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ABSTRACT. In this paper, we study smooth, semi-free actions on
closed, smooth, simply connected manifolds, such that the orbit space
is a smoothable manifold. We show that the only simply connected
5-manifolds admitting a smooth, semi-free circle action with fixed-
point components of codimension 4 are connected sums of S3-bundles
over S2. Furthermore, the Betti numbers of the 5-manifolds and of
the quotient 4-manifolds are related by a simple formula involving the
number of fixed-point components. We also investigate semi-free S3
actions on simply connected 8-manifolds with quotient a 5-manifold
and show, in particular, that there are strong restrictions on the topol-
ogy of the 8-manifold.
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1 INTRODUCTION

The action of a Lie group G on a smooth manifold M is said to be semi-free
if, for any p € M, the isotropy group at p is either all of G (so that p is
a fixed point) or trivial. Such actions have been studied extensively for the
past several decades in a variety of contexts: see, for example, [5], [7], [21],
[27], [28] and, more recently, [22], [23], [25]. In general, the quotient M/G
will not be a manifold. However, if G = S! and the fixed-point set M " has
codimension four, then M/S* admits a canonical smooth structure. Similarly,
if G = $3 = SU(2) and the fixed-point set M5 has codimension eight, then
M/S? admits a canonical smooth structure.

In this article, we first investigate 5-dimensional manifolds admitting smooth,
semi-free S actions with codimension-4 fixed-point sets, and then proceed
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to do the same for 8-dimensional manifolds admitting smooth, semi-free S3
actions with fixed-point sets of codimension eight. Throughout, we adopt the
convention that the empty connected sum (that is, with zero summands) is the
standard sphere. Unless indicated otherwise, it may be assumed throughout
that all manifolds are closed, smooth and simply connected, and that all actions
are smooth. The notation 8¢ will distinguish the standard d-dimensional sphere
from the spherical Lie groups S! and S3.

THEOREM A. Let M be a closed, smooth, simply connected, 5-dimensional
manifold and suppose that there is a smooth, semi-free circle action on M so
that the fixed-point set M5 s of codimension four. Then M is a connected sum
of n+k—1 S3-bundles over S%, where k = by(M*) is the second Betti number of
the orbit space M/S' = M*, and n € N is the number of components of MS".
Moreover, M is spin if and only if M* (with its canonical smooth structure) is
spin.

For the sake of clarity, we note that Theorem A says that a 5—manifold1M
admitting a semi-free circle action with codimension-4 fixed-point set M* is
given by

(s x 8, if M spin,
| (SPXS2)#(#772(S? x 82)),  if M not spin,

where S3xS? denotes the non-trivial S3-bundle over S2 and M5 consists of a
disjoint union of n embedded circles. In Section 6 it will be demonstrated that
all of these manifolds admit such an action, although it is difficult to pin down
the diffeomorphism type of the orbit space M*. In fact, we have not ruled
out the remote possibility that the actions on S x 82 and S2xS? described
in Section 6 yield exotic smooth structures on M* (homeomorphic to S* and
CP?, respectively).

By the work of Levine [21] (see Theorem 4.1), it is known that all 4-dimensional
manifolds arise as the quotient of a semi-free circle action on some 5-manifold.
It is clear from Theorem A that, by increasing the number of fixed-point com-
ponents, each 4-manifold may be obtained via a semi-free circle action from
infinitely many different 5-manifolds. This is in marked contrast to the situ-
ation for principal circle bundles over 4-manifolds, where it has been proven
by Duan and Liang [11] that at most two (simply connected) total spaces are
possible for a given base. Moreover, they showed that the only 5-manifolds
which can admit a free circle action are connected sums of S3-bundles over S2.
In contrast, [19] Kollar has determined necessary and sufficient conditions for
a 5-manifold to admit a fixed-point-free circle action, that is, with all isotropy
subgroups being finite. In particular, many additional diffeomorphism types of
5-manifolds can admit such an action.

In addition to these observations, notice that, if M* is a simply connected 4-
manifold and n € N, then Theorem A (together with Proposition 3.1) ensures
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that all semi-free actions with n fixed-point components and orbit space M* oc-
cur on a fixed simply connected 5-manifold. On the other hand, it is well known
that choosing a multiple ma, m € Z, of a primitive o € H?(M*;Z) yields
a principal S'-bundle over M* whose total space has fundamental group Z,,.
Thus, if bo(M™*) > 0, there are infinitely many pairwise non-diffeomorphic, non-
simply-connected 5-manifolds admitting free circle actions with orbit space M*.
Even if one restricts to the simply connected case m = %1, the work of [11]
shows that, whenever M™ is not spin, there are still two possible diffeomor-
phism types for total spaces of the corresponding principal S*-bundles over
M*.

Given that 5-manifolds admitting a semi-free circle action with fixed-point set
of codimension four are classified by Theorem A, it is natural to ask whether
all such actions can also be classified up to equivariant diffeomorphism. As it
turns out, Levine [21] achieved just this in arbitrary dimensions, under certain
extra hypotheses. In the present special case, it is possible to simplify his
classification.

THEOREM B.

(i) If M is a closed, smooth, simply connected, 5-dimensional manifold
equipped with a smooth, semi-free circle action, with fired-point set MS'
consisting of m circles and orbit space M* (with its canonical smooth
structure), then there is a canonical element € € H*(M*;Z) associated
to the action.

(i) For i = 1,2, let M; be a 5-manifold as in (i), such that MZ-S1 consists
of n; circles, and let &; € H*(M};Z) be the element canonically asso-
ciated to the semi-free circle action. Then the actions on My and Mo
are equivariantly diffeomorphic if and only if n1 = no and there exists a
diffeomorphism ¥ : My — M such that ¥*(e3) = ;.

(i1i) Given any closed, smooth, simply connected 4-manifold M*, an € €
H?*(M*;Z) and ann € N, there exists a closed, smooth, simply connected,
5-dimensional manifold M on which S' acts smoothly and semi-freely
with orbit space M™*, such that € is the element canonically associated to
the action and the fized-point set MS" consists of n circles.

Notice, in particular, that it is not assumed in Theorem B(ii) that \I/(Mlsl) =
M251. In other words, the diffeomorphism ¥ is not required to be induced by
an equivariant diffeomorphism M; — Ms.

Theorems A and B continue the analysis of semi-free circle actions in low
dimensions initiated by Church and Lamotke in [7]. They proved that semi-
free circle actions on 4-manifolds with isolated fixed points are classified up
to equivariant diffeomorphism by the number of fixed points. Furthermore,
only connected sums of arbitrarily many copies of 8% x S? can admit such
actions and, as a consequence of Perelman’s proof of the Poincaré conjecture,
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it turns out that the orbit space (with its canonical smooth structure) is always
diffeomorphic to the standard 3-sphere.

We now turn our attention to the study of semi-free S3 actions on 8-manifolds
with isolated fixed points. As previously mentioned, the orbit space is a 5-
manifold and admits a canonical smooth structure. In their article [7], Church
and Lamotke showed that all 5-manifolds can be obtained in this way. Further-
more, they proved that if M7 and Ms are two 8-manifolds admitting semi-free
S3 actions with the same number n € N of isolated fixed points and such that
the corresponding orbit spaces M7 and M3 are diffeomorphic, then M; and
M, are equivariantly homeomorphic.

As the classification result of Church and Lamotke does not provide explicit
information about the topology of those 8-manifolds which admit semi-free S3
actions with isolated fixed points, it is natural to seek a general characteriza-
tion. Although a complete classification similar to that in Theorem A seems
difficult, one obtains strong restrictions on a number of invariants for such
spaces.

THEOREM C. Let M be a simply connected, closed, smooth 8-manifold admit-
ting a smooth, semi-free S° action with fived-point set F consisting of n € N
isolated points. Then the orbit space M* is a simply connected, closed 5-
manifold which admits a canonical smooth structure such that:

(i) The integral cohomology groups of M satisfy
HI(M;Z) = { H3(M*;Z), j=3,6,
72 j=4.
In particular, the Betti numbers of M satisfy ba(M) = bs(M).
(i) The Euler characteristic of M is even and given by x(M) = n.
(iii) The Pontrjagin classes p1(M) and p2(M) are trivial.
(iv) The fl—genus and signature of M are trivial.
(v) M is spin if and only if M* is spin.

(vi) The Euler class of the principal bundle S® — M\F — M*\F is a gen-
erator of H*(M*\F;Z) which pulls back to a generator of the principal
S3-bundle over each component of M*\F.

By taking advantage of the obstructions listed in Theorem C, one can quickly
rule out the existence of semi-free S3 actions on a large variety of 8-manifolds.

