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ABSTRACT. For certain motivic spectra, we construct a square of
spectral sequences relating the effective slice spectral sequence and the
motivic Adams spectral sequence. We show the square can be con-
structed for connective algebraic K-theory, motivic Morava K-theory,
and truncated motivic Brown—Peterson spectra. In these cases, we
show that the R-motivic effective slice spectral sequence is completely
determined by the p-Bockstein spectral sequence. Using results of
Heard, we also obtain applications to the Hill-Hopkins—Ravenel slice
spectral sequences for connective Real K-theory, Real Morava K-
theory, and truncated Real Brown—Peterson spectra.
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1 INTRODUCTION

1.1 MOTIVATION AND MAIN THEOREMS

Two of the chief computational tools in motivic stable homotopy theory are
the effective slice spectral sequence [27, 38, 41] and the motivic Adams spectral
sequence [11, 31]. The purpose of this paper is to systematically relate the
effective slice spectral sequence and the motivic Adams spectral sequence.

The effective slice spectral sequence has many applications, such as a new
proof of Milnor’s Conjecture on quadratic forms [35] and the calculation of
the first stable homotopy group of motivic spheres [36] which identifies certain
motivic stable stems with variants of K-theory. In general, the effective slice
spectral sequence is an excellent tool for working over general base schemes
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because slices are often expressible in terms of arithmetic invariants like motivic
cohomology.

The motivic Adams spectral sequence is a powerful resource for making large-
scale computations over specific base fields, such as the complex numbers [22],
the real numbers [6], and finite fields [43]. Computations over Spec(C) have
brought about remarkable progress on the classical stable homotopy groups of
spheres, and applications of R-motivic computations to Cs-equivariant homo-
topy have been the topic of much recent work, such as [4, 5, 23].

Our first main theorem fits the effective slice spectral sequence and motivic
Adams spectral sequence into a square of spectral sequences.

Theorem A (Comparison square, Theorem 3.4). Let E € SH(k) be a motivic
spectrum which is algebraically n-sliceable over k (Definition 3.1). There is a
square of spectral sequences of the form

®q20 Exty™ (H**SZE)
n—aESSS w}mfxss
m %s
s 0.

The spectral sequences in the square are discussed in Sections 2 and 3.

Remark. In this paper, we refer to a “square of spectral sequences” whenever
one can run the spectral sequences on one half of the square or the other half
of the square to attempt to compute the same groups. In particular, a square
of spectral sequences is not the same as a commuting square in the category of
spectral sequences of abelian groups, and we make no claims about convergence
to the same filtration.

The condition that E € SH(k) is algebraically n-sliceable is defined in terms of
the homology of its slices and slice covers. Our second main theorem says that
several familiar motivic spectra are algebraically n-sliceable.

Theorem B (Theorems 3.7, 3.9, and 3.16, and Remark 3.17).
Let k be a perfect field. Theorem A' applies to the following motivic spectra:

1. The effective cover of algebraic K-theory, kgl, if the characteristic of & is
not two.

2. For all n > 1, the connective motivic Morava K-theory, k(n), if the expo-
nential characteristic of k is prime to the characteristic of the coefficients
of Hyx.

3. For all n > 1, the n-th truncated motivic Brown—Peterson spectrum,
BPGL(n), if k has characteristic zero.

10r its very effective variant, see Remark 3.5.
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4. The very effective cover of hermitian K-theory, k¢, if the characteristic of
k is not two.

The p-Bockstein spectral sequence [15] is another important device in computa-
tional motivic stable homotopy theory. Theorems A and B can be used to prove
a precise relation between differentials in the p-Bockstein spectral sequence and
the R-motivic effective slice spectral sequence:

Theorem C (Theorems 4.10 and 4.12). Let k = R. There are 1-to-1 correspon-
dences between the following differentials:

1. p-Bockstein spectral sequence ds-differentials and effective slice spectral
sequence di-differentials for kgl.

2. p-Bockstein spectral sequence dgn+1_q-differentials and type n effective
slice spectral sequence d;-differentials for k(n).

3. For each 1 < ¢ < n, p-Bockstein spectral sequence dyi+1_1-differentials
and effective slice spectral sequence dy: _q-differentials for BPGL(n).

Moreover, the (type n) effective slice spectral sequence differentials are com-
pletely determined by knowledge of the corresponding p-Bockstein spectral
sequence differentials.

Formal similarities between the p-Bockstein and effective slice spectral sequence
differentials have been observed in previous work, such as [14, Sec. 6]. Theo-
rem C and its proof may be viewed as a rigorous explanation for these similar-
ities.

Finally, our computations have consequences in the Cs-equivariant stable ho-
motopy theory. The Hill-Hopkins—Ravenel slice spectral sequence [16] has en-
joyed many applications since its use in the solution to the Kervaire invariant
one problem, and thus we are motivated to calculate differentials for common
Cs-spectra. In previous work, Heard [14] compared the R-motivic effective slice
filtration and the Hill-Hopkins—Ravenel slice filtration [16] and deduced certain
differentials in the effective slice spectral sequence using previously computed
differentials in the HHR slice spectral sequence. Using Heard’s comparison re-
sults and Theorem C, we reverse this logic to produce differentials in the HHR
slice spectral sequences for the genuine Ch-spectra kR, kR(n), and BPR(n)
from known slice spectral sequence differentials. Our results recover work of
Dugger [10] and Hill-Hopkins-Ravenel [16].

Theorem D (Corollaries 5.7, 5.8, and 5.9). The following statements hold:

1. The nontrivial differentials in the HHR slice spectral sequence for 7€2kR
are determined via Leibniz rule by

2\ _ 35 i =
ds(r?) = p°v1  and ds <p37‘2> =301
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2. Let n > 1. There is a nontrivial differential in the HHR slice spectral
n+1 n+1
sequence for 7C2kR(n) of the form dons1_1 (72" ) = p¥"" ~1o,.

*

3. Let n > 1. There are nontrivial differentials in the HHR slice spectral
i41 i4+1
sequence for 7%2 BPR(n) of the form dois1_1 (72 ) = p? " 1o, 1 <i <
n.

