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ABSTRACT. Using the motivic stable homotopy category over a
field k, a smooth variety X over k has an Euler characteristic x(X/k)
in the Grothendieck-Witt ring GW (k). The rank of x(X/k) is the
classical Z-valued Euler characteristic, defined using singular coho-
mology or étale cohomology, and the signature of x(X/k) under a
real embedding o : k — R gives the topological Euler characteristic
of the real points X7 (R).

We develop tools to compute x(X/k), assuming k has characteristic
# 2 and apply these to refine some classical formulas in enumera-
tive geometry, such as formulas for the top Chern class of the dual,
symmetric powers and tensor products of bundles, to identities for
the Euler classes in Chow-Witt groups. We also refine the classi-
cal Riemann-Hurwitz formula to an identity in GW(k) and compute
x(X/k) for hypersurfaces in P} ™! defined by a polynomial of the form
Z?jol a; X]"; this latter includes the case of an arbitrary quadric hy-
persurface.

This paper is a revision of “Toward an enumerative geometry with

quadratic forms” [27].
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2180 M. LEVINE

1 INTRODUCTION

We work throughout in the category of smooth quasi-projective schemes over
a field k, Smy, with char(k) # 2. The main goal of this paper is to take
steps toward constructing a good theory of enumerative geometry with values
in quadratic forms, refining the classical Z-valued enumerative geometry. The
foundations of this theory have been laid by work of Barge-Morel [7], Fasel
[14], Fasel-Srinivas [15] and Morel [34, 35] (and many others), and first steps
in this direction have been taken by Hoyois [20], Kass-Wickelgren [24, 25] and
Pauli [42].

The main tool is the replacement of the Chow groups CH"(X) of a smooth
variety X, viewed via Bloch’s formula as the cohomology of the Milnor K-

sheaves
CH™(X) = H"(X,KM),

with the Chow-Witt groups of Barge-Morel [7, 14]
CH (X;L) == H"(X,KMY(L)).

Here KMW (L) is the nth Milnor-Witt sheaf, as defined by Hopkins-Morel [34,
35], twisted by a line bundle L on X. This theory has many of the formal
properties of the Chow ring, with the subtlety that one needs suitable twists to
allow for the pushforward maps: for a proper morphism f :Y — X of relative
dimension d, one has

Lo HU Y (P L@ wyr)) = HOUX G (L @ wxgr)),

where wy i, := det Qx /i, wy/y = det Qly/, are the respective dualizing sheaves.
The second important difference is that, although a rank r vector bundle
V — X has an Euler class [7, §2.1]

eV(V) € H™(X,KMW (det™' V),
the group this class lives in depends on V' (or at least det V). Under the map
KMW (det™ V) — KM

e“W(V) maps to the top Chern class ¢,.(V) and e“W(det V) maps to ¢;(V),
but there is no projective bundle formula for the oriented Chow groups, and
thus no obvious “intermediate” classes lifting the other Chern classes of V' to
the oriented setting. There are versions of the classical Pontryagin classes, but
we will not study these in detail here.

There is still enough here to define an Euler characteristic of a smooth projec-
tive k-scheme p: X — Speck as

XV (X/k) = p(e“V(Tx)) € Ko™ (k),

where, if X has dimension d over k, e“V(Tx) € HH(X, K™ (wx/x)) is the Eu-
ler class of the tangent bundle T . Morel [34, Lemma 6.3.8] identifies K" (k)
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with the Grothendieck-Witt group of non-degenerate quadratic forms over k,
GW (k), so we have the Euler characteristic x“V(X/k) € GW(k). The fact
that the Euler class e“W (Tx) maps to cq(Tx) € HY(X, K3) = CHp(X) under
the map of sheaves KMV (wx ;) — K2 shows that the image x“"V (X/k) under
the rank homomorphism GW (k) — Z is the classical Euler characteristic of X,
which agrees with the topological Euler characteristic of X (C) defined using
singular cohomology if £ C C, or the ¢-adic Euler characteristic of X}, defined
using étale cohomology.

One can also define a categorical Euler characteristic x(X/k), by using the
infinite suspension spectrum 2 X € SH(k), where SH(k) is the motivic stable
homotopy category over k. Hoyois [21, Theorem 5.22], Hu [22, Appendix A],
Riou [44] and Voevodsky [51, §2] have shown that this suspension spectrum is
always a strongly dualizable object in SH(k), so it gives rise in a standard way
to an endomorphism of the unit object Sg:

X(X/k) € Endgp)(Sk)-

By Morel’s theorem [34, Theorem 6.4.1, Remark 6.4.2] there is a canonical
isomorphism Endggx)(Sk) = GW(k), so we have a second Euler characteristic
in GW (k).

We should mention that for £k C R C C, the image of the categorical Euler
characteristic x(X/R) in GW(R) has the property that its signature gives the
Euler characteristic of X (R), while the rank gives the Euler characteristic of
X(C).

In our paper with A. Raksit [29] we showed that these two Euler characteristics
agree.

THEOREM 1 ([29, Theorem 8.4]). Let X be a smooth projective variety of pure
dimension over k. Then

XV (X/k) = x(X/k)
in GW(k).

One consequence of this comparison result is the fact that the Euler charac-
teristic of an odd dimensional smooth projective variety is always hyperbolic
(Corollary 4.2); one can view this a a generalization of the fact that the topo-
logical Euler characteristic of a real oriented manifold of dimension 4m + 2 is
always even. This has already been proven in our paper [29] with Raksit using
hermitian K-theory, but we include this somewhat different proof relying on
the Chow-Witt Euler class here.

We then turn to developing some computational techniques. Here the main goal
is to compare e“V (V) and e“W(V ® L) for a line bundle L, without having the

IMorel’s theorem is for k perfect. In positive characteristic, one needs to invert the
characteristic if k is not perfect, but this is mostly harmless, see Remark 2.1
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“lower Chern classes” of V' on hand. We also prove a useful formula relating
Euler class of a vector bundle V' with that of its dual (Theorem 8.1):

GCW(V) — (_1)rankVeCW(V\/).

and compute the Euler class of symmetric powers and tensor products of rank
two bundles.

Kass-Wickelgren [24] have constructed an “Euler number” in GW(k) for a
relatively oriented algebraic vector bundle with enough sections on a smooth
projective k-scheme; as one application, they use this in [25] to lift the count
of lines on a smooth cubic surface over k to an equality in GW(k). For a
pencil f : X — P! of curves on a smooth projective surface X over k, they lift
the classical computation of the Euler number of Ty ® f*Tp1 in terms of the
singularities of the fibers of f to an equality in GW (k). This approach to Euler
numbers has been studied further by Bachmann-Wickelgren [6].

We approach the question of lifting such classical degeneration formulas to
GW (k) from a somewhat different point of view. We apply Theorem 1 and
the results obtained in §5-10 to give a generalization of the classical degener-
ation formulas for counting singularities in a morphism f : X — C, with X
a smooth projective variety and C' a smooth projective curve (admitting for
technical reasons a half-canonical line bundle in case X has odd dimension);
for X a curve, this a refinement of the classical Riemann-Hurwitz formula. Our
generalization gives an identity in GW(k); applying the rank homomorphism
recovers the classical numerical formulas. In the case of even dimensional vari-
eties, we apply the degeneration formula to compute the Euler characteristic of
generalized Fermat hypersurfaces, that is, a hypersurface X C ]P’Z‘*'1 defined by
a polynomial of the form ?:Jrol a; X", see Theorem 12.1. As a special case, we
find an explicit formula for the Euler characteristic of a quadric hypersurface,
Corollary 12.2. The question of computing the Fuler characteristic of a quadric
hypersurface was raised by Kass and Wickelgren?.

This current version is a substantial revision of the original [27], helped along
by many developments in this area since then. Much of the first version was
concerned with showing that the pushforward maps for the Chow-Witt groups,
as defined by Fasel [14], agree with those using the structure of H*(—, CMW)
as an SL-oriented theory, and using this to prove Theorem 1. Both of these
results have been subsumed in our paper with Raksit [29]. The original proof
of Theorem 8.1 followed Asok-Fasel [4] in viewing e“V (V) as an obstruction
class; recent work of Wendt [53], building on the paper of Hornbostel-Wendt
[19], allows a quicker path to this result and also gives a nice extension to the
Chow-Witt groups of products of classifying spaces BGL,, and BSL,, of the
fact that the map (rank,n) : GW(k) — Z x W (k) is injective, where W (k)
is the Witt ring and 7 : GW(k) — W (k) is the canonical surjection. This
shows that one can detect universal identities among Chow-Witt-valued Euler
classes by passing to the corresponding top Chern classes and the Euler classes

2private communication
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with values in the the cohomology of the Witt sheaves (see Proposition 7.1 and
Theorem 7.3). This useful fact also allows us to give a much simpler proof of
our result comparing the Euler characteristics of a vector bundle V' and the L-
twisted bundle V ® L, for L a line bundle. Using the Witt sheaves also enables
us to improve our main result, the quadratic Riemann-Hurwitz formula (Corol-
lary 11.4), removing the hypothesis of the existence of a theta-characteristic
on the target curve in case the source variety has even dimension. We have
also added a section discussing the work of Kass-Wickelgren and Bachmann-
Wickelgren, which gives a description of the local indices for a section of a vector
bundle with isolated zeros in terms of an associated Scheja-Storch quadratic
form; in our previous version, we had restricted this explicit representation to
the case of “diagonalizable” sections.

ACKNOWLEDGEMENT

The author is grateful to Aravind Asok for a number of very helpful suggestions,
as well as corrections to an earlier version of this manuscript. He also wishes to
thank Kirsten Wickelgren for raising a number of questions on the results in the
earlier version, for example, asking if the Riemann-Hurwitz formula would hold
in the even-dimensional case without assuming the existence of a theta-divisor
on the target curve. Finally, thanks are due to Matthias Wendt for very helpful
discussions about his paper [53] and to the referee, whose comments greatly
improved the organization and presentation of this paper. This paper is part of
a project that has received funding from the European Research Council (ERC)
under the European Union’s Horizon 2020 research and innovation programme
(grant agreement No. 832833). The author thanks to DFG for support through
the grant LE 2259/8-1 and the ERC for support through the project QUADAG.

2 THE CATEGORICAL EULER CHARACTERISTIC

In this section we review and collect a number of facts and constructions con-
cerning Euler characteristics in a symmetric monoidal category, specializing
quickly to the motivic stable homotopy category SH(k) over a field k. Most of
the results here are not new, but we include this introductory section to give
an overview of some of the basic properties of the Grothendieck-Witt-valued
Euler characteristic. Beside the motivic stable homotopy category SH(k), we
will be using the unstable motivic homotopy category H(k), the category of
spaces over k, Spc(k), and the pointed versions He (k) and Spc,(k), as well as
the classical stable homotopy category SH. We use [21, 23, 36] as references
for these constructions and their basic properties.

2.1 PROPERTIES OF THE CATEGORICAL EULER CHARACTERISTIC

Let (C,®,1,7) be a symmetric monoidal category. Following [12], we have the
notion of the dual (XV,dx : 1 — X ® XV, evy : XV ® X — 1) of an object
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X of C, where one requires that the maps dx and evy satisfy the following
conditions: the compositions

X2i1gXx 29 x o xVex 1429 ygixX (2.1)
and
XV 2xVel 8 xVe xoxV X8 g XV a XV (2.2)

are the respective identity maps. It follows from an easy computation that if
(XV,dx, evx) is a dual of X, then (X,7x xv o dx, evx o Txv x) is a dual of
XV.

It follows from [12, Theorem 1.3] that notion of dual described above is equiva-
lent to that of “strong dual” given in [12, §1]. Tt also follows from [12, Theorem
1.3] that the dual (XV,dx, evx) of an object X, if it exists, is unique up to
unique isomorphism. An object admitting a dual is called strongly dualizable.
Recall that an object X € C is invertible if there exists an object Y and an
isomorphism « : 1 — Y ® X; clearly this determines the isomorphism class
of Y. We call Y the inverse to X and write Y = X 1. By [13, Proposition
4.11] an invertible X is strongly dualizable with dual X ~! and with §x -1 = «
(but note, evy-1 is not necessarily a=! o 7x-1 x).

For X strongly dualizable, we have the categorical Euler characteristic xc(X) €
End¢(1) defined as the composition

Tx,xV

12 X o xY B XV X £
Clearly the collection of strongly dualizable objects in C is closed under ® and
Xe(X ®@Y) = xe(X) - xe(Y), xe(XY) = xe(X),

for strongly dualizable objects X and Y.

Let C be a triangulated tensor category. May [31, Theorem 0.1] has given
conditions under which the collection of strongly dualizable objects in C forms
the objects in a thick subcategory of C, and the Euler characteristic is additive
in distinguished triangles: if A - B — C — A[1] is a distinguished triangle
of strongly dualizable objects, then x¢(B) = xc(A) + xc(C), and xc(A[l]) =
—xc(A). In particular, for X € C a strongly dualizable object, each translation
X|[p] of X is a strongly dualizable object. The May axioms are not satisfied
for an arbitrary triangulated tensor category, but as noted in loc. cit., they
are satisfied for the classical stable homotopy category SH and for SH(k). In
addition to assuming that C is a closed symmetric monoidal category (i.e.,
there are internal Homs), May requires various compatibilities of the monoidal
product with the triangulated structure. See [31, §4] for details.

The respective sphere spectra S € SH, S, € SH(k) are the units in the sym-
metric monoidal categories SH, SH(k).
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Remarks 2.1. 1. As we have mentioned in the introduction, for k& a perfect
field, Morel’s theorem [34, Theorem 6.4.1, Remark 6.4.2] gives a natural iso-
morphism GW (k) — Endgg k) (Sk); we will usually view the categorical Euler
characteristic xsu(x)(—) as being valued in GW(k). For F' a field and u € F'*
a unit, we let (u) € GW(F) denote the rank one quadratic form z +— uz?; for
a positive integer n, we set n, == Y7 (—1)%.

2. We have also mentioned in the introduction that for X smooth and projec-
tive over k, the suspension spectrum XX is a strongly dualizable object in
SH(k) (see [21, Theorem 5.22],[22, Appendix A], [44] and [51, §2]). If k admits
resolution of singularities and U is in Smy, then taking a smooth projective
completion with complement a normal crossing divisor, and using suitable lo-
calization distinguished triangles, May’s results mentioned above imply that
Y¥UL is strongly dualizable in SH(k).

More generally, Riou [30, Theorem B.2] has shown that for & a perfect field
of characteristic p > 0, and U € Smy, XPU, is strongly dualizable in
SH(k)[1/p], so has a well-defined Euler characteristic in GW(k)[1/p]. As-
suming as we do p to be odd, since each element of the kernel I(k) of the
rank homomorphism GW(k) — Z has finite order a power of 2, the map
GW(k) — GW(k)[1/p] is injective, and defines an isomorphism from I(k) to
the kernel of GW(k)[1/p] — Z[1/p]. Moreover, since the étale Euler character-
istic of U is Z-valued, the categorical Euler characteristic xsu (k[ /p (X7 U+ )
lands in GW (k) € GW(k)[1/p]. Thus, even in positive characteristic, we may
treat each U € Smy, as dualizable by passing to SH(k)[1/p], and we still get a
a categorical Euler characteristic valued in GW (k).

Similarly, for k£ an arbitrary field of positive characteristic p # 2, we may pass
to the perfect closure kP*"f. For each n, the base-extension map GW (k) —
GW(kl/ p") is an isomorphism, with inverse induced by the Frobenius map
Frob” : k'/P" — k so GW(k) = GW(kPe/). We may therefore work in
SH(kPe"/)[1/p] and still have a GW (k)-valued Euler characteristic. We will
silently pass to SH(k)[1/p] or SH(kP*"/)[1/p] as needed in the remainder of the
paper, and refer to a space X € Spc(k) as dualizable if XX, € SH(kPe"/)[1/p]
is strongly dualizable.

For a dualizable space X € Spc(k), we write x(X'/k) for xsu) (EFXL) or
for Xsm(rrers)[1/p) (22 X4) if we need to invert the characteristic and pass to
kPerf. For a dualizable space X € Spc,(k) we similarly write y(X/k) for
XsH(k) (BT X) or Xsu(reers)1/p) (BT X).

