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ABSTRACT. We prove an analogue for p-adic coefficients of the
Deligne-Laumon theorem on local acyclicity for curves. That is, for
an overconvergent F-isocrystal F on a relative curve f : U — S admit-
ting a good compactification, we show that the cohomology sheaves
of RfiE are overconvergent isocrystals if and only if E has constant
Swan conductor at infinity.
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1 INTRODUCTION

Given a morphism f : X — S of algebraic varieties over a field k, it is natural
to ask when the higher direct images R’ fiE of some smooth coefficient object
(such as a vector bundle with integrable connection, a lisse ¢-adic sheaf, or an
overconvergent F-isocrystal) are smooth coefficient objects on S. Of course,
this will always happen ‘generically’, i.e. on a dense open subset of S, but one
may hope to be able to say something about when this happens on the whole
of S.

For example, the smooth and proper base change theorem in étale cohomology
says that whenever f is smooth and proper, and F is a lisse f-adic sheaf (with
¢ # char(k)), then the relative cohomology sheaves R!fiE = R!f.E are also
lisse. Similarly, Berthelot’s conjecture (versions of which have been proved by
Shiho [Shi07] and Caro [Carl5]) states that when k is perfect of characteristic
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p > 0, and E is an overconvergent F-isocrystal on X, then each R'f,F is an
overconvergent F-isocrystal on S.

In characteristic 0, with £-adic étale coefficients, these smoothness results often
persist for families of open varieties, provided that the morphism f : X — §
admits a ‘good’ compactification, that is a compactification X smooth over S,
such that the complement X \ X is a relative normal crossings divisor. However,
the same is not true with ‘de Rham’ style coefficients in characteristic 0, nor
with f-adic coefficients in positive characteristic. For example, one can use
Artin-Schreier extensions to produce examples lisse Fy-sheaves E on A7 (with
¢ # p) such that the rank of the cohomology groups jumps in fibres of the
projection A? — A}.

This is explained by the fact that the Swan conductor of E at infinity, which
is a numerical measure of the wild ramification of E, itself jumps along these
fibres. It turns out, however, that for curves at least, the Swan conductor
exactly controls the failure of the higher direct images to be lisse. Indeed, the
main result of [Lau81] shows that for a relative smooth curve f : U — S, and
a lisse Fy-sheaf E on U, “if the wild ramification of E at infinity is locally
constant, then the higher direct images R’ fiE are lisse”. Concretely, the wild
ramification of E being (locally) constant means that the Swan conductor of F
at infinity is (locally) constant. One can use this to deduce a similar result
with Zy or Q, coefficients.

The purpose of this article is to prove an analogue of this result for p-adic
coefficients, that is for overconvergent F-isocrystals; in this case the correct
analogue of the Swan conductor is the irregularity of a p-adic differential equa-
tion studied in [CM00]. We have two main results in this direction. The first of
these, Theorem 4.7 is phrased in the language of relative Monsky—Washnitzer
cohomology (in the spirit of [Ked06a]), it assumes that the base variety S is
smooth, affine and connected, and also imposes relatively strong conditions on
the curve f : U — S (see Setup 4.3). The second, Theorem 10.2, is phrased us-
ing the theory of arithmetic Df-modules, as developed by Berthelot and Caro,
and while it allows more general bases S, as well as for any relative curve ad-
mitting a good compactification, it assumes that k is perfect. In both cases,
the result says that if E' is an overconvergent F-isocrystal on a suitable relative
smooth curve f : U — S, and E has constant irregularity at infinity, then ap-
propriately defined higher direct images are overconvergent F-isocrystals. (In
fact, we work everywhere with ‘F-able isocrystals’, that is extensions of sub-
quotients of objects admitting some F™-structure.) Results along these lines
were previously obtained by Kedlaya [Ked06b, Proposition 3.4.3], the the proof
of which provided part of the inspiration for the methods used in §8.

The majority of this article is concerned with the Monsky—Washnitzer case,
that is Theorem 4.7; it is not too difficult to then use the general Df-module
machinery (nicely summarised in [AC18b, §1]) to deduce Theorem 10.2 when &
is perfect. The basic idea of the proof is rather simple, and the bulk of the
work consists of facing down the technical difficulties involved in actually get-
ting this idea to work. To explain the approach, suppose that we have some
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relative curve f : U — S over a smooth, affine, base, and an overconvergent
F-isocrystal E on U. We know by results of Kedlaya (see Theorem 4.5 be-
low) that for some open subset V' C S the higher direct images R f.(E|v, )
are overconvergent F-isocrystals on U, and by Noetherian induction we can
assume that the complement Z C S is also smooth over k, and that the higher
direct images R f.(E|y,) are themselves overconvergent F-isocrystals on Z of
the same rank. The key Lemma 8.6 then tells us that we can use the overcon-
vergence of these objects to ‘glue’ them together along a suitable punctured
tube of Z inside some formal lift of S, to get an overconvergent F-isocrystal
on the whole of S.

Interestingly enough, the deduction of the result for arithmetic Df-modules
only uses the fact that the higher direct images are convergent F-isocrystals
on S. However, the above strategy would not work if we tried to work every-
where in the convergent category, since we would not be able to ‘glue’ along
the stratification V' — S <= Z. Thus it is important to be working with
overconvergent objects from the beginning.

Theorem 10.2 is weaker than the Deligne-Laumon theorem in one crucial as-
pect. Namely, the curve f : U — S is assumed to have a good compactification,
i.e. a smooth compactification f : ¢ — S such that the complement C \ U
is étale over S; in [Lau8l] it is only assumed to be finite and flat. Our proof
is completely different to that given in [Lau81], which uses the formalism of
nearby and vanishing cycles in étale cohomology. While this article was being
written, an analogue of the nearby and vanishing cycles formalism for p-adic
coefficients appeared in [Abel9], which in fact was what allowed us to extend
our main results to singular bases (at least when k is perfect). It would be in-
teresting to see whether or not Abe’s theory can be used to give another proof
of local acyclicity, more similar in spirit to the f-adic case, and that would be
able to handle the more general case where the divisor at infinity is only finite
flat over the base.

Let us now give a summary of the various parts of the article. In §2 we intro-
duce some basic notations and definitions concerning rigid cohomology and the
theory of arithmetic Df-modules, in particular the approach to the 6 operations
formalism taken in [AC18b]. In §3 we recall the definition of the irregularity of
a p-adic differential equation, as well as some results of Kedlaya and Kedlaya—
Xiao concerning extending break decompositions in families. In §4 we introduce
the basic geometric setup that we will work with. We recall results of Kedlaya
on generic higher direct images and state our first main result on the relative
Monsky—Washnitzer cohomology of curves. In §5 we investigate the cohomol-
ogy of V-modules over relative Robba rings, and prove a base change result
under the assumption of constant irregularity, which in §6 is used to prove
Theorem 4.7 for the ‘lower’ direct image R f,. Section 7 is devoted to a rather
grisly study of relative cohomology on tubes and punctured tubes, which forms
the key input for the proof in §8 of finiteness and base change for R! f, via the
gluing argument outlined above. In §9 we then use this, together with a little
functional analysis, to deduce finiteness and base change for certain partially
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overconvergent cohomology groups, which in §10 then allows us to obtain our
second main result, Theorem 10.2, by reduction to the smooth and affine case.
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2 BACKGROUND ON RIGID COHOMOLOGY AND ARITHMETIC DT—MODULES

Throughout this article, we will denote by K (the ground field) a complete,
normed field of characteristic 0, by V its ring of integers and by k (the residue
field) its residue field, which will be assumed to be of characteristic p > 0.
From §4 onwards we will assume that K is discretely valued, and denote by w
a uniformiser for V. To begin with, however, we will need to make certain
constructions more generally, in which case w will be a non-zero element of the
maximal ideal m of V (a pseudo-uniformiser). In §10 we will want to assume
that k is perfect, however, for the most part we will allow arbitrary k. We will
assume that K admits a lifting o of the absolute ¢ = p®-power Frobenius on k,
and fix such a o.

In this first section we will recall some definitions and constructions in rigid
cohomology and the theory of arithmetic Df-modules, and review the 6 op-
ertaions formalism for varieties and couples introduced in [AC18b]. We will
generally assume the reader has some basic familiarity with the theory of rigid
cohomology, as developed in [Ber96a, 1.S07], and will mostly use this section
for fixing definitions and notations.

DEFINITION 2.1. 1. A wariety over k is a separated and finite type k-scheme.

2. A formal scheme over V is a w-adic formal V-scheme which is separated
and topologically of finite type.

3. A rigid variety over K is a rigid analytic space in the sense of Tate, which
in addition is separated over Sp(K).

4. A couple (X,Y) over k is an open immersion j : X — Y of k-varieties.

5. A frame over V is a triple (X,Y,B) consisting of a couple (X,Y) and a
closed immersion Y < ‘B of formal V-schemes.

6. An Lp. frame over V is a quadruple (X,Y,B, Q) such that (X,Y,B) is a
frame, and ¥ < £ is an open immersion of formal schemes, such that Q
is proper over V.
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A morphism of couples

(XY = (X,Y)
is said to be flat (resp. smooth, étale) if X’ — X is, and proper (resp. finite)
if Y —» Y is. It is said to be Cartesian if the diagram

X —Y

||

X—Y

is Cartesian. A couple (X,Y) is said to be smooth or proper if the natural
morphism

(X,Y) = (Spec (k) , Spec (k))
is. Similarly, a morphism of frames
(X" Y, 9) = (X, Y, )

is said to be flat (resp. smooth, étale) if P’ — P is flat (resp. smooth, étale)
in a neighbourhood of X', and proper (resp. finite) if Y/ — Y is. It is said to
be Cartesian if both squares in the diagram

X/ Y/ (B/

L]

X— Yy — 5%

are Cartesian. A frame (X,Y,) is flat (resp. smooth, étale, proper, finite) if
the natural morphism

(X,Y,B) = (Spec (k) , Spec (k) , Spf (V)

is. We will not need to define particular properties of morphisms of L.p. frames.
If (X,Y) is a pair, we will denote by Isoc((X,Y)/K) the category of isocrystals
on X, overconvergent along Y. A Frobenius structure on an isocrystal F is an
isomorphism

0: F"™*ESE

for some n > 1, and we will denote by
Isocp((X,Y)/K) C Isoc((X,Y)/K)

the full subcategory consisting of iterated extensions of subquotients of objects
admitting Frobenius structures.

LEMMA 2.2. A partially overconvergent isocrystal E € Isoc((X,Y)/K) lies in
E € Isocr((X,Y)/K) if and only if the irreducible constituents of E admit
Frobenius structures.
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Proof. One direction is clear, so suppose that F € Isocy((X,Y)/K); we must
show that its irreducible constituents admit Frobenius structures. We are free
to replace E' by any subquotient, in particular we may therefore assume that
E itself is a subquotient of some E’ admitting a Frobenius structure.

Choose n such that F™E’ = E’, thus F™ permutes the (finite) set Z of
isomorphism classes of irreducible constituents of E’. By possibly increasing
n, then, we can assume that in fact F™* acts trivially on Z. In particular, if
Ey C E C F' is irreducible, then F™"*Ey = FEy and we are done. O

Thus Isocp((X,Y)/K) is the thick abelian subcategory of Isoc((X,Y)/K) gen-
erated by objects admitting Frobenius structures. When X =Y we will write
Isocp(X/K) and Isoc(X/K) respectively. When Y is proper over k these do
not depend on Y and we will write ISOCTF(X/K) and Isoc'(X/K) instead. We
will refer to objects in Isocp((X,Y)/K) as ‘F-able isocrystals’.

2.1 MONSKY—WASHNITZER COHOMOLOGY

For most of this article, we will use the Monsky—Washnitzer approach to rigid
cohomology, the basics of which we very briefly review here. For the reader
wishing for more details, a better introduction is given in [Ked06a, §§2-3].

DEFINITION 2.3 ([GKO00]). A K-dagger algebra is a K-algebra isomorphic to a
quotient K (x1,...,2,)T/I of an overconvergent power series algebra over K.

We denote by ||[|,, the supremum seminorm on a K-dagger algebra, if A is
reduced then this is a norm [GK00, Theorem 1.7]. For any real number A > 1,
we consider the subalgebra

K(x\_lscl, ey /\_lzn> = {Zail vvvvv inzzf . :Ef{" |ai; .. | At tin 0}
C K(xy,...,zn)

of series converging for |x;| < A; the image of any such subalgebra under any
surjection K (z1,...,z,) — A will be called a fringe algebra of A. This admits
anorm | - ||, coming from the \-Gauss norm on K (A~ 'zq,..., A" z,). We will
let ®1 denote the weakly completed tensor product of K-dagger algebras.

For A reduced, we denote by A™ C A the subring of integral elements, con-
sisting of those elements of supremum norm < 1, and by A the reduction of
A, that is the quotient of A"t by the ideal of topologically nilpotent elements.
We let A denote the completion of A with respect to this ideal.

DEFINITION 2.4 (Definition 3.2.1, [Ked06a]). A K-dagger algebra A is said to
be of MW-type if it is integral, and its reduction A is smooth over k.

If Ais a K-dagger algebra, we will let Q) . denote the module of p-adically
continuous differentials, a V-module over A is then by definition a finitely
generated A-module M together with an integrable connection

V:iM— M®aQy k.
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If A is of MW-type then the A-module underlying M is automatically projective
[Ked06b, Lemma 3.3.4]. If A is a MW-type dagger algebra, with reduction A,
then there is a fully faithful functor

Isoc! (Spec (A) /K) — Mod

from overconvergent isocrystals on A to V-modules on A, which we call ‘reali-
sation on A’ [LS07, Proposition 8.1.13]. A V-module is called overconvergent
if it is in the essential image of this functor. This construction is compatible
with pullback, and hence whenever we fix a lift o of Frobenius on A, we obtain
a functor

F-Isoc!(Spec (4) /K) — Mod (¥

from overconvergent isocrystals on Spec (Z) to (¢, V)-modules over A, that
is V-modules equipped with a horizontal isomorphism ¢ : ¢*M = M. This
functor is an equivalence of categories [LS07, Theorem 8.3.10]. We will say that
M € M_OdX admits a Frobenius structure if there exists an isomorphism ¢ :
o™ M = M for some n > 1, any such M is automatically overconvergent. We
say that M is F-able if its irreducible constituents admit Frobenius structures,
this is equivalent to being in the essential image of

ISOCTF (Spec (A) /K) — ModY,.

If g€ Aand g € A C Ais a lift of g, then we may form the MW-type dagger
algebra
Alr)!
(9z —1)
whose reduction can be identified with the localisation A[g—!]. We call any

such A(g’l)Jf a ‘dagger localisation’ of A, and we can use the specialisation
map

AlgHt =

sp : maxSpec(A4) — Spec (A)

to see that (as an A-algebra) this only depends on § up to canonical isomor-
phism. A collection of dagger localisations {A — A;};c; will be called a dagger
open cover if maxSpec(A) = (J,;.; maxSpec(4;). Again using the specialisation
map we see that this will happen if and only if the reductions Spec (ZZ) form
a Zariski open cover of Spec (Z)

DEFINITION 2.5 (Definition 2.5.3, [Ked06al]). Let u be a variable. The Robba
ring RY over A consists of those series

Z aiu' € Afu,u™']

=
satisfying the following convergence condition:
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(%) there exists 7 < 1 such that for all < p < 1 there there exists some
fringe algebra Ay C A such that a; € Ay for all ¢ and

lail[y p* =0 as i— Foo.

The plus part R%" of the Robba ring over A consists of those series for which
a; =0 for all i < 0.

The relative Robba ring RY over a dagger algebra can be expressed as a colimit
of a limit of a colimit of Banach K-algebras, it therefore comes equipped with
a natural locally convex topology simply by taking these (co)limits in the cat-
egory of locally convex topological vector spaces over K. With this topology,
the module of continuous (K-linear) derivations of RY is isomorphic to

QY x @4 RE ©RY - du.

A V-module over RY is defined to be a finitely presented module together with
an integrable connection relative to K. The notion of a V-module over RZ* is
defined similarly.

Remark 2.6. For any of the rings A, RY, Rffﬁ' (and some others that we will
introduce later) a V-module will always (unless explicitly stated otherwise)
mean a V-module relative to K, whose underlying module is finitely presented.
Extra adjectives, such as projective, stably free, free &c. are understood to
apply to the underling module.

DEFINITION 2.7. A frame (X, X, X) is called a Monsky-Washnitzer frame (or
an MW frame for short) if:

1. X is smooth, affine and connected;

2. X < X has dense image;

3. X is projective over V (and in particular algebraisable);
4

. the map X — X}, is an isomorphism.

If (X, X,X) is a MW frame, and X = Spec (A), then A = F(%K,j;(’)xk) isa
K-dagger algebra of MW-type, whose reduction is exactly A. We will call such
an A an MW lift of A. We will need the following useful result about lifting
étale morphisms from characteristic p to characteristic 0.