The relevant elements are recalled in Remark 5.1.

1.2 ORGANIZATION

In Section 2, we recall the functors and spectral sequences discussed in this
paper, such as (equivariant) Betti realization, variants of the effective and very
effective slice spectral sequences, and the motivic Adams spectral sequence.
In Section 3, we define when a motivic spectrum is algebraically n-sliceable
and prove Theorem A. We then analyze several examples and non-examples of
algebraically n-sliceable spectra, and in particular we prove Theorem B.

In Section 4, we recall the p-Bockstein spectral sequence and differentials in
the motivic Adams spectral sequence; we then prove Theorem C.

In Section 5, we recall Heard’s comparison of the motivic and Cs-equivariant
slice filtrations and apply it to prove Theorem D.

1.3 CONVENTIONS

1. After Section 2, everything is implicitly (p,n)-complete.?
2. k is a perfect field of expontential characteristic prime to p.

3. SH denotes the classical stable homotopy category, SH(k) denotes the
motivic stable homotopy category over Spec(k), and SH®? denotes the
Cs-equivariant stable homotopy category.

4. H denotes the classical, equivariant, or motivic mod p Eilenberg-MacLane
spectrum.

5. M’Ij denotes the mod p motivic cohomology of Spec(k).

6. A (resp. AY) denotes the motivic Steenrod algebra (resp. its MF-linear
dual).

7. If M is an A-module, M" denotes its M}-linear dual.

8. The homotopy groups of E € SH(k) are denoted anyu (E), or if there is
no confusion about the base field, m, ,(E). Our bigrading convention is
that ﬂ',’j@u(E) = SH(k) [ (S)H ™= AGHY, E].

2This agrees with p-completion in many cases we consider. See e.g. [20, Thm. 1].
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WS& HIFQ
element | alt. name | bidegree | RO(Cs)-degree
p Gy (-1,-1) -0
T U (0,-1) 1-0
2 0 (0,2) 20 — 2
WS& HZQ
element | alt. name | bidegree | RO(Cs)-degree
p Gy (-1,-1) -0
72 Uoer (0,-2) 2—-20
X 2uy,t (0,2) 20 — 2
3 0 (0,3) 30— 3

Table 1: Names, alternate names, and degrees of elements in Cs-equivariant
homotopy groups.

9. The homotopy groups of E € SH®® are denoted ngu (E). Our bigrading
convention is that W%ZU(E) &~ SHO2[no°gm—u A Suo ] where o is the
one-dimensional real sign representation of Cs.

10. We will often write Ext’y™(F) in place of Exty™ (H.. E).

11. We use the following abbreviations for spectral sequences:

mASS: motivic Adams spectral sequence.
ESSS and VSSS: effective and very effective slice spectral sequence.

aESSS and aVSSS: algebraic effective and very effective slice spectral
sequence.

n-(-)SSS: type n (-)SSS, with (-) either E, V, aE, or aV.
H,.-n-(-)SSS: homological type n (-)SSS, with (-) as above.
p-BSS: p-Bockstein spectral sequence.

12. Notation for Cs-equivariant homotopy elements is contained in Table 1.
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2  MOTIVIC SLICE AND ADAMS SPECTRAL SEQUENCES

We start by discussing the functors and spectral sequences which we will study
in the rest of the paper.

2.1 (EQUIVARIANT) BETTI REALIZATION FUNCTORS

Since we will mention them in our discussion of the various spectral sequences
below, we start by recalling the Betti realization and equivariant Betti real-
ization functors which relate the motivic, classical, and Cs-equivariant stable
homotopy categories.

Suppose the base field & has a complex embedding. The Betti realization
functor [32]

Re : SH(k) — SH (2)

is defined by sending X € SH(k) to X(C) € SH. Similarly, if k has a real
embedding, the equivariant Betti realization functor [32]

Rec, : SH(k) — SH®? (3)

is defined by sending X € SH(k) to X (C) € SH®2, where C5 acts on X (C) via
complex conjugation.

2.2 THE TYPE n EFFECTIVE SLICE SPECTRAL SEQUENCE

We now introduce one of our main objects of study, the type n effective
slice spectral sequence, which generalizes the effective slice spectral sequence.
Throughout this section, we fix a prime p.

Let SH*™ (k) be the localizing subcategory of SH(k) generated by {¥¥X:Xe
Smy}. These subcategories form the effective slice filtration

. p2atzarl gt () ¢ w2a9 SHO (k) ¢ 202t gH (k) oL (4)

The inclusion i, : %2%9 SH*T (k) ¢ SH(k) is left adjoint to the functor r, :
SH(k) — 249 SHT (k).

DEFINITION 2.1. The composite f, := i, o rq is the g-th effective slice cover
and sq := cofib(fg+1 — fy) is the g-th effective slice.

For each n > 1, we define the g-th type n effective slice cover fi' := fypn—1) and
the g-th type n effective slice sy := cofib(fi',; — fi'). Observe that fq1 = fy if
p=2.

For any motivic spectrum E € SH(k) and any integer n > 1, we obtain a

DOCUMENTA MATHEMATICA 26 (2021) 1085-1119



ALGEBRAIC SLICE SPECTRAL SEQUENCES 1091

Z-indexed tower of fibrations

n n
fi B r sgal

fIE ——— sIE (5)

n n
" E—— s'_|E

called the type n effective slice tower. Applying motivic homotopy groups gives
rise to the type n effective slice spectral sequence

neff (E) = Tmusy E = T sc(E) (6)

m,q,u

with differentials d"(E) : »fE] (E) —» "fE | . (E). Let fiE de-
note the cofiber of fi',; E — E. The term sc(E) in the abutment is the slice
completion of E defined as the homotopy inverse limit sc(E) := lim, f,E. For
each n, we have sc(E) ~ lim, fE since the type n effective slice filtration is a
sped up version of the ordinary effective slice filtration.