COROLLARY D. The manifolds CP*, HP?, 8% x 85, 83 x S° and SU(3) do
not admit a smooth, semi-free S® action with isolated fized points.
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Given that the signature and cohomology of a connected sum are well under-
stood, it is easy to use the examples in Corollary D to construct infinite families
of 8-manifolds which do not admit a smooth, semi-free S3 action with isolated
fixed points. For example, if M is one of the manifolds in Corollary D, then
the manifold M#(#72,(S* x S*)) does not admit such an 5% action for any
m € N.

Semi-free actions by S' or S3 with fixed-point sets of codimension four or
eight, respectively, are special cases of a more general phenomenon. Suppose,
for example, that a Lie group G acts smoothly on a closed, smooth manifold M
such that, locally, there are at most two orbit types. If the action of a non-
principal isotropy subgroup H on the unit normal spheres to the submanifold
of orbits of type (H) is, up to an ineffective kernel, the Hopf action of S on
S? or of S3 on S7, respectively, then the orbit space M/G is again a manifold
and admits a canonical smooth structure.

As a simple example of this, consider the free product action of S' x S% on
S3 x 87. This induces an S! x S? action as above on S!!, by viewing S'!
as the (spherical) join S® + 87. The orbits of type (S! x {1}) form a copy of
S7 (codimension four), while the orbits of type ({1} x S%) form a copy of S*
(codimension eight), and the respective actions on the normal spheres are Hopf
actions. The orbit space, being given by S? x S*, is therefore homeomorphic to
S” and can be equipped with a canonical smooth structure.

All of the actions discussed in this work are special cases of fiberings with
singularities, also known as Montgomery-Samelson fiberings (see, for example,
[1], 12], [8], [9], [24], [26], and the generalization in [18]). It would be interesting
to know whether the results of this article have analogues in this wider setting.
Our original motivation for studying semi-free actions stems from our interest
in positive sectional curvature and the work of Dyatlov [12], in which it was
shown that positive curvature is preserved under taking quotients by semi-free
actions of the types investigated here. While Dyatlov’s results have yet to yield
new examples of positively curved Riemannian manifolds, we have identified
strange metrics of positive curvature on cp? by considering semi-free circle
actions on positively curved Eschenburg spaces of cohomogeneity one.

The article is organized as follows: Basic definitions, notation and facts which
will be used throughout have been collected in Section 2. Section 3 contains the
proof of Theorem A, while Theorem B will be proven in Section 4. Section 5 will
deal with the proof of Theorem C. Finally, in Section 6 we give some examples
and constructions of semi-free actions with manifold orbit spaces.
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2 BASIC DEFINITIONS AND NOTATION

As mentioned in the introduction, the standard n-dimensional sphere will be
denoted by S™ and the non-trivial S3-bundle over S% by S3*xS?2, while the
spherical Lie groups will be denoted by S and S2. The n-dimensional open
(unit) disk will be D™.

Recall that a smooth, oriented n-dimensional manifold M is said to be spin if
the second Stiefel-Whitney class wa (M) € H?(M; Zy) vanishes and that being
spin is an invariant of the homotopy type of a closed, smoothable manifold
[31]. By Poincaré duality, a closed, simply connected 4-manifold M always
has torsion-free integral cohomology, with the rank of H2(M;Z) being given
by the second Betti number bo(M). Furthermore, as a consequence of the
Barden—Smale diffeomorphism classification [4, 30], if a closed, smooth, simply
connected 5-manifold M has Hy(M;Z) torsion free of rank k = by(M), then
M = #2?:1(83 x S2), whenever M is spin, that is, whenever wy(M) = 0, while
M = (S3XS?)#(#5-1 (S® x 82)), whenever wy (M) # 0.

A smooth action of a compact Lie group G on a smooth manifold M is a smooth
map G X M — M ; (g,p) — g - p such that G — Diff(M); g— (p—g-p) is a
homomorphism. The isotropy subgroup of an actionat p € M is G := {g € G |
g-p=p} C G, while the submanifold G-p:={ge M |q=9g-p, g€ G} C M
is called the orbit through p € M and is diffeomorphic to the quotient G/G,.
An orbit G - p is said to be of type (H) if G, is conjugate to a given closed
subgroup H in G. The orbit space M /G of an action will be denoted by M*,
leading to the notation p* and A* for the image under the orbit projection map
m: M — M* of a point p € M and a set A C M, respectively.

A point p € M is called a fized point of an action if G, = G. An action will be
called semi-free if there are only two orbit types: fixed points and orbits with
trivial isotropy, that is, G, = G or G, = {e} for all p € M. An orbit of type
({e}) will be called principal.

The set ME C M of all fixed points of an action will be denoted by F, whenever
there is no confusion. In particular, F' is a smooth submanifold of M with image
w(F) = F* C M* diffeomorphic to F. For this reason, F' will usually also be
used to refer to F'*, and it will be clear from the context whether it is being
viewed as a subset of M or M*.

If compact Lie groups G and G’ act smoothly on manifolds M and N, respec-
tively, and ¢ : G — G’ is a Lie group homomorphism, then a smooth map
f M — N is said to be equivariant with respect to v if f(g-p) = ¢(g) - f(p)
for all g € G and p € M. In particular, if f : M — N is a diffeomorphism
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and ¢ : G — G is an isomorphism, then f is said to be an equivariant diffeo-
morphism, while M and N are said to be equivariantly diffeomorphic. In the
special case that ¢ = idg, the actions will be called equivalent.

Suppose now that S, r € {1, 3}, acts smoothly and semi-freely on a smooth
manifold M. As the action is free away from the fixed-point set FF C M and
the components of F' are smooth submanifolds of even codimension, it follows
that the orbit space M* is stratified into smooth submanifolds given by the
codimension-zero regular part M., := (M\F)/S" = M*\F, together with the
odd-codimension components of F' = F*. In particular, the link, that is, the
space of normal directions, of each component of F C M™* is either a complex or
quaternionic projective space, depending on whether » =1 or r = 3. Although
the regular part M, inherits a smooth structure from that of M, the same is
not true for all of M*, in general.

However, if all components of FF C M are of codimension 2(r 4+ 1), the corre-
sponding links in M* are given by CP! 2 82 if » = 1, and by HP' = S*, if
r = 3. In this special case, M* is a topological manifold and, moreover, the
smooth structure on M, can be extended in a canonical manner to all of M™,
yielding the canonical smooth structure on M*. In brief, if » = 1 (resp. r = 3),
there is a complex (resp. quaternionic) structure on the normal bundle to each
component of F' C M, and this induces a PU(2)-bundle (resp. PSp(2)-bundle)
structure on the normal bundle to components of F' C M*. As the actions of
PU(2) on CP* and PSp(2) on HP' are equivariantly diffeomorphic to those of
SO(3) on S% and SO(5) on S*, respectively, there is a canonical way to smooth
the orbit space, further details of which can be found in [7] and [21].
Throughout the discussions below, it will often be assumed without comment
that manifolds are closed, smooth and simply connected and that actions are
smooth.

3 TOPOLOGY OF THE 5-MANIFOLDS

The existence of a semi-free circle action on a manifold of any dimension places
strong restrictions on the fundamental group, since any orbit can easily be
contracted to a point by making use of a path to a fixed point.

PRroOPOSITION 3.1. Let M be a closed, smooth manifold admitting a semi-
free circle action with fized-point set F' of codimension 4 and orbit space M*.
Then M is simply connected if and only if M* is simply connected.

Proof. If M is simply connected then M ™ is simply connected, by, for example,
the path-lifting result of Montgomery and Yang [27, Cor. 2].

Conversely, suppose that M* is simply connected and choose a base point
p* € M* corresponding to a principal orbit S'-p C M. Consider two loops
in M*\F C M* based at p* and a homotopy in M* between them. As the
codimension of F' C M is 4, the orbit space M* is a manifold and F' C M* is a
codimension-3 submanifold. By transversality, the homotopy can be made to
lie entirely in M*\ F, which implies that M*\ F is also simply connected.
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Now, since M\F is the total space of a principal S'-bundle over a simply
connected base, its fundamental group is generated by the orbit S!-p. Any
loop in M based at p can be homotoped into M\ F' by transversality and, hence,
to a multiple of the orbit S-p. Finally, if ¢ : [0,1] — M is a curve with ¢(0) = p
and ¢(1) € F, that is, with ¢(1) a fixed point, then the set {S*-c(t) | t € [0,1]}
describes a 2-disk in M along which the orbit S! - p can be contracted to a
point. Therefore, M is simply connected. O

To begin the proof of Theorem A, the topology of the orbit space and the
number of fixed-point components will be used to garner information about the
possible diffeomorphism types for a 5-manifold which admits a semi-free circle
action with fixed-point set of codimension four. In Section 6 it is demonstrated
that all of these diffeomorphism types admit such an action.

