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1 INTRODUCTION

1.1 MULTIZETA VALUES IN POSITIVE CHARACTERISTIC

Let Fy be a fixed finite field with ¢ elements, where ¢ is a power of a prime
number p. Let P! be the projective line defined over F, with a fixed point
at infinity co € P*(FF,). Let A be the ring of regular functions away from oo,
and let k£ be its fraction field. Let ko be the completion of k at oo, and let
Cos be the completion of a fixed algebraic closure of ko,. Let 6 be a variable.
We identify A with the polynomial ring F,[6] and %k with the rational function

field F, (6).
The oo-adic multizeta values (oo-adic MZVs) were defined by Thakur in [Th04]
as a generalization of Carlitz zeta values [Ca35]. For any index s = (s1,...,8,) €

7y, oo-adic MZVs are defined by the following series:
1

ail ...a/’r

Cals) ::Z € koo, (1.1)
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where the sum is over (ai,...,a,) € A" with a; monic and dega; > degas >

- > dega,. The second author introduced and studied co-adic alternating
multizeta values (co-adic AMZVs) [H20]|, which are a generalization of co-adic
MZVs defined by the following series:

6(116ga1~-'6d6gaT
5:€) = s € Koo, 1.2
Calsie) =), prTap (1.2)
where € := (e1,...,6.) € (A%)" = (F;)T and the sum is over (ay,...,a,) € A"

with a; monic and dega; > degas > - > dega,. The weight and depth of
the presentation (4(s) and (4(s;€) are defined by wt(s) := s + -+ + s, and
dep(s) := r, respectively. Note that both co-adic MZVs and AMZVs are in-
troduced as positive characteristic counterparts of real-valued multizeta values
(real-valued MZVs) and real-valued alternating multizeta values (real-valued
AMZVs), which researchers have conducted a variety of interesting studies (for
details, see [Zh16]).

The oo-adic MZVs (resp. oo-adic AMZVs) are non-vanishing according to
[Th09a] (resp. [H20]). Additionally, both co-adic MZVs [AT09] and oco-adic
AMZVs [H20] appear as periods of certain pre-t-motives introduced in [POS].
Let Z (resp. AZ) be the k-vector space spanned by 1 and all co-adic MZVs
(resp. oo-adic AMZVs). For w > 1, let Z,, (resp. AZ,,) be the k-vector space
spanned by oo-adic MZVs (resp. oo-adic AMZVs) of weight w. In [Th10] (resp.
[H20]), it was shown that the product of two co-adic MZVs (resp. oo-adic
AMZVs) can be written as an F,-linear combination of co-adic MZVs (resp.
oco-adic AMZVs) of the same weight, where I, is the prime field of k. Thus,
Z (resp. AZ) forms a k-algebra. Specifically, one has Z,, Z,,, € Zy,+w, (resp.
AZy AZyy € AZ 0y 4w, ) for wy > 1 and wy > 1. Further, an analogue of Gon-
charov’s direct sum conjecture [G97] for oo-adic MZVs (resp. co-adic AMZVSs)
was established in [C14] (resp. [H20]), namely, Z (resp. AZ) forms a graded
k-algebra (graded by weights). In other words, all k-linear relations among
oo-adic MZVs (resp. oo-adic AMZVs) are generated by these k-linear relations
among co-adic MZVs (resp. co-adic AMZVs) with the same weight.

To study k-linear relations among the oo-adic MZVs with the same weight,
Todd [Tol8] used the power sum and lattice reduction methods to produce
k-linear relations. Based on his result, an analogue of Zagier’s dimension con-
jecture, which predicts the dimension of the Q-vector space generated by the
same weight real-valued MZVs over Q (see [W12]), has been formulated in the
positive characteristic setting. Although some k-linear relations among the co-
adic MZVs with the same weight have been discovered (see [LRT14], [Ch17],
[To18] and [GP20]), only a few results (see [C16], [CPY19], [CYO07], [Milbal]
and [Mil7]) are known about the k-linear independence of co-adic MZVs with
the same-weight. Let w, r € Zsg. We set

2, = Span{Ca(s) | wt(s) =w, dep(s) =1}
and

2., = Spang{Ca(s) | wi(s) = w, dep(s) = r}
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DIMENSIONS OF MULTIZETA VALUES 539

to be the k-vector space (resp. k-vector space) spanned by co-adic MZVs of
weight w and depth r. Also, we set ZL" := Z1 + ZI' (resp. EL’T = ?11” +Z,).
Note first that Chang [C14] showed the k-linear independence of co-adic MZVs
implies the k-linear independence of them, whence dimy, Zn = dimzz:u and

dimy ZL" = dimzziu’r. Furthermore, Chang [C16] proved a necessary condition
for the linear dependence of depth 2 oo-adic MZVs, which can be stated as
follows.

