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ABSTRACT. We study ramification divisors of projections of a smooth
projective variety onto a linear space of the same dimension. We
prove that for a large class of varieties, the ramification divisors of
such projections vary in a maximal dimensional family. We study
the map that associates to a linear projection its ramification divisor.
By a degeneration argument involving (linked) limit linear series of
higher rank, we show that this map is dominant for most (but not
alll) varieties of minimal degree.
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1 INTRODUCTION

Let X C P™ be a smooth projective variety of dimension r, not contained
in a hyperplane. Projection from a general (n — r — 1)-dimensional linear
subspace L C P" defines a finite surjective map X — P”. Its critical points
form a divisor, called the ramification divisor, denoted by R(L) C X. By the
Riemann—Hurwitz formula, R(L) lies in the linear series |Kx + (r+1)H|, where
Kx is the canonical class, and H is the hyperplane class on X. The association
L — R(L) yields a rational map

p: Gr(n—r,n+1)--» |Kx + (r+1)H|,

which we call the projection-ramification map. We know surprisingly little
about p, despite its evident importance in projective geometry. This paper
attempts to fill this gap.
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Our first result is that for a large class of varieties, p is generically finite. In
other words, non-trivial deformations of a general L induce non-trivial defor-
mations of R(L). That is, the ramification locus “varies maximally” as the
center of projection moves.

THEOREM A (Corollary 3.15). Let X C P™ be a non-degenerate, normal, pro-
jective variety over an algebraically closed field of characteristic zero. Suppose
one of the following holds:

1. (incompressibility) for every linear subspace L C P™ of dimension (n —
r —1), projection from L restricts to a dominant rational map X --+ P";

2. (divisorial dual) the dual variety X* C P™ is a hypersurface.
Then p is generically finite onto its image.

Recall that the dual variety X* C P™* is the closure of the set of hyperplanes
H C P" whose intersection with the smooth locus of X is singular.

It is natural to wonder if maximal variation always holds. Our second result
shows that this is not the case.

THEOREM B (Corollary 4.6). There exist smooth, non-degenerate, rational nor-
mal scrolls X C P™ of every dimension r > 4 and degree d > r + 1 for which
the projection-ramification map p is not generically finite onto its image.

Our third result classifies X C P™ for which p has a chance of being dominant.

THEOREM C (Proposition 4.2). Let X C P™ be a smooth, non-degenerate pro-
jective variety of dimension r over a field of characteristic zero. We have the
inequality

dim Gr(n —r,n+1) < dim|Kx + (r + 1)H|.

Equality holds if and only if X is a variety of minimal degree, that is deg X =
n—r+1.

The list of smooth varieties of minimal degree consists of quadric hypersurfaces,
the Veronese surface in P5, and rational normal scrolls [6, Theorem 19.9]. By
Theorem C, p is dominant for hypersurfaces and surfaces, so what remains are
the scrolls. Here the story is subtle, as evidenced by Theorem B, but for generic
scrolls of high degree, maximal variation holds.

THEOREM D (Theorem 5.14). Let X = PE C P™ be a rational normal scroll,
where E is an ample vector bundle of rank r on P, general in its moduli. If
degE =a-(r—1)+0b-(2r — 1)+ 1 for non-negative integers a,b, then the
projection-ramification map p is dominant for X. In particular, the conclusion
holds if E is general of degree at least (r —1)(2r — 1) + 1.
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The question of maximal variation of the ramification divisor appeared first
in the work of Flenner and Manaresi in connection with the Stiickrad-Vogel
cycle [5]. They proved maximal variation under the condition of incompress-
ibility, namely part (1) of Theorem D. Our proof of this part of the theorem
is independent and shorter.

Theorem D substantially enlarges the class of varieties for which we know max-
imal variation. There are several varieties that have a divisorial dual, but are
compressible. For example, if X is any smooth surface (in characteristic zero),
then the dual variety X* is a hypersurface. But not all such X are incom-
pressible (for example, a cubic surface scroll in P4 can be projected to a conic).
Thus, even for surfaces, condition (2) of Theorem D covers new ground. In
higher dimensions, let X be embedded in P” by a sufficiently positive line bun-
dle (for example, by a sufficiently high Veronese re-embedding). Then X C P”
is usually not incompressible, but the dual variety X* is a hypersurface.

The hypotheses in Theorem D are sufficient, but not necessary. For example,
for r > 2, let X = P"~! x P! embedded in P?"~! by the Segre embedding.
Then X is neither incompressible nor is X* a hypersurface, and yet p is domi-
nant (Proposition 5.1).

Zak has alluded to the existence of varieties for which maximal variation fails
[12]. To our knowledge, the examples in Theorem B are the first explicit in-
stances. Interestingly, these examples include scrolls of general moduli.

The proof of Theorem D is technically the most demanding. It proceeds by a
degeneration of the scroll, and crucially uses the spaces of (linked) limit linear
series for vector bundles of higher rank, developed by Teixidor i Bigas [11] and
Osserman [9)].

FURTHER QUESTIONS

Our results open up an array of enumerative problems: for every variety of
minimal degree, determine the degree of p. Some of these are easy. For example,
for quadric hypersurfaces, it is immediate that p is an isomorphism. For the
Veronese surface in P®, we see that the map p sends a net of conics in P?
to its Jacobian cubic; this map has degree 3 (see [1, Exercise 3.2 and 3.12]).
For a rational normal curve in P™  the map p in fact extends to a regular
map p: Gr(2,n + 1) — P?~2 and is given by the Wronskian. As a result,

its degree is the degree of the Grassmannian in its Pliicker embedding, which
(2n—2)!

nl(n—1)!"
In particular, for scrolls of dimension 2 and higher, the degree of p remains
unknown (but see Proposition 5.1 for some cases). For some surface scrolls, we
computed the degree of p by explicit computer calculation. Denote by s4 the

degree of p for the generic surface scroll of degree d. We observe

is the Catalan number This is where our current knowledge ends.

So=1, s3=1, s4=2, s5=06, s6=22, s7=092 s53=422,

a sequence which appears to be the beginning of [7, A001181], perhaps hinting
at a hidden combinatorial structure in the degrees of p.
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A second natural set of questions concerns the behavior of p in characteristic p
and over the real numbers. The analysis of p will surely bring new surprises
in positive characteristics. Indeed, we know that even for the rational normal
curves, the degree of p is different in positive characteristics (see [8]). The real
algebraic geometry surrounding the Wronskian map plays an important role
in real enumerative geometry, the theory of real algebraic curves, and control
theory, thanks to the B. and M. Shapiro conjecture [10, 4]. Our results set the
stage for the possibility of a higher-dimensional generalization of the body of
work around this conjecture.

1.1 NOTATION AND CONVENTIONS

All schemes are of finite type over K, an algebraically closed field of charac-
teristic zero. A variety is a separated integral scheme. For a scheme X, we
let X*™ C X be the smooth locus. We follow Grothendieck’s convention for
projectivization—the projectivization PFE of a vector bundle F is the space of
one dimensional quotients of E. For a line bundle L on X, we denote by |L|
the projective space PH?(X, L)*. Given a vector bundle F on X, we denote
by P(F) the sheaf of principal parts of F'. This is defined by the formula

P(F) =my, (m*F ® Oxxx/IX),

where the m; are the projections on the two factors and A C X x X is the
diagonal.

1.2 ORGANIZATION

In Section 2, we give basic definitions, culminating in the precise general defi-
nition of p (Definition 2.4). The subsequent sections are logically independent
and can be read in any order.

In Section 3, we prove Theorem D(1) as Proposition 3.1. We then introduce
the notion of non-defectivity, which generalizes the condition of having a di-
visorial dual. After establishing basic properties of non-defectivity, we prove
Theorem D(2) as Theorem 3.12.

In Section 4, we prove Theorem C as Proposition 4.2. In the same section, we
derive explicit formulas for the ramification divisors for scrolls in § 4.1, and
give the examples advertised in Theorem B in § 4.2.

In Section 5, we prove Theorem D as Theorem 5.14. We begin by doing some
low degree cases by hand in § 5.1. We recall the theory of (linked) limit linear
series for vector bundles of higher rank in § 5.2, and define the projection-
ramification map for linked linear series in § 5.3 and § 5.4. We then prove
Theorem D in § 5.5 with a degeneration argument using limit linear series.
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2 THE PROJECTION-RAMIFICATION MAP

In this section, we define a projection-ramification map for linear series. For
a variety in projective space, the definition applied to the linear series cut
out by the hyperplanes recovers the projection-ramification map introduced in
Section 1. Working with abstract linear series offers flexibility that is helpful
in inductive proofs.

Let X be a proper variety of dimension r over an algebraically closed field K
of characteristic zero. A linear series on X is a pair (L, W) consisting of a
line bundle L on X and a subspace W C H°(X,L). The complete linear series
associated to L has W = H°(X,L). A projection is a linear series (L, V) with
dimV =r+ 1. A projection of (L, W) is a projection (L, V) with V' C W.

DEFINITION 2.1 (Properly ramified projection). We say that a projection (L, V)
is properly ramified if the evaluation homomorphism

€ZV®Ox—>P(L)

is an isomorphism at a general point in X. If (L, V) is properly ramified, its
ramification divisor R(L,V) C X is the closure of the scheme defined by the
determinant of e|xsm.

If the line bundle L is clear from context, we omit it from the notation and
denote the ramification divisor by R(V).

Remark 2.2. Suppose V is a base-point free linear series that yields a surjective
map ¢: X — PV. Then the ramification divisor defined above agrees with the
degeneracy locus of the map d¢: Tx — ¢*Tpy. Since d¢ is given locally by
the Jacobian matrix, the ramification divisor is also called the Jacobian of the
linear series (see, for example, [1, 1.1.7]).

A projection (L, V) gives the evaluation map e: V ® Ox — L. The evaluation
map yields a map py,r.: X --» PV, regular on the non-empty open set of X
where e is surjective. The following is an easy observation, whose proof we skip.

