfies the following properties.
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1. ISy, is quasi-isomorphic to Qu,.
2. The cohomology sheaves H'(IS) are 0 if i ¢ {0,1,...,d}
8. For k =2,...,d, the cohomology sheaves H'(ji1S\v,,,) are 0 if i < q(k).

4. Fo_r k=2 ..d, th_e usual morphisms between the cohomology sheaves
H (GeISv,..) — H (Grik ISy, ) are isomorphisms if i > q(k).

Proof. (1) is shown in lemma 5.7

Let ¥ € Xg_ & \ Xq— (k1) for some k € {2,3,...,d}. Given a complex of sheaves
we denote by H* and H* its i¢-th cohomology presheaf and sheaf respectively.
We have the obvious chain of equalities:

Wi fim K™ ), = Hi(m m K™*), = lim 2 (lm K™ *)(x ' (U))) =
neN neN xcUopen neN

=l H(lm(K (0))).
zeUopen neN
Since the principal neighbourhoods form a system of neighborhoods for any

point, we can suppose every open subset U appearing in the previous formula
is a principal neighbourhood of . Then, applying Proposition 5.8 we have

H'(m Jim K™ *), = ling lim H'((K™*(x~'(U))))-
neN U principal neN

neighbourhood of

So, applying proposition 4.6, H* (. l'glneN K™ ®), is 0 if ¢ < g(k) and equal to

H'((0g_,)" ! (2);Q)
if i > q(k).
Hence, we have proven (2) and (3) of the theorem.
Moreover, applying again Proposition 5.8

H' ik Sjv,)a = lim  H(lim m K™ (U Xa-)) =
U principal neN
neighbourhood of

= lim lim H (m K™ *(U \ Xq—
liny lim H' (K™ * (U Xa-1))
U principal neN
neighbourhood of

and, because of Proposition 4.7,
H Gtk 1S, )e = H'((0-,) " (2); Q)
for every i € Z, which concludes the proof. o
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6 AXIOMS OF INTERSECTION SPACE COMPLEXES

From now on, we do not need to assume that our topological pseudomanifold
has a conical structure with respect to the stratification, like in Remark 3.14.
Let X be a topological pseudomanifold with the following stratification:

X=X42X322..0X0D2X 1=0 (9)

Let U := X\Xd_k and let ig : U — Ugq1 and ji @ Xg—k \ Xi—k—1 = Ukt
be the usual inclusions.

Let us denote by D (X) the bounded derived category of cohomologically
constructible sheaves of rational vector spaces on X with the previous strati-
fication. Fix a perversity p and let us consider the following sets of properties
in this category:

1. We say that B® € D? (X) verifies [AX 1], for perversity p if:

(a) B, is quasi-isomorphic to Qu,,
(b) the cohomology sheaf H'(B®) is 0 if i ¢ {0, 1,...,d},
(ck) H'(jiB ) is equal to 0 if i > p(k),

)

(di) the natural morphism H'(j; B,

Uers) = Hi(j;}kik*B"Uk) is an isomor-
phism if ¢ < p(k).

2. Let ¢ be the complementary perversity of p. We say that B* € D?,(X)
verifies [AX S1]; for perversity p if:

(a) B

(b) the cohomology sheaf H!(B®) is 0 if i ¢ {0, 1,...,d},
) H
)

is quasi-isomorphic to Qg,,

(ck) Hi(j;B ) is equal to 0 if i < q(k),

(dy) the natural morphism H*(j;
phism if ¢ > g(k).

By, ) = H'(JrirByy, ) s an isomor-

REMARK 6.1. B® verifies [AX 1]y for k = 2,...,d if and only if B*[d] verifies the

azioms [AX1] of [15, section 3.5], that is, if B®[d] is the intersection cohomology

sheaf of X. So, we will denote an object of D2.(X) verifying [AX 1]y for k =
d by IC,[—d).

DEFINITION 6.2. An intersection space complex of X with perversity p and
stratification (9) is a complex of sheaves verifying [AX S1]y for k= 2,...,d.
We denote by IS5 a complex of sheaves in X with these properties.

REMARK 6.3. If the stratification of X induces a conical structure (see Defi-
nition 3.5) and there exists an intersection space pair of X with perversity p

in the sense of Definition 3.27, then there exists an intersection space complex
of X (see Theorem 5.18).
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In the sequel, we will need equivalent axioms to [AXS1]x. In the following
remark, we review the method of [15, section 3.4] to get equivalent axioms to
[AXl]k and [AXSl]k

REMARK 6.4. Using the long exact sequence of cohomology associated to the
distinguished triangle

1 i s (1]
]kBI.Uk+1 H]kBl.Uki»l %szk*B"Uk —

(ck) and (di) of [AX 1]y are equivalent to (cx) and(d)) where (d}.) is the fol-

lowing property:

H(jiBly,,,) =0 if i <p(k)+1.

[Uk+1
Given € X \ Xg—k—1, let up : {a} = Xg—p \ Xg—r—1 and j, : {z} = X
be the canonical inclusions. Then, following [15] 8.4, page 103, we have
j.B® = u!acjl!cB\.Uk+1 = u;jl!cB\.Uk+1 [k —d].

So, (d},) is equivalent to the following property (dy):

For every x € Xg_ \ Xa—r-1, Hi(j!mBl.Uk+l) =0ifi<pk)+1+d—Fk=
d—q(k)—1.

Now, we apply the same method to properties [AX S1],. Using again the long
exact sequence of cohomology associated to

.l ° ke sk e ° [1]
JkB‘UkJrl _>jkB|Uk+1 %jklk*B‘U;ﬂ —>,

we deduce (d) of [AXS1]y is equivalent to (dlp) and(d2j) where (d1j)
and(d2y,) are the following properties.

(A1) Hi(5, By, ) =0ifi > q(k)+ 1.

[Uk+1

(d2y) The canonical morphism Hq(kHl(j,!cB"UHl) — Hq(k)Jrl(jZBl’UHl) is
the morphism Q.

Moreover, using the property 1.18(15) of [15], these properties are equivalent
to:

(d1},) For every x € Xaq—i\Xa—k—1, Hi(j;B“UkH) =0ifi>qk)+1+d—k =
d—p(k) —1.
(d2}.) For every x € Xq—1 \ Xa—k—1, the canonical morphism
HIHON G B, ) OB, )

(given by property 1.13(15) of [15]) is the morphism 0.

Now, we recall useful definitions to compare the axioms [AX 1] with [AX S1].
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DEFINITION 6.5. Let B® be a complex of sheaves in a topological space X and,
for every x € X, let j, : {x} — X be the canonical inclusion. Then,

e The local support of B® in degree m is

{z € X|H™(j;B%) # 0}

e The local cosupport of B® in degree m is

{z € X|H™(j,B*) # 0}

The properties (cg) of [AX 1]k, (cx) of [AX S]], and (d},), (d1}.), (d2},) of Re-
mark 6.4 can be defined in terms of support and cosupport.

Let us consider a complex stratified variety X. Then, the upper middle per-
versity and the lower middle perversity (see Definition 3.16) are equal over the
codimension of the strata of X.

Let m be the middle perversity. The following table, taken from [11], illustrates
the conditions of support and cosupport for a complex of sheaves ICy,[—d]
verifying [AX 1], with perversity m for k = 2, ..., d.