THEOREM 1.1 (JC14, Thm. 2.2.1], [C16, Thm. 3.1.1]). Let w € Zso with w > 2.
For eachi=1,...,m, lets; = (s;1,8i2) € Z2, be chosen with s;1+s5 = w. Then,
all k-linear relations among {Ca(w),Ca(51),...,Ca(5m)} are those coming from
the k-linear relations among {Ca(w)} u{Ca(s;) | sjo is divisible by g — 1}.
Specifically, we have

1,2 w-—1

dimy, Z,,° = dimz Z,)” >

In particular,

w-1
q-1

One of the goals of the present paper is to study the generalization of Theo-
rem 1.1 in the higher depth case.

dimy 22 = dimg oy > w - 1|

1.2 STATEMENT OF THE MAIN THEOREM

Set Lo =1 and L; := (0 —09)---(6 - Hqi) for each ¢ > 1. For an r-tuple s =
(s1,--.,8r) € Z%,, the Carlitz multiple polylogarithms (CMPLs) are defined as
follows (see [C14]):

RN

Lis(21,...,20) =y, o ck[z,..., 2] (1.3)

. A N e
i1>>5,.20 iy iy

CMPLs can be viewed as an analogue of classical multiple polylogarithms

ni n
Zl el

a%(zl,...,zT):: Z 51 r E@[[Zl,...,ZTH

Sp
ni>-->n..>0 Y1 Ny

in the positive characteristic setting. The specializations at (1,...,1) of classi-
cal multiple polylogarithms with several variables give the real-valued MZVs.
This phenomenon becomes delicate in the positive characteristic setting.

In [AT90], it is shown that depth 1 MZVs can be written as k-linear combina-
tions of same-weight Carlitz polylogarithms (CMPLs with r = 1) at algebraic
points. This is generalized to higher depth MZVs case in [C14]. Addition-
ally, some interesting algebraic relations between oo-adic MZVs and Carlitz
logarithms at algebraic points were discovered by Thakur in [Th09b, Thm. 6].
Using the stuffle relations of CMPLs (see [C14, Sec. 5.2]), we deduce some
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k-linear relations between oo-adic MZVs and CMPLs of the same weight at
algebraic points. With these relations in mind, one may naturally ask whether
we can extend the linear independence results, such as Theorem 1.1, to special
values in the higher depth case, including oo-adic MZVs, co-adic AMZVs, and
CMPLs at algebraic points.

In what follows, we first introduce some terminology used to formulate our
main result. For a fixed w € Zsg, let

I(w):={s=(s1,...,8) € Zy | wt(s) =w, 1 <r<w} (1.4)
be the collection of all weight w indices and let
J(w):={Tc{l,...,w-1} | T +2}u{{0}}. (1.5)

Let $; = (Sih e ,SiT) € ZZO and Qi = (Qil; e ;Qir) € E[t]T for i e Zzo. There
is a family of power series #7;) ; in the variable ¢ with coefficients in k and
depending on datum (s;,£;) that defines entire functions on Cs such that the
specialization of these series at t = 6 recovers co-adic MZVs, oo-adic AMZVs,
and CMPLs at algebraic points. More precisely, for n € Z we define the n-fold
Frobenius twisting

Co((t)) > Ce((2))
f= Zaiti — Zafnti — f(n)

and consider the entire power series

t
o4’

o) = (07 I (1 -

i=1

) e k[t] (1.6)

where (—H)ﬁ is a fixed (g—1)-th root of -0 such that 1/2(0) = 7 (See [ABP04,
Cor. 5.1.4]) and 7 is the Carlitz period. Then

L= > (9Qi) (21 Qi) e K[t]. (1.7)

£y1>>0;>0

For example, the Carlitz logarithm is the CMPL for s = (1), which is given by

: 24
logo(2) =Lig)(2) = Y, = € k[z]. (1.8)
120 L;
Carlitz essentially proved that logo (1) = (a(1) in [Ca35], but see [AT90, p. 181].
Let u € k be such that log~(z) converges at z = u. Then, we consider the power
series (see [P08, Sec. 6.1.1]):

i

Lo(t) =u +Z(:) (t —09)--(t—09")

e k[t].
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DIMENSIONS OF MULTIZETA VALUES 541

It can be shown that £, (t) converges at ¢ = 6 and that the evaluation recovers
the Carlitz logarithm at z = u, namely,

L(t) lt=0=loge(2) [z=u -

One may see from the definition that the product Q(¢)L£,(t) provides an ex-
ample of the special series .Z];) ; (see Proposition 2.12 for further details).

We characterize our linear independence criterion from the information of the
r-tuple s € ZZ,, of these special values. Therefore, the r-tuple s reflects the
vanishing order of the corresponding family of the power series at ¢ = #7 with
1 € Zsg. This fact allows us to introduce a certain notion for the r-tuple s.
Specifically, we define the following map:

g:I(w) > J(w)
(815.--58) > {w—-s1,w—81—82,...,w—81 = —Sp_1}, for r>2
(w) ~{0}.

Then, for each collection of weight w indices S c I(w), we say S is g-
independent if g(s) N g(s’) = @ for any s, ' € S with s # ¢'. In fact, we
will see in Lemma 2.5 that g(s) is a collection of the vanishing orders of certain

entire series at t = #¢ with i € Z.. Note that the difference in the vanishing or-
ders implies the k(t)-linear independence of these entire series (see Lemma 2.9).
Then, an application of [ABP04, Thm. 3.1.1] provides the desired k-linear in-
dependence of these special values. Now, we state our main theorem as follows;
it will later be restated as Theorem 3.1.

THEOREM 1.2. For w € Zsq, let S = {so,...,5m} c [(w) be g-independent with
so = (w). Let Q; € E[t]%PC) | which satisfies conditions (2.2) and (2.3) and
then if we set L1;) = L) dep(s;) for 1=0,...,m, the following set

{Z101(0); -+, Z1m1 (0)}

is k-linearly independent.

For suitable choices of 9;, the specialization of £{;) at ¢ =  recovers MZVs,
AMZVs, and CMPLs at algebraic points (see Proposition 2.12). Moreover, it
is easily seen from the definition that S¥ = {w} u {s = (s1,52) | s1 + s2 =
w, $2 is not divisible by ¢ — 1} is g-independent. In the case of S = SY, with
suitable choices of £;, Theorem 1.2 shows that

{CA(’LU)} @] {CA(5j) | 55 = (Sjl,SjQ), Sj1 1t 852 =W, Sj2 is not divisible by q-— 1}

is a k-linearly independent set. In particular, Theorem 1.2 recovers Theo-
rem 1.1.

