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1 INTRODUCTION

1.1 OVERVIEW

After the introduction of the eigencurve by R. Coleman and B. Mazur in
[CMO98|, there were many other mathematicians who contributed to its study.
The eigencurve is a rigid analytic curve which parameterises overconvergent
Hecke eigenforms of finite slope and its geometry is very interesting and quite
mysterious. For example we don’t know even in an example if the eigencurve
has finitely or infinitely many irreducible components.

It is a natural question to ask whether one can generalise the notion of the
eigencurve to p-adic automorphic forms on other Shimura variety. In [ATP15],
F. Andreatta, A. Iovita and V. Pilloni construct sheaves of (families of) over-
convergent Siegel modular forms. As an application, they construct an eiegn-
variety £AIP, parametrising overconvergent cuspidal Siegel eigenforms of finite
slope and raise the following question:

QUESTION 1.1.1 ([AIP15, Open Problem 1]). Let W be the weight space. Is
the weight map EMY - W unramified at classical points?

On the other hand, G. Stevens introduced in [Ste94] the overconvergent modu-
lar symbols as a new tool to study the eigencurve, method of study which was
taken over by other authors, for instance, [Bell2], [Bel21], [Kim06] and [Par10].
By using the overconvergent modular symbols, W. Kim constructed a pairing
on the cuspidal eigencurve and applied it to the study of the ramification locus
of the cuspidal eigencurve over the weight space in his Ph.D. thesis [Kim06].
Such a construction and results were rewritten in a more conceptual way by
J. Bellaiche in [Bel21, Chapter VIII].

The idea of overconvergent modular symbols turns out to be a powerful tool
to generalise the results to more general reductive groups by considering the
overconvergent cohomology. One names [AS08], [Urbll] and [Hanl7] for the
generalisation in such a direction. Furthermore, C. Johansson and J. Newton
stepped further to give such a formalism in the language of adic spaces in
[JN19], which consequently allows one to read the information over the p = 0
locus of the weight space.
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PATRING ON THE CUSPIDAL EIGENVARIETY FOR GSpy, 677

The work presented in this paper is motivated by Question 1.1.1 and is highly
inspired by [Bel21, Chapter VIII] and [JN19]. More precisely, we construct
a pairing on the overconvergent cohomology groups for GSp,, and adapt the
formalism in op. cit. to construct the corresponding cuspidal eiegnvariety &£g
by working with the parabolic cohomology. Following the philosophy pre-
sented in [Bel21, Chapter VIII]|, we attempt to use such a pairing to detect the
ramification locus of £y over the weight space W, aiming to provide a (partial)
answer to Question 1.1.1.

The results are summarised in the following theorem.

THEOREM 1.1.2. Fix a g € Zsq, an odd prime number p and an integer N > 3
such that p + N. Let X1+ (C) be the C-points of the Siegel modular vari-
ety parametrising principally polarised abelian varieties of genus g with level
structure given by

I(N)={~ve GSpQg(Z) :y=1, mod N} and

* * “ee *

*
IWESPZQ =17 €GSpy,(Zy) vy = " mod p

We have the following

1. There exists a cuspidal eigenvariety g AN W, parametrising the eigen-
vectors of finite slope parabolic cohomology groups H;,ar(XIW+(C), DI)=<h,
Denote by E the eigenvariety constructed in [JN19] by using the algebraic
group GSpy,, then there is a closed immersion Eg < & of adic spaces
over W and & is the cuspidal part of € (see §3.3).

2. Let Z be the Fredholm hypersurface in §3.3 and let 7T§0 : & > Z be the
structure morphism. Let %;‘;lr be the coherent sheaf associated to (finite-

slope) total parabolic cohomology groups H;ZIT(XIW(C),D,Z)“ on Z.
Then there is a pairing

(ﬂ_éo)x- %tol X(TF;U)* %tOI N ﬁgo (7”68]). %tol X%tol N ﬁz)

par par par par
of coherent sheaves on Ey (resp., Z) (see Corollary 3.3.9).

3. Suppose T € Eg is a good classical point (see Corollary 4.3.5) Then there
erists a function L?,dj on a small enough clean neighbourhood V of x,
determined uniquely by the above pairing up to a unit in the eigenalgebra,
such that '

L;dj(x) =0 if and only if wtis ramified at x

(see Theorem 4.2.8 and Corollary 4.5.5).
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4. Retain the situation as above and assume further that x is a smooth point

1.2

in é’g. Let e(x) be the quantity depending on x and wt defined in Theo-
rem 4.2.9, then .
ordg LY = e(z)

(see Theorem 4.2.9 and Corollary 4.5.5).

SOME REMARKS

The works presented have their connections to some known results. We sum-
marise them in the following remarks:

1. We should remark first that the p-adic subgroup considered in this paper

is slightly different from the other authors. This is due to an issue when
constructing the pairing. However, the underlying distribution spaces
D} (T, R) appearing in the present paper are isomorphic to the ones
considered in [JN19] (in the case of GSp,,). Thus, the strategies of the
known literature can go through after changing the underlying locally
symmetric space. In particular, one can expect the comparisons of eigen-
varieties in the next remark.

. There are comparisons of the cuspidal eigenvariety £y considered in this

paper with the other eigenvarietyies constructed by others. As mentioned
above, & is the cuspidal part of the eigenvariety £ constructed in [JN19]

when considering GSp,,. By [op. cit., Remark 4.1.9], the eigenvariety

M constructed by D. Hansen in [Hanl7] is the open locus of € on

which p # 0. On the other hand, there is a closed immersion mapping
from the eigenvariety €™ constructed by E. Urban in [Urbl11] to gHan
by the introduction of [Hanl7]. Denote by Eg ™ the cuspidal part of
EY™ and let Elo{?éd be the reduced cuspidal eigenvariety of £V then it
coincides with the eigenvariety EF constructed in [ATP15] (see [AIP15,
pp. 627]). In conclusion, the comparisons among these eigenvarieties can
be summarised in the following diagram

AIP Urb closed immersion Han open immersion
g - gO,red I — 50 p#0 SO
reduced cuspidal cuspidal -
cuspidal part part part
8Urb ._closed immersion N gHan .__open i;::;lCrSiOU . £

During the study of the present work, we also encounter the following (natural)
questions that are worth for further studies:

3. The function LY in the GLj case was justified to p-adically interpolate

the adjoint L-values associated to a family of eigen-newforms in [Kim06].
We analogously call L*4 an “adjoint p-adic L-function” in our case, hence
the justification is required . In [GTO05, §12], A. Genestier and J. Tilouine
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established a pairing of the parabolic cohomology groups for GSp, by
using the symplectic pairing on the algebraic representations of GSp,
and the cup product. Such a pairing is related to the cardinality of the
Selmer group for the adjoint Galois representation attached to GSp, by
[op.cit., Théoréme 12.0.1]. Moreover, the cardinality of the Selmer group
is suggested to be related to the adjoint L-value in the discussion after
loc. cit. This suggested that once one can relate our pairing with the
pairing introduced in [op. cit., §12], then the justification of the name
can be done. However, such a relation is unknown to us due to the fact
that the authors of [GT05] work with the Siegel modular variety without
level structure at p (in order to apply the Taylor—-Wiles method) while
the Siegel modular variety with Iwasng—level structure at p is considered
in our case. The comparison between the Petersson norms of a Siegel
modular form of prime-to-p level and of a p-stabililsed Siegel modular
form is conjectured to be involved in solving this problem.

4. A key ingredient to obtain the results in Corollary 4.3.5 is the non-
degeneracy of the pairing. We remark that the author of [Bel2l] can
prove such a non-degeneracy for more general weights in the GLy case
while we can only show this for classical weights. It is difficult to adapt
the proof in op. cit. since it relies on a straight forward computation and
such a computation becomes messier and messier as g grows.

5. Following the strategy in [Bel21], we defined the notion of “good points”.
The author of op. cit. could show that the set of good points is not empty
in the case of GLg by using the Eichler—Shimura isomorphism. However,
we do not know if the set of good points in our situation is nonempty.

OUTLINE OF THE PAPER

The article is organised as follows. In Section 2, we introduce the coefficients
of the cohomology groups in our concern, the analytic distributions. Our mod-
ules of analytic distributions are defined by combining the formalisms in both
[AIS15] and [JN19]. Then, a pairing on the analytic distributions is constructed.
Such a pairing is essential for the pairing on the overconvergent cohomology
groups in Section 3. Additionally, we also construct the cuspidal eigenvariety
in Section 3 after recalling a sufficient amount of terminologies from [JN19]. As
mentioned before, our cuspidal eigenvariety sits inside the whole eigenvariety
constructed in op. cit. by considering the algebraic group GSp,,. In the final
section, we apply the pairing we constructed to detect the ramification locus
of the cuspidal eigenvariety over the weight space by following the strategy of
[Bel21, Chapter VIII] closely.
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NOTATIONS AND CONVENTIONS
Throughout this paper, we fix the following notations and conventions:
o geZs.o (we are in particular interested in the case when g > 1),
e peZ.o an odd prime number,
¢ we fix once and forever an algebraic isomorphism C, ~ C,
e for any matrix a, we write *« for its transpose,

e for any n € Z.g, we denote by 1, the n x n identity matrix and by 1,
the n x n-matrix whose entries are 1 on the anti-diagonal positions and 0
elsewhere, 1i.e.,

1

]]"ﬂ: )
1

e in principle, symbols in Gothic font (e.g., X,2),3) stand for formal
schemes; symbols in calligraphic font (e.g., X', Y, £) stand for adic spaces;
and symbols in script font (e.g., €,.%,&) stand for sheaves (over certain
geometric object).