THEOREM 3.2. Let M be a closed, smooth 5-manifold admitting a semi-free
circle action with fixed-point set F' consisting of n circles. If either M or the

orbit space M™* is simply connected, then M is a connected sum of n+ k — 1
S3-bundles over S?, where by(M*) = k.

Proof. By Proposition 3.1, both M* and M are simply connected. Therefore,
by [4] and Poincaré duality, it suffices to show that H?(M;Z) = Hy(M;Z) =
Zn—i—k—l.

Since M* is a simply connected 4-manifold, H?(M*;Z) is torsion-free of rank
k = ba(M*) and H3(M*;Z) is trivial. If D(F) C M denotes a (sufficiently
small) Sl-invariant neighbourhood of F C M and D*(F) C M* its im-
age in M*, the Mayer—Vietoris sequence for M* = (M*\F) U D*(F) yields
H2(M*\F;Z) = Z"** and H*(M*\F;Z) = Z"~!, since the intersection
(M*\F)N D*(F) is homotopy equivalent to F' x S?, that is, to a disjoint union
of n copies of S! x S2.

Now M\F is the total space of a principal S*-bundle over M*\F and, by the
proof of Proposition 3.1, M*\F' is simply connected. From the corresponding
Gysin sequence, one obtains the short exact sequence

0—2Z" ' - H3M\F;Z) —» ZF" =0,

from which it follows that H3(M\F; Z) = Z2" k-1,

As M is simply connected, Poincaré duality gives H*(M;Z) = 0. On the other
hand, M = (M\F) U D(F) and the intersection (M\F) N D(F') is homotopy
equivalent to F' x S3, that is, to a disjoint union of n copies of S' xS3. Therefore,
the Mayer—Vietoris sequence yields the short exact sequence

0— H¥(M;Z) — Z>"=1 572" -0,
from which it may be concluded that H?(M;Z) = Z™ k=1 as desired. O

To complete the proof of Theorem A, it remains to determine the behaviour of
spin structures under semi-free actions, which is quite different to that for free
actions.
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THEOREM 3.3. Let M be a closed, smooth, simply connected 5-manifold ad-
mitting a semi-free circle action with fized-point set F' consisting of n circles.
Then M is spin if and only if the orbit space M* is spin.

Proof. Let j: M\F — M and j : M*\F — M* denote the respective inclusion
maps. Then, using the same notation as in the previous proof, the Mayer—
Vietoris sequence with Zg coefficients for M = (M\F) U D(F) shows that
§* 1 H*(M;Zy) — H?*(M\F;Zy) is an isomorphism, while that for M* =
(M*\F) U D*(F) yields that j* : H>(M*;Zy) — H?(M*\F;Zy) is injective.
On the other hand, the tangent bundles of M\ F and M*\F are the pullbacks
of the tangent bundles of M and M* under the respective inclusions. From
wo(M\F) = 7wa(M) and we(M*\F) = j*wa(M™*) it then follows that M\ F
is spin if and only if M is spin, and M*\ F' is spin if and only if M* is spin.
The tangent bundle of M\F is given by T(M\F) =V & 7*T(M*\F), where V
is the vertical distribution of the principal bundle S* — M\F -5 M*\F. As
V is parallelizable, the Whitney sum formula yields wa(M\ F) = m*wa(M*\ F).
Now, from the Gysin sequence for S' — M\F —» M*\F it is clear that
the kernel of 7* : H?(M*\F;Zs) — H?*(M\F;Zs) is isomorphic to Zo and
generated by the mod-2 reduction of the Euler class e(m) of the bundle, that
is, by the second Stiefel-Whitney class wq(7w) € H?(M*\F;Zs). Therefore, it
suffices to show that, if we(M*\F) # 0, then wa(M*\F) # wa (7).

To this end, suppose that wy(M*\F) # 0 and let ¢ : D*(F)\F — M*\F
denote the inclusion map, where D*(F)\F = (M*\F) N D*(F). Exactness of
the Mayer—Vietoris sequence for M* = (M*\ F) U D*(F) now yields

Fwy (MA\F) = i* (j*ws (M) = 0 € HX(D*(F)\F; Zs).

On the other hand, as the pullback S' — D(F)\F im D*(F)\F of the prin-
cipal bundle S — M\F =5 M*\F is homotopy equivalent to the disjoint
union of n copies of the (idg: x Hopf)-fibration S* x S — S x S2, it follows
that the image i*e(r) = e(i*m) € H*(D*(F)\F;Z) = Z" of the Euler class
e(m) € H*(M*\F;Z) is a generator in each summand. In particular, reducing
mod-2 yields

i*wy () = we(i*7) # 0 € H*(D*(F)\F; Zs),

from which it immediately follows that wa(M*\F) # wa(w) and, hence, that
wa(M\F) = m*wa(M*\F) # 0, as desired. O

As is also seen in Section 6, the spin structure, or lack thereof, affects the
number of fixed-point components of a semi-free circle action.

COROLLARY 3.4. Suppose the fized-point set F' of a semi-free circle action on
a closed, smooth, simply connected 5-manifold M has codimension four and
consists of n components. Thenn € {ba(M)+1—-25]0<j < Lb2(2M)J}, if M
is spin, while n € {1,...,b2(M)}, if M is not spin. Moreover, all possible n
are achieved.
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Proof. By Theorem A, we have bao(M) = n + bo(M*) — 1. Suppose M is not
spin. Then, since a non-spin 4-manifold has positive second Betti number, it
follows that n < ba(M). By Proposition 6.2, M admits a semi-free circle action
with fixed-point set consisting of n circles, for all n € {1,...,ba(M)}.

Suppose now that M is spin. By Rokhlin’s Theorem [29], the signature of the
intersection form of M* is divisible by 16. Therefore, by(M*) must also be even.
By Propositions 6.2 and 6.3, all by(M™*) = 25 with j € {0 < j < LI’Q(Q—M)J} are
achieved, from which the claim follows. O

4 A REFINED CLASSIFICATION

Under the hypothesis that the fixed-point set has no 2-torsion in its second co-
homology group, Levine [21] has given a classification of semi-free circle actions
with fixed-point sets of codimension four. As the fixed-point set of such an ac-
tion in dimension five is easily understood, this classification can be simplified
somewhat.

Recall, first, that a free circle action on a manifold M with orbit space M* is
classified by the Euler class, that is, by an element of H?(M*;Z). Suppose,
for i = 1,2, that M; admits a free circle action with orbit space M; and Euler
class e; € H?(M};Z), respectively. Then these actions are equivalent if and
only if there is a diffeomorphism ¢ : My — My such that ¢*(es) = e;. This is
illustrated by the following simple examples.

EXAMPLE 4.1.

(i) S? admits two free circle actions with orbit space S?, having Euler classes
+1 € H?(S?;Z), respectively. As the antipodal map on S? interchanges
these two classes, the actions are equivalent.

(ii) S3 x S3 admits free circle actions with orbit spaces S x S and S? x S3
and Euler classes (1,0) € H2(S3 x S%;Z) and (0,1) € H?(S? x S3;Z),
respectively. The diffeomorphism S3 x S? — S2 x S3 which interchanges
the factors shows that the actions on S3 x 82 are equivalent.

(iii) Each of S x S? and S? x S? admits a free circle action with orbit space
S2 x S2, such that the Euler classes are (1,0),(0,1) € H?(S? x S?; Z), re-
spectively. The diffeomorphism of S? x S which interchanges the factors
shows that these actions are equivalent.

Levine’s classification result for semi-free circle actions with fixed-point set of
codimension four has a similar flavour.

THEOREM 4.1 (Levine [21]).
(i) Suppose that S acts smoothly and semi-freely on a smooth, closed man-
ifold M with orbit space M*, such that the fized-point set F C M has
codimension four and H*(F;Z) is 2-torsion free. Let i : S?> — M*\F
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be the inclusion of a fibre of the normal sphere-bundle of FF C M*and
let e € H*(M*\F;Z) be the Euler class of the principal bundle S' —
M\F — M*\F. Then H%(S% Z) is generated by i*e and, furthermore,
the ST action on M is determined up to equivariant diffeomorphism by
the diffeomorphism type of (M*, F,e).

(i) Suppose a closed, smooth manifold M* has a submanifold F C M* of
codimension three, with H?(F';Z) 2-torsion free and having oriented nor-
mal bundle. Suppose further that there is an element e € H*(M*\F;Z)
such that the pullback i*e under any inclusion i : S> — M*\F of a fibre of
the normal sphere-bundle of F C M* is a generator of H*(S?;Z). Then
there exists a closed, smooth manifold M admitting a semi-free S action
with orbit space M*, fized-point set F C M, and such that the principal
bundle S — M\F — M*\F has Euler class e.