Additionally, Theorem 1.2 provides many k-linearly independent co-adic MZVs
of the same weight in the higher-depth case. As a consequence, we deduce the
following corollary, which provides a lower bound on the dimension of Z;, and
ij with the given weight w and depth r > 2. This will later be restated as
Corollary 3.5.
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COROLLARY 1.3. For given w € Zsg and r € Zs1, we have

—=1,r w-1- lw:lJ
dimy 247 = dimz 2, > 1+ —
r—
In particular,
—r w-1- Lw:llJ
dimy, Z;, = dimg- 2, > | ——T— .
r—1

In the case of g # 2, given an arbitrary n € Z,o and r € Z,;, we can find
W = Wq,n,r € Zsp, which depends on ¢, n and r, such that there are at least n
distinct k-linearly independent co-adic MZVs with the same depth r and the
same weight w.

One motivation of our main theorem arises from the study of the Q-vector
space generated by real-valued MZVs. Zagier [Z94] gave a conjecture on the
dimension of the Q-vector space spanned by depth 2 real-valued MZVs of fixed
weight n > 3 in terms of the dimension of cusp forms of weight n for SLa(Z).
This conjecture is partially solved in [Z93] by giving the upper bound of the
dimension, but the lower bound remains unknown. For the higher-depth case,
Broadhurst and Kreimer proposed a conjecture in [BK97]| that predicts the
dimensions of the weight- and depth-graded parts of the Q-vector space gener-
ated by real-valued MZVs are given in the specific generating series. In their
conjecture, the generating series is explicitly described using the dimensions of
the weight-graded parts of the Q-vector space generated by cusp forms. The
Broadhurst-Kreimer conjecture in the general depth case remains an open prob-
lem. However, Goncharov [G98] proved that in the depth 3 case, the conjecture
provides the upper bound of the dimension. Another proof was presented by
Thara and Ochiai [TO08]. In the depth > 4 case, we do not even know if their
conjecture provides the upper bound of the dimension.

We end this section by outlining this paper. In §2.1, we provide the notation
of the basic objects used in our exposition. In §2.2, we review the definitions
of Anderson dual ¢-motives and introduce a specific one constructed by means
of the fiber coproduct, which was developed in [CM21]. In §2.3, we present
the definitions and results of Anderson ¢-modules and certain Ext'-modules.
In §2.4, we revisit the definition of Anderson-Thakur polynomials and that the
deformation series can be specialized to CMPLs, co-adic MZVs and oo-adic
AMZVs. We prove our main theorem in §3 based on the preliminaries in §2
and conclude with applications that provide linear independence sets of special
values and Corollary 1.3.
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2 PRELIMINARIES

2.1 NOTATIONS
We now define the following notation.
q = a power of a prime number p.
F, = a finite field with ¢ elements.
0, t = independent variables.
A = the polynomial ring F,[0].
A, = the set of monic polynomials in A.
Ag, = the set of elements in A, of degree d.
= the rational function field F,(0).
ko = the completion of k at the infinite place oo, Fq((%)).
ke = a fixed algebraic closure of k.
Cos = the completion of ko at the infinite place oo.
= a fixed algebraic closure of k in Ce.
k5P = a fixed separable closure of k in k.
|]eo = a fixed absolute value for the completed field Coo such that |6|e = ¢

T = the Tate algebra over Co, the subring of Co[t] consisting of
power series convergent on the closed unit disc [¢|eo < 1.

E= {22 ait’ € K[t] | imimeo [ai|tl = 0, [koo(ao,a1,...) : ko] < 00}

ord,(f) = the vanishing order of f € £ at a € Co.

Di= TIi2h(67 - 09) € A., where Dy = 1.

Ipi1 = the Carlitz gamma, [1; DI (n=Y,;n:q" € Zso (0<n; <q-1)).

2.2  ANDERSON DUAL t-MOTIVES AND FROBENIUS MODULES

In this section, we recall the notion of Frobenius modules and Anderson dual
t-motives. Here, we use the term Anderson dual t-motives for those called dual
t-motives in [ABP04, Def. 4.4.1] and Anderson ¢-motives in [P08, Def. 3.4.1].
We denote by k[t,o] the non-commutative k[t]-algebra generated by o subject
to the following relation:

of = fVg, fek[t].
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DEFINITION 2.1 ([CPY19, Sec. 2.2]). A Frobenius module is a left k[t,o]-
module that is free of finite rank over k[t]. We define morphisms of Frobenius
modules by left E[t, o]-module homomorphisms and denote by % the category
of Frobenius modules.

Let M be a Frobenius module with a fixed k[t]-basis m = (my,...,m,)¥,
where r = rankz[t] M. Then, the o-action can be represented by a matrix

® € Mat, (k[t]). In other words, we have om = ®m. Conversely, once we fix a
free k[t]-module M of rank r with a fixed k[t]-basis m = (my,...,m,)" and
® ¢ Mat,(k[t]), we can naturally obtain a Frobenius module structure on M
by setting om = ®m. In this case, we call M the Frobenius module defined
by ®.

DEFINITION 2.2. An Anderson dual t-motive is a left k[t,o]-module M satis-
fying that

(i) M is a free left k[t]-module of finite rank,
(ii) M is a free left k[o]-module of finite rank,
(iii) (t—0)°M c oM for all sufficiently large s € Z.

