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ABSTRACT. We present a version of projective bundle theorem in
MW-motives (resp. Chow-Witt rings), which says that CH " (P(E))
is determined by CH (X), C/'\I{I*(X, det(E)V), CH*(X) and S¢? for
smooth quasi-projective schemes X and vector bundles F over X with
e(EY)=0¢€ H"(X,W(det(F))), provided that ;CH*(X) = 0.

As an application, we compute the MW-motives of blow-ups with
smooth centers. Moreover, we discuss the invariance of Chow-Witt
cycles of projective bundles under automorphisms of vector bundles.

2020 Mathematics Subject Classification: Primary: 11E81, 14F42
Keywords and Phrases: MW-motivic cohomology, Chow-Witt ring,
Projective bundle theorem

1 INTRODUCTION

MW-motivic cohomology is the Chow-Witt counterpart of the ordinary motivic
cohomology defined by V. Voevodsky, which was developed by B. Calmes, F.
Déglise and J. Fasel. It is well-known that the usual projective bundle theorem
(see [MVWO06, Theorem 15.12]) does not hold for MW-motives (see [Yan21,

Remark 5.6]) so the computation of CA’E*(]P’(E)) for vector bundles E becomes
nontrivial. In [Fas13, Theorem 9.1, 9.2, 9.4 and Corollary 11.8], J. Fasel com-
puted the cohomology groups H!(P(E), KJW,X) and H*(P", KJMW,X), leav-
ing the question of Chow-Witt groups of projective bundles open.

This paper gives a possible approach to this question, by splitting the MW-
motives of projective bundles. Suppose S € Sm/k, pt = Spec(k) and R is a
commutative ring. Denote by 57\/4eff (S, R) (resp. 57\/4(5‘, R)) the category of
effective (resp. stable) MW-motives over S with coefficients in R (see Section 2)
and by R(X) the motive of X € Sm/S with coefficient in R. The first step is
to split that of projective spaces, which is the following (see Theorem 5.11):
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1046 N. YANG

THEOREM 1.1. Suppose n € N and p : P*" — pt is the structure map.

1. If n is odd, the morphism
anl
©: R(P") — R& ) R/n(2i — 1)[4i — 2] & R(n)[2n]
i=1
. . . . ~—eff
is an isomorphism in DM ~~ (pt, R) where
0=, '@R, 711 ®R).

2. If n is even, the morphism

©:R(P") — R® éR/n(% —1)[4i— 2]

i=1
. . . . =eff
is an isomorphism in DM "~ (pt, R) where
0= (2 'oR).

Here 7,41 = i«(1) for some rational point ¢ : pt — P™ and n : G,, —
pt is the Hopf map (see Definition 4.2), where we set A/n = A ® C(n) for

every motive A. The morphism ¢?~! is the unique one which corresponds to

(c1(Opn (1))%71,¢1(Opn (1))?%) as in usual case (see Proposition 5.9, (2) and
[Dég12, 2.10]). This recovers [Fas13, Corollary 11.8]:

COROLLARY 1.2. Suppose 0 < i <n, we have

, GW(k) ifi=0ori=n andn is odd
CH (P") =K Z if i > 0 is even
27 else.

To obtain the projective bundle theorem, the second step is to identify the
group

Muw (X) = Hom gers o (Z(X), Z/n (i) [2i])

by the structure theorem (see [Bac17, Theorem 17]) of the spectrum HZ repre-
senting the MW-motivic cohomology in the motivic stable homotopy category
SH(pt) (see Section 3). Our result is the following (see Theorem 4.13 and
Corollary 4.14):

THEOREM 1.3. If ;CHTY(X) = 0, we have a natural Cartesian square

M (X) —— CH™H(X)

| . ]

CHI(X) 225 CHI+(X)/2
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PROJECTIVE BUNDLE THEOREM IN DM 1047
where 7 is the modulo 2 map. Under Z[%]—coeﬁﬁcients, we have a natural iso-

morphism

CHI(X)[5] ® CH (X) 5] = niyuy (X, Z135))
for every X € Sm/k.

This enables us to define a global version cfzzﬁé)(E) of Ciﬂé) for vector bun-

dles E (see Proposition 5.13).
Our main theorem is the following (see Corollary 5.15):

THEOREM 1.4. Let S € Sm/k, X € Sm/S be quasi-projective and E be a
vector bundle of rank n over X.

1. We have isomorphisms

n—1

R(P(E))/n = € R(X)/n(i)[2i]

Th(E)/n = R(X)/n(n)[2n]
in DM(S, R).

2. If n is odd, we have an isomorphism

n—1
2

R(P(E)) = R(X) & @ R(X)/n(2i — 1)[4i — 2]

i=1

in DM (S, R).

In particular, we have (k = min{|32], 251})
—1 — k L
CH (P(E)) = CH (X) & @ nyi (X).
j=1

3. If n is even, we have a distinguished triangle
2_q
Th(det(E)")(n—2)[2n—4] — R(B(E)) — R(X)® @ R(X)/m(2i-1)[4i-2] £ ... [1]
=1
in DM(S, R) where 1 = 0 if e(EY) = 0 € H"(X, W (det(E))). In this
case, we have

CH'(P(E)) = CH'(X) & @ iz (X) & CH' " (X, det(B)").
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1048 N. YANG

Note that for any vector bundle E of odd rank n, we have e(EY) = 0 €
H™(X,W(det(E))) by [Lev2l, Proposition 3.4]. So the theorem above just
says that there is a projective bundle theorem for any FE if its Euler class
vanishes in Witt group.

This in turn yields a computation of the MW-motives (resp. Chow-Witt ring)
of blow-ups with smooth centers, as the following (see Theorem 5.20):

THEOREM 1.5. Suppose S € Sm/k and X,Z € Sm/S with Z being closed
in X. If n:= codimx(Z) is odd and Z is quasi-projective, we have

R(Blz(X)) = R(X)® @ R(Z)/n(2i —1)[4i — 2]

in DM (3, R). |
In particular, we have (k =min{|%2], 251})

—

. k
CH'(Blz(X)) = CH (X) & i (2).

Last but not the least, given an automorphism of F, we study its action on the
MW-motive of P(E) (see Theorem 5.18).

THEOREM 1.6. Let S € Sm/k, X € Sm/S be quasi-projective with CH*(X) =
0, E be a vector bundle of rank n over X and ¢ € Auto, (F).

1. If n is odd, the morphism P(p) = Id in 5\]/\46”(5, R).

2. If n > dim(X) + 2 is even and e(EY) = 0 € H"(X, W (det(F))), the
morphism P(p) = Id in DM (S, R) if ¢ is SL® (see Definition 5.17).

ORGANIZATION OF THIS ARTICLE. We explain in Section 2 the basic definitions
and properties of the motivic categories (denoted by DMk) corresponding to
K,=KMW KM KW and KM /2. Section 3 is devoted to a brief introduction
to the stable Al-homotopy category SH(pt) and the slice filtrations of spectra.
We discuss independently in Section 4 the computation of ¥, (X). The point
is that even if HZ /n could not split into components coming from Chow motives
(see Remark 4.10), n};w (X) parameterizes the pair of cycles where one is the
Steenrod square of the other for some X, which allows us to find out ‘Chern
classes’ and thus to adopt the pattern of the original projective bundle formula
to the Chow-Witt case.

We prove the projective bundle theorem in Section 5. The first step is to
compute the MW-motive of projective spaces. Then global formula for odd
rank bundles follows from the ‘Chern classes’ obtained from Section 4. While
for even rank bundles, we use its projective completion and the result of odd
rank bundles to obtain a distinguished triangle, which splits if its Euler class
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PROJECTIVE BUNDLE THEOREM IN DM 1049

vanishes in Witt group. Furthermore, for arbitrary vector bundle, we show
that there is an easy projective bundle formula after tensoring with Z /1.

As a consequence, we compute the MW-motives of blow-ups with smooth cen-
ters if the codimension is odd. We also discover when automorphisms of vector
bundles acts trivially on MW-motives of projective bundles.
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CONVENTIONS

We denote by pt = Spec(k) where k is an infinite perfect field with char(k) # 2.
Define Sm/S to be the category of separated and smooth schemes over S
(see [Har77, page 268]). We say X € Sm/S is quasi-projective if it is quasi-
projective over k. We set C'(f) to be the mapping cone of f. Define

HomSH(pt)(fv 7) = [77 7]5 HomDM;ff(pt)(fv 7) = [77 7]K

2 Four MoTivic THEORIES

The main references of this section are [BCDF()20] and [Yan19]. In the sequel,
we denote by K, one of the homotopy modules KMW KM KW KM /2. They
are related by the Cartesian square

KMW L gW

L

KM kMo

In [BCDF®20], they mainly developped the motivic theory when K, = KMW |
which was inherited from Voevodsky’s construction, namely the case when
K, = KM, But the method could be generalized to K, = KV, KM /2 without
significant difficulty. We refer the readers to [Yan19] for axiomatic approach of
correspondence theory and its associated motivic theory.