8|l c| c cl|ec
7 c|c
6 c|c
5 c
4
degree 3 >
2 X | X
1 X | X | X
O X | X | x| x]|Xx
0(1]12]3]|4

complex codimension
of the strata

The symbol ¢ means the complex can have local cosupport at that place, while
the symbol x means the complex can have local support at that place.

The following tables illustrate the conditions of support and cosupport for an
intersection space complex ISy with perversity m.
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8 X X X X 8| ¢
7 X X X X 7 c*
6 X X X X 6 c | c*
5 X X X X 5 c c | c*
4 X X X | x* 4 c c c | c*
degree - degree

3 X X | % 3 c c c c
2 X | x* 2 c c c c
1 x* 1 c c c c
0 x 0 c c c c

0] 1 2 3 4 0 1 2 3 4

complex codimension complex codimension
of the strata of the strata

The symbol ¢ means the complex can have local cosupport at that place, while
the symbol x means the complex can have local support at that place. More-
over, the symbol * means the support and the cosupport must verify a special
condition given by (d27,).

Note that in Us, (ISm)y, = (ICm[—d])y, = Qu,. However, in X4 o, the
place at which IS can have support is exactly the place at which ICy[—d]
cannot have support and the place at which 1.S;7 can have cosupport is exactly
the place at which ICy,[—d] cannot have cosupport.

7 A DERIVED CATEGORY APPROACH TO INTERSECTION SPACE COMPLEXES

In this section, we study necessary and sufficient conditions for the existence
of an intersection space complex of X with a perversity p. Unlike intersection
cohomology sheaves, intersection space complexes are not unique. We study
the space parametrizing the different choices of intersection space complexes
for a fixed perversity.

7.1 HOMOLOGICAL ALGEBRA REVIEW

We need the following lemma, that should be well known, but we give a proof
for convenience of the reader.

LEMMA 7.1. Let
A.

be a distinguished triangle in the category D%.(X).
The following four conditions are equivalent:

1. f admits a retract

2. g admits a section
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3. There is an isomorphism in the derived category v : B® = A®* @ C* such
that f =~y 1ois and g = pc oy whereiy : A®* — A®* ® C*® is the natural
inclusion and pc : A®* ® C* — C* is the natural projection.

4. ¢ s the morphism 0.

Proof. First we prove that (1) implies (3). Let r be a retract of f. Then,
ro f = Idae. So, the morphism induced by f between the cohomology sheaves
Hi(f) : HY(A®) — HY(B®) is injective for every i € Z. Hence, using the long
exact sequence of cohomology

e HH(C0) D i gy 22D gpi gy W qpiomy PO qrivr gy

we deduce H'(¢) = 0 for every i € Z. Consequently, we have short exact
sequences

0 — Hi(A%) X9 g0 pey 9 gpioy 0 (10)

Now, let us consider the morphism
r L[] L[] (]
v = ( p ) :B* > A C

The morphism induced by v between the cohomology sheaves is

o= (160 ) s wa e

which is an isomorphism, since H¥(r) is a retract of H*(f) and (10) is exact.
Moreover, since f o g = 0, we have yo f =i4 and it is clear that pc oy = g.
So, we have proven (1) implies (3).

Now, we prove (2) implies (3). Let s be a section of g and let us consider the
morphism

v =(f,s): A*®C* — B*

In the same way as in the previous implication, we can show that 7’ is a quasi-
isomorphism, and that we have f =+’ 0is and govy' = pc. So, v = (v/)7 ! is
the isomorphism which appears in condition (3).

Moreover, if condition (3) is true, pa : A* @ C* — A® denotes the natural
projection and i¢ : C* — A® @ C*® denotes the natural inclusion, then p4 oy is
a retract of f and y~! oi¢ is a section of g. So, (3) implies (1) and (2).

Now, it is enough to prove (3) < (4). (3) implies that we have the following
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isomorphism between distinguished triangles:

¢
A* ! B g c*
Id 4e l lv lldc.
A pc

So, ¢ is the morphism 0.
Now, suppose ¢ = 0 and let us prove condition (3). By properties of the
triangulated categories, we know
—¢[—1
C*[-1] o[—1] Ao ! e

~_ 4

(1

is a distinguished triangle. So, if ¢ = 0, there is an isomorphism v : B®* =
A® & C* which completes the following isomorphism of triangles

m
0 f

c*[-1] A0 B

Idce [—1]l lIdA. Lv

Col-1] —2 A" — 2 s A g Ce

\p_c/

~ is the isomorphism which appears in condition (3). O

DEFINITION 7.2. The triangle

A B*

1s said to be split if it verifies the conditions of Lemma 7.1.

7.2 CHARACTERIZATION OF EXISTENCE AND STUDY OF UNIQUENESS

Now, we can state the main theorem in this section.
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THEOREM 7.3. The following holds:

1. [Goresky-MacPherson] There exists one object in DP.(X) wverifying
[AX1]g for k =2,...,d. This object is unique up to isomorphism.

2. Suppose there exists an intersection space complex in U,, 1S,._1, that is,
IS,y is an object in D°,(U,) and it verifies [AX S1];, for k =2, ...,r — 1.
Then, there exists an intersection space complex in U,41, 1Sy, such that
(ISy)\u, = 1S,-1 if and only if the distinguished triangle:

qu(r)]r*jrlr*lsrfl L ]r*]rlr*lsrfl — T>zj(r).7r*]rlr*ISr71 l) (11)

is split. Moreover, there is a bijection

intersection space complezxes
IS, € Db (U,41) such / {isomorphism} <— {retracts of f} / ~
that (1Sy)y, = 18,1
(12)
where ~ is the equivalence relation such that A1 ~ Ao if and only if there
exist isomorphisms « : qu(T)jr*j:iT*IST,l — qu(T)jr*j:ir*IST,l and
B ikl Sr—1 = ips IS _1 such that Ao = cvo A1 0 jruJr .

Proof. 1. is proved in [15, section 3], but we give a proof adapted to our needs.
There exists a unique object (up to isomorphism), Qy,, in D%, (Uz) verifying (a)
and (b) of [AX1],. Suppose there exists a unique object (up to isomorphism),
IC;,—1[—d], in Db, (U,) verifying [AX1]; for k = 2,...,7 — 1, and consider the
following composition of natural morphisms:

Pr

——— T
ir*IOﬁr—l [_d] —— jr*j:ir*lcﬁr—l [_d] —— T>ﬁ(r)jr*j:ir*lcﬁr—1 [_d]
Let us define ICp,[—d] := cone(¢,)[—1]. Then, there is a distinguished triangle:

ICy[—=d] = iraICyp1[—d] 25 Topryfradline Cora[—d) B> (13)
Using the long exact sequence of cohomology associated to this triangle we can
prove that IC,[—d] verifies [AX 1] for k =2,...,7.
Now, suppose there exists another object B® in D (U,11) verifying [AX 1]
for k=2,...,7. Then, BI.UT verifies [AX 1]y for k = 2,...,r — 1. So, there exists
an isomorphism Bf; = IC;, -1 [—d].
Let ¢ : B* — 4 ICpr_1[—d] be the composition of the canonical morphism
B* — i..By; and an isomorphism iT*Bl’UT & 4 IC5,-1[—d] and let C* =
cone(yp). Since i*p is an isomorphism, we have the isomorphism :C*® = 0 in
the derived category.
Then, the distinguished triangle

initC* = O = jrujiC® 1
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implies there exists an isomorphism C* £ j,.,.j<C*.
So, we have a distinguished triangle

B. i> jr*j:ir*lcﬁr—l[_n] i> C. = Jr*j:co

where 1 is the morphism following ¢. Applying the functor j,.j; we obtain
the triangle

.k Jredr® . k. Jrsdrh ..