EXAMPLE 2.3. The trivial Frobenius module is defined by 1 = k[t] with the
o-action given by o f = f(1) for each f € k[t]. Note that 1 is not an Anderson
dual ¢-motive, as it is not of finite rank as a left k[o]-module.

EXAMPLE 2.4. Let n € Zsg. Then, the n-th tensor power of the Carlitz motive
is defined by C®" = k[t] with the o-action given by o f = f(-1(t - 0)" for each
f € k[t]. Note that C®" is an Anderson dual ¢-motive, the set {1} forms a
k[t]-basis of C®" and the set {(t-0)""1,... (t -0),1} forms a k[c]-basis of
cen.

Next, we construct the Anderson dual t-motive M/ via the fiber coproduct
method, which was introduced in [CM21]. To begin, let us introduce some
notions. We first recall the power series defined in (1.6)

Q(t):(—o)%ﬁ(1— t )eé‘.

i=1 09"

Note that Q(t) satisfies the Frobenius difference equation
QY = (t-0)Q. (2.1)
Given a polynomial Q := ¥, c;t’ € k[t], we define ||Q||oo := max;{|¢i|o }. For an r-

tuple s = (s1,...,8,) € ZZ,, we set s as the collection of all Q := (Q1,...,Q:) €
E[t]" satisfying the following two conditions:

(1Q1lleo /101227 oo (|Qr oo /101274 D) T 0 (2.2)

as 0<i, <+ <1 and i; - oo,
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aQ, ¢ (o —1)C®° for all a € Fy[t] with a # 0. (2.3)

Condition (2.2) guarantees that the series .Z{;) ; given in (1.7) defines an en-
tire function, and condition (2.3) implies that the special point we consider
in Theorem 3.1 and Proposition 3.3 is not an F,[t]-torsion element under the
isomorphism given in Theorem 2.7.

Next, we set Anderson dual t-motives { M, [’l]} and construct the fiber coproduct
over C®” of them. Let w € Zsg, S = {80,...,5m} ¢ [(w) with 59 = (w). Let
r; = dep(s;) for each 0 < ¢ < m. For s; = (8i1,...,8ir;) € I(w) and Q; =
(Qit,...,Qir;) € Ds,, we define the square matrix ®r;; € Mat,., ;1 (k[t]) and the
column vector ;] € Mat(,.,,1)x1(€) as follows:

(1) 0 0 0
le)(t - 9)8i1+.“+si7‘i (t _ 9)8i2+"'+5i7‘i 0 0
Oy = 0 QY (1 — g)siattsiny :
: . (t - 0)%ri 0
0 0 Qz(';il)(t —0)s 1
and
QS,;1+<--+S7;Ti
Qsi2+---+siri Z[i],l
V) = L
Q% L)1
Ailrs
Here, we recall the special series defined in (1.7)
g[i],j = Z (qu‘Qij)(fj)m(Qstﬂ)(él) cE. (2.4)
£1>>£;20
We remark that this series satisfies the Frobenius difference equation:
(-1 _ sij -1
L =inat (@ Qsl-rl)( )Z[i],jq. (2.5)

Here, we set £7;;0 = 1. For later convenience, we set £{;) := £];},,. Impor-
tantly, the deformation series .#7;; ; has the property that

i1 (07) = (L 5 (0)7 (2.6)

for all N € Z.o (See [C14, Lem. 5.3.5], [CPY19, Prop. 2.3.3]).
To simplify our notation, for r; > 2, we express

t-0"] 0 |0 (
7 t_(g)w 0
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where D[l] € Mat(”_l)xl(E[t]), V[i] € Matlx(”_l)(E[t]) and q)flz] €
Mat,,_1 (k[t]). We further set

Qv w
o / 0
V) = ( [i )’ Yl = (T)
i [4]
where 1/1{21 € Mat(,.,_1yx1(&).
For r; =1, we express
(t - 9)w 0 w
and
Qv / w
N =( L ), Uiy = (92Y).

For each H = (hi,...,hm) € Matixm(E), we denote by ord,(H) :=
{orda(h;)}7y for a € Co. The following lemma is crucial in the proof of
our main theorem.

LEMMA 2.5. Suppose that r; > 2, £1;1,;(0) #0 for all1<i<m and 1< j<r;-1.
We thus have

ordeqN (’L/)E;]) = {’LU —Silyeee W — 851 — 0 — Sinfl} = g(ﬁz)
for all N € Zsq.
Proof. Recall from the definition that
Qsizt+sing sz[zll
" .
1P[i] = o :
Q% Ly

Since £7;1,;(0) # 0 for all 1 <4 <m and 1< j <r;—1, we can use (2.6) to deduce
that

OI‘deqN (Qsi(j+1)+"'+sin' g[l]d) — OrdeqN (Qsl'(j+1)+~--+5i7‘i) =W—8j1 — - — Sij-
Then, the desired result immediately follows. O
Now, we consider the Frobenius difference equation associated with F4[¢]-linear
combinations ag-Zjo] + ** + ALy, for some ag, ..., an € Fy[t]. The result is
given by

t-6)" 0 0 0
Dy (I)Ell] 0 0
P, = : : (2.7)
D <I)’[’m] 0
a/OV[O] e e amy[m] 1
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and
Q’UJ
"
1/}[1]
’l/)* = : . (2.8)
"
Vim)
aof[o] +oeeet amf[m]
One can check that wi_l) = ®,1, by direct computation using (2.1) and (2.5).
To simplify the notation, we set

0
D, = ( 1). (2.9)

Vi
Let M['Z.] (resp. M) be the Frobenius module defined by (IDEZ.] (resp. ®%). Then,
one can check directly that M, ['i] defines an Anderson dual ¢-motive and M. is
the fiber coproduct [CM21, Sec. 2.4| of {M[’i]} over C®". Therefore, M also
defines an Anderson dual ¢-motive by [CM21, Prop. 2.4.5].