For each E € SH(k) we study below, there is an equivalence sc(E) ~ E by
[17, Thm. 8.12]. More generally, [36, Thm. 3.50] implies that in very general

situations, sc(F) may be identified with the n-completion of E.

2.3 THE TYPE n VERY EFFECTIVE SLICE SPECTRAL SEQUENCE

We now discuss a variant of the type n effective slice spectral sequence.
Throughout this section, fix an integer n > 1 and prime p.
Let SHT(k) be the smallest full subcategory of SH(k) that contains all sus-
pension spectra of smooth k-schemes of finite type and which is closed under
all homotopy colimits and extensions. Repeating the construction from Sec-
tion 2.2 with SHVEH(k:) in place of SHEH(k) yields the g-th type n very effective
slice cover f; and the g-th type n very effective slice s;. These fit into a
tower analogous to (5) which gives rise to the type n very effective slice spectral
sequence

nVREL wu(B) = TmuSp E = T vse(E) 2 o B (7)

m,q,u

with differentials d’(E) : »v°%E] (E) — »vfE | (B). If we let fiE

denote the cofiber of the map f;HE — FE, then the very effective slice com-
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pletion vsc(E) := lim, ffE ~ lim, ng is equivalent to E because 5 F is
q(p™ — 1)-connected in Morel’s homotopy t-structure on SH(k) for all q € Z.3

Remark 2.2. Suppose the ground field k admits a complex embedding. Then
the very effective slice spectral sequence over Spec(k) is compatible with the
double-speed Postnikov filtration under Betti realization [13], so there is a
map of spectral sequences from the very effective slice spectral sequence for
X € SH(k) to the double-speed Postnikov spectral sequence of Re(X).

Remark 2.3. Suppose the ground field k admits a real embedding. Then the
very effective slice spectral sequence over Spec(k) for a localized quotient of
MGL is compatible with the Hill-Hopkins—Ravenel slice spectral sequence [16]
of its equivariant Betti realization by [14, Thms. 5.15-5.16].

Remark 2.4. The effective and very effective slice filtrations coincide for local-
ized quotients of MGL [14, Prop. 4.3] and Landweber exact motivic spectra
[14, Prop. 4.11].

2.4 THE MOTIVIC ADAMS SPECTRAL SEQUENCE

Let £ € SH(k) be a unital motivic spectrum and let E := cofib(S%0 — E).
The canonical E-based Adams resolution of the sphere spectrum S is given by

S NWE « 3-20F

J | l S

E S LOEAE w205 N B

The canonical E-based Adams resolution over a motivic spectrum X € SH(k)
is obtained by smashing every term in (8) with X.

When E = H is mod p motivic cohomology, we have H.,.(5%°) = MF and
T (H AN H) = AY is the dual motivic Steenrod algebra [18, 42]. Applying
motivic homotopy groups to (8) gives the motivic Adams spectral sequence

s,t,u

mASS B = Bt (ME, oo (X)) = Tom s u(X5) (9)
with d, : mASSEi’t’u — MASSpstrttr—lu Here, Xy is the H-nilpotent com-
pletion of E. By [20, Thm. 1][26, Cor. 6.1][29, Thm. 1.0.1], there is an
equivalence X7y ~ X (Ap . for X sufficiently nice?. Moreover, if k is a field
of characterstic zero, and if p > 2 and Dp(k) < oo and —1 € k is a sum of
squares, or if p = 2 and k has finite virtucal cohomological dimension, then

A~ YA
X(;Dm) ~ Xp [20].

Remark 2.5. The motivic homology M’; is reviewed in Section 4.1.

3See [38, Sec. 5] for a full discussion of convergence of the very effective slice spectral
sequence.

4In this paper, “sufficiently nice” includes all motivic spectra X which are connective and
cellular of finite type.
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Remark 2.6. As in Remark 2.2, if the ground field & admits a complex em-
bedding, the motivic Adams and Adams—Novikov filtrations of X € SH(k) are
compatible with the Adams and Adams—Novikov filtrations of Re(X) € SH.
Thus Betti realization induces a map from the motivic Adams(—Novikov) spec-
tral sequence to the classical Adams(—Novikov) spectral sequence.

Similarly (c.f. Remark 2.3), if the ground field k admits a real embedding,
then the motivic Adams and Adams—Novikov filtrations of X € SH(k) are
compatible with the Cs-equivariant Adams and Adams—Novikov filtrations of
Rec,(X) € SH2. Thus equivariant Betti realization induces a map between
the corresponding spectral sequences.

3 COMPARISON SQUARE AND EXAMPLES

In this section, we introduce a condition on a motivic spectrum which allows
for the construction of a comparison square relating the effective slice spectral
sequence and the motivic Adams spectral sequence. We prove that many com-
mon motivic spectra satisfy this condition, and we find an example which does
not. From now on, we will implicitly p-complete everywhere.

3.1 ALGEBRAIC SLICE SPECTRAL SEQUENCES

The type n effective slice tower (5) is built out of cofiber sequences
o B — fE — s E.
Applying mod p motivic homology induces a long exact sequence

e — Hi,j ;lJrlE — Hi,jf;lE — Hi,jS:;E — Hi—Ljf(;LJrlE — (10)
for each j € Z.

DEFINITION 3.1. We say that E € SH(k) is algebraically n-sliceable over k if
the long exact sequences (10) split into short exact sequences of AY-comodules

0= Hof)E S Hus!E 5 He_1 () E) = 0 (11)

for each q € Z.

Similarly, we say that E is algebraically sliceable over k if the long exact se-
quences associated to the effective slice tower split into short exact sequences
of AY-comodules

0= Hunf,E L HowsyE 5 Ho 1 4 (fy1E) = 0 (12)

for each q € Z.
When the field & is clear, we will omit the phrase “over k” for brevity.

Remark 3.2. If p = 2, being algebraically sliceable is the same as being alge-
braically 1-sliceable.
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kokok

Applying the functor Ext’ (M, —) to (12) gives rise to long exact sequences
which assemble into the unrolled exact couple

L BxttPU(fRE) - Ext* LY (E) & Extt T2 u(frE) .