LEMMA 2.8. Assume that K is discretely valued, let A, B be dagger algebras
of MW-type, and & : A — B a finite étale morphism between their reductions.
Then there exists a finite étale morphism « : A — B lifting a.

Proof. Note that by [vdP86, Theorem 2.4.4] any two MW lifts of either A
or B are isomorphic as K-dagger algebras, so in fact it suffices to construct
some MW lifts A’ and B’ of A and B respectively, together with a finite étale
morphism o’ : A’ — B’ lifting @ That this is possible follows from [Ete02,
Théoreme 3. O
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While it will be important for us to only consider MW lifts arising from MW
frames (in order to make certain ‘geometric’ constructions in §7), we will need
to know that we can change the frame with impunity.

LEMMA 2.9. Let A, A’ be MW lifts of a smooth k-algebra A, and B, B’ MW lifts
of a smooth k-algebra B. Suppose we are given a smooth morphism A — B
together with lifts A — B and A’ — B’. Then there exists a commutative
diagram

HZ

BI

]

— A

1R

of K -algebras, with both horizontal arrows isomorphisms and inducing the iden-
tity on A and B respectively.

Proof. Fixing an isomorphism A — A’ inducing the identity on A, and base
changing B along this morphism we can assume that A = A’. Since the mor-
phism A — B is smooth, we can certainly find an_isomorphism B — B of
affinoid completions, fixing the affinoid completion A and inducing the identity
on B. Hence we may apply [vdP86, Corollaey 2.4.3] to produce a morphism
B — B’ of A-algebras inducing the identity on B, which has to be an isomor-
phism by [MW68, Theorem 3.2]. O

2.2 ARITHMETIC D'-MODULES ON VARIETIES AND COUPLES

The purpose of this section is to recall how the 6 operations formalism works
for arithmetic Df-modules on k-varieties and couples, as described in [AC18b).
We will assume that the ground field K is discretely valued, and that residue
field k is perfect (these assumptions will be dropped again at the beginning of

§3).

DEFINITION 2.10. 1. A variety X/k is realisable if there exists a frame
(X,Y, ) such that B is smooth and proper over V.

2. A couple (X,Y)/k is realisable if there exists an Lp. frame (X,Y,B, Q)
such that £Q is smooth over V.

Note that both these conditions are marginally stronger than might be expected
from the definition of rigid cohomology. If 3 is a smooth formal V-scheme, we
let

Hol(DgB o) and Db (DgB Q)

denote the categories of overholonomic (complexes of) D ‘13 g-modules respec-
tively, in the sense of [Car09]. We denote by

Holp (D 0 C Hol(Dq3 o)
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the thick abelian subcategory generated by objects which admit an F™-
Frobenius structure for some n > 1, and

D}blol,F(D%;x,Q) C Dyl (D‘L,Q)

the full subcategory of objects whose cohomology sheaves lie in Holg (D‘;’-?,@>'
If X = (X,Y) is a realisable couple, and (X,Y,B,9Q) is an l.p. frame with Q
smooth over V, then Abe and Caro define the category

lelol,F(X/K) - lelol,F(Df}x,Q)

of overholonomic complexes of Df-modules on X to be the full subcategory of
overholonomic complexes of D; Q—modules M which satisfy

MIROIM  and M3 (fy\ X)M.

Here RE{/ and (TY'\ X) are the functors of support and overconvergent sections
defined in [Car04, §2.2]. This does not depend on the choice of l.p. frame
(X,Y,,9Q) extending X [AC18Db, §1.1, Definition on p. 885]. There is a dual
functor

Dy : Doy p(X/K)P = Dy p(X/K)
and a tensor product functor
—®x—: Df}ol,F(X/K) X Df}ol,F(X/K) — Df}ol,F(X/K)

which are defined as follows. Let (X,Y,93,9Q) be an Lp. frame extending X
with £ smooth over V. Then

Dx := RI} o ('Y \ X) o Dyp.
where Dy is the dual functor as defined in [Ber02, §4]. Similarly,
MEXN = Meg!  N[-dim ],

where ®g; o

only depend on X up to canonical isomorphism [AC18b, §1.1.6]. If u : X' —» X
is a morphism of couples then there are functors

is the tensor product defined in [Ber02].} The resulting functors

uhut Df}ol,F(X/K) — D}blol,F(Xl/K)a
and if u is proper there are functors

ur, U4 Dgol,F(X//K) - Dﬁol,F(X/K)'

IThe reason for using the notation ® is that the tensor product defined here is strictly
speaking analogous to the ‘twisted’ tensor product (F,G) — D(D(F) ®5[ D(G)) for con-
structible Q, sheaves, where D is the Verdier dual functor. '
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These are defined as follows: choose a morphism
a: (XLY P, Q) = (XY, 8,9)
of L.p. frames extending u, and set

u = REJ{,,O(TY'\X’)OQ!, ut =Dy ou' o Dy
Uy = Uy w = Dxowuy oDy,
where %, and @' are the pushforward and pullback functors defined in [Ber(2,

§4]. All these functors commute with Frobenius pullback [Ber02, §4]. Both
(ut,uy) and (uy,u') are adjoint pairs [AC18b, Lemma 1.1.10], and if

¥ 2 X
Y ——X
is a Cartesian morphism of couples, with u proper, then by [AC18b, Lemma
1.3.10] there is a natural isomorphism
a'uy 2 d"

of functors
Dgol,F(Y//K) - Dﬁol,F(Y/K>'

The triangulated category DY | »(X/K) admits a ‘holonomic’ t-structure
[AC18D, §1.2], whose heart we will denote by Holp (X/K). The duality functor
Dx is exact with respect to this ¢-structure [AC18b, Proposition 1.3.1], and
hence induces an anti-equivalence

Dy : Holp(X/K) 5 Holp(X/K).
When X is smooth, there exists a fully faithful functor
spy : Isocp(X/K) — Holp(X/K)

constructed in [Car12] which is compatible with duality in the sense that there
are isomorphisms
sp+EV = Dxsp, F,

natural in F.

If X = (X, X) is a couple proper over k, then DﬁOLF(X/K) and Holp(X/K)
only depend on X up to canonical equivalence [AC18Db, §1.3.14]. In this case
we write Dﬁgl,F(X/K> and HO];;(X/K) respectively. For X = (X, X) then we
write Dﬁol,F(X/K) = D}blol,F(X/K) and Holp(X/K) = Holp(X/K). These
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categories correspond to overconvergent and convergent holonomic modules on
X/K respectively, and there are obvious forgetful functors

Dyl p(X/K) = D}y o(X/K) and  Holl(X/K) — Holp(X/K)
M= M.

The above defined duality and tensor product functors induce functors Dx
and ®x on D}bloLF(X/K) and Dﬁ’JLF(X/K), such that Dx is exact for the
holonomic ¢-structures. If v : X’ — X is a morphism of varieties, we therefore

have functors
!

b, b,
utyut: DUDL(X/K) = DYEDL(X/K)

and
b, b,
w,ug : DYY p(X'/K) = Dyl p(X/K),

as well as
Uy, U4 lelol,F(Xl/K) - Dgol,F(X/K)

whenever u is proper. These have exactly the same properties as in the case of
couples, and there is an analogous base change result. If X is smooth, then we
have full subcategories

b, b,
Do (x/K) ¢ Dya(X/K)

isoc, F’

consisting of objects whose cohomology sheaves are in the essential image of
P4 : Isocp’ (X/K) — Holp' (X/K).

At least in the overconvergent case, it is explained how to extend all these
definitions to the not-necessarily-realisable case in [Abel8]. That is, Abe shows
that the category HOITF(X /K) is of a Zariski-local nature for realisable varieties,
and thus for a general variety we may define HolTF(X /K) by taking an open
affine cover and gluing (affine varieties being realisable). We can then define

Dyl p(X/K) == D*(Holl:(X/K)),

which is justified by the main result of [AC18a], showing that this recovers the
previous definition in the realisable case. Abe explains in [Abel8, §2.3] how
to define the 6 functors u™, uy,u',u,® and D in the non-realisable case, and
shows that all the same properties hold. Again, if X is smooth then we have
the fully faithful functor

sp,. : Tsoch(X/K) — Holl,(X/K)

and the corresponding full subcategory Dfégc,F(X/K> C Dflgl r(X/K).
If X is not assumed to be smooth, then we can still consider overconvergent

isocrystals as holonomic complexes on X using the approach of [Abel9]. Indeed,
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in [Abel8, §1.3] Abe defines another ¢-structure on Dﬁgl,F(X/K), called the
constructible ¢-structure. The heart of this ¢-structure is denoted Cons(X/K),
and the corresponding cohomology objects by “H!. The pullback functor u* is
t-exact for the constructible ¢-structure [Abel8, Lemma 1.3.4]. Abe constructs
in [Abel9, §3] a fully faithful functor

p : Isoch(X/K) — Cons(X/K)
such that:
o uTp(F) = p(u*E) for any morphism v : X' — X;
e p(E) = sp, E[—dim X]| whenever X is smooth.
We can therefore define

Db

isoc, F’

(X/K) C Dyl p(X/K)

to be the full subcategory whose constructible cohomology objects are in the
essential image of p. This coincides with the previous definition when X is
smooth, in which case

Db

isoc, F’

(X/K) C Dyl p(X/K)

is stable under Dx, however, this stability does not hold in general. It will be
helpful to isolate the following result, which is simply a restatement of various
results of Caro and Caro—Tsuzuki.

LEMMA 2.11. Let X/k be a smooth, realisable variety, and M € Dfl’JLF(X/K).
Then M € D> (X/K) if and only if M € D} p(X/K).

isoc, F'

Proof. The question is local on X, which we may assume to be affine. By
further localising if necessary, we may assume that there exists an immersion
X — B, with B smooth and proper over V, such that there exists a divisor T'
of P := Py, with X is closed in P\ T. Let 4L C ‘B be an open formal subscheme
such that X is closed inside . In this case, the holonomic t-structure on

Dot

isoc, F'

(X/K) C Doy (D )

is the restriction of the obvious ¢-structure on ch’oh(D%yQ) by [AC18b, Propo-
sition 1.3.13]. In particular, the @$7Q—module H'(M) is overholonomic for all
i; we may therefore replace M by H*(M), and thus assume that M is an over-
holonomic D%Q—module. By [Carl5, Lemme 1.2.13], M arises by restriction
of scalars from a ’D%Q(TT)—module, which we will denote by the same letter

A . Let Dy r denote the dual functor for D%Q(TT)—modules in the sense of
[Vir00].

DOCUMENTA MATHEMATICA 26 (2021) 981-1044



994 C. LAZDA

By [Carll, Théoreme 6.1.11] M is in the essential image of sp if and only if it
is an ‘overcoherent isocrystal’ in the sense of [Car06, Définition 6.2.1], that is, if
both M and Dy 7(M) = (TT)Dg (M) are overcoherent as ’D%VQ(TT)-modules,
and if the restriction of M to  is in the essential image of sp, . To prove the
lemma, then, we need to explain why the first two conditions are automatically
satisfied.

In other words, we want to show that if M is a coherent D:&LQ(TT)—module,

overholonomic as a D;,Q—module, then both M and (TT)Dg (M) are overco-

herent as D%yQ(TT)—modules. However, these are both overholonomic as D‘E},Q'
modules, and since we are dealing with objects admitting Frobenius structures
(or rather, the thick abelian subcategory generated by objects admitting a
Frobenius structure), we may therefore appeal to [CT12, Theorem 2.3.17] to
conclude. O

In the definition of the functor
Ut Dgol,F(XI/K> - lelol,F(X/K)

coming from a morphism of pairs v : X’ — X, we had to choose a morphism
of Lp. frames (X', Y P, Q) — (X,Y,P, Q) extending u. Note that neither
the formal schemes Q and 9Q’, nor the morphism between them, play any role
in the definition of either the categories or the functors involved, however, one
still needs to know that they exist. It will be important for us to shows that in
certain situations we can completely ignore this technicality, and work simply
with immersions of couples into smooth formal V-schemes.

Our setup will be the following. We will take a base couple S = (S, S), with S
smooth and affine, and admitting a smooth, affine lift & to a formal scheme
over V. We assume that we are given a smooth and projective morphism
4 : X — 6, and an open immersion

U— X =%

of k-varieties. We let U = (U, X), and we assume that both U and S are
realisable as couples. The proper morphism % induces a functor

iy : Dhoy(Dk o) = Dhot(DE )

between the categories of complexes of overholonomic Df-modules on X and &
respectively, as in [Car09]. We define

b b
Disoc(Dé,Q) - Dhol(Dé,Q)

to be the subcategory whose cohomology sheaves are coherent as Og g-
modules. Again, the following lemma is just a rephrasing of various results
of Caro.
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LEMMA 2.12. There are fully faithful embeddings
Dﬁol,F(U/K) — Dﬁol(DTx,Q) and Dﬁol,F(S/K) — Dﬁol(Dé,Q)

such that the diagram

D}y w(U/K) — D} (DL )

Dll;ol,F(S/K) Dﬁol(DTG,Q)
s 2-commutative. Moreover, the square

1s0C

| l

Dgol,F(S/K) — lelol(DTe,@)

Dibsoc,F(S/K) B D} (DTG,Q)

is 2-Cartesian.
Proof. Since G is affine, there exists an immersion
i XN _ BN
G —= Ay =Py

for some N. Similarly, since X — & is projective, we can extend this to a
commutative diagram

x— I@g Xy I@y
S By

where v is the first projection. Then (S, S, &g,@{)’) is an l.p. frame, and
setting Q) := v~ 1(AJ)) gives a closed immersion i’ : X < ), an Lp. frame

~

U, X, @,I@g xy P}, and a morphism of Lp. frames
v (U XY %y BY) = (8, 5,A%,BY)

extending U — S. By definition, D}, »(S/K) is a full subcategory of
Db, (’D%N Q), consisting of objects supported on S. Hence by [Car09, Théoréme
E

2.11] it is contained in the essential image of the fully faithful functor

i+ : Dgol(Dé,Q) - Df}ol(D;gg,Q)a
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in other words we can view it as a full subcategory of Dflol(DT6 o). An en-

tirely similar argument applies for D}blol, #(U/K). For the claim concerning the
pushforward functor, it suffices to verify that the diagram

iy
Dﬁol(D;,Q) — Dﬁol(DT@,Q)

ﬁ+l J/RETS ovy

it
Dgol (DTG,Q) E— Dgol(D%Cr,Q)

commutes up to natural isomorphism, which follows for example from [Car09,
Théoréme 3.8]. The final claim simply follows from the construction of

sp. ¢ Tsoc(S/K) = Diy (DL )

as the composite

Tsoc(S/K) % DY, (DE o) 5 Dhy(DL, ),
where the first functor is Berthelot’s equivalence [Ber96b, Proposition 4.1.4]
between convergent isocrysals on S/K and Og g-coherent Dg@—modules. O

3 IRREGULARITY OF p-ADIC DIFFERENTIAL EQUATIONS

The p-adic analogue of the Swan conductor is the irregularity of a p-adic differ-
ential equation, as defined by Christol and Mebkhout. In this section we will
recall the definition and basic properties of this irregularity. We will continue
to allow K to be any complete, normed field of mixed characteristic (0, p), un-
less specifically stated otherwise. Let R} denote the Robba ring over K, with
co-ordinate u, say, and let M be a projective V-module over R}. Then for all
p < 1 sufficiently close to 1, we can base change M to obtain a (necessarily
free) V-module M, over the completion K (u), of K(u) for the p-Gauss norm.
Define the radius of convergence

R(M,) := min {p, liminfy_ e |Gk|;1/k} ,

where Gy, is the matrix of the operator %% acting on M.

DEFINITION 3.1. We say that M is overconvergent if lim, .1 R(M,) = 1.
Remark 3.2. The more standard terminology for such a V-module is ‘solvable’,
however, we will also want to work with V-modules over relative Robba rings

Y% arising from overconvergent isocrystals. Thus we have chosen to use a more
uniform terminology.
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The V-module M is said to have uniform break b if for all p sufficiently closed
to 1, and all sub-quotients N of M,, R(N) = p**+1.

THEOREM 3.3. [CMO01, Corollaire 2.4-1] For any projective, overconvergent
V-module over Ry, there exists a unique decomposition

M:@Mb

b>0

of V-modules, called the break decomposition, such that each My has uniform

break b.

Remark 3.4. In [CMO1] the ground field K is assumed to be spherically com-
plete, in which case M is free. It is explained how to extend this to the general
case in [Ked07b, Lemma 2.7.3].

DEFINITION 3.5. [CMO00, Définition 8.3-8] The irregularity of M is defined to
be Irr(M) := >, b- rankgy M.

Remark 3.6. 1. We will often want to consider cases when K itself is
equipped with a natural derivation 0y, for example when K is the com-
pletion of a rational function field Ky(t) for the Gauss norm induced by
a norm on Ky. In this case Kedlaya [Ked07b] has developed a more re-
fined notion of irregularity, that takes this horizontal derivation J; into
account. We will only consider the ‘naive’ irregularity coming from the
vertical derivation 0,,.