Let m € Z, F/k be a finitely generated field extension of the base field k and L
be a one-dimensional F-vector space. One can define K,,(F, L) as in [Morl2,
Remark 2.21]. If X is a smooth scheme, £ is a line bundle over X and y € X,
we set _

Eon(h(y), 2) i= Kn(k(0), A} @1y Z),

where k(y) is the residue field of y and A is the top exterior power of the
tangent space of y. If K, = KM KM /2, IN(m(k(y),f) is independent of £ up
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1050 N. Yanc

to a canonical isomorphism. If 7" C X is a closed set and n € N, define

Chor(XiKm; L) = @ Knnlk(y),2),

yeX(NT

where X (") means the points of codimension n in X. Then Chor(X; Km; L)
forms a complex (see [Mor12, Definition 4.11], [Mor12, Remark 4.13], [Mor12,
Theorem 4.31] and [Fas08, Définition 10.2.11]), which is called the Rost-Schmid
complex with support on T'. Define (see [BCDF(?20, Definition 4.1.1, §2] and
[Yan19, Definition 5.2])

KCH7 (X, Z) = H"(Crs,r(X; Kn; Z)).

Thus we see that KCH = ﬁ, CH,Ch when K, = KMW KM KM /2 respec-
tively.

Suppose S € Sm/k. For any X,Y € Sm/S, define &75(X,Y’) to be the poset
of closed subsets in X x ¢Y such that each of its irreducible component is finite
over X and of dimension dimX. Suppose R is a commutative ring. Let

KCors(X,Y,R) := h_n}KCHgimY*dimS (X x5 Y,wxxey/x) @z R
T

be the finite correspondences between X and Y over S with coefficients in R,
where T € #5(X,Y). Hence KCor just means Cor, Cor and WCor (see
[BCDF®20, §3]) when K, = KMW KM KW respectively. This produces an
additive category KCorg whose objects are the same as Sm/S and whose
morphisms are defined above. There is a functor a : Sm/S — KCorg sending
a morphism to its graph (see [BCDF©¥20, 1.1.6, §2], [Yan19, Definition 5.3]).
We define a presheaf with K-transfers to be a contravariant additive functor
from KCorg to Ab. It is a sheaf with K-transfers if it is a Nisnevich sheaf
after restricting to Sm/S via a. For any smooth scheme X, let ¢(X) be the
representable presheaf with K-transfers of X.

Let PShi (S, R) be the category of presheaves with K-transfers over S and let
Shk (S, R) be the full subcategory of sheaves with K-transfers (see [BCDF©)20,
Definition 1.2.1 and Definition 1.2.4, §3]). Both categories are abelian and have
enough injectives ([BCDF?20, Proposition 1.2.11, §3]). There is a sheafification
functor (see [BCDF©®20, Proposition 1.2.11, §3])

a: PShi(S,R) — Shi(S,R)

and we set R(X) = a(c(X)), which is called the motive of X with R-coefficients.
The Tate twist is denoted by R(1). For any vector bundle E on X € Sm/S,
we define Th(F) = R(E)/R(E*) to be the Thom space of E.

Denote by C(Shi(S,R)) (resp. Dg(S,R)) the (resp. derived) category of
cochain complexes of sheaves with K-transfers. Define the category of K-
motives over S with coefficients in R

DM (S, R) = D(S, R)[(R(X x A') — R(X))™!]
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for any X € Sm/S.
Denote by Sp(S, R) the category of (symmetric) G,,-spectra, whose homotopy
category is denoted by DMk (S, R). There is an adjunction

%% DM (S, R) = DMk (S, R) : Q>

by [CD09, Example 7.15]. We will ignore X°° if there is no ambiguity of un-
derlying category.

We will write DM (resp. DM) for DMyw (resp. DMys) and DMf(ff(S)
(resp. DM (S)) for DM (S, Z) (resp. DMg(S,Z)) accordingly.

PROPOSITION 2.1. 1. The category DMIe(ff(S, R) is symmetric monoidal
with R(X)®s R(Y) = R(X xgY) for any X,Y € Sm/S.

2. Suppose f: S — T is a morphism in Sm/k. There is an adjunction
f*: DMII(T, R) = DMIY(S,R) : f.
satisfying f*R(Y) = R(Y x1 S) for any Y € Sm/T.

3. Suppose f : S — T is a smooth morphism in Sm/k. There is an
adjunction

fu: DMII(S,R) = DM (T, R) : f*
satisfying faR(X) = R(X) for any X € Sm/S. Moreover, for any
F e DM (T, R) and G € DM (S, R), we have

f#(G ®s [*F) = (f#G) Q7 F.
The same properties hold for DMk (S, R).

Proof. See [Yan19, Proposition 5.25, Proposition 6.44 and Proposition 6.45]
and [CDO09]. O

The readers refer to [Yan21, Corollary 2.21] for compability between Thom
spaces and operations (f*, fx, ®) above.

PROPOSITION 2.2. Suppose ¢ : R — R’ is a ring morphism and X € Sm/S.
1. We have adjunctions
©*: DMIT(S,R) = DM (S,R) : o.,
¢ DMk(S,R) = DMk(S,R') : ¢.
where ©* is monoidal and ¢* R(X) = R'(X).
2. If ¢ is flat, we have
HomDM;(ff(SﬁR,)(R’(X), ©*C) = HOWLDI\/I;ff(SyR)(R(X), C)®r R,
Homp, (s, (B R (X), 9" E) = Homp, (s,7)(E°R(X), E) ®r R’
for C € DM;ff(S, R) and E € DMk (S, R).
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Proof. 1. We have by definition a morphism
¢:KCors(X,Y,R) — KCors(X,Y,R')

for every X, Y € Sm/S. For every X € Sm/S and F € Shi(S,R), F(X)
is naturally an R-module. So we define a*F to be the sheafification of
the presheaf

X+— F(X)®gr R,

which induces an adjunction
a*: ShK(S, R) — ShK(S, R/) Ly

where a, is the restriction functor. The functor a¢* is monoidal and sat-
isfies

a*R(X)=R'(X)
for any X € Sm/S. So it satisfies the conditions in [CDO09, 2.4 and

Lemma 4.8] by a similar argument as in [Yan21, Proposition 6.2] and

gives us the adjunction between DM;f . The stable case follows from
[Hov01, Proposition 5.5].

2. The functor ¢* is exact and takes flabby sheaves to flabby sheaves (see
[Mil80, Proposition 2.12]) hence

for every F' € Shi(S,R), i € Nand X € Sm/S. This implies
HomDK(S,R’)(R/(X),SD*C) = HOTI’LDK(SyR)(R(X),C) ®R R/

for every C' € DIJQ(S , R) by the hypercohomology spectral sequence. Then
the unbounded cases follow from C' = h_n)ln CZ" and the Five Lemma.
Hence the functor ¢* preserves fibrant objects, Al-weak equivalences (p*
is left Quillen and preserves homotopy condition) and A'-local objects.
Then we obtain the first equation. The second equation follows from the
first equation since ¢* preserves stable Al'-weak equivalences and Q°°-
spectra (see [CDO09, 7.8]).

O

PROPOSITION 2.3. In the diagram

KMW — s KWV |

Ny

KM KMo
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each arrow f : K1 — Ko induces adjoint pairs

f* DM/ (S,R) = DM/ (S,R) : f.

f*:DMgk,(S,R) = DMk, (S,R) : f.
between corresponding motivic categories. Moreover, f* is monoidal and com-
patible with change of coefficients.

Proof. The map f induces a map f : K;Corg(X,Y,R) — K2Corg(X,Y, R)
hence a functor f : K;Corg — KyCorg. Then we obtain an adjunction

£ Shi, (S, R) = Shy,(S,R) : f.

by [Yanl9, Lemma 5.7], where f, is the restricion via f. They are also Quillen
functors of the model structure of unbounded complexes because f* preserves
representable sheaves. Hence we obtain the adjoint pairs desired. The method
is essentially the same as [BCDF(20, 3.2.4 and 3.3.6.a §3]. O

PROPOSITION 2.4. Let X € Sm/k, {U;} be an open covering of X and f be
a morphism in DMIT (X, R) or DM (X, R). If flu, is an isomorphism for
every i, f is an isomorphism.