2 ANALYTIC DISTRIBUTIONS

2.1 ALGEBRAIC AND p-ADIC GROUPS

Let Vz be the finite free Z-module Z*?. By viewing elements in Vz as column
vectors, we equip Vz with the symplectic pairing

; i
():VaxVz -2, (5.0 ”tf’(i )
g
Then, the algebraic group GSp,,, is defined to be the subgroup of the automor-
phisms on Vz that preserves this pairing up to a unit. In particular, for any
ring R,
. _1, 1, .
GSpQQ(R) =4 €GLay(R) : "y i v =¢(7) i for some ¢(y) e R*}.
g g
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C

Equivalently, for any ~ = (1‘1 zb) € GLag, v € GSpy,, if and only if
d

=i

Yo Lg¥e = Ve 1y,
t’Y ing— dig7ba and
Yo Lgva— v Igv, =<(7) 1y for some <(v) € Gy,

In the paper, we shall consider the following algebraic and p-adic subgroups of
GLy and GSp,,:

e We consider the Borel subgroups Bgr, and BGSp2g for GL; and GSpy,
respectively, defined by

BgL, = the Borel subgroup of upper triangular matrices in GL,

Basp,, = the Borel subgroup of upper triangular matrices in GSpy,,.

Remark that one can take the Borel subgroup of upper triangular matrices
in GSp,, because of the choice of the symplectic pairing on Vz.

e The corresponding unipotent radicals are of the form

UgL, := the upper triangular g x g matrices
whose diagonal entries are all 1
Ugsp,, = the upper triangular 2¢g x 2g matrices in GSp,,
whose diagonal entries are all 1.
e The maximal tori for both algebraic groups are considered to be the
maximal algebraic tori of diagonal matrices. Then the Levi decomposition

yields
Bgr, = Uc,TcL, and Basp,, = Uasp,, TGsp,, -

¢ Denote by Ug‘g and Ug%gz the opposite unipotent radical of Ugr, and

Ugsp,, respectively.
e To simplify the notation, we write

Tav,0 = Tcwr,(Zy), UcL,,0 = UaL, (Zy),
TGSp,, .0 = Tasp,, (Zp)  Ucsp,,,0 = Ucsp,, (Zp).

For any s € Z(, we define
(Tev,(Zp) - Tew, (Z /p° Z)),
(UcL,(Zp) = Uc, (Z [p° 7))
(Tasp,, (Zp) > Tasp,, (Z [p° 7)),
U(;sp2y = ker(UGsp2 (Zp) - UGSpQH(Z/p Z))

where the all maps above are reduction maps.

UGL \5 := ker
TGSp2 5 = = ker
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¢ The Iwahori subgroups of GLy(Z;) and GSp,,(Z,) are

Iwgr, = the preimage of Bar, (F,) under the reduction map
GLy(Zp) ~ GLy(F,)
Iwgsp,, = the preimage of Basp, (¥p) under the reduction map
GSng(Z;D) - GSpQg(FP)

Then the Iwahori decomposition gives
_ [7oPP _ r7opp
Iwar, = Ugr, 1Tar, 0UcL, 0 and Iwgsp, = UGSp2971TGSp2g,OUGSpQH,Ov

opp opp :
where UGLms and UGsng,s are defined in the same way as above for any
S € Z>0.

e We shall consider the “strict Iwahori subgroups” of GL,(Z,) and
GSpy,(Zy), defined as

IWéLg := the preimage of Tqr, (F,) under the reduction map
GLg(Zyp) — GLy(Fp)

* .ee
Iwésng =17 € GSpy,(Zy) 1 v = " mod p

*

We caution the readers that the strict Iwahori subgroups IwaLg and
Iwésng are not defined analogously. We abuse the similar symbol to
simplify the notations.

c

Observe that for any (’y“ zb) € Iwgsp, » we have v, € Iwgr,,. More-
d g

over, IwaLg is stable under transpose.

Obviously, we have IwéLy c Iwgr, and IWESPZQ c Iwgsp,,. Thus, the

Iwahori decompositions for IwgL, and IWGSPZQ induce the Iwahori de-
sy + + .

compositions for Iwgy, and IWGszg :

+ _ opp
Iwar, = Ugr, 1 Ter, 0Ucr, 1

+ _ opp +
Wasp,, = Uasp,, 11GSp,,.0Ucsp,, 05

+ _ +
where UGSpgg,O =Iwesp,, NUcsp,, 0-
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2.2 ANALYTIC DISTRIBUTIONS

The analytic functions and distributions that will be considered here are heavily
inspired by the notions in [AIS15] and [JN19]; we indeed combine their ideas
to define the objects that we are interested in. Before everything, we recall the
terminology of Banach—Tate Zy-algebra defined in [JN19]:

DEFINITION 2.2.1. A Z,-algebra R (with the structure morphism Z, -~ R) is a
BANACH-TATE Z,-ALGEBRA if and only if it satisfies the following properties

1. R is a completed normed ring with norm |- |g;

2. there exists a multiplicative pseudouniformiser w € R, i.e., w € R* such
that |ww|g < 1 and |wa| = |w|rla|r for any a € R; and

3. the structure morphism Z, — R is norm-decreasing where we equip Z,
with the usual norm |z| = p~r(®),

Let R be a complete Tate Z,-algebra, i.e., R is a complete topological ring

admitting a multiplicative pseudouniformiser . We assume that R admits a

noetherian ring of definition. Notice that US%ZQ L= ZZ” as a p-adic manifold
"

for some dy € Zo, then we consider the continuous functions and distributions

Cont(Ug%22y71,R) ={f: Ué%%%ﬂ -~ R: f is continuous}
Dist(Ué%‘I’)QQJ, R) := Hom%S(Cont(Ugggzwl, R),R).

On the other hand, define

Ty := {(77”) € IWELQ xMy(pZp) "y Lyv="v1, 7} :

The defining condition of Ty means that there exists ay,aq € My(Z,) such
that

(7 “b) € GSpyy (Q,) N Moy (Z,).

v Oy

. + .
In fact, (7v,v) € Ty can be seen as an element in IWGSp29 via

Y +
To3 (v,v) ~ (U i,y ig) € IWgsp,, -
Moreover, one can view T as a p-adic closed submanifold of IwaLg xMg(pZy).

There are two actions on Ty:

1. The right action of BELWO :=Tar, 0UcL,,1 on Ty is defined by

TOXB-CF;Lgﬂ()_)TOa ((7av)aﬂ)'_)(’7/ﬂ’v/3)
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Indeed, by embedding B, , into Iwgg, —via B+ (ﬁ S a1 ), this
7 29 1,°6 " 1,

action is given by

@) )05 )
v * i,t87'1,) \vB =+

Tw M, (Z )) .
2. The left action of = := GLg PN GS on Ty is de-
(Mg(p Zp) Mg(zp) ng(Qp) 0

fined by

Ex Ty - To, ((3(1 ZZ)?(‘V)U))H(aa7+abvaac7+adv)'

To verify this is indeed a left action, one considers

&g Op Yoy _ [tV %
a. agJ\v *] \acy+agv *]°
In particular, To admits a left action of Iwgg,, as Iwgg,, ©E.

Inside Ty, there is a special subset
Too :={(v,v) € To:yeUgy 1 }-

One can identify Tog with Ué%%%ﬂ via

~ 770 Y
Too—’UG%PI;Zg,la (v,v) ~ (v i,y ]Tg)'
g

Let x:TaL, 0 — R* be a p-adic weight and we assume that one can choose a
norm |-|g on R making R a Banach-Tate Z,-algebra and that |- |g is adapted
to k, i.e., the norm |- | satisfies

e #(TcL,,0) € Ro := the unit ball of R with respect to |- |z and
e |k(T)-1|lg<1forall TeTqrL, 1.