In SH(k) we have for a,b € Z the suspension operators ¥%* : SH(k) — SH(k),
PIILIEES E%Ibto(’;m, which are commuting autoequivalences with X2 o ¥t =
yata'b+b" and 109 = Id. Moreover, we have the canonical isomorphisms
neby A pe by o ypatabtb(x A )). This gives us the invertible objects
SPP .= $@bS,, of SH(k) with inverse S; “~°, which are thus strongly dualizable.
For all p > ¢ > 0, we have the sphere S;'? := SP~7 A G,? € Spc,(k), and a
canonical isomorphism S}'¢ = ¥ SY? in SH(k). Thus S}’¢ is strongly dualiz-
able for p > ¢ > 0.
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For example (A7 \ {07}, {1"}) = §2" """ is strongly dualizable.
LEMMA 2.2. Xsu(k) (Sy?) = (=1)7 - (=1)9.

Proof. We have (S?)Y =S, 7%, s0 xsu)(SP?) = xsuwm) (S "~ %), reducing
us to the case ¢ > 0. Since YPIS, = (X29:9Sy)[p — 2q], we have

Xsu(e) (Sp?) = (—=1)Pxsum (Si77) = (—1)P (xsue (Sp)) "

This reduces us to showing that xgp (k) (Si’l) = (—1). Since Si’l ~ ¥2(P!, 0o
we have LFPL =~ Si' @Sy, Since Sy, is the unit in SH(k), we have XsH(k) (Sk) =
(1), so we need to show that y(P'/k) = (1) + (—1).

This is proven by Hoyois [20, Example 1.7] and also follows from our result
with Raksit [29, Corollary 8.7]. O

Remarks 2.3. 1. The categorical Euler characteristic in an arbitrary symmet-
ric monoidal category is clearly natural with respect to symmetric monoidal
functors. In particular, if & = C, the image of x (X /k) for a dualizable space
X € Spc(C)) under the Betti realization functor Rep : SH(C) — SH is the Eu-
ler characteristic of Rep(X) computed in SH. As the map 7y(S) = Endsu(S) —
Endp(ap)(Z) = Z under the Z-linearization map is an isomorphism, the Euler
characteristic in SH of ¥°°T', | for a finite CW complex T, is just the topological
Euler characteristic of T. Since GW(C) = Z by rank, we see that, for k C C,
and for X € Smy, ranky(X/k) is the topological Euler characteristic of the
complex manifold X (C)®" of C-points of X.

We have as well the R-Betti realization functor Repr : SH(R) — SH, which
for X € Smp sends the suspension spectrum X7° X, to the suspension spec-
trum of the real points of X, ¥*°X(R)®". We note that the induced map
GW(R) — Endgy(S) = Z is the signature homomorphism. Indeed, we need
only check that (—1) goes to —1. To see this, the map GW (k) — Endggx)(Sk)
is constructed by sending the one-dimensional form (u) to the automorphism
my of P! given by [z : 71] = [z0 : uz1]. On P}(R)* = S' m_; is the map
6 — —0 and hence has degree —1.2 Concretely, for X € Smp, the rank of
X(X/R) is the Euler characteristic of X(C)** and the signature of x(X/R) is
the Euler characteristic of X (R)2.

2. For ¢ € GW(R) with signature sgn(q), one has rank(q) = sgn(q) mod 2.
This implies that for X € Smpg, the Euler characteristic of X (C)*" and
X (R)® are congruent modulo 2. At least for proper R-schemes, this is an
easy consequence of the fact (see for example [32, pg. 76]) that for a compact
Riemannian manifold M with an isometry f : M — M, the fixed point locus
M/ has Euler characteristic given by the Lefschetz number

Xtop(Mf) = Z(_l)in(f\}i(M,Q))'

i

3T am grateful to Fabien Morel for this argument.
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One applies this to complex conjugation ¢ : X (C)** — X (C)?", after decom-
posing H* (X (C)*,Q) into plus and minus eigenspaces for the action of ¢, to
give the congruence. Probably this argument can be extended without much
trouble to the case of open smooth varieties.

There is also an upper bound for x*°?(X(R)) in terms of the Hodge theory of
X, due to Abelson [1], namely, if X/R is smooth and projective and has even
dimension 2n over R, then

X'P(X(R)™)] < dimc H™"(Xc).

The proof uses the Hodge decomposition, the hard Lefschetz theorem and the
Lefschetz fixed point theorem as above.

On the other hand, as mentioned in [29], this last inequality also follows from
our theorem with Raksit [29, Theorem 1.3]. In fact, for X smooth and projec-
tive of even dimension 2n over k, this result shows that x(X/k) is of the form
Q +m - H, where H is the hyperbolic form H(z,y) = 2? — y?, m is an integer
and @ is the quadratic form associated to the symmetric bilinear form

n n n n U n n Tr
H"(X, Q% ;) x H*(X, Q%) = H™(X, Q%)) — k,

where U is cup product and Tr is the canonical trace map corresponding to
1 € H°(X,Ox) by Serre duality. This shows that for k& C R,

XX (R)™)] = |sig(x(X/k))]
= |sig(Q)]
< dim H"(X, Q% 1),

which recovers Abelson’s inequality.

Here are some additional elementary but useful properties of the Euler charac-
teristic x(—/k).

PROPOSITION 2.4. 1. Let F, X and Y be in Smy, and let p : Y — X be a
Zariski locally trivial fiber bundle with fiber F'. Then

X(Y/k) = x(X/k) - x(F/k).

2. Let X be in Smy, and let p : V — X be a rank r vector bundle. Then the
Thom space Th(V') is dualizable and

X(Th(V)/k) = (=1)"x(X/F).

3. Let X be in Smy, let j : U — X be an open subscheme with closed com-
plement i : Z := X \U — X. Suppose that Z is smooth over k and of pure
codimension c in X. Then

X(X/k) = x(U/k) + (=1)*Xx(Z/k).
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4. Let X be in Smy, and let p : V. — X be a rank r vector bundle. Let
q:P(V) — X be the associated projective space bundle Projx (Sym*VY). Then

X(P(V)/k) = re - x(X/k).

5. Letv: Z — X be a codimension ¢ closed immersion in Smy,. Let X be the
blow up of X along Z. Then

X(X/k) = x(X/k) + (1) - (¢ = 1)e - X(Z/k).

6. Let 0 : k — F be an extension of fields, inducing the homomorphism
o« : GW(k) = GW(F). Then for X € Smy,

X(Xp/F) = 0. (x(X/k)).

Proof. (1) Take a finite Zariski open cover U = {U,} of X that trivializes the
bundle Y — X. Since

(Ui, 0.0 U ) % Fk) = x (Ui, O ...O0Us, [k) - x(F/k)

the additivity of x in distinguished triangles together with the Mayer-Vietoris
triangles for U and for V := {U; x F'} shows that

x(Y/k) = x(X/k) - x(F/k).

For (2), the distinguished triangle
DEV\ 0x)s — DXV, — STh(V) —
shows that Th(V) is dualizable and gives
X(Th(V)/k) = x(X/k) = x(V \ 0x /k)
Since p: V — X is Zariski locally trivial, so is V \ 0x — X, so
X(V\ 0x/k) = x(A" x X'\ 0x/k) = x(A"\ 0/k) - x(X/k).

Since DFA™\ 02 S @ 'Sy, we have

X(A"\0/k) = (1) = (=1)"
by Lemma 2.2. Thus

X(Th(V)/k) = x(X/k) = ((1) = (=1)") - x(X/k) = (=1)" - x(X/F)

For (3), we have the cofiber sequence U, — X — X/U. The Morel-Voevodsky
homotopy purity theorem [36, Theorem 3.2.23] gives the isomorphism X/U 2
Th(Nz,x) in the unstable pointed motivic homotopy category He(k), where
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Nz, x is the normal bundle of Z in X. This gives us the distinguished triangle
in SH(k)

hence by (2), x(X/k) = x(U/k) + X(Th(Nzcx)/k) = x(U/k) + (~1)*x(Z/k).
For (4), (1) reduces us to the computation of x(P"~1/k). Letting U = A} " C
P}~ with complement Z = P} =2, (3) gives the identity x(P"~'/k) = (1) +
(=1) - x(P;72), so (4) follows by induction in 7.

For (5), let p : Nz — Z be the normal bundle of i and let £ C X be the
exceptional divisor, so E = P(Ny). Let U = X \ Z = X \ E. By (2), (3) and
(4), we have

X(X/k) = (=1)*x(Z/k) = x(X/k) = (1) - X(P(Nz)/k)

= X(X/k) = (=1) - cex(Z/k)

which proves (5).

For (6), let 7 : Spec F' — Spec k be the morphism induced by o. Then we have
the exact symmetric monoidal functor 7* : SH(k) — SH(F'), with 7*2¥ X =
YF Xry. Moreover the map 7* : Endgpi)(Sk) — Endgn(r)(Sr) is equal to the
map o, : GW(k) — GW(F') via Morel’s identification Endggx)(Sk) = GW(k),
Endgsg(py(Srp) = GW(F); this is clear from the definition of Morel’s map on
the generators of GW(k), sending the rank one form (u), u € k™, to the
endomorphism of Sy, induced by the endomorphism of P} sending (z : y) to
(z : uy). Since 7* is compatible with duality, these facts prove (6). O

One has a simple expression for the Euler characteristic of a smooth cellular
scheme. Recall that a reduced finite type k-scheme X is cellular if X admits a
filtration

l=X_cXpC...CX,=X

with X; \ X;_1 a disjoint union of affine spaces A}. X; is called the i-skeleton
of the filtration.
We recall the following result of Hoyois’ (private communication).

PROPOSITION 2.5. Let X be a smooth cellular k-scheme of dimension n with i
skeleton X,;. Suppose that X; \ X;_1 is the disjoint union of m; copies of A*.
Then X is dualizable and

NX/R) = 3 m( -1y,
1=0

Proof. Let d be the minimum ¢ such that X; # @; the proof is by downward
induction on d. If d = n, then X = 1" A", which is isomorphic in H (k) to
™= Speck, so x(X/k) = m, - (1), proving the assertion in this case. If d < n,
apply the induction hypothesis to U := X \ X, which gives

X(WU/k) =Y mi{-1)""".

i=d+1
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By Proposition 2.4(3), we have

n

X(X/k) = x(U/k) + (=1)" "X (™A% = Y " mi(=1)"".
i=d

O

Ezamples 2.6. 1. As a simple example, Proposition 2.5 gives another proof
that

X(Pi/k) = (n+1)e.

2. Let X be a Severi-Brauer variety over k of dimension n. The Euler char-
acteristic of Severi-Brauer varieties have been computed by Hoyois (private
communication). Using his quadratic refinement of the Lefschetz trace formula
[20, Theorem 1.3] and the fact that for a central simple algebra A over k,
SL;(A) is Al-connected, he shows

X(X/k) = x(Pg/k).

In fact, the case of even n follows from the fact that X is split by a separable
field extension k C F of odd degree and GW (k) — GW(F) is injective if [F : k]
is odd and F/k is separable.

If X has odd dimension n, then by Corollary 4.2 below and the fact that x(X/k)
and x(P}/k) have the same rank, we have

n+1
2

X(X/k) = - H = x(Py/F).

3 SL-ORIENTED AND GL-ORIENTED THEORIES

We recall some basic facts about SL-oriented and GL-oriented ring spectra,
Thom isomorphisms, and other related notions; for details, we refer the reader
to [2, 3]. We also introduce the theories we will be using here: EM(KXMW),
EM(W,), EM(KM), representing the cohomology of the sheaves of Milnor-Witt
K-theory, the Witt sheaf and the sheaves of Milnor K-theory, respectively. We
will also discuss hermitian K-theory, represented by KO € SH(k), and Quillen
K-theory, represented by KGL € SH(k).

For a commutative ring spectrum E € SH(k) an SL-orientation is the assign-
ment of a Thom class th(V, p) € E?""(Th(V)) for each pair (V, p) consisting of a
rank r vector bundle V' — X, X € Smy, and an isomorphism p : det V = Oy,
such that this assignment satisfies the axioms of [3, Definition 3.3]. A commu-
tative ring spectrum F together with an SL-orientation is called an SL-oriented
ring spectrum.

Similarly, a choice of Thom classes th(V') € E?""(Th(V)) for each rank r vector
bundle V' — X, satisfying the axioms of [39, Definition 1.9] for the associated
Thom isomorphisms, is a GL-orientation, or simply, an orientation, for £. An
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oriented theory is automatically SL-oriented; in the case of a GL-orientation,
the Thom class is independent of the choice of isomorphism det V = Ox.

For W C Y a closed subset of some Y € Smy, and E € SH(k), one defines
E“f‘}b(Y) = E*b(Y/(Y \ W)). For V. — X a rank r vector bundle, let det V'
denote the line bundle A"V and write det ™" V for the dual of det V. The rank
7 + 1 vector bundle V @ det ™' V has a canonical isomorphism cany : det(V @
det™? V) & Ox. For L — X a line bundle with zero-section so : X — L, we
define

E“Y(X,L):= E“*"*N(Th(L)) = B 0H(L)

and for Z C X a closed subset,

EZ*(X, L) = ESt 2 (D).

For an SL-oriented ring spectrum FE, an X € Smy with closed subset Z and
rank r vector bundle p : V' — X with zero-section sg : X — V, the Thom class
th(V @ det™* V, cany) induces the Thom isomorphism

Iy : By (X) S BLT(Vpt det™ (V) (3.1)

The canonical Thom class th(V) € ES;&)(V,p* det (V) is defined as

Yv(lx), where 1x € E%9(X) is the unit. The Thom isomorphism satisfies
Jy(z) = p*(x) Uth(V),
where U is the cup product

EZ’_bl (V) X Efg&)(v, prdet 1 (V)) — Egjég’b*"(v, p*det™L(V)).

Using the Thom isomorphisms and the six-functor formalism, one has functorial
pushforward maps

fot EPY (X, wxyp ® f5(L) = E* 257 4Y, wy, @ L)

for each proper map f : X — Y in Smy of relative dimension d. For f
the zero-section sy : X — V, as above, so.(1x) € E>""(V,p*det™' V) is the
image of th(V') under the “forget the supports” map ESQ(T);)(V7 p*det (V) —
E?rm(V,p* det™ (V).

Applying this to the zero-section so : X — V for a rank r vector bundle, one
arrives at the Euler class

e(V) = sis0.(1x) = s5(th(V)) € E?""(X,det ™' V).

For s : X — V an arbitrary section, if Z C X is a closed subset containing the
closed subset s71(s¢(X)), we have the Euler class with supports

ez(V,s) == s*(th(V)) € B (X,det ™' V)
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mapping to e(V) under E3""(X,det™' V) — E*" (X, det ™' V).

Before discussing the particular theories we will need, we recall some basic
notions concerning homotopy modules. This setting will enable us to unify a
number of arguments across different cohomology theories. We refer the reader
to [34, §5], [35, Chapter 5], [16] for details.

For F a strictly Al-invariant Nisnevich sheaf on Smj, we have the strictly
Al-invariant sheaf F_; := Hom(G,,,F). Recall [34, Defintion 5.2.4] that a
homotopy module is a sequence (M,),>o of strictly Al-invariant Nisnevich
sheaves on Smy, together with isomorphisms d,, : M,, — (M, 4+1)—1. For n <0,
define M,, inductively as M,, := (M, +1)—1. We let HM (k) denote the category
of homotopy modules.

With the evident notion of morphism, HM (k) forms an abelian category. Via
[34, Theorem 5.2.6], there is an equivalence from the category of homotopy
modules on Smy to the heart of the homotopy t-structure on SH(k), which
we denote by M, — EM(M,). For a homotopy module M,, the correspond-
ing cohomology theory EM(M,)** satisfies EM(M,)**(X) = HE. (X, My) =
H ‘Zl;b (X, My). Conversely, for E € SH(k), the corresponding homotopy module
is $(E) == (T—n,—n(E))n.

The primary example of a homotopy module is given by the Milnor-Witt
sheaves KMW | about which we recall a few facts. For a field F, the Milnor-
Witt K -theory of F, KMW (F), is the Z-graded Z-algebra with generators [u] €
KMW(F), for each unit u € F* and an additional generator n € KW (F),
with relations given in [34, Definition 6.3.1]. As explained in [35, §3.2], this con-
struction extends to a Nisnevich sheaf XMW on Smy,, with stalk KMW (k(X))
at the generic point nx € X € Smy. For a field F, sending the rank one
quadratic form (u), u € F*, to the element (u) := 1+ [u]n € K}MW (F) extends
uniquely to an isomorphism of rings GW(F) — KMW(F) (see [34, Lemma
6.3.8]). The Hopkins-Morel presentation of KMW (F) mentioned above extends
to an analogous presentation of the sheaf MW [18, Definition 5.1] and Morel’s
isomorphism GW (F) = KMW(F) extends to an isomorphism of Nisnevich
sheaves GW = KMW [18, Theorem 6.3] (assuming k is infinite).