JT*]TB. —_— jr*]:lr*lcﬁr—l[_n] E— jr*J:C.
Using the long exact sequence of cohomology associated to this triangle we
prove H(jr.j:C*) = 0if i < p(r) and H (jrujith) : H (jreiind Cprr[~d]) —
H'(jrsg:C*®) is an isomorphism if ¢ > p(r). Then, we obtain isomorphisms

C* = T>ﬁ(r)jr*j:i7“*[cﬁ7“—1[_d] and B* = Icﬁ [_d]'

Repeating this process finitely we obtain ICp[—d] € Db (X) verifying [AX 1]
for k =2,...,d and it is unique up to isomorphism.

Now, we prove 2. Let IS,._1 be an intersection space complex in U,. We have
to prove that there is a bijective map

intersection space complexes
IS, € Db (U,41)such / {isomorphism} +— {retracts of f} / ~
that (IST)\UT = IST_l

Let X\ be a retract of f and consider the following composition of morphisms:

P

//\

T Sy_1 —a>]r*]rlr*lsr71 —_— qu(r)]r*]rlr*lsrfl

where a is the canonical morphism.

Let us define IS, := cone(py)[—1]. Then, there is a distinguished triangle:
ISy = iradSr1 £ Tegryfradlina  Spoy b (14)

Since (Jr«jrir«ISr—1)ju, equals 0, (IS,)y, is isomorphic to IS, and, using

the long exact sequence associated to the triangle, one proves that 1.5, verifies

[AX ST, for k=2,...,r.

Let X be a different retract of f such that A ~ A’. We have to prove cone(py) =

cone(pxr).

Let o 1 T<gr)JredrirslSr—1 — T<qryJredrirsISr—1 and B @ imdSp—1 —

ir+ISr_1 be isomorphisms such that A’ = a0 X o j,.j*5.

Since we know the equalities ¢ = A oa and py = X oa, we have to prove

the isomorphism cone(\ o a) = cone(a o A o j,.j¥0 o a). Moreover, since « is

an isomorphism, cone(a o Ao j..j* 3 o a) is isomorphic to cone(A o j,.j B o a).

DOCUMENTA MATHEMATICA 25 (2020) 1653-1725



INTERSECTION SPACE CONSTRUCTIBLE COMPLEXES 1705

Now, consider the following diagrams associated to the octahedral axiom of
distinguished triangles.

Aoa

ZT*IST 1%jr*3rlr*lsr 14>T<q(r)jr*.7rlr*lsr 1 (15)

Y/\/

cone(N)
cone(Aoa)
Xojr«j; Boa
2 %]r*]rlr*ls T<q(r)]r*]rlr*ISr 1

\/\/

cone(A o jr.ji B

\/

cone(Ao jrijifoa)

(16)
Let ¢ : cone(AojrjfB8) — cone(A) be an isomorphism completing the following
isomorphism between triangles

)\OJT*\]Tﬁ . .
JrsJmiped Spq ———— T<q(r)JrsJy “ipsd Sp_1 ——— cone(\ o jr.j )

ljr*j:ﬁ lld lqb
D by L
Jredrirsd Sp 1 ————= T<g(r)JraJrirsd Sy_1 —————— cone(N)

Then, if p : cone(a) — cone(a) is an isomorphism completing the triangles
isomorphism

Grsd Sp—1 — jrsfiireSp_1 — cone(a)
lﬁ ljr*a‘:ﬁ lp
Gpsd Sp—1 ——= jrsfiirelSp_1 — cone(a)
the diagram

cone(Ao jrjip) LN cone(a)
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is commutative.
Therefore, there exists an isomorphism cone(A o jr.j¥8 o a) = cone(X o a),
completing the following morphism between triangles

. (1] S
cone(A o jr.ji ) —— cone(a) — cone(A o jrj*f o a)

R |

one(\) ———— cone(a) ——— cone(A o a)

Now, suppose there exists an intersection space complex in U,.41, IS, such that
(IS;)u, = 15,—1. We have to prove that the triangle (11) is split.

Let h : IS, — i,+1S,_1 be the composition of the canonical morphism IS5, —
ir«(1Sy) |, and an isomorphism i,.(1S;) |y, = ir«lSr—1 and let C* := cone(h).
Then, there is a distinguished triangle:

18, io1s. 5 o0 L

Note that i¥h : XIS, — I[S,_; is an isomorphism. So, ¢;C* is isomorphic to 0
in the derived category. Then, the canonical triangle

initC* = O = jrjiC® 1

implies the isomorphism C* = j,.,.j:C*.
Moreover, the long exact sequence of cohomology associated to the triangle

. Sk ]T*]:h’ . S . jT*j:g . % Ye [1]
Jr«Jp IST —— Jr«]y 7/7‘*[57‘—1 —_— jr*]rc —
implies that

Hrug; O { Hijradired Sp1) ifi < q(r)
Applying the functor 7<g(,) to jr«jrg, we obtain the following commutative
diagram:
qu(r)jr*j:ir*lsrfl ngj(r)jr*j:c. (17>
| )
b

jr*j:ir*ISr—l ]r*]:C.

where f and c are the canonical morphisms, a = 7<g(,)Jr«Jy g and b = jr.j;g.
Moreover, a and ¢ are isomorphisms and the composition A = a "t oc tobis
a retract of f. So, the triangle (11) is split by Lemma 7.1.

Let IS! € Db (U,41) be isomorphic to IS,. Then, we have an isomorphism
(IS))u, = 15,1 and IS] is an intersection space complex in U, .
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Let h' : IS] — i,.ISr—1 be the composition of the canonical restriction mor-
phism and an isomorphism i,.(IS))y, = ir«ISr_1, let K* := cone(h’) and
consider the triangle

st 2 1s, £ ke B

Applying the functor 7<) to jr.j'g’, we obtain the following commutative
diagram:

qu(r)jr*j:ir*lsrfl L ngj(r)jr*j:K. (18>

L

jr*j:ir*lsr—l —— jr*J:K.

where h and ¢’ are the canonical morphisms, @’ = T<g(yjr«Jy g and b' = jr.jrg’.
Moreover, a’ and ¢’ are isomorphisms and ) :=a’~toc' "t o’ is a retract of f.
Let a: IS, — IS). be an isomorphism; let h be the composition of the canonical
morphism IS, — 4,4 (IS;)|y, and an isomorphism v : i (1S;)|y, — ir«ISr_1;
let 2/ be the composition of the canonical morphism IS;. — i,.(IS;)y, and an
isomorphism 7' : 4, (IS]) |y, — ir«IS)._;. Finally define 8 := ' o, ifovoy™t.
Then, there is an isomorphism between triangles:

o Greilh, 7 R
JreJr Sy > JraJrired Sr_1 > JrajrC

\L]T*]:O‘ \L]T*]:ﬂ \Lé
. xf

Jredih/ Jredig
JreJi 1S, ——= JraJiirsl Sp_1 ——= jraji K

where «, 8 and § are isomorphisms.
Then, the morphisms of diagrams (17) and (18) have the following relations:

/

a = qu(r)(s oao (qu(r)j,_*j:ﬁ)il

V=00a0 (jmjiB)!
' =8oco(tegmd)™"

and, we obtain A = (T<g(r)jrJi8) " 0 X © jrajiB. So, A is equivalent to A’ by
the equivalence relation ~.