2.3 THE Ext'-MODULE AND ANDERSON t-MODULES

In this section, we recall the isomorphism between certain Ext!-modules and
Anderson t-modules due to Anderson’s idea.

First, we review the definition of Anderson ¢-modules. Let L be an A-field
with Ac L c Cs, and let 7:= (z — 27) : L > L be the Frobenius ¢-th power
operator. Let L[7] be the twisted polynomial ring in 7 over L subject to the
relation Ta = a4t for ac € L.

DEFINITION 2.6 ([A86]). Let L be an A-field with A ¢ L ¢ C. For a fixed
d € Zsp, a d-dimensional Anderson t-module defined over L is a pair E = (G, p)
where G¢ is the d-dimensional additive group scheme over L and p is an Fo-
linear ring homomorphism

p:F,[t] > Mata(L[7])

a v pPqg

such that when we write p; = ap + ; ;7% with a; € Matg(L), ag — 01 is
a nilpotent matrix. A morphism of Anderson t-modules defined over L is
a morphism of additive group schemes over L commuting with F,[¢]-action.
That is, for Anderson t-modules E = (G¢,p) and F = (G™, 1) over L, the
morphism f satisfies fp, = o f (a € Fy[t]).

Later on, supposing that L c F' is a field extension, we consider the F-valued
points of the Anderson t-module E defined over L and denote it by E(F):
that is, a pair (GZ(F), p) of the F-valued points of GZ and the F,-linear ring
homomorphism p such that p(F,[t]) c Maty(F[7]).

We fix an Anderson dual t-motive M’ of rank d over k[t], which is defined
by the matrix ® e Matq(k[t]). Then, we define Extl;(1,M’) to be the left
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F,[t]-module of equivalence classes [M] of Frobenius modules M, which fits
into the following short exact sequence of Frobenius modules:

0-M ->M->1-0.

The left F,[t]-module structure of Ext; (1, M) comes from the Baer sum and
pushout of morphisms of M’. Specifically, the structure is described as follows.
We assume that My, Ms € F are defined by

(q" 0) , (q" 0) e Matgs: (B[t])

Vi 1 Vo 1

respectively, and both fit into the above short exact sequence. Then, the Baer
sum M7 +p M5 of M7 and Ms is a Frobenius module defined by the matrix

@’ 0
Vi + Vo 1)
Moreover, by taking the scalar product with a € Fy[t], we obtain an endomor-

phism a : M’ — M’. Then, the pushout a * M; of the endomorphism is a
Frobenius module defined by

® 0

avi 1)

Then, Ext'; (1, M") forms an F,[t]-module with
[Mi]+[Mz] = [My+p Ma], a[Mi]:=[axM] (acF,t])

for representatives [M;],[M2] € Ext(1,M’). Anderson proved the following
result involving Ext’; (1, M").

THEOREM 2.7 (Anderson, [CPY19, Thm. 5.2.1]). Let M" be an Anderson dual
t-motive. Then, we have the following F,[t]-module isomorphism:

Extiy(1,M') = M'/(c - 1)M' = E' (k) (2.10)

where E' is the Anderson t-module associated with M’ defined over k in the
sense that the k-valued point of E' is isomorphic to M'[(c —1)M' as F,-vector
spaces and the Fy[t]-module structure on E' via p is induced by the Fq[t]-action
on M'[(c-1)M'.

For more details about the construction of these isomorphisms, see [CPY19,
Sec. 5.2]. We also refer readers to [PR03], [HP04], [Tal0] and [HJ16] for a
related discussion.

For the n-th tensor power of the Carlitz motive, the isomorphisms (2.10) are
described in the following example.
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EXAMPLE 2.8. Let n € Zsg. The n-th tensor power of the Carlitz module is
the associated Anderson t-module of C®", which is given by C®" := (G7,[].),
where [-],, is uniquely determined by

01 - 0
o=| 7 7 eMaty(Colr)).
T 0

Recall that C®" has a k[o]-basis {(t - 0)"7 ..., (t - 6),1}; thus, every f €
C®" /(o0 —1)C®" has a unique representative with ¢-degree less than or equal
to n —1 of the form

[ilt=0)""+ fo(t=0)"P + o+ fu, fick.
Then, the isomorphisms (2.10) can be explicitly described as follows:
Ext}(1,C%") = C®"/(0 - 1)C®" = C®"(k)
[Mp] = [+ (o =1)C" & (fr,.., fu)"

where My is the Frobenius module defined by the matrix

Do (t-0)" 0
= f(’l)(t -0H" 1)
Next, we present two lemmas that enable us to consider linear independence of
certain special values via the torsion elements of Anderson t-modules and Ext!-

modules. The first lemma concerns the k(t)-linear independence of elements
in £.

LEMMA 2.9. Let f1,..., fm € E be non-zero elements and c1,. .., cm € k(t) such
that c1f1 + -+ ¢ fm = 0. Suppose that there are infinitely many o € Coo such
that ord, (f;) is different for each i. Then, we have ¢; =0 for all 1 <i<m.