PROPOSITION 2.3. The projection (L,V) is properly ramified if and only if
the map on tangent spaces induced by py,1, is generically an isomorphism. In
characteristic zero, this is equivalent to the condition that py,r, is dominant.
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All projections of a fixed (L, W) are parametrized by the Grassmannian Gr(r+
1,W). The property of being properly ramified is a Zariski open condition on
the Grassmannian.

We now define the projection-ramification map for linear series. Assume that X
is normal. Let Kx be the canonical sheaf of X, defined as the push-forward
to X of Kxsm. Since X is normal, the complement of X*™ C X has codimension
at least 2. The sheaf K x is coherent, reflexive, and satisfies Serre’s S2 condition.
Let L be a line bundle on X. The sheaf P(L) is locally free of rank (r + 1) on
X" and we have a canonical isomorphism

r+1
/\ P(L)|xom = Kxem @ L™+,

Given a subspace V C H°(X, L), we apply /\T'|r1 to the evaluation map
e:V ® OXsm — P(L)lexn,

to get
det €. det V ® OXsm — KXsm ® LT+1.

By pushing forward to X and taking global sections, we get
ry: detV — HY(X, Kx @ L™1). (2.1)

If (L, V) is properly ramified, then this map is non-zero, and hence gives a point
of the projective space PHY(X, Kx @ L"™)*. Doing the same construction
universally over the Grassmannian Gr = Gr(r + 1, W) yields a map

r: detV = HY (X, Kx @ L") ® Ogr, (2.2)

where V C W ® Og, is the universal sub-bundle of rank (r 4+ 1). Let U C Gr
be the open subset of properly ramified projections. Then the map in (2.2) is
non-zero at every point of U, and defines a map U — PH?(X, Kx ® L™t1)*
given by the surjection

HYX,Kx @ L"™")* @ Oy — det V. (2.3)

The set U is non-empty if and only if W separates tangent vectors at a general
point of X.

DEFINITION 2.4 (Projection-ramification map). Let (L,W) be a linear se-
ries that separates tangent vectors at a general point of X. The projection-
ramification map for (L, W) is the rational map

px.owy: Gr(r+1,W) --» PHY(X, Kx ® L"t)*
defined on the non-empty open subset of properly ramified maps by (2.3).
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If any of X, L, or W are clear from context, we drop them from the notation.
In particular, for a non-degenerate X C P”, we denote by px the map px . w
with L = Ox(1) and W the image in H°(X, L) of H°(P™, O(1)).

Note that the map (2.3) factors as

r+1
detV % A\ W 0gr & HY(X, Kx ® L") @ Og,

where a is A"*! applied to the universal inclusion V € W ® Ogy, and b is
induced by A™*! applied to the evaluation map e: W @ Ox — P(L). The map
a defines the Pliicker embedding

r+1
i: Gr(r+1,W) - P (/\ W*) :
and the map b defines a linear projection
r+1
p: P (/\ W*) - PHY(X,Kx ® L' ).
Thus, px, 1w factors as the Pliicker embedding followed by a linear projection.

3 MAXIMAL VARIATION FOR INCOMPRESSIBLE AND NON-DEFECTIVE X

In this section, we prove Theorem D, beginning with part (1), which is easier.

PROPOSITION 3.1 (Theorem D (1)). Let X C P™ be a non-degenerate, normal,
incompressible projective variety over a field of characteristic zero. Then px is
a finite map.

Proof. Set L = O(1) and let W C H°(X, L) be the image of H(P", O(1)).
Let V.C W be an (r 4+ 1)-dimensional subspace. Since X is incompressible,
the projection map py,r: X --» PV induced by (L,V) is dominant. By
Proposition 2.3, this implies that (L, V) is properly ramified. Since V was
arbitrary, the projection-ramification map

p: Gr(r+1,W) = |Kx + (r+ 1)H|

is regular. Since the Picard rank of a Grassmannian is 1, a regular map from
a Grassmannian is either constant or finite. It is easy to check that p is not
constant; so it must be finite. O

For the proof of part (2) of Theorem D, we exhibit a particular projection that
is isolated in its fiber under p. We proceed inductively, working with linear
series that are not necessarily very ample.

Let X be a proper variety of dimension r, and let (L, W) be a linear series on X.
For an ideal sheaf I C Ox we denote by W ® I the subspace of W consisting
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of the sections that vanish modulo I. More precisely, if K is the kernel of the
evaluation map

W®OX*>L®O)(/I,

then W ® I = H°(X, K). In particular, for W = H%(X, L), we have W @ I =
H°(X,L®]I). For s € W ® I, the vanishing locus v(s) refers to the vanishing
locus of s as a section of L. We set |W| = PW*, the space of one-dimensional
subspaces of W, and likewise |W ® I| = P(W ® I)*. For a complete linear
series (L, W), we write |L| instead of |W|. Since v(s) = v(As) for a non-zero
scalar A, we may talk unambiguously about v(s) for s € |W]|.

The following property turns out to generalize the property of having a diviso-
rial dual.

DEFINITION 3.2 (Non-defective linear series). We say that a linear series (L, W)
is non-defective if, for a general point 2 € X either W ®m2 = 0, or there exists
s € |[W ® m2| such that v(s) has an isolated singularity at .

The condition that v(s) have an isolated singularity at x is a Zariski open
condition on s. Therefore, if there exists an s € |[IW @m2| such that v(s) has an
isolated singularity at z, then a general s € |[IW ® m2| has the same property.

Remark 3.3. The condition in Definition 3.2 may hold for a particular x € X,
and yet (L, W) may not be non-defective. For example, take X = F3. Denote
by E the section of self-intersection —3 and F' the fiber of the projection F3 —
Pl. Let L = Ox(FE +2F) and W = H°(X,L). For any = € E, the general
member of [W ® m2| has an isolated singularity at z, but the same is not true
for a general x € X.

Remark 3.4. Suppose (L, W) is non-defective. Let x € X be general, and let
s € |W| be such that v(s) has an isolated singularity at x. For all such s,
it may be the case v(s) has singularities away from x, even along a positive
dimensional locus. For example, let m: X — P2 be the blow-up at a point,
and F the exceptional divisor. The complete linear series associated to L =
7™ 0(2) ® O(2F) is non-defective, but for every global section of L, the singular
locus of v(s) contains F.

We now define the conormal variety of a linear series, which plays an important
role in our analysis of non-defectivity. Let K be the kernel of the evaluation
map

e: W®0O0x — P(L).
Let U C X be an open subset such that K|y is locally free and the map
W*® Oy — Kl*U

(dual to the inclusion map) is a surjection. This surjection defines a closed
embedding P(K|y) C U x |W|. The conormal variety of (L, W), denoted by
Pr,w, is the closure of P(K|y) in X x |[W].
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PROPOSITION 3.5. Suppose (L, W) is non-defective. If dimW > r + 2, then
Pr w is irreducible of dimension dimW — 2. If dim W < r + 1, then Prw is
empty.

Proof. Set n = dim |W| = dim W —1. Let k be the (generic) rank of K, namely
the rank of the locally free sheaf K|y. Then k& > n — r. The statement of the
proposition is equivalent to showing that if & > 0, then k =n — r.

For brevity, set P = P, w. Consider the projection o: P — |W/|, obtained by
restricting the second projection X x |W| — |W|. For s € |W|, we view o~ 1(s)
as a subscheme of X. We then have

o~ (s)NU = Sing(v(s)) N U.

Suppose k£ > 0. Then P is non-empty and irreducible, since it is the closure of
a non-empty and irreducible variety. Since (L, W) is non-defective, a general
point (z,s) € P is such that x is an isolated point of Sing(v(s)). Therefore,
o: P — |W] is generically finite onto its image. We conclude that dim P <
dim |W|, and hence k < n —r + 1.

To show that k = n — r, it suffices to show that o: P — |W| is not surjective.
We do so using Bertini’s theorem. Let B C X denote the union of the base
locus of |[W| and the singular locus of X. Then B is a proper closed subset
of X. Let P2 C P be the pre-image of B under the projection 7: P — X. By
the definition of P, the map 7: P — X is surjective, and hence PP is a proper
closed subset of P. Since P is irreducible, we have dim P? < dim P < dim [W|,
so the projection PP — |W| cannot be dominant. Let s € |W| be general,
in particular, not in the image of PZ — |W|. By Bertini’s theorem v(s) is
non-singular away from B. Thus, for any z € X, the point (z,s) € X x |W|
does not lie in P. For x € B, this is because s is not in the image of P”, and
for x ¢ B, this is because v(s) is non-singular at . We conclude that s does
not lie in the image of P — |W|. Hence P — |W| is not surjective. O

PROPOSITION 3.6. Let (L, W) be a linear series with dimW > r + 2, and let
P = Pyp, be its conormal variety. The projection o: P — |W| is generically
finite onto its image if and only if (L, W) is non-defective.

Proof. Since dim W > r 42, the conormal variety P = Pr, w is non-empty. Let
(x,8) € P be a general point. We may assume that 2 € U. Then z is a singular
point of v(s), and it is an isolated singularity of v(s) if and only if (z,s) is an
isolated point in the fiber of o: P — |W| over s. The conclusion follows. O

The following observation relates non-defectivity with the non-degeneracy of
the dual.

ProrosiTION 3.7. Let X C P" be a non-degenerate projective variety. Let

L = 0Ox(1) and W C H°(X, L) the image of H'(P",0(1)). Then (L,W) is
non-defective if and only if the dual variety X* C P™ is a hypersurface.
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Proof. Since X C P™ is not contained in a hyperplane, we have dimW =
n+12>r+1. Since (L, W) is very ample, it separates tangent vectors on X,
so the evaluation map

e Wx0x — P(L)

is surjective. It follows that the rank of the kernel is n — r, and hence
dmPrw=mn—-r—-1)+r=n—1

By definition, the dual variety X* C P™* = |[W]| is the image of the conormal
variety under the projection Pr, w — |W/|. By Proposition 3.6, (L, W) is non-
defective if and only if dim X* =n — 1. O

PROPOSITION 3.8. Let (L,W) be a non-defective linear series on X with
dimW > r+ 2. Let x € X be a general point. Then there exists s € |W|
such that v(s) has an ordinary double point singularity at x.

