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Abstract. We study elliptic curves of the form x3 + y3 = 2p and
x3 + y3 = 2p2 where p is any odd prime satisfying p ≡ 2 mod 9 or
p ≡ 5 mod 9. We first show that the 3-part of the Birch–Swinnerton-
Dyer conjecture holds for these curves. Then we relate their 2-Selmer
group to the 2-rank of the ideal class group of Q( 3

√
p) to obtain some

examples of elliptic curves with rank one and non-trivial 2-part of the
Tate–Shafarevich group.
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1 Introduction and the main results

Let n ≥ 3 be a cube free integer. The elliptic curve

Cn : x
3 + y3 = n

is the twist of C : x3 + y3 = 1 by the cubic field Q( 3
√
n), where 3

√
n denotes

the real root. The study of the arithmetic of Cn is very old. In particular,
it is well known that Cn has no non-zero rational torsion, and thus Cn(Q) is
infinite precisely when n is the sum of two rational cubes. Let p be any odd
prime satisfying

p ≡ 2 mod 9 or p ≡ 5 mod 9. (1.1)

In [20], Satgé used the theory of Heegner points to show that C2p has rank 1
when p ≡ 2 mod 9, and C2p2 has rank 1 when p ≡ 5 mod 9. More recently,
it was shown in [2] that, for all odd primes p satisfying (1.1) the 3-part of
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the Birch–Swinnerton-Dyer conjecture holds for the product of the two curves
C2p × C2p2 ; here, we remark that one of the curves in this product is of rank
zero, while the other is of rank one.
The first main result of this paper is the proof of the 3-part of the Birch–
Swinnerton-Dyer conjecture for each of the individual curves C2p and C2p2 for
all odd primes p satisfying (1.1). More precisely, we establish the following re-
sults. Let L(Cn, s) be the complex L-series of Cn over Q. Since Cn has complex
multiplication by the integer ring OK of K = Q(

√
−3), the analytic contin-

uation and functional equation of L(Cn, s) are known by Deuring’s theorem.
Let A be the elliptic curve with classical Weierstrass equation

A : y2 = 4x3 − 1.

Then fixing an embedding of K into C, and noting that A also has complex
multiplication by OK , the lattice L of complex periods of the differential dx/y
on A is of the form ΩOK , with Ω = 3.059908..., a real number. For each integer
n ≥ 3, we then define

Ωn = Ω/(
√
3n1/3). (1.2)

The rationality of the algebraic part L(Cn,1)
Ωn

of L(Cn, s) at s = 1 follows from
a result of Birch using modular symbols, which deals with any elliptic curve
over Q. Moreover, Stephens strengthened this result for Cn in [24] to show
that this is a rational integer.

Theorem 1.1. Let p be an odd prime satisfying (1.1). Then

1. If p ≡ 5 mod 9, the L-values L(C2p, 1) and L(C22p2 , 1) are both non-zero,
and the 3-part of the Birch–Swinnerton-Dyer conjecture holds for C2p and
C22p2 . Moreover, we have the following congruence

L(C2p, 1)

3Ω2p
≡ L(C22p2 , 1)

3Ω22p2

≡ 1 mod 3.

2. If p ≡ 2 mod 9, the L-values L(C2p2 , 1) and L(C22p, 1) are both non-zero,
and the 3-part of the Birch–Swinnerton-Dyer conjecture holds for C2p2

and C22p. Moreover, we have the following congruence

L(C22p, 1)

3Ω22p
≡ L(C2p2 , 1)

3Ω2p2

≡ 1 mod 3.

We write X(Cn) for the Tate–Shafarevich group of Cn over Q. Combined with
the results in [2], we obtain the following corollary of Theorem 1.1.

Corollary 1.2. Let p be an odd prime satisfying (1.1).

1. If p ≡ 2 mod 9, the curve C2p has rank 1 and L(C2p, s) has a simple zero
at s = 1. Furthermore, X(C2p) is finite and the 3-part of the Birch–
Swinnerton-Dyer conjecture holds for C2p.
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2. If p ≡ 5 mod 9, the curve C2p2 has rank 1 and L(C2p2 , s) has a simple
zero at s = 1. Furthermore, X(C2p2) is finite and the 3-part of the
Birch–Swinnerton-Dyer conjecture holds for C2p2 .

The second main result of this paper is on the 2-part of the Tate–Shafarevich
group of the curves C2p and C2p2 in the rank 1 case studied in Corollary 1.2.
For any abelian group (scheme)M (over a base scheme S) and a positive integer
m, we write M[m] for the group (scheme) of m-torsion of M. We relate the
2-Selmer group of these curves to the 2-part of the ideal class group of the
field L = Q( 3

√
p). We remark that such a relation has already been obtained

in [11] for a wide class of elliptic curves without complex multiplication. We
can apply the same methods to our curves on noting that their Mordell–Weil
groups have trivial torsion subgroups and that for any prime number ℓ, we have
Φ[2] = 0, where Φ/Fℓ denotes the component group scheme of a corresponding
Néron model over Qℓ. In addition, in our case, we can use this relation to obtain
examples of curves with rank 1 and non-trivial 2-part of the Tate–Shafarevich
group.
Given a number field F , let Cl(F ) be the ideal class group of F . We call the
integer rank2 (Cl(F )) := dimF2(Cl(F )/2Cl(F )) the 2-rank of Cl(F ). Here, F2

denotes the finite field of two elements.

Theorem 1.3. Let p be an odd prime satisfying (1.1).

1. If p ≡ 2 mod 9, we have rank2(Cl(L)) ≥ 2 if and only if X(C2p)[2] is
non-trivial. In particular, in the case rank2(Cl(L)) ≥ 2, the curve C2p

has rank 1 and has non-trivial X(C2p)[2].

2. If p ≡ 5 mod 9, we have rank2(Cl(L)) ≥ 2 if and only if X(C2p2)[2] is
non-trivial. In particular, in the case rank2(Cl(L)) ≥ 2, the curve C2p2

has rank 1 and has non-trivial X(C2p2 )[2].

We remark that, although we cannot show at present that there are infinitely
many primes p satisfying the condition rank2(Cl(L)) ≥ 2 in Theorem 1.3,
there are many such p. Indeed, for p < 1000000, 1852/13099 of the primes
p ≡ 2 mod 9 and 1629/13068 of the primes p ≡ 5 mod 9 satisfy the condition.
Some notable numerical examples can be found in Appendix A. We note also
that there are infinitely many elliptic curves over Q with rank 0 and non-trivial
2-part of the Tate–Shafarevitch group (see, for example, [17]). However, in the
rank 1 case, it seems that one can so far only find elliptic curves over Q with
non-trivial 2-part of the Tate–Shafarevich group via numerical computations.
Theorem 1.3 thus sheds new theoretical light on the existence of many curves
with rank 1 and non-trivial 2-part of the Tate–Shafarevich group.

In the remainder of this introduction, we explain the structure of the paper and
the key ideas involved. In Section 2, we will introduce the notion of ‘explicit
modulo 3 Birch–Swinnerton-Dyer conjecture’ and show congruences similar to
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those in Theorem 1.1 for the curves Cp and Cp2 . The proof of Theorem 1.1
will be given in Section 3. The main idea of the proof is an extension of
Zhao’s averaging method [26, 10, 15] from 2-adic to 3-adic. However, a direct
application of Zhao’s method only gives us the 3-adic valuation of the sum of the
two algebraic L-values in Theorem 1.1, and does not give us the 3-adic valuation
of the individual algebraic L-value. To overcome this difficulty, we will study
the ‘explicit modulo 3 Birch–Swinnerton-Dyer conjecture’ introduced in Section
2 to separate the terms in the above sum. A key ingredient in establishing such
an ‘explicit modulo 3 Birch–Swinnerton-Dyer conjecture’ is Zhang’s adaptation
[27] of Razar’s method [16, 17] from 2-adic to 3-adic. This gives us a precise
3-adic valuation of certain rational functions on the curve A which appear
naturally in a special value formula (see [6]) for L(C2ipj , 1) for i, j ∈ {0, 1, 2}.
Combining Zhao’s method, the results from Section 2 and congruences between
the L-values of C2p and C22p2 (resp. C2p2 and C22p) for p ≡ 5 mod 9 (resp.
p ≡ 2 mod 9) gives us Theorem 1.1. In Section 4, we will prove Theorem 1.3 by
a 2-descent argument. In Appendix A, we will give some numerical examples
which satisfy the condition rank2(Cl(L)) ≥ 2 in Theorem 1.3.

Notation and conventions

Throughout the paper, we will have K = Q(
√
−3) and a fixed embedding of K

into C. We write OK for the integer ring of K, and for every ideal (b) = bOK

of K, K(b) will denote the ray class field over K modulo (b). An odd prime p
is always assumed satisfying the condition (1.1), and we write Hp = K( 3

√
p)

and Hp = K( 3
√
p, 3

√
2). If m ≥ 1 is an integer, µm will denote the group

of m-th roots of unity. For any cube free integer n ≥ 3, we write Cn for
the elliptic curve x3 + y3 = n. Let A : y2 = 4x3 − 1 with a period lattice
L = ΩOK , where Ω = 3.059908... is a real number. For each integer n ≥ 1,
we set Ωn = Ω

(
√
3n

1
3 )
. Let L(Cn, s) be the complex L-series of Cn over Q. We

call L(Cn,1)
Ωn

the algebraic part of L-value of Cn at s = 1. As usual, Q3 will
denote the field of 3-adic numbers, and Z3 the ring of 3-adic integers in Q3.
We write Q3 for a fixed algebraic closure of Q3, and Z3 will denote the integer
ring of Q3. Given α ∈ Q3, we write α ∈ 3ǫ0(ǫ1 + 3ǫ2Z3) for three non-negative
rational numbers ǫi (i = 0, 1, 2) if the number (α/3ǫ0) − ǫ1 is divisible by 3ǫ1

in Z3. Finally, we fix a normalized additive 3-adic valuation ord3 on Q3 such
that ord3(3) = 1.