The present goal is to reduce Theorem 4.1 to Theorem B in dimension 5. The
following lemmas will facilitate this.

LEMMA 4.2. Fori=1,2, let M} be a closed, smooth, oriented 4-manifold and
F; C M} a disjoint union of n; embedded circles. Then M\ F} is diffeomorphic
to M3\ F» if and only if n1 = na and there is a diffeomorphism ¥ : My — M3 .

Proof. By the work of Hatcher [16], the diffeomorphism group of the 3-disk
D3 is homotopy equivalent to O(3). Therefore, every oriented D3-bundle over
S! must be trivial. In particular, each component of the (oriented) normal
disk-bundle D*(F;) to F; C M} is trivial. Hence, for each ¢ = 1,2, there is a
diffeomorphism

Bi - [[(8" x 82) = 0D*(F,) — o(M;\D*(F})) (4.1)

j=1

such that M; = (M;\D*(F;)) Ug, [T}~ (S" x D?).

Suppose now that there is a diffeomorphism ¢ : M{\F; — M3\ F,. In partic-
ular, this forces ny = ny =: n, since ¢ o f; = 3. Moreover, by [17, Chap. 8,
Thm 2.2], the fact that the diffeomorphism

Boo Byt = Ploar\p= (£ : O(M{\D*(F1)) — O(M3\D*(Fy))

extends to a diffeomorphism M;\D*(Fy) — Mj\D*(Fs) (namely, ¢ itself)
implies that there is a diffeomorphism
®: Mj = (Mj\D"(F1)) Ug, [J(S' x D?)
j=1
— (M3\D*(F2)) Ug, [[(S' x D?) = M3

j=1
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which restricts to ¢ on M{\D*(F1) and to the identity map on []j_, (S' x D?).
In addition, taking into account the identifications D*(F;) = ];_,(S' x D?),
i =1,2, it is immediate that ®(Fy) = Fb.

Suppose, on the other hand, that ¥ : M{ — My is a diffeomorphism and
n1 = ng. By the work of Haefliger [15] and Chazin [6], there is a unique isotopy
class of embeddings of [j2, S into M. In particular, Fy and ¥~'(F,) are
isotopic submanifolds of M;. Hence, by [17, Chap. 8, Thm 1.3], there is an
ambient isotopy h : M{ x [0,1] — M7 such that ho = ida; and hi(F1) =
U—L(F,). Therefore, the diffeomorphism ¥ is isotopic to a diffeomorphism
® :=Vohy: Mf — M satistying ®(F1) = F». In particular, the restriction
®|po\ry 2 MI\FL — M3\ F» is a diffeomorphism. O

Suppose that M is a 5-manifold on which S' acts semi-freely with orbit space
M* and fixed-point set F© C M consisting of n circles. Since M is simply
connected, so too are M* and M*\F, by Proposition 3.1 (and its proof). By
Poincaré duality, H*(M*; Z) is therefore torsion free. From the Mayer—Vietoris
sequence for M* = (M*\F) U D*(F) there is a short exact sequence

0 HX(M*;Z) 2 HX(M*\F;Z) 25 H*(S*(F);Z) »0,  (4.3)

where j : M*\F — M* and n : S*(F) — M*\F are the respective inclusion
maps and S*(F) = F x S2 C (M*\F) N D*(F) is the normal sphere-bundle to
F C M*. In particular, H?(S*(F);Z) = Z™ and, hence, the sequence splits.

LEMMA 4.3. The short exact sequence (4.3) admits a canonical section T :
H*(M*\F;Z) — H*(M*;Z) with 7o j* = idg2 -z -

Proof. Let N C M* be the union of n mutually disjoint, embedded 4-disks and
let F” C N be the union of n embedded circles such that each component of N
contains exactly one component of F” (in its interior). Observe, in particular,
via a simple Mayer—Vietoris argument, that the inclusion p : M*\N — M*
induces an isomorphism p* : H?(M*;Z) — H*(M*\N;Z).

By the results of Haefliger [15] and Chazin [6], together with [17, Chap. 8, Thm
1.3], there is an ambient isotopy h : M* x [0,1] — M* such that hy = idp~
and hy(F) = F’. Moreover, being isotopic to the identity map, it is clear that
the diffeomorphism h; induces the identity homomorphism on H?(M*; Z).
Consider the commutative diagram

—1

hl
M*\F' ——= M*\F

MY —— M*
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where 6 : M*\N — M*\F’ is the inclusion map. The section 7 can now be
defined via

7= ((hitop)) to(h o) : HH(M*\F;Z) — H*(M*;Z). (4.4)
In particular, it follows that
T = (h1_1>* [¢] (p*>71 @] 9* @] (h’1_1|M*\F’>* = (p*>71 @] 9* @] (h’1_1|M*\F’>*

and, hence, that 7o j* = idy2(p+,z) as desired.

The section 7 is canonical in the sense that it depends only on M* and F' and
not on the choice of either N or F’. Indeed, by [17, Chap. 8, Thm. 3.2] there is
an ambient isotopy of M* which isotops IV to any other collection of n disjoint,
embedded disks. Similarly, there is an ambient isotopy of M™* deforming any
other collection F/ C N of n embedded circles as above to F’ by first deforming
to F and then proceeding as before. o

It turns out that the canonical section behaves well in scenarios typical of
equivariant actions.

LEMMA 4.4. Suppose that, for i = 1,2, M; is a simply connected 5-manifold
on which S* acts semi-freely with orbit space M} and fized-point set F; C M;
consisting of n; circles. Suppose further that ® : My — M3 is a diffeomorphism
such that ®(Fy) = F3 and ¢ := <I>|Mf\pl. Then

T10p" =0% o

where 7; : H*(M}\F;;Z) — H*(M};Z), i = 1,2, are the canonical sections
from Lemma 4.5.

Proof. Since the claim regards induced maps in cohomology, it may be assumed
without loss of generality (by choosing appropriate ambient isotopies of M;
and M5 as in the proof of Lemma 4.3) that there are embedded disjoint unions
N; C M} of n; 4-disks, ¢ = 1,2, such that No = ®(Ny), Fo = ®(F}), and each
component of IV; contains exactly one component of F;. In particular, n; = na.
In this setup, the inclusion maps p; : M;\N; — M and 0; : M\N, — M\ F;,
i = 1,2, satisfy ¢ 061 = 02 0 ®|pr-\n, and ® 0 p1 = p3 0 @[\, , While the

canonical sections defined by (4.4) are given by 7; = (pf) "t o 67, i=1,2.
It now follows that
To¢" = (p}) ooy
= (1) o (®|ar\v,) 0 05
— 0% 0 (p3) " 0 0
= (I)* O To
as desired. 0
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Now that all the ingredients are in place, it is possible to prove Theorem B.

Proof of Theorem B. Suppose that M is a 5-manifold on which S' acts semi-
freely with orbit space M* and fixed-point set F' C M consisting of n circles.
Since M is simply connected, so too are M* and M*\F, by Proposition 3.1
(and its proof). As in (4.3), the short exact sequence

0 — H2(M*Z) 2 HX(M*\F;Z) 25 H*(S*(F);Z) — 0,

splits, where j : M*\F — M* and n : S*(F) — M*\F are the respective
inclusion maps and S*(F) = F x S? C (M*\F) N D*(F) is the normal sphere-
bundle to F' C M™.

Let 7 : H*>(M*\F;Z) — H*(M*;Z) be the canonical section given by Lemma
4.3. If e € H>(M*\F;Z) is the Euler class of the principal bundle S —
M\F — M*\F, then there is a canonical element & := 7(e) € H*(M*;Z)
associated to the action, as asserted in Theorem B(i).

In order to prove Theorem B(ii), suppose that, for i = 1,2, M; is a 5-manifold
on which S! acts semi-freely with orbit space M} and fixed-point set F; C
M; consisting of n; circles. By Theorem 4.1, these actions are equivariantly
diffeomorphic if and only if ny = ng (since F; must be diffeomorphic to F»)
and there is a diffeomorphism ¢ : M\ F; — M3\ Fy such that the Euler classes
ei € H*(M}\F;;Z), i = 1,2, of the respective principal bundles S* — M;\ F; —
MI\F;, i = 1,2, satisfy ¢*(e2) = e3.

In this case, by Lemma 4.2, ¢ can be extended to a diffeomorphism & : M7 —
M3 with ®(F}) = F»> and such that there is a commutative diagram (cf. (4.3))

*

0 —= H2(M;};Z) —2 = H2(M;\Fy; Z) ——> H*(S*(F}); Z) — 0

Sy
> o o

00— H2(Mj;Z) —2> H?(M;\Fy; Z) —2> H2(S*(F,); Z) — 0.