Proof. By Proposition 3.6, the projection o: P — |W]| is generically finite onto
its image. Let (z,s) € P be a general point. Since our ground field is of
characteristic zero, we may assume that P is smooth at (z, s), that x € UNX™,
and o: P — |W] is a local immersion at (x, s). This implies that « € Sing(v(s))
is isolated, and also that z is a reduced point of the scheme Sing(v(s)). These
two properties show that v(s) possesses an ordinary double point at x. To see
this, choose local coordinates (1, ..., 2, ) so that the complete local ring @X@ is

isomorphic to K[z1, ..., z,]. After choosing a local trivialization for L around z,
the section s corresponds to a power series s(z1,...,x,) contained in mi@x,m.
The germ of Sing(v(s)) at z is cut out by the power series 66—;1, e aa—;r. Since
the germ of Sing(v(s)) at x is the reduced point z, we get that 6‘9—;, cee 6‘9;
are linearly independent as elements of m,/m2. From this, it follows that the
tangent cone of s(xy,...,2,) at x is a non-degenerate quadric cone. O

PROPOSITION 3.9. If (L, W) is a non-defective linear series with dim W > r+1,
then W separates tangent vectors at a general point x € X. That is, the

evaluation map
er: W®0Ox — L/m2L

is surjective for general x € X.

Proof. By the definition of P(L), we have a natural isomorphism
P(L)|, = L/m2L,

so it suffices to show that the evaluation map e: W ® Ox — P(L) is surjective
at x. Let k be the generic rank of K, the kernel of e. From the proof of
Proposition 3.5, we get

k=dimW —r—1.

Since (r + 1) is the generic rank of P(L), we conclude that e is generically
surjective. O
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COROLLARY 3.10. Suppose (L, W) is a non-defective linear series on X with
dimW > r + 1. Then there exists a properly ramified projection (L,V) of
(L,W).

Proof. This follows immediately from Proposition 3.9. O

As a consequence of Corollary 3.10, the projection-ramification rational map
px.L,w is defined for a non-defective linear series (L, W) with dim W > r 4 1.

Let 7: X — X be the blow-up at a point z € X, and £ C X the exceptional
divisor. A linear series (L, W) on X gives a linear series (L, W) as follows.
Take [ = 7*L ® O%(—FE). Note that H°(X,L) = H(X,7*L), so we may
think of W as a subspace of HO(X, 7*L). Take W=we O (—FE) with its
natural inclusion W ¢ HO(X, L).

PROPOSITION 3.11. In the setup above, if (L, W) is non-defective, dim W >
r—+2, and x € X is general, then (L, W) is also non-defective.

Proof. Let y be a general point of X. We have the equality
w 2 _ 2
Wem, =Waem, m,.
By Proposition 3.9, for a general y € X, we have
dim(W @ m}) = dim W — (r +1).
Since z € X is general, we get
dim(W ® m, - m) = dim W — (r + 2).

If dimW = r + 2, then we get W mi = 0, so we are done. Assume that
dim W > r 4 3. Then dim(W ® m?) > 2. Since (L, W) is non-defective, a
general s € W ®m? is such that v(s) has an isolated singularity at y. Moreover,
since dim(W ® my) > 2, for every x € X, there exists s € V' such that v(s)
passes through x. Hence, as x € X is general, there exists s € W ® m; such
that v(s) has an isolated singularity at y and passes through z. That is, there
exists s € W ® mi that has an isolated singularity at y. We conclude that

(L, W) is non-defective. O
We are now ready to prove part (2) of Theorem D. In fact, we prove a more

general result (Theorem 3.12). As before, X is a proper, normal variety of
dimension r over an algebraically closed field of characteristic zero.

THEOREM 3.12. Let (L, W) be a non-defective linear series on X with dim W >
r + 2. Then the projection-ramification map px,r,w s generically finite onto
its 1mage.

We need two local computations. Throughout, X, L, and W are as in
Theorem 3.12.
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LEMMA 3.13. Let x € X be a general point and V. C W @m, a general (r+1)-
dimensional subspace. Then V is properly ramified, and the ramification divisor
R(V) has an ordinary double point singularity at x.

Proof. Using Proposition 3.8 and Proposition 3.9, we get a basis (s, ..., S, t)
of V satisfying the following two conditions:

1. s1,...,8, generate L ® (m,/m2), and
2. v(t) has an ordinary double point singularity at z.

Let O x,o denote the completion of the local ring at z € X along its maximal
ideal. Upon trivializing L, we may regard s; and ¢ as elements of Ox ;, and

can also assume (’SX,I = K[s1,...5-]. In the bases (s1,...,s,t) for V and
(1,s1,...,8.) for P(L), the evaluation map

e:V® @X@ — P(L)® 6}(,1

has the matrix

S1 S92 t
1 0 o1t
0 0 ... Ot

where J; denotes %. The determinant of the matrix (3.1) is t— ), 5;0;t, which

is an analytic local equation for the ramification divisor R(V) near z. Using
the Euler identity for homogeneous polynomials for the quadratic part of ¢,
expressed as a power series in s;, we see that R(V') shares the same tangent
cone as v(t) at x. The proposition follows. O

LEMMA 3.14. Let x € X be a general point and V C W an (r+1)-dimensional
subspace with a basis (u,a,...,a,—1,b) where

1. u does not vanish at x,

2. ai,...,a,—1 vanish at x, and give independent elements of L ® (m,/m?2),
and

3. v(b) has an ordinary double point at x.
Then R(V) contains x and is smooth at x.

Proof. That R(V) contains x is clear since V @ m2 # 0. For smooth-
ness, we again work in the completion 6}(,1- After trivializing L, we as-
sume u,ai,...,b are elements of @X,x~ We choose an element z € @va
such that (a1,...,a,-1,2) forms a system of coordinates, that is @X@ =
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Kla1,...,ar-1,2]. With respect to the given basis of V and the basis
1,a1,...,ar-1,z for P(L), the evaluation map

e: V®(5X7I — P(L) ®@X,z

has the matrix

U ay as ... b
oiwu 1 0 ... Ob
ag’u 0 1 N 62b . (32)
ou 0 0 ... 0,b
For s € @ny, set
S5=5—a1018 —as0dss — -+ — 20,s.

The determinant of the matrix (3.2) is @ - 9,0 + J,u - b, which is an analytic
local equation for R(V). Since b € m2, we get that b € m2, and 9.b € m,.
Furthermore, since the tangent cone of b is a non-degenerate quadric, we also
get that 0,b ¢ m2. Since U is a unit, we see that the tangent cone of R(V) at

x is the hyperplane cut out by 9,b € m;/m2. So R(V) is smooth at x. O
We now have all the tools for the proof of Theorem 3.12.

Proof of Theorem 3.12. We induct on dim W. The base case dimW =r+1 is
clear.

We now do the induction step. Suppose dimW > r + 2. Choose a general
point z € X such that the induced linear series (L,W) on X = Bl X is
non-defective as in Proposition 3.11. Choose a general (r + 1)-dimensional
subspace V.C W ®@m, = W that satisfies the hypotheses of Lemma 3.13. By
the induction hypothesis, V' considered as a projection of (L, W) is an isolated
point in the projection-ramification map for X. We now show that it is also
an isolated point in the projection-ramification map for X.

Let (C,0) be a pointed smooth curve and V' C W @ O¢ a sub-bundle of rank
(r 4+ 1) such that (1) Vo =V, and (2) V, # W, for c € C'\ {0}.

We must show that R(V.) # R(V) for a general ¢ € C.

Suppose V. C W @ m, = W for all ¢ € C. Denote by E(Vc) the ramification
divisor of V.. considered as a projection of X. Since V = Vo is an isolated point
in the projection-ramification map for X, we know that R(V.) # R(V,) for
a general ¢ € C. Clearly, R(V,) and R(V,) agrec away from the exceptional
divisor, and hence we conclude that R(V.) # R(V;) for a general ¢ € C.

On the other hand, suppose V., ¢ W @ m, = W for a general ¢ € C'. Consider
the evaluation maps

ec: Vo = L/miL
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between an (r + 1)-dimensional source and (r + 1)-dimensional target. Since
V =V, satisfies the hypotheses of Lemma 3.13, rkey = r. Therefore, by semi-
continuity, rke. > r for all ¢ € C. If rke. = (r + 1) for a general ¢ € C, then
x & R(V.), and hence R(V.) # R(V). Otherwise, by shrinking C' if necessary,
assume rke, = r for all ¢ € C. In other words, dim(V, ® m2) =1 for all c € C.
Let b, € V. ® m2 be a non-zero element. Since v(by) has an ordinary double-
point singularity at x, so does v(b.). Also, since rk(e.) =r and V. & W @ m,,
for a general ¢, there exists u. € V. not vanishing at x, and a set of (r—1) other
elements that vanish at x but reduce to linearly independent elements modulo
m2. That is, V. satisfies the hypotheses of Lemma 3.14 for a general ¢ € C.
But Lemma 3.14 implies that R(V.) is smooth at z. Since R(V}) is singular at
x, we conclude that R(Vp) # R(V;). The induction step is now complete. [

We immediately get part (2) of Theorem D.

COROLLARY 3.15. Let X C P™ be a non-degenerate projective variety such
that the dual variety X* C P™ is a hypersurface. Then px is generically finite
onto its image.

Proof. By Proposition 3.7 the linear series on X that gives the embedding
X C P is non-defective. Now apply Theorem 3.12. O

COROLLARY 3.16. Let X C P™ be a non-degenerate smooth curve or a surface.
Then px is generically finite onto its image.

Proof. Curves and surfaces have divisorial duals, so Corollary 3.15 applies. O

4 PROJECTION-RAMIFICATION FOR VARIETIES OF MINIMAL DEGREE

In this section, we relate varieties of minimal degree and the projection-
ramification map and construct rational scrolls where maximal variation fails.
The following is an easy application of the Kodaira vanishing theorem.