2 Explicit Modulo 3 Birch–Swinnerton-Dyer Conjecture for Cp

and Cp2

We first introduce a special value formula for Cn to which we will refer fre-
quently in the later sections of the paper. We assume from now on that n is
prime to 3. Let ψn be the Hecke character over K associated to Cn. From an
explicit description of ψn contained in [23], we have

ψn((α)) =
(n
α

)
3
α (2.1)

Documenta Mathematica 25 (2020) 2115–2147



Elliptic Curves with Rank One and Non-Trivial X[2] 2119

for every α ∈ OK which is prime to 3n and is congruent to 1 modulo 3. Here,( ·
·
)
3
denotes the cubic residue symbol, and we denote by (f) the conductor of

ψn. A precise definition of the cubic residue symbol and a detailed description
of (f) can be found in [24].
Let z and s be complex variables. Given any lattice L in the complex plane C,
the Kronecker–Eisenstein series is defined by

H1(z, s,L) :=
∑

w∈L

(z + w)

|z + w|2s ,

where the sum is taken over all w ∈ L except −z if z ∈ L. This series converges
to define a holomorphic function in s on the half plane Re(s) > 3

2 , and it
has analytic continuation to the whole complex s-plane. We define the non-
holomorphic Eisenstein series by

E∗
1 (z,L) = H1(z, 1,L).

It is shown in [24] that the Néron differential lattice of Cn is ΩnOK . We have
the following special value formula for Cn, whose detailed proof can be found
in [6, Theorem 60].

Theorem 2.1. Let (f) be the conductor of ψn, and let g be an integer in K

such that g is a multiple of f . Then the value E∗
1

(
Ωn

g ,ΩnOK

)
lies in K(g),

and we have

L(g)(Cn, 1) =
Ωn

g
TrK(g)/K

(
E∗
1

(
Ωn

g
,ΩnOK

))
, (2.2)

where TrK(g)/K denotes the trace map from K(g) to K. Here, we denote by

L(g)(Cn, s) the imprimitive L-series of Cn obtained by omitting the Euler fac-
tors at all primes dividing (g), so that in particular in the case (f) = (g),
L(g)(Cn, s) is the complex L-series for Cn.

Let us say from now on that the explicit modulo 3 Birch–Swinnerton-Dyer
conjecture holds for Cn if the algebraic part of its L-value at s = 1, when divided
by the product of the Tamagawa factors, satisfies the modulo 3 congruence
predicted by the Birch–Swinnerton-Dyer conjecture. When L(Cn, 1) 6= 0, the
explicit modulo 3 Birch–Swinnerton-Dyer conjecture is stronger than the 3-
part of the Birch–Swinnerton-Dyer conjecture for Cn, since the argument from
Iwasawa theory due to Rubin [19] excludes both the 2-part and the 3-part of the
Birch–Swinnerton-Dyer conjecture for Cn. In particular, it is not difficult to
check that the congruences in Theorem 1.1 gives the explicit modulo 3 Birch–
Swinnerton-Dyer conjecture for C2p and C22p2 when p ≡ 5 mod 9 and for C22p

and C2p2 when p ≡ 2 mod 9. Indeed, the factor 3 in the denominators of the
congruences in Theorem 1.1 comes from the Tamagawa factor at the prime 3
(a description of the Tamagawa factor for Cn is given in [25]). Furthermore,
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by a 3-descent argument, we can show that the 3-part of the Tate–Shafarevich
group of the elliptic curves in Theorem 1.1 is trivial (see Proposition 3.11).
It follows from [18] that these Tate–Shafarevich groups are finite, and thus by
Cassels’ theorem [3], they have square orders. Hence their orders are congruent
to 1 modulo 3, as required.
In this section, we first prove

L(Cp, 1) 6= 0 and L(Cp2 , 1) 6= 0,

then show that the 3-part of the Birch–Swinnerton-Dyer conjectures holds
for these curves. Moreover, we will show that the explicit modulo 3 Birch–
Swinnerton-Dyer conjecture holds for Cp and Cp2 . We remark that the
non-vanishing of the L-values of these curves and the 3-part of the Birch–
Swinnerton-Dyer conjecture were shown by Zhang in [27]. The main result of
this section is the explicit modulo 3 Birch–Swinnerton-Dyer conjecture for the
curves Cp and Cp2 , which we will prove by applying Zhao’s induction argument
and by establishing certain congruences between the algebraic L-values of Cp

and Cp2 .

We write D for p or p2. We recall that A has the periods lattice L = ΩOK ,
and write ℘(u) for the Weierstrass ℘-function associated to the lattice L. We
will use the following adaptation of formula (2.2). This formula was already
obtained in [24], but we give a different proof, and the style of the proof will
play a key role in our later arguments.

Proposition 2.2. We have

L(CD, 1) =
−Ω

2
√
3p

∑

c∈C

( c
D

)
3

1

℘
(

cΩ
p

)
− 1

,

where C denotes a set of representatives of (OK/pOK)× such that c ∈ C implies
−c ∈ C.

Proof. From [24], we know that the conductor of ψD divides (3p) and has the
same prime ideal divisors as (3p). By formula (2.2), we have

L(CD, 1) =
ΩD

−3p
TrK(3p)/K

(
E∗
1

(
ΩD

−3p
,ΩDOK

))
. (2.3)

We make a choice for a set of representatives of integral ideals in K whose
Artin symbols give precisely the Galois group Gal(K(3p)/K). Note that

Gal(K(3p)/K) ≃ (OK/3pOK)
×
/µ6 ≃ (OK/pOK)×,

where the inverse of the second isomorphism is given by sending c ∈
(OK/pOK)× to 3c − p. Here, we use the condition −p ≡ 1 mod 3 and
identify µ6 with (OK/3OK)×. Therefore, the Artin symbols of (3c − p) in
Gal(K(3p)/K) give a set of representatives of Gal(K(3p)/K) as c runs over all
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the elements of (OK/pOK)×. Thus from (2.3) and the explicit Galois action

on E∗
1

(
ΩD

−3p ,ΩDOK

)
described in [6], we obtain

L(CD, 1) =
ΩD

−3p

∑

c∈(OK/pOK)×

E∗
1

(
ψD((3c− p))ΩD

−3p
,ΩDOK

)

=
Ω

−3p

∑

c∈(OK/pOK)×

E∗
1

(
ψD((3c− p))Ω

−3p
, L

)

where L = ΩOK . For the second equality, we use the homogeneity of Eisenstein
series

E∗
1 (λz, λL) = λ−1E∗

1 (z, L) λ ∈ C×

of degree −1. Furthermore, by (2.1), we have

ψD((3c− p)) =

(
D

3c− p

)

3

(3c− p) =
( c
D

)
3
(3c− p).

In the second equality, we use the cubic reciprocity law and the fact that(
3
D

)
3
= 1 (since 3, D ∈ Q). It follows that

L(CD, 1) =
Ω

−3p

∑

c∈(OK/pOK)×

( c
D

)
3
E∗
1

(
cΩ

−p +
Ω

3
, L

)
.

We write L = Zu + Zv with Im(v/u) > 0. We define the positive real number
A(L) by A(L) = uv−uv

2πi . Furthermore, we write

s2(L) = lim
s>0,s→0

∑

w∈L\{0}
w−2|w|−2s.

Let ζ(z, L) be the Weierstrass zeta function attached to L. Then by [6, Theorem
55], we have

E∗
1 (z, L) = ζ(z, L)− zs2(L)− zA(L)−1.

Note that by [15, pp. 390–392], we have A(L) =
√
3Ω2/(2π), s2(L) =

2
Ωζ (Ω/2, L)− 2π√

3Ω2
and ζ(Ω/3, L) = 2π

3
√
3Ω

+
√
3
3 . Hence the additive formula

of the Weierstrass zeta function gives

ζ

(
cΩ

−p +
Ω

3
, L

)
= ζ

(
cΩ

−p, L
)
+

2π

3
√
3Ω

+
1√
3
+

1

2

(
℘′(cΩ/(−p))− ℘′(Ω/3)

℘(cΩ/(−p))− ℘(Ω/3)

)
.

From [24], we know that

℘(Ω/3) = 1, ℘′(Ω/3) = −
√
3,
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and we also have ζ(Ω/2, L) = π/(
√
3Ω) (see [15, p. 391]). Thus from all of the

above, we obtain

L(CD, 1) =
Ω

−3p

∑

c

( c

D

)

3

(

ζ

(

cΩ

−p
, L

)

+
1

2
· ℘

′(cΩ/(−p)) +
√
3

℘(cΩ/(−p))− 1
+

1√
3
+

2πc√
3Ωp

)

,

where c runs over the elements of (OK/pOK)×. Now, since p is an odd prime,
we can choose a set C of representatives of (OK/pOK)× such that c ∈ C implies
−c ∈ C. Note that ∑

c∈C

(
c

p

)

3

= 0,

and that ζ(z, L) and ℘′(z) are odd functions. Noting also that
(−1

D

)
3
= 1, we

obtain

L(CD, 1) = − Ω

2
√
3p

∑

c∈C

( c
D

)
3

1

℘
(

cΩ
p

)
− 1

as required.