2. If K — K' is an isometric extension of complete fields, then a projective
V-module M over R} is overconvergent if and only if M ® Ry, is, in
which case they have the same irregularity [Meb02, Proposition 1.2-4].

LEMMA 3.7. Let L/K be a finite extension, and M an overconvergent V-module
over RY. Let Resi M denote M considered as an overconvergent V-module
over RY% via the map RY, — R}. Then

Irr(Resy gk M) = [L : K|Irr(M).
Proof. First assume that L/K is Galois. In this case, we have

(ResgM)@x L= @ M
oeGal(L/K)

as V-modules over RY, and so we can apply [Meb02, Proposition 1.2-4]. In the
general case we take a Galois closure F/L/K and deduce that

Irr(ReskRest (M ®y, F)) = Irr(Resk (M @, F)) = [F : K]Irr(M)

again using [Meb02, Proposition 1.2-4]. Finally, we use the fact that
Rest (M @, F) 22 MF to conclude. 0
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3.1 ITRREGULARITY IN FAMILIES

We will be interested in studying how the irregularity varies in families, and
so we will want to replace the field K in the above discussion by a K-dagger
algebra A of MW-type. (It seems entirely likely that the results here will extend
to more general K-dagger algebras, but we will only need this restricted case.)
For such a K-dagger algebra A, suppose that we have a projective V-module
M over the relative Robba ring RY%. Let L be the completion of the fraction
field of A for the supremum norm.

DEFINITION 3.8. We say that M is overconvergent if the generic fibre My, :=
M ® R} of M is overconvergent.

The generic fibre M}, therefore admits a break decomposition

My, = @ My p
b>0

by Theorem 3.3.

THEOREM 3.9 ([Kedll], Theorem 1.3.2). There exists a dagger localisation
A — B and a unique decomposition of Mp := M ® RY, which restricts to the
break decomposition over R} .

Proof. The proof of [Ked11l, Theorem 1.3.2] assumes that the derivation 9,
is ‘eventually dominant’ relative to the derivations of L/K which also act on
M ® Rr. However, this assumption is only used to interpret the break decom-
position obtained as a genuine break decomposition for the full collection of
derivations, and is not used in showing that such a decomposition exists. [

It will be important to have conditions for extending this break decomposition
over the whole of A. Let M (A) denote the Berkovich spectrum of A (consisting
of p-adically bounded multiplicative semi-norms on A); for any v € M(A) we
let 7#(v) denote the completed residue field at v. Thus base changing M
via RY — R?;i”(’v) we obtain a projective V-module M, over Rgi”(v)' Since
the reduction A of A is smooth and integral over k, it follows from [Ber90,
Proposition 2.4.4] that the Berkovich space M(A) 2 M(A) has a unique point
¢ in its Shilov boundary. In this case, the completed residue field .77 (§) is equal
to the completed fraction field L of A.

PROPOSITION 3.10. For any point v € M(A) the V-module M, is overconver-
gent, and we have Irr(M,) < Irr(My,).

Before we can give the proof of this proposition, we need to introduce an-
other function governing the variation of the irregularity along a 2-dimensional
Berkovich space. Let M be a V-module over the ring

K{ru™!, p~ u, x)
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of functions converging for p < |u| < 7 and |z|] < 1. Then for any
(—loga, —logB) € [—logT, —logp] x [0,00] we obtain by base change a V-
module M, g over the field K (u,z)qs,ps obtained by completing K (u,z) with
respect to the norm for which |u| = « and |z| = 8. (When 8 = 0 this should
be interpreted as K(u),.) For every irreducible constituent N of M, g we
can therefore consider the radius of convergence R(N) with respect to the u-
derivation exactly as before, that is

R(N) := min {p, liminfy_ o0 |Gk|;1/k} ,
where Gy, is the matrix of the operator %;’Tkk acting on N. We then define

Fy(—loga, —log ) = —ZdimKQﬂN -log R(N),
N

the sum being over all such irreducible constituents N. This gives a function
Fr(—,—) : [~ logT, —log p] x [0, 00] = R>o.

Proof of Proposition 3.10. Tt is harmless to replace A by completion E, SO we
may instead prove the corresponding claim for a smooth affinoid K-algebra A
with good reduction. We let A (,) denote the base change of A to J#(v) and
consider the Cartesian diagram

M(Ayp(v)) —— M(A)

|

M(H(v)) —— M(K).

By construction, there exists a rigid point of M(A 4z (,) lying above v € M(A),
and the unique point in the Shilov boundary of M(A s (,)) lies above . By
invariance under isometric extensions, we may replace K by 5 (v) and thus
assume that v is a rigid point of M(A). Taking a completed localisation of A
around v, applying [Ked05, Theorem 1] and lifting, we can assume we have a
finite étale map K(x) — A, for * = (21,...,24). By Lemma 3.7 it suffices
to prove the claim for the pushforward of M along K(x) — A, hence we may
assume that A = K(x). By translating, and possibly increasing K, we may
assume that v = 0.

We let v; denote the image in M(K (x)) of the unique point in the Shilov
boundary of

M(K(ml,...,$d>/($1,---71'i))

under the canonical closed immersion. Thus vy = £ and vg = v, and it therefore

suffices to show that M,, overconvergent = M, , overconvergent, and that
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Irr(M,,) > Irr(M,,, ). But now looking at the commutative (although not in

general Cartesian) diagram

MKy, (i) —— M(K(z))

| |

we can see that the zero point of M(K,,(z;)) lies above v;41, and the unique
point in the Shilov boundary of M(K,, (z;)) lies above v;. Again by invariance
under isometric extensions we can therefore reduce to the case d = 1, i.e.
A = K(z).
Now let p be close enough to 1 such that M comes from a V-module defined
over the ring

Np<r<1 K {(pu™t, 77 u, )

of functions converging for p < |u| < 1 and |z| < 1, and let
FI\/I(fﬂ 7) : (07 710gp] x [0,00] —-R

be the function defined above. After possibly increasing p, we may assume by
Theorem 3.3 quoted above that the function Fy(r,0) is given by

Far(r,0) = (rankgu My, + Trr(Mp))r,

where M, is the base change to RY. Now fix some r¢ € (0, — log p] and consider
the V-module M ® K(u).-r (x). The field K(u).-r is of rational type in the
sense of [KX10, Definition 1.4.1], hence we may apply [KX10, Theorem 2.2.6]
to deduce that the function

FM(To, —) : [O, OO] — Rzo
is decreasing and continuous. Thus we find that
. <% _
}1_I>I(I)FM(T, o0) < ll_I%F]VI(T, 0)=0

from which we deduce that the base change My of M to R via x — 0 is
also overconvergent. Thus after possibly increasing p we may assume again by
Theorem 3.3 that Fjs(r,00) is given by

Far(r,00) = (rankgy Mo + Irr(Mo))r.

Now again using the fact that Fas(ro, —) is a decreasing function we can deduce
that Irr(My) < Irr(M,) as required. O

We therefore obtain a function
Irrps - M(A) — Z>o
bounded above by Irr(Mj,).
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ProrosiTION 3.11. Assume that K is discretely valued. Let M be an over-
convergent, projective V-module over RY, and assume that the function Irry,
is constant. Then the break decomposition extends uniquely across A, that is,
there exists a unique decomposition

M:@Mb
b

of V-modules over RY which restricts to the break decomposition of M @R} .
Moreover, for any closed point s : A — K’ the induced decomposition

Ms = @(Mb)s
b

of My := M ®; RY, coincides with the break decomposition of M.
We start with a simple special case.

LEMMA 3.12. Let M be an overconvergent, projective V-module over R?(@)T.

Assume that the break decomposition extends uniquely across K (z,z=1)T and
that the function Ity is constant on M(K (x)1). Then the break decomposition
extends uniquely across K (z)T.

Proof. Via the bijection between decompositions of a module and representa-
tions of the identity map as a sum of orthogonal idempotents, uniqueness of
any extension of the break decomposition follows from injectivity of the map

Endgy (M) — Endge (M & R (4,0-1y1);

K(xz,z—1)T
existence boils down to whether or not the given orthogonal idempotents in
Endn}t((%m>T (M @ R, p-1y1) actually lie in EndR;(%>T (M).
To see that they do, take p < 1 close enough to 1 such that M comes from a
V-module over

mpS'r<1 L-J/\>1 K<7_u715 piluv )‘711'>'

By the proof of [Kedll, Lemma 1.3.4] it suffices to show that for any such p
the induced decomposition of M ® K (u),(z,z~!)T extends to a decomposition
of M @ K (u),(x).

Having fixed p, we may, for any 0 < n < 1, consider the V,-module M, ,
over K(u,x),, as before, and its n = rank(M) (extrinsic) radii of convergence
ri(n) > ... > ru(n) (for the u-derivation). We may therefore define functions

F;:[0,00] = R
Fi(—logn) = > —logr;(n),
J<i

in particular we find F,(r) = Fp(—logp,r) where Fj; is the function we
defined previously. The functions F; are decreasing by [KX10, Theorem 2.2.6],
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and by the constancy of the irregularity of M we know that F,,(0) = F,,(c0).
This implies that in fact all of the F; are constant on [0, co], which by [KX10,
Theorem 2.3.10] implies that there exists a unique decomposition of M over
K(u),[z]o, the ring of convergent series on |z| < 1 which are bounded as
|z| — 1, which restricts to the break decomposition on M ® K (u, ), for
each n € (0,1). Since we have a break decomposition over K (u),(z,z~!)T
and over K (u),[z]o, we therefore have one over K (u),(z)" = K (u),{z,z71)TN
K (w)[olo. O

We can then reduce the general case to this as follows.

Proof of Proposition 3.11. Once we know that the break decomposition ex-
tends across A, the final claim that it induces the break decomposition at
every closed point follows from Proposition 3.10 above. Also, the uniqueness
claim follows exactly as in the proof of Lemma 3.12 above.

To see that the break decomposition does indeed extend across A, we begin
by showing that if {A — A;};cs is a finite dagger open cover of A, and we set
Aij = A ®L Aj, then, for any finite projective R'-module IV, the sequence

0= N = [[Nory RY, = [[NV @ry RY,,

2%

is exact. Indeed, since IV is a direct summand of a finite free R'j-module, we
reduce to the case where N is finite free, and thus to the case N = RY. If
we let A{pu~!,n~tu)" denote the ring of overconvergent series on the relative
annulus over A of radius [p,n], then we can give an alternative description of
RY as colim,<1lim,<; A(pu~t,n~tu)’. Thus using the dagger form of Tate’s
acyclicity theorem [GKO00, Proposition 2.6] we can see that the sequence

0— Alpu™t n )t — HAi<pu_1,77_1u>T — ]._.[Aij (pu=t n~tu)t

j

is exact for all p,7n. Since colim is exact and lim is left exact, the claim follows.
Applying this to N = Endgu (M) we can see that if the break decomposition
extends across all A;, then it extends across A. Thus the question is ‘dagger
local’ on A.

Now let C = {4;}ier denote the collection of all possible dagger localisations
of A such that the break decomposition extends across A;, we wish to show
that A € C. Suppose, then, for contraction, that A ¢ C. Then after pass-
ing to the reductions modulo the maximal ideal of V the open immersion
Uz‘e 1 Spec (ZZ) C Spec (Z) is strict. Thus after possibly making a finite ex-
tension of K (which is harmless) we may assume that there exists a smooth
k-rational point z on the reduced complement (Spec (A) \ U;er Spec (Ai))red'
To contradict the maximality of C, then, it suffices to produce a dagger locali-

sation A — A’ such that z € Spec (Z/) and such that the break decomposition

extends across A’.
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As we have already seen, the question is dagger local on A, hence we may
localise around z, and use [Ked05, Theorem 1] together with Lemma 2.8 to
obtain a finite étale map K (x1,...,74)7 — A such that the induced map
Spec (Z) — AZ on reductions sends z to the origin, and the break decom-
position extends across A(z;')f. Restricting along this finite étale map we
may assume that A = K(x1,...,74)" and that the break decomposition ex-
tends across K(x1, ..., x4, ZC;1>T. Now let F' be the completed fraction field of
K{x1,...,2q9_1)F, so we have
Rk (ay,.. =R i MRzt € RE-

Lza)t K<z1,...,zd,z;1>

Hence applying [Ked11, Lemma 1.2.7] to Endn?(( . (M) we can see that it

YR zg)
suffices to prove that the break decomposition extends across R, ()t Finally
replacing K by F' we can appeal to Lemma 3.12 above to conclude. O

4  RELATIVE CURVES AND GENERIC PUSHFORWARDS

We shall assume for the rest of the article that the ground field K is discretely
valued. The residue field k£ will continue (for now) to be arbitrary of charac-
teristic p.

4.1 THE BASIC GEOMETRIC SETUP

Here we will describe the basic geometric setup for our first p-adic acyclicity
theorems.

DEFINITION 4.1. 1. An affine curve is a smooth, affine morphism f : U — S
of k-varieties, of relative dimension 1.

2. A smooth compactification f : C — S of an affine curve f : U — S is
called good if the complement C'\ U is étale over S.

Remark 4.2. Tt might be more usual to require our curves to have geometrically
connected fibres. However, it will be important for us not to assume this.

Our most general acyclicity result, Theorem 10.2 below, will apply to affine
curves admitting good compactifications (at least when k is perfect). Our first
goal, however, will be to prove a similar result in a much more restrictive
setting.

SETUP 4.3. We consider an affine curve f : U — S over a smooth, affine base,
which admits a good compactification f : C — S, and a lift

f:(C,C,€) = (8,8,6)
of f to a smooth, proper, Cartesian morphism of frames, such that:

e both (S,5,6) and (U, C, €) are of MW-type;
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e the complement C'\ U is a disjoint union of sections o; of f, and there ex-
ists an open neighbourhood of each on which it is defined by the vanishing
of a single function u; € O¢.

That proving cohomological results in this more restrictive situation will suffice
follows from the next proposition.

PROPOSITION 4.4. Let f : U — S be an affine curve over a smooth base S,
admitting a good compactification f : C — S. Then, after possibly passing to
an étale cover of S, there exists a morphism of frames

f:(C,C,¢) = (S,5,6)
enclosing f, such that the conditions of Setup 4.3 apply.

Proof. First of all, we may assume that S is affine and connected. Let S’ be
a common Galois closure of all the connected components of C'\ U, which
by assumption are finite étale over S. Then after base changing to S’ the
complement C'\ U is a disjoint union of sections, which by smoothness of
C — S must all be regular closed immersions. Hence after passing to a Zariski
cover of S’ they are each defined in some neighbourhood by the vanishing of a
single function on C.

Next, we let g denote the genus of the family f : C — S, and S — My the
corresponding morphism to the moduli stack of curves. Since M, is a smooth
Artin stack (for any g), we can find a smooth surjective morphism M — M,
from a smooth affine scheme (over Z). After passing to an étale cover over S,
then, we can lift the given map S — M, to a map S — M.

Now, by [Elk73, Théoréme 6] we can choose a smooth affine scheme S over V
with special fibre S. Let S denote the Henselisation of S along V(ww), this
is therefore a w-adically Henselian affine scheme, whose reduction mod w is
again S. Hence by [Ray72, Théoreme 2| the map S — M lifts to a map
Sh — M, so composing with M — M, and pulling back the universal family
we obtain a lift C* — S" of C' — S to a smooth and proper curve over S".
Hence there exists an étale morphism &’ — S of affine V-schemes, inducing
an isomorphism on special fibres, and a smooth and proper curve ¢’ — S’
lifting ¢' — S. Finally, we choose a compactification S of S’A over V, and a

compactification C 58 of '+ 8, andset =38 and € =C. O

4.2 GENERIC PUSHFORWARDS A LA KEDLAYA

Having set things up relatively geometrically, we will for a while revert to a
more algebraic viewpoint on relative rigid cohomology, at least until §7. In the
situation of Setup 4.3, we set

A:=T(6k,jl0s,)
B :=T(Cx, jlOcy).
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These are therefore MW-type K-dagger algebras, pullback induces a homo-
morphism A — B, and the module of continuous differentials Q}B /A is a finite
projective B-module of rank 1.

Ordinary higher direct images will be defined in terms of the morphism of
K-dagger algebras A — B: for any overconvergent isocrystal E on U/K, we
can realise E on the frame (U,C,€) and take global sections to obtain an
overconvergent V-module M over B, and thus define the cohomology groups

ROf, M := ker (M % Mg Q}B/A)
R!f, M := coker (M S M B Q}E;/A) .