. L
Jp* j [ J (13)

-~ Ext® b (s0E) Ext®™ MM E)  Ext®3TRY(sHE) -

in which the dotted arrows have tridegree (0,—1,0). This gives rise to the
algebraic type n effective slice spectral sequence

nalSSs et gy Ext55" (M, H, s E) (14)

with differentials
dr . Eg,s,t,u SN Engr,sfrJrl,tfr,u.

PROPOSITION 3.3. The spectral sequence (15) converges conditionally to the
Ext groups of H.(E):

n,aESSSE‘{’S’t’u(E> — Ext*To!T0Y ([, E). (15)

Moreover, if E is effective, i.e. E = foFE, and the spectral sequence collapses
at a finite stage, then the spectral sequence converges strongly.

Proof. We will verify that the spectral sequence (15) converges conditionally to
the colimit Ext™*(H,.(F)) in the sense of Boardman [7, Def. 5.10]: for each
fixed tridegree (s,t,u), we will show that

1i]£nExts_k’t_k’“(H** "E) =0, (16)

liinl Ext* " kv (H, fRE) = 0. (17)

The limits above are taken along the maps ¢ in the unrolled exact couple .
Fix a tridegree (s,t,u). Observe that

Ext* Mtk (g fPE) =0
whenever k > s, so (16) is clear. For (17), note that
Ext® M= (g, sME) =0
for all k£ > s, so
Py Ext®TRITRU(EL ) — ExttTR TR (H,, sUE)
is zero for all £k > s and thus

§ : Extsm kD= g gn | B) 5 Ext® R R (HLL fRE)
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is surjective for all k£ > . Therefore the inverse system
(Ext®™ ™=k ([, frE), ) is Mittag-Leffler, cf. [7, Pg. 9], and the equal-
ity (17) holds.

We have now shown that (15) converges conditionally to the colimit. We now
justify strong convergence under the hypotheses that FE is effective and the
spectral sequence collapses at a finite stage. Since F is effective, (15) is a half-
plane spectral sequence with entering differentials [7, Pg. 20].> By [7, Remark,
Pg. 20], we have RE,, = 0 whenever the spectral sequence collapses at a finite

stage. The spectral sequence therefore converges strongly under our hypotheses
by [7, Thm. 7.1]. O

The same discussion carries over to the type n very effective slice filtration.
In particular, we can define when E € SH(k) is very algebraically n-sliceable
over k, and for such F we may define the algebraic type n very effective slice
spectral sequence

maVSSs gt (B = ExthY (ME, Ho 80 E) = Extyh"(ME, H,, se(E)). (18)

The spectral sequence converges conditionally. If E is very effective and the
spectral sequence collapses at a finite stage, the spectral sequence converges
strongly.

3.2 COMPARISON SQUARE

Our main tool for relating the type n effective slice spectral sequence and the
motivic Adams spectral sequence is the following theorem, which assembles the
spectral sequences (6), (9), and (15) discussed above into a square.

THEOREM 3.4 (Comparison square). Let E € SH(k) be a k-motivic spectrum.
If E is algebraically n-sliceable, then there is a square of spectral sequences of
the form

B yso Exty " (H..s7E)
n—aESSS wz‘lss
Extqu’fﬂ’u(H**E) @q>0 TsusSqE

m n—ESSS

7T8+q,uE~
(19)

Remark 3.5. The obvious analog holds if we work with the type n very effective
slice filtration instead of the type n effective slice filtration. Similarly, we may
work with the ordinary (very) effective slice filtration instead of the type n
(very) effective slice filtration.

5More precisely, the restriction to each fixed weight u is a half-plane spectral sequence
with entering differentials.
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3.3 EXAMPLES

We now present some examples of motivic spectra which are algebraically slice-
able.

3.3.1 ZERO SLICES

We begin with a simple example.

ExAMPLE 3.6. If E € SH(k) is effective and the canonical map fJ'E — sjFE is
an equivalence, then the type n effective slice tower of E is just an equivalence
at the bottom level and zero elsewhere. The only nontrivial long exact sequence
in homology then splits into a short exact sequence of the form

0— Ho fPE =5 HyosPE — 0 — 0,

so E is algebraically n-sliceable. This applies, for example, if £ = HF, or
E = HZ,, where n can be any positive integer, and k can be any base field.

3.3.2 CONNECTIVE ALGEBRAIC K-THEORY

Most spectra of interest are not concentrated in a single type n slice. How-
ever, the following example shows that some more complicated spectra are
algebraically sliceable.

THEOREM 3.7. Let p = 2 and let k be any base field of characteristic not
two. The effective cover of algebraic K-theory, kgl, is algebraically and very
algebraically sliceable over k.

Proof. The effective and very effective slice filtrations of kgl coincide by [14,
Prop. 4.3] since it is a localized quotient of M GL, so it suffices to prove that
kgl is algebraically sliceable. Recall that for any E € SH(k), we have by [3,
Lem. 8] that ¥>!f,E ~ f,1(3%'E). Bott periodicity for algebraic K-theory
[40, Sec. 6.2] implies that X2 KGL ~ KGL, so ¥?'f, KGL ~ f,,1KGL for
all n € Z. Therefore

frkgl ~ fufoKGL ~ f, KGL ~ ¥*"" f, KGL ~ %*""kgl (20)
for all n > 0 since kgl = foKGL. We also recall that s kgl ~ $?*¥1HZ, if
g > 0 and sgkgl = 0 if ¢ < 0.

The cofiber sequences of motivic spectra
fokgl — sgkgl — X80 f, kgl
thus can be rewritten as

Y20igl — Y27, — RT3t gl
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Applying homology gives a short exact sequence
0 — 209(A//B(1))Y 5 $209(A//B(0))" & 5203071 (4 /B(1)Y =0

where i is the evident inclusion of AY-comodules and j is the evident projection
of AY-comodules. This follows from the identification of fikgl — fokgl with
v : B21kgl — kgl, along with the fact that H,.(v1) = 0. It follows that kgl is
algebraically sliceable. o

3.3.3 CONNECTIVE MOTIVIC MORAVA K-THEORY

We now include an example to demonstrate the necessity of the type n effective
slice filtration. Throughout this section, let p be a prime and k a perfect field
of exponential characteristic prime to p.