The curve A can also be written in the form

y2 = x3 − 16.

Now, we will construct a model A of the curve A over a certain finite abelian
extension of K so that A has good reduction at 3. The main theoretical reason
is the following theorem. The proof of the following theorem can be found in
[5, Theorem 2] or [7, Theorem 2.4].

Theorem 2.3. Let E be an elliptic curve over K with complex multiplication
by OK . Let p = (α) be any prime ideal of K at which E has good reduction.
Denote by Ep the subgroup of points in E(K) which are contained in the kernel
of the endomorphism α. Then E has good reduction everywhere over K(Ep).

Thus we can construct a model of A over the field K = K(A(2−
√
−3)), where

(2−
√
−3) is a prime ideal of K lying above the prime ideal 7Z of Q.

Lemma 2.4. Let K be given as above. Then we have

K = K


 6

√
6
√
−3

1 + 3
√
−3


 .

Proof. Since A has good reduction at 7, its formal group at 7 is a Lubin–Tate
formal group. Therefore, the degree of K over K is equal to 6, and Gal(K/K)
is a cyclic Galois group. Since µ6 is contained in K, by Kummer theory, we
just need to find an element α in K such that 6

√
α generates K. One can do

a direct calculation using the additive law and complex multiplication on the
curve y2 = x3− 16 to get such an α, and we leave the details to the reader.
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Now, we make the change of variables y = u3Y, x = u2X + r to the curve
y2 = x3 − 16, where

u =
6

√
6
√
−3

1 + 3
√
−3

and r = 4
u2√
−3

. (2.4)

Then we obtain a model

A : Y 2 = X3 − 4
√
−3X2 − 16X − 8 + 8

√
−3 (2.5)

of A. Note that since ord3(u) =
1
4 , A has good reduction at 3.

Lemma 2.5. If Q is a point on A of order prime to 3, then either X(Q) = 0
or ord3 (X(Q)) = 0.

Proof. The following proof is essentially an analogue of the same result in [16].
One can also find a proof in [27], but we give it here for the convenience of the
reader. Denote by Ã the reduced curve of A modulo 3, so that

Ã : Ỹ 2 = X̃3 − X̃ + 1.

Since A has good reduction at 3, the torsion points of order prime to 3 on A
inject into Ã, and if Q1 6= ±Q2 on A, we have

˜X(Q1)−X(Q2) = X̃(Q1)− X̃(Q2) 6= 0. (2.6)

Let Q 6= 0 be a point on A satisfying X(Q) = 0. Then a direct computation
shows X(

√
−3Q) = X(2Q), so that Q is a (2 −

√
−3)- or a (2 +

√
−3)-torsion

point. Let Q1 be any point with X(Q1) 6= 0. Then clearly Q1 6= ±Q since
X(Q) = X(−Q). Thus setting Q2 = Q in (2.6), we see that if X(Q1) 6= 0 then

X̃(Q1) 6= 0, that is, ord3(X(Q1)) = 0.

From now on, we write (℘(z), ℘′(z)) for a point on A : y2 = 4x3 − 1, (x, y) for
a point on the model y2 = x3 − 16 of A, and (X,Y ) for a point the model A
whose equation is given in (2.5). The relation between the first two is given by

x = 4℘(z) y = 4℘′(z). (2.7)

Let Q =
(
℘
(
Ω
∆

)
, ℘′ (Ω

∆

))
be a point on A, where ∆ is an integer prime to 3.

If c ∈ OK is prime to ∆, then since x = u2X + r and ord3(u) = 1/4, Lemma
2.5 gives

4℘

(
cΩ

∆

)
= x([c]Q) ≡ r mod 3

1
2 . (2.8)

Here, we denote by [c] the complex multiplication by c ∈ OK . Note that r is a
3-adic unit which is independent of the point [c]Q, and thus ℘

(
cΩ
∆

)
is a 3-adic

unit.
The following lemma will be repeatedly used in the remainder of this section
and in Section 3.
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Lemma 2.6. Let ∆ be an integer prime to 3. Then we have

1. ℘
(
cΩ
∆

)
− 1 ≡ 3

1
3u1 mod 3

1
2 , and

2. ℘
(
cΩ
∆

)3 − 1 ≡ 3u31 mod 3
7
6

for a 3-adic unit u1 which is independent of the point [c]Q. Moreover, we have
u31 = (r − 1)3/3, where r is given in (2.4). We remark that “ mod 3ε” (for
ε > 0) is taken in the ring of integers Z3 of Q3.

Proof. Noting that x = u2X+r and ord3(u) =
1
4 , Lemma 2.5 gives the equality

x([c]Q)− 4 = x([c]Q)− 1− 3 ≡ r − 1 mod 3
1
2 .

Recall from (2.4) that r = 4 u2
√
−3

. Thus, we have

r − 1 ≡ − 3
√
14

−1
(

3

√
1− 3

√
−3 +

3
√
14

)
mod 3. (2.9)

By considering the third power of 3
√
1− 3

√
−3 + 3

√
14, we know that

3
√
1− 3

√
−3 + 3

√
14 has 3-adic valuation equal to 1

3 . Therefore, defining

u1 = r−1

3
1
3

and noting that 4℘
(
cΩ
∆

)
= x([c]Q) and 4−1 ∈ 1+ 3Z3, we obtain the

first assertion.
For the second assertion, let ω = −1+

√
−3

2 be a primitive 3rd root of unity.
Note that ord3(ω

i − 1) = 1
2 for i = 1, 2, so that the first assersion gives

℘

(
cΩ

∆

)
− ωi ≡ ℘

(
cΩ

∆

)
− 1 ≡ 3

1
3 u1 mod 3

1
2 for i = 1, 2.

Thus

℘

(
cΩ

∆

)3

− 1 =

2∏

j=0

(3
1
2Aj + 3

1
3u1)

≡3u31 mod 3
7
6 .

Here, Aj (j = 0, 1, 2) are 3-adic integers. The second assertion now follows.

Theorem 2.7 (Zhang [27]). Let p ≡ 2, 5 mod 9 be an odd prime, and recall
that D = p or p2. Then

L(CD, 1) 6= 0

and ord3

(
L(CD,1)

ΩD

)
= 0. Moreover, the 3-part of the Birch–Swinnerton-Dyer

conjecture holds for CD.

Proof. The following proof is contained in [27], but we give it here for the
convenience of the reader. By Proposition 2.2, we have

2p
√
3

Ω
L(CD, 1) = −

∑

c∈C

( c
D

)
3

1

℘
(

cΩ
p

)
− 1

.
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Now, we define

Bk =
{
c ∈ C :

( c
D

)
3
= ωk

}

where k = 0, 1, 2. We use the convention that k + 1, k + 2 are also in {0, 1, 2}
via taking modulo 3 in the following argument.
We define

Sk =
∑

c∈Bk

1

℘
(

cΩ
p

)
− 1

.

Note that
(

ω
p

)
3
= ω or ω2 according as p ≡ 2 mod 9 or p ≡ 5 mod 9, and that

ω℘
(

cΩ
p

)
= ℘

(
ωcΩ
p

)
. Then

ωBk =

{
Bk+1 if D = p and p ≡ 2 mod 9 or if D = p2 and p ≡ 5 mod 9,

Bk+2 if D = p and p ≡ 5 mod 9 or if D = p2 and p ≡ 2 mod 9.

We just give the details of the proof in the cases D = p with p ≡ 2 mod 9 and
D = p2 with p ≡ 5 mod 9. The other cases can be proven in the same way. In
these cases, we have

−2p
√
3

Ω
L(CD, 1) =

∑

c∈B0


 1

℘
(

cΩ
p

)
− 1

+
ω

ω℘
(

cΩ
p

)
− 1

+
ω2

ω2℘
(

cΩ
p

)
− 1




=
∑

c∈B0

3℘
(

cΩ
p

)2

℘
(

cΩ
p

)3
− 1

.

Now, by (2.8) and Lemma 2.6, we have

3℘

(
cΩ

p

)2

≡ 3r2 mod 3
3
2 , ℘

(
cΩ

p

)3

− 1 ≡ 3u31 mod 3
7
6 .

Recalling that u1 and r are independent of c, we obtain

−2p
√
3

Ω
L(CD, 1) ≡ (r2u−3

1 ) ·#(B0) mod 3
1
6

which is a 3-adic unit, since #(B0) =
p2−1

3 is prime to 3 when p ≡ 2, 5 mod 9.
Noting that

ΩD =
Ω√
3D

1
3

and D is prime to 3, we obtain ord3

(
L(CD,1)

ΩD

)
= 0. The theorem follows since

we know that the 3-part of X(CD) is trivial by 3-descent (see [27]).
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It follows from Theorem 2.7 of Zhang that L(CD,1)
ΩD

∈ Z×
3 , and we can study its

value modulo 3. Now, we can prove the explicit modulo 3 Birch–Swinnerton-
Dyer conjecture for CD.

Lemma 2.8.

1. If p ≡ 5 mod 9, then

L(Cp2 , 1)

2Ωp2

≡ L(Cp, 1)

Ωp
mod 3.

2. If p ≡ 2 mod 9, then

L(Cp2 , 1)

Ωp2

≡ L(Cp, 1)

2Ωp
mod 3.