PROPOSITION 4.1. Let X C P" be a non-degenerate, smooth, projective, variety
of dimension r > 1 over a field of characteristic zero. For all m > r, we have
the inequality

(T) (n—r)+ (mr 1) < WOX, Kx +mH). (4.1)

If equality holds for any m > r, then X is a variety of minimal degree, that is
deg X =n —r+ 1. Conversely, for a variety of minimal degree, equality holds
for all m > r.

Proof. Without loss of generality, X is embedded by the complete linear series.
Indeed, passing to the complete linear series only increases the left side of the
desired inequality, and does not change the right side.
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We prove (4.1) using a double induction—first on r, and then on m. For the
base case r = 1, Riemann—Roch gives

(X, Kx +mH) = gx — 14 mn, (4.2)

from which (4.1) follows for all m.

Assume that (4.1) holds for varieties of dimension (r — 1) and all m > r — 1.
Let D C X be a general member of the linear series |[H|. By Bertini’s theorem,
D is a smooth variety. The adjunction formula Kp = (Kx + H)|p yields the
exact sequence

0— Ox(Kx—l—(m—l)H) — Ox(Kx—l—mH) — OD(KD+(77’L—1)H) — 0. (43)

Note that, by the Kodaira vanishing theorem, we have h'(Kx + nH) = 0 for
all n > 1; we use this repeatedly, without further comment. For m = r, the
long exact sequence in cohomology associated to (4.3) gives

R(Kp + (r—1)H) < h°(Kx +rH).
By applying the induction hypothesis to D, we have
n—r<h®(Kp+(r—1)H) (4.4)
Therefore, we conclude that
n—r<hY(Kx+rH). (4.5)

Let m > r, and assume that (4.1) holds for X for m — 1. The long exact
sequence in cohomology associated to (4.3) gives

RO (Kx + (m—1)H)+h°(Kp + (m — 1)H) = h°(Kx +mH). (4.6)
By applying the induction hypothesis to m — 1, we get

h(Kx + (m—1)H) +h°(Kp + (m — 1)H)

(" e (75
1 m

Together with (4.6), we conclude

-1
<m> (n—7)+ (m ) < hO(Kx +mH), (4.7)
r r
which is (4.1) for m. The proof of the inequality is thus complete.
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We now examine when equality holds in (4.1). For r = 1, the equation (4.2)
shows that equality holds for some m if and only if gx = 0, that is X C P" is a
rational normal curve, and in this case, equality holds for all m. Furthermore,
we observe in the inductive proof that if equality holds for an X of dimension
r > 1 and some m, then it must hold for the hyperplane slice D and (m — 1).
Again, by an induction on r, we conclude that deg X = n — r 4+ 1, that is,
X C P" is a variety of minimal degree.

Finally, for X C P"™ of minimal degree, induction on r shows that equality
holds in (4.1) for all m. O

As a consequence, we immediately deduce Theorem C.

PROPOSITION 4.2 (Theorem C). Let X C P™ be a smooth, non-degenerate
projective variety of dimension r > 1 over a field of characteristic zero. We
have the inequality

dim Gr(n —r,n+1) < dim|Kx + (r + 1)H|,

where equality holds if and only if X is a variety of minimal degree, that is
deg X =n—r+1.

Proof. Apply Proposition 4.1 with m = r + 1. O

4.1 PROJECTION-RAMIFICATION FOR SCROLLS

Theorem C motivates a deeper investigation of the projection-ramification map
for varieties of minimal degree. A large class of varieties of minimal degree are
the rational normal scrolls, namely X = PFE for an ample vector bundle E on
P! embedded by the complete linear series Ox(1). If dim X > 3, then X is
neither incompressible nor does it have a divisorial dual variety, so Theorem D
does not apply.
We now examine the projection-ramification map for projectivizations of vector
bundles on smooth curves in more detail. Let C' be a smooth curve and E an
ample vector bundle on C of rank r. Set X = PFE, the space of one-dimensional
quotients of F, and L = Ox(1). Denote by 7: X — C the natural map.
Let (L, V') be a projection of X. Recall from (2.1) that such a projection gives
a map

ry: detV — HY(X, Kx ® L"),

whose zero locus is the ramification divisor R(V) C X. Note that we have an
isomorphism Kx = 7*(det F ® K¢) ® L™, and hence, we may view ry as a
map

ry: detV — HY(C,E @ det E® K¢).

We now describe another construction of a section of £ ® det E ® K¢ from V,
which we call the differential construction. The subspace V C H°(X,L) =
H°(C, E) gives the evaluation map e: V®O¢ — E. If V is generic, then e is a
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surjection, and its kernel is canonically isomorphic to det £* @ det V. Consider
the diagram

0 — detE*®@detV —— VR0 4> E ——0

[

00— Kc®E ——— P(E) —— E —— 0,

where the bottom row is the standard sequence associated to P(E), both maps
labeled e are evaluations, and the map dy is the map induced by them. The
map dy gives a map

dyv: detV — HY(C,E®@det E® K¢).

PROPOSITION 4.3. In the setup above, the two maps dy and Ty are equal.

Proof. Recall that ry is induced by the determinant of the evaluation map
V ® Ox — P(L). Denote by P.(L) the bundle of principal parts of L along
the fibers of m. More explicitly,

Pr(L) =1, (5L ® (Oxx.x/I13)),

where A C X x, X is the diagonal and 7; for ¢ = 1,2 are the two projections
X X X = X. It is easy to check that the evaluation map 7*F — L induces
an isomorphism 7*FE — P, (L). Furthermore, we have the sequence

0—>7n"Kc®L— P(L)— P:(L) — 0.

By combining this with the identification 7*E = P;(L), and the top row of
(4.8), we get the diagram

0 — 7*(det E* ®@detV) — V@ Ox —— 7*E —— 0

: e

00— mKe®L P(L) P.(L) — 0.

From the diagram, we see that dete = p, interpreted as elements of the ap-
propriate Hom spaces. By definition, after taking global sections, dete gives
the section ry. Note that, applying 7, to the bottom row of (4.9) yields the
bottom row of (4.8). Hence, after applying 7., twisting by det E and taking
global sections, p gives the section dy. We conclude that ry = dy . o

Let R = R(V) C X be the ramification divisor of the projection given by V.
Note that R is a divisor of class 7*(det E® K¢) @ Ox (1). Therefore, R C X is
a sub-scroll—the fibers of R — C are hyperplanes in the corresponding fibers
of X — C. An explicit description of these hyperplanes is as follows. Let
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x € X and ¢ = w(z). Fix a uniformizer ¢ of C' at ¢. Let X, C X and R. C R
be the fibers of X — C and R — C over ¢, respectively. Suppose s is a section
of L = Ox(1), such that the hypersurface v(s) is singular at . Then it must
contain the entire fiber of 7: X — C through z. So, in an open set of X
containing X, we have s = ts; for a section s; of Ox(1). Then R, C X, is the
hyperplane cut out by s;.

We now write a local equation for R(V) C X. Choose a trivialization
Xi,...,X, for E over an open set U C C containing c. Then Xy 2 P 1 xU =
ProjOy[Xi,...,X,]. We have a trivialization of K¢ over U given by dt. We
then get a trivialization of P(E)|y by X1,..., X, dt®X4,...,dt® X,. Choose
a basis vy, ..., v, of V, and suppose the map e: V ® Oy — Ey is given by

e(vi) = Zmiﬁij,
for m; ; € Oy, where 0 < ¢ <rand1 < j <r. Then the map det E*®@detV —
V @Oy defining the kernel of e is given by the r x r minors of the matrix (m; ;).

Denote the /-th minor by Mj; that is M, = (—1)*det(m; ; | i # £). Then the
map dy sends the generator to the element of £ ® K¢ given by

amm-
ZZJ-MZWT (dt @ X).

Note that the expression above is the determinant of the (r+41) x (r+1) matrix

r  Omg,j

mop,1 Mo2 ... Mor Zi:l 62’] Sdt® Xj
r om1

min Mmiz ... May Y Tt dE® X (4.10)
r Omy

my1 my 2 N My r Zi:l ot L. dt (24 X]‘

This gives an equation for Ry C Xy = ProjOy[Xy, ..., X,].

4.2 FAILURE OF MAXIMAL VARIATION

Let E be an ample vector bundle on P!. The projection-ramification map for
X = PFE and the complete linear series of L = Ox(1) is a map

p: Gr(r +1,H°(X,L)) --» |[Kx ® L™,
or equivalently a map
p: Gr(r+ 1, H(P', E)) - PH (P, E®@ det E® Kp1)*.
Plainly, p is equivariant for the action of Aut(X), and hence for the subgroup

Aut(X/P'). We engineer the failure of maximal variation using the following
elementary observation.
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PROPOSITION 4.4. Let E be an ample vector bundle of rank r on P'. Then a
generic point of Gr(r + 1, H(PY, E)) has a trivial stabilizer under the action
of Aut(PE/P1).

Proof. Fix (r + 1) distinct points po,...,p, € P, Let V. C H°(P',E) be a
generic (r + 1) dimensional subspace. Let e: V ® Op1 — E be the evaluation
map. The points po,...,p, give vectors vg,...,v, € V, unique up to scaling,
such that e(v;) = 0 in the fiber E|,,. For a generic t € P!, it is easy to check
that e(vg), ..., e(v,) evaluated at t give (r+ 1) points in linear general position
in PE*|;. Any element of Aut(PE/P1) that fixes V also fixes these (r + 1)
points, and hence acts as the identity on PE*|; = P~ 1. Since t € P! is general,
it must be the identity. o

PROPOSITION 4.5. There exist ample vector bundles E of every rank > 4 such
that a general point of PHY(P!, E ® det E @ Kp1) has a positive-dimensional
stabilizer under Aut(PE/PY). In particular, we may take E = O(1)" 1@ O(k+
1) where k> 1 and r > 4.