<y
(4.5)
In particular, from Lemma 4.4 it follows that
er =7i(e1) = T1(p"(e2)) = 7(73 (e2)) = @ (€2)
as desired.
Conversely, suppose that ny = ne =: n and there is a diffeomorphism ¥ :

M} — My such that ¥*(é3) = &;. By [15] and [6], there is an ambient isotopy
h:[0,1] x My — M such that ho = idpr and hy(Fy) = U~ (F,). Therefore,
®:=Tohy: M{ — M is a difftomorphism satisfying ®(F;) = F» and ®* =
U* . H2(M3;Z) — H?(Mj;Z). Hence, ®*(é3) = €; and there is a commutative
diagram as in (4.5). By Theorem 4.1, it remains only to demonstrate that the
Euler classes e; € H*(M;\F;;Z), i = 1,2, of the respective principal bundles
St — M\F; — M\F;, i = 1,2, satisfy ¢*(e2) = e1, where ¢ := Q| pro\Fy -
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To this end, choose orientations on M7 and on each component of F;. These
choices induce an orientation on the normal bundle of each component of F}
and, hence, on the fibres of the corresponding normal sphere bundles. The
diffeomorphism @ induces orientations on MJ, the components of Fy and the
corresponding fibres of the normal sphere bundles, such that, in particular, the
restrictions of ® to S*(F;) and to the normal S? fibres in M; are orientation
preserving.

Since the normal sphere bundle S*(F;), i = 1,2, is diffeomorphic to F; x S2,
there is a basis of generators x;1,..., %, € H?(S*(F;) Z) = Z", where each
xi¢ is the Poincaré dual to the orientation class of the ¢! component of F; and
corresponds to the given orientation of the fibre of ¢! component of S*(F).
By the choice of orientations and the naturality of Poincaré duality, it follows
that ¢*(zo¢) = z1¢ for all £ € {1,...,n}.

Let fio : 82 — S*(F;) denote the inclusion of a fibre of the ¢'" component of
S*(F;). By Theorem 4.1, for each i = 1,2 the inclusion n; o fiy : S — M\ F;
pulls the Euler class e; € H?(M;\F;;Z) back to a generator f}(n;(e;)) €
H?(S?%; Z), that is, to the Euler class of a Hopf fibration S — S3 — S2. In
particular, the element 7} (e;) = Y., xye € H*(S*(F;); Z) is, with respect to
the chosen orientations, the Euler class of the disjoint union of n Hopf fibrations
described by S* — S(F;) — S*(F;).

From the commutation relation ¢ o 11 = 13 0 ¢, it is now clear that

¢ (n3(e2)) = ¢ (Z $2z> =z =1nj(e1).
=1 =1

As nf : H* (M \F;;Z) — H?(S*(F;);Z), i = 1,2, is surjective, there is a
canonical section s; : H2(S*(F;); Z) — H?(M;\F;; Z) arising from Lemma 4.3,
defined in the obvious way via s;(n}(y)) := y—3j5(7:(y)), for y € H*(M;\F;; Z).
Now, from

©* 082(n5(y)) = ¢"(y) — ¢ 0 j3(m2(y))
=" (y) — ji o ®*(72(y))
©*(y) —ji om1(¥"(y)) (by Lemma 4.4)

=s10¢"(n3(v)),

it follows that s1 o * = * 0 s9. By combining all of the above observations
one obtains

©" (j3(€2) + s2(m3(e2)))
= Jji (®"(€2)) + s1("(n3(e2)))
= ji(e1) + s1(nj(e1))

©"(e2)
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as desired.

Finally, to prove Theorem B(iii), let M* be a 4-manifold, let € € H?(M*;Z)
and let ' C M* be a disjoint union of n embedded circles. As M* is simply
connected, the Mayer—Vietoris sequence again yields a short exact sequence as
in (4.3) and a canonical section 7 : H2(M*\F;Z) — H?*(M*;Z) as in Lemma
4.3. As above, T induces a canonical section s : H(S*(F);Z) — H*(M*\F;Z).
Choose a basis z1,...,x, € H?>(S*(F);Z) of generators corresponding to gen-
erators of the cohomology rings of the fibres of S*(F). Let o := Y, ¢ and
define e := j*(&) + s(a) € H*(M*\F;Z). By Theorem 4.1, there exists a semi-
free circle action on a 5-manifold M with orbit space M* and fixed-point set
F, such that the Euler class of the principal bundle S — M\F — M*\F is
this element e € H?(M*\F;Z). O

5 SEMI-FREE S3-ACTIONS ON 8-MANIFOLDS

In this section, a study of the restrictions placed on the topology of manifolds
admitting semi-free S2 actions with fixed-point components of codimension 8 is
initiated. Such a manifold is of dimension at least 8 and, in the case of minimal
dimension, the fixed-point set consists of isolated points. In this scenario,
Theorem C demonstrates numerous obstructions to the existence of such an S3
action.

Theorem C will follow directly from the following lemmas. For the sake of
brevity, in each case the hypothesis that M be a simply connected, closed,
smooth 8-manifold equipped with a semi-free S% action, with fixed-point set F
consisting of n € N isolated points, will be suppressed. The orbit space M /S3
is a closed manifold which admits a canonical smooth structure and is, as usual,
denoted by M*. By similar arguments to those in Proposition 3.1, it’s easy to
see that M being simply connected is equivalent to M* being simply connected.
Hence, is a closed, smooth, simply connected 5-manifold. As such, it follows
that H2(M*;Z) is free abelian, H/(M*;Z) = 0 for j = 1,4, and the Betti
numbers satisfy by (M*) = bg(M™).

Let D(F) C M be the union of n disjoint, S-invariant 8-disks centred at the
fixed points in M and let D*(F) C M* be its image under the quotient map
7 : M — M*. Since the S action is semi-free, D*(F') is a union of n disjoint
5-disks in M*.

LEMMA 5.1. The integral cohomology groups of M*\F are given by
Z, Jj=0,
0, 7=1,5,
H(M*\F;Z) = { H*(M*Z), j=2,
Hs(M*;Z)a Jj=3,
VSRS j=4.

Proof. Consider the decomposition M* = (M*\F) U D*(F), where (M*\F) N
D*(F) = D*(F)\F is obviously homotopy equivalent to a union of n disjoint
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copies of S%. Since M*\F is an open manifold, H5(M*\F;Z) = 0. The
remaining integral cohomology groups can now be easily deduced from the
Mayer—Vietoris sequence. o

LEMMA 5.2. The Euler class of the principal bundle S3 — M\F — M*\F is
a generator of H*(M*\F;Z) = Z"~! which pulls back to a generator of the
principal S3-bundle over each component of M*\F.

Proof. Let p € F C M be a fixed point. If D(p) C D(F) (resp. D*(p*) C
D*(F)) denotes the component of D(F) (resp. D*(F)) containing p (resp. p* =
n(p) € F C M*), then the principal bundle S* — D(p)\{p} — D*(p*)\{p*}
fits into the following pullback diagram of principal $3-bundles

T
D(p)\{p} —— M\F BES®

-

D*(p)\{p*} — M*\F —— BS®

where ¢ : M*\F — BS? is the classifying map, and the maps i : D(p)\{p} —
M\F and ¢ : D*(p*)\{p*} = M*\F are the inclusions.

Since H*(BS3;Z) = Z[x], where deg(x) = 4, the Euler class of any prin-
cipal S3-bundle is given by the pullback of x under the corresponding clas-
sifying map. By the Slice Theorem, the free action of S* on D(p)\{p} is
equivalent to the free, linear S® action on D®\{0}. Therefore, the bundle
S3 — D(p)\{p} — D*(p*)\{p*} is homotopy equivalent to the Hopf fibration
S§3 — 87 — S* and, as such, its Euler class (¢ o ¢)*(x) = (1)*(¢*(x)) is a gen-
erator of H*(D*(p*)\{p*};Z) = Z. As an immediate consequence, the Euler
class o*(z) € HY(M*\F;Z) for the bundle S® — M\F — M*\F must also be
a generator. O

LEMMA 5.3. The integral cohomology groups of M are given by

Z, j=0,8
0, j=1,7,
H?*(M*;Z), j=2,5
H3(M*;Z), j=3,6
VAER j=4.

HI(M;Z)

1%

In particular, the Euler characteristic of M is given by x(M) = n.