We write r,; := min{r € [1/p,1) : |[s(T) = 1|r < r for all 7 € Tgr,,1}. Finally,
define

Aix(To,R) := {f Ty~ R:

f is continuous }

f(’YIB’Uﬁ):’f(ﬁ)f(’Yv'U) V(’Y’U)ETOa ﬂEBéLg,O

One sees immediately that there is an isomorphism

A (To,R) > Cont(Ué%%ng,R), e flro.-
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REMARK 2.2.2. Our continuous functions A, (To, R) are the same as the con-
tinuous functions “A,” defined in [JN19] in the case of GSp,,, for which we
recall

A { Filw R f is continuous }
K= H GSPzg d H

f(¥yB) =rk(B)f(7) Y(7,B) € Iwasp,, xBasp,, 0

By the restriction to Ug%gz 1» we have an isomorphism A, ~ Cont(Ué%‘l;2 L R)
g’ g’

and hence A, is isomorphic to A,(Ty, R). We chose to work in this way due
to some technicality when defining the pairing in §2.3. We remark that the
continuous functions A, considered in op. cit. has its advantage for considering
analytic functions and distributions for general reductive groups. We should
also point out that we are not considering general weights associated to TGsp,,,0
but weights associated to TgL,,0 via the embedding

Tar,0
TGL,0 <> ( »

¢ 1 % | cTasp,, o
1, TqL, 0 ]19) 29

This explains why we can use Ty to rewrite the continuous functions A, con-
sidered in op. cit.

Evidently, we define
D,.(To, R) := Hom%*(A.(To, R), R).
Then we have a sequence of isomorphisms

RIU,, 11 = Dist(Ugs,, 1. R) = De(To, R),

where the last isomorphism obviously follows from the isomorphism
A (To,R) =~ Con‘u(U((_’;%l;2 1»R). The first isomorphism follows from [JN19,

Proposition 3.1.4] for which one sends each - € US%ZZ | to
.

0~ := the Dirac distribution at ~,

i.e., the evaluation at . The ring structure on Dis‘c(Ué%‘l;2 1, R) is given by
g
the usual convolution product; that is,

proemifo [ [ TO0R) mm (),
1 2

P
GSpag,1 GSpag,1

which yields 6, * 04, = 0y, ~,-

Recall that Ué%iz L= ZZ" as p-adic manifolds, thus we can fix topological
o

. . . d . ;
generators v, ..., vy for Ug%gzwl. For i = (i1,...,id,) € Z3), we write v! :=
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v$=1)1...(v9 —1)%o. Let r € [ry,1), we define the r-norm on R[[USRY
1 do GSpy,,1
by

. d, .
Z a;vt|| = sup{|ai|R PN LLIY (i1, ey idy ) € Zg%}.

. ,do
i€Zg .

Via the above isomorphisms, we defined an r-norm on D, (T, R). Following
[op. cit., §3], we define

D} (To,R) := the completion of D, (Tg, R) with respect to the r-norm
D}(Ty, R) :=lim D,(To, R).

T

REMARK 2.2.3. By [IN19, Lemma 3.2.3], for any r < s, one has a compact
inclusion

Di(To, R) = D(To, R).
Hence one thinks of D} (Tg, R) = n,.D".(Ty, R).

REMARK 2.2.4. Following [JN19], we denote by D°(Ty, R) the unit ball of
D7 (To, R). Moreover, we also consider their dual spaces

A7 (To,R) and AT (To, R),
which can be viewed as subspaces in A,(To, R). We refer the readers to the
end of [op. cit., §3] for more detail discussions.
2.3 A PAIRING ON THE ANALYTIC DISTRIBUTIONS

In this subsection, we establish a pairing on the analytic distributions
D7 (To, R). Our strategy is the same as the strategy in [Bel21, Chapter VIII].
That is, we first build a map from D/.(To, R) to AS"(Ty, R) and then use the
natural pairing between D}, (To, R) and A5 (To, R) to obtain the desired one.

AN ALGEBRAIC MODEL. Our pairing is modelled on an algebraic version
inspired by the one in [Hanl7, pp. 18], which we now explain.

Let k = (k1,...,kq) € Z9, with k1 > - > k,. One can view k as a character on
Ty, via

g

. . -1 -1 ki

k:Tasp,, = Gm, diag(T1, .., Tg, ToTy -, TOT] )HHTZ- .
i=1

One extends k to Basp,, by setting k:(UGSPZQ) ={1}. Consider the irreducible
representation for GSp,,

i hism of schemes
vils —1d:GSp. — Al ¢ is a morphis
GSpyg,k {¢ P2g (v B) = k(B)#(~) for any (v,3) € GSpy, xBasp,,

One can consider the following actions of GSp,, on V?;lgp%, i
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(i) The right action given by
(- =d(v7)-
(ii) The left action given by
(o)) = (v
(iii) The left action given by
(v-o)(¥) = (v ).

Notice that the second action is valid since GSp,, is stable under transpose.
In fact, one deduces easily from the definition that

t . _ _ig -1 ig
'Y—g(’Y)(]“lg Y —ig

for any v € GSp,,. Therefore, the second action is nothing but a twisted action

of the third one. In what follows, we equip V?}lgpz r With the left GSp, -action
g

given by (ii).

Let V?}%;} be its linear dual. We equip VGsp * with a left action induced

by (i). Then7 we have a morphism

alg N ’Hf hst d
GSpy, ke H (’7 ~eGSpa, *y'v) du

where et € V3 is defined by
29

alg . yralg,v
b VGspz sV

k
X o X\ *

ko —k:
X1 X2 3><~~~><det
Xo1 Xoo

hSt (X’Lj)1<z]<29 "’X{Cll —k2 d t( : :
Xgl ng

One sees that @Zlg is GSpy,-equivariant with respect to the left GSp, -actions
on both spaces. Indeed, for any o, " € GSp,, and p € Vgg;’ , we have

i @m ()= [ Aty ey
GSpy,
hst st/t /
= e o d
[KGS% P CCay)y) du
1
= (@@ () ().
Consequently, @Zlg defines a pairing on V?;lgio\;gak by

(oiz) > [ et () () dpa ().
Y1:Y2€GSpyy
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REMARK 2.3.1. Notice that V?}l%’pé « 1s an irreducible representation of GSp,,,
@

thus it admits a pairing induced by the symplectic pairing (-,-) on Vz. This

pairing can be viewed by the following formula

(b o) = [ B (wly, )m) e,

Y1 1’725GSP29

Indeed, for any a € GSp,,, we have

s -1
(apa,pz)y, = f ert (t’Y2 (i 9
g

’Y1~’725GSP29

hst [ t t -1
= e Jla) o
‘[71a726GSp29 b ( 72 ( )
| _ i
s [ dr(et(y, ) dnende)
Y1:Y2 g

= g(a)ZkI ([L17(171 ‘2 )ka

(o4 ’Yl) dpiy (v1)dp2(2)

qu - ]lg) ’)’1) dpa (v1)dp2(72)

where the second equality follows from the definition of GSpy,,.

THE PAIRING ON THE ANALYTIC DISTRIBUTIONS. Let x:Tgr, 0 > R* be a p-
adic weight and we keep the assumption on the fixed norm on the Banach—Tate
Z,-algebra R as before. Notice that we can write

w:Tar,0 —~ R, diag(Ti,..,7g) = k1(T1) X x Kg(Ty)
for some p-adic weight &; : Z; - R*.

hst
K

pi(Xi1)  Ra(det(Xij)icije2)
ko(X11)  ks(det(Xij)1<i j<2)

Define the function e;** on IWE’;LQ by

ep™t s (Xij)1<ij<g

x - x Kg(det(Xij)1<i,j<g)-

One sees that es* € A, (Tg, R) via

et (7, v) = e (7).
LEMMA 2.3.2. Forr e [r,,1), elst e A<(Ty, R)

Proof. Note that e"t(~,v) =1 for any (v,v) € Tgo. The assertion then follows
from the explicit description of A" (To, R) in [JN19, §3.2 & 3.3]. O

Therefore, we can define

@, : D" (To, R) - A" (Ty, R),
I as) hst [ (tar t,,/ llg Y
w= ((7 v ) /(‘-y,'u)eT(]() O (( K Y ) ( p71 ]lg) (U)) du)
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Notice that

1
hst [ (tr t,. g Y _ hst/t s t 7
e ((7 v)( p_llg)(v))—eﬁ (*y'y+ " v [p)

is valid since (*y'v+%v'v [p) € Iwgy, (this is because Iw¢y,  is stable under
transpose and both v and v’ are divisible by p).

Consequently, we have the pairing
['7']; : D;(TOaR) X DZ(T(%R) - R

given by the formula

[m,uz]ii:f eﬁ“((t“/z tvz)(ﬂg p_llg)(71)) dpr (1, 01)dpiz (Y2, v2).-

T;Z)l) vl
a, « _ .
PROPOSITION 2.3.3. For any « = ( “ b) € E, write
O Oy
L _ ‘o, o /p =
a” =| . N €E.
pro (6%}

Then, for any p1, u2 € D). (To, R), we have

o

[acpn,pz ]l = [pn, e ua ]S

Proof. The assertion follows from the computation
(tvp *0s) 1, a, o7
2 2 p i, \a. aq)\v;
1
_(t toy Qg PO g Y1
( Y2 2) (ac/p ay P 1 ]]-g v

(o ) E ) ()

REMARK 2.3.4. When comparing with our algebraic model, one notices that
the definition of the pairing [-,-]] involves a “normalisation” by p~'. Such
a normalisation is due to our model for g = 1. More precisely, when g = 1,
elements in Ty can be written as (1,pc)a for some a € Z; and c € Z,. Then,

for any p1,pe € DT(To, R), we have

O

[u1,,u2]:=fT2 k(1+peica) dpa(1,e1)dpa(1,c),

00
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which then coincides with the interpretation in Hansen’s unpublished notes
[Hanl2]. In particular, by applying [Bel21, Definition VIII.2.4], we have the
formula

Linpn 1, = ip (5) i (€4 pea( ),

which is (almost) the same formula given by [op. cit., (VIIL.2.4)]. Here, for
J =12, we view ¢} as a function on Ty via

cé- : T 3 (a,pc) ~ k(a)(c/a).