As explained in [34, §6], the sheaf XMW defines a homotopy module on Smy;
in particular (we omit the njs and z,, from the notation)

BM(CMW)(X) = HOb(X, KC).

Specifically, Morel’s theorem identifying XMW with 7_, _,,(Sk) shows that
(KMW), = 10(Sk). As Sk is the unit in SH(k), this shows that for an arbitrary
homotopy module (M,,),, M, is canonically a sheaf of K" -modules.

One also has a sheaf-theoretic description of the L-twisted theory for L a line
bundle on X € Smy. The multiplication action of XY™ on KMW induces

an action of the sheaf of units Kg'"* on KMW. Sending a unit u € O,

to (u) € KW (Ox.) defines a homomorphism of sheaves of abelian groups
Gm — K™, For L — X aline bundle, the action of O% on L makes L into
a Z]0%]-module, and similarly the sheaf XMW on X is a Z[O%]-module. The
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twisted sheaf XMW (L) on X is defined as
KMW(L) = kMW g0 L= MW Qpcprw KW (L).

See [9, Section 1.2] for details. For an arbitrary homotopy module M,, we
thus have the L-twisted version M, (L) := M, @xuw KMW(L), defining the
homotopy module M, (L).

For X € Smy, and M, a homotopy module, we have the Rost-Schmid complex
(see [35, §5] for details)

C*(X, My, L) := ®ye x 0 ine M (k(z),i5 L @ det ™' m,, /m?)
= Dpex iz My_1(k(x), it L ® det ' m, /m2) —
o= Dpexmizs My p(k(z), it L @ det™ my /m2) — ...

and a canonical isomorphism H?(X, M, (L)) = H?(T'(X,C*(X, M,,, L)). More
generally, for Z C X a closed subset, the part of C*(X, M, L) supported in Z,

Cy(X, My, L) := ®pe xnziosMn(k(x), i L @ det ' m, /m2)
= @pexmnzioeMn_1(k(z),i5L @ det ™" my/m2) —
o= BpexmngioeMn_p(k(z),itL @ det™ my /m2) — ...

computes HY (X, M, (L)) as HP(I'(X,C% (X, M,, L)).

Feld [16] defines a category of Milnor- Witt cycle modules and shows in [17, The-
orem 4.2] that this category is equivalent to the category of homotopy modules.
Via this equivalence the Milnor-Witt complex defined in [17, §3.1] goes over to
the Rost-Schmid complex; we will state and use various results proven about
the Milnor-Witt complexes for the corresponding Rost-Schmid complex with-
out mentioning this correspondence explicitly. For example, the isomorphism
HY(X,M,(L)) = HP(T'(X,C% (X, M,, L)) stated above is a consequence of the
acyclicity theorem [16, Theorem 8.1] for Milnor-Witt cycle modules.

For Z C X a smooth closed subscheme of codimension ¢ with normal bundle
Nz/x, the evident isomorphism

CH(X,My,L) = C*(Z,My_c,izL ®det Ny x)[—c]
gives rise to the purity isomorphism [14, Remarque 9.3.5]
HY(X, M, (L)) = H?~%(Z, M,,_.(i% L ® det Ny x)).
More generally, for W C Z C X closed, we have
Hy (X, M, (L)) = H{y, (Z,Mp_.(izL @ det Nz x)). (3.2)

It follows directly from the construction that these purity isomorphisms are
functorial with respect to compositions of closed immersions.
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For Z a closed subset of codimension > ¢, the complex C% (X, M,, L) is 0 in
degrees < c, hence

HY (X, M,(L)) =0 for p < codimx Z. (3.3)

The natural isomorphisms EM(M*)%er’b(X) =~ HZ(X, My) extend to the twists
by a line bundle L — X. To see this, we have EM(M,)%"""(X, L) :=

EM(M*)ZSF(Z);)Z”JH(L), with sg : X — L the 0-section. The purity isomorphism

H o (L Myy) & H (X, My(L))

thus gives the isomorphisms
EM(M,)5™"(X, L) := EM(M., ) 22" H(L)

= HYl (L My1) = Hz (X, My(L)) (34

as claimed.

For L — X a line bundle, the isomorphism GW — KMW of sheaves on X
extends to an isomorphism GW(L) — K}¥W (L), where GW(L) is the sheaf of
(virtual) L-valued non-degenerate quadratic forms. For L' — X a second line
bundle, we have the isomorphism ¢, : GW(L) — GW(L ® L'®?) defined as
follows: if ¢ : V' — L is an L-valued non-degenerate quadratic form, then ¢1/(q)
is the induced form V ® L — L ® L'®?, which in local coordinates is given by
Y (@) (v® ) = q(v) ® A2, Via the description of M, (L) as M, Quw GW(L),
the isomorphism v, : GW(L) — GW(L ® L'®?) defines an isomorphism

Gt My (L) — M, (L ® L'®?) (3.5)

of homotopy modules.
Similarly, an isomorphism of line bundles p : L — L’ induces an isomorphism
of sheaves

px : My (L) — M, (L. (3.6)

and a corresponding isomorphism on cohomology with supports
pe : HY(X, My (L)) — HY (X, M, (L)

Let X be in Smy; with closed subset Z. Via the canonical isomorphism
EM(KMWyatbb(_) = ga=b(— MW} the suspension isomorphism

EM(K) 0 (X /(X \ 2))
=5 EM(CT)ertrzmbin (A /(A" \ {0}) A X/ (X \ Z))

transforms to the isomorphism
oy T HH (X, W) S HEGH(A™ < X, K00 (3.7)
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LEMMA 3.1. The suspension isomorphism (3. 7) is equal to the inverse of the

purity isomorphism B, : HiT(A™ x X, KCMW) = H (X, KW,

Proof. Since the suspension isomorphism for some n > 1 is the composition of
suitable suspension isomorphisms for n = 1, and the same holds for the purity
isomorphism, we reduce to the case n = 1.

We first handle the case X = Spec F', F' a finitely generated field extension
of k.

The suspension isomorphism «; relies on the bonding isomorphism ¢, : IC{)V’ —

(KMW)_1 as follows: Letting G, be the pointed scheme (A!\ {0}, {1}), we

have

Ky ) —1(=) = K (G A (<)1)
= ker (KW (A" {0} x (—)) - 5 Kt (1 x (=)

so €, induces the map &, r : KMW)(F) — K%_‘{V(Al \ {0}) by é&(z) = [t] - =
We can pass from the G,,-loops to the P'-loops via the standard affine cover
of P, U := {Uy, U1}, U; = P\ {X; = 0}, giving the pushout diagram

UO0U1*>U1

|

U() 4)?1

We view Uy N U; as the open subset Uy \ {(1 : 0)} = A'\ {0}. The map &
induces the map
&.p o Ky (F) = H' (Pp, KpiY)

by sending € KMW (F) to the image of the Cech 1-cocycle (&, Uy N U;). We
have the isomorphisms

Hy(Ap, KYLY) = Hy (Py, KLY ) = H (PR, KpLY) (3.8)

the first being excision, and the second following from the strict A'-homotopy
invariance of IC%FII”, so we may consider &, p as a map

&b, F KszW(F) - Ho (AFJCIHLI )

and this is the suspension isomorphism for X = Spec F.
Via the Rost-Schmid complex, we have the isomorphism

HY (AR, KA = KMW(F, F - 9/0t)

and via this isomorphism, &, sends x € KW (F) to x ® 9/0t € KMW (F, F -
0/0t). The purity isomorphism is this map, composed with the map
KMW(F,F-0/0t) - KMW(F) sending y ® 8/0t to y.
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In general, the map €, is represented by the map of Rost-Schmid complexes
C*(&) : CL(XIG™) = Chay oy ez (A \ {0} > X, ICHY)
which on the summand KMW (k(y)), y €y € ZN X is the map
o) KR () — KW, (k(t.y)

with KW, (k(t,y)) in the summand indexed by (n,y) € (A'\ {0} x X)@n
Al x Z, where 7 is the generic point of A'.

The suspension map is natural with respect morphisms of spaces, in particular,
with respect to maps of schemes and with respect to maps of the form U —
U/(U \ p) for p € U. This implies that our description of the suspension map
for X = Spec F' extends termwise on the Rost-Schmid complex, to give the
suspension map

Ch(an) - CL (X K™) = Gz (A1 x X K1Y,

where C}%(a;) sends an element z, ® v € KMW (k(y)) @ det™* m, /m? in the
summand for y € Z N X(@ to the element x, ® 9/t A v of KMW (k(y)) ®
det™* mg,y/ may in the summand indexed by (0,y). As the purity isomorphism
sends this latter element to z,@v € KMW (k(y))@det ™ m,, /m? in the summand
for y € Z N X (| this completes the proof. O

Remark 3.2. It was not completely clear to us whether the map €, p should
send x to [t]-x or x-[t], in other words, if the G,,-suspension used to define the
homotopy module (MW, is the left or right smash product; we used the left
smash product. However, in the case of the right smash product, one would
also replace A' x X with X x A! throughout, the map C%(a;) would send
Ty ®v to z, - [t] ® v, then to z, ® v A J/0t, and the purity isomorphism would
send this element back to x, ® v, so the result would still hold.

We now explain how one uses the purity isomorphism to define the SL-
orientation on EM(KXMW).

Let p: V — X be a rank r bundle with trivialized determinant p : detV —
Ox. Via the purity isomorphism, the isomorphism sgN, (x)/v =V gives the
isomorphism

HE ) (V,KMW (p* det ™' V) = HO(X, GWV)

via which we have the element th(V) € H{ . (V, KMW (p* det™" V)) corre-

sponds to (1) € H°(X,GW). If we have an isomorphism p : detV = Oy,
applying the induced map H{ - (V, KMW (p* det™ ' V)) = HT o (V,KMW)

S(](V)
to th(V) gives us the class th(V, p) € H[ (V. MW,
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PROPOSITION 3.3. 1. The assignment (V — X, p:detV = Ox) — th(V,p) €
HE (V KMWY  for V' a rank r vector bundle on X € Smy, with trivialization

p of detV defines an SL-orientation on EM(KXMW).

2. Forp:V — X a rank r vector bundle on X € Smy, the element th(V) €
]{:0(‘/)(1/7 KMW (p det™' V) is the canonical Thom class associated to the SL-

orientation on EM(KMW) given by (1).

Proof. We note that the presheaf X +— EM%?(KMW)(X) = LYW (X) is a
Zariski sheaf on Smy. By [2, Theorem 1.2], EM(KMW) admits a unique “nor-
malized” SL-orientation, (V,p) — th(V, p); the proof of loc. cit. shows that
the classes th(V, p) are characterized by three properties:

i. For the trivial bundle V = O% with p the canonical isomorphism det O% =
Ox, th(V, p) is the image of 1 € EM*?(KMW)(X) under the suspension iso-
morphism EM%°(KMW)(X) = EMZ TX) (KMWY (V).

ii. The classes t?h(V7 p) are natural with respect to vector bundle isomorphisms:
if f:V — V' is an isomorphism of vector bundles on X and we have trivi-
alizations p : detV — Ox, p' : det V' — Ox such that p’ o det f = p, then
Frth(V', p') = th(V, p).

iii. The classes t~h(V, p) are natural with respect to restriction by open immer-
sions.

The property (i) for the classes th(V, p) follows from Lemma 3.1 and the prop-
erties (ii) and (iii) follows from the fact that the purity isomorphism is natural
with respect to smooth morphisms. This proves (1).

For (2), the canonical Thom class tNh(V) € EM(ICMW)Z(TX)(V, prdet™ V) is

by definition the Thom class th(V @ det™" V, cany) € EM(ICyW)igEr)?STH(V )

det™' V), where can : det(V @ det ' V) — Ox is the canonical isomorphism
and s} : X — V @det™ 'V is the O-section. We have
EM(KY™) TGV @ det™ V) = HL S (Ve det™ VMY

Letting sy : V — V @ det™ V be the O-section over V, the normal bundle of
sy is p* det ™!V, giving the purity isomorphism

B:HL (V@ det ™ V,KMY) S HE () (V. ICYW (p* det™ V)
Since the diagram of purity isomorphisms

HAL (V@ det™ VMY

sh(X)
) J{l \

H oo (VEMW (p* det™ V) —s HO(X, KYTW)
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commutes, we have th(V) = S(th(V)), which proves (2). O

The next theory we consider, EM(W,), arises from the sheaf W of Witt groups.
For F a field, the Witt group W (F) is the quotient GW(F')/(H ), where (H) is
the two-sided ideal generated by the hyperbolic form H(z,y) = 2? — 3. Since
q - H = rank(q) - H for ¢ € GW(F), (H) is also the additive subgroup Z - H
of GW(F) generated by H. Via the isomorphism GW(F) = KMW(F), H
maps to the element h := 2 + n[—1]. The surjective map xn : KMW(F) —
KMW (F) has kernel exactly (h), identifying W (F) with KMW (F). For n < 0,
xn: KMW(F) — KMW(F) is an isomorphism, so we have W (F) = KMW(F)
for all n < 0. All these assertions extend to the sheaf level, giving in particular
an isomorphism

W = colimn_,_ooIC%W
with the colimit taken with respect to the maps xn : KMW — MW  For
L — X aline bundle, this extends to an isomorphism W(L) 2 colim, XMW (L),
where W(L) := GW(L)/H-GW(L). Defining W,, := W, we have the homotopy
module

Wy == colianlC*MW,

the associated T-spectrum EM(W,) and cohomology theory EM(W,)%?(X) =
He%(X,W). The SL-orientation for EM(XW) induces an SL-orientation for
We will also use the SL-oriented theory of hermitian K-theory KO, see [48,
49] for the basic construction and first properties. The canonical Thom class
th(V) € KOZ’(TX)(V;p* det™ V) for a rank r vector bundle p : V — X is the
Koszul complex

Kos(V,can) := A"p*VY — ... = p*VY — Oy

endowed with the det™* p*V[r]-valued quadratic form p*qy : Kos(V,can) ®
Kos(V, can) — det ™' p*V[r] given by the exterior product maps

— A= AP VYV @ A p VY [r —i] = ATp*VV[r].

See [41, Theorems 1.4, 5.1] for details. The Euler class is thus (&;,A"VV[i],qv) €
KO*™"(X;det™' V).
We will also use the GL-oriented theories EM(K M) associated to the homotopy
module KM

EM(K#{VI)CLJ)(X) = Ha_b(X7 K:lij)a

and Quillen algebraic K-theory KGL, KGLa’b(X) = Kop—q(X). Via Bloch’s
formula and purity, H2(X,KM) = CH" %(Z) for Z C X a smooth codi-
mension ¢ closed subscheme of X € Smy, the Thom class for V is repre-
sented by the 0-section in V' and the Euler class is the top Chern class ¢, (V),
r = rank(V). The Thom class in K-theory is represented by Kos(V, can) and
the Euler class is Y.,_,(—1)[A*VV]. This all follows by a similar argument to
what we used to construct SL-orientations above, from the fact that EM(KM)
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and KGL admit purity isomorphisms EM(KM)%H 20 ¢(X) =~ EM(KM)*b(Z)
and KGLEM9P*¢(X) = KGL**(X) for Z C X a codimenison ¢ closed immer-
sion in Smy. The purity isomorphism for EM(KM) is a direct consequence
of the Gersten resolution for KM [26]. For KGL the purity isomorphism is
a consequence of Quillen’s localization theorem for the K-theory of coherent
sheaves [43] and the fact that KGL represents Quillen K-theory [40].

We have the surjection of homotopy modules 7 : KMW — KM = MW /(p)
and the induced map EM(7) : EM(KMW) — EM(KM) is a map of SL-oriented
theories. Similarly, we have the morphism of ring spectra KO — KGL, which
is also a map of SL-oriented theories. Finally, we have the homotopy module
T*, where T C K}W is the augmentation ideal for the rank homomorphism
KMW — KM = 7 and I" is the n power of this sheaf of ideals. In fact, Z**+? is
the kernel of the surjection 7 : KMW — KM [33, Corollaire 5.4], which shows
that Z* is indeed a homotopy module*.