We will also need to make use of other higher direct images defined using
relative Robba rings, as in [Ked06a]. In the situation of Setup 4.3, let &;
denote the closure of the image of o; inside C, and set

R, =7 [ex: 35, Oce)
R, = colimyT(]6;[e, NV, il Oc,),

the colimit in the second definition being over strict neighbourhoods V' of ]C'\
Tjle inside €. Since each o; has a neighbourhood on which it is locally cut
out by a single function u; € O¢, by lifting these u; to some dagger localisation
of B and using the strong fibration theorem, we can identify

+ ~ uj+
Ri, =R
o~ Ui
Rao, = RY

with copies of the relative Robba ring over A. For all j there is a natural
embedding
B — R,

of A-algebras, and we define Q;{fj } to be the quotient

0= B—PRao, — oleit 0.

J

We can therefore define further higher direct images

R, /M = P ker (M ®5 R, > M®pRao, O5 Q}B/A)
J

R M = ker (M 05 0 S Mep ol o Q}B/A)

Riyo /oM = @) coker (M 5 Rao, > M®OpRaq Op Q}B/A)
J
R2f,M := coker (M o5 QY % Mep ol ep Q}B/A) :
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these sit in an exact sequence

0— R/ M —=RY f.M—=RVEM - R'M = RL_f.M — R2fiIM — 0.

loc/ *

When A = K (or a finite extension thereof) we will usually write
HO(M)a HI%C(M)’ Hcl(M)a Hl(M)a H]{’)C(M)) HE(M)

instead. When A — A’ is a morphism of MW-type K-dagger algebras, we will
write either B/ or simply B’ for B ®L A’ and either M4/ or simply M’ for
M ®p B’, thus M’ is an overconvergent V-module over B’'.

THEOREM 4.5. [KedO6a, Theorem 7.3.8, Remark 7.2.2, Proposition 8.6.1] As-
sume Setup 4.3, and let M be an F-able V-module on B.

1. There exists a dagger localisation A — A’ such that the higher direct
images R' f.M', R}, f.M', R'fiM' are finitely generated over A’, for-
mation of which commutes with flat base change A’ — A" of MW -type
dagger algebras.

2. For any A’ such that the conclusions of (1) hold for M' and MY, there
are canonical perfect pairings

R f,M @4 R7AMY — A'(=1)
e s M @a R MY — A'(—1)

loc
of V-modules over A’.

Remark 4.6. 1. The base change claim in the theorem implies that any
Frobenius structure on M induces one on all of the higher direct im-
ages R f,M', R} _f.M’', R'fiM’, in a way compatible with the Poincaré
pairings in (2).

2. Tt was also shown in [Ked06a] that formation of these higher direct images
commutes with base change to the completed fraction field L of A’.

Proof. In [Ked06a] the case when U = AL, B = A(z)" and M admits a Frobe-
nius structure was treated, we will explain here how to reduce to this case. First
of all, passing to the irreducible constituents of M we may assume that M it-
self admits a Frobenius structure. Applying [Ked05, Theorem 1] at the generic
point of S and spreading out we can find an open immersion S’ — S and a
finite étale map Us: — AL, of S’-schemes. After possibly further localising and
lifting to characteristic 0 via Lemma 2.8 we can therefore find a dagger localisa-
tion A — A’ such that there exists a finite étale morphism A’(x)T — B(X)jf4 A’ of
A’-algebras. Taking the pushforward along this finite étale map doesn’t change
any of the higher direct images, so we can replace A by A’ and B ®1L4 A’ by
A'{(x)?, and thus reduce to considering the case where B = A{z)T. O
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Roughly speaking, our goal will be to use the irregularity of a V-module to
give conditions under which we can take A = A’ in the above theorem. For
each o; we have the base change of M along

B— Ry ¥RY,

. . U4 . . .
this is an overconvergent V-module M, ; over R j, with an associated irreg-

ularity function
II‘I’]\/jloc,j : M(A) — ZZO'

We define the total irregularity of M to be the function

Tyt o=y Trag,, 0 M(A) = Zso,
J

We can now state our first partial p-adic analogue of [Lau81, Corollaire 2.1.2]
as follows.

THEOREM 4.7. Assume Setup 4.3, and let M be an F-able V-module on B.
Then the following are equivalent:

1. the total irregularity Trrl)’ : M(A) — Z>q is constant;

2. the higher direct images RO f,M and R'f.M are finitely generated over
A, and their formation commutes with arbitrary base change A — A’ of
MW-type K-dagger algebras.

Remark 4.8. As in Remark 4.6, it follows from the base change claim that any
Frobenius structure on M induces one on R’ f,M. Formation of R*f,M also
commutes with base change to the completed fraction field L of A.

Note that the implication (2)=-(1) follows from the Grothendieck—Ogg—
Shafarevich formula [CMO1, Corollaire 5.0-12], the proof that (1)=-(2) will
occupy us until the end of §8. To start with, we will record a consequence of
Theorem 4.5 that is not explicitly spelled out in [Ked06a], but can nonetheless
be easily deduced from results there.

LEMMA 4.9. In the situation of Theorem 4.5, assume that the conclusions of
the theorem hold for M and MY without further localisation of A, and that
ROf,M = RYf,MY = 0. Then the formation of the cohomology groups
Rif.M, Ri .f«M R'fiM commutes with arbitrary base change A — A’ of

MW-type dagger algebras.

Proof. By choosing a set of topological generators for A’ over A we can treat
separately the cases when A — A’ is surjective and when A’ = A(zy, ..., z,).
The latter case is covered by Theorem 4.5, we will therefore consider the for-
mer. By Poincaré duality we know that R?fiM = (R°fi,M")Y = 0, and that
R2fiMY = (R°fiM)¥ = 0. Since the base change map

(Rllocf*M) ®A AI — Rllocf*Ml
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is trivially surjective, we deduce that the latter is finitely generated over A’,
which is enough to show that the conclusions of Theorem 4.5 hold for M’
without further localisation (see for example the proof of [Ked06a, Theorem
7.3.3]). By arguing similarly for M"Y, we deduce that Poincaré duality also
holds for M’. The map

(R*fiM)@4 A — R2AM’

is also trivially surjective, thus we deduce that R?f,M’ = 0; replacing M by
MY and applying Poincaré duality we can also see that R°f,M’ = 0. Hence
base change holds for RV f, M and R2f,M. We now consider the diagram

SR M)A > RAM)@ A > (RYAM)@ A > (RL fM)® A 50

L]

0— R _fuM' —— R'iM' —— R'f.M' —— RL f.M' —0

loc

where the rows are the canonical exact sequences, and the vertical arrows come
from base change. Immediately from the definitions we find that the right two
vertical arrows are surjective; by replacing M by MY and using Poincaré duality
we can see that the left hand vertical arrows are injective. Moreover, we know
from [Meb02, Corollaire 1.3-2] and base change to the completed fraction field
of A that

rank 4Ry f. M = rank A R{, f. M
rank 4 R . f. M’ = rank 4 R, f. M,

and hence base change has to hold for R{ .f.M. Since

rankAlegM < rankA/le!M’
rank R f. M > ranky R'f, M’
rankAle!M — rankAle*M = rankA/le!M’ — rankA/le*M/

we can also deduce that rank4R! fiM = ranksR!'fiM’ and rank R f. M =
rank . R! f,M’. This gives base change for R! f,M and R! fiM, and completes
the proof. O

We can use this to give the following minor strengthening of Theorem 4.5.

COROLLARY 4.10. In the situation of Theorem 4.5 there exists a dagger locali-
sation A — A’ such that the higher direct images R f.M', Ri _f.M', R fiM’
are finitely generated over A’, whose formation commutes with arbitrary base

change A" — A" of MW -type dagger algebras.

Proof. As explained above, we can reduce to the case where B = A(x)', and
Rif.M, Ri f.M, R'fiM are finitely generated over A with formation com-

loc

muting with flat base change, as well as to the completed fraction field L of A.
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In particular, we can verify that the natural map
R f.M @4 Alz)T — M

is injective, since it is so over L. After replacing A by a further localisation, we
can also assume that the conclusions of Theorem 4.5 hold for the quotient N of
M by RYf.M ®4 A(z)!. The base change claim holds for R®f, M @ 4 A(z)" by
using the projection formula, hence by the five lemma it suffices to prove it for
N. But again by comparing with the situation over L we can see that R’ f, N =
0; in other words we may assume that R?f,M = 0. We now consider the dual
MV after possibly further localising A we can assume that the conclusions of
Theorem 4.5 also hold for MY, and so we obtain an exact sequence

0= N—= M- (ROLMY) @4 Alz)T =0

of F-able V-modules. Again, possibly localising A, and using the five lemma
to replace M by N, we can assume that ROf .M = ROf .MV = 0. Thus we
may apply Lemma 4.9. o

5 UNIPOTENCE AND BASE CHANGE FOR V-MODULES OVER RELATIVE
ROBBA RINGS

We will begin the proof of Theorem 4.7 with a study of the behaviour of
RloOC f+«M in the case when the generic fibre of M has unipotent monodromy
around all missing points. In this section we will not need the geometric setup
of §4.1, and will instead simply work with dagger algebras and V-modules.
Since we are only interested in RY _f., we will let A be a K-dagger algebra of
MW-type, L its completed fraction field, and M an overconvergent V-module
over RY.

As part of the proof of [Ked06a, Theorem 7.3.3] Kedlaya shows that if M is
free, and the generic fibre M ® RY is unipotent (as a V-module relative to L),
then there exists a dagger localisation A — A’ such that M ® RY, admits a
strongly unipotent basis relative to A’. That is, it admits a basis {e;} such
that

uVy(e;) € (Aey + ...+ Ae;—1) ® du,

where V,, is the ‘u-component’ of the connection on M. It will be important
for us to work with V-modules that are not known a priori to be free, and
to still have a version of this result. Luckily, we will only need it in the case
where A = K(z)" = K(z1,...,24)" is a free K-dagger algebra. We will keep
the assumption that K is discretely valued.

THEOREM 5.1. Let M be a projective V-module over R?qu whose generic

fibre M ® R} is unipotent relative to L. Then M is free, and admits a strongly
unipotent basis relative to K {x)T.

The proof of this result will occupy the rest of §5. As in [Ked06a, §5], we will
find it easier to introduce an auxiliary ring in place of RY, ()t
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DEFINITION 5.2. Fix some 7 € \/|K*| and define Rf , to be the ring of series
> a;u’ with a; € L, such that there exist _ < 1 < 14 such that

lail| . — 0

as ¢ — +oo. Similarly, define Ry .;  to be the ring of series >, aiu’ with a; €
K (z)' such that there exist n— < 7 < n4 and A > 1 such that a; € K(A\"lz)
for all 7 and

lail| n — 0
as ¢ — %oo0.

As usual, a V-module over R, (@)t will mean a V-module relative to K, whose
underlying R% <w>fm—module is finitely presented. Any extra adjectives such as
projective, stably free, free, &c. are understood to apply to the underlying
R“K@)Tm—module.

LEMMA 5.3. 1. The map K{(x)" — L is flat.

U

2. The natural map RK@c

Von QK (zyt L — Rzm 18 injective.

Proof. The first claim is clear, since K{(x)! — L is a monomorphism into a
field. For the second, we choose a bijection Z — N and consider R} (@)t and
7., as subspaces of the infinite products [ [ K (z)" and []y L respectively; it

suffices to show that the natural map

(H K<m>T> Srciey L [
N N

is injective. If we let we let L denote the (uncompleted) fraction field of K (),
and factor K (z)" — L through L, then it suffices to show the following:

1. if R is an integral domain, with fraction field F', then the natural map
([IyR) ®r F — [y F is injective;

2. if F — F' is an arbitrary (non-zero) morphism of fields, then the natural
map ([[y F) ®r F' — [[y F' is injective.

For the first, let us take some element 27" | (X;;)52; ® fi in the kernel of
([IyR) ®r F — [y F, with \;; € R and f; € F. Expressing all the f; as
fractions with a single common denominator, we may assume that f; = % for
some f € R\ {0}, and all ¢. Hence we can in fact write our element simply as
(M), ® % for suitable \’;. Thus we have ATJ = 0in F for all j, whence \; = 0
in R for all j.

For the second, again suppose that we have an element

n

Z()‘ij);; ® fi € <HF> ®r F'
N

i=1
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which maps to zero in [[ F”, i.e. such that Y. A\;; fi = 0 for all j.

Let V = F™ be the standard n-dimensional vector space equipped with the
standard bilinear form. Let A; = (Aj,..., ;) € Vand f = (f1,...,fn) €
V @p F'. Let

J
Wj = ﬂ {’UGV|)\j/ "UZO}
j'=1
be the intersection of the annihilators of all the A for 1 < j° < j. Thus W,
is a descending sequence of subspaces of V', which must therefore eventually
stabilise. Hence we have

(M;Wy) @p F' = (W,; ®F F').

J

Pick a basis e1,...,e; for N;W;, and write these as e; = (e, ..., e;,) with
eim € F. The fact that e; € N;W; means that

Z )\ijeli = 0

for all j,1. Since f € (; (W; @F F') we must be able to write f = 37, e
for some a; € F’. Putting this all together with have

Z()\ij);il ® fl = Z ()\ij);il & ey = Z (Z()\ijeli);i1> Qo = 0

i=1 il=1 1=1 \i=1
and the proof is complete. O

We can now extend some of the results in [Ked06a, §5] from free to stably free

V-modules over R} (@)t For any V-module over any of the rings R} (@)t
Ry . R (zyr or Ry we will write HY, for the kernel of the derivation %. For

M a V-module over R“K<m>T g We will write My, for M ® R%m

LEMMA 5.4. Let M be a stably free V-module over R?(@)T 7 such that My, is
unipotent relative to L. Then HY, (M) is a finite free V-module over K ().

Proof. All finitely generated V-modules over K (x)' are projective, and there-
fore free, via the analogue of the Quillen-Suslin theorem for K (z) [Ked04,
Theorem 6.7]. Thus HY, (M) will be free as soon as it is finitely generated. To
see that it is finitely generated we may choose some n such that

! _ u,Bn
M = MEBRK@)M7

is a free V-module over R% (@)t The claim for M can therefore be deduced

from the claim for M’, we may therefore assume that M is in fact free. In this
case, [Ked06a, Proposition 5.2.6] shows that HY (Mf) is finite dimensional

over L, and it follows from [Ked06a, Lemma 7.3.4] that HY (M) is finitely
generated over K (x)T. O
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In fact, the restriction to stably free modules is unnecessary.

LEMMA 5.5. Any finitely presented V-module over R“K@W77 is projective, and
becomes stably free after making a finite base extension K — K'.

Proof. Choose n— < n < ny and A > 1 such that the module M under consid-
eration arises via base change from a V-module over K(\ "'z, n_u_l,n;1u>.
Since the completed local ring of any smooth affinoid K-algebra at any max-
imal ideal is a power series ring, it follows in the usual way that M must be
projective.
To see the claim on stable freeness, note that after replacing K by a finite
extension (and possibly shrinking the interval [n_,ny| if necessary) we can
assume that A\,n_,n4 € |K*|, and that n_/n; = |w|. In this case, by choosing
a, f+ € K with || = X and |S+| = 1+, we can construct an isomorphism
-1 11 & KlE )
K\ "x,n_u"",n, u) = (a0 — o)
x—ax, u— fru, ut e Bov.

Since M is projective, it suffices to show that any projective K (x,u,v)/(uv —
w)-module is stably free, or equivalently that Ko ((x, u,v)/(uv—w)) = Z, where
Ko(R) denotes the Grothendieck group of the category of finite projective R-
modules (see [Weil3, Chapter II, Lemma 2.1]). We consider the diagram

o (fmm) o () - o (567)

Since Ok (x,u,v)/(uv — w) is w-adically complete, it follows from [Weil3,
Chapter I, Lemma 2.2] that the right hand map is an isomorphism. We can cal-
culate Ko (k[x, u,v]/(uv)) using the Mayer-Vietoris exact sequence from [Mil71,
p.28]. Namely, the diagram of rings

klx, u,v]/(uwv) — k[x, u]

| |

klx,v] —— k[x]
is Cartesian, and all maps are surjective, so we have an exact sequence

Ky (k[ u]) ® Ky (k[z, v]) =Ky (k[z]) = Ko(k[z,u, v]/(uv))
—Ko(klz, u]) & Ko(k[z,v]) = Ko(k[z])
where K7 here refers to the Whitehead group as defined in [Mil71, §3]. Since

the map k[x,u] — k[x] admits a section, the first map in this sequence is
surjective. Since K| of any polynomial ring over a field is Z, the sequence

sum

0 — Ko(k[z,u,v]/(uv)) = ZDZ — Z
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is exact and we deduce that Ko(Og (x,u,v)/(uwv — w) = Ko(klz,u,v]/(uww)) =
Z. If we now let Go(R) denote the Grothendieck group of the category of finitely
generated R-modules (over a Noetherian ring R), then since Ok (@, u, v)/(uv —
w) and K(x,u,v)/(uv — w) are regular it follows from [Weil3, Chapter II,
Theorem 7.8] that

X (0K<m,u,v>) e ((’)K(w,u,v))

(o — ) (v — )
(k) )

Since

G <(9K<a:,u,v>> G (K(m,u,v})

(uv — w) (uv — @)
(see [Weil3, Chapter II, Application 6.4.1]) we deduce that

X (OK<:B,u,U>) K (K(m,u,v>) |

(uv — @) (uv — @)
hence Ko(K (@, uwv)/(uv — w)) = Z as required. O
We can now prove an analogue of Theorem 5.1 with R (@)t in place of RY, (@)t

PROPOSITION 5.6. Suppose that M is a finitely presented V-module over
R?(@)T 0 such that My, is unipotent relative to L. Then M 1is free, and admits

a strongly unipotent basis relative to K ().