Summarizing, up to now we have defined an injective mappings « from left
hand side to the right hand side of (12), and § in the opposite direction. In
order to conclude it is enough to show that « o 8 equals the identity. This is
a (lengthy) straightforward check which consists in running consecutively the
constructions of both mappings given above. O

REMARK 7.4. There is a unique object in D%.(Us) up to isomorphism verifying
(a) and (b) from [AX S1]k, Qu,.
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7.3 'THE SPACE OF OBSTRUCTIONS TO EXISTENCE AND UNIQUENESS

Now we are going to study the equivalence relation ~, which appears in The-
orem 7.3.

Remember that two retracts A1 and Az of T<g(p)Jrs i irsl Sr—1 i> Jrednired Sr_1
are equivalent by ~ if and only if there exist isomorphisms

Q qu(r)jr*j:ir*lsr—l — ngj(r)jr*j:ir*lsr—l

ﬂ : Z.T*IST,1 — Z.T*IST,1

such that Ay = a0 A 0 jr. k5.
Let B : i 1S,_1 — 17151 be an isomorphism and let A be a retract of f.
Then

qu(r)jr*j:571 : qu(r)jr*j:ir*lsrfl — TS@(T)jT*j:Z.T*ISrfl

is an isomorphism and qu(r)jr*j:ﬂ* o Ao jrxJr B is a retract of f. Moreover,
given another isomorphism « : 7<g(,) JrsJytrelSr—1 = T<g(r)JrsJy ir«ISr—1, the
composition awo Ao j..j% 3 is a retract of f if and only if o Ao jr.jrBo f = Id.
This happens if and only if

(o — Tﬁq(r)jr*j;«kﬂ_l) oXojrjrBof=0.

Since Ao jr«jiBo f is an isomorphism in the derived category we conclude that
o= qu(r)jwjjfﬁ_l. So « is determined by .

In particular, if r is the dimension of the largest non-trivial stratum, we
have U, = Us. Then Aut(iy«[S,_1) is isomorphic to Aut(ir«Qu,). By
adjunction Hom(i,«Qu,,ir+Qu,) is isomorphic to Hom(ifi,«Qu,,Qu,) =
Hom(Qu,,Qu,) = Q. Then the automorphism group Aut(i,«Qu,) can be
identified with Q* acting by multiplication, that is the group of homothetic
transformations.

Moreover, if § € Aut(iy«ISr-—1) is a homothetic transformation then a =
(Ao jrejiB o f)~t is the inverse homothetic transformation. So, if 7 is the
dimension of the largest non-trivial stratum, the equivalence relation ~ is triv-
ial. Consequently, there is a bijective map

{ intersection space complexes

IS, € D¥,(Uy11) } / {isomorphism} «— {retracts of f}

REMARK 7.5. For any r, the triangle (11) induces a exact sequence

o = [T<qryJredrive L Sr—1, T<q()Jredy ired Sr 1 [=1]] =
— [T>(j(7')jr*j:fir*lsrfl7 Tg(j(v')jr*j:ir*lsrfl] i> [jr*j:ir*lsrfla Tgrj('r)jr*j:ir*lsrfl] L

L [qu(r)jr*j:ir*lsr—laqu(r)jr*j:ir*lsr—l] — ...
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Moreover,  the retracts of f are the _elements X contained in

[rsdrire Sr—1, T<qryJrsJrirs1Sr—1] such that f(X\) is the identity. So, the
space {retracts of f} is modulated by the vector space

[T>q(r)jr*j:ir*lsr—1a qu(r)jr*j:iT*IST—l]
The following is an immediate consequence of the previous construction.

COROLLARY 7.6. Suppose there exists an intersection space complex 1S,._1 in
Uy, that is, 1S,_1 is an object in D2.(U,) and it verifies [AXS1]y for k =
2,..,r—1.

e The obstruction to existence of intersection space in the next stratum lives
m
Eztl (T>q(r)jr*j:ir*lsrfla Tglj(r)jr*j:ir*lsrfl) =

= [T>(j(r)jr*j:ir*l‘s’r—1; qu(r)jr*j:ir*lsr—l [1]]

e The space parametrizing isomorphism classes of intersection space com-
plexes on U,y that extend a given 1.5,._1 on U, is a quotient of the space

Hom(7>q(r)jr*j:ir*1‘srfla Tglj(r)jr*j:ir*lsrfl) =

= [T>q(r)jr*j:ir*lsr71; Tﬁlj(r)jr*j:ir*lsrfl]a

by the equivalence relation described above. The equivalence relation is
trivial for the first stratum of positive codimension.

8 A MIXED HODGE MODULE STRUCTURE IN INTERSECTION SPACE COM-
PLEXES OF ALGEBRAIC VARIETIES

THEOREM 8.1. Let X be a complex algebraic variety. Consider a stratification
X=X;D0X42D..0X0D2X_1=0

by algebraic subvarieties, which makes X a topological pseudomanifold. An
intersection space complex on X associated with the stratification above admits
a lifting to the derived category D*MHM (X) of mived Hodge modules on X
if and only if the choices of the retractions can be chosen as morphisms of
mized Hodge modules. In that case, its hypercohomology groups carry a rational
polarizable mired Hodge structure.

Proof. The proof follows the inductive construction of the intersection space
complex considered in the proof of Theorem 7.3. To start with, we notice that
there is a mixed Hodge module @52 on Us such that mt(@ﬁz) = Qu,. In order
to construct 1.5, as an element in the derived category of mixed Hodge modules
we proceed by induction. Assume, by induction, that there is an element 1S
in the derived category of mixed Hodge modules in U, which is transformed
to an intersection space complex 1.5,_1 by rat.
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In order to construct ISH we proceed as follows. Consider the triangle

C L Lk [
T<q(r)Jr=Jr ZT*Isﬁl = JrsJr @r*lsﬁl = T>g(r)JrJr Zr*lsﬁl —
in the derived category of mixed Hodge modules in U,.;; with respect to Saito’s
anomalous t-structure (see [21] Remark 4.6 (2)). Applying the functor rat we
obtain the distinguished triangle
C ks C ks . ks (1]
qu(r)jr*]rlr*lsrfl — ]r*]rlr*lsrfl — T>q(r)jr*]rlr*lsrfl — .
By Lemma 7.1, the triangle splits if and only if the connecting morphism
in the first triangle equals. If this happens we consider a retraction A :
Jragiim ISH | — qu(r)jr*j:iT*ISf_l, which is a morphism in D* M HM (U, 1).
Define IS to be the shifted cone cone(py)[—1], where @) is the composition
of A\ with the canonical morphism a : iMISﬁ_1 — j,«*j;fir*ISf_l we have that
ISH belongs to DPMHM (U,1), and its image under rat coincides with the
intersection space complex IS, obtained from the retraction rat(\). O