PROPOSITION 3.8. Let k(n) denote the n-th connective motivic Morava K-
theory [28, Def. 4.3].5 If n > 1, then k(n) is not algebraically or very alge-
braically sliceable.

Proof. The effective and very effective slice filtrations of k(n) coincide by [14,
Prop. 4.3] since it is a localized quotient of MGL, so it suffices to prove that
k(n) is not algebraically sliceable. By [28, Cor. 4.7], we have

~ 21
* if else. (21)

29[ ifg=0 d (" -1
= {120
In particular, we have s1k(n) = 0 and fik(n) ~ fak(n) whenever n > 1.
Applying homology of cofiber sequence

fik(n) = s1k(n) — SY0 fok(n)

therefore yields
AY —»0—xn04Y

which cannot be a short exact sequence since AV is bounded below in each
fixed motivic weight. Thus k(n) is not algebraically sliceable. O

Although k(n) is not algebraically sliceable if n > 1, the arguments showing
kgl is algebraically sliceable extend to show that k(1) is algebraically sliceable:
the key point is that sqk(1) # * for all ¢ > 0, and thus we avoid the issues in
the previous proof. More generally, the type n effective slice filtration allows
us to avoid these trivial slices:

THEOREM 3.9. Letn be a positive integer. The n-th connective motivic Morava
K-theory, k(n), is algebraically and very algebraically n-sliceable.

6The definition of k(n) given by Levine-Tripathi in [28] as a localized quotient of algebraic
cobordism works for all base fields with exponential characteristic prime to p. This definition
generalizes the earlier definition of the auxiliary spectrum k’(n) given by Borghesi over fields
with a complex embedding [8, Sec. 4.2] and certain perfect fields [9, Sec. 4].
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Proof. Tt suffices to prove k(n) is algebraically n-sliceable. The slices of k(n)
are given by Equation (21), so we have

sih(n) =~ »na-(2p" =2).q:(p _1)HIFP
for all ¢ > 0. We also observe that by periodicity of k(n), we have

fok(n) ~ 2217"—27(17"—1)]0;;{(”) ~ E(q+1)(2p"—2),(q+1)(p"—1)k(n)_

By [17, Lem. 6.10], the cohomology of k(n) is A//E(Qy), where E(Q,) is
the sub-Hopf algebroid of motivic Steenrod algebra generated by the motivic
Milnor primitive @,.We are now in a situation mirroring that of Theorem 3.7.
Just like in that proof, the long exact sequences in homology associated to the
cofiber sequences

rr1k(n) = fik(n) — syk(n)

split into short exact sequences of AV-comodules of the form
0 — 2" =2.a" =14/ /E(Q,))Y Ay a(2p"=2),q(p" —1) gV
2y RaDE" =D+ L@DE" -1 (4//B(Q,))Y — 0

since H,.(v,) = 0. Therefore k(n) is algebraically n-sliceable. O

3.3.4 TRUNCATED MOTIVIC BROWN—PETERSON SPECTRA

Like k(n), the truncated motivic Brown—Peterson spectrum BPGL(m) is not
algebraically 1-sliceable over certain base fields when m > 1, but it is alge-
braically m-sliceable over certain base fields. The proof is more subtle in this
case, though.

LEMMA 3.10. Consider a tower of fibrations

fQE E— SQE

flE —_— SlE

~

E +— fyFE sols

where foE — fq-1E — sq_1E is a fibration for each ¢ > 1. If H.(foE —
fq—1E) is zero for each q > 1, then the associated spectral sequence

Ef* = H,(s,E) = H.E

collapses at the Ex-page.
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Proof. Take any class * € H,sqE with di(z) = 0. We show that it is a
permanent cycle, i.e. d;(x) =0 for any i > 1.
Consider the sequence of maps

)
H*qu — H*SqE - H*flqurlE — H*,18q+1E,

where the first and last arrows are inclusion by assumption. Therefore d;(x) =
0 implies that §,(x) = 0. Hence we have that the class z lifts to H, f,E. When
q = 0, the class z lifts to H, foF and is therefore a permanent cycle. When
q > 1, since the connecting homomorphism H, 15,1 E — H, f,E is surjective,
x is the target of a d; differential. In particular, it is a permanent cycle. O

Remark 3.11. From the proof of Lemma 3.10, we can see that when H,(f,E —
fq—1E) is zero for each ¢ > 1, the elements in H,E are all detected by the
classes in filtration zero. For higher filtrations sk, the classes either support
a differential (i.e. have nonzero image under the connecting homomorphism),
or are hit by a dy differential (i.e. lift to f,E).

With some extra assumptions, the converse of Lemma 3.10 is true.

LEMMA 3.12. We use the same mnotation as in Lemma 3.10. The map
H,(fyE — fq—1E) is zero for each g > 1 if the tower satisfies the following
conditions:

1. the map H.(f1E — foE) is zero;
2. the associated spectral sequence collapses at Fo-page;

3. lim f B = .

n

Proof. We prove the statement by induction. Assume the statement is true
for ¢ < n+ 1. We prove that H,.(fni2E — fny1E) is zero, or equivalently,
H,(jn+1: far1E — spt1 E) is injective.