REMARK 2.3.5. Following Remark 2.3.1, for any dominant k € Z7,, we may
consider the pairing [ -,-]; to be the twist of (-,-), by an Atkin—Lehner operator.

More precisely, let
1%
. -p 1
v (]lg ) ,

° 1
[, 2] = sz 625”((”72 tvz)( g ]lg) (Zi)) dp (71, v1)dpz (72, v2)
i -1
= [r2 BZSt ((t"YQ t'Ug) (—p71 ig g) (ig g) (Zi)) d/»Ll (7171}1)dﬂ2(727v2)

then

00

A i I

00

In particular, this viewpoint coincides with the perspectives in [Kim06, Bel21,
Han12] when g = 1.

3 THE OVERCONVERGENT COHOMOLOGY AND THE EIGENVARIETY

3.1 A PAIRING ON COHOMOLOGY GROUPS

Let N € Z.3 such that p + N and we fix an N-th primitive root of unity {x (and
so we fixed an isomorphism uy ~ Z /N Z). Equip on (Z /N Z)?9 a symplectic
pairing induced by the pairing on Vz in the previous section. Let SCHz [¢]
be the category of locally noetherian schemes over Z,[(n], then the moduli
problem

SCHZp[CN] — SETS,

Ays is a principally polarised abelian scheme over S
S~ (A5, \,an): A:A— AV is the principal polarisation /=~
an : A[N] 5 (Z /N Z)? is a symplectic isomorphism

is representable by a scheme Xz [¢.], where the symplectic isomorphism ay
is taken with respect to the Weil pairing on A[N] and the pairing induced by
(+,-) on (Z/NZ)?9. We let

X = XCP = XZPKN] sz[cN] Spec Cp.
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Let ¢, be a primitive p-th root of unity. We also consider the
scheme XIW*yQp[Cp,CN]’ paramatrising the isomorphism classes of tuples
(A, N\, an,Fils A[p],{C; :i=1,...,9}), where

b (Aa Av O[N) ¢ XQp[cp,CN] = XZP[QV] XZ,[¢n] Spec Qp[cpa CN]}

e Fil, A[p] is a full flag of A[p] such that
(Fils A[p])* = Filsg—s A[p]
with respect to the Weil pairing, and

e {C;:i=1,...,g} is a collection of subgroups of A[p] of order p such that
FllZA[p] = (Cl, 7Cz> for i = 1, s g.

Again, we write Xiy+ = XIWﬁQp[Cp,CN] XQ, [¢prCn] Spec C,,. Obviously, we have
a natural forgetful map

Twt : Xt = X, (A, N an,Fils A[p],{C;:i=1,...,9}) » (A, N\, an).

Via the fixed (algebraic) isomorphism C, ~ C, we consider the locally sym-
metric space Xp+(C) in the rest of this article, which admits an alternative
description

Xy (C) = GSpa (Q)\ GSpa (A ) x H, Tovdssy, TNV,
where
e Ay is the ring of finite adéles of Q,

o M, is the disjoint union of the Siegel upper- and lower-half spaces of genus
9,

e I'(N):={vye GSpQg(Z) :y =1y, mod N}.

Fix a p-adic weight « : T, 0 — R* satisfying the assumptions on the Banach—
Tate Z,-algebra norm || on R together with a fixed multiplicative pseudouni-
formiser @ € R. Recall the analytic distributions D, (Ty, R) that we introduced
in the previous section. From now on, we simplify the notation by writing

Dy = Di(To, R).

Since Dj, admits a left Iwgg, -action, we can follow the strategy in [Hanl7]
g
to compute the Betti cohomology groups H'(X1y+(C), D"). That is, we con-
sider the so-called Borel-Serre cochain complex C*(Iw¢sg,, , Dy;), constructed
g

—BS
by fixing a triangulation on the Borel-Serre compactification X ?W(C) of the
locally symmetric space X1+ (C) (see [BS73]). The Borel-Serre cochain com-
plex admits the following nice properties (see also [Hanl7, §2.1]):
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1. There is a homotopy between the singular cochain complex and the Borel—-
Serre cochain complex and hence the reason why one can compute the
cohomology groups by considering the Borel-Serre cochain complex.

2. The total space C°} := @,C*(Iwgg, , D) is a potentially ON-able Ba-
, 29
nach module over R since C*(Iw¢g, ,D}) is a finite cochain complex
29

and DJ,(Ty, R) is potentially ON-able with an explicit potential ON-basis
described in [JN19, §3.2].

—BS
The fixed triangulation on X ?W+ (C) provides also a triangulation on the bound-
—_BS —BS
ary GX?W(C) = X?W+(C) \ X1+ (C) and hence defines a cochain complex
C’é(lwz’;sp2 , D7) that computes the cohomology groups at the boundary. The

natural closed embedding 8??‘3(0) - Y?j(C) then induces a morphism of

cochain complexes
71 O (Iwdisp,, D) = C3(Iwlisy, , D).

Following [BS18, §3.1.3], we define CZ(IWE’;SPQH,DZ) := Cone(7) the mapping
cone of m, i.e.,

Cone(r)" = Ct(Iwaszg,DZ) ® Cg_l(lwésng,DZ) with
d’,: Cone(m)" - Cone(m)™ | (0,09) = (=d'o,-n'c + d5 ' 05),

where d and dp are differentials on C’(IWESPZQ,D;) and C’(IWESPQH,D;) re-
spectively. The strategy of the proof of [BS18, Proposition 3.5] applies here and
one sees that C? (IWE’;SPZQ , D) computes the compactly supported cohomology

groups H!(X1y+(C), D~). Moreover, the natural morphism
Ce(Iwesp, » D) = C*(Iwgsy, » Dy)
induces a morphism on the cohomology groups
H(X1y+(C),D}) » H'(X1w+(C), Dy).
For each t, we let

H,.(X1w+(C), D}) := image (H.(X1w+(C), D) » H'(X1y+(C), D})) ,

par
and call them the parabolic cohomology groups.

PROPOSITION 3.1.1. Let ng = g(g+1)/2 be the C-dimension of X1+ (C). Then,
we have a well-defined pairing
['a ’ ]n : I{I);ar()(lw+ (C)a DZ) X 1;12710715()(IW+ (C)a DZ) - R

par

for any 0 <t < 2nyg.
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Proof. Recall the pairing [-,-]] defined in §2.3. Together with the cup product
on cohomology groups, one obtains a pairing [ -, ]: defined as the composition

H! ( X1+ (C), D) x H*07 (X 1+ (C), D7) —— H2"(X1y+(C), D" ®rD")

Jeen

]LICQH0 (XIW+(C)7 R)

where “~” denotes the cup product.

The compatibility of cup products (see, for example, [Mun84, Chapter 5, §48,
Exercise 2|) yields the commutative diagram

H (X1 (C), D) x H*"0 ™ ( X1+ (C), DY) = HZ" (X1 (C), D ®rDy,)

I H

(XIW ( )7 ) Hgno_t(XIw+(C)7D2) — HznO(XIVW(C)aDZ@RDZ) ’

H'(X1w+(C), Dy) x H2" ™ (X1 (C), DY) = HZ" (X1w+(C), D8R Dy)

In particular, if [u1] € HY, (X1w+(C),D") and [u2] € H20 (X1+(C), D7)

par par
Wlth [Mll] € Hé(XIW*'(C) ;) and [/,[/,2] € Hgno—t(XIW (C) Dz) Such that
(4] = [pi] for i = 1,2, then

[pa] ~ (5] = (1]~ [pa] = (1] ~ [p2].

Hence we define

([l 2] ], = 0] [p2] 15 = [l ), b1 15 -

We see that [-,-], is well-defined, i.e., independent of the choice of the lifting,
due to the commutativity of the above diagram. o

3.2 HECKE OPERATORS

HECKE OPERATORS OUTSIDE pN. Let g be a prime number not dividing pN.
We consider the set of double cosets

Tq = {[Gsp2g(zq) o GSpQg(Zq)] 10 GSpQg(Qq) n MQQ(ZQ)}‘
For any fixed d, we have the coset decomposition

GSp2g(Zq) 1 GSPQg(Zq) =Uu;0; GSp2g(Zp)
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for finitely many &; € GSp,,(Q,) N May4(Z,). By letting d;’s act trivially on
Dy, we have a left action of the double coset [GSpy,(Zy)d GSpy,(Zy)] on
C*(Iwsy,, - D2) by

[GSPay (Z4) 8 CGSpay(Z,)] -0 = 260
J
for any o € C'(IWESPZQ,DQ). Then the Hecke algebra at ¢ (over Z,) is defined
to be Ty =Tqz, = Zp[Yq].