We remark that the factor 2 in the denominators of the above congruences
comes from the Tamagawa factor of CD at 3.

Proof. We just give the details of the proof for (1), and (2) can be obtained
similarly. By Proposition 2.2 and the definition of Ωd, we have

L(Cp2 , 1)

2Ωp2

= −
3
√
p2

4p

∑

c∈C

(
c

p2

)

3

1

℘
(

cΩ
p

)
− 1

and
L(Cp, 1)

Ωp
= −

3
√
p

2p

∑

c∈C

(
c

p

)

3

1

℘
(

cΩ
p

)
− 1

.

Recall that ω = −1+
√
−3

2 . Since ord3(ω
i − ωj) ≥ 1

2 for i, j = 0, 1, 2, we obtain

ord3

((
c

p2

)

3

−
(
c

p

)

3

)
≥ 1

2
.

From Lemma 2.6, we know that

ord3

(
℘

(
cΩ

p

)
− 1

)
=

1

3
.

We define

B1 :=
∑

c∈C

(
c

p2

)

3

1

℘
(

cΩ
p

)
− 1

and

B2 :=
∑

c∈C

(
c

p

)

3

1

℘
(

cΩ
p

)
− 1

.
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Then

ord3(B1 −B2) ≥
1

6
.

Furthermore, we define A1 := −
3
√

p2

4p and A2 := − 3
√
p

2p . Noting that p ≡
2 mod 3, we have

3
√
p ≡ 2 mod 3

1
3 ,

and thus

A1 −A2 ≡ 0 mod 3
1
3 .

Now, by the relations

L(Cp2 , 1)

2Ωp2

= A1B1,
L(Cp, 1)

Ωp
= A2B2

and the identity

A1B1 −A2B2 = (A1 −A2)B1 +A2(B1 −B2),

we obtain that 3
1
6 divides

L(Cp2 , 1)

2Ωp2

− L(Cp, 1)

Ωp
.

Our assertion now follows on noting that these L-values are in Z3.

From Theorem 2.7, we know that the residue class of the two congruences in
Lemma 2.8 are non-zero modulo 3. Now, we use Zhao’s induction argument to
obtain the main result of this section giving the precise residue class modulo 3
in which these L-values lie.

Theorem 2.9.

1. For p ≡ 5 mod 9, we have

L(Cp, 1)

Ωp
≡ L(Cp2 , 1)

2Ωp2

≡ 1 mod 3.

Moreover, the explicit modulo 3 Birch–Swinnerton-Dyer conjecture holds
for Cp and Cp2 .

2. For p ≡ 2 mod 9, we have

L(Cp, 1)

2Ωp
≡ L(Cp2 , 1)

Ωp2

≡ 1 mod 3.

Moreover, the explicit modulo 3 Birch–Swinnerton-Dyer conjecture holds
for Cp and Cp2 .
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For simplicity, we denote by δ the period Ωp of Cp in the following. We will just
give the details for the case p ≡ 5 mod 9, and the other case is similar. Recall
that K(3p) is the ray class field of K modulo (3p). Then we have 3

√
p ∈ K(3p),

and we recall that Hp is the field K( 3
√
p).

For any positive divisor d | (p)2, we know that the period relation

Ωd = δ 3
√
(p/d) (2.10)

holds.

By formula 2.2, and the period relation (2.10), we have

L(3p)(Cd, 1)

δ 3
√
p

=
∑

σ∈Gal(K(3p)/K)

(
3
√
d)σ−1 1

3p
E∗
1

(
δ 3
√
p

3p
, δ 3
√
pOK

)σ

.

Note that
∑

d(
3
√
d)σ−1 = 3 if σ fixes 3

√
d, and

∑
d(

3
√
d)σ−1 = 0 otherwise. Now,

summing the above formula over all d | (p)2 and noting 3
√
p ∈ Hp, we obtain

∑

d|(p)2

L(3p)(Cd, 1)

δ
= 3TrK(3p)/Hp

(
1

3p
E∗
1

(
δ

3p
, δOK

))
. (2.11)

First, we study the terms on the left hand side of (2.11). We write u (= 1 or 2)

for the residue class of
L(Cp,1)

Ωp
mod 3. Then we have

Lemma 2.10.

1. For d = 1, we have L(3p)(C,1)
δ =

3
√
p(p+1)

3p ∈ ( 3
√
p+ 3Z3) = 2 + 3

1
3Z3.

2. For d = p, we have
L(3p)(Cp,1)

δ =
L(Cp,1)

Ωp
∈ u+ 3Z3.

3. For d = p2, we have
L(3p)(C

p2 ,1)

δ =
L(C

p2 ,1)
3
√
pΩ

p2
∈ 2u

3
√
p + 3Z3.

As for the right hand side of (2.11), we have the following standard calculation.
Here, we recall that Ω = δ

√
3 3
√
p. We will use the same set C of representatives

of Gal(K(3p)/K) ≃ (OK/pOK)× as in Proposition 2.2. We denote by V the

subset of C such that c ∈ V if and only if
(

c
p

)
3
= 1. We see that Hp is precisely

the fixed field of the subgroup generated by the Artin symbol of elements in V ,
and thus V gives a set of representative for Gal(K(3p)/Hp). Recall that ψp is
the Hecke character over K associated to Cp. Then
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Ψ :=3TrK(3p)/Hp

(
1

3p
E∗
1

(
δ

3p
, δOK

))

=− 1

p
TrK(3p)/Hp

(
E∗
1

(
δ

−3p
, δOK

))

=− 1

pδ
· δ
∑

c∈V

E∗
1

(
ψp((3c− p))δ

−3p
, δOK

)

=− 1

pδ
· Ω
∑

c∈V

E∗
1

(
ψp((3c− p))Ω

−3p
,ΩOK

)

=− 1

p

∑

c∈V

E∗
1

(
ψp((3c− p))Ω

−3p
,ΩOK

)
3
√
p
√
3.

Noting that, by our choice of C, we have −c ∈ V whenever c ∈ V , the same
argument as in the proof of Proposition 2.2 shows

Ψ = −3 3
√
p

2p

∑

c∈V

1

℘
(

cΩ
p

)
− 1

−
3
√
p

p
#(V ), (2.12)

where #(V ) = p2−1
3 .

Now, from Lemma 2.6, we know that the first term on the right hand side of
(2.12) has a positive 3-adic valuation, while the second term in (2.12) is

−
3
√
p

p
#(V ) = −

3
√
p

p

(
p+ 1

3

)
(p− 1) ∈ 2 3

√
p+ 3Z3.

Moreover, Lemma 2.10 and (2.11) give

L(Cp, 1)

δ
+
L(Cp2 , 1)

δ
∈ 3

√
p+ 3Z3 = 2 + 3

1
3Z3. (2.13)

On the other hand, by (2) and (3) of Lemma 2.10, the sum in (2.13) is contained
in

(u+ 3Z3) + (
2u
3
√
p
+ 3Z3) = u(1 +

2
3
√
p
) + 3Z3 = 2u+ 3

1
3Z3. (2.14)

Here, we use the fact that
3
√
p ≡ 2 mod 3

1
3

and 3
1
3 exactly divides 3

√
p− 2 when p ≡ 5 mod 9. Comparing formulas (2.13)

and (2.14), we obtain u = 1. This completes the proof of Theorem 2.9.

3 Explicit Modulo 3 Birch–Swinnerton-Dyer Conjecture for

C2ipj

The goal of this section is to give the proof of Theorem 1.1. We prove this in
the following steps. Firstly, we use Zhao’s induction argument to show that
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the sum of algebraic part of L-values of C2p and C22p2 (resp. C2p2 and C22p)
is non-zero when p ≡ 5 mod 9 (resp. p ≡ 2 mod 9) and satisfies an explicit
modulo 3 congruence. Secondly, by establishing some congruences between
the algebraic L-values in the sum of the first step, we can show each term in
the sum is non-zero and satisfies the explicit modulo 3 Birch–Swinnerton-Dyer
conjecture. In this section, we again write D for p or p2. The first key result
of this section is the following.

Theorem 3.1.

1. If p ≡ 5 mod 9, we have

L(C2p, 1)

Ω1
+
L(C22p2 , 1)

Ω1
∈ 3(2 + 3

1
3Z3)

and
L(C2p, 1)

Ω2p
+
L(C22p2 , 1)

Ω22p2

∈ 3(2 + 3Z3).

2. If p ≡ 2 mod 9, we have

L(C22p, 1)

Ω1
+
L(C2p2 , 1)

Ω1
∈ 3(1 + 3

1
3Z3)

and
L(C22p, 1)

Ω22p
+
L(C2p2 , 1)

Ω2p2

∈ 3(2 + 3Z3).

We will only give the details for the case p ≡ 5 mod 9, and leave the proof for the
other case to the reader. Before the proof, we remark that, by a root number
consideration (for details, see [12]), we know that L(C2p2 , 1) = L(C22p, 1) = 0
(resp. L(C2p, 1) = L(C22p2 , 1) = 0) when p ≡ 5 mod 9 (resp. p ≡ 2 mod 9).
For simplicity, we write γ for Ω2p in the following. Then we have the following
period relation:

Ωd = γ
3

√
2p

d
. (3.1)

We recall that Hp = K( 3
√
2, 3

√
p).

Lemma 3.2. We have 3
√
p, 3

√
2 ∈ K(6p), and the degree of the field extension

[K(6p) : Hp] =
p2−1

3 , which is prime to 3.