Proof. By Lemma 5.2, the map H°(M*\F;Z) —% H*(M*\F;Z) in the Gysin
sequence for the principal S3-bundle S® — M\F — M*\F must be injective
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and generate a Z-summand of H*(M*\F;Z) = Z"~'. From the short exact
sequence

0— HY(M*\F;Z) =S H*(M*\F;Z) — H*(M\F;Z) — 0

it follows that H*(M\F;Z) = Z"~2. All other integral cohomology groups of
M\F can be read off from the Gysin sequence, yielding

z, j=0,
0, j=158,
- L) HA0Z) =25
WOREZE s z), =36
A
VA j=T.

With this in hand, the Mayer—Vietoris sequence for M with respect to the
decomposition (M\F) U D(F), where (M\F)N D(F) = D(F)\F is homotopy
equivalent to a disjoint union of n copies of S7, easily yields the cohomology
groups of M.

In order to determine the Euler characteristic of M, it clearly suffices to know
the integral cohomology groups. Alternatively, as a circle subgroup S! C 3
must have the same fixed-point set, the Euler characteristic can be determined
directly via x(M) = x(F). Either way, one obtains x(M) = n, as desired. O

LEMMA 5.4. The Pontrjagin classes, p1(M) and pa(M), the A-genus and the
signature of M are trivial. Furthermore, x(M) = n is even.

Proof. Tt suffices to show that p;(M) = 0. Indeed, by Corollaries 1 and 2 of
[25] (see also [3] and [32]), any closed, smooth, simply connected 8-manifold
admitting a semi-free S% action with isolated fixed points has trivial signature
and A-genus. If p; (M) = 0, then it follows from the Signature Theorem (or
the fl-genus) that pa(M) = 0. Moreover, since dim(M) = 8, the intersection
form is a symmetric, non-degenerate, bilinear form, hence diagonalizable (over
R) with b4(M) equal to the total number of eigenvalues, all of which are non-
trivial. As the signature of M is trivial, the intersection form must have the
same number of positive and negative eigenvalues. Therefore, by Lemma 5.3,
X(M) =n="0by(M) + 2 is even.

In order to show that pi (M) = 0, consider the commutative diagram

M\F =M
M*\F — > M*
J

DOCUMENTA MATHEMATICA 25 (2020) 2085-2114



SEMI-FREE ACTIONS WITH MANIFOLD ORBIT SPACES 2103

where 7 is the quotient map and j, j are the respective inclusion maps. Since
T(M*\F) = 7*(IM*) and HY(M*;Z) = 0, it follows that pij(M*\F) =
7 (o (M) = 0.

On the other hand, T(M\F) = V @ n*(T(M*\F)), where V is the vertical
distribution of the principal bundle S — M\F — M*\F. In particular, V
is parallelizable. As H*(M\F;Z) is free abelian, the Whitney sum formula for
Pontrjagin classes yields

PL(M\F) = p1(V) + p1 (" (T(M*\ F))
— 7 (pu(M*\F)) = 0.

Finally, from the Mayer—Vietoris sequence for M = (M\F) U D(F'), one
sees that 7* : HY(M;Z) — H*(M\F;Z) is an isomorphism. Together with
J(TM) = T(M\F), it then follows that pi(M) = (3*) " (p1(M\F)) = 0, as
desired. (]

LEMMA 5.5. M 1is spin if and only if M* is spin.

Proof. Consider again the commutative diagram from the proof of Lemma
5.4. From the Mayer—Vietoris sequences for M* = (M*\F) U D*(F) and
M = (M\F) U D(F), it follows that j* : H>(M*;Zs) — H?*(M*\F;Z2) und
7% H3(M;Zy) — H?*(M\F;Zs) are isomorphisms. Similarly, from the Gysin
sequence for the principal bundle S® — M\F = M*\F, one obtains that
7% H*(M*\F;Zs) — H*(M\F; Zs) is an isomorphism.

From the discussion of the tangent bundles in the proof of Lemma 5.4 and
the Whitney sum formula for Stiefel-Whitney classes, one obtains wy(M\F) =
JFwe (M) and

wa(M\F) = wy (7" (T(M*\F)))
= 7" (wa(M™\F))
=7 (5" (w2 (M?7))).
Therefore, wo(M) = (5%)7! o 7 o 3*(wo(M*)) and, since (j*)~' o 7* o y* :

H?(M*;Zs) — H?(M;Zs) is an isomorphism, it follows that M is spin if and
only if M* is spin. O

6 EXAMPLES

It is perhaps illuminating to exhibit examples and constructions which illustrate
the statements of Theorems A, B and C. This is the purpose of the present
section. See [7] for additional discussion. The classification by Freedman of
4-manifolds up to homeomorphism [13] will be used freely without comment.

EXAMPLE 6.1 (Semi-free circle actions on S°). By Theorem A, any semi-free
circle action on S® with codimension-4 fixed-point set must fix precisely one
circle in S® and have orbit space M* homeomorphic to S*. By Theorem B,
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there should be, up to equivariant diffeomorphism, a unique such circle action
on S® with orbit space M*. Therefore, equivariant diffeomorphism classes of
semi-free circle actions on S® with codimension-4 fixed-point set are in one-to-
one correspondence with smooth manifolds homeomorphic to S*.

To obtain the standard sphere S*, consider 8> C C? equipped with the semi-
free circle action induced from the following action on C3:

Stx C* = C?; (w,(x,y,2)) = w- (2,1, 2) = (wz, wy, 2).
An equivalent action is given by
w- (z,y,2) = (wz, 0y, 2),
where the equivalence is via the orientation-preserving diffeomorphism
C? = C?; (2,y,2) — (,7, 2).

Observe, however, that the induced diffeomorphism on the quotient pair
(S*, F) = (S*,S!) preserves the orientation of S*, while reversing that of the
fixed-point set S'. The Euler classes of the corresponding principal S'-bundles
St — S5\ F — S*\F will then have opposite signs. In fact, by Theorem 4.1,
these Euler classes correspond to the generators 41 of H?(S*\ F;Z) = Z.

6.1 SEMI-FREE CIRCLE ACTIONS ON S®-BUNDLES OVER S2

According to Theorem A, any semi-free circle action with codimension-four
fixed-point set on either S3 x S% or S3xS? must have (n,k) € {(2,0),(1,1)}
and, hence, orbit space homeomorphic to S* for k = 0 and to CP? for k = 1.
Moreover, being spin, an orbit space homeomorphic to S* can only occur as the
orbit space of an action on 83 x 82, whereas a manifold homeomorphic to CP?
is necessarily not spin and, hence, can only arise from an action on S?xS2.
Furthermore, Theorem B yields that, up to equivariant diffeomorphism, each
manifold homeomorphic to S* is obtained from a unique action on 82 x S? and
each manifold homeomorphic to CP? is given by a one-parameter family of
actions on S3xS2.

In order to provide explicit examples of semi-free circle actions on S x S? and
S3x 82, it is convenient to consider T2 actions on S3 x S? which have only two
orbit types: orbits having circle isotropy, the union of which is a submanifold
of codimension 4, and orbits with trivial isotropy. The manifolds S x S2 and
S3xS? will be obtained as quotients of 82 x S3 under a free circle subaction and
inherit an induced semi-free S action with fixed-point set of codimension 4.
Although the orbit space M™* under each such action is homeomorphic to either
S* or CP?, it is not clear whether M*, equipped with its canonical smooth
structure, is diffeomorphic to S* or CP?, respectively. Thus, even though
we expect the examples below to comprise a complete list of semi-free circle
actions on S? x S2 and S?%S? with orbit space diffeomorphic to S* and CP?,
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respectively, it remains possible that exotic smooth structures are obtained on
the orbit spaces.

Elements of S3 x S? will be considered as pairs (q1,¢2)" of unit quaternions,
where ¢ = Up + vimj € 82 C H with up, v;m € C, |um|? + |vm|? = 1, for
m=1,2.

EXAMPLE 6.2 (Semi-free circle actions on S x S?). Suppose that the T2 action
on S? x S3 is free except at points lying on the tori {(u1,u2)*} C (S3 x S?)NC?
and {(u1,v25)t} C (S x S3) N C @ Cj, along which there is circle isotropy. Up
to equivariant diffeomorphism and reparametrizations of the torus, the action
of T? on S? x S3 can then be given by

@) _ [ urtwuyg
(w, 2) (qg) o <z Ug + zw ’Ugj) ’
The only circle subgroups of T2 which act freely on S x S? are 5(10’1) ={(1,2)}

and S({Q’l) := {(22,2)} and their conjugates, where the action of S(la,b) cT?