HECKE OPERATORS AT N. We ignore the Hecke actions at N, i.e., for ¢|N,
we only consider the trivial action and hence the Hecke algebra at ¢ is Ty =
Tg,zp = Zp.

HECKE OPERATOR AT p. Let

1
up.0 ::( 9 p]lg)

1,-

g—1

1; .
u,,; = p ol € TGsp,, (Q,) N Mag(Zy) for 1<i<g-1

p2 ]]-gfi
g-1
up = H Up,i
i=0
and consider the set of double cosets
Ty = {(IWGsp,, Up,iIWasp, 1:9=0,...,g-1}.

: . + + _179-1 + +
We immediately see that [IWGszg u, IWGszg] =117, [IWGszg up IWGszg]' A
direct computation shows that the coset decomposition of Iwgg,,, Wpi IW(s,
can be given by
+ + _ S, . +
IWGspQQ Up,i IWGspQQ =U; 8, IWGspQQ

for some 4; ; € GSpy,(Q,,) N May(Zy); in particular, &; ; = A; ju,; for some
Ai j € IWESp .
; 20

For any (v,v) € Ty, write (v,v) = (7, v0) 3 for some 3 € BaLg,o such that
Yo € Ug‘g 1- Then, the left action of u,; on Ty is defined by the formula

,—1 -1
wi(7,v) = (0l youy; ul vouli ) B,

where we write
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Consequently, this defines a left action of u,; on Dj,. On the other hand, the
right multiplication of §; ; on GSp, (A ) gives a left action on the homomor-

—BS
phisms between the free abelian group of simplical complexes on X, (C). The

two actions then combine to an action on C’(IWESPQQ,DZ) and hence defines

the action of [IWESpZQ u, IWESpgg] on C'(Iwésng,DZ) by
[Iwasng Uy Iwasng] 0 = Z 61'7]' g = Z )\i,j . (upﬁi 'O')
J j

for any o « C’(IWESPZQ,D;). We shall denote by Up; and U, the op-
erators on C'(IWESPZQ,DZ) corresponding to the classes of double cosets

[(IWsp,, Upi IWGgy, 1 and [Iwgg,, upIwgg,, ] The Hecke algebra at p is
then defined to be T), = Tz, = Z,[T,].

DEFINITION 3.2.1. We define

T? := ®g+p Tg = THE HECKE ALGEBRA OUTSIDE p
T :=T? ®z, Ty = THE TOTAL HECKE ALGEBRA.

LeEMMA 3.2.2. The parabolic cohomology groups Hp, (X1w+(C),D}) are T-
stable.

Proof. Due to the nature of the Borel-Serre compactification, Cé(IWGSpgy ,Dr)
admits Hecke actions as the ones defined above. Hence

m: C.(IWEszg s D;) - Cé.)(IWE}szg ) DZ)
is a Hecke equivariant morphism of cochain complexes and hence
Ce(Iwasps,, D) =~ C*(Iwaspy, » D)

is also Hecke equivariant and induces a Hecke equivariant map on cohomology
groups
Hz(XIW+(C)a DZ) - Ht(XIw+(C)a D;)

This then shows the desired result. O

3.3 THE CUSPIDAL EIGENVARIETY

In this subsection, we extract out the cuspidal part of the eigenvarieties con-
structed in [JN19]. Although this is an easy consequence of op. cit. for experts,
we write down the construction after recalling sufficiently amount of materials.

LEMMA 3.3.1. The functor assigning each sheafy complete affinoid (Z,,Z,)-
algebra (R, R") to the set Homeis(TqL, 0, R*) is represented by the affinoid
algebra (Z,[[Tar, 0ll, Zp[Tcr, 0]])-
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Proof. For any sheafy complete affinoid (Z,,Z,)-algebra (R, R"), we have a
bijection

Homeis(Tar, 0, R*) = Homy*(Z,[Tor, 0]], R)-
The bijection is obtained by extending the characters on the left-hand-side Z,-

linearly. Note that any continuous character Tgr,,0 - R automatically lands
in (A*)* as discussed in [JN19, Definition 4.1]. O

DEFINITION 3.3.2. The WEIGHT SPACE in our concern is then defined to be
W= Spa(Zy([To, o], Zp[[ Tar, 0 ID™,

where the superscript “e®™” means that we are taking the analytic locus of the
corresponding adic space.

For any open affinoid U ¢ W, we will always write the corresponding affinoid
algebra to be (Ry, R};) and the universal weight on U to be xy : Tar,,0 = Ry
In the following, we will always assume that the universal weight x;; and Ry
admit the previous assumptions that we made for p-adic weights. That is, we
assume that one can choose a norm |-|r, on Ry so that Ry is a Banach-Tate
Z,-algebra and that |- |r,, is adapted to ky.

Let Alz’:d = Spa(Z,[T],Z,), we write A, = L{xspa(zmzp)AlZ’:d for any open
affinoid U ¢ W. We have the following explicit description

A}, = Uy, Spa (Ry (w™T), Rf (w™T)),

where w is a fixed pseudouniformiser of Ry;. Moreover, the global functions on
Ai, is the ring

Ry{{T}} = {Z anT™ € Ry[[T : |an|gM™ - 0 for all M e RZO} .

n=0

Fix an open affinoid U c W, recall that the total Borel-Serre cochain complex
C,gjr is a potentially ON-able Banach R;;-module. Moreover, U, acts on C;Zl,r
compactly by [JN19, Corollary 3.3.10], hence we can consider the Fredholm
determinant

Fl (T):=det(1-TU,|CL! ) e Ry {{T}}.

Ky ,T
According to [op.cit., Proposition 4.1.2 & Proposition 4.1.4], the Fredholm
determinant doesn’t depend on r € [rg,1) and the chosen norm on Ry,
thus we write Fy,. By [op. cit., Corollary 4.1.5], the Fredholm determi-
nants (F,, )u, where U ranges over all open affinoid & ¢ W, glue together
to Fyy € Ow(W){{T'}} and hence we define the FREDHOLM HYPERSURFACE
(or the SPECTRAL VARIETY)

Z := the zero locus of Fyy in A%/v

and denote by wtz : Z - W the structure morphism.
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DEFINITION 3.3.3. Let h =" € Qo and define
Bup = {z € Ay [T, < @™, }-

We also define Zy to be the zero locus of Fi,, in Ab. Then, we say the pair
(U, h) is a SLOPE DATUM if and only if

Zun=ZyunByn->U
1s finite of constant degree.

PROPOSITION 3.3.4 ([JN19, Theorem 2.3.2]). Keep the above notations. We
have the following

1. The pair (U, h) is a slope data if and only if F.,, admits a factorisation
Fy.,, =QS, where

o (Q is a polynomial whose leading coefficient is a unit in R, and its
corresponding Newton polygon has slope < h (see [JN19, Definition

2.2.4]),
e S=1+Y,.0a,T" € R, {{T'}} and
e the ideal generated by Q and S in Ry, {{T}} it the unit ideal.

2. The collection Covga(Z) = {Zyn : (U,h) is a slope datum} is an open
cover for Z.

REMARK 3.3.5. Recall that the cochain complex C;(IWESPZQ,DZ) computes

the compactly supported cohomology groups. By definition, the total complex
ctol = & C(Iwgsp, D) is a finite number of copies of Dj(To, R) as an

C,K,T
R-module. Therefore, it is a potentially ON-able module and the above also
applies to C*! In particular, we have a Fredholm hypersurface Z° when

C,R,T*

considering the compactly supported cohomology groups and for any slope
”» 1 1,<h 1,>h
datum (U, h) for Z°, we have a slope decomposition C¢5; . = Ctu = @ CLo:>".

Let (U,h) be a slope datum for Z and let C12! = @tCt(IWéSPQH,DLM). As the
above discussions hold for all r € [r,,1), the results also apply to Cfi‘;l In par-
ticular, when considering the Up-operator acting on C,i‘;l, we have the factori-
sation of the corresponding Fredholm determinant F),,, and the decomposition
Clol = gielbsh @ Ctel>h | Define H(X1y+(C), D}, )<" to be the t-th cohomology
group of the cochain complex Cfo<" and let H"<" = @, H'(X1,,+(C), D}, )*".
From the construction of the eigenvarieties in [JN19], we know that the assign-
ment
COVSd(Z) Bl ZZ/{,h = H;Zl’Sh

is a coherent sheaf on Z.
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We use the similar notation when considering the cohomology groups with
compact supports. If (U, h) is a slope datum for both Z and Z°, we have

tol,<h tol,<h
CC,HM - Cﬁu

due to the definition of the slope < h-decomposition and the Hecke-equivariance

of the map Cgf’,iu - C;‘;l Hence we have a Hecke-equivariant map

tol,<h tol,<h
chﬁu - HHU

which preserves the degrees. We then define

tol,<h ._ - tol,<h tol,<h
Hpar,m,{ T lmage(Hc,nM - H/{M )

as well as the analogous notation for each degree.