If the context does not make clear the choice of cohomology theory, we write
W, KO cCHKGL for the Euler classes for EM(KMW) KO, EM(KM) and
KGL, respectively, and similarly for the Thom classes, pushforward maps, etc.
We reserve the standard notation for Chern classes, c¢,, for the Chern classes
with values in CH"(—) = H"(—,KM).

4 EULER CLASS AND EULER CHARACTERISTIC

We recall two special cases of the general motivic Gaul-Bonnet theorem of
Déglise-Jin-Khan [11, Theorem 4.6.1].

THEOREM 4.1. Let mx : X — Speck be a smooth projective dimension d k-
scheme, with tangent bundle Tx — X. Then we have

X(X/k) = me¥ (e“V(Tx)) = X0 (e9(Tx)) € GW (k)
As consequence (see Remark 2.3), we have classical versions of Gau-Bonnet:
X'P(X) = rankx(X/k) = 755 (e (Tx)) = 7xCH("CH(Tx)) € Z.

With Raksit, have also given a proof of a motivic Gaufi-Bonnet formula [29,
Theorem 1.5] in the setting of SL-oriented theories.

To give Theorem 4.1 a concrete expression, we have shown in the proof of [29,
Theorem 8.4, Theorem 8.6] that the pushforward maps for EM(KXMW) defined
using the SL-orientation and the six-functor formalism agree with those defined
by Fasel and Fasel-Srinivas [14, 15] and those for KO agree with the ones defined
by Grothendieck-Serre duality, and used by Calmés-Hornbostel [10] (for the
Witt groups). Similarly, the six-functor pushforward maps for EM(XM) and
KGL are the “standard” ones: on EM(KM)?** = CH*, the standard ones
are the classical pushforward maps on CH* and on KGL*** = Kj, these are

4The result of Morel cited here is for fields, but this extends to sheaves using the fact
that KMW and KM are unramified sheaves.
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the usual F — >, (—1)"R’f,F, using Quillen’s resolution theorem to identify
Ky(X) with the Grothendieck group of coherent sheaves on X, for X € Smy,.
We give a first consequence of the Gauf3-Bonnet theorem.

COROLLARY 4.2. LetY be an integral smooth projective k-scheme of odd dimen-
sion over k. Then the Euler characteristic x(Y/k) is hyperbolic: x(Y/k) = m-H
for some m € Z, hence rank(x(Y/k)) = 2m is even.

The proof is based on the following lemma, which is also of independent interest.

LEMMA 4.3. Let m : V. — Y be a vector bundle of odd rank r over some
Y € Smy,. Then for all u € k>,

in H(Y,KMW (det™* V)). Moreover,
n- eCW(V) =0
in H™ (Y, KMW (det™' V))

Proof. Let ¢, : V — V be the map multiplication by u. The naturality of the
Thom class says that

(u,det™" ¢,)* (T (V) = th“V (V)

Since det™? by + det™'V — det™' V is multiplication by u ™", det ™! @ acts
by multiplication by (u™") = (u) on the sheaf KMW(r*det™* V). Thus
(Id, det ™" ¢, )* acts by x (u) on H"(V, KMW (7* det™* V).
Letting ¢* := (¢y,1d)*, we have (¢,,det™ ¢,)* = ¢* o (Id,det™" ¢,,)*, and
thus

¢u(th“Y (V) = (u) - th“V (V).

Since ¢, 0 sg = sg, we have

We now show that n-e“V (V) = 0. Let O be the local ring k[t](;), with quotient
field K := k(t) and residue field k. Let Y =Y xj O, with open subscheme
j + Yx — Y, closed complement ¢ : ¥ — Y and projections p : Y — Y,
pi : Yx — Y We have the exact localization sequence

o= HY(V,KMW (p* det ™t V) L H™ (Yie, KMW (p det ™ V)
O H (Y, KMW (det™ V) — ...
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and a similar sequence for O,

S KMV () B0 MW () S0y gMW gy

We claim that
d(a-pix) =do(a) =

for x € H"(Y,KMW (det ' V)), a« € KMW(K). To see this, ﬁrst represent x as
an r-cocycle in the Rost-Schmid complex C*(Y, KMW (det™* V),

= Z T, @vy; 1y € KXW (k(y)),v, € det™! my/mfj ®det ™' V1.
yEY(T)

Here the [—] means: take the associated cohomology class. This represents
- piT as
a-pir =1 a pir, @y,
yGY(T)

where - pj;xy ® vy is in the summand corresponding to yx := Spec K @ k(y).
Thus §(c - pjcx) is represented by

6(a- pka) Z dy (o P Ty @ vy)]
yGY(T)

where &, : KMW(K @ k(y)) — KMW _, (k(y)) is the boundary map associated

m—r—1

to the DVR O ® k(y) = k(y)[t]) with parameter ¢. But since pjx, extends
to an element of KMV (O @y, k(y)) that maps to z, under the quotient map
50 ®y, k(y) — k(y), we have 6,(pjz,) = 0 and the explicit formula for ¢, and
dp show that

Oy (0 - Prery) = do(a) - zy.

Taking = = e“V(V), a = (t), and noting that §o({t)) = do(1 + 7 - [t]) = 1, this
gives
3((t) - pice™ (V) = - e“V (V).

Similarly,
S(pice™ (V) =0

and since
{t) e (V) = () - V(i V) = V(0 V) = pice N (V)
we have - e“W(V) = 0. O

Proof of Corollary 4.2. Suppose Y is integral of odd dimension d over k. Ap-
plying Lemma 4.3, we have

n-e“V(Ty) =0€ HY(Y, K} (wy/r));
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pushing forward to Spec k and using Theorem 4.1 gives
n-x(Y/k) = 0.

Via the isomorphisms GW (k) =2 KMW (k), W (k) =2 KW | the surjection x7 :
KMW (k) — KMW (k) transforms to the canonical surjection GW (k) — W (k)
with kernel the ideal generated by the hyperbolic form H. As q-H = rank(q)-H
in GW (k) for each ¢ € GW(k), the identity n-x(Y/k) = 0 says x(Y/k) = m-H
for some m € Z. Since rank(m - H) = 2m, this finishes the proof. O

PROPOSITION 4.4. Let w: V — Y be a vector bundle of odd rank r over some
Y € Smy,. Then the Euler class ¥ (V) € H"(Y,W(det ' V)) is zero.

Proof. Since W = KMW[n=1] and (V) is the image of e“V (V) under the
canonical map H" (Y, KMW (det™ V)) — H"(Y,W(det™* V)), this follows from
Lemma 4.3. O

An analog of part of Lemma 4.3 holds for eX©; the proof is even easier. Recall
the hyperbolic map hy, : KGL**(Y) — KO™*(Y; L) (see, e.g. [47, §4.7]). For a
vector bundle V and (a,b) = (2r,7), hp(V) = (V& VY ® L[r], h(can)), where
can: V x V¥V ® L[r] — L]r] is the canonical pairing, and

h(can) = (an C‘gn) (Ve VYo L) x (Vo VYeLir) - Lir

LEMMA 4.5. Let w : V. = Y be a vector bundle of odd rank r over some
Y € Smy. Then eXO(V) = hye—r v (@72 (=1)F[ATVY]) in KO (Y, det " V).
As consequence (u)-eXO(V) = eXO(V) for allu € T(Y,05) and n-eX°(Y) = 0.

Proof. This follows easily from the explicit form of X9 (V) as

e O(V) = (@A V1], av)
where gy is the sum of the exterior product maps — A — : A'VV[i]@ A"~V V[r —
i] — A"VV[r]. The induced isomorphism A"~V [r—i]|@ A"V [—r] = (A*VV[i])V
gives an isomorphism of the restriction gy,; of qv,

qui: (NVY[I @ A VY r —i]) @ (AN'VY[] @ A"V [r —i] = A"VY[r],

with the hyperbolic form on AV V[i], which gives the identity

[r/2] o _

haer-1v (D (=1)'AVY]) = (@A VY [i], qv)

i=0

in KO?""(Y,det ™' V).

The two further assertions follow from (u) - hy(z) = hp(z) and n- hr(x) =0
for all 2 € KGL*"(Y), u € T'(Y,05), L — X a line bundle. O

Remark 4.6. One can also prove Corollary 4.2 using x(X/k) = mx.(e¥°(Tx))
and the explicit form this latter pushforward takes; this is the proof given in
[29, Corollary 8.7].
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5 LOCAL INDICES

We consider the problem of computing the Euler class with support associated
to a section s of a vector bundle 7 : V' — X on a smooth k-scheme X. Kass and
Wickelgren [24] have defined a “degree of the Euler class” for a so-called rela-
tively oriented vector bundle V' on a smooth and proper k-scheme X, assuming
that V' has rank equal to the dimension of X and comes with a section having
isolated zeros (plus some additional technical assumptions). Their definition
relies on the construction of an explicit symmetric bilinear form associated to
the given section ¢ and a zero of o, going back to work of Scheja and Storch
[45]. Bachmann and Wickelgren [6] have refined this method and their results
show that the Scheja-Storch form computes the local Euler class as defined
above, for a section with isolated zeros, without the introduction of a relative
orientation. We recall the definition of the Scheja-Storch form here and explain
how the results of Bachmann-Wickelgren give this computation.

Let O be a regular local ring with residue field k£ and maximal ideal m. We
assume that the quotient map 7© : O — k splits, that is, O is a k-algebra.
Let t, := t1,...,t, be a system of parameters for O and let s, := s1,...,8,
be elements of m such that the ideal (sq,...,s,) is m-primary. Let J(s.) =
O/(s1,...,8r). Then J(s,) is a finite dimensional k-algebra with quotient map
p: O — J(sy).

For an element f € O, let f0 = f®1 -1 f € O®;, O, and let I5 C O®;, O be
the ideal (¢{,...,t5). One sees easily that Is is the kernel of the multiplication
map i : O ® O — O and that f° is in I; for all f € m. In particular, there
are elements a;; € O ®;, O with

Jj=1

The Scheja-Storch element e, 5. € J(s.) is defined as
er,.s. = (p@m)(det(ai;)) € J(s4) @k k= J(s4).

Let Ay, s, € J(s4) @k J(s+) be the element (p ® p)(det(ai;)). By [45, Satz 3.3],
the map

Oy, s,  Homy (J(s4), k) = J(s4)
defined by ©y, s, (¢) :== (¢ ®Id)(A,, s.) is an isomorphism (of J(s.)-modules).
Let 1, s, == @t_:s*(l); M. s, is called the generalized trace in [45].
We summarize the main facts about J(s,) and e, s,.

THEOREM 5.1. 1. e, s, € J(s4) is independent of the choice of the a;;.

2. The socle of J(s4), that is, {x € J(sx) | m- 2 = 0}, is a one-dimensional
k-vector space, with generator e, s. .

3. Let Tr : J(s.) — k be a k-linear map such that Tr(e;, s.) = 1. Then the
bilinear form on J(s.)

Bs. . (z,y) = Tr(zy)

DOCUMENTA MATHEMATICA 25 (2020) 2179-2239



2204 M. LEVINE

is non-degenerate, and [Bs,.,] € GW(k) is independent of the choice of Tr
(satisfying Tr(e;, s,) =1).

4. Suppose we have a new system of parameters (t,...,t)) form and a second
set of generators (si,...,sh,) for the ideal (s1,...,8,). Write

ti - E azjtjv 8 = E /B’Ljsj
J J

for a;j,Bi; € O. Let a, B € k be the respective images of det(c;), det(5;;) in
k. Then
[B' ] ={a"B) [Bs, .| € GW(k)
5. If we write s; = a;jty in O, then ey, o, = det(a;;).
6. The map ¢, s, J(J ) — k satisfies ny, 5. (er. s.) =1, hence

[Bs.t.] = [(z,y) = ne.s. (xy)] € GW(K).

Proof. By [45, Lemma 1.2(a)], (p®p)(det(a;;)) € J(s+) @k J(s4) is independent
of the choice of the a;;, which proves (1). (2) is proven in [24, Lemma 3]. (3)
follows from [24, Lemma 5] and (4) follows from the transformation law [46,
Satz 1.1]. For (5), we apply (p ® 7) to the equation (5.1), giving s; = >, (p®
m)(aij) - tj, so et s, = det((p ® m)(ai;)). On the other hand, if s; = 3, as;t;,
then again by [45, Lemma 1.2(«)], we have det(a;;) = det((p®m)(ai;)) = er, .-
For (6), choose a k-basis by,...,b, for J(sx). We may assume that b; = 1
and b, = e, 5, (unless n = 1, in which case we take by = 1) and that b; is in
m/(s1,...,8,) for 1 < j <mn. Write

Ay, s, = Zbij'bi®bj§ bij € k.

By [45, Satz 3.1] bj; = bj; for all 4,j. Then e;, s, = (p @ 71)(Ap, 5.) = (T ®
P)(Ay, s.), 80 bjp = b1; =0 for i < n and by, = by1 = ey, s,. By construction,

n

1= (nt*,s* Y Id)(At*,s*) = Mt s (et*,s*) -1+ Z Ms. (bij) : ij

i.j=2
50 7t 5. (€t,5,) = 1. 0

Remark 5.2. With O, t, and s, as above, the k-algebra J(s.) has dualizing

module

Wis,)/k = Wo k Qo det ™ (s1,. ., 80)/ (51, 5n)?

so the basis elements 51 A ... A 5, for det(s1,...,8,)/(s1,...,8,)% and dt; A
.. Adty for we ;. give an isomorphism wj(,, )/ = J(s«). Via this isomorphism,
the isomorphism given by Grothendieck duality theory

Homy,(J(s4), k) = Hom j(s,)(J(54),W(s.) /) = J(54)

is given by ¢ — (¢ ® Id)(A, s, ); this is proven in [6, Theorem 2.18].
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Let X be a smooth k-scheme of dimension d over k and let z € X be a closed
point. We have the purity isomorphism (3.2)

HYX, KMW(L)) = GW(k(x),det™ ' m/m? @ L).

COROLLARY 5.3. Let k be a field. Let p:V — X be a rank d vector bundle,
with X € Smy, of dimension d over k and let s : X — V be a section. Suppose
a closed point x € X is an isolated zero of s; suppose in addition that k(z) is a

separable extension of k. Choose a framing eq,...,eq for V in a neighborhood
of x and let t, := t1,...,tq be a system of parameters for the maximal ideal
my C Ox . Write s = Zi:l sie; near x and let s, = $1,...,8q. Then

ex(V,s) € HY(X, KXW (det™ V)) = GW(k(z),det ™' m/m? @ det ™' V)

s given by

0 A /\i@)(el/\.../\ed)_l

61;(‘/,8): [BS*,t*]@)aitl 8td

Proof. Since the finite extension k C k(z) is separable, we have a canonical
isomorphism

wx/k ® k(z) = det m/m?
The choice of framing ey, . .., eq and the choice of parameters t1, . .., t; uniquely
define an isomorphism in a neighborhood U of x

¢ det ™V 5wy

by ¢((ex A ... Aeq)™t) =dt; A... Adt,. Via this isomorphism, we have the
corresponding isomorphism

det ' m/m? @ det™' V 5 k(x)
giving the isomorphism
CW () : GW(k(z),det ' m/m? @ det ™' V') = GW(k(z))

sending [Bi, 1] = A+ A % ®@(e1 A...Neq)"! to [Bs, 4.

Note that both e, (V,s) and [Bs, ¢,] - Bitl Ao A % ® (e1 A ... Aeg)~t are
unchanged if we replace X with a Nisnevich neighborhood (X', z) — (X, x), so
we may assume that k = k(x). Moreover, the isomorphism ¢ defines a relative
orientation for V over U. In this case, [6, Proposition 2.32 and Theorem 7.6]

says that GW(¢)(e5(V, s)) = [Bs, +.], which proves the result. O
Remark 5.4. If k is perfect, the separability assumption in the statement of

Corollary 5.3 is automatically satisfied; we can always reduce to this case by
the base-change k — kP"/ following Remark 2.1.
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Ezxample 5.5. As an example, suppose we have a local framing eq,...,eq for
V near z, local parameters tq,...,tg, units u; € (9;(@ and positive integers n;
such that s = ) u,t;"e;; we call such a section “diagonalizable”. The Scheja-
Storch element is e;, 5, = [[, wit]" ™' € J(s.) = Oxo/(t7", ..., th4). If d = 1,
n =ni, u = ui, the Scheja-Storch form has class

(n/2)-H for n even
[B(u,n)] =

(uy + (1/2)(n—1)-H for n odd
and in general [Bs, ¢.] = H?Zl[B(ui,ni)]. Since © - H = rank(x) - H for = €
GW, we see that [Bs, ;.| = (1/2)(I], n:) - H if at least one n; is even and is
(IT, wi) + (1/2)(I]; ns — 1) - H if all n; are odd. We can also express this as

[Bs*,t*] = (u)n.

where v =[], u; and n =[], n;.