(o) 2wt At
) 2P ug + 20 0uy5 )
From the Gysin sequence, together with the Barden—Smale classification [4, 30],
it is clear that the quotient (S? x S3)/S(1a p (@) € {£(0,1), £(-2,1)}, under
each of these free actions is either 82 x S? or S?xS2. By the work of DeVito
in [10] (see also [14], [20]), the second Stiefel-Whitney class of (S* x S3)/S(1a b)
is given by the mod-2 reduction of the sum a + b+ (a + b) = 2(a + b) of the
exponents of z, that is, w2((S? x 8%)/S(, ;) = 0 in each case. Therefore, each

on S3 x S3 is via

quotient is spin and, hence, diffeomorphic to S* x S2.

The circles S¢, ) = {(w,1)} € T? and S, ;, (a,b) € {£(0,1),£(-2,1)},
together generate (the homology of) the torus 72. Therefore, in each case the
T? action on S® x S? induces a semi-free circle action on S x S? given by

w. |0 = [ttt wog
2 U + Wv2j
with fixed-point set F' consisting of the two circles {[u1,u2]'} and {[u1, v275]'} C

S3xS2. As discussed above, the orbit space M* = (S® x 8%)/T? = (S3 x

S$?)/5(,¢) is homeomorphic to S*.

By Theorem B, these four induced semi-free circle actions on S3 x S? are
equivariantly diffeomorphic. Moreover, by Levine [21] (see Theorem 4.1), the
Euler classes of the principal bundles S%l,O) — (S? x S%)\F — M*\F can take
only the values (1, +1) € H*(M*\F;Z) = Z>. Tt is possible to pass from one
to the other via diffeomorphisms of M* which interchange and/or reverse the
orientation of the fixed-point components, as appropriate.
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ExaMPLE 6.3 (Countably many inequivalent semi-free circle actions on
S3xS2%). Suppose now that the T2 action on S® x S3 has circle isotropy at
points on the torus {(u1,u2)t} C (S* x S3) N C? and is free elsewhere. There-
fore, up to equivariant diffeomorphism and reparametrization of the torus, the
action can be described by

(@ _ [ rurtworg

(w, 2) (qg) o (zu2 +zw02j) :

Let M* denote the orbit space (S® x S3)/T?2. Now, for any m € Z, the circle
S(lm y =1{GE"2)} C T? acts freely on S3 x S3 via

L () 2 Fet Ty
q2 zug 4+ 2" g )
As in the previous example, it is clear that the quotient (S3 x S3)/ S(lm 1) under

this free action is either S3 x S? or $3xS? and, again by [10], the second Stiefel—
Whitney class of (S3 x S3)/S(1m 1 is given by the mod-2 reduction of the sum

1+m+1+(m+1)=2m+3, that is, wa((S* x 8%)/5(,, ) = 1. Thus, not
being spin, the quotient is S3xS? for every m € Z.

The circles 5(11,0) = {(w,1)} € T? and S(lmﬁl) together generate (the homology
of) the torus T2. Therefore, for each m € Z, the T? action on S3 x S? induces
a semi-free circle action on S3xS? given by

-tz
G2 Uz +wvz)

and fixing the circle F' = {[u1,us]'} C S3xS2. As discussed above, the or-
bit space M* = (8% x 8%)/T? = (8°x8?)/S(, ; is homeomorphic to CP2.
However, it will turn out that these induced semi-free actions are mutually
inequivalent. Indeed, if e € H2(M*\F;Z) & H*(M*;Z) ® Z = Z? denotes
the Euler class of the principal bundle 5(11’0) — (S3xS?)\F — M*\F then,
as a consequence of Levine’s work [21] (see Theorem 4.1), it has the form
e = (em,x1)*, where e,, € H?(M*;Z) possibly differs from the canonical ele-
ment indicated by Theorem B due to the choice of splitting. It will be shown
below that e,, is linear in the parameter m € Z (so that the inequivalence of
the actions actually follows Theorem 4.1).

For convenience, let P = (S® x S*)\{(u1,u2)'} C S x S* denote the preimage
of (8%xS?)\F under the quotient map 8% x 8% — (S? x 8%)/8/ |, = 8?xS>.
Since S(1m71) is a normal subgroup of 72, the quotient homomorphism p,, :

T? = T%/8(,, 1) = S{1,) induces a map Bpy, : BI? — B(T?/S(,, ) = BS*
on classifying spaces, such that the principal bundle 5(11,0) — (S3xSH\F —
M*\F is the pullback of the universal bundle under the map Bp,,0¢ : M*\F —
BS*', where ¢ : M*\F — BT? is the classifying map of the principal bundle

T? - P — P/T? = M*\F. Hence, the Euler class e = (e, +1)" is, up to
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sign, the pullback of a generator of H2(BS';Z) = Z under the induced map
©* o (Bpm)* : HX(BSY;Z) — H?*(M*\F;Z).

With respect to the basis given by the product decomposition T2 = 5(1110) X
S(0.1), the map i, : w1 (S(,, 1)) = m1(T?) induced by the inclusion i : S(,, ;) —
T? can be written as i, = (m,1)* : Z — Z2. From the long exact sequence for
the fibration S(lmﬁl) —T% - T2/S(1m11) it then follows that (p, )« : m1(T?) —
m1(T?/S(,, 1)) can be written as (pm). = e(1,—m) : Z* — Z, for some ¢ €
{+£1}, which in turn implies that (Bp,,)* : H*(BS';Z) — H?*(BT?) is given
by (Bpm)* = e(1,—m)' : Z — Z? (with respect to the induced basis).

With respect to a fixed basis of H?(M*\ F'; Z) given by the direct-sum decompo-
sition H2(M*\F;Z) = H*(M*;Z) ® Z = Z?, there is, since P is 2-connected,
a matrix (¢%) € SLy(Z) describing the isomorphism ¢* : H*(BT?%Z) —
H?(M*\F;Z) induced from the classifying map ¢ : P/T? = M*\F — BT?.
Consequently, the Euler class has the form

e= (i”i) —¢ (CCL Z) (1m) —¢ (2‘_2;”1) € HX(M*\F;Z).

However, since ¢* € SLy(Z) and the second entry of e is independent of m, it
may be concluded that b = ¢ = ¢ and d = 0, hence, that

= (i”i) = (“‘flm) € H2(M*\F;Z).

Observe, finally, that the diffeomorphism group Diff (M*) can, at worst, change
the sign of e,, € H?(M*;Z). Therefore, by Theorem B, this countable family
of pairwise-inequivalent semi-free circle actions on S2xS? with fixed-point set
of codimension four comprises all such actions on S3xS? with orbit space M*,
up to equivariant diffeomorphism.

REMARK 6.1. Note that, while the examples of semi-free circle actions on
S3 x 82 and S3X%S? are induced by T? actions on S3 x S3, semi-free circle
actions on connected sums of S? x S? and S?xS? will not lift to 72 actions on
a connected sum of copies of 8% x 82 in a similar way. Indeed, by the Gysin
sequence, no 2-connected 6-manifold can be the total space of a principal S'-
bundle over a connected sum of copies of 83 x S? and S?xS? having at least
two summands.

6.2 SEMI-FREE CIRCLE ACTIONS ON CONNECTED SUMS

For i = 1,2, let M; be a 5-manifold admitting a semi-free circle action with
fixed-point set F; C M; of codimension 4. Let n; € N be the number of
components of F; and let p; € F; be a fixed point. In particular, the isotropy
representation of S' on 7T}, M; is equivalent to that on 7T},, M2, since the action
on the unit tangent 4-sphere in each case is simply the suspension of the Hopf
action on S3.
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Therefore, it is possible to perform an equivariant connected sum by re-
moving S!-invariant neighbourhoods (disks) of p; € M; and p; € My and
gluing along the boundaries via an equivariant diffeomorphism (being care-
ful with orientations). In so doing, one obtains a semi-free S action on
M = My# M, with codimension-4 fixed-point set consisting of n =ny +ns — 1
components. To see this, note that removing S'-invariant disks around p;
and py involves removing arcs from the component (circle) of F; and Fj
containing each point. The equivariant-connected-sum operation then glues
the remaining parts of these two circles along their boundaries, thus form-
ing a single fixed circle in M. The orbit space M™* of this semi-free action
on M is clearly seen to be M{#M;. Recall, moreover, that the behaviour of
Stiefel-Whitney classes of positive degree is well understood and, in particular,
MQ(M) = (’LUQ(Ml),’LUQ(MQ)) c HQ(M, Z2) = H2(M1; ZQ) D H2(M2; ZQ), that
is, M is spin if and only if both M; and My are spin.

By taking equivariant connected sums of the manifolds given in Examples 6.2
and 6.3, one obtains examples of semi-free circle actions on all of the spaces
given in Theorem A.

PROPOSITION 6.2. For any mi,ma € N U {0}, a connected sum M of mq
copies of S3 x 82 and my copies of S3xS? admits a semi-free circle action with
fized-point set consisting of my + 1 circles. Moreover, M is spin if and only if
mo = 0.