Proof. We prove this lemma by induction. In the case m = 1, on the basis
of the assumption that f; # 0 and f1 € &, it follows that there are infinitely
many « € Co, that satisfy filt=q # 0 or otherwise f; must vanish identically by
the entireness. Indeed, non-zero elements in £ only admit finitely many zeros
in any bounded disc centred on 0 according to [Go96, Prop.2.11]. Therefore,
there are infinitely many « € Co, such that c1]i=q = 0 since ¢1f1 = 0. Then,
because ¢; € k(t) and every non-zero element in k(t) has only finitely many
zeros, we conclude that ¢; vanishes identically and we complete the case of
m = 1. In the case m = N, based on the assumptions, we can choose 1 <j < N
such that there are infinitely many o € Coo with orda(f;) < orda(f;) for all
1<i+ 7 < N. Without loss of generality, we may assume that 7 = N. Since
c1,...,cy are rational functions, they only admit finitely many poles. Thus,
there are infinitely many « € Co such that

(lel + -+ CNfN)(t - a)_ord"‘(fN)
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is defined at t = . By evaluating the above quantity at ¢ = «, we obtain
¢N|t=a = 0 for infinitely many « € Co since

filt - a)_orda(fN) li=a=0

forall 1<i< N and
fn(t- a)_ord"(fN) lt=a# 0.

Hence, ¢y vanishes identically, and the desired result follows immediately from
the induction hypothesis. O

In what follows, we establish a criterion for elements being a torsion element
in certain Ext'-modules.

LEMMA 2.10 (cf. [CPY19, Thm. 2.5.2]). Let S = {s0,...,5m} < I(w) be g-
independent with s = (w), and let Q; € Ds, such that L;1,;(0) # 0 for each
0<i<mand 1< j<r;. Let M, be the Frobenius module defined by ®,.. If
agLyo] + ++ + am-Lm] vanishes at t = 0, then [M.] is an F,[t]-torsion element
in Extiz (1, M?).

Proof. It suffices to show that there exists a non-zero b € F,[¢] such that b[M, ]
represents the trivial class in Ext}g(l, M!). Consider the associated Frobenius
difference equation zbi_l) = ®,1, defined in (2.7) and (2.8). Then, according
to [ABPO4, Thm. 3.1.1], there exists f = (fo, f1,..., fm, fm+1) With fo, frer €
E[t] and f; € Maty.(p,—1)(k[t]) for each 1 < i < m such that fi, = 0 and
£f(9)=(0,...,0,1). We set " := (fé,f’l,...,f’m,l), where
_ _ 1 . _
fo = fol fms1 € k(t) and f7; = = fi € Maty (1) (K (1))
m+

for each 1 <i <m—1. Note that f'¢, = 0; thus, (f' —f’-D®, )¢, = 0. Therefore,
by setting

£ - f,(_l)q)* = (RO;Rla s aé’mao)a
we obtain 3 3
RoQ" + Ry 7/1E’1] to+ Ry 7/)f,m] =0.
Lemma 2.5 yields
ord,,~ (wﬁ]) nord,,~ (1/){31) =g(si)ng(s;) =9
for all N €Zsyp 1 <i+j<m. One can now check directly that
ordg, (97, Uf)™) = {w} Ug(s1) U+ U g(5m)

is a disjoint union for all N € Zo. Then, Lemma 2.9 shows that Ry = 0 and
R; =0 for all 1 <i<m. If we consider

1
]L«171

Hrm—l

fo B fa 1
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where I,, denote by n x n identity matrix, then we have

-1) [ P% (2
’Y (l/* 1)_( 1 /75

where @ and v, are given in (2.9). Now, according to [QPYIQ, Prop. 2.2.1],
there exists a non-zero b € Fy[t] such that bfj € k[t] and bf; € Mat,(y,—1)(k[t])
for all 1 <i <m. If we consider
1
]Irl—l

Hrm—l
bf bff - bfh 1

-1) [ @ _ (P
J (bu* 1)_( 1 J

Consequently, by changing the k[t]-basis of b+ M, with &, we conclude that
b[ M, ] represents the trivial class in Ext’; (1, M), and the desired result follows
immediately. O

then we have

2.4  ANDERSON-THAKUR POLYNOMIALS AND SPECIAL VALUES

Before we move to the main theorem, let us first briefly review Anderson-
Thakur polynomials [AT90]. These polynomials are needed to describe the
applications of Theorem 3.1 to co-adic MZVs, co-adic AMZVs and CMPLs at

algebraic points. Set Fp :=1 and F; := [] (tqi - qu) and define the Anderson-
j=1
Thakur polynomials H,, € A[t] by the following generating function:

-1

> F g > Hy

(1_2 ) 5 A
izoDi |9:t n:OFn+1 |9:t

In [Ch17, Thm. 3.3], H,, is explicitly given for some specific n € Z, as follows:

ExXAMPLE 2.11.
Ho(t) =1,Hpz_g1(t) =T p2_glo=t, Hgs_1(t) = T'ys o=
Let n € Zsg and i € Zsg. We set the power sum to be
1
Si(n)= Y —¢k.
a€A;y

Then, an important identity established in [AT90] is the following;:

, T,.S;
(V" Hyp 1)@ |iop= LnSi(n) (2.11)

ﬁ-n
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Based on (2.11), it has been shown that many special values appear in the
specialization of the deformation series given in (1.7). We collect some results
from [AT90], [POg], [AT09], [C14], [C16], [CPY19], and [H20] to state the
following proposition.

PROPOSITION 2.12. Let s = (s1,...,8,) € Zly and Q = (Q1,...,Q.) e k[t]". We
set

L=Loq= Y (Q7Q)) - (QQ1) ) e k[1].