The obstructions to existence and uniqueness can be lifted to mixed Hodge
modules:

COROLLARY 8.2. Let X be a complex algebraic variety. Consider an stratifica-
tion

X=X;D0X42D..0X0D2X_1=0
by algebraic subvarieties, which makes X a topological pseudomanifold. Sup-
pose there exists an intersection space complex ISH | in U, which belongs to

DY (MHM (Uyy1)).

e The obstruction to existence of intersection space in the category of Mixed
Hodge modules in the next stratum is an element of

EztbeHM(UT+1) (T>q(r)jr*j:ir*155—17 qu(r)jr*j:ir*fsf{—ﬁ-

e If the obstruction vanishes, the different isomorphism classes of intersec-
tion space complexes in the category of mired Hodge modules on U411
that extend a given ISH2 | on U, are in bijection with the quotient of the
space

Homponram(u,,) (Tsq(rydrediire Sy T< g drad lind S,
modulo the equivalence relation similar to the one appearing in Corol-
lary 7.6.
A simplification of the proof of Theorem 8.1 yields:

THEOREM 8.3. Let X be a complex algebraic variety. Let p be any perversity.
The intersection cohomology complex associated to it belongs to the derived
category of mized Hodge modules of X. Consequently the intersection homology
complexes 1 H;f(X ,Q) carry a canonical polarizable mized Hodge structure.
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9 CLASSES OF SPACES ADMITTING INTERSECTION SPACE COMPLEXES AND
COUNTEREXAMPLES

In this section we provide some examples and counterexamples to illustrate
our theory. First, we introduce two classes of varieties which admit an in-
tersection space complex for every perversity. The first class depends on the
tubular neighbourhoods of the strata: if every stratum admits a trivial tubu-
lar neighbourhood, then there exists the intersection space complex for every
perversity. The second class depends on the dimension of the strata: if ev-
ery singular stratum has homological dimension for locally constant sheaves
bounded above by 1, then there exists the intersection space complex for every
perversity. Then, we find concrete examples of pseudomanifolds (including an
algebraic variety) not admitting intersection space complexes and, hence, not
admitting intersection space pairs.

9.1 PSEUDOMANIFOLDS SATISFYING TRIVIALITY PROPERTIES

Let X be a topological pseudomanifold with the following stratification:
X:XdDXd72D..-DXODX71:®.

For k =2,...,d+1,let Uy := X \ X4_. We will also denote by iy, : Uy — Ug1,
Jk : Xa—k \ Xa—k—1 — Ug+1 and ig, g, : Uy, — Uk, the canonical inclusions.
If X has a trivial conical structure then, by Theorem 3.31, there exists an
intersection space pair. Hence, by Theorem 5.18, X has an intersection space
complex. We have shown:

COROLLARY 9.1. If X has a trivial conical structure, then it has an intersection
space complez.

EXAMPLE 9.2. Toric varieties admit an intersection space pair and intersection
space complex for every perversity.

However, as we prove below, in order to ensure the existence of the intersection
space complex we can relax the triviality hypothesis on the stratification: one
only needs that the triviality property (7)) (see 3.10) is satisfied for any stra-
tum. Having a trivial conical structure requires further compatibilities between
the trivializations predicted by properties (7)) (see Definition 3.12).

DEFINITION 9.3. A complex of sheaves is formal and constant if it is quasi-
isomorphic to the direct sum of its cohomology sheaves with zero differentials
and these cohomology sheaves are constant.

A constructible complex of sheaves is formal and constant, for example, when
the stratum is contractible (see [18] p. 410, Lemma 2.4.).

DEFINITION 9.4. If B;_; is a complex of sheaves in Uy, we say Bp_, verifies
the property (Py.), where r >k, if j iy +1+Bp_, is formal and constant.
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REMARK 9.5. If B® is a formal and constant complex of sheaves in Uy and
(X, X4—_2) has a conical structure which verifies the property (T;) of Definition
3.10 for some r > k, then B® verifies the property (P).

PROPOSITION 9.6. Given k € {2,...,d}, if there exists an intersection space
complex ISk_1 with perversity p in Uy, which verifies (Py), then there exists
an intersection space complex 1Sy with perversity p in Upy1, such that (1Sk)|u,
18 quasi-isomorphic to I.Sk_1.

Proof. jjig«ISk—1 is (up to isomorphism in the derived category) a complex of
constant sheaves with zero differentials. So, the triangle

R R R 1]
T<qJrJniks I Sk—1 = JrsJpitsd Sk—1 = T>qirsJpinsd Sk—1 —>

is split for every ¢ € Z and, applying Theorem 7.3, we conclude. o

LEMMA 9.7. Let us suppose that there exists an intersection space complex
ISy_1 with perversity p in Uy. If (ISk_1)|u,_, verifies the properties (Pr_1)
and (P.) for a certain r > k and (X, X4-2) has a conical structure which
verifies the property (T;) of Definition 3.10, then ISy_1 verifies the property
().

Proof. By Theorem 7.3, jfig r+1+1Sk—1[1] is quasi-isomorphic to the cone of a
morphism

Jrik— 1415 (USk—1) Uy = Jrikr 16 T<q(h—1)dk—1xJp— 18— 1+ (L.Sk—1) U\ _,

Since (ISk—1)v,_, verifies the properties (Pr—1) and (P;), the com-
plexes jyix—1r41+(ISk—1)jv,_, and T<gr—1)Ji_1tk—1+(ISk—1)jv,_, are for-
mal and constant. Then, using that (X, Xy o) has a conical structure
verifying the property (7,.), we deduce that the constructible complex
Jrik 16 T<q(k—1) Jk—1Jh—10k—1x(ISk—1)jv,_, is also formal and constant.
S0, jrik r+1+ISk—1 is formal and constant as well and we conclude. O

THEOREM 9.8. If the pair (X, X4—2) has a conical structure which verifies the
property (T,.) of Definition 3.10 for any r, then there exists the intersection
space complex of X for every perversity.

Proof. The constant sheaf Qy, verifies (P,) for every r > 2 such that the pair
(X, X4—2) has a conical structure with the property (T}.). So, if (X, X4—2) has
a conical structure which verifies the property (7;.) for any r, using Lemma 9.7
and Proposition 9.6, we can construct inductively for every k an intersection
space complex with perversity p in U which verifies (P,.) for every r > k. O

COROLLARY 9.9. If every stratum of X is contractible, then there exists the
intersection space complex of X for every perversity.
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9.2 PSEUDOMANIFOLDS WITH STRATA OF SMALL HOMOLOGICAL DIMENSION

DEFINITION 9.10. A space Y has homological dimension for locally constant
sheaves bounded by m if any locally constant sheaf in Y has no cohomology in
degree higher than m.

THEOREM 9.11. Let X be a topological pseudomanifold with the following strat-
ification:
X=X42X42D2..2X0D2X_1=0

such that Xq—r\ Xd—r—1 has homological dimension for locally constant sheaves
bounded above by 1 for any r.

Then, there exists the intersection space complex of X for every perversity p.
Moreover, if Xq—r \ Xq—r—1 has homological dimension for locally constant
sheaves bounded by 0 for any r, the intersection space complex is unique.