FEzxzample 5.6. We consider the simplest case of a vector bundle 7 : V' — X of
rank d = dim; X with a section s : X — V which is transverse to the zero-
section. If x € X is a zero of s, choose a basis of sections Ay,..., g of V in a
neighborhood of z, and a system of parameters t1,...,tq € m;. As in the proof
of Corollary 5.3, we may assume that k(x) = k. If we write s as s = 2?21 Sii,
the condition that s is transverse to the zero-section at x translates into the
the fact that the matrix

68/675@ = (831/675]-) S ded(k’(l'))

is invertible. We then have J(s.) = k and the Scheja-Storch form is 9s/0t,.
By Corollary 5.3, we thus have

ex(Vs) = (det(9s/0t,)) ® AN, @ ND/Ot.. (5.2)

Remark 5.7. Although we are restricting to the case of a bundle of rank equal
to the dimension of the base-scheme, this is not an essential restriction. The
local Euler class es—(V, s) for a vector bundle V' — Y is determined by the
restriction to Spec Oy, for all generic points y of (s = 0). Working over a
perfect field k, we can always find a subfield K of Oy, such that k(y) is a
separable extension of K. Thus, we can reduce to the case rank(V) = dimY if
the section s has zero-locus of codimension equal to the rank of V'

6 COHOMOLOGY OF CLASSIFYING SPACES

Let G be an algebraic group over k. We use the so-called geometric classifying
space to define BG as an object of H (k). This follows the method introduced
by Totaro [50], with details to be found in [36, §4.2]. One takes a faithful
representation p : G — GLy for some N and considers an increasing sequence
of compatible GLy-representations Vo, C V4 C ... C V,,, C ... and GLy-stable
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open subsets U,, C V,, such that GLy acts freely on U, and such that the
codimension ¢, of Wy, := V,,, \ U, in V,,, goes to infinity with m. In addition,
one assumes that the inclusions i,, : V,, — Vi,41 satisfy i1 (Up11) = U, and
that the i, are split by GLy-equivariant linear projections m,, : Vip41 — Vi
with Wy,.1 C p,}(Wy,). Setting X, := G\U,,, one then defines By G as the
colimit (in the category of Nisnevich sheaves on Smy)

Ben G := colim,, X,

This is the same as the Nisnevich sheaf represented by the ind-scheme (X, ).
We will write BG for B,g,G; we will only use this construction for G =
GL,, SL,, and products of these groups.

By [36, Lemma 2.5], the corresponding object BG € H(k) is independent of
the various choices. One such choice (given N) is to take V, = AN (N+m) o be
the space of N x N 4+ m matrices with GLy acting by left multiplication, and
U,, C V,, to be the matrices of rank N. The inclusion V,,, — V41 is given by
adding a 0 column at the right, and the projection is the projection to the first
m + N columns. In this case W,,, := V,,, \ U,, has codimension ¢,,, = m + 1.
We first concentrate on the two cases G = GL,,SL,. For G = GL, with
the identity embedding, this choice yields X,, = Gr(n,m + n) and for G =
SL,, with the standard inclusion SL, C GL,, we have X, = Gr(n,m +n),
the Gp,-bundle det By yyn \ OGr(n,m+n) Over Gr(n,m + n), where Ep, yn —
Gr(n,m + n) is the tautological rank n vector bundle. For G a product, G =
[T;_, GL,, x Hj’:l SLy;, we will use the product of these choices, so X,, =
[T, Gr(ni,n; + m) x Hj‘:l Gr(mj,mj +m).

By a vector bundle on BG, we mean a choice of vector bundles F,, — X,,
for each m together with isomorphisms ¥y, : Ey1x,, = E,,; we similarly
define G,,-bundles, etc. Since Pic(U,,) is trivial for all m, one has a canoni-
cal isomorphism of Pic(X,,) with the group of characters of G, and this iso-
morphism is compatible with the closed immersions X,, — X,,41, so the
group Pic(BG) of isomorphism classes of line bundles on BG is isomorphic
to the group of characters of G. For example the system of vector bundles
(Enm+n — Gr(n,m+n))m, defines the tautological vector bundle E,, — BGL,,
and the pullbacks (Ey min — Gr(n,m + n)),, defines the tautological vector
bundle E,, — BSL,,. Similarly, the line bundles (det E, ;4 — Gr(n,m+n))m,
define the line bundle det E,, — BGL,,, which is a generator of Pic(BGL,,) & Z.
For G = [],_, GL,, x Hj’:l SLy,,, Pic(BG) = Z", with basis the pullback of
the line bundles det E,,, — BGL,,, i =1,...,7.

LEMMA 6.1. Let p : G — GLy be a faithful representation. Let M, be a
homotopy module, let Vi, Uy, W, be as chosen above and let c,, denote the
codimension of Wy, in V,,. Let x : G — G, be a character and let L — BG
be the corresponding line bundle Let X,, = G\U,, with inclusion i,, : X, —
Xm+y1 and let L, — X, be the line bundle corresponding to x. Then for c,, >
p+1, and q € Z arbitrary, the restriction map %, : HP(Xpm41, My(Lins1)) —
HP(X,,, My(Ly,)) is an isomorphism.
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Proof. Let U}, .1 = Vg1 \ 7. (W) = U, x kerm,,. The projection m,, :
Uy,i1 — Up realizes U], ., as a G-vector bundle over Uy, with O-section i,
induced by 4,,. Thus, letting X,  , := G\U,, 1, Ty induces a projection
Pm : X, 1 — Xy making X ., a vector bundle over X,,. Since My(L,,) is

strictly Al-invariant, we have the isomorphism
P H? (X, Mq(LM)) — Hp(len+1a Mq(pfan))

inverse to i, : HP(X,, 1, Mq(p}, L)) = HP (X, Mg(Lp,)).

We have the open immersion j : X, ; — X,,41 with complement Y, :=
G\ (7,1 (Wy,) \ Wys1) and a canonical isomorphism j*L,,41 = pf, Ly,. Since
W,y has codimension ¢, in V,, Y;,41 has codimension ¢, in X,,41. By (3.3),
H, | (X1, Mg(Liyt1)) = 0 for ¢, > j, and thus

3*+ HP (X, My(Linsr)) — HP (X5, 40, Mo(p), Lim))

is an isomorphism for ¢, > p + 1. Since 4, = j o i, we see that ¥, :
H?(X 41, My(Limt1)) = HP(X,,, My(L,y,)) is an isomorphism for ¢, > p +
1. O

PROPOSITION 6.2. Let M, be a homotopy module and let L — BG be a line bun-
dle. The the pro-system (H"°(X,,, My(L)))m is eventually constant. More-
over, the canonical map

EM(M. (L))" (BG) — lim H*™" (X, My (L))
is an isomorphism and the restriction map
EM(M.(L))**(BG) — H*™"(Xm, My(L))
s an isomorphism for all m sufficiently large.

Proof. The first assertion is just a rephrasing of Lemma 6.1. For the second,
we have the Milnor sequence

0 — R'lim H*~ " Y(X,,, My(L)) — EM(M,(L))**(BG)
— lim H*7°(X,,, My (L)) — 0.
+—
Since the system (H*~°~1(X,,, M,(L)))m is eventually constant, the R'lim
vanishes. O
We will write H%(BG, My(L)) for EM(M.,(L))**t**(BG).

LEMMA 6.3. Let Y be in Smy, let X be a smooth k-scheme, M € Pic(X),
L € Pic(Y) and fix an integer N. Suppose that for each finitely generated field
extension F of k, and forn < N,

H"(Xp, W(M)) = W(F) @w ) H"(X,W(M)),
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with map induced by the pullback map H"( X, W(M)) — H"(Xp, W(M)). Sup-
pose in addition that H™ (X, W(M)) is a projective W (k)-module. Then the
external product map

Datv=n H* (Y, W(L)) @wxy H' (X, W(M)) = H"(Y x5 X, W(p; L @ psM))
is an isomorphism for all n < N.

Proof. Let Y®) be the set of codimension p points of Y. We take the ind-
stratification of Y x;, X with codimension p stratum Y (®) x;, X. Gluing together
the corresponding sequences of cohomology with support gives the spectral
sequence

EPt = HIE (Y \YP s X WL @ psM))
= HPP(Y xp X, W(piL @ psM)).

By purity we have the isomorphisms
EYY 2 @yey o H(k(y) < X, W(pi(L @ det™" my /mj) @ p;M)),

where m, C Oy, is the maximal ideal. Since L ® det™! my/mi is (non-
canonically) isomorphic to k(y), our assumption on X implies that the external
product gives a canonical isomorphism for ¢ < N

EPT 2 W(k(y), L © det™ " m, /m2®) @) HI(X, W(M))
= HU(k(y) x, X, W(p;(L @ det™ ' m, /m2) @ p3 M)).

We have the analogous spectral sequence

EPIY) = HPTA (Y \ YT W(L)) = HPYI(Y,W(L))

Since H™(X,W(L)) is a projective W (k)-module for n < N, this spectral
sequence gives rise to a truncated spectral sequence

EPT = [Hy o (Y \ YO W(L)) @y H* (X, W(M))]PT4
= [H*(Y,W(L)) @wu) H (X, W(M))]""*1, p+q< N

where the ' means that the term is zero if p+¢ > N and is the same as without
the " if p+ ¢ < N. The ” means the same as the ' if p + ¢ # N and we ignore
what the spectral sequence converges to for p4+ g = N.

Pull-back by the projection p; : Y X X — Y together with the cup product
action via p of H*(X, W(M)) on Hj., «(Y\GX X, W(piL@ps;M)) for G CY
and F' C Y \ G both closed gives a map of spectral sequences

prUps s BT B
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which is an isomorphism on the FEi-terms, where we truncate the terms in
spectral sequence E;* to be zero if p + ¢ > N to form the spectral sequence
E.*. Since both spectral sequences are strongly convergent in total degree
< N, we see that the external product

piUpy : HY (Y, W(L)) @w ) H (X, W(M)) = H*(Y x). X, W(piL ® p;M))
is an isomorphism in total degree < N. O
PROPOSITION 6.4. Let X = []/_ BGL,, x [[\2,, BSLy,.

1. For each p, CHP(X) := HP(X, ICZJ,W) is a free, finitely generated abelian
group.

2. Let L — X be a line bundle. Then for each p HP(X,W(L)) is a finitely
generated free W (k)-module.

Moreover, we have
CH"(X) = ®%,-,CH*(BGLy,) ®z @ %%, CH*(BSLy,)
and for L=1L1X...X L,;5, we have
H* (X, W(L))
= @’”W(k)7i:1H*(BGLn,i,W(Li)) Qw (k) ®;;F(Sk)7i:7_+1H*(BSLm,W(Li)).
Proof. Tt is well-known that Gr(n, N) is a cellular variety and that
CH*(Gr(n,N)) =Z[e1, - .., cn]/(In,N)

where ¢; = ¢;(En n), En.n — Gr(n, N) the tautological rank n vector bundle
and the ideal I, y is homogeneous with generators in degree > N — n (where
we give ¢; degree i). As ci(det E,, n) = c1(Ep n), the localization sequence for
the open immersion Gr(n, N) — det E, y gives

CH*(Gr(n, N)) = Zlea, . . ., en)/(In.ny 1) = Zlea, .- -y ¢n)/ (Jn.n)

with J, n homogeneous with generators again in degree > N — n. By
Lemma 6.2, this shows that

CH*(BGL,,) = Z|ey, . .. ,¢n], CH*(BSL,,) = Zlca, . .., ¢p)-

Since cellular varieties satisfy the Kiinneth formula for the Chow groups, a
similar argument shows that

r r+s
CH*([] Gr(ni, N) x J[ Gr(ni, N))
i=1 i=r+1

= ®]_,CH*(Gr(n;, N)) ®z @47, CH* (Gr(n;, N))
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with the tensor products over Z. Thus by Lemma 6.2
CH*(X) = ®)_,CH"(BGLy,,) ®z ®;**,,CH*(BSLy,),

which proves (1).
For (2), Ananyevskiy [2, Introduction] computes

W(k)[plv'-~>pn/2ae]/(pn/2 _62) for n even

H*(BSL,, W) =
( ) {W(k)[ph ooy Pn—1y2] for n odd

In [28, Theorem 4.1], we have shown that the pullback by the projection
BSL,, — BGL,, induces an inclusion H*(BGL,,, W(L)) C H*(BSL,, W) with
image given by

W(k‘) [pl, . ,p[n/g]] for L = OBGL,L
H*(BGL,,W(L)) = ¢ e- W(k)[p1,...,pns2] forn even and L = det E,
0 for n odd and L = det E,,.

Applying Lemma 6.1, and then using Lemma 6.3 for the finite dimensional
approximations to [[;_, BGL,, x HZ::H BSL,,,, we see that for L = X!_, L;
we have

H*(X,W(L)) & & H" (BGLn,, W(L:)) @w () ®iZ 1 H" (BSLy,, W)

where all tensor products are over W (k). This together with our description
of H*(BGL,,, W(L)) and H*(BSL,, W) proves (2). O

Remark 6.5. The last two results for the product scheme [];_; Gr(n;, N;) x
[l= Gr(m;, M;) and the product ind-scheme [/_, BGL,, x [[j=1 BSLy, cer-
tainly hold more generally, but as we only need them in these cases, we have
refrained from formulating our results in greater generality.

7 DECOMPOSING THE CHOW-WITT EULER CLASS

In this section we show that in universal cases, the Milnor-Witt Euler class
is determined by the associated top Chern class together with the Euler class
in W-cohomology. Wendt [53] and Hornbostel-Wendt [19] give a detailed de-
scription of the Milnor-Witt Chow groups of Grassmannians, which forms an
essential part of the argument; we recall some aspects of this treatment here.
As mentioned at the end of § 3, we have the sheaf 7 C GW of augmentation
ideals, that is, the kernel of the rank homomorphism rank : GW — Z. We have
the powers Z™ and the twisted version Z™(L) C GW(L) fitting into an exact
sequence
0— M (L) - KMW (L) Iy KM 5 0,

where Z™(L) = W(L) and KX = 0 for m < 0. In addition, the graded subsheaf
7t ¢ KMW forms a sub-homotopy module of XMW, Thus, we may apply
Lemma 6.1 and Proposition 6.2 to define H*(BG,Z™(L)).
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Multiplication by € KW (k) induces the map xn : KMW (L) — KMW (L)
and the corresponding colimit is isomorphic to W(L). This gives us the map
Sm K™ (L) = W(L).

PROPOSITION 7.1. Let m be a non-negative integer. Let

X = ﬁBGLni x H BSL,.,,

i=1 j=1
and take L € Pic(X). The map

H™ (X, 1MW (L)) <227 [ (X, (L)) x CH (X)
1s injective.

Proof. Morel [33, Théoréme 5.3] (see also [4, proof of Proposition 2.3.1]) shows
that LMW (L) fits into a fiber diagram

W (L) = Ky

I™(L) —— K /2
and multiplication by 7 induces a commutative diagram

X
KMW(L) —1— MW

pm,J/ J{Pm 1

I™(L) —— I (L),

where Z™(L) — Z™ (L) is the inclusion for m > 1, the canonical surjection
GW(L) = KMW(L) — W(L) for m = 0 and the identity map W(L) — W(L)
for m < 0. This identifies W(L) with colim,—,_oZ™(L), giving the map
bm : T™(L) — W(L), and factors ¢, : H™(X, KMW (L)) — H™(X,W(L)) as

H™(X,KMW (L)) 2= H™(X,T™(L)) G, H™(X, W(L)).