L1>>£,.20
1. IfQ=(u,...,u;) €eDsn (k)" then
Liﬁ(ulv"'vuT)
o= =

2. IfD = (Hsl—la ‘e 7Hsr—1); then
Ty, Ty Cals)

< |t=0: FS1Htsy
8. IfQ=(nHs -1, ;7 Hs,-1), where y; is a fived (q—1)-th root of ¢; € F,
for e=(e1,...,e) € (F})", then
ey Dy, Ty :
L g Ca(sie)

7':('-51 +ot Sy

REMARK 2.13. For our purpose, the identity of co-adic AMZVs given in Propo-
sition 2.12 is slightly different than the original version given in [120, Thm. 3.4].
To derive Proposition 2.12 (3), we combine (2.11) with the fact that for each
e eIy and fixed (g —1)-th root 7 of ¢, we have A1) = ~. € for all i € Zso. Then,
an argument similar to that of [H20, Thm. 3.4] gives the desired identity.

3 THE MAIN RESULT AND APPLICATIONS

In this section, we first state our main theorem and then present some appli-
cations.
3.1 MAIN THEOREM

In what follows, we describe and prove our main result, a linear independence
criterion for special values that appear in the specialization at t = 6 of the
deformation series given in (1.7).

THEOREM 3.1. For w € Zso, let S = {so,...,5m} c I(w) be g-independent with
so = (w) and let Q; € Dy, such that L;),;(0) # 0 for each 0 < i < m and
1<j<ri. If we set L) = L) dep(s), then the following set

is k-linearly independent.
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Proof. We first note that the k-linear independence of {Zj0)(0), ..., L) (0)} is
equivalent to the k-linear independence of {7 Z0)(0), ..., 7" Zm1(0)}. Also,
we note that each element in {7 .Z7)(0),..., 7" Z,,1(0)} has the MZ (multi-
zeta) property with weight w in the sense of [C14, Def. 3.4.1] (cf. [H20, Sec. 4.2]).
Hence, on the basis of [C14, Prop. 4.3.1], we conclude that the k-linear inde-
pendence of {Z1(0), ..., Z]n1(0)} is equivalent to the k-linear independence
of {92”[0](0), ce ,.Z[m](t?)}.

Thus, to prove the theorem, it suffices to show the k-linearly indepen-
dence of the set {Z0(0),...,Zm)(0)}. Suppose on the contrary that
{Z01(0), ..., Ln1(0)} is a k-linearly dependent set. Then, there exists
ap, . .. ,am € Fq[t] not all zero such that

ao(e).ﬁ,ﬂ[o](e)+~~~+am(9).§,ﬂ[m](9) =0. (3.1)

Now, we consider the Frobenius difference equation associated with the F,[¢]-
linear combinations agZfo) + -+ + @m-Lfm] given in (2.7) and (2.8). Let M,
be the Frobenius module defined by ®,. Then, Lemma 2.10 shows that [M, ]
represents a torsion element in Ext}(l,Mi). Thus, there is a non-zero ele-
ment b € F,[t] such that b[M,] represents the trivial class in Extly (1, M.).
Let {Z0, 211,15 Tmls-- - Tmp, } be a k[t]-basis of M’ such that the
o-action is represented by ®,. Then, we have the following F,[¢]-module iso-
morphism (see [CPY19, Thm. 5.2.1]):

Extly (1, M) 2 M//(o - 1) M

(b M,] = baoQS; V) (t=0) 0 + 3 b0, Q5 (8- 0)* i sy, + (0 = 1) M.
=1

T4

Now, we consider the natural projection map

! i
7 M, > @ C®%mi
m T

GoZo + Z Z GijTij (G1rys- - Gmrm )
i=1j=1

Since mo (60— 1) = (0 —1) om and 7 is surjective, we deduce that

A:E (k)= M /(o -1)M, > & (C®%"i /(0 - 1)C®%"i) = @ C®¥imi (k).

(3.2)
Let v(;) be the point in C®*": (k) corresponding to QZ(-T_:) (t-0)%ri in C®%iri [(0—
1)C®%ri for each 1 < i < m. Note that vp;; # 0 for each 1 <i < m by (2.3).
Then, the trivial class b[M.] is mapped to ([bai]s,,, V[1];-- - [bam]s,.,,. Vim])
in @, C®%7: (k) by A in (3.2). If there is an a; that is non-zero, then vy;) is a
non-zero IF,[t]-torsion element in C®*i": (k) because b # 0, a; # 0 and v # 0,
while [ba;]s,,, v;) = 0. This situation leads to a contradiction since v, is not
a torsion element according to (2.3). Consequently, we must have a; = 0 for
each 1 <4 < m. Thus, by (3.1), ag also vanishes, and we obtain the desired
result. O
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REMARK 3.2. Let r € Z,o. Let s = (s1,...,8,) € ZL, and Q = (Q1,...,Qy) €
k[t]". The difficulty in applying Theorem 3.1 is checking whether Q satisfies
(2.3). Note that checking condition (2.3) is equivalent to showing that the
corresponding point of Q, in C® /(o — 1)C®" = C® (k) is not an F,[t]-
torsion point. In general, it is not easy to determine whether a point is an
F,[t]-torsion in the tensor powers of a Carlitz module. However, in the case
of Q = (Q1,...,Q,) € k[t]", we may use [AT90, Prop. 1.11.2] to study the
k-rational F,[t]-torsion points in the tensor powers of a Carlitz module. A
detailed discussion of this topic is presented in the next subsection.