Proof. To prove the existence it is enough to prove that for any topological
space Y which has homological dimension for locally constant sheaves bounded
by 1, any cohomologically locally constant complex of sheaves B® in D?(Y') and
any integer m, the triangle

TemB® = B* = 7omB* 5 12 B[1] — ...

is split.
This triangle is split if and only if the morphism

€ Ext' (1o B, T<m B*®
> s 1<

is 0. We prove the vanishing of Ext!(rs,,B®, 7<,»B*®) by induction on the
number N of integers k for which H*(B*) is non-zero.

If m is greater or equal than the maximal k such that H¥(B®) is non-zero
then 7+, B® is equivalent to 0 in D®(Y'), and the assertion is obvious. If m is
strictly smaller than the minimal k such that #*(B*®) is non-zero then 7<,, B®
is equivalent to 0 in D*(Y'), and the assertion is also obvious.

If N = 0,1 we are in one of the situations described above. Assume that N > 1
and that we are not in the situation described above. Then the number of
different non-zero cohomology sheaves of 7<,, B®* and 7, B*® is strictly smaller
than N. Applying the induction hypothesis several times we conclude that
T<mB® and 7,,B*® are equivalent in the derived category to the direct sum
of their cohomology sheaves. This reduces the statement to the case in which
both 7<,,, B®* and 7., B® are equivalent in the derived category to F[—k1] and
and G[—ko], where F[—kq] is the locally constant sheaf F shifted to degree k1,
and G[—ko] is analogous.

Assuming the reduction proved above we compute Ext!(G[—ks], F|—k1]) using
the local to global spectral sequence of Hom®(G[—kz], F[—k1]). Then,

ERY = HP(Y, Ext?(G[— ko), F[—k1])) = HP TR R+ 9(Y, Hom(G, F)).
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Ifp+qg=1then p+ ks — k1 +q > 1. So, since Y has homological dimension
for locally constant sheaves bounded by 1, we have EY'? =0if p+ ¢ =1. We
conclude that Ext!(7s,, B®, T<,, B*) vanishes, as desired. O

COROLLARY 9.12. If the strata Xgq_, \ X4—r—1 have the homotopy type of a
1-dimensional CW -complex of dimension bounded by 1 for any r, then here
exists the intersection space complex of X for every perversity p.

EXAMPLE 9.13. Any complex algebraic variety with 1 dimensional critical set
with a Whitney stratification satisfy the hypothesis of the previous corollary if
no compact connected component of the critical set is equal a stratum. Hence
it admits an intersection space complex.

9.3 COUNTEREXAMPLES

Now, we illustrate the limits of our theory with a class of varieties which does
not admit an intersection space complex for some perversities. With this pur-
pose, the following proposition gives a necessary condition for the splitting of
a triangle

TemB® = B* = 7o, B* 1

PROPOSITION 9.14. Let X be a topological space, let B® be a bounded complex
of sheaves on X and let EP*? be the local to global spectral sequence of B®.
Then, if the canonical triangle

TemB® = B* = o B* 1,

is split, the morphisms dP? : EP9 — EPTT4="F1 qre O for everyr > 2, p € Z
andm < qg<m+r—1.

Proof. The proof follows essentially Banagl’s argument in [5, Theorem 5.2 and
remarks on page 296]. Let us suppose the triangle is split and let A : B®* —
T<mB® be a retract of the canonical morphism.
Let E?>? be the local to global spectral sequence of B®, E/?> 1 the local to global
spectral sequence of 7<,,, B® and A\2»7 : EP*4 — E'P»7 the morphism induced by
A
For r = 2,

A0 HP (X, HY(B)) — HP(X, HY(1<m B))
is an isomorphism if ¢ < m and HP(X, H9(7<,B)) = 0 if ¢ > m.
Given r > 2, suppose AP>? : P-4 — E'P:7 s an isomorphism for every ¢ < m
and E'?4 = for every ¢ > m. Then, E'>;? = 0 for every ¢ > m.

T+
Moreover, let us consider the commutative diagram:

AP 4 .
EPa E'P-a
T r
dar ld/rp,q
+rg—rl
AP+ AT

p+r, g—r+1 /p+r, g—r+1
Er ET
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If ¢ < m, A2 7 induces an isomorphism between Ker(d? ) and Ker(d/? ?) and
AP 4=+l induces an isomorphism between Im(d?> ) and Im(d/? 7).
Ifg>mand g—r+1<m, EP9=0 and, since the diagram is commutative,
dP 1 =dP7=0. So, we deduce d2? is 0 for every m < g <m+r — 1.
Moreover, Im(d>?) = Im(d;?»9) = 0. Therefore, for every ¢ < m, A’.% is an

isomorphism and we can finish the proof by induction. O

COROLLARY 9.15. Let X be a topological pseudomanifold with stratification
X=X;D0X492D..0X0D2X_1=0

and let k be the codimension of Xq_o, that is, Xq—o = Xgq—x.

Let p a perversity and q its complementary perversity. If the local to global
spectral sequence of jiisQu, has any differential d®9 : EP? — EpTma-r+l
different from 0 for somer > 2, p € Z and q(k) < ¢ < g(k) +r — 1, then there
does not exist any intersection space complex of X with perversity p.

The following example, based on Hopf’s fibration, and also considered in
Banagl-Chriestenson [7] (p. 180, Example 10.3, and p. 170, Example 6.13),
verifies the conditions above.

EXAMPLE 9.16. Let p° : S% — S? be the Hopf fibration and let p : cyl(p?) — S?
be the fibrewise cone of the fibration (see definition 3.3). If s : S? — cyl(p®) is
the vertex section, we consider the space X = cyl(p?) with the stratification

X D s(5?%)

Let U := X \ s(S?) and let i : U — X and j : s(S?) — X be the canonical
inclusions. Then, since the fiber of p? is S*

PO @52 Zflzoal
H' (jej Z*@U>{ 0  otherwise

So, if EP1 is the hypercohomology spectral sequence of j.j*i.Qu, E5? is

1/Qlo|Q
gt 0/Q|0|Q
012

7

where the differential dg’l is different from 0.

Moreover, given any perversity p, p(2) = 0. So, applying Corollary 9.15, there
does not exist an intersection space complex of X with stratification X D s(S?)
with any perversity.

Hence, applying Remark 6.3, there does not exist any intersection space pair
of X with the previous stratification.
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The stratification of X given in the previous example is not natural. Since X is
smooth, the natural stratification of X has no stratum different from X and 0.
The following example is more natural in the sense that the nontrivial stratum
is the singular part of the variety.

EXAMPLE 9.17. Let p? : 83 — S2 be the Hopf fibration and let us consider the
locally trivial fibration

0?1 8% x g2 8% — G2
Moreover, let o : cyl(c?) — S? be the fibrewise cone of 0? and s : S* —
cyl(c9) the vertex section. Then, we define X := cyl(c?) and we consider the
stratification

X D s(5?)

Let U := X \ 5(S?) and leti : U — X and j : s(S?) — X be the canonical
inclusions. Then, since the fiber of 02 is S* x S*

. Qs2 if i=0,2
H(G.iiQu){ Q% if i=1
0 otherwise

So, if EP1 is the hypercohomology spectral sequence of j.j*i.Qu, E5? is

2/Q 0] Q
¢t _1]Q°]0]Q?
0/]QJ0]Q
0 [1]2

7

where the differentials dg’l and dg’2 are different from 0.