Proof. As observed above, M is projective; we will induct on the rank of M.
If the rank is zero then there is nothing to prove. If the rank is > 0, we claim
that the base change map

H%u (M) ®K(m)T RuK(:E)T,n — M

is injective, and H%u (M) is non-zero. Both these claims may be verified after
making a finite base extension K — K’, we may therefore assume by Lemma
5.5 that M is stably free.

To see that HY (M) is non-zero, choose n such that

N:=M®R"

is free. Choose a strongly unipotent basis for M, and extend this to a basis for
Ny, using the canonical basis of RZ’%". Let D be the nilpotent matrix over L
giving the action of the connection on this strongly unipotent basis, and e its
nilpotency index. In [Ked06a, §5.3] Kedlaya defines an L-linear function

fZNL—>NL
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which satisfies f(N) C N and f(N @ (z)+ L) = im(D°"). In fact, it follow
from the definition of f (and our particular choice of strongly unipotent basis)
that we also have f(My) C My, from which we deduce that f(M) C MyNN =
M. If we let V' denote the L-span of our original strongly unipotent basis for
M, we therefore find that f(M @ gy L) = im(D[ ). In particular we must
have 0 # f(M) C HY (M).

The injectivity claim is a rather convoluted diagram chase. To begin, we
observe that projectivity of M over R (@)t together with injectivity of
R“K@W77 Qf (@)t L — Ry , implies injectivity of

M ® K ()t L — My,

Next, flatness of K(x)f — L implies injecitvity of H%U(M) R (myt L —
M ® g (zyt L and hence of

HY (M) @yt L — HY (ML).
Tensoring with R , gives injectivity of
Hy, (M) @k (@)t R, = Hy, (My) @1 R,
and since HY, (M) is projective over K{x)" we get injectivity of
HY (M) @ ()1 R oyt = HY (M) @k (ayt RY 3
putting these two together gives injectivity of
HY (M) @ (a1 Ry ayt g = Hy (ML) ®r RY .

Now, we already know that H%u (Mp)®L R}, — M, has to be injective (since
L is a complete, discretely valued field), and hence we deduce that the map
HY (M) @ (z)t Rie gyt = ML is injective, and therefore (finally!) obtain
injectivity of

Hg, (M) @5 (@)t Ric(ayt = M.

Now, we have already seen in Lemma 5.4 that HY (M) is free over K (z), and
the quotient @ of M by H%u (M) ® R?{(m)tn is a finitely presented V-module
over Ry (@)t thus again projective of strictly smaller rank. We may therefore
apply the induction hypothesis to see that () admits a strongly unipotent basis
relative to K (x)t. This implies that M is free and unipotent relative to K (x)f,
hence we may argue as in [Ked06Ga, Proposition 5.2.6] to show that it has a
strongly unipotent basis relative to K (). o

Proof of Theorem 5.1. This is identical to the proof of [Ked06a, Proposition
5.4.1]. Let M be an projective V-module over R, (@)t with unipotent generic
fibre. Then for n close enough to 1, M comes from a projective V-module

DOCUMENTA MATHEMATICA 26 (2021) 981-1044



LocAL AcycCLICITY 1015
M,y over Ry yi N Ri gy, such that M, @ (Rf N Ry ,) admits a strongly
unipotent basis {e;} relative to L. Hence M, ® Ri¢ gyt admits a strongly
unipotent basis {f,} relative to K(z) by Proposition 5.6. Moreover, these

two bases must have the same L-span inside M ® RY. Hence {f,} forms a
basis of M, N (M ® RY}) = M. O

For us, the most important consequence of this result is the following.

COROLLARY 5.7. Let M be a projective, F-able V-module over ’R}quﬁ with

constant irreqularity. Then H%u (M) is finitely generated over K(x), and for
any closed point s : K(x)t — K’ the base change map

Hg, (M) ® @y K' = Hy, (M @y Ricr)

18 an tsomorphism.

Proof. After possibly enlarging K and translating we may assume that s = 0.
If K contains all nth roots of unity, and n is coprime to p, then we have an
identification

o 0 wl/m Z/nZ
Hy, (M)=Hg (M QR RK(z)T)

K(x)T

and similarly after base change via s. We are therefore free to make such a
tamely ramified base change at any point we wish.

Write My, = M ®R?<<m>t RY, and let M, = M®R?<<m>t R be the fibre over s.
Let My denote the break 0 part of M provided by Proposition 3.11, thus the
fibre My s over s is the break 0 part of M,. Since M is F-able, it follows
that My, 1, has rational exponents, whose denominators are necessarily coprime
to p. We may therefore by [Meb02, Théoréme 1.3-1] take a tamely ramified
base change R} — ’Rf/n such that Mo, ®ry ’Rf/n is unipotent relative

to L as a V-module over R%I/n. Since such a base extension preserves the
break 0 part we may therefore assume that My ;, is unipotent. But now since
MVe=0 = M=% and MY==0 = MOV;:O we may moreover replace M by M
and therefore assume that M, itself is unipotent relative to L.

Hence by Theorem 5.1 above, M is in fact unipotent relative to K (x)', that is
it is an iterated extension of V-modules pulled back from K (z)'. For any such
pullback module, the base change claim is easily deduced using the projection
formula, and the relatively unipotent case then follows by induction on the
rank and the five lemma. |

6 DBASE CHANGE FOR RUf,

We can now use the results of the previous section to prove the R°f,M case
of Theorem 4.7. We will therefore consider Setup 4.3, and use notations as in
84.1. Thus (in particular) we have a morphism of MW-type frames

(U,C,¢) — (S,5,8)
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enclosing an affine curve f : U — S, with induced morphism A — B of K-
dagger algebras as in §4.2. We let M be a V-module on B obtained as the
realisation of an overconvergent isocrystal E on U/K. The main result of this
section is the following.

THEOREM 6.1. Assume that M is F-able and has constant total irreqularity
Irrtf.  Then ROf.M is finitely generated over A, and for any closed point

s: A — K' the base change map
ROf. M ®4 K' — H°(M,)
18 an 1somorphism.

Remark 6.2. Tt follows from the theorem that in fact formation of RCf, M
commutes with arbitrary base change A — A’ of MW-type K-dagger algebras.
As in Remark 4.6, it then follows that any Frobenius structure on M induces
one on ROf, M.

In fact, showing that R f, M is finitely generated is relatively straightforward,
and does not depends on M having constant irregularity. The base change
claim is much harder, and is false without at least some extra assumption.?
Our first reduction in the proof of Theorem 6.1 is to show that the claim is
local on A.

LEMMA 6.3. Hypothesis as in Theorem 6.1. Let {A — A;}icr be a finite
dagger open cover of A, and set A;; = A; ®Jf4 Aj;. Write Ma, = M ®4 A; and
Ma,;, = M®a Aij. If the conclusions of Theorem 6.1 hold for each M4, and
each Ma,,, then they hold for M.

Proof. By assumption, formation of ROf, M4, and R°f. M A;; commute with
base change to closed points of A; and A;; respectively. It follows that for-
mation of RYf.M,, commutes with base change along A; — A;;. The dagger
version of Tate’s acyclicity theorem [GKO00, Proposition 2.6] now gives the ex-
istence of a unique finite projective A-module N whose base change to each A;
is exactly RVf,M4., and the fact that

Rof*M = ﬂ Rof*MAi

(intersection inside R? f, M) implies that R° f. M is canonically isomorphic to
N. Hence formation of R%f,M commutes with each base change A — A;, and
therefore to all closed points of A. O

Next, by localising on S, we may assume that .S admits a finite étale map to Az.
Using Lemma 2.8, we may therefore assume that there exists a finite étale map

2For a counter-example, let f : Ai — A,lc be the projection, and take an Artin—Schreier
cover X — Ai whose fibre over the generic point of A}c is connected, and whose fibre over 0
is disconnected. Then the pushforward of the constant isocrystal on X will not satisfy base
change to closed points for RY f.
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K{(z)! — A. Corresponding to this we have a finite étale map R}?@)T —RY
for each j.

LEMMA 6.4. IfIrt% is constant, then each M®p sz has constant irreqularity.

Proof. It M ®p RZ{ does not have constant irregularity, then by Proposition
3.10 there exists a point of M(A) at which the irregularity of M ®@p R is
strictly smaller than the irregularity at the maximal point. Since all the other
irregularities cannot increase under such a specialisation, it follows that Irr%)’

cannot be constant. O

Consider M ®p R, as a V-module over R?(j(m>f via restriction of scalars.
By Lemma 3.7 this has constant irregularity, and we can apply Corollary 5.7
to deduce that R _f.M is finitely generated over K (x)T, and its formation
commutes with base change to closed points of K(z)!. Hence R{ _f.M is
finitely generated over A, and for every closed point s : A — K’ the base
change map

Ry fiM ®4 K' — HP (M)

loc
is an isomorphism. The fact that R°f. M is finitely generated (and thus pro-
jective) over A now follows from the injection

RYf.M — R _f.M.

loc

(There is in fact an easier way of seeing this, using [Ked06a, Lemma 7.3.4] but
we will still need the full force of Corollary 5.7 anyway). It remains to show
the base change claim, and the key remaining input is the following.

LEMMA 6.5. The direct image with compact support R fiM is finitely generated
projective over A, and for all closed points s : A — K' the base change map

R'fiM)®4 K" — H}(M,)
18 1njective.

Proof. To see that R!fiM is finitely generated, we use projectivity of M to
embed M @ Q1?i} inside a number of copies of Q1?i}, and then apply [Ked06a,
Lemma 7.3.4]. Since it has a natural V-module structure it is thus projective.
For the base change claim, we may assume that K = K’. By translating we
may assume that s maps to the origin under the given finite étale morphism
K(x)T — A. For 1 < i <dlet A; = A/(x1,...,2;); since Ag is an étale
K-algebra, it in fact suffices to show that the base change map

(RYfiMa) @4 Ag — R fiM 4,

is injective. As we have already shown that each R!fiMy,, is finite projective
(and hence flat), it suffices to show that for all ¢ the base change map

(R'fiMa,) ®a, Aiy1 — R fiMy

it+1
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is injective. By induction on d, then, what we must show is that
R'fIM)®4 Ay — R iM a4,
is injective. One easily checks that the sequence
0— xlgf;’j} - Q{A"j} — Qi"j} -0

is exact, for example, by using the corresponding fact for each RZ{ and applying
the nine lemma. Since M is finite projective and ker V is left exact, we deduce
that

0=z RVAM - RYVAM — RYfM 4,

is exact. This finishes the proof. O

We can now complete the proof of Theorem 6.1. Consider the diagram

0— (R fiM) @ (ayt K/ — (RS M) @ (zyt K' — (R iIM) @ ¢yt K

| | l

00— HY(M;) ———— s HY (M) ————— H} (M)

which has exact rows, the top row being exact because R’ f, M, RY. _f.M and
R!fiM are all finite projective over A. We already observed (using 5.7) that
the middle vertical map is an isomorphism, and the right hand vertical arrow is
injective by Lemma 6.5. The left hand vertical map is therefore an isomorphism

by the five lemma.

7 'THE STRONG FIBRATION THEOREM AND THE COHOMOLOGY OF PUNC-
TURED TUBES

To prove Theorem 4.7 for R® f, M we worked ‘algebraically’, that is, within the
language of dagger algebras. In order to deal with the R!'f.M case we will
need to do a little more geometry, and work in the language of frames. Again,
we suppose that we are in Setup 4.3, thus (in particular) we have a morphism
of MW-type frames

f: (U,C,¢) = (S,5,6)

enclosing an affine curve f : U — S. We shall only consider the case when the
base frame B R
(8,5, 6) = (AL, P, PY)

is the natural MW frame enclosing affine space over k. Again, let A — B be the
induced morphism of dagger algebras as in §4.2 (thus A = K{(x1,...,24)"), and
M a V-module over B arising from an overconvergent isocrystal E on U/K.
We will assume that M is F-able. Let

_ md—1 — d
Sy = IPV C PV
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be the hyperplane given in affine co-ordinates by z4 = 0, and denote fibre
product with &y over & by (—)o. Thus we have varieties Sy, So, Uy, Co, Cp and
a formal scheme €,. Set

+ —T(S it
R(SO,G) - F(]SO[G’JSOOGO[G)’
we thus have an identification

+ _ pTdt
R(SO,G) - RK<I17~~~1$:1—1>T.

We can also define

R(SO,G) = COhmVr(Vﬁ]go[G,j;go]go[g)

where the colimit is over all strict neighbourhoods V' of ]S\ So[e inside G .
Again, we have an identification

R(s0,6) = R¥

(@1, za—1)T"

We similarly define
R?_Uoﬁ) = FG@O[Q" j(TJoO]ao[c)
and
R(Ug,@) = colimVF(Vﬂ]Uo [g,jfjo(’)]@o[c),

the colimit this time being over all strict neighbourhoods V' of JC'\ C[¢ inside €.
Since the closed immersion Uy — U may no longer admit a smooth retraction
(even locally on Up), we cannot necessarily identify these rings with ordinary
relative Robba rings. We can, however, compare them cohomologically with
ordinary relative Robba rings.

Choose an increasing sequence 1, — 1, and let V;, C|Sg[s denote the open
subspace defined by |z4| < 7,. Set

[01 n] -— T
R(S:,G) = F(Vn,jsoo]§0[6>
0,Mn I — .
REUZ,Q]) T F(le (Vn)’]?}oo]éo[c)’

again we can interpret the former as a suitable ‘relative Tate algebra’ of radius
N over K(z1,...,24-1)" (we don’t make this precise). Similarly, we let V7" C
|So[s denote the subspace defined by 7, < |xq| < 7y, and set

[(Pmsmn] m T
R(ng) = F(Vn 7]500]§0[6)

R ! =T (Vi) b, Oy -
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From M, we obtain via base change V-modules M® g RZFUU,@ and M®@pRu,,¢),
with cohomology groups

i # . g7l # # 1
RIT.(M @5 R, o) = B (M @pRY, ¢ M@p Rl o @5 Q)

over R?ESU,G)’ for i = 0,1 and # € {+,0}. Similarly, we have cohomology
groups

i 0,7n i 0,7n 0,7n
Rif.(M ®p Riy") = H (M @p R = M @p R @p Q}B/A)

over RE S’m’é) and

R} (M @p Ry &) = H (M 9p RmE = M op R op ) A)

over R""”""] On the other hand, if we set A9 = A/(z4) = K(z1,...,74-1)"
and BO = B /(z4), then base changing along B — By gives an overconvergent
V-module M, over By.

THEOREM 7.1. In the above situation, assume that Irrtot is constant, that

ROf.M =0, and that R fo, My is finitely generated over AO Then:

1. the natural maps

R (M ©5 Ry, o) = imR'.(M ©p RiM)

R'}.(M @5 Ry, e)) = cohmhlef*(M ®p REnm n;])

are injective, and

R(M @p Ry, ) =0=R%(M @5 Ry ¢)-

2. for eachn>m > 1,

R (M ®p R{) = 0 = R (M @5 R &)

and there are isomorphisms
R}, (M ®p R 2 R fo. Mo ®4, RS,

R'.(M @p R l) = RY fo. Mo @4, RS,

First let us show that the second claim implies the first.