PROPOSITION 3.3.6. The assignment

COVSd(Z) Bl ZZ/{,h = HtOl’Sh

par,ky

defines a coherent sheaf on Z, denoted by S

par*
Proof. We need to show that for any slope data (U, h) and (V,h) for Z with

V c U being a rational open subset, we have H\:S! ®g, Ry = Hiobs! . This

is the same to show the existence of the commutative diagram

tol,<h tol,<h
Htoss Ry, Ry —— HK(Z{'S Ry, Ry

C,Ky

| |

tol,<h tol,<h
Hbsh ol

C,Ry
whose vertical arrows are isomorphisms.

Observe that

DY, (To, Ru)®r, Ry = Ru[[Ué%lg,l]]A’T ®ry Ry ~ Ry [[Ug;%izg«ﬂ]A’T ~ D} (To, Ry),

where the superscript “e™” means taking the completion with respect to the

family of norms (||-||,),. Since both C°h<" and CE°%L" are of finite presentation

over Ry, taking cohomology commutes with flat base change, so
H'(X14+(C),DL,)*" ®R, Ry ~ H'(X14+(C), D}, (To, Ru)&R, Ry)<"
~ Ft <h
= PIC()(IWJr (0)7 DLV)<
H!(X14+(C), DL, )*" ®r, Rv = H{(X1y+(C), D}, (To, Ru)&r, Rv)<"
, <h
= HT(XIW*'(C)vDLV) ’

where the first isomorphisms for both rows follow from that we are considering
the finite slope parts. O
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For any slope datum (U,h), the action of T on H'L<" yields a morphism

par,ky
of commutative algebras T — Endy,, (u)(H;‘,;l;iZ whose image is denoted by
Tu,h

tol,<h
par» H

par.ng, 18 finitely generated. Since

which is a finite algebra over Ry, since

1. .
%;Zr is a coherent sheaf, the assignment

Tpar : Covga(Z) 3 Zyp T?é]rl
is a coherent sheaf of & z-algebras. Then the cuspidal eigenvariety & is defined
to be

Eo= SpaZ(yparv y;ar)a

where the sheaf of integral elements .7, is determined by [JN19, Lemma A.3].
We name the structure morphisms

o — T2 sz = Ly
0\/_/ .

We further let Z,,, := image 71'2“ to be the Fredholm hypersurface corresponding
to 80.

REMARK 3.3.7. By applying the eigenvariety construction in [JN19] directly
to GSp,,, one obtains the eigenvariety £, parametrising the Hecke eigenvectors
of finite slope cohomology groups H*®( X+ (C), DI)=". Recall that we have a
Hecke-equivariant diagram

H{(X1w+(C),Df) — H'(X1y+(C), D) —— Hj(X1w(C), DY)

J

H (X1 (C), D)

for each t such that
H!, (X1 (C), D)) = image (H!(X1y+ (C), D},) » H'(X1y+(C), DL)) = kerm,

where the last equation is given by the exactness of the long exact sequence of
cohomology groups. Let T" be the image of T in Endﬁw(u)(HfiZl’Sh), then

there is a surjection Th o ']TZ;A}: given by the restriction. Hence, one sees that
there is a closed immersion £g — £ of adic spaces over W and one views &g as

113 3 97 : .
the “cuspidal part” of £ since 7T|Héar(X1w+(C)7Dl) is the zero map.

REMARK 3.3.8. As pointed out in [JN19, Remark 4.1.9], the eigenvariety con-
structed in [Hanl7] is the open locus of p #0 inside £. Consequently, the
cuspidal part of the eigenvariety in op. cit. is the open locus of p # 0 inside our
cuspidal eigenvariety £.
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COROLLARY 3.3.9. The pairing in Proposition 3.1.1 induce pairings
[ ] t}ftol %tol N ﬁZ G/nd [’] :ﬂ_go, %tol go, %tol N ﬁgo

par par par par

of coherent sheaves on Z and Egy respectively. Moreover, the first pairing is
T-equivariant.

Proof. First of all, we claim that the pairing [-,-]} is u, ;-equivariant for any
i=0,1,...,9-1 and for any p-adic weight : Tgr, 0 > R. Take any p1, 2 € D
we have

[upz o1y 2 ]
hSt( ( 9 Pl ]lg) (Zi)) duay, ;-1 (1, v1)dp2 (Y2, v2)

2 Py vy + o2 1 fp)  dupepa(yy,v1)dpz (s, v2)

\H\

T()[)

t(t’YQ(u Z’Ylupz )+ UQ(upzvlupz )/p) dul(’Yla'Ul)dpQ(VQaUQ)

()l)

a\a\

t((t72upz’yl+ U2upzv1/p) D 1) dﬂ1(71,U2)dﬂ2(727U2)

1 1
T o (u p.i "2 up iM +u21 vy u;,ivl /p) dpa (v1,v1)dpa (2, v2)
00

\

A hSt(t(upz’VZUPZ )71+ (upz’u2up1 )Ul/p) dﬂ1(71avl)dl~t2(72vv2)

00
= [, Up,; "2 ]m

where the antepenultimate equation follows from the nature of determinants
(which was used in the definition of els*).

This claim then implies that we have a U, ;-equivariant pairing

[ .- ]Nu Htol Htol N RZ/{-

par,Ky par,ky

Thus, by gluing, one obtains the first desired pairing. It is furthermore T?-
equivariant since the Hecke operators outside p acts on the ananlytic distribu-
tions trivially. The second one follows immediately. O

4 THE RAMIFICATION LOCUS OF THE CUSPIDAL EIGENVARIETY

In this section, we apply our pairing to the study of the ramification locus of the
cuspidal eigenvariety for GSp,,. We will first set up a formalism by following
the strategy in [Bel21]. Then, the main results of this paper are proven in
Theorem 4.2.8, Theorem 4.2.9 and Corollary 4.3.5.

4.1 SOME COMMUTATIVE ALGEBRA

In this subsection, we recollect some ingredients of commutative algebra
from [Bel21].
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Let A be a noetherian domain and B be a finite flat A-algebra. Consider
mult: B4 B> B, beob —bb
and write mult = ker(mult). Let
(B®a B)[mult]:={zx e B®s B:y-x=0Vyemult},
then the NOETHER’S DIFFERENT of B over A is defined to be the ideal
A(BJA) = image ((B ® 4 B)[mult] 2 B)

in B.

THEOREM 4.1.1 (Auslander—Buchsbaum). A prime ideal B of B is ramified
over A if and only if 9(B/A) cB. Equivalently, Spec B/0(B/A) is the ramifi-
cation locus of Spec B over Spec A.

Proof. See [AB59, Theorem 2.7]. O

Suppose M, N are two B-modules which are finite flat over A and assume we
are in the following situation:

e There exists an A-linear pairing
B:MxN-—>A
such that § is B-equivariant.
e We have isomorphisms M ~ N ~ BY := Homy4 (B, A) of B-modules.

LEMMA 4.1.2 ([Bel21, Proposition VIIL.1.11]). Denote by Bp the base change
of BtoB on M®4BxN®yB. Let

(M®aB)mult]={x e M®4 B:y-z=0Vyemult}
(N@a B)mult] ={zx e N®4s B:y-x =0 Vyemult}.

Then the ideal
£Lp :=image (Bp : (M ®4 B)[mult] x (N ® 4 B)[mult] > B)
s a principal ideal in B.

Proof. We claim first that for any B-module M which is finite flat over A,
we have an isomorphism MY ®4 B[mult] ~ Hompg(M, B), where MY =
Hom 4 (M, A). Notice that M"Y also admits a B-module structure by by : m —
w(bm) for all be B, ¢ € MY and m € M. We have a natural isomorphism

MY ®4 B=Homa(M,A)®4 B—Homa(M,B), %&b (mw~1(m)b).
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Since mult =Y, 5(b®1-1®b)B®4 B, thus

pebe M’ ®4 Blmult] < (V®1-100")p®b=0Vb' B
S HYeb=1ebb Vb ¢ B
< P(b'm)b=1p(m)bb’ Vb’ € Byme M
< (m+~(m)b) e Homp (M, B).