Proof. Take E = O(a)"~! & O(b), where 0 < a < b are to be determined.
Elements of Aut(E/P!) can be represented by block lower triangular square

matrices
A
v=(z »):

where A € GL,(K), B € K*, and U = (u;) is a row of length (r — 1) with
entries in HO(P!,O(b—a)). Set d = (r—1)a+0b so that det E = O(d). Suppose
a, b, and r, are such that

(r—1(b—a+1)>b+d—1=(r—1)a+2b—1. (4.11)

Take a general element of H(P!, F ® det E ® Kp1); say it is given by the
column vector

U= (pla ceoyPr—1, q)Ta
where the p; (resp ¢) are homogeneous polynomials in X, Y of degree a +d — 2

(resp b+ d — 2). We take A = id,_1 and B = X for some A € K*, and show
that there exists a U = (u;) such that Mv = v. Indeed, we have Mv =

(p1,-.-,pr,q), where
¢ =X+ upi

Let W Cc H°(P',O(a + d — 1)) be the vector space spanned by p1,...,pr—1.
Consider the multiplication map

HPYL,Ob—a)@W — H* (P, O(b+d-2)).

Thanks to (4.11), the dimension of the source is at least as much as the di-
mension of the target. It is easy to check that the map is in fact surjective
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for generic p1,...,p-—1. In particular, there exist u; € H°(P!,O(b — a)) for
i=1,...,7— 1, such that

Q(l - )\) = Zuzpz

With this choice of U = (u;), we get M such that Mv = v.
Finally, note that the requirement (4.11) is satisfied for a =1 and b =k + 1 if
k>1andr >4 O

COROLLARY 4.6 (Theorem B). Let r > 4 and d > r + 1. There exist ample
vector bundles E of rank r and degree d on P such that for X = PE and the
complete linear series L = Ox (1), the projection-ramification map px is not
generically finite onto its image.

Proof. Take E such that the action of Aut(X/P!) on a generic point of |Kx ®
L™1| has a positive-dimensional stabilizer (see Proposition 4.5). Since

px: Gr(r+1,H(X,L)) -+ |[Kx ® L™

is equivariant with respect to the action of Aut(X/P!), and a generic point
of the source has a 0-dimensional stabilizer (see Proposition 4.4), we conclude
that px is not dominant. Since the dimension of the source and target of px
are the same, px is not generically finite. O

Remark 4.7. In all the examples of scrolls where we know that maximal vari-
ation fails, the failure is implied by the presence of generic stabilizers. We do
not know, however, if the presence of stabilizers is equivalent to the failure of
maximal variation.

Remark 4.8. If k = 1 and r» > 4, then X is the most balanced scroll of its
degree and rank, and hence, generic in moduli. Therefore, the non-dominance
of projection-ramification is not directly connected to the eccentricity of the
splitting type of a scroll.

Remark 4.9. For surface and threefold scrolls, the projection-ramification map
is always dominant, and hence the lower bound on 7 in Corollary 4.6 is sharp.
For surface scrolls, this follows from Corollary 3.16. For threefold scrolls, we
can verify by an explicit tangent space computation that p is dominant for the
particular scroll Xg =P (O(1) @ O(1) @ O(k)) for k > 1. Since any threefold
scroll X of degree d = k + 2 isotrivially degenerates to X, we deduce that p is
dominant for X as well.

5 MAXIMAL VARIATION FOR GENERIC SCROLLS

In this section, we establish that the projection-ramification map is generically
finite (equivalently, dominant) for most scrolls, notwithstanding the examples
provided by Theorem B. We begin by treating the cases of some particular
scrolls by hand.
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5.1 MAXIMAL VARIATION FOR SOME PARTICULAR CASES

Given an ample vector bundle E on P!, we say that mazimal variation holds
for E if the projection-ramification map is generically finite (equivalently, dom-
inant) for X = PE embedded by the complete linear series associated to
L=0x(1).

PROPOSITION 5.1. Mazimal variation holds for E = O(1)". In fact, the degree
of the projection-ramification map in this case is 1.

Proof. We know that the projection-ramification map
p: Gr(r+ 1, H(P*, 0(1)")) --» PH(P*, O(r — 1)")*

is Aut PE equivariant. In this case, it is easy to check that the action of
Aut(PE/P!) = PGL, has a unique open orbit and trivial generic stabilizers
on both the source and the target of p. Hence, p must be birational. o

PROPOSITION 5.2. Mazimal variation holds for E = O(2)".

Compared to Proposition 5.1, our proof of Proposition 5.2 is significantly more
involved, and does not yield the degree.

Proof. We exhibit a point Gr(r + 1, H*(P!, E)) at which p is defined, and at
which the induced map dp on the tangent space is non-singular. It follows
that p is a local isomorphism at this point, and hence dominant overall.

Our proof is by direct calculation. We calculate on A = SpecK[z] C P! and
identify O(n) with O(n-co). Then the global sections of O(n) are identified with
polynomials in = of degree at most n. Denote the generator of the ith summand
of E(—2) by X;. Consider the point of Gr(r + 1, H*(P!, E)) represented by
the vector space V' C H°(P!, E) spanned by the (r + 1) sections vy,...,vm11
defined as follows. Set v; = (v — a;)?X; for 0 < i <r —1, and v, = > p; X;,
where a; € K, and p; € H°(P!,0(2)) are generic. By (4.10), the ramification
divisor associated to V is cut out by the determinant of the matrix

(x —ap)? 0 0 2(z —a1)X1
0 (x —az)? - 0 2(x — az)Xo
M = 0 0 0 E
0 0 s (w—an)? 2(z—ar) X,
p1 P2 Pr 20X

We leave it to the reader to check that R = det M is not identically zero.

To do the tangent space computation, we choose elements w; € H°(P?!, E), and
change v; to v; + ew;, where €2 = 0. Let R, be the equation of the discriminant
of the projection given by V. ¢ H°(P!, E) ® Kle]/e?, where V, is spanned by
v1 + €ws, ..., V41 + €wr41. Concretely, R, is the determinant of a matrix M,
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given by (4.10), which reduces to M modulo e. Note that R, is an element of
H°(PYLE®O2r —2)) ®K[e]/€%, and we have

R.=R+eS(wy,...,wri1),
for some S(wy,...,wr1+1) € H*(P', E® O(2r — 2)). Furthermore, the map
S: H'PLE)™ — HY P, E® O2r —2)) (5.1)

is a linear map. To show that dp is non-singular at V, it suffices to show that S
is surjective. For 1 < i <rand1 <j<r+1,let E;; € H (P! E)"! be
the element corresponding to (wi, ..., wry1) where w; = X; and we = 0 for all
(#j. Fori#jand 1<j<randqe H°(P! O(2)), by direct calculation we
get ) )
(x—a1)* - (z — a.)?p; 5

(:C — ai)Q(:L' — aj)g : [q’ (‘T az) ] - X,

where the notation [a, b] means a’b — ab’. Similarly, we get

S(qEi;) =

(x —a)? (v —a,)?

S (qu,TJrl) = - (.’L‘ — ai)2 ' [Qa (:L' - ai)Q] ' X1

and

where M; is obtained from M by changing the (i, )-th entry from (z —a;)? to q
and the (i,r 4 1)-th entry from 2(z — a;)X; to ¢'X;.

Fix an i with 1 <4 < 7, and consider the subspace W; C H°(P!, E)"*! spanned
by gE; ; for j # i. By our calculations above, S maps W; to the subspace of
H°(P!, E®O(2r—2)) spanned by H°(P!, O(2r))® X;. We begin by identifying
S(W;).

For 1 <j<rand j#i, set

(z —a1)?- - (x = ar)°p;

R R
and (- @)’ (z — a,)
T —ai1)? - (r— ay,
Qi,r+1 = - (:c _ ai)Q

We claim that, there is no non-trivial linear relation among the r polynomials
Qi for j € {1,...,r +1}\ {i}. Indeed, suppose we had a linear relation

leQi,j =0,

(@—a))?(z—a,)

then dividing throughout by TZZ gives the relation

T p
2l Tl =0
j=1 J
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If I; # 0 for some j with 1 < j < r, then we have a pole on the left side at
x = aj, but not on the right side (note that (z — a;) does not divide p; by
the genericity of p;). Therefore, we must have I; = 0 for all j, and hence also
lr4+1 = 0. Consider the map

H'PHLOM) @(Qij|je{l,....r+1}\{i}) » H'PL,O@2r —1)). (5.3)

We just saw that this map is injective. But both sides have the same dimension,
and hence the map must be surjective. Finally, it is easy to see that the image
of the map

HO(P1,0(2)) = H(P',0(2)), ¢ g, (x — a:)?] (5-4)

is (z —a;) - HO(PY,0(1)). By (5.3) and (5.4), we conclude that the image of
the map

S: Wi ={qF;; |je{l,....,r+1}\ {i} = H°(P*,0(2r)) ® X;

is (x —a;)HO(P,O(2r — 1)) ® X;. In other words, the cokernel of the map is
K ® X; where the map

H'PLOo@2r) e X, - Ko X;

is given by evaluation at a;. Putting together the maps for various i, we see
that the cokernel of the map

S: Wi — H' P, E® O(2r — 2)) = H'(P',0(2r) @ (X1,..., X,)

is K® (Xy,...,X,), where the map
H'PYLE®0@2r-2)=HP,002r)® (X1,...,X,) = K& (X1,...,X,)

on H°(P!,O(2r)) ® X; is given by evaluation at a;.
To show that S is surjective, it is now enough to show that the map

H'PYL,O0Q2)®{(qF:i; |ic{l,....r+1}) = K& (X1,...,X,) (5.6)

obtained by composing (5.1) and (5.5) is surjective. Recall from (5.2) that we
have S(¢E; ;) = det M;, where M; is obtained from M by changing the (i,4)-th
entry to ¢ and the (i, + 1)-th entry to ¢’ X;. Taking ¢ = (x — a;) gives

S(qu,i) = det Mi =4 H(al — aj)Qpi(ai)Xi,
j#i

which is a non-zero multiple of X;. That is, the images of (x — a;)E; ; under S
span K ® (X1,...,X,), and hence the map in (5.6) is surjective. The proof is
now complete. o
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Our next goal is to bootstrap from Proposition 5.1 and Proposition 5.2 to de-
duce maximal variation for generic scrolls of sufficiently high degree. We do
this by a degeneration argument. We degenerate a vector bundle E to a vec-
tor bundle Ey on the nodal rational curve Py = P! U P!, and show that the
projection-ramification map for Ey is dominant. For this to work, we have to
define the projection-ramification map for nodal curves. With the most naive
definition of linear series on scrolls on nodal curves, we do not get a dominant
projection-ramification map. As a remedy, we work with the (linked) limit
linear series of higher rank as developed in [11] and [9]. We use [9] for the
foundations of the theory.