Proof that Theorem 7.1 (2) = Theorem 7.1 (1). We first consider the groups
R, (M ®p R(U «¢)), which by definition are the kernel and cokernel of the
connection
: + + 1
V:M®g R(one) — M ®pB R(Ug,@) Xp QB/A'
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By assumption, for all n > 1 the sequence

0 M@p RYy" ~ Mop Ry

(T, ) Uy ©5 Vppa = RI(M ©5 Ryl = 0

(Uo,2)

is exact. Hence applying lim,, gives an exact sequence

+ v + 1 : 1 (0,7n]
0~ M@pRy, o~ M&pRY, ¢ @5 Qpya — lim (R'.(M @p R{)

and proves the required vanishing of R°f, and injectivity claim for Rf,. For
R'§, (M ®5 R(v,,¢)) we fix m and apply the same argument, before taking the
colimit in m and using the fact that filtered colimits are exact. o

The proof of the second part of Theorem 7.1 will be via another base change
argument, using the strong fibration theorem. The idea will be to replace the
frame (Up, Co, €) by another frame in which we can do cohomological calcula-
tions more easily. So let © = €y Xy IP]l}. Then there exists a modification of
frames (see Definition 2.7)

(U07 6/05 9/) — (U07 605 9)
and a smooth proper morphism of frames
(Uo, Ty, ') = (S0, So, &).

extending the obvious rational map ® --+ &. We consider the fibre product
diagram of frames

(U, Ty, € xs D)

Uo,ag, Q/) —_— (Uo,ao, @)

where Ug’ is the closure of Uy inside the special fibre of € xg ®’. If - we denote
by Ey the restriction of E to Uy, then Ej has a realisations Ey ¢ on |Cole, Eo o

on ]60[@, Eoyg/ on ]6/0[@/ and EO,@XgBD/ on ]6g[€><@50’- Thus we have
Ta+ ~v el T
RB'Z = F(]CO[’jUOO]ﬁ[’)[D,)

as well as a similar interpretation for RIB(Q . Define

0,7 ], p '
REBOU Lwa F(gKl(Vn)aJ(TJoO]atl)[D/)
R4 = D(gil (Vi) 35, O,
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so we have cohomology groups
Rig, (Mo @5, Ry
= (Mo D5, Rig " = My @, R @, Q}BU/AU)

over RE%:%]’) and

Rig. (Mo @, Ry ")
=4 (Mo @p, R = My @p, R ™ @, Q}BO/AO)

[Mm smn]
over R(?%,g) )

LEMMA 7.2. For eachn>m > 1, and i = 0,1, there are isomorphisms

R'g. (Mo @5, RE"™™) = R (M @5 Rl )

R'g. (Mo @, R ") 2 R(M @n RS

Proof. Since coherent jTUOO]a)[G—modules are acylclic on both fz'(V;,) and

f}l(Vnm), and similarly coherent jEOOlagb—modules are acylclic on both

05 (V) and gt (V;™), this follows from the strong fibration theorem. O

Hence Theorem 7.1 follows from Theorem 7.3 below.

THEOREM 7.3. Suppose that My is an F-able V-module over By, satisfying
the conditions of Theorem 4.7 (i.e. finiteness and base change for relative
cohomology). Then the base change maps

R fo.Mo ©4, Rig"d, — Rig. (Mo ®p, R,

R fo My @4, R — Rig. (My @5, R )

are isomorphisms for i =0, 1.

7.1 PROOF OF THEOREM 7.3

In order to prove Theorem 7.3, we will first need to do a little bit of functional
analysis. For the basic terminology of non-archimedean functional analysis, in
particular the notions of locally convex vector spaces, Banach spaces, compact
linear maps, and so on, we refer the reader to [Sch02]. Recall that by now we
are assuming K to be discretely valued, in particular it is spherically complete.

DEFINITION 7.4. We call a locally convex K-vector space V' an LS-space if it
is isomorphic to a countable colimit

V= COhmizl‘/;
of Banach spaces such that the transition maps V; — V;;1 are injective, and

compact in the sense of [Sch02, §16].
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Note that any LS space is separated by [Sch02, Lemma 16.9], and that any
separated quotient of an LS space is also an LS space. The basic example of
an LS space that we have in mind is a K-dagger algebra.

LEMMA 7.5. Any K-dagger algebra A is a LS space.

Proof. First let us consider the case A = K{ri,...,zq)! = K(z)I =
colimy>1 K (A~tz). What we need to show is that if A > X > 1 then the
map

KO 'z) - K\ ta)

is compact. To do so, we take the unit ball By C K(\"!z), i.e. the set of
elements of A-norm at most 1. The closure of B inside K (N ~'z) is then
complete, since K (N ~1z) itself is. If we take ¢ > 0 and let B’ denote the ball
of radius € in K (XN ~!z), then for any element a € K of norm > A™! the finite
set

S = {ahtFlagh zh e Klay, ... cxg]| (NATH s e}

of elements of K (\'~lx) satisfies
BicV-S+B.

Thus the closure of By in K (N ~!z) is compactoid and complete, thus bounded
and c-compact by [Sch02, Proposition 12.7]. The map

KO 'z) - K\ ta)

is therefore compact as claimed.

In general, we note that the LS topology on K(x)' is finer than the affinoid
topology induced by the inclusion K (z)! < K (). Since any ideal of K (x)' is
closed for the affinoid topology by [GKO00, §1.4], it is therefore closed for the LS
topology. Thus any K-dagger algebra is a separated quotient of an LS space,
and hence an LS space. o

Similarly, any finitely generated module M over a K-dagger algebra has a
‘canonical’ LS topology, with the property that any A-linear map from M into
a topological A-module is continuous.

PROPOSITION 7.6. Let V = colim;>1V; be an LS space. Then for any bounded
subset B C V there exists some i such that B is a bounded subset of V;.

Proof. This is [Sch02, Lemma 16.9]. O

COROLLARY 7.7. Let V = colim;>1V; be an LS space, and W a Banach space.
Then any continuous linear map W — V' factors through some Vj.

Proof. For any choice of norm ||-|| on W, the unit ball {w € W||w| < 1}
in W is bounded and generates W as a K-vector space. o
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COROLLARY 7.8. Let V = colim;>1V; and W = colim;>1W; be two LS spaces.
Then any continuous linear map V- — W is induced by a unique map

{Vitiz1 = {Witi>1
in the category of ind-Banach spaces over K.
We can now finally deduce the result we will need to prove Theorem 7.3.

COROLLARY 7.9. Let A be a K-dagger algebra, and
0—-M-—-N-—=P—=0

a short exact sequence of topological A-modules®, such that all three are LS
spaces over K, and P is finite free as an A-module. Then the LS topology on
P is the canonical one, and N = M & P in the category of ind-Banach spaces
over K.

Remark 7.10. By Corollary 7.8 the claim is independent of the presentation of
M, N or P as colimits of Banach spaces with compact transition maps.

Proof. First of all, choose finitely many elements ni,...,n, € N inducing a
basis of P as an A-module. Then the map

A9 5 N

r
((11, . 'aaT) = Zaini
i=1

is continuous for the canonical LS topology on A®", and induces a continuous
bijection A®"™ — P. This continuous bijection is a topological isomorphism
by [Bou81, I1.36, Prop 10], thus the topology on P is the canonical one, the
surjection N — P is strict, and the map N — P admits a continuous section
P — N. Since the image of M < N therefore has a topological complement,
we deduce from [Cre98, Proposition 3.5] that M — N is strict, and hence
the splitting P — N induces an isomorphism N = M @ P of locally convex
K-vector spaces. Finally, we apply Corollary 7.8 to conclude. o

We can now give the proof of Theorem 7.3.

Proof of Theorem 7.3. We will give the proof for Rl ) the proof for R[]
being essentially the same. First of all, as usual, since the claim is straightfor-
ward for modules of the form N ® 4, Bo, we can successively replace My by the
cokernel of

R fo. Mo ® 4, By < Mo,

and reduce to consider the case when RY fy,. Mgy = 0.

3that is, the maps are continuous, but are not a priori assumed to be strict
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As a projective Bp-module, My is canonically an LS space (as it is a direct
summand of a free By-module), this structure being induced by a family of
partially defined norms ||-|, on My, coming from affinoid norms on fringe
algebras of By arising from a fixed presentation K (zy,...,z,) — By. We can

then concretely describe My ®p, Rg;"’""]’xd as the set of formal series

E m;Ty
i

with m; € My, such that there exists some A such that ||m;|, exists for all i
and

[msl|\nl, — 0 as i — —oo

||mi||x77% —0 as i — 4oo.

We equip the set of such series with the obvious Rg;"’""]’zd—module structure,

there is of course an entirely similar description of My ®p, Rgg;’"’"]’md ®pB

QlBo/Ao' Let

0

VZMO—>M0 ®Bo QlBO/AU

be the Ag-linear connection on My. Then the quotient topology on R! f, My is
separated - this can be seen, for example, by comparing with the p-adic topology
over the completed fraction field Lg of Ag and using [Ked06a, Proposition 8.4.5].
Hence the exact sequence

0— My A My ®p, Q}BO/AU — R fo. My — 0

of topological Ag-modules satisfies the hypotheses of Corollary 7.10, and is

therefore split in the category of ind-Banach spaces over K.
This implies that if ), m;z} is a series in Mo®p, Rgg;’“n"’]’“, then Y, V(m;)z}
also satisfies the convergence condition defining My ®p, Rg;mnn},zd inside

Mxq, zgl]], and the map
VMo @p, Ry ™™ — My @p, R ™ @5, Ok, 4,

is given by >, m;x%, — Y. V(m;)ah. It is then clear that the kernel of V on
My ®p, REQ;’“""]’I"’ is zero, which proves the base change claim for RO fo, M.
To deal with the R! fo. My case, choose elements e, ..., e, in My ®p, Q}BO/AO
lifting a basis of R fo. My. Since R?f. My = 0, every m € My ®3p, QlBo/Ao can
be written uniquely as

m = V(n) + Zajej
J

for elements n € My and a; € Ap. Thus given any ZZ mixfi € My ®p,

(M 1], a 1 : _ .
Ry’ ®B, Qp, /4, We can write each m; = V(n;) +3_; aije;, and again
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by split exactness of the sequence
v
0— My — My ®p, QlBo/Ao — leO*Mo — 0

of ind-Banach spaces, it follows that the sums
Znixé, and Zaijxé, 1<j5<n
i i

satisfy the convergence conditions required to define elements of inside My ® g,

Rg;’“"”}’“ and REZ’;&] respectively. Therefore we can write

Zmixfi =V (Z nﬁcé) + Z (Z Ozmxé) €,
i i j i

for unique elements Yy, aj;zl € RE@(’;&] and Y. nizly € My ®p, Rg;’“n"’]’“,

and this implies that the e; also form a basis for Rlg, (MO ®B, Rgg;"’"”]’xd)

as an Rggﬁ'ﬁ’ggl—module. O

8 BASE CHANGE FOR R!f,

We now have the necessary tools to prove the R'f,M case of Theorem 4.7.
Again, we consider Setup 4.3, thus (in particular) we have a morphism of MW-
type frames

(U,C,¢) - (S,8,6)

enclosing an affine curve f : U — S, with induced morphism A — B of K-
dagger algebras as in §4.2. We let M be a V-module on B obtained as the
realisation of an overconvergent isocrystal E on U/K.

THEOREM 8.1. Assume that M is F-able, and has constant total irreqularity

Ittt Then RYf.M s finitely generated over A, and for any closed point

s: A — K' the base change map
R'f.M ®4 K' — H'(M,)
18 an 1somorphism.

Remark 8.2. As in Remark 6.2, it follows that formation of R! f,M commutes
with arbitrary base change A — A’ of MW-type K-dagger algebras, and any
Frobenius structure on M induces one on R! f, M.

The key case to consider will be when we have RY f, M = 0.

THEOREM 8.3. Assume that M is F-able. Suppose that for all closed points
s: A— K' we have

H(My) =0, dimg H' (M) =m
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for some non-negative integer m, independent of s. Then R f. M is locally free
of rank m, and for any closed point s : A — K’ the base change map

R'f.M @4 K' — H*(M,)
18 an 1somorphism.

Theorem 8.3 = Theorem 8.1. Given a general M as in Theorem 8.1 we have
by Theorem 6.1 an injection

ROf,M @4 B — M

of F-able V-modules. Since relatively constant V-modules have zero irregular-
ity, we deduce that the hypotheses of Theorem 8.1 remain true for the cokernel
of this injection. Moreover, it follows easily from the projection formula that
the conclusions of Theorem 8.1 hold for the V-module R°f, M ®4 B. Appeal-
ing to the five lemma and iterating, we may therefore reduce to considering
the case when R?f.M = 0. Theorem 6.1 then implies that H°(M;) = 0 for
all such s, and hence [CM01, Corollaire 5.0-12] implies that dimz, H*(Mj) is
constant. Thus we may apply Theorem 8.3. o

The situation here is the opposite to the one we had in §6 - the hard part is
showing finiteness of R! f, M, the base change claim will then follow relatively
easily. To prove Theorem 8.3 we will proceed by induction on the dimension
d = dim A, the case d = 0 amounting to finiteness of rigid cohomology with
coefficients for smooth curves [Ked06a, §6]. The main structure of the proof
will be essentially geometric, working on the ‘weak formal scheme’ Spf(A™™).
Theorem 4.5 tells us that R!f,M becomes coherent on some open subspace
W C Spf(A"), and we will use constancy of dimgs H! together with the
induction hypothesis to successively enlarge the open set W. A basic outline
of the argument we will use can be found in the proof of the following lemma,
and was already used in the proof of Proposition 3.11.

LEMMA 8.4. Assumptions as in Theorem 8.3. For any dagger localisation A —
A’ the map
R f.M — R f, My

18 1njective.

Proof. Write V for the A-linear connection on M, and for any dagger localisa-
tion A — A”, write B4» = B ®1L4 A”. We need to show that if m € My is such
that V(m) € M ®p Q}B/A, then in fact m € M. By the dagger analogue of
Tate’s acyclicity theorem, the question is local on A in the sense that it suffices
to produce a dagger open cover {A — A;} such that m € M4, for all i.

Suppose therefore that we have some collection of dagger localisations C =
{A — A;} (not necessarily covering A) such that m € M4, for all i. A non-
empty such C exists by hypothesis. Let Ue denote the union of the images of
the induced open immersions U; — S on the reductions. We shall show that
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if Us # S, then we can find another dagger localisation A — A” such that
m € Man, and adding A” to C enlarges Uc. The result will then follow by
Noetherian induction.

Now, if Ue # S, then after possibly enlarging K, which is harmless, we may
choose a smooth k-rational point z on the (reduced) complement of U in S.
Localising around z we may by [Ked05, Theorem 1] pick a finite étale map
(x1,...,2q) : S — AY such that S\ Uz maps into the hyperplane {z; = 0}.

It suffices to produce some A” as above such that Spec (Z”) C S contains z.

After applying Lemma 2.9 we may assume that our étale morphism S — Az
extends to a proper, étale, Cartesian morphism of frames

(S.5,6) — (AL, PL,PY),

in particular it lifts to a finite étale map K (z1,...,74)" — A. Pushing forward
along this morphism we may therefore assume that

(S’ ga 6) = (Azapgaﬁ(\i})

and that Uc D {xq # 0} as open subschemes of A{. Thus we have A’ =
K(x,.. .,zd,xglﬁ, and we are now in a position to apply the results of §7
above; we will freely use the notations introduced there. We have a Cartesian
diagram of rings

+
B * Ry, ¢)

B<ZL';1>T —_— R(UO,Q‘)

and an F-able V-module M over B, with constant total irregularity. We need
to show that the induced map

R!'f.M — R f. (Ma/)
is injective. It therefore suffices to show that

o, Ma | My
M M

and since the above square is Cartesian (and M is projective), that

R R .
V:Mep 29 gy T8
(Uo,€) 7—\)’(UO,C)

is injective. By the induction hypothesis we know that M, satisfies both con-
ditions of Theorem 4.7. Thus we may apply Theorem 7.1 to deduce that

R, (M @5 R(vy,e)) =0,
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and
le* (M OB RZFUU,Q)) — le* (M ®B R(Uoﬁ)) :

We can now use the long exact sequence associated to

Rw,,e
0= M &5 Riyy, ¢ = M 95 Rpje) = M 95 0 =0
(Uo,€)
to conclude. O

LEMMA 8.5. Hypotheses as in Theorem 8.3. If there exists an open cover
{A — A;} such that the conclusions of Theorem 8.3 hold for each Ma,, then
they hold for M.

Proof. Choose a dagger localisation A — A’ such that the conclusions of The-
orem 4.5 hold for M 4,. By shrinking A’ we may assume that A; — A’ for all
i, and hence that A;; := A; ®L A; — A’ for all i,j. By comparing with closed
points of A’, we therefore have base change isomorphisms

~

R'f. My, @4, A SR f.Mas

which we can use to embed R!f. M4, and R'f, M4, @24, A;; inside R'f.My.
Let N;; denote the sum of le*MAi ®a,; A;; and le*MAj ®a,; A;; inside
R!f. M4/, this is therefore an overconvergent V-module over 4;;. Since

Nij — Rl f* MA/
we can deduce by applying [Ked07a, Proposition 5.3.1] to the kernel of
Nij ®Aij A = le*MA/

that in fact the map N;; ®4,, A’ — R! f, M remains injective. We thus find
that

(le*MAi ®a, Aij + le*MAj ®a, Aij) ®a,, A S RYf M,
and in particular, the cokernel of the natural map

R'f.Ma, ®a, Aij — R'fMa, @4, Aij + le*MAj ®a; Aij

has to vanish after applying —®4,, A". Since this cokernel is an overconvergent
V-module, it must already be zero over A;;, and thus we deduce that

R'f.Ma, ®a, Aij = R' fLMa, ®24, Ay
inside R! f,M /. Hence by descent for coherent sheaves on dagger spaces, the

intersection N = (), R!f. My, of all the R'f,M,, inside R f, M/ is a locally
free A-module of rank m whose base change to A; is exactly R'f.Ma,. By
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Lemma 8.4 above, R! f, M naturally embeds into N: it is thus finite, and hence
a V-module, locally free of rank r < m. However, since the base change map

R!f.Ms®4 K' — H'(M,)

associated to any closed point s is surjective (which is immediate from the
definitions), we deduce that in fact r = m, R!f.M = N, and the base change
map along closed points A — K’, as well as to each A;, is an isomorphism. [

We need one more lemma before we can prove Theorem 8.3, which in a way is
the key result making the whole approach work.