Apply the claim in our situation, we have isomorphisms of B-modules
(M ®4 B)[mult] ~ (BY ®4 B)[mult] ~ Homp(B,B) ~ B

and same for (N ®4 B)[mult]. Hence, let M and @ be generators of
(M ®4 B)[mult] and (N ®4 B)[mult] respectively as B-modules. Then
25 = By (7, 7)B. 0

PRrOPOSITION 4.1.3 ([Bel21, Corollary VIII.1.13]). Suppose B is Gorenstein
over A, i.e., BY is flat of constant rank 1 over B, and M, N are B-modules
which are finite flat over A and flat of rank 1 over B. Assume there is an
A-linear pairing 8 : M x N - A which is B-equivariant. We retain the notation
B and £ as in Lemma 4.1.2. Then

1. Both ideals 9(B/A) and £5 are locally principal. Moreover, there exists
bo € B such that £3 =byd3(B/A).

2. We have £ =0(B/A) if and only if B is non-degenerate.

Proof. We are in a special case of Lemma 4.1.2 that we can identify (locally)
M ~ N ~ BY ~ B and hence we know £3 is principal. Moreover, the identifica-
tion B®4 B[mult] ~ Homp (B, B) ~ B implies that 9(B/A) is also principal.
Observe that we can identify 5 : MxN — A as a linear morphism BY® 4 BY — A.
Hence by duality, we identify 8 with an element b € B®4 B. We claim that
£ =mult(b)B. As we are working locally, we assume b1, ..., b,, is a basis of B
over A, then by,...,by is a basis of BY over A. Observe that b” := Y, b ® b;
is a generator of BY ® 4 B[mult] ~ Homp(B, B) as it maps to the identity in
Homp (B, B). Hence by definition

Lp= ﬂB(bD,bD)B = (Zﬂ(bz/,b}/)bibj)B.
7

On the other hand, by the above construction, we see that b = 3, ; 8(b], b )b; ®
b; with mult(b) = ¥, ; (b, 0¥ )bib;.

177]

Let 7 = ¥, b; ® b;, then it is a generator of B ® 4 B[mult] ~ B. Thus, there
exists bg € B such that bgb® = b. We conclude that

£5 = mult(b) B = mult(bob®) B = bo mult (5°) B = by 0(B/A).
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Finally, we have

£5=0(BJ/A) < by € B*
bpe B* i=j
c»ﬂ(bz,b;):{oo i

< [3 is non-degenerate.

4.2 THE RAMIFICATION LOCUS OF THE CUSPIDAL EIGENVARIETY

Recall the weight map wt : £g > W and wé" : &9 » Z. For each slope datum
U, h), let Eg’h = (Wg,o)_l(Zu,h). We adapt the definitions of “clean neigh-
bourhoods” and “good points” in [Bel21] in our situation:

DEFINITION 4.2.1. 1. Let x € £y and V = Spa(Ry, Ry,) be an open affinoid
neighbourhood of x. We say V is a CLEAN NEIGHBOURHOOD of z if it
satisfies the following properties:

e wt(V) =Y =Spa(Ry, R},) c W is an open affinoid subset of W and
there exists a slope datum (U,h) for Z such that V is the connected
component of T in Eg’h;

o x is the only point of V sitting above wt(z);

o the map wt:V — Y is flat and is moreover étale except perhaps at x.

In this case, there exists an idempotent n = ny € T such that V is

par
defined by the equationn =1 and the module an,glriZ 1s a direct summand
of HIZAS .

2. A point x € & is said to be a GOOD POINT if it admits a sufficiently small
clean neighbourhood V with wt(V) = Y such that the modules my H'0y5),
and (UVH;ZL’,SK}L Y are free of rank one over Ry, where the dual is taken

to be an Ry-dual.
REMARK 4.2.2. We remark the following:

1. In the GLs case, the eigencurve is finite flat over the weight space ([Bel21,
§VI.1.4]) and so the author of op. cit. can consequently deduce that the
collection of clean neighbourhoods of points on the eigencurve gives a
open cover of the eigencurve. In our case, the Fredholm hypersurface Z
is finite flat over W by [AIP18, Theorem B.1]. However, we don’t know
if £y is flat over Z. Therefore, instead of considering £j, we consider
53 c &g the flat locus over W, which is open over W, and let Covcl(Eg)
be the open cover of clean neighbourhoods.

2. In the definition of good points, we see immediately that Ry is Gorenstein
over Ry .
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Following [Bel21, §VIII. 4], we study the adjoint L-ideal and define the p-adic
adjoint L-function here. Let z € 53 and V be a clean neighbourhood of = with
weight wt()V) = ). There is a natural multiplication map

mult : Rv®Rva - Ry, beb —bb.
Let mult := ker mult and define
M®pg, Ry[mult] := {m e M®g,, Ry : mult-m =0}
for any Banach Ry-module M.

DEFINITION 4.2.3. Keep the above notation. The ADJOINT L-IDEAL of V is
defined to be
2°V(WV) =image ([, 1., : v Hiw 5 B ry Ry[mult] x my Hiovsh & gy, Ry[mult] - Ry).

REMARK 4.2.4. Since the clean neighbourhoods cover 53, the collection
{Z*(V): Ve Cova(ED)} glues to a coherent sheaf .Z*Y on &R

PROPOSITION 4.2.5. Let x € 53 be a good point. Then there exists a sufficiently
small clean neighbourhood V of = with wt(V) = Y such that ZL*3(V) is a
principal ideal in Ry.

Proof. The assertion follows from Lemma 4.1.2. O

DEFINITION 4.2.6. Let x € Eg be a good point and V be a sufficiently small
clean neighbourhood such that fadj(V) is principal. We define the ADJOINT
p-ADIC L-FUNCTION on V to be L?}dj € Ry such that L?}dj generates LV (V).
The value of L{a,dj at x is denoted by LY (z) as it doesn’t depend on the clean
neighbourhood.

REMARK 4.2.7. We point out that the adjoint p-adic L-function L?}dj is defined
up to a unit in Ry. In the case of GLs, the name “adjoint p-adic L-function”
is justified in [Kim06, Proposition 3.9.2] and [Bel21, §VIIL.5]. However, the
justification of the name is unknown to us in our situation as discussed in the
introduction.

Let z € 53 be a good point and let V be a sufficiently small clean neighbourhood

of z such that L{a,dj is defined. Let (U,h) be the slope datum that defines V
and let wt(V) =Y. Corollary 3.3.9 yields an Ry-equivariant pairing

. tol,<h tol,<h
['7 .]KM : nVHpar,nM x UVHpar,kau - Ry'

Together with the definition of good points, we are in the situation of Propo-
sition 4.1.3.
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THEOREM 4.2.8. Let z € Eg be a good point and let k = wt(z). Suppose the
pairing
Htol,sh Htol,Sh

["']nu v Hpar ky X WA par ky = Ry

is non-degenerate at wt(z), then
LY (2) = 0 if and only if wt is ramified at x .
Proof. Let V be a sufficiently small clean neighbourhood of z which is defined
by the slope datum (U, h) and wt()V) = ). Since the pairing
[., . ];{M . antol,sh « antol,Sh N Ry

par, Ky par, fiq
is assumed to be non-degencrate, then by Proposition 4.1.3, Z*¥(V) =
3(Ry/Ry). Thus,

LM () =0 < L*Y e suppz < 0(Ry/Ry) c suppz < wt is ramified at z,
where the last equivalence is due to Auslander-Buchsbaum’s theorem. O

THEOREM 4.2.9. Let x € ES be a good and smooth point and let k = wt(zx). We
further assume x lives in the open locus of Eg where p # 0. Assume again that
the pairing

[+ Ty, sV HSSE <y HIOSE — Ry
is non-degenerate at wt(x). Let Ryyz)y and Ry be the local rings at wt(z)
and x respectively and denote by Wy (z), Mz their mazimal ideals respectively.

Let Fitty be the 0-th Fitting ideal of QRx/thw) and define
e(z) = max{e € Zso : Fitty c m% }.

Then, we have .
ordg LY = e(z).

Proof. By [Bel21, Theorem VIII. 1.4, we have 9(Rg /R, ) = Fitty (since z is a
smooth point) and so

e(z) =max{e € Zyy: 9(Ry/R:) cmy }.
On the other hand,
ordg L*Y = max{e € Zso : L*Y(z) e m$}.
In our situation, we see that

. adj
mS®) 50(Ry/Ry) = LV (2) Ry c morde L™

As the inclusions on both sides satisfy the same condition, the exponents coin-
cide. 0

REMARK 4.2.10. We remark that the above two theorems have their roots in
the GLg case. Theorem 4.2.8 is an analogue of [Bel21, Theorem VIII.4.7] while
Theorem 4.2.9 is inspired by [op. cit., Theorem VIII.4.8(i)].
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4.3 NON-DEGENERACY OF THE PAIRING

In the statements of Theorem 4.2.8 and Theorem 4.2.9, we assumed that the
pairing [~,-]Wt($) is non-degenerate at wt(z). In this subsection, we justify
that such an assumption is not vacuous.

Let x : Tar,0 — R be any p-adic weight. Recall the pairing [-,-],, on the
parabolic cohomology groups is defined by the pairing

[‘a']: :DL(T(%R) X DL(TOaR) - Ra

1
(umm)»fw 62“((’;’72 tU)( Yo ]lg)(Zi)) dpy dpss.