5.2 LINKED LINEAR SERIES

Let C be a nodal union of two smooth (projective, connected) curves C; and
Cs. Let B be the spectrum of a DVR with special point 0 and general point
1. Let m: X — B be a smoothing of C' with non-singular total space X. That
is, w is a flat, proper family of connected curves, smooth over 1, and isomorphic
to C over 0. Such a family is a particularly simple example of an almost local
smoothing family [9, § 2.1-2.2]. Let ¢; be the genus of C; for i = 1,2, and
g = g1 + g2 the genus of X,,.

Let E be a vector bundle of rank r on C'. The multi-degree of E is the pair
of integers (deg E|c,,deg E|c,). The degree or total degree of E is the sum
deg E = deg E|¢, + deg E|¢,.

Once and for all, fix a vector bundle £ of rank r on X, and set E = &|c.
Let E have degree d and multi-degree (wq,w2). Fix a positive integer k. The
space of linked linear series of dimension k is a B-scheme whose fiber over 7
is the Grassmannian Gr(k, H(X,,,&,)). The key idea behind its definition is
to consider the sections of various twists of £, satisfying certain compatibility
conditions.

Fix maps 01: Ox — Ox(Cy) and 02: Ox — Ox(C3). The choice of these
maps is auxiliary, and each one is unique up to multiplication by an element of
O%. Forn € Z, set

& - g@O)((Cl)@n if n >0,
" E®Ox(Cy)PEM ifn <.

The maps 6; and 62 induce maps 6,,: £, — Epn4n given by
0 — ot  ifn>0,
"6y ifn<o.

Note that the multi-degree of &, is (w; — nr,ws + nr). In particular, for
sufficiently negative n, say for n < ny, we have H°(Cs, &,|c,) = 0, and similarly,
for sufficiently positive n, say n > na, we have H°(C1,&,|c,) = 0. Assume,
without loss of generality, that ne > ny. Set

diy = wy; —nqr, and do = wy + nor, and b = ny — ny.
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Observe that di +dy — rb = d.

DEFINITION 5.3 (linked linear series). Let S be a B-scheme. A k-dimensional
linked linear series on Eg consists of sub-bundles V;, — m,(&,)s of rank k for
every n € Z satisfying the following compatibility condition:

for every m,n € Z, the map w0, : m(Em)s = Tu(Emin)s maps Vi, = Viin.
(5.7)

Definition 5.3 is a special case of [9, Definition 3.3.2]. When we talk about the
image of an element in V,,, in V4, it is to be understood as the image under
the map m.0,.

Remark 5.4. We alert the reader that the notion of a sub-bundle of a push-
forward is subtle; it is treated in depth in [9, Definition B.2.1].

DEFINITION 5.5 (Simple linked linear series). Let S = Spec K, where K is a
field, and let V = (V,, | n € Z) be a linked linear series on S. We say V is

simple if there exist integers w1, ..., wy, not necessarily distinct, and elements
v; € Vi, such that for every w € Z, the images of vy,..., v in V,, form a basis
of V.

Note that if S — B maps to the generic point 7, then the data of a linked
linear series V' = (V},) is equivalent to the data of an individual V,, for any
n € Z, and in particular, for n = 0. As a result, the functor that associates
to S — 7 the set of k-dimensional linked linear series of g is represented by
the Grassmannian Gr(k, H°(X,, £,)). The main theorem of [9] is the following
representability theorem.

THEOREM 5.6 ([9, Theorem 3.4.7]). The functor that associates to a B-scheme
S — B the set of linked linear series on Eg is representable by a projective
B-scheme G(k,E) isomorphic to the Grassmannian Gr(k, H*(X,,&,)) over 1.
The locus of simple linear series G™P(k, &) C G(k, &) is an open subscheme,
and the map G'™PIe(k, £) — B has universal relative dimension at least k(d —

kE—r(g—1)).

The last statement implies that if v € Ggsimple jo gch that GSI™Ple hags relative
dimension at most k(d—k—r(g—1)) at v, then it has relative dimension exactly
k(d—k—r(g—1)) at v and, furthermore, G(k,£) — B is an open map near v.
In particular, v is in the closure of Gr(k, H°(X,,&,)).

The definition of a linked linear series demands that we specify infinitely many
vector bundles V,,, one for each n € Z. Specifying the extremal ones, namely
V., and V,,,, often suffices. Doing so results in the notion of limit linear series
due to Eisenbud-Harris [3, 2] for rank 1 and Teixidor i Bigas [11] in general.
Let E,, be the restriction of £, to the central fiber C' = Xy, and set p = C; NCs.

DEFINITION 5.7 (EHT limit linear series). A k-dimensional EHT limit linear
series on E consists of k-dimensional subspaces W; ¢ H°(C;, E,,|c,) for i =
1,2 that satisfy the following two conditions.
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1. Ifa} <--- <a} is the vanishing sequence for (€, |c,, W;) at p fori = 1,2,

then for every v = 1,...,k we have

1 2
Gy, + ak-i—l—'u Z b.

2. There exist bases si,...,si for W; for i = 1,2, such that s’ has order of
vanishing a! at p, and if we have al + aiﬂﬂ = b for some v, then

(b(s'tl/) = Si-ﬁ-l—v’

where ¢: E,,, (—a’ D)|lp = En,(—aj1_,P)|p is the isomorphism obtained
by taking the appropriate twist of the identity map.

We say that (Wq, W) is a refined if equality holds in (1) for all v =1,..., k.

This definition is adapted from [9, Definition 4.1.2]. Note that, due to the
vanishing condition on the twists of F, the restriction map

H°(C,E,,) — H°(C;, E,,

Ci)

is an injection. Via this injection, we sometimes treat W, as a subspace of
HO(Ci’ En, |C¢)'

Although the notions of a linked linear series and an EHT limit linear series
differ in general, they essentially agree when we restrict to the simple linked
linear series and the refined EHT limit linear series. More precisely, we have
the following statement.

PROPOSITION 5.8. Let S be a B-scheme, and V = (V,, | n € Z) a linked linear
series on Es. For every s € S over 0 € B, taking W; = V,,,|s fori = 1,2
giwes an EHT limit linear series. Conversely, assume that S reduced, and let
Wi C mu(En,)s for i = 1,2 be sub-bundles whose restrictions to every s € S
over 1 € B agree under the isomorphism (Ep, )y = (Eny)y, and to every s € S
over 0 € B define a refined EHT limit linear series. Then there ezists a unique
linked linear series V.= (V,, | n € Z) on Eg such that W; = V,,,. Furthermore,
for every s € S over 0, the series V|, is simple.

Proof. Proving that (W7, Ws) is an EHT limit linear series is straightforward,
and left to the reader. It is a special case of [9, Theorem 4.3.4] and the equiva-
lence of type I and type II series in the two component case (]9, Remark 3.4.15]).
The converse follows from the proof of [9, Theorem 4.3.4], but it is not explicitly
stated there. So we offer a proof.

First, suppose that S lies over n € B. Then V;, C m.(&,)s is determined
uniquely as the image of V,,, = W,,, C 7. (€, )s for either ¢ =1 or ¢ = 2.

Next, suppose that S = Spec K for a field K, and it lies over 0 € B. Denoting
(€,)s by E,, we must construct V,, C H°(C, E,,). By composing 0,,, _,: E, —
FE,, and the restriction E,, = E,,|c,, we get a map

v: HY(C,E,) — H°(C1, En,|c,) @ H(Ca, Enylc,).
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The vanishing condition on the twists of £ mean that ¢ is injective. The
compatibility condition in Definition 5.3 implies that we must choose V,, so
that +(V;,) C Wi @ Wa. We claim that dim .= (W; @ Wa) = k, so that there is
a unique choice of V,,, namely V,, = =1 (W, & Wy).

Suppose s is in ("}(W; & Wa). Then «(s) is a linear combination of
(51,0),...,(s%,0), and (0,s?),...,(0,s%). Write t(s) = (s1,82). Since s; is
obtained by applying 6,,_,,, and 6 on C; at p corresponds to multiplication by
the uniformizer, we see that

ord,(s1) > n —nq, and likewise, ord,(s2) > ng — n. (5.8)

Let v; € {1,...,k} be the smallest such that ‘111;1 > n—nq, and v +c the smallest
such that a}}H_C > n—ny. Since (W7, W) is refined, and no —n; = b, we see that
vg = k+1—v; is the largest such that a32 < ng—n, and ve — ¢ the smallest such
that a2, , . < na —n. The vanishing conditions (5.8) imply that ¢(s) must be a
linear combination of (s} ,0),...,(s;,0) and (0,2, _.),...,(0,s}). Suppose

k k
u(s) = Z g - (s5,0) + Z Be - (0,57),

l=vq l=vo—c

where ay and [, are elements of the field K. Since s is a section on the entire
nodal curve C, its two restrictions to C; and Cy are equal at p. In terms of the
two components of ¢(s), and in light of the gluing condition (2) in Definition 5.7,
this equality is equivalent to oy = Bgy1—¢ for v1 < £ < vy 4+ ¢. That is, ¢(s) is
a linear combination of the k elements

(57111’552)’ ] (Svllercfla 8327¢:+1)’ (Svllerca 0)’ Tty (Sllc’ O)a (0’ 552+1)a ct (Si’ 0)'

Conversely, it is easy to see that any such linear combination lies in W7 & Ws.
Hence the claim that dim.~*(W; & Wa) = k.