LEMMA 8.6. Let N1, Ny be finite projective modules of rank m over the rings
K(x,..., zd,xglﬁ and R?(jcl,m,qu)f respectively, and let

. Tq ~ T4
a: Ny ®K(I11---7Id11;1>T RK<I17»»»11(£—1>T = N2 ®Rmd+ RK<111---7Id71>T
K(xz1,..., zg_)f
x4
be an RK<117~~~71d—
a1 (Ny), inside the base change Ny Ok R4 : is a finite

21,00 0q,2, ) VK (@1, ma 1)

1>T—linear isomorphism. Then the intersection of N1 and

projective K(zy,...,xq4)-module of rank m.

Remark 8.7. It is in order to be able to apply this key lemma that makes it vital
to work with overconvergent, rather than just convergent, relative cohomology
groups.

Proof. First choose A > 1 close enough to 1 that there exists a locally free sheaf
&y on the rigid analytic space

Un = {lzi| <\, |za| > A7}

whose module of global sections tensored with K (z1,...,zq, x;l)T is precisely
Ni. Next choose ™! < p<landl < 7, < A close enough to 1 such that
there exists a locally free sheaf £, on

Up = Alzil <mp, [wal < p}
whose module of global sections, tensored with
Un>1K<n_1x1, o rmgn, p_lxd>,
coincides with
No ® Un>1K<7fl:E1, oo g, p ag).
After possibly increasing A, the isomorphism « is defined over
Ma-1<p<1 Up>1 K{n oy, ..., teg_, Ax;l, P ag)
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and hence (after possibly decreasing 7,) induces an isomorphism

5/\|UmUp = 5/3|UmUp
of locally free sheaves on
UxNU, = {|ai| <nmp, A1 < Jaal < p}-
Thus £, and &, glue to give a locally free sheaf £ on
UxUU, = {lzi| < A}.

Set N = I'(Uy UU,,E) @ K(x1,...,24)T. This is a then a finite projec-
tive (and therefore free) module over K (zi,...,z4)! such that Ny = N ®
K(zi,.. .,xd,$;1>T and Ny = N® R?&17-~11d71>T- The result then follows
from the fact that the digram

+
K(.’L‘l, ceey (Ed>T E— R?(Ih-.-,wdfﬂf

| l

K<$1a"'axd)$il>1‘ R;(d(117,,,,md71>T

of rings is Cartesian. O

Proof of Theorem 8.3. The claim we are trying to prove, i.e. finite generation
of R'f,M and commutation with base change to closed points, is local on A
by Lemma 8.5, and we can now argue entirely similarly to the proof of Lemma
8.4 above.

In other words, we know by Theorem 4.5 and Lemma 4.9 that after making
a localisation A — A’ the higher direct image R!f.M becomes locally free
and commutes with base change to closed points. By extending K and using
Noetherian induction, it suffices to show that the same also holds over some
dagger localisation of A containing the residue disc of a given smooth rational

point of the complement S\ Spec (Z/).

Localising around this point, applying [Ked05, Theorem 1] and lifting, and
using Lemma 8.5 above, we can reduce to the case when A = K(x1,...,zq)!
and A’ = K(xq,..., xd,xglﬁ. Again, we are now in a position to apply the
results from §7 above, and we will freely use the notation introduced there.
Consider the commutative diagram

R'f.M — s R}, (M ®5 R )

l (Uo,9)

R'f, My —— R (M @5 R, e)) -
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Applying Theorem 7.1 produces (injective) maps

R, (M @5 Ry, o) = R0 Mo @xcion eyt REE o

R, (M @5 Rwo,e)) = R fouMo @k (. vy 1)t Ritor ma )i
and hence a commutative diagram as follows:

le*M —_— leO*MO ®K<zl,...,md,1>T R?(d+

J/ (z1,...,xq—1)T

le*MA/ ? leO*MO ®K(z1,...,zd,1>’f Ri('i(llpnamd—l)—r.

We claim that the base change map

R'f.Ma @ Riton, aa iyt = R f0. Mo @ (2. s 1)t R er a1t

is an isomorphism. Indeed, since both sides are projective of the same rank,
it suffices to prove that it is surjective. To see this surjectivity, first note that
since the map

R'f.M — R fo. M,

is surjective, the image of

1 + 1 +
R f*M ®a R?(ml,...,zd,I)T - R fO*MO ®K<zl,,,,,zd,1)T R;(d(zl,...,m,i,lﬂ
surjects onto R! fy, M via the natural quotient map x4 ~ 0. Since V-modules
are rigid, it follows that in fact

le*M ®a Rg}c{déh---@d—lﬁ - leO*MO OR(@r,eza-)t R?{;h---amd—lw

is surjective, hence so is

R'f.Ma @4 Riton, aa iyt = R f0. Mo @ (5. s 1)t R er a1t

simply by some diagram chasing. Finally, by Lemmas 8.4 and 8.6 we can deduce
that R f, M is contained in finite projective module of rank m, it is therefore
finite over K (x1,...,74)", and, since it admits an integrable connection, pro-
jective of rank < m. Since the base change map

R!'f.M ®, K' — H'(M,)

to each closed point of A is surjective, we can conclude in fact R'f, M is in
fact of rank = m and that every such base change map is an isomorphism. [

Applying Remarks 6.2 and 8.2, this completes the proof of Theorem 4.7.
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9 PARTIALLY OVERCONVERGENT COHOMOLOGY

Theorem 4.7 is a statement concerning relative Monsky—Washnitzer cohomol-
ogy, and as such only applies when the base variety S is smooth and affine.
In order to be able to deduce a statement for any base S which is separated
and of finite type over k (and indeed, for more general curves than allowed
by Setup 4.3), we will need to ‘complete along the base’ A and prove a simi-
lar result for partially (vertically) overconvergent cohomology. We will again
consider Setup 4.3, thus (in particular) we have a morphism of MW-type frames

f:(UC,¢) = (S,5,8)

enclosing an affine curve f : U — S, with induced morphism A — B of K-
dagger algebras as in §4.2. We let M be a V-module on B obtained as the
realisation of an overconvergent isocrystal E on U/K. Write

A =colimyAy and B = colim)B)

as coiimits of smooth affinoid algebras over K, such that Ay — B, for all \.
Let A denote the affinoid completion of A, and set

BA\ = COlim)\A\@A)\B,\,

this is ‘relative dagger algebra’ over A. Set M7 = M®p B3 and define Rif.M
to be the cohomology groups of the complex

\
MK — M;{@B Q}%/A'
Our base change result is then the following.

THEOREM 9.1. Assume that M is F-able, and the equivalent conditions of
Theorem 4.7 hold for M. Then the base change map

RIf.M @4 A—Rf.M;
is an isomorphism for ¢ =0, 1.

We will need some preliminaries on topological modules over the Banach ring A.
This ring is a Tate ring in the sense of Huber [Hub96, §1.1] that is also sepa-
rated, complete, reduced, and admits a Noetherian ring of definition Aint A
consisting of elements of supremum norm < 1.

DEFINITION 9.2. A topological A-module N is said to be locally convez if there
exists a neighbourhood base of 0 consisting of A™-lattices in N.

For clarity, we will sometimes refer to a topology being locally convex rel. A
As with the case of vector spaces over a non-archimedean field, a locally convex
topology on an A-module N is determined by its collection of open Alnt_Jattices.
Locally convex topologies are exactly those which can be defined using a col-
lection of norms on N, all of which are compatible with the supremum norm
on A.

DOCUMENTA MATHEMATICA 26 (2021) 981-1044



1034 C. LAZDA

Ezample 9.3. 1. Any A-module N admits a finest locally convex topology,
for which all A™-lattices are open. We will call this the strong topology
on N. If N is finitely generated, then this is the quotient topology arising
from any surjection A®" — N, and N is separated and complete with
respect to this topology (since A is an affinoid algebra over K, this follows
from [Ber90, Proposition 2.1.9]).

2. Be warned that even finitely generated A-modules may admit distinct
locally convex topologies. For example, there is a locally convex topology
on K(z) (as a free module over itself) for which a basis of open lattices
is given by Ay m = p"V(z) + ™K (z), for n,m € Z>q. This is strictly
weaker than the strong topology, and K (x) is not complete with respect
to this topology. Its completion is K [z], endowed with the direct product
topology via K[z] = [[;2, K. In particular a separated, locally convex

A-module may contain a dense, finitely generated, proper submodule.

We can avoid the somewhat pathological behaviour of the second example by
comparing with the situation over the completed fraction field L of A, over
which any finitely generated module has a unique separated, locally convex
topology.

LEMMA 9.4. Let N be a finite projective E-module, and L the completed fraction
field of A. Then the strong topology on N is the subspace topology coming from
the inclusion

N—N®;L.

Proof. Choose an isomorphism N & P = A®" thus both maps N < A®" and
N ® 4 L — L% are strict for the strong topologies. We can therefore reduce to

the case N = A®". In this case, both topologies are induced by the canonical
norm

[(a1,...,an)| := féllagxn ”aiHsup
on A®n coming from the supremum norm on A. O

Proof of Theorem 9.1. First note that the equivalent conditions of Theorem 4.7
are preserved under passing from M to either the submodule R%f, M ®4 B or
the quotient of M by this submodule. Thus using induction and the five lemma
it suffices to consider the two cases when ROf,M = 0 and when M = N ®4 B
for some (¢, V)-module N over A. The case when M = N ®4 B is easily
handled by the projection formula, we will concentrate on the latter.

Let L denote the completed fraction field of A. By Remark 4.8 we know that
ROf.M =0 = ROf,M; = 0 and hence Rof*Mg — ROf, M} = 0, this gives
the base change claim for R? f,M. To prove the base change claim for R f, M,
we give Bz the (locally convex rel. A) inductive limit topology coming from the

affinoid topology on each A®4 , Bx. This then induces a locally convex (rel. E)
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topology on any finitely generated B z-module, such as Mz or M7 ®p Q}g/A.
We equip R f, M 3 with the quotient topology via

MA\ - M,Z ®B QlB/Aa

which makes it a (potentially non-separated) locally convex A-module. We can
play the same game with M}, to obtain a locally convex topology on the finite
dimensional L-vector space R!f.Mp, which in fact is separated by [Ked06a,
Proposition 8.4.4]. The natural map

R'f.M; — R f.M],
is then continuous. Since the map
R'f.M®4 L — R f.M]
is an isomorphism (by Remark 4.8), it follows that both maps
R'f.M®sA—- R f.M; and R'f.M@s A R'f.M
are injective, and since M ® 4 A= M 3 has dense image, so does
R'f.M @4 A— RYYM;.

Let Q be the maximal separated quotient of R! f, M 3, 1.e. the quotient by the
closure of {0}. Then we have a factorisation

R'f.M @4 A—— R f,M; —— R f. M,

|

Q.

Since R! f. M, is separated, it follows that Q < R! f, M, and since R f. M ®4
A < Rf, M, is injective, so is RLf,M @4 A — Q. Since R'f.M ®4 A
le*M has dense image, so does R'f, M ®4 A - @. Now using Lemma
9.4 together with continuity of the map @ — R!f.M, we can see that the
topology on R!'f.M ®4 A induced by the inclusion

R M®4AQ

has to be finer than the strong topology, it is therefore equal to the strong
topology. Hence R'f,M ®4 A is complete with respect to this topology, and
thus has closed image in @Q; therefore R'f,M ®4 A = Q.

One more application of Lemma 9.4 tells us that the topology on @ must also
be the strong topology (since it maps continuously into R!f, M), and hence
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the map R'f. M ®4 A— Q is in fact a homeomorphism. In other words, the

exact sequence L
0 {0} >R'f.M;—>Q—0

admits a topological splitting, which implies that in fact {0} = {0} and
R'f\M &4 AR M;. O

We will use the above theorem in a slightly different, and more geometric, form.
Let G° denote the open formal subscheme of & whose underlying topological
space is S, and let €° be the inverse image of G° under f: € - &. Let

sp: €y — €°
be the specialisation map, and
Ocoo((C\U) = Sp*j;]@c;(

the sheaf of functions on €° with overconvergent singularities along C'\ U. If
we realise I/ on €5 and pushforward along the specialisation map we obtain a
coherent Ogo o(TC\ U)-module sp, Eg¢o together with an integrable connection,
whose module of global sections is precisely M 3.

COROLLARY 9.5. With assumptions as in Theorem 9.1, the relative de Rham
cohomology sheaves

R'f. (SP*E@ RO o QEo/Go)

are coherent Ogo g-modules.

10 LOCAL ACYCLICITY VIA ARITHMETIC D-MODULES

We are now ready to prove our second local acyclicity result for smooth relative
curves. This will be valid over not necessarily smooth bases S, but will involve
the additional assumption that the resiude field k is perfect; we will assume
this from now on. Fix an arbitrary k-variety S, let f : U — S be a good
curve, and F € ISOCE.(U /K). Then for any geometric point § — S over a point
s € S we can pullback E to get an overconvergent isocrystal Es on Us over
K (3) := K Qw @y W(k(5)). If we let Cs denote the smooth compactification of
Us, then for every point « € C5 \ Us we can apply the construction of [Cre98,
§7] to pullback Es to a punctured formal neighbourhood of z in Cs to obtain
an overconvergent V-module M, over a copy of the Robba ring Rk ). at x.

DEFINITION 10.1. We define the Swan conductor of E;s at x to be the irregu-
larity of the overconvergent V-module M,,

Sw, (Es) := Irr(M,,).

We define
vr(3) = Z Sw.(Fs).

z€C5\Us
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The positive integer ¢ (5) only depends on the point s € S lying under s, we
thus obtain a function
©YE S — Zzo.

Note that this is not a direct analogue of the function ¢ considered in [Lau81],
which also includes a contribution from the rank of E. This minor differ-
ence notwithstanding, we have the following partial p-adic analogue of [Lau81,
Corollary 2.1.2].

THEOREM 10.2. Let f : U — S be a relative smooth affine curve over a k-
variety S, and E € ISOC}.(U/K). Suppose that f admits a smooth compactifi-
cation f: C — S such that the complementary divisor C \ U is étale over S.

1. The function g : S — Z>q is constructible and lower semi-continuous.

2. fip(E) € D!

isoc, F’

(S/K) if and only if pg is locally constant on S.

Remark 10.3. 1. This result is weaker than [Lau81, Corollary 2.1.2] in that
we assume the complement C'\ U is finite étale over S, whereas in [Lau81]
it is only required to be finite flat. A formalism of vanishing and nearby
cycles in p-adic cohomology is developed in [Abel9], it would be interest-
ing to see whether Abe’s machinery can be used to prove a p-adic version
of the more general result.

2. If the equivalent conditions of Theorem 10.2(2) are satisfied, then the
constructible cohomology sheaves

R fiE == “H'(fip(E)) € Isock(S/K)

are of formation commuting with arbitrary base change S — S. If in
addition S is smooth over k, then the constructible cohomology sheaves

RIf.E := “H'(fp(E)) € Isoch(S/K)

are also overconvergent isocrystals, and of formation commuting with
base change S’ — S of smooth varieties. Moreover, in this case we have
perfect pairings

R'f.E@R>*'fiE — OTS/K(_1)

of overconvergent isocrystals, which are compatible with any given Frobe-
nius structure on E. Thus even in the smooth case, Theorem 10.2 gives
us slightly more than Theorem 4.7.

Let us first consider Theorem 10.2(1), which boils down to two claims:

1. there exists an open subset U C S such that g is constant on U (we
apply this successively to the complement of U in S and so forth);

2. if n,s € S and s € {n} then pp(s) < pr(n).
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Note that if @ : S — S is any morphism, and s € 5’, then pq«g(s’) =
vr(a(s’)). Hence to prove the first of these we may replace S by any variety
a:S" — S flat over S, and for the second we may replace S by an alteration
followed by the inclusion of an open affine containing s (and hence n). In
either case, we can assume that .S is smooth and affine. Working one connected
component at a time, we may assume S connected.

Now applying Lemma 4.4 we may assume that we are in the situation of
Setup 4.3. The first claim then follows from Corollary 4.10 together with the
Grothendieck—Ogg—Shafarevich formula

X(Us, Bs) = x(Us) -rank Es — »  Swy(Es),
2€C5\Us

see for example [CMO1, Corollaire 5.0-12]. For the second, we may replace S
by a suitable alteration of {n}, and thus assume that 7 is the generic point
of S. The claim then follows from Proposition 3.10.