Proof. For the effective case, the proof is the same as in [Yan21, Proposi-
tion 2.16]. For the stable case, we use that {R(X)(n)} for X € Sm/k and
n € Z is a system of generators in DM (S, R) (see [CD13, 11.1.6]). O

PROPOSITION 2.5. Suppose K, = KMW KM  Let UV € DM;ff(pt). The
map

®ZL(3)

[U, V] —% [U@G),V(i)|x ,i >0

18 an tsomorphism.

Proof. See [Voel0, Corollary 4.10] and [BCDF©?20, Theorem 4.0.1 §4]. O

As a consequence, the infinite suspension functor ¥°° induces fully faithful
embeddings DM (pt) € DM (pt) and DM (pt) € DM(pt) (see [CD13,
Proposition 5.3.25]).

Suppose X € Sm/k and FE is a vector bundle of rank n over X. Recall that the
Euler class (see [Fas08, Chapitre 13]) e(E) € CTI;T”(X, det(E)Y) is the image
of 1 under the composite

CH'(X) 25 CH" (B, p*det(E)") Y2 CH" (X, det(E)")

where p : E — X is the structure map and z is the zero section. Its image in
H"™(X,W(det(E)Y)) is also denoted by e(E).
A result we will frequently use is that for any X € Sm/k and E being vector
bundle on X,

Th(E) @ Th(EY) = Z(X)(2rkE)[4rk E]

in 57/\4()() by [Yan19, Theorem 6.1]. In particular, Th(FE) is invertible.
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PROPOSITION 2.6. Let S € Sm/k, X € Sm/S and E be a vector bundle of
rank n over X. We have

Th(E) = Th(det(E))(n —1)[2n — 2]
in 57\/4(5) and the composite
7 Z(X) S Z(E) — Th(E) = Th(det(E))(n — 1)[2n — 2]
in DM(X) is given by the Euler class e(E) € CTHH(X, det(EVY)).
Proof. We have the isomorphism
Th:Th(E @ det(E)Y) — Z(n + 1)[2n + 2]

in ﬁW(X) given by the Thom class of E ¢ det(E)Y by [Yan21, Theorem 6.1].
By the same proof as in [Yan21, Theorem 6.2], we obtain the first statement.

For the second statement, there is a commutative diagram

(Th(E @ det(E)"), Z(n + 1)2n £ 3] 22 A ), Thidet(E))(n — 1)j2n — 2]

|

(Th(det(B)"), Z(n + 1)[2n + 2] L EPCNEE Thidet(B))(n — 1)[2n — 2))

where [—, —] means the Hom-group in 57/\4()() The upper left term in the
——n+1
diagram is identified with CH (E @ det(E)Y) and we have the identifica-

tion T
[Th(det(E)"), Z(n + 1)2n + 2] = CH.. ' (det(E)") = CH" (X, det(E)").

We have S(Th @ Th(det(E))(—2)[—4]) = .

Suppose z1 (resp z2) is the zero section of F (resp. det(E)Y). The « is given
by the composite

n+1
21X x 22

CH (BE@det(E)Y) — CHyy . (Bodet(B)") 22— CH (det(E)¥)

where p : E@® det(E)Y — det(E)Y is the projection and p* is an isomorphism
by homotopy invariance.

DOCUMENTA MATHEMATICA 26 (2021) 1045-1083



PROJECTIVE BUNDLE THEOREM IN DM 1055

Now we look at the commutative diagram

CH (X)

CH.'. _(E®det(E)") +=— CH. (E,q"det(E)")

Z1 X X 22

l

CH e (E & det(B)Y) «=— CH" (B, ¢*det(E)")

(p*)ll (¢)!

CH. (det(E)") +—=— CH" (X, det(E)")

where ¢ : E — X is the structure map and horizontal arrows are given by
——n
push forwards. So we see that 1 € CH (X,det(E)Y) just comes from the

——0
image of 1 € CH (X) along the right vertical arrows. So it’s equal to e(E) by
definition. (|

3 MoTIvic STABLE HOMOTOPY CATEGORY AND SLICE FILTRATIONS

The main references of this section are [Mor03], [Bac17] and [DLORV02]. Let
sShve(Sm/k) be the category of pointed simplicial sheaves over Sm/k for the
Nisnevich topology. We localize it by the morphisms

FAAL — F

for every F' € sShve(Sm/k), obtaining the homotopy category He(pt).
Define SH(pt) to be the homotopy category of the P! or G,, — S! spectra
of sShve(Sm/k) (see [DLORVO02, 2.3]). It is triangulated and symmetric
monoidal with respect to the smash product A. There is an adjunction

X He(pt) = SH(pt) : Q.

For any E € SH(pt) and n,m € Z, define 7, (E), to be the (Nisnevich)
sheafification of the presheaf on Sm/k

X+ [E°X 1 A S™, E(m)[m]]swpn-

Then a morphism E; — F5 between spectra is a weak equivalence if and only
if it induces an isomorphism

Tn (El)m = Wn(EQ)m

for every n,m € Z.
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Define
SH<_1 ={F € SH({pt)|mn(E)m = 0,Yn > 0,m € Z},
SH>o ={E € SH(pt)|mn(E)m = 0,Yn < 0,m € Z}.

They give a t-structure (see [Mor03, 5.2]) on SH(pt) where SH>o can be de-
scribed as the smallest full subcategory of SH(pt) being stable under suspen-
sion, extensions and direct sums, containing ¥°° X, AGA! for every X € Sm/k
and i € Z (see [Ayo07, Proposition 2.1.70]). Its heart SH" is equivalent to
the category of homotopy modules (see [Mor03, Definition 5.2.4]), where the
equivalence is given by

E+— 7 (E>*

Define SH// (pt) to be smallest triangulated full subcategory on SH(pt) con-
taining ©°X, for every X € Sm/k. The functor from SH (pt)

Evr— m.(FE)o
is conservative (see [Bacl7, Proposition 4]). Define

SHYT | = {(E € SH (pb)|ma(E)o = 0,¥n > 0},
SHIL = (E € SH (pt)|ma(E)o = 0,¥n < 0}

They give a t-structure (see [Bacl7, §3]) of SH/(pt) where SHezfe{) is the

smallest full subcategory of SH/ (pt) being stable under suspension, exten-
sions, direct sums and containing XX, for every X € Sm/k. The func-
tor SHHY — Ab(Sm/k) sending E to mo(E)o is conservative (see [Bacl7,
Proposition 5]). We further define

SH (pt)(n) = SH (pt) NG
for any n € Z, which has a t-structure obtained by shifting that of SH// (pt)
by GA™.
There is an adjunction

in : SH (pt)(n) = SH(pt) :

by [Nee96, Theorem 4.1] where 4, is the inclusion. The functor r, is t-exact
and i, is right t-exact. Moreover, we have a functor

i¥  SH(pt) Y — SH(pt)”,
whose essential image consists of effective homotopy modules. Define
fn = ip O Ty.
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We have natural isomorphisms r,, o4, = Id and f,4+1 o f, & fn+1, where the
latter induces a natural transformation f,+1 — f, (see [DLORV02, §4]). We
define s, (F) for any E € SH(pt) by the functorial distinguished triangle

fni1(B) — fu(E) — su(E) — fura(E)[1].

Finally we have
fn(E) NG = fn-i—l(E /\Gm)

by [Bacl7, Lemma 8.
REMARK 3.1. There are adjunctions
SH(pt) = D (pt) = DM (pt)

by [CD13, 5.2.25 and 5.5.35], [Jar97, 4.6] and [BCDF?20, 3.3.6.a, §3]. So we
obtain an adjunction

¥ SH(pt) = 157\/4(])15) D Ve

where v* is monoidal and Y*E*° X = E°Z(X) for every X € Sm/k.

4 MAPPING CONE OF THE HoPF MAP IN MW-MOTIVES
DEFINITION 4.1. The morphism

AZ\0 — P!
(z,y) — [z:y]

induces a morphism
G A Gy A ST — G,y A ST

It is the suspension of a (unique) morphism n € [Gy,, 1] (resp. [Z(1)[1],Z]k ),
which is called the Hopf map.

DEFINITION 4.2. Define
HZ = foKMV:H,7 = foKM: HwZ = foKV; H,7/2 = foKM/?

as in [Bacl7, remark before Lemma 12]. Moreover, for any E € SH(pt), define
E/n=EA1/n.