By Proposition 6.4, H™(X,W(L)) is a free W(k)-module. We apply [53,
Lemma 2.3], which shows that the map p,, : H™(X,Z™(L)) — H™(X, K} /2)
is injective on the kernel of ¢,,, : H™(X,Z™(L)) — H™(X,W(L))®. Following

5Although the results of Wendt and Wendt-Hornbostel used here and throughout the
proof are for smooth k-schemes rather than the ind-smooth scheme X, we may apply these
results to X by using the approximation result Proposition 6.2
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the remark of Wendt [53, §2.3], a twisted version of [19, Proposition 2.11] and
the fact that CH™ (X)) has no non-trivial 2-torsion implies that the map

(P ) + H™ (XK (L)) — H™(X,I™(L)) x H™ (X, K7)
is injective. Since red o T, = pm © P, it follows that
(& ) = H™ (X, K0 (L) = H™(X,W(L)) x H™(X,K7)
is injective as well. Noting that H™ (X, kM) = CH™(X) finishes the proof. [

We recall Ananyevskiy’s SLg splitting principle.

THEOREM 7.2 (Ananyevskiy [2]). Let A € SH(k) be an SL-oriented ring spec-
trum such that xn acts invertibly on A**(k). Let t,, : SLg X ... X SLy — SLa,
be the block-diagonal embedding (with n copies of SLa ). Then the induced map

ty c A (BSLg,) — A" (BSLy x ... x BSLy)
1s injective. Moreover
A**(BSLy x ... x BSLy) = A**(BSLy)®"
where the tensor product is over A**(k).
This is not stated as such in [2], but follows directly from [2, Theorem 6,
Theorem 10]. Using Proposition 7.1, we can refine this to a GLo-splitting

principle for Milnor-Witt cohomology

THEOREM 7.3. Let n be a positive integer. For n = 2m even, consider the
block-diagonal embedding

tn 2 Gp = (GL2)™ — GL,
and for n =2m 4+ 1 odd, consider the the block-diagonal embedding
tn : Gy = (GL2)™ x GL; — GL,
Then for L € PicBGL,,, Bt, induces an injection
Bu) : HP(BGLy, K™ (L)) — H?(BGy, K™ (15 L)).
Moreover the map BSL[;/Z] — BGL,, induced by the block-diagonal map

(SLa)™ — GL,, for n = 2m and (SLy)™ x Id — GL,, for n = 2m + 1 in-
duces an injection

HP(BGL,,, W(L)) — H?((SLy)"2 W)
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Proof. By Proposition 7.1, we have the injection
HP(BGL,,, KMW (L)) — H?(BGL,, W(L)) x CH?(BGL,).

[28, Theorem 4.1] and the fact that BSL; = {+} implies that
HP(BGLy,W(L)) = 0 for p > 0 and all L, H°(BGLy, W(det E1)) = 0
and H°(BGL;,W) = W(k). Similarly, [28, Theorem 4.1], together with
Ananyeskiy’s SLy splitting principle gives the injection

HP(BGL,,, W(L)) — HP((BSLy)"/2 W)

factoring as

H?(BGL,,, W(L)) 2 HP(BG,,, W(i;L)) — H?((BSL)!/2, W),

with the second map induced by the inclusion SLy — GLs (and {1} — GIL,
if n is odd). The classical splitting principle shows that B.: : CH?(BGL,) —
CHP(BG,,) is injective, which completes the proof. O

COROLLARY 7.4. Let n be a positive integer, L € PicBGL,,. Then the map
HP(BGL,, KMW (L)) — [H*(BSLy, W)®I"/2lP x [CH* (P>)®"]P

induced by the diagonal embeddings (SL2)!"/? — GL,, GLY — GL, and the
maps ¢o, 1 is injective. Here the first tensor product is over W (k) and the
second is over Z.

Proof. This follows from Proposition 7.1 and Theorem 7.3, together with The-
orem 7.2 and the classical splitting principle for the Chow groups. O

Remark 7.5. We recall that H*(BSLa, W) = W (k)[e"(E2)] and CH*(P*>) =
Z[Cl (El)]

8 DUAL BUNDLES

The main result of this section is the comparison of the Chow-Witt Euler classes
for E and the dual EV.

THEOREM 8.1. Let X be a smooth quasi-projective scheme over k, E a rank n
vector bundle on X and EV the dual bundle. Let

¢ HY (X, KMW (det™ EY)) = H™(X,KMW (det™! E))
be the isomorphism induced by Vqe—1 g (3.5). Then
BV (EY)) = (—1)"eSV ()
in H™(X, KMW (det™! F)).
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In the forerunner [27] of this article, we proved this result by identifying the
Euler class as an obstruction class.

Proof. To simplify the notation, we drop the mentions of the isomorphism ).
For X a smooth quasi-projective k-scheme and ' — X arank n bundle, we have
a Jouanolou cover p : X — X of X, an affine space bundle over X with X affine.
Since an affine space bundle is locally trivial in the Zariski topology (Hilbert
theorem 90) and Milnor-Witt cohomology is Al-homotopy invariant [35, The-
orem 3.37], the Mayer-Vietoris property for Zariski cohomology implies that p
induces an isomorphism H™(X, KMW (det™' E)) — H™(X,KMW (det ™! p*F)).
Thus it suffices to prove the result for X affine, in which case EV is glob-
ally generated and is thus E is the pull-back of the tautological sub-bundle
E, — BGL, for some morphism f : X — Gr(n,n +m) C BGL,,. Thus we
need only show that e“W(EY) = (—1)"e“V(E,).

The map of sheaves ¢,, : KMW — W arises from a map of SL-oriented theories,
and in particular is compatible with the respective Euler classes of vector bun-
dles; the same holds for 7, : KMW — KM, Passing to H"(—, KM) = CH"(-),
the Euler class of F,, is the top Chern class ¢,(F,) € CH"(BGL,), and it
follows easily from the splitting principle that ¢, (E)) = (—=1)"c,(E,), that is,
T (eCWV(EY)) = 7, ((—1)"e“WV(E,,)) € CH"(BGL,,).

We have the Euler class "V (E,) € H*(BGL, W(det™*(E,,))). In case n is odd,
it follows from Lemma 4.3 and the identity W = KMW[p~1] that eV (E,) =
0=e"(EY) in H*(BGL,, W(det ' (E,))).

If n = 2m is even, we use Corollary 7.4. By the naturality of the Euler classes,
the image of e“V(E,,) under the map

H"(BGL,,, KMW (det™(E,,))) — [H*(BSLy, W)®w®m ™" » [CH*(BGLy)®™ "

is (e (E2)®™, cy(F,)®™), and similarly for the image of eV (EY). This re-
duces us to the case of a rank 2 bundle with trivialized determinant.
For V — X of rank 2, we have the canonical isomorphism V & VV ® det V'
induced by the perfect pairing V' x V — det V', inducing the identity

VW) =YV @det V) € HX(X, W(det™ V)

An isomorphism p : det V' — Ox induces the isomorphism Idyv ® p : VV ®
detV — V'V, giving the identity

po (Y (VY @det V) =V(VVY) € HA(X, W(det ' V)

The map p, involves the isomorphism detp~! o detpV : V\/(de‘f1 V)
V\/(de‘f1 VV)). A direct computation shows that detp=! o det p¥ = tget v,
S0

Yaer-1v (Y (VY)) =V (V).

Thus, we have the identities 7,(e“V(EY)) = (=1)"m.(eV(E,))
in CH"(BGL,) and ¢,(e“V(EY)) = (-1)"¢,(e“V(E,)) in
H™(BGL,,, W(det ' (E,))); Proposition 7.1 completes the proof. O
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The corresponding identity for hermitian K-theory is also valid and the proof
is considerably easier. For L, M — X line bundles, the exact functor — ®p, M
on complexes of O x-modules induces the map

Yar  KO*P(X, L) — KO“*(X, L ® M®?)

THEOREM 8.2. Let X be a smooth quasi-projective scheme over k, E a rank n
vector bundle on X and EV the dual bundle. Then

Va1 (€O (EY)) = (=1)"e"O(E)
in KO?™™(X,det ™' E).
Proof. We have the hyperbolic maps
hget-1 B ¢ Ko(X) = KGL*""(X) — KO*™™(X,det " E)

and
Raet B Ko(X) = KGL*™™(X) — KO*"(X, det E)

With ey (V) = (V & (VY & det™ Bln])), hlcanaes + piap))s har 2.0 (V) =
(V@ (VY ® det E[n])), h(cange; gn))), where canpy, is the canonical pairing
V x (V¥ ® L[n]) = L[n] and

0 cany,,
h(canL[n]) = <CanL[n] 0 [ ]> .

Explicitly

Yaet—1 £((—1)" (haet Bn (A E)) = Yace—1 ghaes 2,0 (A'Eli]))
— hae1 p o (AE @ det™ E[i))
= eyt g (NEY[n— 1)) = (=1) " hyy s, (MEY).
the isometry arising from exchanging the order of the summands A'E ®
det ' E[i] = (AMEV[n — i)Y @ det™'E[n] and A'EV[n — i] = (AM'E ®
det " E[i])Y @ det™" E[n).
For n odd, we have

n—1/2 n—1/2
OE) = > (~)'hge—1 pu(NEY), XO(BY) = > (=1’ haet n(A'E)
1=0 =0

50 Yger-1 (€O (EY)) = (—1)"eKO(E).

For n even,
KO(B) = hge1 (@10 (1A EY) + (A2 EV[10/2), 4p,nj2)
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where gg /2 is the restriction of gg. We have a similar formula for eKO(EVY).
Arguing as above, we have

Vet £(haes 5. (DL N (=1)AE)) = haer 5 (D725 (-1)'NEY),
so we need to show that
¢det_1 E((An/zE[n/ﬂv qEV,n/Z)) = (An/QEv[n/2]v QE,n/Q)

in KO?™™(X). This follows from the isomorphism A"/2EY = A"/?E ® det™' E
defined by the perfect pairing A"/?E @ A"/?E — det E. O

9 SYMMETRIC POWERS AND TENSOR PRODUCTS

We give a few additional applications of the results of §7.
Recall the hyperbolic element h € KMW(k), h = 2 + [-1]n = (1) + (-1),
corresponding to the hyperbolic class H € GW(k). Let L — X be a line
bundle on X € Smy. The relations n-h =0 and KM = KMW(L)/n- KM (L)
show that the map xh : KMW (L) — KMW (L) descends to the hyperbolic map
of sheaves on X

by KM — KMW(L)

and 7, o hy, : KM — KM is multiplication by 2.

THEOREM 9.1. Let V. — X be a rank two bundle on X € Smy. Suppose
chark = 0 or 2n is prime to chark. Let L = det™' Sym"V. Then there are

universal integers B;,,, 1 =0,..., ["T_l], such that

hi(er(V) - Xl o007 Biner (V)iea (V)" 2072)
for n even
eV (Sym™V) = { nlleCW (V) (n+1)/2
+BL(25281)/2 Bi,ncl(V)QiCQ(V)(n_%-"_l)/Q)
for n odd.

Here nll =n(n—2)(n—4)---3-1 forn odd.

Proof. Sym™V has rank n+ 1; we first compute ¢,+1(Sym"V'). Suppose V has
Chern roots £1,&2. Then Sym"V has Chern roots {(n — )& + €2 fo<i<n and
thus

n

Cr1 (Sym"V) = [[((n = 0)é1 + ko)

i=0
Note that
((n = 0)& +i&)(((n — )& +i&r) = i(n — ) (& + &) + (I* + (n — 1)*)&&e
=i(n —i)er (V)2 4 (20 — n)?ca(V)
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(n/2)er (V) - TI" 2% i(n — i)er (V)2 + (n — 20)2ea(V)
for n even
CnlsmnV: n—1)/2 . . 2 2
BV =4 o072 00 e (112 4 (n - 2020(V)
for n odd

This gives us the universal expression

1(V) - 3602 A er (V) ea(V) 2072 for neven

1 (Sym"™V ; -
Cnp1(Sym™V)) = {Z(n 1/2 4 A ey (V) 2y (V) (n+1-20)/2 for n odd

with the A; ,, € Z. In case n > 0 is even, all the A, ,, are even, and in case n is
odd, all the A; , except for A, are even. Let

B - (1/2)A; for n even, or for n odd and 7 > 0
Y"1 (1/2)(Ag —n!Y) - for noodd and i = 0.

By [28, Theorem 8.1],

0 for n even
(Sym™V) {n!! eV (V) D2 for odd.

By Proposition 7.1 and the identities
Tpg10hy =2-1d, 71 (e“V (=) = enpr(-),
Gns10hr =0, ¢ny1(e“V (=) =€V (-)

the result follows in case V is the universal rank 2 bundle on BGLsy; the result
in general follows by using a Jouanolou cover for X, reducing to the case of V
globally generated, and then pulling back from the universal case. O

Our next formula is for the Euler class of V ® V', for V, V' rank two bundles.
The expression for the Euler class in W-cohomology was worked out in [28,
Proposition 9.1]; there is a perhaps surprising asymmetry in the formula, which
we should explain.

Let V.V’ be rank two bundles on some X € Smj. We have the universal
isomorphism

PV,V’ : det_l(V ® V/) l) (det V)®72 ® (det V/)®72
which in terms of local framings e, es for V and fi, fo for V/ sends
[(e1® f1) A(ea ® fi) Ae1 ® f2) A(e2 ® fo)] ™

to

(1 Ne2)® 2@ (fi A f2)® 2
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Note that the diagram

V,

det {(V @ V') 25 (det V)22 @ (det V)@~

det ™ (1, V/)l lT(det V)®—2 (det V/)®—2

det ™ (V' @ V) 2% (det V)2 @ (det V')~

anti-commutes. With this in mind, we recall the formula for e"V(V @ V),
pvv (e (Ve V) =eY(V)? V()2 e HY(X, W) (9.1)

For simplicity, we have omitted the canonical isomorphisms

HY (X, W((det V)92 @ (det V/)®72)) = HY(X, W)
and

HY(X, W(det (V) = H*(X, W) = H*(X, W(det *(V"))

THEOREM 9.2. Let V, V' be rank two bundles on X € Smy. Then

pvyr (e (V@ V) =WV (V)? 4 (1) - TV (V)
+ V(Y)W (det V') - WV (det V @ det V)
+ eV V) - e“Y(det V) - eCWV(det V @ det V')
— h(ca(V)ea(V")) € HHX, KMW)  (9.2)

Proof. Let L = (det V)®72 @ (det V/)®~2. Note that the terms

e“W(V) - e“WV(det V') - e“WV(det V @ det V'),
WV - eV (det V) - e“W(det V @ det V)

in the right-hand side of (9.2) are in H*(X, MW (L)) = H4(X, KMW).

As in the proof of Theorem 9.1, we may replace X with BGLy x BGLy and take
V = piE,, V' = p5E>. We note that ¢"V(L) = 0 for each line bundle L, and
(—=1) = —1 in W(k), so the expression on the right-hand side of the (9.2) maps
to eV (V)2 - (V)% under the canonical map ¢4 : H*(X, K¥W) — HA(X, W).
By [28, Proposition 9.1], the identity (9.2) holds after applying ¢4.

The splitting principle gives

a(VaV)=c(V)2 4+ (V)2 4+ (V) -t (V) (ea(V) + 2 (V)
+ a1 (V)2 co(V) 4+ ca(V) - e (V)2 = 2¢0(V)ea (V)
= (V) + co(V')?
+co(V)-er(det V') - e (det V @ det V')
+ca(V') - e1(det V) - ¢y (det V @ det V')
—2¢o(V)ea (V')
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We note that (—1) maps to 1 under the rank map GW(k) — Z, that
eV (V) = co(V), m(eW (V") = (V') and ma(eCWV (L)) = ¢i(L) for
L a line bundle. Thus the identity (9.2) holds after applying 74, and then
Proposition 7.1 completes the proof. O

Remark 9.3. Using the GLy-splitting principle (Theorem 7.3) one reduces the
proof of identities for the Euler classes of a functor p of representations applied
to a sequence of bundles Vi,...,V,, to the case of direct sums of rank two
bundles and line bundles. For instance, Theorem 9.2 gives rise, at least in
principle, to formulas for the Euler class e“V of tensor products of bundles of
arbitrary even ranks.

10 TWISTING A BUNDLE BY A LINE BUNDLE

Rather than looking at the Euler class for tensor product of rank 2 bundles,
as in Theorem 9.2, we wish to compute the Euler class of V ® L, for L a line
bundle and V' of arbitrary rank r.