To prove Theorem 10.2(2) we first suppose that fip(F) € Dfs’gCF(S/K); we
must show that ¢p is locally constant. We may clearly assume that S is
connected, and since we already know that ¢pg is constructible, it suffices to
show that it is constant on the set |\S| of closed point of S. If i5 : s — S is the
inclusion of a closed point, inducing a Cartesian diagram

’
s

Xs— X

fsl !
K2

s

— S,

%

then we have that
it fip(E) = faill p(E) = fap(itE).

Since fip(E) € Dfs’gc »(S/K) and i} is exact for the constructible ¢-structure,
we deduce the existence of objects

R fiE = “H'(fip(E)) € Isock(S/K)

such that ifR'fAE = H! ; (Us/K(s), Es) for all s. In particular, we can see

that the compactly supported Euler characteristic
S = XC(US7 Es) = XC(U§5 E§>

is constant on |S|. Since Sw,(EY) = Sw,(F5), applying Poincaré duality and
the p-adic Grothendieck—Ogg—Shafarevich formula tells us that
Xe(Us, Es) = x(Us, BY) = x(Us) -rank By — Y Sw,(EY)
2€Cs\Us

= x(Us) - rank E5 — Z Sw.(Fs).
I€C§\U§
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Thus constancy of x.(Us, Es) implies that of pg(s), and we are done.

To prove the converse implication, then, let us assume that ¢g is constant,
and take an alteration a : S’ — S with S’ smooth. Then we have a Cartesian
diagram

X 2 x

f[ lf
S —2 5

and isomorphisms

o™ fip(E) = fla p(E) = f{p(a" E).

By [Abel9, Lemma 3.3], together with t-exactness of a™, it therefore suffices
to show that f/p(a™*E) € DibS’lC,F(S’/K), and thus replacing S by S’ we may
assume that S is smooth. Since the question is local on S, we may also assume
that it is affine and connected. Again applying [Abel9, Lemma 3.3] and using
the fact that smoothness of a given constructible module (in the sense of [Abel9,
Definition 3.2]) is clearly Zariski local, we may invoke the results of [Voe96, §3]
on the h-topology (specifically, the fact that the topology generated by Zariski
covers and proper surjective maps is finer than the étale topology) to show that
smoothness of a given constructible module is in fact étale local. Hence after
taking a suitable étale cover of S as in 4.4, we may assume that we are in the
situation of Setiup 4.3.

Now by Poincaré duality

fin(E) =2 Dg f1p(EY)[~2dim 8],
it therefore suffices to show that f1p(EY) € Dfs’;fcﬁF(S/K). Since pg = @pv we
may replace E by EV, and since S is smooth we have p(E) = sp, F[— dim ST;

we must therefore show that pg constant = fisp, E € Db (S/K). Now let

isoc, F'
f:(C,C.¢)~(8,8,6)

be a morphism of frames extending a good compactification of f as in Setup 4.3.
Let &° C & denote the open formal subscheme with underlying topological
space S and let €° denote the fibre product of G° with € over G. Let E denote
the image of E inside the category Isocr((U, C)/K) of isocrystals on U over-
convergent along C' (which are extensions of isocrystals admitting Frobenius
structures). Since the diagram

sp+

f
Isoch (U/K) ————— Dyl p(U/K) ——— Dyl 1(S/K)

l sp+ f+

Isocp((U,C)/K) — Dy p((U,C)/K) —— D p(S/K)
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commutes up to natural isomorphism, it suffices by Lemma 2.11 to show that
f+Sp+E € D?soc,F(S/K)'

By Lemma 2.12 the functor f on the category of ‘convergent’ holonomic mod-
ules can be computed in terms of the realisation €° — G° via

ft: ch)oh(DTGO,Q) - Dgoh(Dg",@)’

and moreover it suffices to show that the Ogo g-modules underlying cohomol-
ogy sheaves of §sp +E are coherent. In this case the construction of the functor
spy £ is very simple. Explicitly, we realise £ on €%, and pushforward the re-
sulting module with integrable connection Ego via the specialisation map

sp: €% — €°.

This results in a coherent Ogo o(TC' \ U)-module with integrable connection,
which by [CT12, Theorem 2.3.15] extends to the structure of an overholonomic

(and in particular, coherent) Dl‘o g module (remember that E is F-able). This

’DLOyQ—module is nothing other than sp+E’. Finally using [Ber02, (4.3.6.3)] we
can identify

f+SP+E[—1] = Rj. (SP*E€° Q0o QEO/GO)

and therefore apply Corollary 9.5 to conclude.

REFERENCES

[Abel8] T. Abe, Langlands correspondence for isocrystals and the existence
of crystalline companions for curves, J. Amer. Math. Soc. 31 (2018),
no. 4, 921-1057, https://doi.org/10.1090/jams/898.

[Abel9] T. Abe, Around the mnearby cycle functor for arith-
metic Z-modules, Nagoya Math. J. 236 (2019), 1-28,
https://doi.org/10.1017/nmj.2019.23.

[AC18a] T. Abe and D. Caro, On Beilinson’s equivalence for p-adic
cohomology, Selecta Math. (N.S.) 24 (2018), no. 2, 591-608,
https://doi.org/10.1007 /s00029-017-0370-2.

[AC18b] T. Abe and D. Caro, Theory of weights in p-adic co-
homology, Amer. J. Math. 140 (2018), no. 4, 879-975,
https://doi.org/10.1353 /ajm.2018.0021.

[Ber90] V. G. Berkovich, Spectral theory and analytic geometry over non-
Archimedean fields, Mathematical Survey and Monographs, vol. 33,
American Mathematical Society, Providence, RI, 1990.

DOCUMENTA MATHEMATICA 26 (2021) 981-1044


https://doi.org/10.1090/jams/898
https://doi.org/10.1017/nmj.2019.23
https://doi.org/10.1007/s00029-017-0370-2
https://doi.org/10.1353/ajm.2018.0021

[Ber96al

[Ber96b)]

[Ber02]

[Bous1]

[Car04]

[Car06]

[Car09]

[Carll]

[Carl2]

[Carl5)

[CMO0]

[CMO1]

LocAaL ACYCLICITY 1041

P. Berthelot, Cohomologie rigide et cohomologie rigide a supports
propres, premiére partie, preprint (1996),
http://perso.univ-rennesl.fr/pierre.berthelot /publis/.. ..

P. Berthelot, D-modules arithmétiques. 1. Opérateurs différentiels
de niveau fini, Ann. Sci. Ecole Norm. Sup. (4) 29 (1996), no. 2,
185-272.

P. Berthelot, Introduction a la théorie arithmétique des Z-modules,
Cohomologies p-adiques et applications arithmétiques. II, no. 279,
Asterisque, 2002, pp. 1-80.

N. Bourbaki, Espaces vectoriels topologiques. Chapitres 1 a 5, new
ed., Masson, Paris, 1981, Eléments de mathématique. [Elements of
mathematics].

D. Caro, D-modules arithmétiques surcohérents. Applications aux
fonctions L, Ann. Inst. Fourier, Grenoble 54 (2004), no. 6,
1943-1996, http://aif.cedram.org/item?id=ATF_2004_.54_6_1943_0.

D. Caro, Dévissages des F'-complezes de Z-modules arithmétiques
en F-isocristauz surconvergents, Invent. Math. 166 (2006), no. 2,
397-456, https://doi.org/10.1007/s00222-006-0517-9.

D. Caro, D-modules arithmétiques surholonomes, Ann. Sci. Ecole.
Norm. Sup. 42 (2009), no. 1, 141-192.

D. Caro, Pleine fidélité sans structure de Frobenius et isocristauz
partiellement surconvergents, Math. Ann. 349 (2011), no. 4,
747-805, http://dx.doi.org/10.1007/s00208-010-0539-x.

D. Caro, Le formalism des siz opérations de Grothendieck en
cohomologie p-adique, preprint (2012),
https://arxiv.org/abs/1209.4020.

D. Caro, Sur la préservation de la surconvergence par l'image
directe d’un morphisme propre et lisse, Ann. Sci. Ecole Norm. Sup.
(4) 48 (2015), no. 1, 131-169, https://doi.org/10.24033 /asens.2240.

G. Christol and Z. Mebkhout, Sur le théoréme de l’indice des
équations différentielles p-adiques. III, Ann. of Math. (2) 151
(2000), no. 2, 385-457, https://doi.org/10.2307/121041.

G. Christol and Z. Mebkhout, Sur le théoréme de l'indice des

équations différentielles p-adiques. IV, Invent. Math. 143 (2001),
no. 3, 629-672, https://doi.org/10.1007/s002220000116.

DOCUMENTA MATHEMATICA 26 (2021) 981-1044


http://perso.univ-rennes1.fr/pierre.berthelot/publis/Cohomologie_Rigide_I.pdf
http://aif.cedram.org/item?id=AIF_2004__54_6_1943_0
https://doi.org/10.1007/s00222-006-0517-9
http://dx.doi.org/10.1007/s00208-010-0539-x
https://arxiv.org/abs/1209.4020
https://doi.org/10.24033/asens.2240
https://doi.org/10.2307/121041
https://doi.org/10.1007/s002220000116

1042 C. LAZDA

[Cre98] R. Crew, Finiteness theorems for the cohomology of an
overconvergent isocrystal on a curve, Ann. Sci. Ecole Norm. Sup. 31
(1998), no. 6, 717763,
http://dx.doi.org/10.1016,/S0012-9593(99)80001-9.

[CT12] D. Caro and N. Tsuzuki, Overholonomicity of overconvergent
F-isocrystals over smooth varieties, Ann. of Math. (2) 176 (2012),
no. 2, 747-813, https://doi.org/10.4007/annals.2012.176.2.2.

[EIk73] R. Elkik, Solutions djéquations a coefficients dans un anneau
hensélien, Ann. Sci. Ecole Norm. Sup. (4) 6 (1973), 553-603 (1974),
http://www.numdam.org/item?id=ASENS_1973_4_6_4_553_0.

[Ete02] J.-Y. Etesse, Relévement de schémas et algébres de
Monsky-Washnitzer: théoremes d’équivalence et de pleine fidélité,
Rend. Sem. Mat. Univ. Padova 107 (2002), 111-138,
http://www.numdam.org/item/RSMUP _2002_.107__111_0/.

[GK00] E. Grofle-Klonne, Rigid analytic spaces with overconvergent
structure sheaf, J. Reine Angew. Math. 519 (2000), 73-95,
https://doi.org/10.1515/crll.2000.018.

[Hub96] R. Huber, Etale cohomology of rigid analytic varieties and adic
spaces, Aspects of Mathematics, E30, Friedr. Vieweg & Sohn,
Braunschweig, 1996, http://dx.doi.org/10.1007/978-3-663-09991-8.

[Ked04] K.S. Kedlaya, Full faithfulness for overconvergent F-isocrystals,
Geometric aspects of Dwork theory. Vol. I, IT, Walter de Gruyter,
Berlin, 2004, pp. 819-835.

[Ked05] K.S. Kedlaya, More étale covers of affine spaces in positive
characteristic, J. Algebraic Geom. 14 (2005), no. 1, 187192,
http://dx.doi.org/10.1090/S1056-3911-04-00381-9.

[Ked06a] K.S. Kedlaya, Finiteness of rigid cohomology with coefficients,
Duke Math. J. 134 (2006), no. 1, 15-97,
http://dx.doi.org/10.1215/S0012-7094-06-13412-9.

[Ked06b] K.S. Kedlaya, Fourier transforms and p-adic ‘Weil II’, Comp.
Math. 142 (2006), 14261450,
http://dx.doi.org/10.1112/S0010437X06002338.

[Ked07a] K.S. Kedlaya, Semistable reduction for overconvergent
F-isocrystals. I: Unipotence and logarithmic extensions, Comp.
Math. 143 (2007), 1164-1212,
http://dx.doi.org/10.1112/50010437X07002886.

[Ked07b] K.S. Kedlaya, Swan conductors for p-adic differential modules. I.
A local construction, Algebra Number Theory 1 (2007), no. 3,
269-300, https://doi.org/10.2140/ant.2007.1.269.

DOCUMENTA MATHEMATICA 26 (2021) 981-1044


http://dx.doi.org/10.1016/S0012-9593(99)80001-9
https://doi.org/10.4007/annals.2012.176.2.2
http://www.numdam.org/item?id=ASENS_1973_4_6_4_553_0
http://www.numdam.org/item/RSMUP_2002__107__111_0/
https://doi.org/10.1515/crll.2000.018
http://dx.doi.org/10.1007/978-3-663-09991-8
http://dx.doi.org/10.1090/S1056-3911-04-00381-9
http://dx.doi.org/10.1215/S0012-7094-06-13412-9
http://dx.doi.org/10.1112/S0010437X06002338
http://dx.doi.org/10.1112/S0010437X07002886
https://doi.org/10.2140/ant.2007.1.269

[Ked11]

[KX10]

[Laug1]

[LS07]

[Meb02]

[Mil71]

[MW63]

[Ray72]

[Sch02]

[Shi07]

[vdP86]

[Vir00]

[Voe96)

LocAaL ACYCLICITY 1043

K.S. Kedlaya, Swan conductors for p-adic differential modules. II:
Global variation, J. Inst. Math. Jussieu 10 (2011), no. 1, 191-224,
https://doi.org/10.1017/S1474743010000137.

K.S. Kedlaya and L. Xiao, Differential modules on p-adic
polyannuli, J. Inst. Math. Jussieu 9 (2010), no. 1, 155-201,
https://doi.org/10.1017/S1474748009000085.

G. Laumon, Semi-continuité du conducteur de Swan (d’apreés P.
Deligne), The Euler-Poincaré characteristic (French), Astérisque,
vol. 83, Soc. Math. France, Paris, 1981, pp. 173-219.

B. Le Stum, Rigid cohomology, Cambridge Tracts in Mathematics,
vol. 172, Cambridge University Press, Cambridge, 2007,
http://dx.doi.org/10.1017/CBO9780511543128.

7. Mebkhout, Analogue p-adique du théoréme de Turrittin et le
théoréme de la monodromie p-adique, Invent. Math. 148 (2002),
no. 2, 319-351, https://doi.org/10.1007/s002220100208.

J. Milnor, Introduction to algebraic K -theory, Annals of
Mathematics Studies, vol. 72, Princeton University Press,
Princeton, N.J.; University of Tokyo Press, Tokyo, 1971,
https;//dx.doi.org/10.2307 /j.ctt1b9x0xv.

P. Monsky and G. Washnitzer, Formal Cohomology. I., Ann. of
Math. 88 (1968), 181-217, https://doi.org/10.2307/1970571.

M. Raynaud, Anneauz henséliens et approximations, 9 pp. Publ.
Sém. Math. Univ. Rennes, Année 1972,
http://www.numdam.org/item?id=PSMIR_1972___4_A13_0.

P. Schneider, Nonarchimedean functional analysis, Springer
Monographs in Mathematics, Springer-Verlag, Berlin, 2002,
https://doi.org/10.1007/978-3-662-04728-6.

A. Shiho, Relative log convergent cohomology and relative rigid
cohomology I, preprint (2007), https://arxiv.org/abs/0707.1742.

M. van der Put, The cohomology of Monsky and Washnitzer, Mém.
Soc. Math. France (N.S.) (1986), no. 23, 4, 33-59, Introductions
aux cohomologies p-adiques (Luminy, 1984).

A. Virrion, Dualité locale et holonomie pour les Z-modules
arithmétiques, Bull. Soc. Math. France 128 (2000), no. 1, 1-68,
https://doi.org/10.24033 /bsmf.2362.

V. Voevodsky, Homology of schemes, Selecta Math. (N.S.) 2 (1996),
no. 1, 111-153, https://doi.org/10.1007/BF01587941.

DOCUMENTA MATHEMATICA 26 (2021) 981-1044


https://doi.org/10.1017/S1474748010000137
https://doi.org/10.1017/S1474748009000085
http://dx.doi.org/10.1017/CBO9780511543128
https://doi.org/10.1007/s002220100208
https;//dx.doi.org/10.2307/j.ctt1b9x0xv
https://doi.org/10.2307/1970571
http://www.numdam.org/item?id=PSMIR_1972___4_A13_0
https://doi.org/10.1007/978-3-662-04728-6
https://arxiv.org/abs/0707.1742
https://doi.org/10.24033/bsmf.2362
https://doi.org/10.1007/BF01587941

1044 C. LAZDA

[Weil3] C.A. Weibel, The K -book, Graduate Studies in Mathematics, vol.
145, American Mathematical Society, Providence, RI, 2013.

Christopher Lazda
Mathematics Institute
Zeeman Building
University of Warwick
Coventry CV4 7TAL
United Kingdom
chris.lazda@warwick.ac.uk

DOCUMENTA MATHEMATICA 26 (2021) 981-1044