We have adjunctions
¥ SH(pt) = DMk (pt) : 7«
by Proposition 2.3 and Remark 3.1.
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PROPOSITION 4.3. We have
’7*(1) = foK*
if Ko = KMW KM KM/,

Proof. This follows from [BCDF?20, Theorem 5.2 and Corollary 5.4, §7] and
[Bacl7, Lemma 12]. O

PROPOSITION 4.4. We have

1.
Wi(HZ)O{ 00 i 40 m—(HZ)l{ 10 20
2.
L i= KM i=0
m‘(H#Z)O{ 0 i£0 m-(H#Z)l{ 6 P40 :
3.
K i=0
W 1
mi(HwZ)o :{ K(()) 1;8 mi(HwZ), = Z/)2 i=1
0 i#0,1
4.
. KM/2 i=0
7./2 =0 1 '
m(HuZ/Q)O{ (/) z#o i (H,Z/2), = Zéz ;:011
? Y

Proof. The calculation of 7;(—)o is easy since all these spectra are in SH®/%.
Let us compute 7;(—)1.

(2) This follows from the computation of motivic cohomology groups
HPY(X,7Z) for any X € Sm/k.

(4) This follows from the computation of motivic cohomology groups
HPY(X,7/2) for any X € Sm/k.

(1) This follows from [BCDF®20, Theorem 1.4.1, §5], [Bacl7, Theorem 17]
and (2).

(3) The case i # 0 follows from [Bacl7, Theorem 17] and (4). If ¢ = 0, the
result follows from [Bacl7, Lemma 19].

O
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PROPOSITION 4.5. Suppose E € SH(pt)® is an effective homotopy module. For
any X € Sm/k and n,m € Z, we have

(XX, fo(E)(n)[m]] = H™ (X, mo(E)n)
if m > 2n — 1. In particular, we could pick E = KK/i-t-
Proof. We have the Postnikov spectral sequence (see [Mor03, Remark 4.3.9])
HP (X, 7q(fo(E))n) == [E7 X4, fo(E)(n)[n +p + g]].

The r(E) (resp. fo(E)) is an element in SH(pt)**/¥ (resp. SH(pt)>
exactness of the functors ¢ and r. So we have 7_,(fo(E)), = 0 if ¢
Furthermore,

0) by
> 0.

HP(X,m—q(fo(E))n) =0

if p>mn and ¢ < 0 by using 7_4(fo(E))o = 0 and the Gersten complex of the
homotopy module 7_4(fo(E)).. Finally, we have

m0(fo(E))s = mo(E)«

by the same arguments as in [Bac17, Lemma 18]. So the first statement follows.
The second statement follows from [Bacl7, Lemma 6]. O

PRrROPOSITION 4.6. We have
H,Z/n=H,Z&H,ZN\NP, (H,Z/2)/n=H,Z/2& H,Z/2 P .
Proof. We have fi(H,Z) = fi(H,Z/2) = 0 hence
FHZ/n) = HZAPY,  fi((H,2/2)/n) = H,Z/2 NP

by applying f1 to the distinguished triangle of 1/n. Then the statements follow
from the commutative diagrams

H,7. ——— H,7./n H,7,/2 —— (H,7./2)/n

{1

so(HuZ) — so(HuZ/n)  so(HZ/2) —— so((H,Z/2)/n)

PRrROPOSITION 4.7. We have

1.
B Z  i=0
m(HZ/n)o = 2KM i=1
0 i#0,1
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2.
Z t=0
mi(HuZ/no = KM i=1
0 i#0,1
3.
[ z/2 i=0,2
4.
Z)2  i=0,2
m(HZ/2)/mo = KMj2 =1
0 i#0,1,2

Proof. The (2) and (4) follow from Proposition 4.6 and (3) follows from [Bac17,
Lemma 20]. For (1) we apply the long exact sequence

mi(E) 5 mi(E)o — mi(E/n)o — mi—1(E)1 5 mi_1(E)o
for any spectrum F. O
PROPOSITION 4.8. For any spectrum E € SH (pt), we have
so(E/n) = so(E).
Proof. This is because
SO(ENGy)=35-1(E)ANG, =0
and sq is an exact functor. O

PROPOSITION 4.9. We have f; (HZ/n) =P' A H,Z hence a distinguished tri-
angle

P' A H,Z —s HZ/n — H,Z & H,7/2[2] — P A H,Z[1]. (1)

Proof. We have a distinguished triangle
b o
H,Z % HZ — HwZ — H,Z[1].
Hence the first statement follows from applying f1 o (—/n) on this triangle,
[Bacl7, Lemma 20] and Proposition 4.6. The second statement follows from
distinguished triangle
F1(HZ[n) — fo(HZ[n) — so(HZ/n) — fL(HZ/n)[1],

[Bac17, Proposition 23] and Proposition 4.8, O
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REMARK 4.10. The triangle (1) above does not split since by applying wa(—)o
we obtain a nmon-split exact sequence

0 — 7Z/27 — KM — 2KM — 0.
DEFINITION 4.11. Suppose X € Sm/k, n € N. We define
ni (X, R) = HomDM;ff(pt,R) (R(X), R/n(n)[2n]).
IfR=7 and K, = KMV we have
N (X) =0 (X, R) = Homgp pn) (5 Xy, HZ/7(n)[2n]).
PRrROPOSITION 4.12. The functorial distinguished triangle fi — fo —

so — fi[1] induces commutative diagrams of distinguished triangles (rows
and columns)

H,Z\NP' —— H,Z/p ——— H, 7 ———
H h a=211

H,ZNP* —— HZ/n —— H,7.& H,7/2[2) —

l b=m®did

0—— HwZ/n —— H,Z/2® H,7/2[2] —

|

and
H,Z NP H7Z/n H,Z® H,7/2[2] —
d=2 p €=p1
H,Z NP' ——— H,Z/7 H,Z

0

H,Z/2 N\P' —— C(7[1]) —— H,Z/2[3] ————

where poh =2-id, 7: H,Z/2[1] — H,Z/2 N Gy, is the unique nonzero map
(see [HKO17, 5.1]) and 7 is the modulo 2 map.

Proof. The middle column of the first diagram is the distinguished triangle
induced by hyperbolic map. The map a is equal to the composite (see [Bacl7,
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Proposition 23])

o so(h ~ u,v
H,7Z —— so(H,Z) oW, oHZ) H,Z & H,Z/2[2)

where u is just the map
so(HZ) — so(H,Z) = H,7Z
and v is (the minus of) the composite (see [Bacl7, Lemma 20])
so(HZ) —s so(HwZ) — H,Z/2[2).

Hence it is clear that a = 2i¢; and e = p;. Now the distinguished triangles of
<.0,>.1 of HyZ/n and (H,Z/2)/n give us a commutative diagram of distin-
guished triangles (rows and columns)

H,2/2[2) — HywZ/n ——s H, 72— . 2)
q=7[1] q H

H,Z/2 NP —— (H,Z/2)/n —— H,Z/2 —

The ¢; = 7[1] follows from the proof of [Bacl7, Lemma 20]. Hence we see that
b = m@id and that the middle column of the second diagram since C'(p) = C(q).
Moreover, fi(H,Z/2) = so(H,Z/2 N Gy,) = 0 hence fi(C(1)) = H,Z/2 A\ G,y
and so(C(7)) = H,Z/2[2]. Hence the second diagram is derived. Finally, the
d =2 since poh =2-1d. O

THEOREM 4.13. Suppose X € Sm/k. There are commutative diagrams with
exact rows and columns

0 —— CH""(X) —— CH"(X) ® CH™(X) —— CH"(X) —— 0,

h 2
CH" (X)) ———— ¥y (X) —————— CH™"(X) —— 0
CH™(X)/2 CH™(X)/2
0 0
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CH" (X)) ———— Yy (X) ———— CH"(X) ——0.

2 p

0—— CH""Y(X) —— CH""Y{(X)® CH"(X) —— CH™"(X) —— 0
™ a=(m,Sq*om)

CH™\(X)/2 === CH"!(X)/2

0 0

where poh = 2-id and 7 is the modulo by 2. Consequently, if (/CH" 1(X) =0,
we have a Cartesian square

niyw (X) —— CH" (X))

| |
CH™(X) CH™(X)/2

Sq?om
E—

being natural with respect to X € Sm/k satisfying .CH"1(X) = 0.