Here the situation is a bit more complicated. For example, there is no formula
for e“W(L ® M) in terms of e“V (L) and e“W (M) for L, M — X arbitrary line
bundles. To see this, consider the universal case X = P> x P>~, L = O(1,0),
M = 0(0,1). Then we have

V(Lo M) e H'(X, " (L7 o M),
V(L) € HY(X, Y (LY)),
V(M) € HY(X, KMW (M),

Thus, if one wishes to express e“V (L ® M) in terms of e“W (L) and e“W (M),
one would need classes in HO(X, MW (L=1)) and H°(X, MW (M~1)). These
groups are however both zero: By Proposition 7.1 and the vanishing of
H*(P>, W(O(-1))), H*(X, K}W (M~1)) is a subgroup of CH(X) = Z. But
restricting to pt x P> is an injective map from CH’(X) to CH®(P>), while
Wendt’s theorem [53, Theorem 1.1] shows that H°(P>, MW (O(-1))) = 0, so
the map HO(X, MW (M~1)) — CH®(P>) is the zero map.

We will find a universal formula for e“W(V @ L) if L = M®?2 for some line
bundle M (Theorem 10.1 ). For example, in the case of V' = L’ a line bundle,
we have the formula

WL L) = hp—1(c1(M)) + eV (L),
where we use the comparison isomorphisms

HY (X, KWL oL 2 HY (X, KMV (M2 L'™1))
=~ H'(X, K" (L)
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and the hyperbolic map hy,—1 : HY(X,KM) — HY(X, KMW(L'"1)) to put all
the classes in the same group. Passing to the first Chern classes, we recover
the usual formula

C1 (L X L,) = 261(M) + Cl(L/).

For the KO-valued Euler classes, we also have a universal formula in case V'
has even rank and L is an arbitrary line bundle (Theorem 10.2).
We first consider the classes in Milnor-Witt cohomology and Witt cohomology.

THEOREM 10.1. Let V — X be a rank r vector bundle on X € Smy, and let L
be a line bundle.

(1) Suppose r = 2m is even. Then
Yrem (€V(V @ L)) = (V)

in H" (X, W(det™* V)).
(2) Suppose we have an isomorphism p : L = M®? for some line bundle M
on X. Then

Uager o p7 (€W (VO L)) = €TV(V) + hge V(Cl(M)'Z cr—i(V)-cr(L)1).

in H" (X, KMW (det™' V) (see (3.6) for the definition of the map p. and (3.5)
for the map ).

Proof. The map
P27 HY (X, det ™ (V@ L)) —» H'(X,det (V) @ M®~%T),
is the map induced by the isomorphisms

det™ (V@ L) 5 det™1(V) @ L&~ 1977 qot=1(v) @ M®2

where the first isomorphism sends (v1 @ A1) A ... A (v @ Ap) to (V1 A ... A
vr) ® (A1 ®...® A-). Note that different choices of p multiplies p©~" by (u")
for some u € O%(X). Thus, if r is even, pP~" is independent of the choice
of isomorphism p, and if r is odd, Lemma 4.3 implies p2~"(e“W(V ® L)) is
independent of the choice of p. For this reason, we simplify the notation in the
proof by assuming L = M®2, p = 1d, in case (2).

We first consider the universal situation, namely, on X := BGL, x;P>, we
consider the bundles E, K O(1) — X and pjE, — X. Let 0 € P>°(k) be the
point (1,0, ...), giving the section sg : BGL, — BGL,. x;P>. Since

W(k) forn=0
0 else,

H" (P>, W) {

(see, e.g., [28, Theorem 4.1] in the case n = 1) the Kiinneth formula Propo-
sition 6.4 shows that p} : H*(BGL,,W(M)) — H*(BGL, x;P> W(piM)) is

DOCUMENTA MATHEMATICA 25 (2020) 2179-2239



2222 M. LEVINE

an isomorphism, with inverse the pull-back by sj. In both cases (1) and (2),
the comparison isomorphism %o a.m) restricts via so* to the identity, hence

Youm) (e (V ©0(1))) = (V)
if rank(V) = 2m or

Yo (e (V®0(2) =V(V)

if rank(V) = r.
In general, using a Jouanolou cover we may assume that X is affine. Pulling
back by the classifying morphism f = (fv, fr) : X — BGL, x;P> in case
V has even rank r = 2m, or by f = (fv,fum) : X — BGL, x;P>™ in case
L = M®2?, we have

Ypem (@ (V@ L)) =e¥(V)
if V has rank 2m and

Yo (eV(V @ L)) =™ (V)

if L =M®2
This proves (1) and in case (2) Lemma 6.1, Proposition 6.2 and Proposition 7.1
reduce us to showing that

r

(V@ L) = ¢ (V) +mp 0 haey-1 v (cr (M) - Z cr(L) - eri(V))

i=1

Since 7, 0 b1y is multiplication by 2, this follows from the formula
¢ (VRL)=c.(V +ch “er—i(V),

an easy consequence of the splitting principle. O

Here is the analogous result in hermitian K-theory.

THEOREM 10.2. Let V — X be a rank r vector bundle on X € Smy, and let L
be a line bundle.

(1) Suppose r = 2m is even. Then
m—1
Yrem (XO(V @ L)) = XO(V) + hae-1v (D (F1)'[LZ" " @ AVY])
=0

KO?™"(X,det™ V).

(2) Suppose we have an isomorphism p : L = M®? for some line bundle M
on X. Then

[(r=1)/2]

Yaeropf T O(V L)) = OV)thae-1v,( D (FD M HRAVY])

i=0

in KO?™" (X, det ™' V).
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Proof. Suppose r = 2m. Since
OV L) = (8_oA'(V®L)\ [ qveL)
we have
Yrem (V@ L) = (B L*" @ A'(V ® L)V[i],1d ® qver)
Since
LE @A (VL)Y = LE T @AVY, L @A (VRL) = L¥ @A VY
we see that
bpom (MOV ® L)) = eXO(V) = @00 oo v, (L2 @ AVY[i)

which proves case (1).
For case (2), we may assume as in the proof of Theorem 10.1 that L = M®2
and p = Id. We have

Yarer (€XO(V ® L)) = (8j_oM®" @ AY(V ® L)V[i],1d ® qveL)
and
ME QA (VL)Y = M2 @A VY, MO QAN (VL)Y = M "o\ VY
SO
Yarer (XO(V @ L)) = KO(V) = @lg gy, (MO @ ATV V[i])
O

11  QUADRATIC RIEMANN-HURWITZ FORMULAS

We consider a projective morphism f : Y — X, with Y a smooth projective
integral k-scheme, and X a smooth projective curve over k. Kass and Wickel-
gren have raised the question of finding Grothendieck-Witt liftings of classical
Euler characteristic formulas for such maps and have obtained formulas of this
type. We give a different approach here to this problem.

ProPOSITION 11.1. Let f be a surjective projective morphism f :' Y — X,
with Y a smooth projective integral k-scheme of dimension r over k, and X a
smooth projective curve over k.

1. Suppose that X admits a half-canonical line bundle M, with isomorphism
p:wx, — M®28 Then
Yare-r 0 P?T(ecw(ﬂwk & f*w;(}k)) = eCW(QY/k)
by (e ("M U et (Qyyp)),

6This condition is satisfied if for instance X = ]P“,lC or if X is a hyperelliptic curve but is
not satisfied if X is a conic without a rational point. A half-canonical line bundle is often
referred to as a theta characteristic, see for example [5, 37].
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2. Suppose that dimg X = 2m is even. Then
¢w§;km (€ Qv ® f*w;(}k)) = (Qyyi).

Proof. This is just a special case of Theorem 10.1, noting that ¢, (f*M~1) U
cr(f* wX/k) flaMYHu cl(w;(}k)) = 0 since X is a curve. Note that, just
as remarked in the proof of Theorem 10.1, the choice of isomorphism p does
not play a role. O

Under the assumption that X admits a half-canonical line bundle M, we may
transform e(Q2y/, ® f* wX/k) € H"(Y, ICMW(w;/lk ® f*wX/k)) to an element of
H"(Y, /QMW(W/k)) by applying the isomorphism ¢, , @ p-er 0p®", and the
image of e“V (Qy k@ f *w;(} .) is independent of the choice of isomorphism p and

choice of M. We make a similar adjustment if r is even, using A

wy/k®f*w
We will omit the comparison isomorphism from the notation in what follows
For instance, we have the pushforward map

Ty« H (Y, KM (wy i) = H° (Speck, K§™) = GW (k)
which induces pushforward maps
 HO(Y Y (wy,)) — HO(Speck, K3™) = GW(k),
and, if r is even or if we have an isomorphism p : Wy, — M®2,

s HY (Y (wy gy, @ frwl),) = HO(Speck, 1G0T ) = GW (k).

The pushforward on H"(Y,KMW (wy) /k)) is induced by the pushforward map
on H"(Y,KYW(wy,)) by composing with ¢, , and the pushforward on

H"(Y, ]CMW(CU;}]C ®f*wx/k )) is induced by the one on H" (Y, ICMW(wy/k)) by

composing with ’Lpf*w®r/2 if 7 is even, or by composing with ¢« prer o (f*p)¥~"
X/k

if we have an isomorphism p : wx = M®2. As noted above, the value of
this last pushforward on eCW(Qy/k R f *w;(}k) is independent of the choice of
isomorphism p and choice of M.

THEOREM 11.2. Let f be a projective morphism f:Y — X, with Y a smooth
projective integral k-scheme of dimension r over k, and X a smooth projective
curve over k. Let

D(f) = (1/2)[deg (e (Qy/r ® frwyy,)) — degler(Qy/r))]-

1. D(f) is an integer.

2. Suppose X admits a half-canonical line bundle or r is even. Then
Ty (e (Qyp ® frwy))) = (=1)x(Y/k) + D(f) - H
in GW(k).
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Proof. To compute the degree, we may assume that k is algebraically closed.
Let L = f*w;c}k. Since wx/y has degree 2gx — 2, and k is algebraically closed,

there is a half-canonical line bundle M on X. Since X is a curve, ¢;(L)? = 0,
and we have

cr(Qy/r @ f*w)_(}k)) = ¢ (Qyyr) = c1(L) Uer—1(Qyyr)
D(f) = (1/2) degyler(L) U cr—1(Qyyi)]
= deg[er(f*M™1) Ucr_1(Qyi)]

so D(f) is an integer.
If X admits a half-canonical line bundle M (over the original field k), then by
Theorem 4.1, Theorem 8.1 and Proposition 11.1, we have

Ty (€N (Qyp © Frwily)
= wY*[eCW(Qy/k) +h(e (fFM~HU cr—1(Qy /1))l
=y u(e“V(Qvs)) + D(f) - H
= (=1)"x(Y/k) + D(f) - H.
If on the other hand Y has even dimension 2m, then we have

Ty (€ Qv ® frwy,)) = Ty (€ (Qvyp))

in W(k), so my.(e“V(Qy, ® f*w;(}k)) — 7y (€YY (Qy k) € GW(k) goes to
zero under the canonical surjection GW (k) — W (k). Thus

Ty« (€Y ( Qv @ frwy)) = v (e (Qyp) = - H
for some integer ¢. Applying the rank homomorphism gives
degy,(cr (Qvye ® frwy,)) — degi(er(Qvyr)) =2 ¢
so £ = D(f). O

We now turn to the discussion of the local invariants. As usual, a critical point
of fis a point y € Y with df(y) = 0, a critical value of f is a point z = f(y)
of X with y a critical point. We assume that f has only finitely many critical
points and let ¢(f) denote the set of critical points.

In case Y has odd dimension, we assume we have a half-canonical line bun-
dle M and an isomorphism p : wx/;, — M ®2 Thus, we have a comparison
isomorphism 1 : KMW (det ™ (Qy, ® f*w;(}k)) — KMW (wy 1),

- if r is even
Y= {wwy/k®f*w§/£2

wwy/k®f*M®7' o p@~" if ris odd, M a theta characteristic.
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Let y be a critical point of f, giving the Euler class with support
e (df) = e, (R ® frwxhadf) € H(Y, KM (wp) @ Frw,).
Applying the comparison isomorphism 1 and the purity isomorphism
Ko™ (y) = Hy (Y, KXW (wyi)
we will also consider e, (df ) as an element of K}'" (y). We have the pushforward
iyt S (y) = HT (Y, KM (wyr))-

Remark 11.3. If 7 is odd, we have noted that 1(e“V (Qy, ® f*w;(}k)) does
not depend on the choice of M or p. However, this is not the case for the
local Euler classes e, (df). Nonetheless, we will omit this dependence from the
statements below, which remain valid for each such choice.

COROLLARY 11.4. Let f be a projective morphism f : Y — X, with Y a smooth
projective integral k-scheme of dimension r over k, and X a smooth projective
curve over k. Suppose f has only finitely many critical points. In addition,
suppose that X admits a half-canonical line bundle in case r is odd. Then

(=17 x(Y/k) = Y myaiyeey(df) = D(f) - H
yee(f)
in GW(k).
Proof. Forgetting supports sends the Euler class with supports

ear=0(Qy/r ® f*w;(}k; df) € Hgf:o(K ’Ci\/j (wy y/k ® frfw ??;k))

to eV (Qy ), ® f* wX/k,df) in H"(Y, ICMW(wy/k ® f*wX/k)). Applying the
comparison isomorphism 1 to eV (Qy/x ® frwy) /i df) and ¢ and the inverse
of the Thom isomorphism to the local index e, (Qy /1, ® f* wX/k, df) as described
in the paragraphs above, we have

eV ( Qv ® Frwy)) = Y dyeey(df).
yee(f)

Applying 7y, and using Theorem 11.2, this gives

(—=1)" - x(Y/k) = Z Tywiywey(df) — D(f) - H
y€c(f)

in GW (k). O

Remark 11.5. The rank of the term D(f) - H in Corollary 11.4 is (—1)""! .
XP(f~t(x)) - xt°P(X) for z € X a general geometric point.
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In case Y has odd dimension and there is a half-canonical bundle p : wx /i =
M®2 there is a normalization that picks out good local parameters at critical
values of f : Y — X. As explained in Remark 2.1, we may (and will) assume
that k is perfect.

Let y € Y be a critical point of f and let x = f(y) be the corresponding critical
value. A parameter t, € m, is normalized if there is a generating section Az,
of M in a neighborhood of € X such that

$571(0/0t) = NiE, © k(x)
via the canonical isomorphism w)_(}k ® k(r) = (m,/m2)V.

COROLLARY 11.6. Let f be a projective morphism f :Y — X, with Y a smooth
projective integral k-scheme of dimension r over k, and X a smooth projective
curve over k. If r is odd, we assume X admits a half-canonical line bundle
piwx/k — M®2, Suppose f has only finitely many critical points.

For each y € ¢(f), we choose a system of parameters t¥,... . t¥ € m, and a
parameter t, € my, © = f(y); if v is odd, we assume that t, is normalized.
Write

d(f*(t.) =Y _s¥-dt}; s! € Oy,
i=1
We have the class of the Scheja-Storch form [Bgy ;v] € GW(k(y)). Then

(=1)"x(Y/k) = > Trpgwl([Bsw]) — D(f) - H
yec(f)

in GW(k).

Remarks 11.7. 1. In our earlier version of this paper [27, Corollary 12.4], we had
an assumption on the local behavior of df (diagonalizability) that allowed an
explicit computation of the local index without having to use the Scheja-Storch
form; df is always diagonalizable if Y is a smooth curve. We also assumed in
loc. cit. that the residue field extension k(y)/k was separable. In another
result, [27, Theorem 12.7], we made the expression in [27, Corollary 12.4] even
more explicit in the case of a tamely ramified map of curves.

2. In [8] the authors of that paper use a Scheja-Storch form to give a quadratic
Riemann-Hurwitz formula for a separable map of smooth projection curves
over a field k that is also valid in the case of inseparable residue field extension
and for wild ramification; their formula agrees with the one of [27, Corollary
12.4] in the case of a separable residue field extension. They raise the question
(Remark 1.2(2)) of whether their explicit expression agrees with the abstract
pushforward of the local index; this has been settled affirmatively in [6]. Their
formula also agrees with the one given above in the case of a perfect base-field k.

Proof of Corollary 11.6. By Corollary 5.3, the local class e, (2y ®f*w;(}k, df)
is given by

[Bev 1] @ 0/OtY - df*(tz) A ... NOJOY - df* (to) ® O/Ot] A ... ND/Ot!
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in GW(k(y),det™" (Qy;, ® f*w;(}k) ® det™? m, /m?). Under the comparison
isomorphism 1, this gets sent to [Byy ;3] € GW(k(y)).