Proof. SinceK has class number 1, given any prime ideal q = αOK ofOK which
is prime to 6p and α ≡ 1 mod 3, the Artin symbol σq of q in Gal(K(6p)/K)
acts on 3

√
p via

( 3
√
p)σq =

( p
α

)
3

3
√
p,

where
( ·
·
)
3
denotes the cubic residue symbol. The Galois action on 3

√
2 is

given similarly. Thus, for any prime ideal m whose generator is congruent to 1
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modulo 6p, we know that 3
√
p, 3
√
2 are fixed by the Artin symbol σm, and the

first assertion follows. For the second assertion, note that Gal(K(6p)/K) ≃
(OK/2pOK)×. Hence [K(6p) : K( 3

√
p, 3

√
2)] = p2−1

3 , which is prime to 3 by our
assumption that p ≡ 2, 5 mod 9.

For each d with 0 < d | (2p)2, from (2.2), and the period relation (3.1), we have

L(6p)(Cd, 1)

γ 3
√
2p

=
∑

σ∈Gal(K(6p)/K)

1

6p
(

3
√
d)σ−1

(
E∗
1

(
γ 3
√
2p

6p
, γ 3
√
2pOK

))σ

.

Taking the sum over all 0 < d | (2p)2, we obtain the following in the same way
we obtained (2.11):

∑

d|(2p)2

L(6p)(Cd, 1)

γ 3
√
2p

= 32TrK(6p)/Hp

(
1

6p
E∗
1

(
γ 3
√
2p

6p
, γ 3
√
2pOK

))
. (3.2)

First, we deal with terms on the left hand side of (3.2). We list the results in
the following two lemmas, and leave the proofs to the reader.

Lemma 3.3. We have

1. L(6p)(C1,1)

γ 3
√
2p

∈ 3(2 + 3Z3).

2. L(6p)(C2,1)

γ 3
√
2p

∈ 3(
3
√
22 + 3Z3).

3. L(6p)(C4,1)
γ 3
√
2p

∈ 3( 1
3√
22

+ 3Z3).

By Theorem 2.9, we have the following estimate.

Lemma 3.4. We have

1.
L(6p)(Cp,1)

γ 3
√
2p

∈ 3
(

2
3
√
p + 3Z3

)
.

2.
L(6p)(C

p2 ,1)

γ 3
√
2p

∈ 3

(
1

3
√

p2
+ 3Z3

)
.

Moreover,

L(6p)(Cp, 1)

γ 3
√
2p

+
L(6p)(Cp2 , 1)

γ 3
√
2p

∈ 3

(
2 3
√
p+ 1

3
√
p2

+ 3Z3

)
= 3(2 + 3

1
3Z3),

where we use the fact that ord3( 3
√
p− 2) = 1

3 .
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Lemma 3.5. Define

Φ := TrK(6p)/Hp

(
1

6p
E∗
1

(
γ 3
√
2p

6p
, γ 3
√
2pOK

))
.

Then

32Φ ∈ 3(2 + 3
2
3Z3).

Proof. Since 3
√
2p ∈ Hp, we have

Φ =
1

3
√
2p

TrK(6p)/Hp

(
1

6p
E∗
1

(
γ

6p
, γOK

))
.

We know that Gal(K(6p)/K) is isomorphic to

(OK/6pOK)
×
/µ6 ≃ (OK/2pOK)

×
, (3.3)

where we identify µ6 with (OK/3OK)×, and the isomorphism from right to left
is given by sending any element c of (OK/2pOK)

×
to 3c+ 2p. Here, we note

that 2p ≡ 1 mod 3.
For the set of representatives {3c+ 2p : c ∈ (OK/2pOK)×} of (3.3), we know
that the Artin symbol of the ideal (3c+2p) in Gal(K(6p)/K) fixes 3

√
2 and 3

√
p

if and only if (
p

3c+ 2p

)

3

=

(
c

p

)

3

= 1

and (
2

3c+ 2p

)

3

=
( c
2

)
3
= 1

hold. Therefore, we can identify

V :=

{
c ∈ (OK/2pOK)× :

(
c

p

)

3

=
( c
2

)
3
= 1

}

with the Galois group Gal(K(6p)/Hp). Since
(−1

c

)
3
= 1, we can choose a set

of representatives of V in OK such that c ∈ V implies −c ∈ V .

Then by the action of Artin symbols on E∗
1

(
γ
6p , γOK

)
(see the proof in [6,

Theorem 60]), we have

Φ =
1

6p 3
√
2p

∑

c∈V

E∗
1

(
ψ2p((3c+ 2p))γ

6p
, γOK

)
.

Recalling the definition of ψ2p in (2.1), it follows that

Φ =
1

6p 3
√
2p

∑

c∈V

E∗
1

(
cγ

2p
+
γ

3
, γOK

)
.
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Now, noting that Ω = γ
√
3 3
√
2p and L = ΩOK , we obtain

Φ =
1

2
√
3p

∑

c∈V

E∗
1

(
cΩ

2p
+

Ω

3
, L

)
.

By a similar method as in the proof of Proposition 2.2, we have

Φ =
1

4p

∑

c∈V

1

℘
(

cΩ
2p

)
− 1

+
1

6p
#(V ).

Furthermore, from Lemma 2.6, we know

ord3

(
℘

(
cΩ

2p

)
− 1

)
=

1

3
.

The lemma now follows on noting that we have #(V ) = p2−1
3 by Lemma 3.2

and p ≡ 5 mod 9.

By Lemmas 3.3 and 3.4, we have

A :=
∑

d|4

L(6p)(Cd, 1)

γ 3
√
2p

∈ 3(2 +
3
√
22 +

1
3
√
22

+ 3Z3) = 3(1 + 3
1
3Z3)

and

B :=
∑

d 6=1,d|p2

L(6p)(Cd, 1)

γ · 3
√
2p

∈ 3(2 + 3
1
3Z3).

Here, we use the fact

2 +
3
√
22 + (

3
√
22)−1 ∈ 1 + 3

1
3Z3.

Now, a root number consideration combined with Lemmas 3.3, 3.4, 3.5 and
formula (3.2) gives

L(C2p, 1)

Ω1
+
L(C22p2 , 1)

Ω1
= 32Φ− A − B ∈ 3(2 + 3

1
3Z3), (3.4)

where we use the fact that 3
√
p · γ = Ω1. Thus, the first equation of Theorem

3.1 (1) holds. The second equation follows on noting that the algebraic part
of the L-values of C2p and C22p2 are rational numbers and that these algebraic

L-values are divisible by 3 in Z3, which will be shown in (3.13). This completes
the proof of Theorem 3.1.

Now, we will show that each L-value in the sum in Theorem 3.1 is non-zero.
This is achieved by establishing certain congruence formulas between the alge-
braic L-values of C2p and C22p2 (resp. C22p and C2p2) for p ≡ 5 mod 9 (resp.
p ≡ 2 mod 9). The main result of this section is the following.
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Theorem 3.6.

1. Assume p ≡ 2 mod 9, then we have

L(C22p, 1)

3Ω22p
≡ L(C2p2 , 1)

3Ω2p2

≡ 1 mod 3.

2. Assume p ≡ 5 mod 9, then we have

L(C2p, 1)

3Ω2p
≡ L(C22p2 , 1)

3Ω22p2

≡ 1 mod 3.

We will give the details of the proof for the case p ≡ 5 mod 9, and the other
case is similar.

Proposition 3.7. The element
√
3 is not in the field K(6p).

Proof. For the field extensions Q ⊂ K ⊂ L, we have the following conductor-
like formula:

dL/Q = d
[K:Q]
K/Q ·NK/Q(dL/K),

where dM/J denotes the discriminant ideal of OJ for an extension M/J and

OJ denotes the ring of integer of J . Note that Q(
√
3,
√
−3) is a splitting field

of x4 + 8x2 + 4 over Q with discriminant 2432. Thus K(
√
3)/K has conductor

(4), and
√
3 cannot be in K(6p).

Proposition 3.8. We can choose a set of representatives C of (OK/2pOK)×

in OK such that c ∈ C whenever −c ∈ C, and the Artin symbol of c in
Gal(K(6p)(

√
3)/K) fixes

√
3.

Proof. By Proposition 3.7, we know the fields K(
√
3) and K(6p) are linearly

disjoint over K. Thus, given an element τ1 ∈ Gal(K(6p)/K) and the identity
element ι ∈ Gal(K(

√
3)/K), the Chebotarev density theorem gives an element

c1 ∈ OK prime to 6p whose Artin symbol σc1 in Gal(K(6p)(
√
3)/K) satisfies

σc1 |K(6p)= τ1 and σc1 |K(
√
3)= ι.

Now, viewing c1 ∈ (OK/2pOK)× via the isomorphism in (3.3), we know that
−c1 gives another element in Gal(K(6p)(

√
3)/K) whose restriction to K(

√
3)

is ι, since by class field theory the Artin symbol of −c1 acts on
√
3 via the norm

map from K to Q, so must act trivially on
√
3 (since c1 acts trivially on

√
3).

In this way, we can choose the set C, and the lemma follows.

From now on, we fix the above choice of the representatives C. We denote by
Vp the Galois group Gal(K(6p)/Hp). We view Vp as the subset

Vp = {c ∈ C :

(
c

p

)

3

= 1}

of C. Let V2p the subset of C giving a set of representatives of the Galois group
Gal(K(6p)/Hp).