Proof. The diagrams directly follow from Proposition 4.12. Now we want to
study the composite

H,7 — H,Z/n — C(7[1])
which is equal to
H,Z — H,Z]2 — (H,Z/2)/n — C(7[1]).
By diagram (2), it suffices to study the composite
H,7/2 — HwZ/n — (H,Z/2)/n — H,Z/2 NP
It is equal to the composite by natuality
H,Z/2 — HyZ/n 2 HyZ AP* & H,7/2 A P!

where [ is the boundary map of HyZ ® n. We have a commutative diagram
of distinguished triangles

Hw7 —— HWz/U L} HwZ A Pl ——

T

HwZ —— H,Z)2 —— fo(K} )[1] —
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where the second row comes from applying fo on the exact sequence
0— K%, — KV — KY/2—0.
Define
X(@)n = [B7 X4, o(n)[2n]].

We see that X (a), and X (a[l]), are isomorphisms, hence so does X (b), by
Five lemma. By Proposition 4.5, X ('), is the Bockstein map (see [HW19,
2.3])

CH™(X)/2 — H"™ (X, K)",),

hence so does X(8),. Moreover the map X(p), is the reduction map
(see loc. cit.)
H" (X, K)Y,) — CH"(X)/2.

Hence we see that a = Sq¢? o m on CH™(X) by [Fasl13, Remark 10.5]. The
composite

H,ZNP" — H,Z/n — (H,Z/2)/n — C(7[1])
is equal to the composite
H,Z NP' — H,Z/2 NP* — C(7[1])

soa =7 on CH"(X). Hence a = (7, Sq* o 7).

Now suppose :CH"1(X) = 0. The statement we want is equivalent to p is
injective. Suppose = € nj;y (X), p(z) = 0 so v(xz) = 0. Hence there is an
y € CH"Y(X) such that u(y) = z. So p(u(y)) = 2y = 0 hence y = 0 by
2CH™ (X)) = 0. Hence we are done. O

COROLLARY 4.14. For any X € Sm/k, we have natural isomorphisms

CHM(X)[3] ® CH™ (X)[5] = niow (X)15] = niw (X, Z13).

5 THE PROJECTIVE BUNDLE THEOREM
Recall the Cartesian square of homotopy modules
KMW _2% KW
|
KM 2 kM2

where each arrow f in the square induces an adjoint pair (f*, f.) between
triangulated motivic categories by Proposition 2.3.
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PROPOSITION 5.1. There is a distinguished triangle
7 — a L @ el — T Z — Z[1]

in DM (pt).
Proof. By the Cartesian square above since for example Z = KMW and ¢,Z =
KM, 0
PROPOSITION 5.2. We have

RHom(Z(1)[1],Z) = 0
in DM (pt,2) if K. = KM KM /2.
Proof. For any X € Sm/k and i € Z, we have

[Z(X)D[], Z[il}ar = 0

if ¢ # 0 by [MVWO06, Corollary 4.2]. If i = 0, since G, has a rational point,
the equality above still holds. Using the universal coefficient theorem, we see
that

[Z(X)D)[1], Z[i]]pay2 = 0.
The left hand side is just

[Z(X), RHom(Z(1)[1], Z)[i]] x -
So we are done. O

ProprosITION 5.3. Suppose ¢ € N and p € Z. We have

0 ifp#q
[Z(Q)[p], Zlmuw = W(k)  ifp=q>0
GW(k) ifp=q=0,

_Jo if p#q
)0 ifp#0orq#0
mwmmmM—{Z A

0 ifp#0orq#0

%@MﬁﬂMﬂz{zﬂz ifp=q=0.

Proof. We have

[Z(a)[p), Z] k. = mp—q(fo () —q(pt)
by Proposition 4.3 if K, = KMW KM KM/2. If K, = KM KM/2, the
statements follow from Proposition 5.2. For the case K, = KMW one uses
[Bac17, Theorem 17]. Finally, the case K, = K} follows from the other three
cases and Proposition 5.1. O
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PROPOSITION 5.4. 1. Suppose t,j,a,b € N. We have

2.

W(k) i=j+1l,a=b=0

0 else

(20 ()[24], Z/n®° () (25 + Ulw = {

We have
Z/n®* = Z/n® Z/n(1)[2]

n 57\/4€ff (pt).

Proof. 1. Set

2.

Aijap = 1Z/n%"(D)[20), Z/n®*()[2] + U] aw-

Suppose a = b = 0. If i < j, the group vanishes by cancellation and
HYS, (pt,Z) = 0 if p > ¢, which is a consequence of hypercohomology
spectral sequence. If ¢ > j, the statement follows from Proposition 5.3.

Now suppose a = 0,b = 1, we have a long exact sequence

N . . (1]
[2(5)[2), Z(5 + 1)[25 + 2w = Aijoo = Aijor = Aijr100 —— -
If i — j = 2, the fourth arrow is an isomorphism and A4; ;0 = 0, hence
Aijo1 =0. If i —j =1, the first arrow is surjective and 4; ;11,00 = 0,
hence Ai7j,071 = 0. Otherwise Ai7j,070 = Ai,j+1,070 = 0 hence Ai7j,071 =0.

Suppose a = 1,b = 0, we have a long exact sequence
Ny e - n[1]
[2(8)[24], Z(7) 230w = Ais1,500 = Aijio = Aijoo — -
If i = j, Aijo,0 =0 and the first arrow is surjective. Hence A; ;1,0 = 0.
Ifi—j=1, Aiy1,0,0 = 0 and the last arrow is an isomorphism. Hence
Ai,j,l,O =0. OtheI‘WiSG Ai+1,j70,0 = Ai7j,070 =0so Ai,j71,0 =0.

Then the other cases follows trivially from the long exact sequence of n
and induction on the pair (a, b).

The long exact sequence of 1 splits after tensoring with Z/n by (1).
O

THEOREM 5.5. 1. Ifn is odd, the canonical imbedding i : P"~' — P™ splits

in 157\/46ff(pt) and we have
n—1

ZP) = Z @ EB 7)n(2i — 1)[4i — 2] ® Z(n)[2n]

1=1
in DM (pt).

DOCUMENTA MATHEMATICA 26 (2021) 1045-1083



PROJECTIVE BUNDLE THEOREM IN DM 1067

2. Ifn is even, the canonical imbedding j : P"~2 — P™ splits in 5\]\/4€ff (pt)
and we have

n

ZP" = Z @ éZ/n(% —1)[4i — 2]

i=1
in 57\/4610)0 (pt).

Proof. Let us prove the statements by induction on n. The cases forn = 0,1 are
trivial. The case for n = 2 follows from [Mor03, Lemma 6.2.1] and Remark 3.1.
So suppose n > 2.

1. We have a commutative diagram

PIIL)P"\(O:W:OJ)
]Pm/

where z is the zero section of Opn-1(1). So we have a distinguished
triangle

ZP" Y L Z(P") — Z(n)[2n] S - (1]

by [Yan2l, Theorem 6.3]. Now we use Proposition 5.4 and induction
hypothesis to conclude that 9 = 0.

2. We have a commutative diagram

P2 =P\ P!
)| e
P
where z is the zero section of Opn-2(1)®2.  Furthermore, we have

det(Np1pn) = Op1(n—1). So we have a distinguished triangle by [Yan21,
Theorem 6.3]

Z(®"2) L Z(P") — Th(Op:(1))(n — 2)[2n — 4] & ---[1].

Setting n = 2 in the above triangle we find that Th(Op:(1)) = Z/n(1)[2].
Now we use Proposition 5.4 and induction hypothesis to conclude that
0=0.

O

Recall from Remark 3.1 that we have adjunctions
(v*,7%) : SH(pt) = DM(pt), (v*,7.) : DM(pt) = DM (pt).
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PROPOSITION 5.6. Suppose i,j € N. We have

Y . ifij
(2(3) 23], Z:(3) (2] saw = {GW(k) Fiei
0 fj—i>lorj<i
[Z/n(@)[20, Z() 2/ \mw =2 if j—i=1
27, if j =i,
0 fi—j>lori<j
[20)[2d), Z/n() 2w = §Z ifi=]
27 ifi—j=1,
0 if i —j > 1
. o )2 ifj=i—1
2 m@R 2GR =\ 5 0 op i =
7/ ifj=i+1

Proof. We set
Aijab = [Z/1(D)[24], Z/n®* () [25)) sew -

Suppose a = b = 0. If ¢ < j, the group vanishes by cancellation and
HYA (pt,Z) = 0if p > q. If i > j, the statement follows from Proposition 5.3.
Suppose a = 1,b = 0, we have a long exact sequence
. . . . 1
Z(0)[2i + 11, ZG) 200 aaw > Airr 00 — Aijao = Aijoo 2

If i = j, Aiy1400 = 0 and the fourth arrow is KMW (k) — W(k), hence
Ai,j,l,O = 27. If ] -1 = 1, Ai,j,O,O = 0 and the first arrow is K{WW(]{Z) l)
Kéww(k), hence Ai,j,l,O = 7. Otherwise Ai+11j7010 = Ai,j,O,O =0s0 Ai,j,l,O =0.
Suppose a = 0,b = 1, we have a long exact sequence

. . . . 1
[Z(Z)[2Z],Z(] + 1)[2] + 1]]MW l) Ai,j,O,O — Ai,j,O,l — Ai,jJrl,O,O M) .