3.2 SOME APPLICATIONS

As an application, we describe how to associate a partition of {1,...,w-1}
to a k-linearly independent set of weight w special values, including MZVs.
Consider the inverse map of g

g g(I(w)) € J(w) — I(w)

{z1> >z} (W-x1,01 —22,..., Trg — Tpo1, Tpo1)-

A partition P of {1,...,w—1} is a subset of J(w) such that for all P € P and
P’ e P, it satisfies that PnP’' =@ and Upep P = {1,...,w - 1}. A partition P
of {1,...,w—1} is called g-admissible if for each P € P the minimal element of
P is not divisible by ¢ — 1. For example, we can give the following k-linearly
independent set of co-adic MZVs and CMPLs at rational points whose indices
come from the g-admissible partition.

PROPOSITION 3.3. For w € Zsg, let S = {so,...,5m} ¢ I(w) be g-independent
with 5o = (w) and s; = (si1,. .., Sir,). Suppose that r; == dep(s;) and s;, is not
divisible by q-1; then, Q; = (Qi1, ..., Qir,) € k[t]" satisfying (2.2) automatically
satisfies (2.3). In particular, let P = {P1,...,Pn} be a g-admissible partition
of {1,...,w—1}. We set 59 := (w) and s; := g~ *(P;) for 1 <i <m. Then, the
following collection of co-adic MZVs of weight w

{Ca(w),Ca(s1),---,Ca(5m)}

is a k-linearly independent set.

Proof. Since we know that the k-rational torsion elements C®%i (k)0 = {0}
unless ¢ — 1 divides s;,, according to [AT90, Prop. 1.11.2], the assumption s;,,
is not divisible by ¢ — 1 implies that Q; = (Qi1,...,Qir,) € k[t]” such that
9, satisfying (2.2) automatically satisfies (2.3). Thus, we complete the first
assertion.

For the second assertion, we first note that P being g¢-admissible implies
that s;-, is not divisible by ¢ — 1. Additionally, it is clear that S = {s¢ =
(w),51,...,5m} c I(w) forms a g-independent set. Thus, the desired k-linearly
independent result of co-adic MZVs follows directly from Proposition 2.12, The-
orem 3.1, and the first assertion. O
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REMARK 3.4. For w € Zq, let S be the collection of all indices of depth less
than or equal to two and of weight w such that the last entry of each index in
S is not divisible by ¢ — 1. Then, the same argument as that in the proof of
Proposition 3.3 recovers Theorem 1.1.

Next, we present another application of Theorem 3.1. Recall that for r, w € Z,
ee Ol
Z] (resp. Z,,) is the k-vector space (resp. k-vector space) spanned by oco-adic
—1, —1 —
MZVs of weight w and depth 7, and ZL7" = ZL + Z7 (resp. 2, = 2, + Z).
Then, we have the following;:

COROLLARY 3.5. Let w € Zsg and r € Zs1 be given. Then, we have

—1,r w-1- lT_lJ
dimy 247 = dimz 2, > 1+ L |
r—
In particular,
—r w-1- L%llJ
dimy, Z,, = dimg- Z,, > | a |
r—1

Proof. Consider the set
S={neZs|l<n<w-1, nis not divisible by ¢ - 1}.

Clearly, the cardinality of S is

18] =w—1-[ 221,
q-1
Let £ := ||S|/(r—1)]. Then, it is clear that we can find £ many subsets Sy, ..., S,
of S with cardinality r—1 and $;nS; = @ for all i # j. Now, we set 5, := g1 (S;)
for all 1 <4 < ¢. Then, dep(s;) = r and {so := (w),s1,...,5¢} forms a g-
independent set. Thus, Theorem 3.1 together with the second part of Proposi-
tion 2.12 shows that {Ca(w),Ca(51),...,Ca(s¢)} is a k-linearly independent set.

The desired lower bound of dimy, Z,;" and dimg; E}f follows immediately. [

We obtain the following linearly independent set between the same-weight oco-
adic MZVs and the CMPLs at rational points using Proposition 3.3.

EXAMPLE 3.6. Let ¢ =5, w = 6, Py = {1,3,5} and Py = {2,4}. Then, P =
{P1,P2} is a g-admissible partition of {1,...,5}. Let s; = g71(P1) = (1,2,2,1)
and 53 = g7 (P2) = (2,2,2). Let u € k such that Lig(z) converges at z = u and
Lig(u) # 0. Then,

{Li6(u),CA(1,2, 2a 1)3CA(2a 2’2)}

is a k-linearly independent set.

We end our exposition by noting some further studies on the algebraic indepen-
dence of co-adic MZVs by Chang and Yu [CY07] and Mishiba [Milba, Mil7].
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REMARK 3.7. In [CY07], Chang and Yu proved that the following elements are
algebraically independent over k:

7,¢a(n1),Ca(n2),...,Ca(na)

where nq,...,nq are d distinct positive integers such that n; is not divisible
by ¢ — 1 for each i and n;/n; is not an integral power of p for each i # j. In
[Mil5a], Mishiba showed that 7, ((n), {(n,n) with 2n not divisible by ¢—1 are
algebraically independent and in [Mil7], showed that the following 1+d(d+1)/2
elements are algebraically independent over k:

{ﬁ'}U{CA(TLi) | 1 Sigd}U{CA(ni,nHl) | 1 Siéd—l}u---u{CA(nl,...,nd)}

where ni,...,ng satisfy the same condition as that in Chang and Yu’s result.
Moreover, Mishiba proved a refined version of [Mil7]; we refer the reader to
[Mil5D] for details.
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