00

When k = k € Z9, is a dominant algebraic weight, recall that we also have
algebraic representations Vélgp% . and Vél%’pvzg, , defined in §2.3. From now on,
we abuse the notation, writing V?}lgngyk and Va(“}lg’pvzgk for their Q,-realisation.
That is,

e ¢ is a polynomial function
V&n,, =19 G5p3(Q,) = Q¢ &(vB) = k(B)é(7)
v(’Y}B) € Gsp2g(Qp) X BGSPZQ(QP)

alg,v _ alg
Visp,, » = Homag, (Vis,, 10 Qp)-

There is an obvious injective morphism

Vil AT Q). o (o) k@0((10 5 iy )))

for any r, where (v,v) = (v9,v0) 8 with ~, € Ug;%i,l and B € By, o There-
fore, there is a natural surjection D};(TO, Q,) ~ V?;lé;,vzg,w which is Iwasng-
equivariant. We then descend the pairing [,]Z to Vélggzgﬁ . by the same for-

mula

. .10 Lyals,v alg,v
[ 1% 'VGSpZQ,k XVGSpZQ,k - Q,,

(b1, p2) Hf

opp
Y1 5’72€ch],29,1

. 1
eﬁt(tvg( ! p_11g)71) dpa (v1)dp2(72)-

PROPOSITION 4.3.1. Let k € Z%, be a dominant weight. Then the pairing [-,-];
on V?;l%g;g,k is non-degenerate.

alg,v

Proof. Recall the symplectic pairing (-,-), on VGSp2 . from Remark 2.3.1
g

hst [t - ig) )
i) = c ; dpin (1) dpia (7).
(1, p2 )y, —LlyvzeGSpZQ(Qp) k ( Y2 (]lg Y1 p1(v1)dp2(vs)
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Since the symplectic pairing (-,-) on Vz is non-degenerate, we know that
(-,), is non-degenerate.

Define
! xralg,v alg,v
(- ) 'VGSpZQ,k XVGSpZQ,k - Q,,
s -1
(p1, p2) = f et (t72 (]”1 “’)71) dpn (1) dpz(72).
'71772€UGS},29(QP) g

Then (-,- );€ is a non-degenerate pairing. Indeed, we have
hst [t - ig) )
, = e v d d
(p1,p2), [rl,vzeGSpag(Qp) k ( 72(]1.[, Y1 i (v1)dp2(v2)

1S 7]1
L ~,€GSp (Q)k(ﬁl)k(52)e}<t(t7’2(ﬁ g)’y'l) duy (1) dp2(ys),
1,Y2¢€ 29 (Rp g

where v, = v; 8 with v; e Ugg  (Q,) and B; € Basp, (Q,) fori=1,2. As k is
29 g
non-zero on Basp, (Q,), we see that (u1, u2 ), =0 if and only if ( pu1, po )y, = 0.

Now, let [,-]}, be the pairing on Va(“}lg’p\;mk defined by

[ns 2 1y, = (Wi oo )y

hst [ t ]lg ) )
€ _ d d )
[‘/17'72€Ué%’;29(Qp) k ( 72( p i, Y1 1 (1) dp2(ys)

Then, [,];C is again a non-degenerate pairing since w,, € GSp,,(Q, ). Recall
that Ug%P;%J ~ Zz“, for some dy € Zg, as p-adic manifolds, thus Ué%ﬁ;%(Qp) ~
QZ”. However, Vélggzw i is defined algebraically and ZZ" c QZ” is Zariski dense,
thus the non-degeneracy of [,-]; implies the non-degeneracy of [-,-];. O

THEOREM 4.3.2 (Control theorem). For g € Zg, let k = (k1,...,kg) € Z%, be a
dominant algebraic weight. Then, there exists hy, € Ry (depending on k) such
that for any Q. 3 h < hy, we have a canonical isomorphism

HY (Xt (C), D) = HY, (X (C), Vi )

par

(see also [AS08, Theorem 6.4.1]).

Proof. Let K := ker(D;L(TO, Q,) ~ Vélgi’é ) and so we have an exact sequence
. . . alg,
0~ O (Iwgsy,, K) = C*(IwGsy, . DY)~ C*(Iwsgy, ,VES, 1) = 0.

+ . + : alg,v
Define the [IWGSPQQ upi Iwasy, ]-action on VGSP%JC as the same formula on

D};(TO, Q,) but with u,,; acting on Va(“}lg’p\;gk via the conjugation
-1
Up,i*Y = Up,i Y Uy
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on GSp,,(Q,). We then see that the map
. . alg,
C* (IwEsy, Dl -cC (W, » V&b, &)

is Hecke equivariant and so C*(Iw(g,, ,K) is Hecke stable.  Denote
g

by Cg' and Cj°, the total cochain complexes of C*(Iwgg, ,K) and
) g

C*(Iwés, Q’Vélg},v .) respectively. Additionally, let F, g and F' ¢ 1o the Fred-
2 295

holm determinant of U, acting on C}°' and C’,gf’;lg respectively. We define

||Up‘UHTZ V0€C§)1 gp—h )
llerll+

where || - || is the norm on C{!

hk = sup{h € Q.o : |Upllk = sup{

hT =sup{heQ,: F,I = QTS" satisfying conditions in Proposition 3.3.4 w.r.t. h}
h’alg =sup{heQ,q: F]:‘lg = Q8578 gatisfying conditions in Proposition 3.3.4 w.r.t. h}
hi ==min{hk, ki, halg}-
Now, we claim the following: Fix Q.3 h < hk, if Q € Q,[X] with Q*(0) € Q,
and the slope of Q is < h, then Q*(U,) acts on Ci! invertibly. Write Q =
ap+a1 X +--+a,X". The two conditions on () means
e a,c¢€ Q;
o vp(an) —vp(a;) <(n-i)hforalli=0,..,n-1.
Therefore, we have

<1.

la;/an| <p("_i)h and ‘
K

a; i
_U;? g
Qnp

Let P(X)=-22X"- 4 xn-l_.. 8-l X then ~Q*(X)=1-P(X). We can
deduce that ||[P(U,)|lx < 1 and so Q*(U,) acts on Cf' invertibly with inverse
given explicitly by
* - 1 j
Q (Up) te— ZP(UP)j-
n 320

Now fix h < hg, then we have the corresponding decomposition F; ,;' = QILS}TL and
F,jlg = QZIgSZIg and

tol,<h tol,<h
Cy > Ck,alg

. tol,<h * tol,<h Ig,* tol,<h
with ;77" = ker QL (U,,|CZL,1) and Ckf’al; = ker @} ® (UP|CZ‘?L1E)' Let C*
be the kernel of the surjection, then, by taking cohomology, we have the corre-

sponding long exact sequence

o H'(X1(C), K)*" ——— H'(Xy,+(C),D})="

(\_)

Ht(XIW+(C),Vg1§i)V297k)Sh —— H"'( X1+ (C), K)sh —— ...
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The above claim shows that both QI*(U,) and Q¥**(U,) act on
H'( X1+ (C),K)*" invertibly. = Take any o € H(Xpy+(C),K)", the
image of QIL(UP)J in Ht(XIW+(C),D;2)5h is zero, thus there exists
o' € H"' (X (C),VEEY )" whose image in H'(Xpe+(C),K)<" is

GSpy,k
QI (Uy)o. Since Q¥**(U,)o’ = 0, thus Q¥®*(U,)QI* (U)o = 0. This
implies 0 = 0 so the desired isomorphism follows. O

REMARK 4.3.3. The above control theorem is basically [AS08, Theorem 6.4.1]
with only a slight modification. There is another version of the control theorem
by [Urbll, Proposition 4.3.10] (see also [Hanl7, Theorem 3.2.5]), which gives
a more explicit description of the bound hj;. However, the control theorem in
[Urb11] requires a modification on the Shimura varieties while this is not the
case in our version.

COROLLARY 4.3.4. Let k =k € Z%, be a dominant algebraic weight. Then the

pairing
. rytol,<h tol,<h
['7‘]k ' Hpar,k x Hpar,k - QP
18 non-degenerate when h < hy,.

Proof. This is an easy consequence of Proposition 4.3.1 and Theorem 4.3.2. [

We conclude the paper by the following immediate consequence of Theo-
rem 4.2.8, Theorem 4.2.9 and Corollary 4.3.4.

COROLLARY 4.3.5. Suppose x € Eg s a good classical point, i.e., T satisfies the
following conditions

e 1 is a good point;

o wt(z) =k € Zsg is a dominant algebraic weight; and

e there is a slope datum (U,h) such that x €U and h < hy.
Then

1. The adjoint p-adic L-function L*Y vanishes at © if and only if the weight
map wt: Eg > W is ramified at .

2. If x 1s furthermore a smooth point ofé'g, let e(z) be as defined in Theorem
4.2.9, then we have ordg L*Y = e(z).
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