If i = j, the first arrow is KMW (k) NN KMW (k) and A; 4100 = 0, hence
Ai,j,O,l =7 1Ifi 7] = 1, Ai,j,O,O = 0 and the fourth arrow is KOIVIW(IC) —
W(k), hence Ai,j,O,l = 27Z. Otherwise Ai,j,O,O = Ai,jJrl,O,O = 0 hence Ai,j,O,l =
0.

Suppose a = 1,b = 1, we have a long exact sequence

N , 1
[Z/n(i)[24), Z(5 + 1)[2 + Ulsw = Aijio = Aijin — Aijri10 o,

If j =i—1, Aij1,0 = 0 and the fourth arrow is zero by Proposition 5.4. So
Ai,j,l,l = Ai,j+1,1,0 = 27. Ifj =1 + 1, Ai,j—i—l,l,O = 0 and the first term is zero
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since it is the cokernel of Idy () by again using an exact sequence of 7. Hence
Aijro0 = Aiji11 = Z. If i = j, the second arrow is injective because we have
the commutative diagram

Z/n, Zaew —— [Z/n, Z/m]aew

’Y/*J/Q J/’Y/*

20, Z) s —— [Z/n, /1]

where the g is injective, hence so does f. The fourth arrow is zero by Proposi-
tion 5.4. Hence A; ;1,1 = Z @ 27Z. Otherwise A; ;1,1 clearly vanishes. O

COROLLARY 5.7. (see [Fas13, Corollary 11.8]) Suppose 0 < i < n, we have

, GW(k) ifi=0ori=n andn is odd
CH (P") =<K Z if i >0 is even
27 else.

PROPOSITION 5.8. Suppose X € Sm/k and i,j € N, we have a natural iso-
morphism

My (X)) j>i
(Z(X) /n(i)[24], Z(5) [25)] ew = 0 j<i
20H(X) j=i

Proof. The case j < i follows from [Yan21, Lemma 2.26]. Let us suppose j > i
and work in DM (pt). The £°°Z(PP?) has a strong dual Z°Th(Op2(1))(—3)[—6]
by [Yan21, Theorem 6.3] and [CD13, Proposition 2.4.31], which is isomorphic
to X®°Z/n(—2)[—4] & >°Z by Theorem 5.5. Hence the strong dual of X*°Z/n
is ¥°°Z/n(—1)[—2]. Hence we obtain the result when j > i. If j = i, we are
going to consider the group

[Z(X) (D)2, Z/n] s -
We have a long exact sequence induced by 7

0 — [Z(X)(D)[2], Z/nlww — [Z(X), Z)aaw =25 (Z(X)(1)[1], Z) o

where the last arrow is identified with GW(X) — W(X) by [BCDF©20,
Lemma 3.1.8, §2] and the second arrow is injective by [Yan21l, Lemma 2.26].
So the statement follows. O

Note that we have Sq?(s) = s**! for i being odd, s € CH'(X)/2 and X €
Sm/k by [HW19, Lemma 2.10].

PROPOSITION 5.9. 1. We have a ring isomorphism

Endﬁ/[eff(pt) (Z/n) = Z[x])/(x? — 22).
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2. Suppose j =2i—1 <n—1. The morphism

v 2P, Z/n() 20w — [Z(B"), Z/n(5)[25]) M
= CHI(P") @ CHI*L(P")

is injective with coker(~"*) = Z/2Z. Moreover, we have
(c1(Opn (1)), 1 (Opn (1)) € Im(y").
Proof. Let

RM = EndDMeff(pt) (Z/U) R]\/IW = EndévMeff(pt) (Z/n)7
Fy =[Z(P"),Z/n(5)12ilm - Fyuw = [Z(P™), Z/n(5) [25]] maw -

1. The long exact sequence of 7 gives a commutative diagram (*) with exact

Trows

0 — [Z/n, Zarw - Rarw 2 12/0, Z) 2] arw — 0

7/*\[2 ’Y/*l ’y/*lm

0—1[Z/n,Z\ps — Ry —— [Z/n,Z(1)[2])]ps — O

which implies that
’y/* :Ryw — Ry

is injective. Here f is injective as stated in Proposition 5.6 and h is
surjective by Proposition 5.4. Since Z/n = Z ® Z(1)[2] in DM/ (pt), we

see that
Ry=Z27Z®7Z

as rings. Hence Ry is a subring of Z @ Z. It has a free Z-basis {a, b}
with a = (2,0) and it must contain (1,1) so we may assume b = (1, 1).

Hence we see that there is a ring isomorphism

Zlx]/(z? —2x) — Ryw CZOZ
x — (2,0)

2. We have a commutative diagram with exact rows

—j ——j+1
0—— CH (P") — Fyw —— CH® . (P") —— 0

'Y,*lQ ’Y/*l ’Y/*J/:

0 —— CHI(P") Fy CHI*L(P") —— 0

by using Theorem 5.5 and the diagram (*) above. Hence the first state-

ment follows. The second statement follows from Theorem 4.13.
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DEFINITION 5.10. Suppose n € N and k <n —1 s odd. Define

cn = (c1(0pn (1))*, e1(Opn (1)) € 1y (P™).
If n is odd, define

Tat1 = (1) € CH (P™)

where i : pt — P™ is a rational point (after fiving an isomorphism i*wpn = k).
The 7,41 is independent of the choice of the rational point by [Fasl3, Propo-
sition 6.3].
THEOREM 5.11. Suppose n € N and p : P — pt is the structure map.

1. If n is odd, the morphism
©: R(P") — R® @) R/n(2i — 1)[4i — 2] © R(n)[2n]
i=1

—eff
is an isomorphism in DM" (pt, R) where

= ®R a1 @ R).

2. If n is even, the morphism

©:R(P") — R® éR/n(Qi —1)[4i—2]

i=1

—eff
is an isomorphism in DM" (pt, R) where

0=, ®R).

Proof. Tt suffices to do the case R = Z. By [Yan21, Lemma 5.3], Theorem 5.5
and Proposition 5.6, we only have to prove

(a) that pis a free generator of [Z(P"), Z]yw as an End 5 ess  (Z)-module;

(pt)

—0
This is clear since p corresponds to 1 € CH (P™).

(b) that c¢2~! is a free generator of n3r (P") as an Endgyers (Z/n)-

module if 2 — 1 <n—1;

We have a commutative diagram by Proposition 5.9, (2)

NG
EndD_TWEff(pt) (Z/n) _— EndDMeff(pt) (Z/’[])

_n _n
ufczifll UC2¢1\LE
’

i—1(mn v i—1(mn
M (P") ——————nj; ' (P")
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where all terms are isomorphic to Z & Z as abelian groups. The v is an
isomorphism by the free generator’s statement in DM/ f(pt). The u is
injective and coker(v o 4*) = Z/2Z by computation in Proposition 5.9,
(1). The lower horizontal map is injective but not surjective by Propo-
sition 5.9, (2). Hence we see that u must be an isomorphism. We are
done.

(c) that 7,41 is a free generator of [Z(P"),Z(n)[2n)]mw as an
End@eff(pt) (Z(n)[2n])-module if n is odd,;
——n —0
This is because p, : CH (P") — CH (pt) is an isomorphism by the end
of the proof of [Fasl3, Proposition 6.3], so does i,.
(]

DEFINITION 5.12. Let X € Sm/k. An acyclic covering of X is an open covering
{U;} of X such that CH?(U;) = 0 for any i and j > 0.

Note that any refinement of an acyclic covering is again acyclic. Acyclic cov-
ering exists if X admits an open covering by A™.