Documenta Mathematica 25 (2020) 2115–2147



Elliptic Curves with Rank One and Non-Trivial X[2] 2135

In the following argument, we will study the partial summation from Zhao’s
method. For simplicity, we write t for 2 or 22, and we will study the relations
between the L-values of Ct, Ctp and Ctp2 . We need to use the key result in
Theorem 2.9 on the explicit modulo 3 Birch–Swinnerton-Dyer conjecture for
Cp and Cp2 .
Given any 0 < d | (p)2, we denote by ηt the period of Ctp for simplicity. Then
we have the period relation

Ωtd = ηt · 3

√
p

d
. (3.5)

For any such d, using the above period relation (3.5) and formula (2.2), we
have

L(6p)(Ctd, 1)

ηt 3
√
p

=
1

6p

∑

σ∈Gal(K(6p)/K)

(
3
√
d)σ−1E∗

1

(
ηt 3
√
p

6p
, ηt 3

√
pOK

)σ

. (3.6)

Now, taking the sum over all d dividing p2 in (3.6), we obtain

∑

d|p2

L(6p)(Ctd, 1)

ηt · 3
√
p

=
3

6p
TrK(6p)/Hp

(
E∗
1

(
ηt 3
√
p

6p
, ηt 3

√
pOK

))
t = 2, 22.

First, we consider the case t = 2.

Lemma 3.9. We have

L(6p)(C2, 1)

ηt 3
√
p

∈ 3(2 + 3Z3).

Lemma 3.10. We have

3

6p
TrK(6p)/Hp

(

E∗

1

(

ηt 3
√
p

6p
, ηt 3

√
pOK

))

=
3

4p
TrHp/Hp





3
√
2

∑

c∈V2p

1

℘
(

cΩ
2p

)

− 1



 .

Proof. Recall that we use the set C of representatives of Gal(K(6p)/K) chosen

in Proposition 3.8. We take the trace of E∗
1

(
ηt

3
√
p

6p , ηt 3
√
pOK

)
from K(6p) to

K in the following two steps: first from K(6p) to Hp, then from Hp to Hp.

Noting the Galois action on E∗
1

(
ηt

3
√
p

6p , ηt 3
√
pOK

)
as described in [6], the period

relation
ηt · 3

√
2p ·

√
3 = Ω

and that
√
3 is fixed by C, we obtain the following equality after taking the

trace map from K(6p) to Hp:

3

6p
TrK(6p)/Hp

(

E∗
1

(

ηt 3
√
p

6p
, ηt

3
√
pOK

))

=

√
3

2p
TrHp/Hp





3
√
2

∑

c∈V2p

E∗
1

(

cΩ

2p
+

Ω

3
,Ω

)



 .

(3.7)
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By a similar calculation as in the proof of the Proposition 2.2, we get

∑

c∈V2p

E∗
1

(
cΩ

2p
+

Ω

3
,Ω

)
=

√
3

2

∑

c∈V2p

1

℘
(

cΩ
2p − 1

) +
#(V2p)√

3
. (3.8)

Note that Hp = Hp(
3
√
2) and

√
3 is fixed by C. Thus applying (3.8) to (3.7)

gives the lemma.

Next, we consider the case of t = 22. Similar to the case of t = 2, we have

L(6p)(C22 , 1)

ηt 3
√
p

∈ 3(1 + 3Z3)

and

3

6p
TrK(6p)/Hp

(

E∗

1

(

ηt 3
√
p

6p
, ηt 3

√
pOK

))

=
3

4p
TrHp/Hp





3
√
22

∑

c∈V2p

1

℘
(

cΩ
2p

)

− 1



 .

We write E for the sum
∑

c∈V2p

1

℘( cΩ
2p )−1

. Then we have

L(6p)(C2, 1)

η2 3
√
p

+
L(6p)(C2p, 1)

η2 3
√
p

=
3

4p
TrHp/Hp

(
3
√
2 · E

)
(3.9)

and

L(6p)(C22 , 1)

η22 3
√
p

+
L(6p)(C22p2 , 1)

η22 3
√
p

=
3

4p
TrHp/Hp

(
3
√
22 · E

)
. (3.10)

Given any σ ∈ Gal(Hp/Hp), we write χ2(σ) = ( 3
√
2)σ−1 and χ2(σ)

2 =

(
3
√
22)σ−1. Note that these characters take values in µ3.

Now, dividing (3.9) by 3
√
2 and (3.10) by

3
√
22, we get

L(6p)(C2, 1)

Ω1
+
L(6p)(C2p, 1)

Ω1
=

3

4p

∑

σ∈Gal(Hp/Hp)

χ2(σ)E
σ (3.11)

and

L(6p)(C22 , 1)

Ω1
+
L(6p)(C22p2 , 1)

Ω1
=

3

4p

∑

σ∈Gal(Hp/Hp)

χ2(σ)
2
E

σ. (3.12)

By Lemma 2.6, we know that ord3(3E
σ) = ord3((3E )σ) ≥ 2

3 . Thus (3.11) and
(3.12) give

ord3

(
L(6p)(C22p2 , 1)

Ω1

)
≥ 1, ord3

(
L(6p)(C2p, 1)

Ω1

)
≥ 1. (3.13)
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As we mentioned after (3.4), (3.13) completes the proof Theorem 3.1.

Recall that 3
√
p ≡ 3

√
2 ≡ 2 mod 3

1
3 . Thus dividing both sides of (3.11) and

(3.12) by 3 and subtracting one from the other, and noting that

ord3(χ2(σ) − χ2(σ)
2) ≥ 1

2
>

1

3
= ord3

(
℘

(
cΩ

2p

)
− 1

)
,

we see that
L(C2p, 1)

3Ω1
− L(C22p2 , 1)

3Ω1
(3.14)

has a positive 3-adic valuation. Here, we use the fact that χ2(σ) − χ2(σ)
2 is

fixed by the elements of Gal(Hp/Hp) because it takes values in K, and that
ord3((χ2(σ) − χ2(σ)

2)E σ) ≥ 1
6 .

By (3.13), we know that
L(C2p,1)

3Ω1
and

L(C22p2 ,1)

3Ω1
lie in Z3. Recall also that

we have 3
√
2p ≡ 1 mod 3

1
3 and that the period relations Ω2p = Ω1

3
√
2p

and

Ω22p2 = Ω1
3
√

22p2
. Then we know that

L(C2p, 1)

3Ω1
− L(C2p, 1)

3Ω2p
and

L(C22p2 , 1)

3Ω1
− L(C22p2 , 1)

3Ω22p2

have positive 3-adic valuations. Now, since
L(C2p,1)

Ω2p
,
L(C22p2 ,1)

Ω22p2
∈ Q, from (3.13)

and (3.14), we obtain

L(C2p, 1)

3Ω2p
≡ L(C22p2 , 1)

3Ω22p2

mod 3.

This congruence combined with the second assertion of (1) in Theorem 3.1
shows that

L(C2p, 1)

3Ω2p
≡ L(C22p2 , 1)

3Ω22p2

≡ 1 mod 3.

This completes the proof of Theorem 3.6.

Next, we give a 3-descent result for C2p, C22p2 (resp. C2p2 , C22p) when p ≡
5 mod 9 (resp. p ≡ 2 mod 9).

Proposition 3.11. Let C2ipj : x2 + y2 = 2ipj, where i, j ∈ {1, 2} and p ≡
2, 5 mod 9. Assume in addition that 2ipj ≡ ±1 mod 9. Then the 3-part of the
Tate–Shafarevich group X(C2ipj )[3] of C2ipj over Q is trivial.

Proof. We write
En : y

2z = x3 − 2433n2z3.

This is birationally equivalent to Cn, and over Q it is 3-isogenous to

E′
n : y

2z = x3 + 24n2z3.
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Explicitly, the isogeny φ : En → E′
n is given by

φ(x, y, z) = (3−2(x4 − 2633n2xz3), 3−3y(x3 + 2733n2z3), x3z)

and the kernel of φ is {(0, 1, 0), (0,±22(
√
−3)3n, 1)}.

By assumption, we have n = 2ipj ≡ ±1 mod 9. This happens precisely when
n = 2p, 22p2 and p ≡ 5 mod 9 or n = 2p2, 22p and p ≡ 2 mod 9. Since n has no
prime divisor congruent to 1 modulo 3, hypothesis (H) of [21, Théorème 2.9]
clearly holds, and thus (1) of the theorem gives us

Selφ(En) = Z/3Z and Selφ̂(E
′
n) = 0, (3.15)

where φ̂ denotes the dual isogeny of φ. Here, Self (E) denotes the Selmer group
of an elliptic curve E over Q associated to an isogeny f from E to another
elliptic curve E′. Recall that we have an exact sequence (see, for example,
[22])

0 → E′
n(Q)/φ(En(Q)) → Selφ(En) → X(En)[φ] → 0.

where X(En)[φ] denotes the subgroup of elements in X(En) killed by φ. Now,
we know that En(Q)tor = 0, E′

n(Q)tor = {(0, 1, 0), (0,±22D, 1)} ≃ Z/3Z, thus
X(En)[φ] = 0. We also have the following exact sequence (see, for example,
[9])

0 → X(En)[φ] → X(En)[3]
φ−→ X(E′

n)[φ̂] = 0,

where the last equality is immediate from (3.15). Thus we obtain X(En)[3] is
trivial, as required.

We end this section by completing the proof the 3-part of the Birch–Swinnerton-
Dyer conjecture of the curves appearing in Theorem 1.1 and Corollary 1.2.