Proof. If mi; = mo = 0, then Example 6.1 gives the desired space and action.
If my + mo > 0 then, by taking an equivariant connected sum of m; copies
of Example 6.2 and mq copies of Example 6.3, one obtains a manifold M and
action as in the statement. That M is spin if and only if my = 0 follows directly
from the above remarks on Stiefel-Whitney classes. O

Let M = M;# M5 be an equivariant connected sum as described above. The
usual map from M to the wedge sum M; V Ms induces an isomorphism on co-
homology in degree two and, by construction, maps the fixed-point set F C M
to Fy VFy C M1V Ms, where Fy V Fy denotes the wedge sum of a single compo-
nent of F; with a single component of F». Now, the image of M\ F in M7V Ms
is clearly the disjoint union of M;\F; with My\Fs. It then follows easily that
the canonical element € € H?(M*;Z) from Theorem B which characterizes
the semi-free circle on M with fixed-point set F' and orbit space M* is given
by (é1,62) € H?>(My;Z) ® H?*(Ma;Z), where, for i = 1,2, &; € H?(M;;Z) is
the corresponding canonical element characterizing the semi-free action on M}
with fixed-point set F; and orbit space M.

Observe, finally, that the examples constructed by taking equivariant connected
sums as above cannot exhaust all possible actions. Indeed, by [21] (see Theorem
4.1), all 4-manifolds arise as the orbit space of a semi-free circle action on a 5-
manifold, such that the fixed-point set has codimension four. However, taking
equivariant connected sums of Examples 6.1-6.3 yields only orbit spaces which
are homeomorphic to connected sums of copies of CP2. In particular, an orbit
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space homeomorphic to S? x S? is never achieved. This will be remedied in the
next class of examples.

6.3 SEMI-FREE CIRCLE ACTIONS ON FIBRE SUMS

Suppose two 5-manifolds M; and My are equipped with arbitrary effective
circle actions. Although the orbit spaces M; and MJ will not, in general, be
topological manifolds, it is well known that the principal isotropy subgroup
of each action is trivial. Then, by the Slice Theorem, for each i = 1,2 an
Sl-invariant e-neighbourhood v.(S* - p;) of a principal orbit St - p;, C M; is
equivariantly diffeomorphic to S! x D* (with S! acting trivially on the second
factor).

By reversing the orientation of the S! action on M, if necessary, one can
therefore glue the complements of two such invariant neighbourhoods via an
orientation-reversing diffeomorphism of their boundaries to obtain a new man-

ifold
M = (Mi\ve(S" - p1)) Us (Ma\ve(S" - p2))

on which S! also acts effectively, thus obtaining the equivariant fibre sum M.
In particular, notice that the quotient of v.(S! - p;) C M;, i = 1,2, under the
respective circle action is diffeomorphic to D?, from which it follows that the
orbit space M* of the induced circle action on M is given by M #M;.
Suppose now that the circle action on M is free and that the action on Ms is
semi-free with fixed-point set F' of codimension four. Then the induced action
on the equivariant fibre sum M is also semi-free with fixed-point set F' and
orbit space the topological manifold M* = M;#Mj (which admits a canonical
smooth structure).

PRrROPOSITION 6.3. If B is a closed, smooth, simply connected 4-manifold, then,
for every n € N, there exists a closed, smooth, simply connected 5-manifold M
on which S acts smoothly and semi-freely with fized-point set F consisting of n
circles and orbit space M* homeomorphic to B.

Proof. Recall from Example 6.1 and Proposition 6.2 that M; = #?;11(83 x S2%)
admits a semi-free circle action with fixed-point set F' consisting of n circles.
Let, on the other hand, M5 be the total space of a principal S*-bundle over B.
Then the equivariant fibre sum M of M; and Ms admits a semi-free circle
action with fixed-point set F and orbit space homeomorphic to S*#B, that is,
homeomorphic to B. O

Notice that, by Theorem A (and Proposition 3.1), the diffeomorphism type of
the manifold M in Proposition 6.3 is determined by whether B is spin or not.
Suppose now that M is an (m + 1)-fold connected sum M of S3-bundles over
S2, for some m € N. Then, if M is not spin, Proposition 6.2 implies that M
admits a semi-free circle action with fixed-point set F' consisting of n circles,
for all n € {1,...,m}.
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On the other hand, if M is spin, then M* is a smooth, spin 4-manifold. By
Rokhlin’s Theorem [29], the intersection form of M* must have signature di-
visible by 16 and, hence, b2(M*) must be even. Then Theorem A and Propo-
sitions 6.2 and 6.3 together imply that M admits a semi-free circle action with
fixed-point set F consisting of n circles, for allm € {m —2(j —1) | 0 < j <

+1
=1}
6.4 SEMI-FREE S® ACTIONS IN DIMENSION 8

Without a good understanding of 8-manifolds, it seems very difficult to con-
struct explicit examples of 8-manifolds admitting explicit semi-free S3 actions
with isolated fixed points, even though Church and Lamotke [7] provide a al-
gorithm for constructing such spaces over any given orbit space. Nevertheless,
the following examples should give a good impression of what is to be expected.
Suppose M is an 8-manifold with H?(M;Z) = H3(M;Z) = 0 which admits a
semi-free S3 action with only isolated fixed points. Then the orbit space M*,
equipped with its canonical smooth structure, is diffeomorphic to S°. Indeed,
from Theorem C, it follows that H*(M*;Z) = H*(S%;Z). Now, by collapsing
the complement of a neighbourhood of a point in M™*, one obtains a map
f : M* — S® of degree 1. By the Hurewicz and Whitehead theorems, it
follows that M* is a homotopy 5-sphere. By the h-cobordism theorem, M* is
homeomorphic to S® and, as there are no exotic spheres in dimension 5, one
concludes that M* = S5,

Taking advantage of the Hopf action, such semi-free actions are, in fact, easy
to find:

(i) The standard sphere S® C R x H? can be written as
S% = {(s,x1,22)" | s €R, w1, w0 € H, 8> + |21]* + |22)> = 1}.

Then S? acts semi-freely on S® via

S s
g- 121 ] =141
€2 q T2

with fixed-point set F = {(£1,0,0)*} C S® consisting of 2 = x(S¥)
points.

(ii) The standard S* C R x H is given by
St ={(s,z)'|s€R, x € H, s* + |z]* = 1}.

The action of $% on 8* x §* described by

(5 s2\\ i1 l2
q z1 /) \ o qr1 )’ \gT2
is semi-free with 4 = x(S* x S?) fixed points.
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(iii) Suppose that, for j = 1,2, M; is an 8-manifold admitting a semi-free S*
action with fixed-point set consisting of n; = x(M;) points. Then, by
removing (as for semi-free circle actions) an S3-invariant neighbourhood
of a fixed point in each space and gluing equivariantly along the bound-
aries, one obtains an equivariant connected sum M = Mj# M>, such that
the resulting semi-free S action on M has ny + ny — 2 = x(M) fixed
points. Applying this construction to multiple copies of the previous ex-
ample yields, for each m € N, a semi-free S® action on #;":1(84 x S%)
with 2m + 2 fixed points.

As mentioned in the introduction, the work of Church and Lamotke [7] ensures
that this is a complete classification up to equivariant homeomorphism of all
semi-free actions on 8-manifolds having isolated fixed points and S° as orbit
space.
To obtain more interesting orbit spaces, one can use an equivariant-fibre-sum
construction analogous to that for semi-free circle actions. This is essentially
the construction suggested by [7]. In the present case, one considers a principal
bundle S* — P — B over a 5-manifold B and an (equivariant) connected sum
7, (S* % 8%), with m € NU{0}. Removing an S*-invariant neighbourhood of
a principal orbit from each and gluing along the boundaries yields a manifold M
which admits a semi-free S® action with 2m+2 fixed points and orbit space M*
diffeomorphic to S?# B = B. Moreover, up to equivariant homeomorphism, all
actions are obtained in this way.
Without further information, however, this is a rather unsatisfactory con-
struction. Indeed, it yields an explicit description of neither the manifold M
nor the semi-free S action upon it. For example, it is unknown whether
M = (S? x S%)#(S? x S®) admits a semi-free S3 action with isolated fixed
points, even though Theorem C ensures that the individual summands do not.
Theorem C and [4] would together imply that the orbit space of such an action
is M* = S3 x S% and that the number of fixed points is 2 = x(M). By the
previous paragraph, M would then have to be (equivariantly) homeomorphic
to the fibre sum of S8, equipped with its semi-free action with orbit space S°,
and the trivial principal S3-bundle S3 x S°.
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