PROPOSITION 5.13. Suppose X € Sm/k, :CH*(X) = 0 and E is a vector
bundle of rank n over X. Assume that X admits an acyclic covering {U,}
such that we have trivializations E|y, = O[SB: Then for any o € 0y (P"71)
where i € N, there is a 0(E) € 0y (P(E)) such that

o(E)|v. = (plv.) o
for every o where p : P(E) — X s the structure map.

Proof. By Theorem 4.13, any o € n%,y;,(P"~!) corresponds to an element
(a-c1(O(1),b-c1(01)) ) e CHY (P ) @ CH™ (P )
such that
a=b(mod?2) ifiisodd
b=0 (mod 2) ifiis even

So the element
o(E) = (a-c1(0p(1))',b- c1(0Op(1))™*) € niyw (P(E))
is what we want. O

We denote the quotient map Z — Z/n by m. By strong duality, it cor-
responds to a morphism 0 : Z/n — Z(1)[2]. Since 7 is a generator of
[Z,Z/nlmw = Z by the computation in Proposition 5.6, we see that 9 is,
up to a sign, equal to the boundary map 0’ of Z/n, since both @ and 9’ are
generators of [Z/n, Z(1)[2]|yw = Z.

Now we are ready to formulate our projective bundle theorems.
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THEOREM 5.14. Let S € Sm/k, X € Sm/S and E be a vector bundle of rank n
over X. Suppose :CH*(X) =0 and X admits an acyclic covering. Denote by
p:P(E) — X and q: X — S the structure maps.

1. We have isomorphisms

n—1

R(P(E))/n = ) R(X)/n(i)(2i]

Th(E)/n = R(X)/n(n)[2n]
in DM(S, R).

2. If n is odd, the morphism

© : R(P(E)) — R(X) & @ R(X)/n(2i — 1)[4i — 2|

i=1
. . . . = eff
is an isomorphism in DM ~ (S, R) where
© = (p,p X ey (E)R).

3. If n is even, we have a distinguished triangle
n_q

Th(det(E)Y)(n—2)[2n—4] — RP(E)) 2 R(X)® a} R(X)/n(2i—1)[4i—2] £ - [1]

i=1
in 57\4(5, R) where
© = (p,pXcy " (E)r)

and p =10 if e(EV) =0 € H"(X,W(det(E))).

Proof. Tt suffices to do the case R = Z. Let {U,} be a finite acyclic covering
of X such that E|y, is trivial for any i. Suppose at first S = X, so Z(X) = Z.
For the general cases, just apply qx.

1. We have

[Z(B(E)) /1, Z/n@) 28| nw = nypa (B(E)) @ nyyy (P(E))

by the strong duality of Z/n for any i € N. So by Proposition 5.13, for
every 7 € [Z(P"1)/n, Z/n()[2i]] sw, we could find an

7(E) € [Z(P(E))/n, Z/n(0)[2]] aew

such that
T(E)|v. = (plu.)' T
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after fixing a trivialization of E|y,, .

Now tensoring the equation in Theorem 5.11 with Z/n we obtain an

isomorphism
n—1

(0a) : Z(P" 1) /0 — ED Z/n(i)[2i]
=0

by Proposition 5.4. Then
(0a(E)) : Z(P(E))/n — D Z/n(i)[2d)
i=0

is an isomorphism in ﬁW(X) by Proposition 2.4.
For the second statement, let’s look at the canonical embedding j :
Pr—1 — P". If nis odd, for any 2i — 1 < n — 1, we have

n . n—1
C2i—1 0] = Coi_1-

If n is even, the above equation also holds for 2i — 1 < n — 1. By
Proposition 5.4 and Theorem 5.11, there is a morphism 7 € [Z,Z/n]pyw
such that we have a commutative diagram in DM (pt) by Proposition 5.6

J

Z(P ) Z(P")

n
Tnl Cnll

Zn —1)[2n — 2] VB2 o0 )2 — 2]

Furthermore, there is a distinguished triangle
Z5Z/n— Z(1)[2] — - [1]
since C(j) = Z(n)[2n]. Applying [Z,—]pmw to the triangle above we

conclude by Proposition 5.6 that 7 is just the quotient map, that is, a
generator of [Z,Z/n|pw. So we see that 7, /7 is equal to the composite

ep_1/m

Pty 20y 2 g — )20 — 2] @ Z/n(n)[20] — Z/n(n — 1)[2n — 2.

So for any n, we have a commutative diagram

2@y g — ey

ulwi) zlm

Dy Z/n(i)[2i] —— Dy Z/n(i)[2i]

B Z /()2
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where r is the projection. Hence there is a commutative diagram in
DM(X)

Z(P(EY))/n —— Z(P(EY & Ox))/n
&l(#i(EV)) ul('/i(EVEBOX))
Do Z/n(i >@z 0 Z/n()2i]
Do Z/n(0)[2i]
which gives the statement since Th(E) = Z(P(EY ® Ox))/Z(P(EV)).

2. On each U,, the statement follows from pulling back the equation in
Theorem 5.11, (1) to U, and fix an isomorphism El|y, = O?}:. Then
the statement holds on X by Proposition 2.4. Here we have to use
2CH*(U,) = 0 to ensure the naturality of ¢2*~1(FE) by Theorem 4.13.

3. We have a commutative diagram in DM (X) with rows and columns being
distinguished triangles

0 —————— Z(X)/n(n — 1)[2n — 2] == Z(X)/n(n — 1)[2n — 2]
| | |

L(B(E)) ————— LB(E & Ox)) ————— Th(det(E)")(n — 1)[2n - 2
| g |

Z(P(E)) S 2(X) & @2, 2(X) /n(2i — 1)[4i — 2] ——— C

where the middle column follows from (2) and splits. Now we are going
to show:

(a) We have C = Th(det(E)Y)(n —2)[2n — 3].

We claim the diagram

Th(det(E)") /n(n - 2)2n — 4] 223 2(X) /n(n — 1)[2n — 2]

\4@% toel
Th(det(E)Y)(n—2)[2n=

Th(det(E)")(n — 1)[2n — 2]

commutes, where the ¢ is given by (1) and 9 is the boundary map
of Z/n.

To prove this, we adopt the last diagram used in (1), obtaining a
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commutative diagram whose rows are distinguished triangles

2(B(E)) /1 —— Z(B(E © Ox)) /1~ Th(det(EV))/n(n — 2n — 2] .
l @/nl ‘Pl
DI ZX) /() [20] = B Z(X) /n(0)[20] ——— Z(X) /n(n)[2n]
Suppose
0" Z(X)(n)[2n] — Z(P(E ® Ox))/n

is the map obtained from 6 by the strong duality of Z/7n. It suffices
to show that the composite f

2() fn(m)fen] ——L" s Z(B(E @ Ox)) ® (Z/n)?

1d®ul
Th(det(B)")/n(n — 1)[2n — 2] «——— Z(B(E & Ox))/n

is the inverse of ¢ where u : (Z/n)?> — Z/n is given by Proposi-
tion 5.4, (2). By the diagram before, po f is equal to the composite

Z(X) /n(n)[2n] —Ls Z(B(E © Ox)) ® (Z/n)? .

Id®ul
n O Z(X) (i) [2i) L1 Z(P(E & Ox))/n

|
Z(X)/n(n)[2n]
But 6 is a section of ¢?1(E), so the claim follows from the strong

duality of Z/n, which gives the computation of C'. Hence we obtain
the triangle in the theorem.

We have
[Z(X)/n(2i — 1)l4i - 2),C] =0

in 5\]\/4(X) where 2i —1 < n — 1.
We have an isomorphism

[Z(X)/n(2i — 1)[4i — 2], C] = [Z(X), Z/n(n — 2i — 1)[2n — 4i — 1]

in 57\/4(X) by (1) and strong duality of Z/n. But the latter is zero
by Proposition 4.9.

The composite
Z(X) 3 Z(P(E ® Ox)) = Th(det(E)")(n —1)2n — 2] & C
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is given by the Euler class e(EV) € H"(X, W (det(E))).

Since s factors through the inclusion EY C P(E @ Ox), we see
that ¢ o s is given by the Euler class e(EY) € CH (X,det(E)) by
Proposition 2.6. We have a commutative diagram

[Z(X), Th(det(E)")(n —1)[2n — 2]] = H™"(X, KMW (det(E)))

| |

[Z(X), Th(det(E)¥)(n — 2)[2n — 3]] = H™(X, KMW (det(E)))

by [BCDF(20, Remark 4.2.7, §4], where the [—, —] is in DM (X).
Then we use the isomorphisms

H™(X, KMW (det(E))) = H™(X, K}V | (det(E))) = H™(X, W (det(E)))

n—1

which follow from the exact sequences
0 — 2KM | — KMYW(det(E)) — KV | (det(E)) — 0
0 — KV (det(E)) — K" | (det(E)) — K) /2 — 0.
Now we have completed the proof. o

COROLLARY 5.15. Let S € Sm/k, X € Sm/S being quasi-projective and E be
a vector bundle of rank n over X.