Moreover, given any perversity p, either p(3) = 0 or p(3) = 1. So, applying
Corollary 9.15, there does not exist an intersection space complex of X with
stratification X D s(S?) with any perversity.

Hence, applying Remark 6.3, there does not exist any intersection space pair
of X with the previous stratification.

A great number of examples can be constructed with this technique. For exam-
ple, if one wishes to have simply connected link and strata one, can use instead
of Hopf fibration the fibration ¢ : S7 — S* with fibre S3. In [7, Example 6.13
and Example 10.3] this technique is used to find spaces which does not admit
an intersection space.

Now, we give an example of algebraic variety for which the intersection space
does not exist for the middle perversity.

EXAMPLE 9.18. Let Fr(2,3) be the frame bundle over the Grassmannian
Gr(2,3), that is, Fr(2,3) := {M € Mat(2 x 3,C)|rk(M) = 2} and the canonical
bundle

7 Fr(2,3) = Gr(2,3) = P2

DOCUMENTA MATHEMATICA 25 (2020) 1653-1725



INTERSECTION SPACE CONSTRUCTIBLE COMPLEXES 1717
is a GL(2,C)-pincipal bundle with the action

GL(2,C) x Fr(2,3) — Fr(2,3)
(AM)————= A-M

Let R? := {M € Mat(2 x 2,C)|tk(M) < 1} and let us consider the action

GL(2,C) x R? — R?

(A, M) A-M

Let X := Fr(2,3) XgL2,c) R}. Since Sing(R}) = {0}, we have the equality
Sing(X) = Fr(2,3) XcLe.0) {0} = Gr(2,3) 2 PE
and the induced fiber bundle

Fr(2,n) xare.c) R\ {0} ——PZ
(My, My) ——— m(My)

is fiber homotopy equivalent to the fibration of links over the singularity. The
fiber of this morphism is R\ {0}.
Now, let us consider the action

GL(2,C) x C2 — > (2
(.0t ——a- (5 )

and let Y := Fr(2,3) XaL,c) C?.
The morphism
f

2 LR

e —(3 })

s compatible with the actions. So, it induces a morphism g:Y — X.
Moreover, g='(Sing(X)) = Fr(2,3) XaLe,c) {0} = Gr(2,3) = P& and the fiber
bundle

Fr(2,3) xgre,c) C*\ {0} ——P¢

(Ml,Mg) %W(Ml)

is fiber homotopy equivalent to the fibration of links. The fiber of this morphism
is C?\ {0}.
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In addition,

Fr(2,3) xare,c) C*\ {0} —— = Fr(2,n) xaLe, o) Ri \ {0}

is a morphism of fibrations which induces in the fiber the morphism f : C?\
{0} — R\ {0}.

Let us denote Ux := Fr(2,n) XGL(QC R3\ {0} and Uy = Fr(2,n) XgL2,0)
C?\ {0}. Moreover, let jx : P4 — X, ix : Ux = X, jy : PL = Y and
iy : Uy — Y be the canom'cal inclusions.

The morphism between fibrations g produces a morphism of complexes

Gy ivsQuy = JixsdxixQus.-
Moreover, C?\ {0} is homotopically equivalent to S3, R?\ {0} is homotopically
equivalent to S® x S? and f : C?\ {0} — R?\ {0} induces an isomorphism

between the 0-th and the third cohomology groups. Then v induces an isomor-
phism between the cohomology sheaves

HO(jY*j)*/Z‘Y*QUy) = HO(jX*j;(iX*@UX)
and
He (jyiy ivaQuy ) 2 H (x i X ixQuy)-

Let EP? be the local to global spectral sequence of jx.ji%ix«Quy, let EP7 be
the local to global spectral sequence of hypercohomology of jy«jyiv«Quy , and
NP4 EP1 — EP9 the morphism induced by . Then,

'757(1 . HP(P%qu(jY*j)*/iY*QUy)) - HP(P%’Hq(jX*j;(iX*QUX))

is an isomorphism if ¢ = 0, 3.

EP1 s
3|]Q|0]Q|0|Q
2/ 0]0J0f0]0
gt 1]0JoJ0]0]0
0]Q|0]Q|0|Q
01234

v

and it does not degenerate in r = 2. So, dilo’g is different from O since it is the
unique differential different from 0 which can appear.
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Moreover,EY'? is

q?

o ~| o] wo| x| | &
efelelolei=li=lle]

. e == k=== =)
DO |00 2| 2|0

w|lo|o|o|o|o|o|o
=0 |00 2| 2|0

7

We prove now d%? : E93 — EN3=r*1 s different from 0 for some r > 0. If
dg’3 =0, we have the following isomorphisms

0,3 ~v 0,3 ~v 20,3 ~v /0,3 ~y 72/0,3
E)3 o~ B9% =~ B0% ~ B0 o~ 03

Moreover,
4,0 ~ 94,0 nv 74,0 Ay 74,0
Er=E"=2E"=FE,

and the diagram

0,3
Va !
EE’S E4O’3

ldg,d ld‘l{),f}
4,0

4,0 4 14,0
E," ——FE;

18 commutative.

Then, since d,* is not 0, d3° is also different from 0.

If p is a perversity such that p(6) = 2 and G is the complementary perversity,
then we have §(6) = 2. This happens for the middle perversity. Consequently,
applying Corollary 9.15, there does not exist an intersection space complex of
X = Fr(2,3) xaLeo) R? with perversity p and stratification X D Sing(X) =
P2,.

Hence, applying Remark 6.3, there does not exist any intersection space pair
of X with perversity p.

10 DvuALITY

In this section, we establish the duality properties of the intersection space
complexes. First, we study the Verdier dual of the intersection space complex.
Next, we give a version of Poincaré duality for these complexes.

Let X be a topological pseudomanifold with the following stratification:

X=X;D0X42D..0X0D2X_1=0

Let Uy := X\Xd,k and let ig : Uy — Ugy1 and ji @ Xg—k \ Xa—k—1 = Ukt
be the natural inclusions.
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10.1 VERDIER DUALITY

Given a vector space E we we denote its by EV its linear dual.

THEOREM 10.1. Let IS5 be an intersection space complex of X with perversity
D and let § be the complementary perversity of p. Then, DISz[—d], where D
denotes the Verdier dual, is an intersection space complex of X with perversity
q.

Proof. We have to prove DIS;[—d] verifies [AX S1];, for perversity ¢ for k =
2,...,d.

g eeny

(a) We have a chain of isomorphisms

(Dlsﬁ[_d])\Uz = D@U2 [_d] = QUz'

(b) Let x € X, the group H!(jiDIS;[—d]) is isomorphic to HI™(j1155)?,
which is 0if i ¢ {0,1, ..., d}.

(ck) Let © € X4k \ Xa—k—1, the group H'(j2DIS;(—d]) is isomorphic to
HI(551S5)?, which (by property (d1})) is 0 if d —i > d — p(k) — 1, that
is, if i < p(k).