Set V,, = 1= 1(W; @ Wa). To see that V is simple, we must exhibit appropriate
w; and v; € V,,, for i =1,... k. Take w; = n—ny —a}, and let v; € V,,,, C
H(C, E,,) be such that t(v;) = (sj,s2,,_;)- Then the images of vi,... v
form a basis of V,, for all n € Z.

For more general S, consider the map

1: W*(gn)s — 7"-*((c/’nl)S/Vvl 2] F*(SNQ)S/WQ’

obtained by composing ¢ = 7. (0, —n, B Op,—p) and the projections 7. (Ep,)s —
7« (En;)s/Wi. We proved that, for every Spec K — S, the kernel of 7 ®o, K
is k-dimensional. Since S is reduced, it is easy to prove that V,, = ker7 is a
sub-bundle of 7,(&,) (see [9, B.3.4 with reduced B]). It is also easy to check
that V = (V,, | n € Z) is a linked linear series, and the only one that satisfies
Vi, = W;. The proof is now complete. o
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5.3 PROJECTION-RAMIFICATION WITH NON-GENERIC VANISHING SEQUENCE

We now study the ramification divisors of linear series with a non-generic van-
ishing sequence. This is necessary for defining the projection-ramification map
for linked linear series.

Let C be a smooth curve and p € C' a point. Let E be a vector bundle on C
of rank . The projective spaces associated to the vector spaces E(np)|,, for
n € Z, are canonically isomorphic to each other, so we identify them. The
vanishing sequences considered are at the point p. Choose a uniformizer ¢ of C
at p.

Suppose V C H°(C, E) is an (r + 1)-dimensional subspace with the vanishing
sequence

(a,...,a,a+1,...;a+1), (5.9)
—_—— —— —
i r1—i
for some ¢ with 1 <i¢ <r, and a > 0. Let vy,...,v,41 be a basis of V' adapted
to the vanishing sequence, namely a basis vy,...,v,41 such that in the stalk
E,, we can write
v = taﬁl, ey Uy = ta?}'i, Vi41 = ta+15i+1, ey Upy1 = ta+15,~+1, (510)
for some v1,...,0,41 € E, such that the images of v1,...,v; in the fiber E|,
are linearly independent, and the same holds for the images of Vj41,...,Upy1.
Let V° C E|, be spanned by the images of 01,...,0;, and V! C E|, by the
images of v;41,...,0,41. It is easy to check that a different choice of basis

adapted to the vanishing sequence gives the same V? and V'!. By construction,
dim V% =4 and dim V! = r + 1 — 4, and therefore, dim(V° N V?!) > 1. We say
that V has transverse vanishing at p if

dim(VOnv?!) =1. (5.11)

Note that if V is base-point free at p, then dimV°® = r and dim V! =1,s0 V
automatically has transverse vanishing.

PROPOSITION 5.9. Suppose V.C H°(C, E) is an (r + 1)-dimensional subspace
with vanishing sequence (5.9) and transverse vanishing at p. Then the ramifi-
cation section Ty of V wvanishes to order (r + 1)a+ (r — i) at p. Furthermore,
writing ry = tUTDET—1 LT the one-dimensional subspace of E|, spanned by
Tlp is VON VL

Proof. Thanks to transverse vanishing, there exists a basis {S1,...,5,} of E|,
such that

VO = <§1, NN ;§i> and Vl = <§i+17 NN 7§r7§1>-
Let vy, ...,v,.41 be a basis of V adapted to the vanishing sequence such that if v;
are defined as in (5.10) then the images of v1, ..., v, in E|, are 51,. .., 5,, respec-
tively, and the image of v, 41 is 51. In particular, the r elements v1,...,v, € E,

give a trivialization of E around p. Write

Upg1 = b101 + -+ + b0y
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in E,, where by,...,b, € O¢p. Since the image of v,41 in E|, is 51, we get
that b1 =1 (mod my), and bs, ..., b, € my,. Using the basis vi,...,v,41 of V
and the local trivialization vy, ..., v, of E, we can write 7y as the determinant

(see (4.10)) as follows

te at®= 19
te at*~1y;
ry = det totl (a + 1)ta5i+1
tatl (a + 1)t%,
bytetl ..o pietl oo bt (a4 D)ty + 0T

_ t(TJrl)aJrT*i:Jl +t(r+1)a+r7i+1( )

Thus the order of vanishing of ry is as claimed. Furthermore, 7 is given by
rT=0+(--).
Since the image of ¥1, namely 51, spans VN V1, the proof is complete. O

We are primarily interested in generic (r + 1)-dimensional subspaces V' C
H°(C,E). A generic such V has the vanishing sequence (0,...,0,1). For
linked linear series, it is important to also study the V' with complementary
vanishing sequence, namely (0,1,...,1), which we now do. For simplicity, we
restrict to C = P!,

Let E be an ample vector bundle on P! of rank r. Fix a point p € P;
all the vanishing sequences are at p. Consider the locally closed subset U C
Gr(r + 1, H°(P!, E)) parametrizing V C H°(P!, E) with vanishing sequence

0,1,...,1).
—

Given such a V, let 7y € PHY(E @ det E @ Kp1 @ O(—(r — 1)p)* be the
reduced ramification section, namely the section obtained by dividing the usual
ramification section 7y by the (r — 1)-th power of a uniformizer at p (see
Proposition 5.9). The assignment V +— 7y gives a variant of the projection-
ramification map, which we call the reduced projection-ramification map

p:U—-PH'(P'E®det E® Kp1 @ O(—(r — 1)p))*. (5.12)

Note that, just as in the case of the usual projection-ramification map, the
source and the target of the reduced projection-ramification map are of the
same dimension.

Having defined the reduced projection-ramification map, we now relate it back
to the usual projection-ramification map, but on a different vector bundle.
Given a one-dimensional subspace ¢ C E|,, define Ej by the exact sequence

0—E,—E— E|,/t—0.
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There exists a Zariski open subset of the projective space of lines in E|, such
that for all £ in this set, the isomorphism class of Ej remains constant. Denote
this isomorphism class by E,

en’

PROPOSITION 5.10. If the usual projection-ramification map

p: Gr(r+1,H (P, E. ) --» PH(P', B}, ® det B}, ® Kp1)"*

gen gen

is dominant, then so is the reduced projection-ramification map
p:U—-PH'(P'E®det E® Kp1 @ O(—(r — 1)p))*.

Proof. Let D € PHY(E @ det E ® Kp1 ® O(—(r — 1)p))* be a generic section.
Let £ C E|, be the one-dimensional subspace defined by D|,, and set E' = Ej,.
Since D is generic, we may assume E’ = . The inclusion of sheaves E' — E
induces an inclusion of sheaves

E' ®@detE' @ Kp1 - E@det E® O(—(r —1)p) @ Kp1,

and by construction, D is the image of a section D’ € PH?(E'®det E' @ Kp1)*.
Since p is dominant for E’, there exists a sequence of subspaces V) € Gr(r +
1, HY(P1, E")) such that the limit of p(V,!) is D’. Let V,, C Gr(r+1, H*(PL, E))
be the image of V. Then the limit of p(V},) is D. Since D was generic, we get
that p is dominant. O

COROLLARY 5.11. The reduced projection-ramification map is dominant for the
bundles E = O(1) ® O(2)" ! and E = O(2) ® O(3)" L.

Proof. Follows from Proposition 5.10 and that the projection-ramification map
is dominant for £/ = O(1)" and E' = O(2)". O

5.4 PROJECTION-RAMIFICATION FOR LINKED LINEAR SERIES

Recall the setup from § 5.2: C' = C1UC) is a nodal union of two smooth projec-
tive curves of genus g; and go, and m: X — B is a smoothing of C. Let £ be a
vector bundle of rank r on X whose restriction F to C has multi-degree (wy, w2).
The integers ny > np are such that we have vanishing H°(Csy, E,|c,) = 0 for
all n <ny and H°(Cy, Enlc,) = 0 for n > ny. For convenience, we decrease n
and increase ny so that the vanishing on Cs holds for all n < ny — (w1 — 2¢1)
and on C; for all n > ng + (w2 — 2g2). Define

di =wy —nyr, do =ws +nor, and b =ng — nq,

as before.
Set &' = £ @ det £ ® wx,/p. Then £ is a vector bundle of rank r on X whose
restriction E’ to C' has multi-degree (w],w}) where

wi = w1 + r(wy — 291 + 1) and wh = wg + r(wy — 292 + 1).
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We set
ny =n1(1+7r) and ny = na(1 +7r),

and observe that we have vanishings H°(Cs, E!|c,) = 0 for n < n} and
H°(Cy, E!|c,) = 0 for n > nf. We also set

b =nh—ni =b1+r).
Our next goal is to define a rational map
p: Glr+1,€) --» G(1,&) (5.13)
that extends the projection-ramification map

pP: GI‘(T+ 17HO(X775677)) -2 GI‘(LHO(X 5/))

m~n

on X,. For technical reasons, we define the map in (5.13) only on the reduced
scheme underlying G(r + 1, ).