1. We have isomorphisms

R(P(E))/n = @ R(X)/n(i)[2d]

in DM(S, R).

2. If n is odd, we have an isomorphism

in DM (3, R).

In particular, we have (k =min{|], 21})
CH (P(E)) = CH (X) & D i (X)-
j=1
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3. If n is even, we have a distinguished triangle
2y
Th(det(E)" )(n—2)[2n—4] — R(P(E)) — R(X)& @) R(X)/n(2i—1)[4i—2] £ ---[1]
i=1
in 5\]/\4(5, R) where p = 0 if e(EY) = 0 € H"(X,W(det(E))). In this

case, we have

G (B(B)) = CH'(X) & @) i (X) & CH' " (X, det(5)"),

Proof. 1t suffices to do the case R = Z. Denote by ¢ : X — S the structure
map. We may assume FE is generated by its r global sections since P(E) =
P(E ® L) for any L € Pic(X) and L could be chosen ample and equal to a
square. Then we obtain a morphism f : X — Gr(n,r) such that E = f*%
where 7 is the tautological bundle. Then applying g4 f* on the equations in
Theorem 5.14 gives the statements. Note that for any L € Pic(X), e(EY) =
e(EY ® L®?%) € H"(X,W(det(E))) by [Lev21, Theorem 9.1]. O

PROPOSITION 5.16. Suppose X € Sm/k and p € GL,(OF"). Then
P(p): X x P"71 — X x P!

is the identity in 5\]\/46”(1)15) if one of the following conditions holds:
1. The matriz ¢ is elementary (see [Anal6, Definition 3]);
2. The n is odd and ;CH*(X) = 0;

3. The n is even and we have @ = ( g’ Id) where g : X — Gy, is an
invertible function.
Proof. 1. By [Anal6, Lemma 1].
2. By Theorem 5.11 and Theorem 4.13 since O(1) is preserved under P(y).

3. The P(¢p) is equal to the composite

N _2
XxP' L X x G x PP 25 X X Gy, x PPE Jdxxu, x o pn-1
where I'y is the graph of g and u is the morphism

G,, X pr—1 — pr—1
t , (xo:-rixpo1) — (fxo:ixpioccixpo1)

It is determined by an element in [Z(n)[2n — 1],Z(n — 1)[2n — 2]]yw =
W (k) by Proposition 5.4. On the other hand, the map

Gp xP! — G, xP!
(t,u:v]) — (¢ [tPu:])
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is equal to Id in E]\]eff (pt) by [Anal6, Lemma 5]. Hence so does the
map
G, x G, — G, xG,,
(t,s) s (t,1%5)

which is a desuspension of the former. So the map

G X G — G
(z,y)  — (2%)

. ... eff .
is equal to the second projection in DM ‘ (pt). Hence the composite
2
X X Gy x P! =5 X x G, x Pt L9xXXu, o pn—1

is equal to the projection map in 51\“46”(;;15), which implies that P(¢) =
Id.
O

DEFINITION 5.17. Suppose E is a vector bundle over X € Sm/k and ¢ €
Auto (E). We say that ¢ is SL if det(y) € Auto, (det(E)) = Ox(X)* lies
in (Ox(X)*)2.

Suppose X € Sm/k, ¢ € Auto, (0OY") and n is even. If ¢ is not SL¢, we
couldn’t expect P(p) = Id. An easy example is when X = pt, n = 2 and

Q= ( g 1 ), the P(¢) induces a multiplication by < g > on Cf'\ﬁ*(IPﬂ) by

[Mor03, Lemma 6.3.4]. If ¢ € SL¢(O%"™), the ¢ could be locally written as a
g2
Id

composite of elementary matrices and where g is invertible.

THEOREM 5.18. Let S € Sm/k and X € Sm/S be quasi-projective with
9oCH*(X) =0, E be a vector bundle of rank n over X and ¢ € Autoy (E).
1. If n is odd, the morphism P(p) = Id in 57\/46”(8’, R).
2. If n > dim(X) + 2 is even and e(EY) = 0 € H"(X,W(det(E))), the
morphism P() = Id in DM (S, R) if ¢ is SLC.
Proof. We only prove the second statement, the first one follows by essentially
the same method. We may as well assume S = X. We have an isomorphism

21

Z(P(E)) = Z(X) ® @ Z(X)/n(2i — 1)[4i — 2] © Th(det(E)V)(n — 2)[2n — 4]

in W(X) by Corollary 5.15. By Theorem 4.13, we only have to prove P(¢)*
acts trivially on the group

Hom (Z(P(E)), Th(det(E)")(n — 2)[2n — 4]).

DM (X)
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Suppose f belongs to the group above. The f (resp. P(¢)*(f)) could be written
as (a,&,u) (resp. (a/,&,u')) according to the decomposition of Z(P(E)). We
have

Hom (Z(X)/n(2i — 1)[4i — 2], Th(det(E)¥)(n —2)[2n — 4]) = 0o H(X)

DM(X)

by Corollary 5.15 and strong duality of Z/n, so & = &, by Theorem 4.13.
Moreover, since n > dim(X) 4 2, we have

H (Z(X), Th(det(E)")(n — 2)12n — 4]) = CH" (X, det(E)) = 0

OM Bhr(X)

by [BCDF®20, Remark 4.2.7, §3], hence a = @’ = 0. Finally, we have u = v’
locally holds by Proposition 5.16 and

End gy ) (Th(det(E)")(n — 2)[2n — 4]) = GW(X)

is a sheaf with respect to X. Hence v = u’/. So we’ve completed the proof. O

If n < dim(X)+2 and n is even, it might be true that P(p) # Id even if ¢ is SLC.
Let us give an example. Suppose X = SLy = {(a,b,c,d) € A*|ad — bc = 1}.
Then there is a canonical automorphism ¢ of O?@Q defined by the action of SLq
on k®2. There is an isomorphism

—1 ——1

CH (X xPYY=CH (X)® GW(X).
We have a composite

pox GOy pt FO x o pt Py pt

where s := p*(m2) = (0,1), P(p)*(s) = (¢,1) and f*(72) = t. But in our
setting f is equal to the composite

SLy — — A2\0 224 p

<‘c‘ Z) — (a,0)

where the first arrow is an Al-bundle. So
—1 —1
f*:CH (P') — CH (SLs)

could be identified with the map GW (k) — W (k). Hence ¢ # 0.

Now we compute the MW-motives of blow-ups as an application of the results
above. Suppose S € Sm/k, Z,X € Sm/S with Z being closed in X, X' =
Blz(X) and Z' = X' xx Z =2 P(Ny/x). Thus we have a Cartesian square

71X

1]

Z—t X
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ProproOSITION 5.19. We have a distinguished triangle

27" B2 pxy o z(z) L2 x) — z(2'))

in DI (9).
Proof. See [MV99, Section 3, Remark 2.30, page 118] by using Remark 3.1. O

THEOREM 5.20. Suppose n := codimx (Z) is odd and Z is quasi-projective. We
have

R(X")

1%

R(X)& @ R(Z)/n(2i — 1)[4i — 2]

in DM (5, R). |
In particular, we have (k =min{|3$], 21})

CH (X') = CH (X) & D i (2).

Proof. 1t suffices to do the case R = Z. By Corollary 5.15, fz splits hence the
triangle in Proposition 5.19 induces a distinguished triangle

n—1

B z(2)/n(2i — 1)[4i — 2] — Z(X') Lax)y — -1,

i=1
where the splitting of the former implies the splitting of the latter. Denote by
X" = Blzxo(X x A?) and Z" = (Z x 0) X xxa2z X”. We have a morphism
between distinguished triangles

(7" —— Z(X")DZL(Z) Z(X)

l l ﬂl:

22" —= LX) DL(Z x 0) —— Z(X x A?) ——

where [ is the zero section and « has a section p by Corollary 5.15. Now [
factors through Z(X") by construction (by using the section constantly equal
to 1, which is homotopic to 3). Hence the lower triangle splits. Denote by w a
section of v, then p o w o~y splits the upper triangle. The second statement is

clear. 0O
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