(d1}) Let € Xq—k \ Xg—k—1, the group H!(jLDISs[—d]) is isomorphic to
HI=(5:1S5)?, which (by property (cx)) is 0 if d — i < g(k), that is, if
i>d—q(k)—1.

(d2}) Let © € Xq—x \ Xa—k_1, the group HI~I*) =1 DIS;[~d]) is isomor-
phic to HIF+1(j215,), the group HPF+1(j*DIS,[~d]) is isomorphic
to HA"PF)=1(4! 1S;)? and the canonical morphism

HI-IR =1 (I DIS,[—d]) — HPWTL(j2DIS,[—d])

is the dual morphism of H4~P()=1(5! 15,) — HIK+1(5*18;), which is
the morphism 0 (by property (d2},)).

O

In Corollary 7.6 the space of obstructions for existence and uniqueness of inter-
section spaces are described. Verdier duality D interchanges intersection space
complexes with complementary perversities. We deduce

COROLLARY 10.2. Let X be a topological pseudomanifold as above. Let p and q
complementary perversities. An intersection space complex for perversity p ex-
ists if and only if an intersection space complex for perversity q exists. Verdier
duality induces a bijection between the set of intersection space complexes for
perversity p and the set of intersection space complexes for perversity q.
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10.2 POINCARE DUALITY IN THE CASE OF 2 STRATA

Now, suppose X has a unique non-trivial stratum. So, the stratification of X
is
XD2DX4g_kD 0

where k is the codimension of X _p.
According with Corollary 7.6, the obstruction for existence of intersection space

for perversity p lives in Ext! (75 g jrx ik« QU » T<q(i) Jrx i« Qlu, ). Assume
that the obstruction vanishes so that intersection space complexes exist. In this
case the space of intersection space complexes for perversity p is parametrized
by a quotient of the vector space

Ep := Hom/(Ts (k) ks Jh ik Qluy, » T<q(e) Jix Jr ik Qlur, )-

Corollary 10.2 implies that the obstruction for existence of intersection space
for perversity ¢ vanishes and that the space

Eg = Hom(Tsp(k) kT3 i+ Qluy , T<p(k) Jix I 1+ Qlur, )
of intersection space complexes for perversity g is isomorphic to Ep.

PROPOSITION 10.3. Let Ej be the space of all intersection space complexes of X
with perversity p up to isomorphisms.

The dimensions of the vector spaces H'(X, IS;) with IS; € Ep have a minimum
and the subset

{IS; € Ep| dim(H' (X, IS;)) is minimum} C Ej
s Zariski open for every i.
Proof. For every intersection space complex I.S; € Ep, we have a triangle

ISﬁ — ik*QUg — TSQ(k)Jk*];Zk*QUQ

This triangle induces the long exact sequence of hypercohomology

a’ (15p)

o= HY(X, 1S5) — HY(X, i1Qus,) H' (X, T<q(r) i di Quy) = -

So, for every ¢ € Z, there is an isomorphism
HY (X, IS;) = Ker(a'(I1Sp)) @ CoKer(a'~(15p)).
Moreover,
dim(CoKer(a'(ISp))) = dim(H* (X, 7<g(k) jredi Qus ) — dim(H (X, 5. Qur, ) )+
+dim(Ker(a'(1S;)))
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So, dim(H'(X,IS5)) is minimum if and only if dim(Ker(a’(IS;))) and
dim(Ker(a’~!(155))) are minimum.

The morphism a(1S;) is the morphisms induced in hypercohomology by the
composition

. a . .y A(ISp) . ks
ik« Quy = JraJr ik Quy —— T<q(r) k= I i+ Quy

where a is the canonical morphisms and A(IS5) is a retraction of the natural
truncation morphism f : T<g(k) JkxJpik+Quy — JrxJi ik Qus-
Let us denote by

a’ (X, ke Qus) = H' (X, ik i Qu, ),
N(IS5) : HY (X, fradirinsQuy) = HY (X, < g drsdrninsQus ),
F1H (X, g dksdiineQus) = HY(X, jisiiin.Qus)
the morphisms induced in hypercohomology. Then, we have
dim(Ker(a'(155))) = dim((a’) ™" (Ker(\'(155)))) =

= dim(Ker(a")) + dim(Im(a’) N Ker(\(1S5)))

Hence, dim(Ker(a’(155))) is minimum if and only if dim(Im(a*)NKer(A\*(155)))
is minimum.

Since X(ISp) o f* is the identity, the homomorphism \(I.S;) is surjective and
we have the equality

dim(Ker(\(155))) = dim(H" (X, jrsjjineQuy)) — dim(H (X, 7< g jr«JiineQus ) )-

So, dim(Ker(A\!(155))) is independent of I.S;. Then, for every IS; € Ejp, there
is an isomorphism

HY (X, jrnjtirQus, ) /Ker(N(155)) = QF

Where dz = dlIIl(IHIZ (X, ngj(k)jk*jzik*@Uz ))
Now, consider the composition of morphisms

i

H (X, i Qus,) = H' (X, jrwdrins«Qus,)

T s

HE (X, jiejiirQu, ) /Ker(N (1S5)) = QF

where 7(IS5) is the canonical projection.
Then, Im(a’) NKer(A\*(1S5)) gets the minimum dimension when the morphism
¢(IS5) gets the maximum rank, which happens in an open subset. O
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DEFINITION 10.4. The general i-th Betti number of the intersection space com-

plexes of X with perversity p is the minimum of the dimensions of the vector
spaces H'(X, I.S5) with 1S5 € Ej.

DEFINITION 10.5. A general intersection space complex of X with perversity
P is an intersection space complexr IS; € Ey such that dim(H (X, I1Sp)) is the
general i-th Betti number for i =0,1,...,d.

THEOREM 10.6. Let p be a perversity and let G be its complementary perversity.
If ISp is a general intersection space complex of X with perversity p and IS
18 a general intersection space complex of X with perversity q, then, for i =
0,1,...,d, there is an isomorphism of Q-vector spaces

HY (X, 1Sp) = HY™(X, IS;)"

Proof. Given any intersection space complex I.S; of X with perversity p, we
have _ ) )
HY(X, DIS;[—d])" = H'~4(X,DIS,)” = H*(X, ISp).

Applying Theorem 10.1, the complex DIS5[—d] is an intersection space complex
of X with perversity §. We denote IS5 := DIS5[—d].

Suppose IS5 is not a general intersection space complex of X. Then, there
exists another intersection space complex of X with perversity q, I Sl’j, such
that we have the strict inequality

d d
> dim(H (X, IS))) < Y dim(H' (X, 155)).

Consequently we have,

Zdlm H' (X, DIS,[— Zdlm HX,I8h)Y) < Zdlm (X, 18;7)°) =
1=0
= Zdlm H' (X, DIS,] Zdlm U(X,1Sp)).
1=0

So, ISy is not a general intersection space complex of X.
We deduce that if 1.5 is a general intersection space complex, then 1.57 is also
a general intersection space complex. So, there are isomorphisms

HY (X, 1S5) = HY™(X, IS;)"

for some general intersection space complexes 1.S5 and 1.Sg.
Since the hypercohomology groups of general intersection space complexes with
the same perversity are isomorphic, we conclude. O

REMARK 10.7. We do not know of examples of intersection space complexes
for the same perversity with different hypercohomology. It is an open question
whether they exist.
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