We show this by contradiction. Suppose there is a nonzero class 0 # x
in Hyfp+1E such that j,i1(z) = 0. The connecting homomorphism 4, :
H.i15n,F — H, fr41E is surjective by inductive hypotheses. We can choose a
preimage y € &, 1 (x). It follows that di(y) = jnt+10,(y) = 0. By the collaps-
ing condition, the class y is a permanent cycle. Therefore, the class z lifts to
@ H.(f»E). Since the spectral sequence collapses at a finite page, this inverse

limit mH*(an) = H*(m fnE) = 0. This contradicts the assumption that z
is nonzero. O

We now discuss the sliceability of the m-th motivic Brown—Peterson spectrum
BPGL{m). For the sake of simplicity, we restrict to the case when p = 2. The

odd primary cases work similarly.
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THEOREM 3.13. QOuver any base field k of characteristic zero, we have that
H,.BPGL(m) 2 A//E(m).x
= M5 [Foits- - 81521/ (T — 7441 — pTig1,i > m+ 1).
In particular,
HoHZy = Al JE0)u M5, .. &1, /() — T84 — pTig1,0 > 1),

Proof. The first isomorphism is [33, Thm. 3.9]. The second isomorphism can
be obtained by direct computation. For example, see [15, 18, 25, 34] for the
formulas of the k-motivic A.., F(m), and conjugation. O

Take the mod 2 homology of the type 1 effective slice tower of BPGL({m). By
[28, Cor. 4.7], the ¢-th slice is a wedge sum of suspensions of HZ,, :

se(BPGL(m)) ~ X2 H 75 @ maq BP(m).
We obtain a homological effective slice spectral sequence:
Ef** = H,,(siBPGL(m)) = H,.HZs[v1, . ..,vm] = H..BPGL(m). (22)

For a fixed bidegree (s, t), we have that H, (s; BPGL(n)) ~ 0 when s —t < q.
There are only finitely many slices that can contribute to a degree. On the
other hand, recall that we have sc(BPGL(n)) ~ BPGL(m) by [17, Thm.
8.12]. Therefore the spectral sequence strongly converges to H,.BPGL(m).
We will refer to this spectral sequence as the H,-ESSS below. We have the
following result about this spectral sequence:

THEOREM 3.14. Let k be either Q, R, or C. The differentials in the spectral
sequence (22) are determined by doi_1(7;) = vi, 1 < i < m, and M5-linearity.

Proof. We first treat the case k = R. We prove the result by induction.
When m = 1, the spectral sequence (22) takes the form

H..HZ[v1] = H..kgl,
where by Theorem 3.13, the abutment is
M5[72, .. &, (T — 7€y — PTig1,1 > 2),
and the Ej-page is
M5 [01)[7T, 5 &1, 1/ (7 = 7€y — pTiga,i > 1),
The degree (s, q,u) of the elements and the differentials are as follows:
7l =27 -1,02" = 1), &= (2" -2,0,2" - 1),
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log| = (27T — 2,27 — 1,20 — 1), i>1;
|P| = (—1,0, _1)a |T| = (ana _1); |dr| = (_1ara O)a r>1

By comparing degrees, the only possible target of 71 is v;. That determines all
the differentials.
Now suppose that the statement holds for m — 1. Consider the quotient map

BPGL(m) — BPGL{(m — 1)

and the induced map between spectral sequences. We have dai_1(7;) = v; for
1 <1 < m — 1 by naturality, so the Eom-1-page is

M5 [l [Ty -« &1y -2 )/ (72 = T4y — PTig1; @ > m).

By comparing degrees, the generator 7, supports a dom _; differential and hits
Um. This completes the proof for k = R.

We now consider the other base fields. The collections of bidegrees where MS
or M are nonzero are contained in the collection of bidegrees where ME is
nonzero, c.f. [34, Sec. 5]. Since we only used degree arguments to deduce the
differentials above, we obtain the desired result by the same proof. O

THEOREM 3.15. Let m > 2 and let k C C be a field which admits a complex
embedding. The m-th motivic Brown—Peterson spectrum BPGL(m) € SH(k)
18 not algebraically 1-sliceable.

Proof. The k = C case follows from Theorem 3.14 and the contrapositive of
Lemma 3.10.

More generally, let kK < C be a field which admits a complex embedding. Base
change induces a map between the H,-ESSS in SH(k) and the H,-ESSS in
SH(C). The target does not collapse at Fa, so it follows from inspection of
the map that the source cannot collapse at F>. Indeed, base change sends the
generators 7; and v; to the generators with the same name. Therefore we may
apply Lemma 3.10 to conclude that BPGL(m) € SH(k) is not algebraically
sliceable. O

If we work with the type m effective slice tower, then in the H,-m-ESSS” for
BPGL(m), the g-th filtration quotient in the E; term, H..sy' BPGL(m), is an
extension of the type 1 filtration quotients H,.s; BPGL(m) with ¢(2™ — 1) <
i <(g+1)(2™ —1) — 1. In other words, the homology of the type m slices can
be computed using the truncated H,.-ESSS. As a result, in the H,-m-ESSS of
BPGL(m), the longest differential has length 1.

Although BPGL{m), m > 2, is not algebraically 1-sliceable, it is algebraically
m-sliceable. We have the following result.

THEOREM 3.16. Let k be a field of characteristic zero. The m-th motivic
Brown—Peterson spectrum BPGL(m) € SH(k) is algebraically m-sliceable.

"The spectral sequence obtained by applying homology to the type m effective slice tower.
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Proof. We first show the case £ = Q. We show the three assumptions in
Lemma 3.12 are satisfied.

1. By Remark 3.11, we have that the map in the type m tower
BPGL{(m) — sg'(BPGL{(m))

induces an inclusion on homology. Therefore H.,.(fiBPGL{(m) —
foBPGL{m)) is zero.

2. By the discussion above, the longest differential is of length 1. As a result,
the spectral sequence collapses at the Fy page.

3. Since sc(BPGL(m)) ~ BPGL(m), the inverse limit of the effective slice
tower of BPGL(m) is contractible. Equivalently, the inverse limit of the
type m effective slice tower is contractible.

The result for £ = Q follows by applying Lemma 3.12.
If £ is any field of characteristic zero, then there exists a field homomorphism
i:Q — k. We have

P (fm BPGL{m) — f"BPGL(m)) ~ f"  BPGL(m) — [ BPGL(m)

by naturality of the slice filtration, where the left-hand side is ¢* applied to
part of the type m slice tower over Q and the right-hand side is part of the
type m slice tower over k. The left-hand side is zero, so the right-hand side is
zero and thus BPGL(m) is algebraically m-sliceable over k. O

3.3.5 VERY EFFECTIVE COVER OF HERMITIAN K-THEORY

We conclude by mentioning an example where the effective and very effective
slice filtrations differ.