Before defining the map, we identify three conditions on linked linear series on
the central fiber that are required for the map to be defined. To do this, consider
a linked linear series (V,, | n € Z) on C, and let (Wy,W2) be the associated
EHT limit linear series namely W7 = V,,, and W = V,,, (see Proposition 5.8).
The first condition we want to impose is that (W7, W2) be a refined EHT
limit linear series; this is an open condition (see [9, Proposition 4.1.5]). The
second condition we want to impose is that the vanishing sequence of W; C
H°(C4, En,|c,) at p is of the form

(ay...,a,a+1,...;,a+1) (5.14)
—_—— — ————
i r1—i

as in (5.9); imposing a particular vanishing sequence is again an open condi-

tion (see [9, Proposition 4.2.5]). Since (W7, W3) is refined, it follows that the

vanishing sequence of Wao C H°(Cy, En,|c,) at p is
b—a-1,...,b—a—1,b—a,...,b—a).

r+1—1 %

Recall from § 5.3 that W, yields two vector spaces VY and V! in the fiber E,,, |,
which we may identify canonically (up to scaling) with the fiber E|,. Likewise,
W, yields two analogous vector spaces, call them A and A, in E|,. The gluing
condition in the definition of EHT limit linear series (Definition 5.7) and the
definition of these vector spaces immediately shows that

VO =AYand V' = A°. (5.15)

The third condition is the transversality of these two spaces, namely dim(V° N
vh =1.

Let U C G(r + 1,&) be the complement of the union of the following closed
sets:
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1. the closure of the subset of Gr(r + 1, H(X,,, &,)) corresponding to V C
HY(X,,&,) for which the evaluation map V®Ox, — &, has generic rank
less than r.

2. the set of linked linear series (V,, | n € Z) on C such that the associated
EHT limit linear series (Wi, Ws) is not refined, or does not have the
vanishing sequence as in (5.14), or does not satisfy the transversality
condition dim(V® N V1) =1.

Give U the reduced scheme structure.
Let S be a reduced B-scheme with a map to U given by the linked linear series
(Vi | m € Z). On Xg, we have a diagram analogous to (4.8), namely

det £ @ det Vi, —2— V, ® Oxs — En

J# I |

0 —— QXS/S ® & — P(&) En > 0.

(5.16)

Here P(&,,) is the sheaf of principal parts of &, relative to Xg — S, and the
bottom row is the natural exact sequence coming from its definition. The
top row is a complex, but it may not be exact. The maps labeled e are the
evaluation maps. The map j is defined by the maximal minors of e: V, ®
Oxy — &,. The map d is the unique map induced by the other maps in the
diagram. By composing d through the inclusion Qx5 — wx/s, and doing
some rearrangement, we obtain a map

o det Vy — m(En @ det £, @ Wy /) = Ta(Elrp1yn)- (5.17)

Consider the two extremal sections, namely those corresponding to n = n; and
n =mns.

LEMMA 5.12. Ouer every s € S over 0 € A, the restrictions rn,|s and rn,|s
define a one-dimensional refined EHT limit linear series for E’.

Proof. Without further comment, we identify r,, |s € H(C, Eng)m) with its
image in H°(C1, E{, , ), c,). We have

E£r+1)n1|cl = By, ® det By, ®wc|cl =Ep, @det Ep, ® QC|C1 ® Ocy (p)a

and by construction 7, |s is the image of the ramification section of V,,, C
H°(C1, Ep, |c,) under the inclusion map

E,, @ det E,, ® Qcle, = En, @det By, Qwelo, = Efr+1>n1 ley -

By Proposition 5.9, the ramification section of V;,, has order of vanishing (r +
1)a+(r—1) at p, and hence 7, |s on Cy has order of vanishing (r+1)a+(r—i+1)
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at p. Likewise, ry,|s on Cy has order of vanishing (r + 1)(b —a — 1) 4+ at p.
Since

(r+a+@r—i+)+(r+1)0b—a-1)+i=(r+1)b=V,

we see that r,, |s and r,,|s have complementary orders of vanishing, leading to
an equality in condition (1) of Definition 5.7.

We must next ensure that condition (2) of Definition 5.7 holds, that is, the
images of 7,,|s in the appropriate twists of E,,|, are equal, at least up to
scaling. By Proposition 5.9, the image of 7,,|s in the appropriate twist of
E,. |, spans the line (VYN V1), and the image of r,,|s spans the line A® N A
But by (5.15), we have V! = A? and V° = A!, so the two lines are equal. [

Thanks to Lemma 5.12, we apply Proposition 5.8, and conclude that there
exists a unique (1-dimensional) linked linear series (R,, | n € Z) of £ on Xg
for which R, = detV,, and R,, = detV,,, at least if S is reduced. The
transformation

(ValneZ)— (R, |neZ)

defines a morphism
p:U— G(1,&), (5.18)

as desired in (5.13). Note that U has the reduced scheme structure.
The fruit of our labor is the following corollary. Let Uy be the fiber over 0 of
u— B.

COROLLARY 5.13. Suppose v € Uy is such that dim, Uy = (r +1)(d —rg — 1)
and v is isolated in the fiber of p, then the projection-ramification map

Gr(r+1,H°(X,. &) --» PH(X,, &, ® det B, ® Kx,)
is generically finite.

Proof. If dim, Uy = (r + 1)(d — rg — 1), then v is in the closure of Gr(r +
1,H%(X,,&,)) by Theorem 5.6. The result follows from the upper semi-
continuity of fiber dimension. O

5.5 MAXIMAL VARIATION FOR GENERIC SCROLLS OF HIGH DEGREE

We now have all the tools to prove Theorem D.

THEOREM 5.14 (Theorem D). Let E be a generic vector bundle on P of rank r
and degree d = a(r —1)+b(2r—1)+1, where a, b are positive integers. Then the
projection-ramification map is generically finite, and hence dominant, for E. In

particular, the projection-ramification map is dominant for generic E of degree
>(r—1)2r—1)+1.
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Proof. We say that generic dominance holds for rank r and degree d if the
projection-ramification map is dominant (equivalently, generically finite) for the
generic vector bundle of rank r and degree d. The rank will be fixed throughout,
so let us drop it from the discussion. Let us prove that if generic dominance
holds for degrees d; and ds, then it also holds for degree d = dy +ds — 1. With
the base cases d; = r (Proposition 5.1) and d2 = 2r (Proposition 5.2), this
proves the theorem.

Take C; = Cy = P!, and let C = C; U C be their nodal union at one point,
which we take to be the point labeled 0 on both P!'s. Let X — B be a
smoothing of C'. Note that any vector bundle on C' is the restriction of a vector
bundle on X. Therefore, by Corollary 5.13, it suffices to construct a vector
bundle E of degree d on C' and a linked linear series (V;, | n € Z) on E such
that the following conditions hold for the point v of G(r + 1, E’) represented
by (V| n € Z):

1. dim, G(r+ 1,E) = (r+1)(d - 1),
2. p is defined at v, and
3. v is an isolated point in the fiber of p.

We construct E as follows. Let E; be a generic vector bundle of degree d;
on Cp, and E} a generic vector bundle of degree do — 1 on C3. Choose a
generic isomorphism E|o = Eo, and construct the vector bundle E on C' by
gluing £ and E along this isomorphism. Choose n1 = a and ny = b + a for
sufficiently negative a and sufficiently positive b. The isomorphism FE1|g & Eb|o
yields isomorphisms, canonical up to scaling, of E1(m)|o and E4(n)|o for any
m,n € Z.

Having constructed E, we must now construct (V,, | n € Z). By Proposition 5.8,
it is enough to construct V,,, € H°(Cy, E1®0(a)) and V,,, C H(Co, E}(b—a)),
provided they define a refined EHT limit linear series. Let V C H9(Cy, Ey)
be a generic (r 4+ 1)-dimensional vector space. Then it will have the vanishing
sequence (0, ...,0,1). Hence, we have V° = E|g and V! C E|q is 1-dimensional
(see § 5.3 for the definition of these two subspaces). Furthermore, the genericity
of V implies that V! is a general 1-dimensional subspace. Define Eo by the
sequence

0 — Ey — E{(1) — E5(1)|o/V' — 0.

Let A € H°(Cy, E5(1)) be the image of a general (r+1) dimensional subspace of
H°(Cy, Ey). Then A C H°(Cs, E4(1)) has the vanishing sequence (0,1,...,1),
with A = V! and A! = V0. Let V,,, € H°(C1,E; ® O(a)) be the image of
V and V,,, C H°(Cy, E5(b — a)) the image of A. Then V,,, has the vanishing
sequence (a,...,a,a+1), and A the complementary vanishing sequence (b—a—
1,b—a,...,b—a). By the construction of A, there exist bases of V,,, and V,,,
that satisfy the gluing condition at 0. In conclusion, V,,, and V,,, form a refined
EHT limit linear series, and hence define a linked linear series v = (V,, | n € Z).
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We check that dim, G(r+ 1, E) = (r+1)(d —1). Indeed, for every linked linear
series w = (W, | n € Z) in an open subset around v, the EHT limit linear
series associated to w determines w and has the same vanishing sequence as v.
In particular, W,, C HY(Ci, E1(a)) is the image of an (r + 1)-dimensional
subspace V (w) C HY(C1, E1) with vanishing sequence (0,...,0,1), and W, C
H(Cy, E4(b — a)) is the image of an (r + 1)-dimensional subspace A(w) of
H°(Cy, E4(1)) with vanishing sequence (0,1,...,1). The gluing condition, in
turn, implies that A(w) is the image of an (r + 1)-dimensional subspace of the
kernel of the map
E(1) > By(1)/V(w)".

By the genericity of V, the isomorphism type of the kernel of this map is
constant around v; that is, the kernel is isomorphic to E>. A dimension count
for G(r + 1, E) around v gives

dim, G(r + 1, E) = dim Gr(r + 1, H*(Cy, F1)) + dim Gr(r + 1, H(Cy, Es))
=(r+D)d =D+ (r+1)(d—1)=(r+1)(d-1).

Finally, we must check that v is an isolated point in the fiber of
p:G(r+1,E)--+ G(1,E®det E ® we).

For any w € G(r + 1, E) in an open set around v with w # v, either V(w) #V
or A(w) # A, where V,A,V(w), A(w) are as above. By construction, V' C
H(r +1,H%(C1,E1)) and A € H(r + 1, H°(Cy, E4(1))) are isolated in their
respective projection-ramification maps. Therefore, either pc, (V(w)) # pe, (V)
or po, (A(w)) # pe, (A). In either case, we obtain that p(v) # p(w), and hence
conclude that v is an isolated point in the fiber of p. O
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