Proof of Theorem 1.1 and Corollary 1.2. We will just give the details for the
curves C2p, C2p2 under the assumption of p ≡ 5 mod 9, and the other case
is similar. By a theorem of Satgé [20] and the theorem of Gross–Zagier and
Kolyvagin, we know that L(C2p2 , s) has a simple zero at s = 1, and C2p2 (Q)
is of rank one. By Theorem 3.6, we know that L(C2p, 1) does not vanish, so
it follows by the theorem of Gross–Zagier and Kolyvagin or Coates–Wiles [5]
that C2p(Q) is finite. We also remark that in these cases, the Tate–Shafarevich
group of C2p and C2p2 are finite.
From [2], we know that the 3-part Birch–Swinnerton-Dyer conjecture holds for
the product curve C2p × C2p2 . Thus

ord3

(
L(C2p, 1)L

′(C2p2 , 1)

Ω2pΩ2p2 · ĥ(P )

)

= ord3
(
T (C2p)T (C2p2) ·#(X(C2p))#(X(C2p2))

)
(3.16)

where T (C2p) =
∏

ℓ|6pmℓ(C2p) and T (C2p2) =
∏

ℓ|6pmℓ(C2p2) are the prod-

ucts of local Tamagawa numbers of C2p and C2p2 , respectively. Here, mℓ(Cn)
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denotes the local Tamagawa number of Cn at the prime ℓ. Since C2p2(Q) is of
rank one, we let P be a generator of the free part of C2p2(Q), and denote by

ĥ(P ) the Néron–Tate height of P . Note that the local Tamagawa numbers of
C2p and C2p2 are all equal to 1 except that ℓ = 3, wherem3(C2p) = 3 (see [25]).
By Theorem 3.6 and Proposition 3.11, the 3-part of the Birch–Swinnerton-Dyer
conjecture holds for the curve C2p. Thus

ord3

(
L(C2p, 1)

Ω2p

)
= ord3 (T (C2p) ·#(X(C2p))) . (3.17)

Now the 3-part of the Birch–Swinnerton-Dyer conjecture for C2p2 follows from
(3.16) and (3.17), and Corollary 1.2 follows as a consequence.

4 Some relations between the 2-Selmer group of C2pj and the

2-class group of Q( 3
√
p)

The aim of this section is to give a proof of Theorem 1.3. Given j ∈ {1, 2}, the
curve C2pj is a twist of C2 by the cubic extension Q( 3

√
pj)/Q of discriminant

prime to 2. Since a global minimal Weierstrass model of C2 is given by y2 =
x3 − 27, we know that

y2 = x3 − 27p2j (j = 1, 2) (4.1)

gives a minimal model of C2pj at 2.
In the remainder of this section, we write E for C2pj for simplicity, and we
work with the equation given in (4.1). We will study the relation between the
2-class group of L = Q( 3

√
p) and the 2-Selmer group Sel2(E). It is well known

that the torsion part E(Q)tor of E(Q) is trivial, and we identify

Q[x]

(x3 − 27p2)
=

Q[x]

(x3 − p2)
=

Q[x]

(x3 − p)
=

Q[x]

(x3 − 27p4)

with L. To see where these fields come from, one may look at the classical proof
of the weak Mordell–Weil theorem in the case E(Q)[2] = 0 (see, for example,
[4, 22]). The proof of the following lemma can be found in [11].

Lemma 4.1. Let ResL/Qµ2 be the restriction of scalars of µ2 from L to Q,
treated as a GQ-module. Then we have the exact sequence

0 → E[2] → ResL/Qµ2
N−→ µ2 → 0,

where all of the terms in the exact sequence are considered as Q-points, and N
denotes the multiplication of the three components of ResL/Qµ2. Moreover, we
have an isomorphism

H1(Q, E[2]) ≃ (L×/(L×)2)� (4.2)
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where
(L×/(L×)2)� := {α ∈ L×/(L×)2 : N(α) ∈ (Q×)2}

and N is the norm map from L to Q.

We denote by δ the morphism which is the composition of the Kummer map

E(Q)/2E(Q) → H1(Q, E[2])

with the isomorphism in (4.2), which we still call the global Kummer map.
Then we have the following description of δ (for a detailed proof, see [11]):

Lemma 4.2. The map δ is given by

δ : E(Q)/2E(Q) → (L×/(L×)2)�, P 7→ x(P ) − β,

where x(P ) is the x-coordinate of P and β is the image of x in L = Q[x]/(x3−
27p2j).

We remark that the above description of the map δ dates back to the proof of
the Mordell–Weil theorem when E(Q)[2] = 0. See the book of Cassels [4] for
more details. Similarly, we can state Lemmas 4.1 and 4.2 over Qq for all primes
q, finite or infinite. We put Lq = L⊗Q Qq. Then we obtain the local Kummer
map δq, which is the composition of the Kummer map

E(Qq)/2E(Qq) → H1(Qq, E[2])

with the isomorphism

H1(Qq, E[2]) ≃ (L×
q /(L

×
q )

2)�,

where
(L×

q /(L
×
q )

2)� := {x ∈ L×
q /(L

×
q )

2 : N(x) ∈ (Q×
q )

2}
and N is the norm map from Lq to Qq.

Lemma 4.3. The map δq is given by

δq : E(Qq)/2E(Qq) → (L×
q /(L

×
q )

2)�, P 7→ x(P )− β,

where β is the image of x in Lq = Qq[x]/(x
3 − 27p2j).

To obtain a precise description of the Selmer group Sel2(E), we need to describe
the image of all δq. We denote by O the ring of integers Z[x]/(x3 − 27p2j) of
L, and we set Oq = O⊗Z Zq.

Lemma 4.4. For any prime q and for any P ∈ E(Qq), we have

δq(P ) ∈ (O×
q /(O

×
q )

2)�

where (O×
q /(O

×
q )

2)� again denotes a subset of O×
q /(O

×
q )

2 consisting of square
norms.
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Proof. For q 6= 2, this is Lemma 6 of [8]. Here, we note that since the Kodaira

type of E at each prime ℓ is IV or IV*, Φ[2] is trivial, where Φ = Ẽ(Fℓ)/Ẽ0(Fℓ)
denotes the component group scheme of the Néron model E of E over Qℓ, and
we thank the referee for pointing this out. Here, ˜ denotes reduction modulo ℓ
and Ẽ0 denotes the identity component. For q = 2, we just need to show
ord2(x(P ) − β) is even, where ord2 denotes the normalized 2-adic valuation
with ord2(2) = 1. Note that

x3 − 27p2j ≡ (x+ 1)(x2 + x+ 1) mod 2. (4.3)

We write also 3 3
√
p2j for the unique root in Z2 of x3 − 27p2j = 0 satisfying

3 3
√
p2j ≡ 1 mod 2 obtained by Hensel’s lemma. Thus we have a factorisation

x3 − 27p2j = (x− 3 3
√
p2j)(x2 + 3 3

√
p2jx+ (3 3

√
p2j)2)

over Z2. Now, we have

2ord2(y) = ord2(x− 3 3
√
p2j) + ord2(x

2 + 3 3
√
p2jx+ (3 3

√
p2j)2)

for x = x(P ) and y = y(P ) in Q2, so we know that the right hand side is

even. If ord2(x) < 0, then ord2(x−3 3
√
p2j) = ord2(x) and ord2(x

2+3 3
√
p2jx+

(3 3
√
p2j)2) = 2ord2(x), so it follows that 3ord3(x) is even, and thus ord2(x) is

even. If ord2(x) ≥ 0, noting that x2 + x + 1 ≡/ 0 mod 2 in (4.3), we see that

2ord2(y) = ord2(x−3 3
√
p2j), and thus ord2(x−3 3

√
p2j) is even, as required.

Now, we can describe the image of δq.

Lemma 4.5.

1. The image of δ∞ is trivial.

2. If q 6= 2,∞, we have

im(δq) = (O×
q /(O

×
q )

2)�.

3. The image of δ2 is a subgroup of (O×
2 /(O

×
2 )

2)� of index 2, and con-
tains the subgroup of elements in (O×

2 /(O
×
2 )

2)� which are congruent to
1 modulo 4.

Proof. Note that L∞ = C × R and we know that (L×
∞/(L

×
∞)2)� = 1, thus

im(δ∞) is trivial and (1) follows.
For (2) and (3), we know that the norm of L×

q in Q×
q has index 3 by local class

field theory. Thus, in the commutative diagram

0 // (O×
q )

2

��

// O×
q

N

��

// O×
q /(O

×
q )

2

λ

��

// 0

0 // (Z×
q )

2 // Z×
q

// Z×
q /(Z

×
q )

2 // 0
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where N is the restriction of the norm map from Lq to Qq, we see that λ is
surjective. Furthermore, from the exact sequence

0 → (O×
q /(O

×
q )

2)� → O×
q /(O

×
q )

2 λ−→ Z×
q /(Z

×
q )

2 → 0,

we obtain

#(O×
q /(O

×
q )

2)� =
#(O×

q /(O
×
q )

2)

#(Z×
q /(Z

×
q )2)

.