Remark 3.17. Let p = 2 and let k be a perfect field of characteristic not two. A
quadruple speed very effective slice filtration can be defined by setting f_q = f4q
and 5, = cofib(fy41 — f;). By [3], the very effective cover of hermitian K-
theory kq [1] satisfies f kg ~ %3949kq. Observe that f,11kq — f,kq may be
identified with the Bott map 3 : R8¢+844+4 g 5 ¥8949q which induces the
zero map in homology. It follows (c.f. the proof for kgl) that kq is “algebraically
sliceable” with respect to the quadruple speed very effective slice filtration.
Unfortunately, we cannot compute H,.(5,kq) for any ¢ > 0, so have been
unsuccessful in attempts to apply Theorem 3.4 to understanding the VSSS or
mASS for kq.

It is also worth noting that the very effective slice filtration of kq does not coin-
cide with the effective slice filtration. It seems unlikely that kq is algebraically
sliceable with respect to a quadruple speed effective slice filtration.
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3.4 NON-EXAMPLE

We mention a non-example to indicate the limitations of our techniques.

ProprosITION 3.18. The algebraic cobordism spectrum MGL is not alge-
braically sliceable.

Proof. The slices of MGL are [17, Theorem 8.5][37, Thm. 4.7]
sqMGL ~ ¥*" 1 Hyy MU.

In particular, we have that sy M GL ~ HZ,, and that the map
MGL — soMGL ~ HZ,

coincides with the Thom class.
Furthermore, by [17, Theorem 6.5], we have an isomorphism of left A.,.-
comodules

H. MGL ~ P, @F,x; | i #p" —1],

where

P** :M§[€1;€2a---] g A**

is the even subalgebra of the motivic dual Steenrod algebra. The map

H,.MGL — H,.HZ, = A//E(0),.

is the inclusion of P,, and 0 on the other factor. Thus the fiber sequence
fAiMGL - MGL — soMGL

induces a long exact sequence in mod p motivic homology which is not short
exact. This shows that M GL is not algebraically sliceable. O

3.5 THE SPHERE SPECTRUM

We conclude our discussion of examples and non-examples by discussing the
sphere spectrum S%° € SH(k).

First, we observe that as in the case of the very effective cover of hermitian
K-theory kq (see Remark 3.17), the effective and very effective slice filtrations
of the sphere spectrum are different. Unlike kq, however, we do not know if the
sphere spectrum is algebraically sliceable with respect to any variant of either
slice filtration.

In any case, it is interesting to suppose that S%0 is algebraically sliceable and
to speculate on the behavior of its algebraic slice spectral sequence. Such a
spectral sequence would have the form

BP0 = @D ExtyV " (HuwsgSO0) = Extiia 0 (M), (23)
i>0
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By [36, Thm. 2.12], the effective slices of the sphere spectrum are intimately
connected to the Fs-page of the classical Adams—Novikov spectral sequence.
That is, there is an equivalence of motivic spectra

Sq((SO’O)Q) ~ \/ EQq_i’qH(EXtiéQJ;Z*BP(BP*a BP,)), (24)
i>0

where BP is the classical p-primary Brown—Peterson spectrum. Therefore the
algebraic slice spectral sequence for the sphere spectrum, if it existed, would
begin with the Ext-groups of the entries in the Fs-term of the classical Adams—
Novikov spectral sequence and end with the Eo-term of the k-motivic Adams
spectral sequence.

4  COMPARISON OF DIFFERENTIALS

We now apply Theorem 3.4 to compare differentials in the effective slice spectral
sequence, the motivic Adams spectral sequence, and the p-Bockstein spectral
sequence.

4.1 THE p-BOCKSTEIN SPECTRAL SEQUENCE

When k = C, the groups Ext’" (M$, H..(X)) are roughly as complicated as
their classical counterparts Ext’y\ (Fp, H.(Re(X))). When k is an arbitrary
base field, the groups Ext ¥ (M, H...(X)) contain more complicated arithmetic
data coming from M’;:

THEOREM 4.1 (Voevodsky). [21, Thm. 2.7] Suppose that p and char(k) are
coprime, and that k contains a primitive p-th root of unity. Then there is an
isomorphism
ko~ oM
M = K7 (k)/pl7]

where KM (k) has degree (—n, —n) and |7| has degree (0,—1).%

EXAMPLE 4.2. [21, Exs. 2.1, 2.2, 2.6][39, Prop. 2.4.2] We record M’; for several
cases of k considered later:

1. MS = Fy[7] with |7| = (0,-1).

2.

where |p| = (—=1,-1), |7| = (0,-1), and |8] = (0, —2).

R K [7 p] if p = 2
~ 217 9
Mp = {

8Recall that we have defined M’; as the mod p motivic homology of a point, so the bidegree
of elements in K2 (k), as well as 7, are negative instead of positive.
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3. My® = Faofr,u]/u? with |u| = (—1,—1) and |7| = (0, —1). We note that
the AV-coaction on v depends on the equivalence class of ¢ modulo 4,
and if ¢ =3 mod 4, then u = p.

Recall that Ext’V (MPF, H..(X)) may be calculated using the cobar complex
C. (M’;, AV, H,.(X)). When k = R and p = 2, filtering the cobar complex by
powers of p gives rise to the p-Bockstein spectral sequence [15]

By = Ext3 (M5, Hoo(X)[0] = Extid (M5, Hoo (X)) (25)

with differentials d,. : E&%6% — EItmstLbu calculated using the coaction of
AY on M. The p-Bockstein spectral sequence can be built over more general
base fields (e.g. k =T, [43]) using analogous constructions.