Applying the canonical isomorphism iy, : GW(k(y)) = Hy (Y, KXW (wy /i)
and the forget the supports map, we have

(W (Qyyr © frwiy,)) = D iytb(ey (Qyy ® f*w}}k)) = Y [Baul
yec(f) yec(f)

and thus by Corollary 11.4, we have

(1) x(Y/k) = Y mu([Boaw)) = D(f) - H
yec(f)

where m, : Speck(y) — Speck is the structure map. Since k is perfect, k(y)
is a separable extension of k, so m,. is the trace map Try,) /i : GW(k(y)) —
GW (k). This completes the proof. O

Let f: Y — X be as before a morphism of a smooth integral projective k-
scheme Y of dimension r to a smooth projective curve X.

Let y € Y be a critical point of f. Let t1,...,t. be a system of parameters at
y, and let ¢, € m, be a parameter. Since y is a critical point of f, f*(¢,) is in
mi and thus

Fr(ta) =) aitit;
i<j
for elements a;; € Oy,y, uniquely determined modulo m,. Let a;; € k(y) be
the residue of a;; modulo m,. Let

aij ifi < J

Qi ifi>j
The symmetric matrix

H(f)y = (hij)

is the Hessian matrix of f with respect to the chosen system of parameters. The
point y is called a non-degenerate critical point of f if H(f), is a non-singular
matrix and k(y)/k is a separable extension.
Let y be a non-degenerate critical point of f, let x = f(y). Choose a system

of parameters ti,...,%, at y and a parameter ¢, at z, and let H(f), = (hij).
The section df satisfies

df =Y hijtidt; ® 0/0t, mod m?.
0,J
By Example 5.6, we have
ey(Qyk ® [rwi i df) = (det H(f)y) ® 9/t
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COROLLARY 11.8. Let f be a surjective projective morphism f:Y — X, with
Y a smooth projective integral k-scheme and X a smooth projective curve over
k. Suppose that f has only non-degenerate critical points. For each y € c(f),
let x = f(y), choose a parameter t, € my, and let (det H(f),) € GW(y) be the
corresponding 1-dimensional quadratic form. In case Y has odd dimension, we
assume that X admits a half-canonical line bundle and that t, is normalized.
Then

(1) Xx(Y/k) = Y Trygn((det H(f)y)) — D(f) - H
yee(f)

in GW(k).

Proof. This follows directly from Corollary 11.6 and the preceding discussion.
O

Remark 11.9. Suppose X = Pi. Let t = X1/Xo be the standard parameter on
Al =P\ {(0:1)}. We have a unique isomorphism

wlgll/k = O]pl (2)

sending 9/0t to Xg and §/0t ! to —XZ. We use the section X of M := Op:1(1)
as our A\y. For a closed point z € A}, let g, € k[t] be the monic irreducible
polynomial for x over k. Then

ty = (dge/dt) ' g,

is a normalized local parameter at x.

We apply these results to the case of a map of smooth projective curves f :
Y — X. For p: C'— Speck a smooth projective curve over k, define

9o, = dimpHO(C,we ).
This is the usual genus of C' if C' is geometrically integral over k.

THEOREM 11.10 (Riemann-Hurwitz formula for curves). Let f : Y — X be
a separable surjective morphism of smooth integral projective curves over k.
Suppose that X admits a half-canonical bundle M and fix an isomorphism
piwx/K = M®2. Fory € ¢(f), choose a parameter t, € m, and a normalized
parameter t, € my, x = f(y). Write

[ (t:r) = uytZy

with w, € Oy, and let u, € k(y)* be the image of u,. Suppose that k(y) is
separable over k and n, is prime to chark for ally € ¢(f). Then

Z Tr )k ((nytiy) (ny —1)e) = (gyr — 1 —deg f - (9x/n — 1)) - H
yec(f)

in GW(k).
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Proof. Since f is separable and surjective, ¢(f) is a finite set. Near y € ¢(f)
we have
df = nyuytyr— @ dt, @ 0/0t,.

By Corollary 11.6, we have

D Trigyw((nyiy) (ny — 1)) = =x(Y) + D(f) - H.
y€c(f)

Since Y has odd dimension over k, x(Y) = A - H for some integer A, by
Corollary 4.2. Thus

Z Trk(y)/k(<”yﬂy>(”y —1))=B-H
yee(f)
for some integer B. Applying the rank homomorphism gives
S [k(y) : M(n, —1) = 2B
yec(f)

so the classical Riemann-Hurwitz formula tells us that

B = (gy, —1—deg f-(9x/x — 1))

O

Remark 11.11. With notation as in Theorem 11.10, suppose y € Y is a ramified
point. Then

Lin, —1)- U
(nytiy) - (ny —1)e = {Q(ny 1)-H if n, is odd,

(nytiy) + 3(n, —2) - H if ny is even.

We can rewrite the GW-Riemann-Hurwitz formula as

> Triy)y /i ((nytly))

yec(f),ny even

=gy —1—degf - (gxp—1) = D [k(y) K] [ny21] - H.
yee(f)

In other words, the ramification points with n, even impose a global relation
in GW(k) beyond the numerical identity

2gy/x —2=deg f- (29x/x —2) + Z [k(y) : k] - (ny, — 1)
yee(f)

given by the classical Riemann-Hurwitz formula. One recovers the classical
Riemann-Hurwitz formula by applying the rank map to the GW version.
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Remark 11.12. Theorem 11.10 covers the case of tame ramification; in case of
wild ramification over a perfect base-field, one can use Corollary 11.6 and if
the base-field is not perfect, one simply extends to the perfect closure.

Ezxample 11.13. We take k = R. Suppose we have a surjective map f:Y — ]P’,l€
with Y a smooth projective curve of genus g. Suppose in addition that f is
simply ramified, that is, n, < 2 for all y € Y. Take a closed point y € ¥
with n, = 2. If k(y) = C, then the trace form (e;,e;) — Tre/r(eseju) is
hyperbolic for all v € C*. If k(y) = R, then my.(ey(df)) is just the quadratic
form (2a,), using t; =t — f(y) as the normalized local parameter at @ = f(y)
and writing f*(t,) = uyti. Thus, the extra information in the GW-Riemann-
Hurwitz formula is just that there are the same number of real ramified points
y of f with %, > 0 as there are real ramified points y with #, < 0. This is also
obvious by looking at the real points of Y, which is a disjoint union of circles,
and using elementary Morse theory.

Remark 11.14. Going back to the guiding example of smooth projective vari-
eties over R, the formula of Corollary 11.8 for a map f : Y — P! may be viewed
as combining the classical enumerative formulas for counting degeneracies for
schemes over C with using Morse theory to compute the FEuler characteristic
of a compact oriented manifold M by counting the number of critical points
of a map f : M — S! having only non-degenerate critical points, where we
count a critical point with the sign of the Hessian determinant. In fact, as
the signature of a hyperbolic form in GW(R) is zero, and since the trace map
Tr : GW(C) — GW(R) sends ¢ to rank(q) - h, taking the signature of the for-
mula in Corollary 11.8 expresses the Euler characteristic of Y (R)*" as the sum
of the signs of the Hessian determinant at each of the real critical points of f.

Ezample 11.15 (Fibering by curves). We consider the case of a pencil of curves
in P2. Let C,C’ be smooth curves of degree d in P2, intersecting transversely.
Let Z=CnNC' and let F, F' € k[X(, X1, Xa]q be respective defining equations
for C and C’. Let puy : Y — P? be the blow-up of P? along Z. The rational
map f: P2 — — 5 P!,

flxo @y :ma) = (Fxg i w1t 22) : F'(wo @ 21 1 22)),

defines a morphism f : Y — P! with f~!(a : b) the curve bF — aF’ = 0. We
suppose that for x € P!, f~1(x) smooth except for x € {x1,...,7s}, a set
of closed points of P!. For simplicity we assume in addition that for each i,
f~1(x;) is reduced and has a single ordinary double point y; as singular point
(we do not assume that k(y;) = k(z;)).

Note that our f has only non-degenerate critical points and for z € P! general,
the smooth curve f~'(z) satisfies degy, ¢1(wp-1(,)) = d(d — 3). This gives us
D(f) = d(d — 3); applying Corollary 11.8 and Proposition 2.4, we have

> Trpyw(det H(f)y,) = (1) + (d* = 3d + 1) - H + (=1) - x(Z/k).
i=1
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Since x(Z/k) is the trace form of the finite separable extension k — k(Z),
our Riemann-Hurwitz formula gives a relation between this trace form and the
“ramification index” Y77 Try(y,)/k(det H(f),,). Taking the rank recovers the
numerical relation given by the classical Riemann-Hurwitz formula, namely

S

> [k(y) : k] = 3d* — 6d + 3.
i=1

12 GENERALIZED FERMAT HYPERSURFACES

We use Corollary 11.6 to compute the Euler characteristic of a generalized Fer-
mat hypersurface X in P**!, that is, one with defining polynomial Z?jol a; X"
Fix an integer m > 1 and a base-field k of characteristic prime to 2m; we
may assume that k is infinite by replacing k& with infinite extension of /-power
degree for some odd prime ¢. Let X = X(ag,...,ant1;m) C P*! be the
hypersurface with defining equation Z?:Jrol a; X" =0,a; € k*. Let m: XX
be the blow-up along the closed subscheme Z defined by X,, = X,,41 = 0; note
that Z = X (ag, . ..,an—1;m). We apply Proposition 2.4 to give

X(X) = x(X) + (=1)x(2). (12.1)
We have the morphism ~
f:X — Pt
induced by the rational map X — P!, (zo : ... : Zpy1) — (2 : Tpy1). The
map f has non-degenerate critical points (0 : ... : 0 : x, : Zp41) satisfying

anxy +ans12) = 0 (the critical points do not lie over Z, so we may describe
the critical points of f as points of X). Since ana,41 # 0, the critical points
of f lie in the affine open subset X, 11 # 0, so we may use affine coordinates
€Ty = Xi/Xn+1-
On the affine hypersurface X° C A"*! defined by Y1, a;z!™ + ant1 = 0, the
map [ is given by

flxo,...,xy) = xp

and has critical subscheme X..;; C X defined as a subscheme of A"*! by
x;=0,1=0,...,n—1, 27" + apt1/a, = 0.

We now apply the Riemann-Hurwitz formula to the projection f : X — P!
Let y = Xcit, a 0-dimensional reduced closed subscheme of X, and use the
system of parameters (zo, ..., Zn—1), generating the maximal ideal in Ox , for
each closed point y' of y. Similarly, we let g(T) = T™ + apt1/an, let z C A}
be the subscheme Speck[T]/g(T') and use the parameter t, := (1/¢'(T))g(T)
in OAl,m-

As df is given by the expression

df = Z(—l/anm:c;”*l) ~ma;x" dr; ® 0/0t,
=0
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and det ™" Qx/; ® det™' my/m2 = (det(m,/m2)")®2, we have the local index
e (df) living in GW (k(x); (det(m,/m2)V)®2 @ f*wp):

ex(df) = (=1 /anzm™ )™ (( H a;)) ® (AD/0x,)®? @ dt,

If n is odd, we know that x(X/k) is hyperbolic, so we may assume that n = 2r
is even, in which case this expression reduces to

Lm =1 H(ITZ) @) @ (A/dx,)®2 @ dt,  if m is odd,
eaoldf) = § B((m=1)" = 1) H + (YN([T}55 @) © (A)/0z.)** @ dt,,

if m is even.

which reduces further to

sm=1)"-He (/\6/813*)@’2 ® dt, if m is odd,
ex(df) = [(3(m —1)" = DH + ([['2) ai)] ® (A0/02.,)®? @ dt,

if m is even.

Following Remark 11.9, our choice of parameter ¢, is normalized, so after ap-
plying the appropriate comparison isomorphism to put the local index e, (df)
in GW(k(z)), as in the proof of Corollary 11.4, we have the identity in
H™ (X, K™ (wx/i))

(m—1)"- H] if m is odd,
((m—1)" = 1)H + ([ ai))] if m is even,

G|

izx(€x(df)) = {Z"L*[%

where
ipe : GW(k(2)) = HO (2, K™) — H™(X, KM (wx /1))

is the push-forward.
The extension k(x)/k is a finite separable extension, so we have the pushforward
map p, : GW(x) = GW (k) given by the trace form. Since

(m)+ 2L H for m odd

(m) + (—manani1) + 252 - H  for m even,

Try)/e((1) = {

we get

3(m )"m -H for m odd,
pxine(ea(df) = { (m T @) + (—m [0 @) + 3((m — )" = Dm - H
for m even.

(12.2)
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THEOREM 12.1. Let X = X(ag,...,ap+1;m) C ]P’Z+1 be a generalized Fermat
hypersurface of degree m > 1, ag,...,an41 € k*. Suppose that char(k) f2m.
Let 6(X) == [117) ai and define A, ., € Q by

3 deg(cn(Tx)) for n odd,
Apm = 4 3 (deg(cn(Tx)) —1)  for n even and m odd,
1 (deg(cn(Tx)) —2)  formn and m even.

Then A, », is an integer, depending only on n and m. Moreover,

Apom - H forn odd,
X(X/k) =< Apm - H+ (m) for n even and m odd,
Apm - H+ (m) +{(—md(X)) forn and m even.

Proof. 1t is clear that the rational number A,, ,,, depends only on n and m. For
n odd, the identity x(X/k) = B-h for some integer B follows from Corollary 4.2.
Since m, (e“W(Tx)) = ¢,(Tx) in H™(X, kM), we see that

2B = rank(x(X/k)) = deg(ca(Tx)),
so A,.m = B.
We now assume n is even and we prove the identity by induction on n. We
first consider the case of even m. For n = 0,

X (ag,a1;m) = Speck[T]/(T™ + a1/aop)

and x(X/k) is given by the trace form,

XOX/R) = Tesp(1) = ™02 - H o+ m) + (~mb(X).

As ¢o(Tx) has degree m, the result is proven in this case. In general, assume
the result for n — 2, and let Z = X(ag,...,an—1). Then combining (12.1),
Corollary 11.6 and our computation of the local contributions (12.2), we have

X(X/k) = (mé(Z)) + (—md(X)) — (=1)x(Z/k) + A- H
for some integer A. Using our induction hypothesis, this reduces to
X(X/k) = =(=m) + (-md(X)) + B- H

for some integer B. But

so we have
X(X/K) = (m) + (~m8(X)) + (B — 1) - H.
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In particular, this shows that deg(c,(Tx)) = 2B, which shows as above that
A, m is an integer and gives

X(X/k) = =(m) + (=mé(X)) + Anm - H.
For odd m, the proof is essentially the same, starting with

XCX/R) = Togu((1)) = ™0 - 4 ).

for X = X (ag,a1;m); we leave the details to the reader. O

Recall that for a quadratic form ¢ of even rank n = 2m over a field k of char-
acteristic different from 2, the discriminant of ¢ is the element of k% /k*?2 given
by det(gq), where (¢) is the matrix of the symmetric bilinear form corresponding
to g, with respect to some choice of basis for the underlying vector space of q.
For quadrics, Theorem 12.1 gives

COROLLARY 12.2. Let k be a field with chark # 2 and let () be a non-singular
quadric hypersurface in ]P’ZH. Suppose Q has defining form q, with discrimi-
nant 64. Then

ntl g forn odd,
xX(Q/k) =14 ,°

5 H+(2) +(-20,) forn =2m even.
This answers a question raised by Kass and Wickelgren (private communica-
tion).

Proof. If k is algebraically closed, then @ is cellular with n + 1 cells in case n
is odd, and n + 2 cells if n is even. Thus by Proposition 2.4

n+1 for n odd,
n+2 for n even.

ranky(Q/k) = {

With this, the corollary follows from Theorem 12.1, since every quadratic form
is diagonalizable by a linear change of coordinates, and the discriminant is
invariant modulo squares. O

Remark 12.3. Applying Theorem 12.1 for m = 1 gives yet another proof that

ntl for n odd,
x(P"/k) = { 2

(1) +5-H for n even.
Remark 12.4. The fact that x(X(ao,...,an+1;m)/k) depends only on m and
n for m odd should not be surprising: every generalized Fermat hypersurface
X(ag,...,an+1;m) with m odd is isomorphic to X (1,...,1;m) C P"*! after a
field extension of odd degree, and the base-extension map GW(k) - GW(F)
for a finite field extension F/k is injective if [F : k] is odd.
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