Note that #(Z×
q /(Z

×
q )

2) = 2 or 22 according as q 6= 2 or q = 2. Suppose

x3 − 27p2j is a product of ℓ irreducible polynomials modulo q. For q 6= 2, we
have #(O×

q /(O
×
q )

2) = 2ℓ. For q = 2, note that we have O×
2 = Z×

2 × Z2[γ]
×

where γ is a root of the irreducible polynomial x2+3 3
√
p2jx+(3 3

√
p2j)2 ∈ Z2[x]

from the proof of Lemma 4.4. Note also that (1 + 2Z2[γ])
2 is a subgroup of

1 + 4Z2[γ] of index 2. Thus we have #(O×
2 /(O

×
2 )

2) = 22+3 = 25. It follows
that #(O×

q /(O
×
q )

2)� = 2ℓ−1 or 23 according as q 6= 2 or q = 2. On the other
hand, a direct computation shows that

#(E(Qq)[2]) = 2ℓ−1.

Furthermore, since E(Qq) has a subgroup isomorphic to Zq of finite index, we
have #(E(Qq)/2E(Qq)) = #(E(Qq)[2]) = 2ℓ−1 or 2·#E(Qq)[2] = 22 according
as q 6= 2 or q = 2. Therefore (2) follows, and it remains to show that im(δ2)
contains the subgroup (1 + 4O2/(O

×
2 )

2)� = (1 + 4Z2[γ]/(Z2[γ]
×)2) of order 2.

Let Ê be the formal group of E over Z2 given by (4.1). Let P ∈ Ê(2Z2), and

write t = −x
y for the uniformizer of Ê. Then we have

x(P ) = t−2 +O(t2)

since a1 = a2 = a3 = 0. Then

δ2(P ) = x(P )− β = t−2 − β +O(t2) ≡ 1− βt2 mod (L×
2 )

2,

where the last equality is obtained by noting that t ∈ 2Z2 and that the units in
O2 congruent to 1 modulo 16 lie in (O×

2 )
2. Now, take P ∈ Ê(2Z2) correspond-

ing to t = 2u ∈ 2Z2\4Z2. Then δ2(P ) ≡ 1− 4γu2 clearly lies in the non-trivial
class of (1 + 4Z2[γ]/(Z2[γ]

×)2). This concludes the proof of Lemma 4.5.

We can now state a relation between the 2-Selmer group Sel2(E) of E and the
2-class group of L = Q( 3

√
p). Write ǫ(E/Q) for the global root number of E/Q.

Recall from the introduction that rank2 (Cl(F )) := dimF2(Cl(F )/2Cl(F )) de-
notes the 2-rank of Cl(F ).

Proposition 4.6. Let k = rank2(Cl(L)). Then

dimF2Sel2(E) =

{
k if ǫ(E/Q) = (−1)k,
k + 1 if ǫ(E/Q) = (−1)k+1.
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Proof. Since we may follow the methods in [11], we will only state the key ideas
in the argument. We define two subgroups

N1 = {α ∈ L×/(L×)2 : L(
√
α)/L is unramified}

and

N2 = {α ∈ L×/(L×)2 : α > 0, (α) = I2, I ⊂ L is a fractional ideal}

of (L×/(L×)2)�. Then from the description of the local Kummer map given
in (4.5), we see that the 2-Selmer group Sel2(E) satisfies

N1 ⊆ Sel2(E) ⊆ N2.

Furthermore, by Kummer theory, we have

N1 ≃ Hom(Gal(M/L), µ2)

where M is the maximal abelian extension of exponent two unramified
everywhere, so that Gal(M/L) = Cl(L)[2]. Note that #(Cl(L)[2]) =
#(Cl(L)/2Cl(L)), since Cl(L) is a finite group. Thus we have

#(N1) = 2k where dimF2 Cl(L)[2] = k.

By Dirichlet’s unit theorem, the free part of the group O×
L of units in L has

rank one. Let uL be a generator. By choosing −uL or uL, we may assume
uL > 0, and by choosing uL or u−1

L , we may assume uL > 1. Now, we define a
map

N2 → Cl(L)[2] α 7→ [I]

where I is a fractional ideal of L such that I2 = (α) and [I] denotes its ideal
class in Cl(L). This map is surjective, and the kernel of this map is given by
uZL/u

2Z
L ≃ Z/2Z. Hence we have

dimF2 N2 = k + 1.

From all of the above considerations and the 2-parity conjecture proved in [13],
we obtain the assertion of Proposition 4.6. This also concludes the proof of
Theorem 1.3.

A Numerical examples

Let p ≡ 2, 5 mod 9 be an odd prime number. Let L = Q( 3
√
p), and write Cl(L)

for the ideal class group of L. We ran a numerical test for primes p < 1000000,
and obtained that 1629 out of 13068 primes p ≡ 5 mod 9, and 1852 out of
13099 primes p ≡ 2 mod 9 satisfy condition

rank2(Cl(L)) = dimF2 (Cl(L)/2Cl(L)) ≥ 2 (A.1)
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from Theorem 1.3. The following lists are small hand-picked samples of primes
p such that Cl(L) satisfies (A.1), including all the cases when the Tate–
Shafarevich group of C2p (resp. C2p2) is strictly bigger than Z/2Z⊕ Z/2Z for
p ≡ 5 mod 9 (resp. p ≡ 2 mod 9) and p < 1000000. All the numerical results
were obtained using the computer algebra packages Magma [1] and PARI/GP
[14].

p ≡ 5 mod 9 Cl(L) X(C2p)[2]
113 Z/2Z⊕ Z/2Z Z/2Z⊕ Z/2Z
3209 Z/2Z⊕ Z/68Z Z/2Z⊕ Z/2Z
9941 Z/2Z⊕ Z/4Z Z/2Z⊕ Z/2Z
15053 Z/2Z⊕ Z/14Z Z/2Z⊕ Z/2Z
17573 Z/2Z⊕ Z/374Z Z/2Z⊕ Z/2Z
18257 Z/2Z⊕ Z/170Z Z/2Z⊕ Z/2Z
24197 Z/2Z⊕ Z/20Z Z/2Z⊕ Z/2Z
32009 Z/2Z⊕ Z/16Z Z/2Z⊕ Z/2Z
35969 Z/2Z⊕ Z/140Z Z/2Z⊕ Z/2Z
40577 Z/4Z⊕ Z/28Z Z/2Z⊕ Z/2Z
41981 Z/2Z⊕ Z/26Z Z/2Z⊕ Z/2Z
46229 Z/2Z⊕ Z/2Z ⊕ Z/4Z Z/2Z⊕ Z/2Z
54869 Z/2Z⊕ Z/1190Z Z/2Z⊕ Z/2Z
61169 Z/2Z⊕ Z/50Z Z/2Z⊕ Z/2Z
61547 Z/2Z⊕ Z/314Z Z/2Z⊕ Z/2Z
73013 Z/2Z⊕ Z/2Z ⊕ Z/2Z Z/2Z⊕ Z/2Z
81077 Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z
97943 Z/2Z⊕ Z/10Z Z/2Z⊕ Z/2Z
166667 Z/2Z⊕ Z/2Z ⊕ Z/14Z Z/2Z⊕ Z/2Z
169007 Z/4Z⊕ Z/124Z Z/2Z⊕ Z/2Z
195581 Z/4Z⊕ Z/184Z Z/2Z⊕ Z/2Z
206489 Z/4Z⊕ Z/20Z Z/2Z⊕ Z/2Z
483017 Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/4Z Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z
635909 Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z
805073 Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z
964589 Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z

p ≡ 2 mod 9 Cl(L) X(C2p2)[2]

443 Z/2Z⊕ Z/2Z Z/2Z⊕ Z/2Z
857 Z/2Z⊕ Z/28Z Z/2Z⊕ Z/2Z
4799 Z/2Z⊕ Z/2Z ⊕ Z/20Z Z/2Z⊕ Z/2Z
5987 Z/2Z⊕ Z/64Z Z/2Z⊕ Z/2Z
9011 Z/2Z⊕ Z/4Z Z/2Z⊕ Z/2Z
9749 Z/4Z⊕ Z/16Z Z/2Z⊕ Z/2Z
13043 Z/2Z⊕ Z/8Z Z/2Z⊕ Z/2Z
17579 Z/2Z⊕ Z/2Z ⊕ Z/230Z Z/2Z⊕ Z/2Z
26111 Z/2Z⊕ Z/52Z Z/2Z⊕ Z/2Z
31547 Z/2Z⊕ Z/50Z Z/2Z⊕ Z/2Z
36263 Z/2Z⊕ Z/70Z Z/2Z⊕ Z/2Z
47387 Z/2Z⊕ Z/2Z ⊕ Z/2Z Z/2Z⊕ Z/2Z
58727 Z/2Z⊕ Z/32Z Z/2Z⊕ Z/2Z
60149 Z/2Z⊕ Z/74Z Z/2Z⊕ Z/2Z
65063 Z/2Z⊕ Z/4Z ⊕ Z/8Z Z/2Z⊕ Z/2Z
78437 Z/4Z⊕ Z/4Z Z/2Z⊕ Z/2Z
79967 Z/2Z⊕ Z/40Z Z/2Z⊕ Z/2Z
96329 Z/2Z⊕ Z/22Z Z/2Z⊕ Z/2Z
99371 Z/2Z⊕ Z/2Z ⊕ Z/4Z Z/2Z⊕ Z/2Z
125003 Z/2Z⊕ Z/4Z ⊕ Z/700Z Z/2Z⊕ Z/2Z
167087 Z/2Z⊕ Z/2Z ⊕ Z/656Z Z/2Z⊕ Z/2Z
266663 Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/4Z Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z
402131 Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z
424163 Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/4Z Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z
521831 Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z
916103 Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z Z/2Z⊕ Z/2Z ⊕ Z/2Z ⊕ Z/2Z
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