Hill applied the p-Bockstein spectral sequence to compute Exty, (M, M)
for all n > 0 [15, Thm. 3.1] and Ext’y}) (M5, M) [15, Fig. 6]. In both cases,
the differentials were computed using an explicit analysis of the cobar com-
plex and technical Massey product arguments. The groups Extz*(ﬁ)(M§, MZE)
were recomputed by Guillou-Hill-Isaksen—Ravenel [12, Sec. 6] using a result
comparing the p-inverted R-motivic and classical Ext groups [12, Prop. 4.1] to
force all of the necessary differentials.

As mentioned in the proof of Theorem 3.9, H**(k(n)) = A//E(Q.,). Its mASS
E»-page is the the trigraded group Extpg, (M2, M2). Restricting to C and R,
we have the following result on the p-Bockstein spectral sequence associated to
k(n); compare with [14, Thm. 6.3] for the case n = 1.

ProrosIiTION 4.3. For all n > 0, the E1-page of the p-Bockstein spectral se-
quence converging to Extzﬂ*@n)(MH;,MH;) s given by

Ey = EXt?(bn)(Mgng)[P] = Falp, 7, vn).

The nontrivial differentials are generated under p- and vy, -linearity by the dif-

ferentials

dynir_y(727) = p" o

n -

Proof. The result about the F; page follows from direct computation.

The result about the differentials can be obtained by a similar computation as
the p-Bockstein spectral sequence computation for E(n) ([15, Thm. 3.2]). Here
we analyze it by comparison. The p-Bockstein spectral sequence for E(n) has a
differential hitting p2" " ~1v, and its v,- and p-power multiples. Therefore, in
our case, the elements with the same names must be killed. By degree reasons,
the only possibility is d2n+1_1(72n) = p2n+l_1vn and differentials generated by
it under p and v,-linearity. O

Remark 4.4. Although the p-Bockstein spectral sequence for Ext’}™ (M5, M%)
is multiplicative [15, Prop. 2.3], the p-Bockstein spectral sequence for

3k >k sk

Ext E(Qn)(MIQR,MIQR) is not. Thus no issues arise from the fact that 7 does not

DOCUMENTA MATHEMATICA 26 (2021) 1085-1119



1106 D.L. CULVER, H.J. KONG, J. D. QUIGLEY

support a differential while 72" does. This is analogous to the topological situa-
tion, where the ESSS for the sphere spectrum is multiplicative [36, Prop. 2.24],
but the ESSS for k(n) cannot be multiplicative: the differentials in the n =1
case of [14, Thm. 6.3] are incompatible with a Leibniz rule.

4.2 REVIEW OF ADAMS DIFFERENTIALS

In this section we record some facts about differentials in the motivic Adams
spectral sequence. For the remainder of this section, we focus on the case p = 2
since p = 0 when p is odd.

LEMMA 4.5. If k is an algebraically closed field or k = R, then the motivic
Adams spectral sequences converging to T (k(n)) and m.(BPGL(n)), n > 0,
collapse at Fs.

Proof. Recall H*k(n) =2 A//E(Q,) and H**BPGL(n) = A//E(n). If k is
algebraically closed, then

mASS By (k(n)) = Extisfy, (M5, M5) 2 Extiy, ) (MS, MS) & Fa[r, v,

mASS By (BPGL(n)) = Exty,) (M5, M)
= ExtE(n) (MS, MS) 2 Fy[r,v1,. .., 05
Both spectral sequences collapse for tridegree reasons.

When k = R, this follows from [15, Thm. 5.3] for BPGL(n). Similarly, the
spectral sequence collapses at Ey for k(n) for tridegree reasons. O

On the other hand, there are possible differentials when k& = F,.

LEMMA 4.6. When ¢ =1 mod 4, the Ea-page of the Fy-motivic Adams spectral
sequence for kgl is given by

Ey = Ext%*(ﬁ)(ng,ng) >~ Ty, u, vo, v1]/u?.
When ¢ =3 mod 4, the Es-page is given by
2 = E(1 2 2 =12 s My s V0, U1 B B 3 0):
By = Exty) (My", My") = Fa[72, p, [p7], w0, 01]/ (07, plp7], [p7]?, po)

Proof. When ¢ = 1 mod 4, the class u € Mg" satisfies nr(u) = nr(u).
Therefore it is a permanent cycle in the cobar complex and we see that
Ext™ = Ext®[u] /u?.

When g = 3 mod 4, the result follows from the p-Bockstein spectral sequence®.
In particular, the p-Bockstein d;-differentials are generated under the Leibniz
rule by di(7) = pug, and the spectral sequence collapses at Es. o

91n this case, just a long exact sequence.
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Kylling showed that the F,-motivic Adams spectral sequences for HZs, kgl,
and kq do not collapse [24, Sec. 4.2].

THEOREM 4.7. Let vy denote 2-adic valuation. When ¢ = 1 mod 4, the
nontrivial differentials in the motivic Adams spectral sequence converging to
mhl (BPGL(m)) are generated under the Leibniz rule by

dug(q—1)+s(7—2s) _ u7_2371h82(Q—1)+s, 5> 0.

When ¢ =3 mod 4, they are generated by

s

dvz(q271)+571(7- ) = pTQS_lhgz(q A

s> 1.

)

Proof. For all n > 1, there is a map
BPGL(m) - BPGL(0) ~ HZs.

The claimed differentials then follow by naturality of the motivic Adams spec-
tral sequence from the differentials for HZs which were calculated in [24, Lems.
42.1,4.2.2]. O

4.3 RELATING p-BOCKSTEIN AND SLICE DIFFERENTIALS OVER Spec(R)

Throughout this section, we fix & = R. The square (19) allows us to describe a
precise relationship between differentials in the p-BSS and n-ESSS for kgl and
k(n). We do so by first relating the p-BSS differentials with n-aESSS differen-
tials, and then we will relate n-aESSS differentials to n-ESSS differentials.

PROPOSITION 4.8. There are 1-to-1 correspondences between the following dif-
ferentials:

1. p-BSS ds-differentials and aESSS d;-differentials for kgl.
2. p-BSS don+1_q-differentials and n-aESSS d;-differentials for k(n).

Moreover, the aESSS and n-aFESSS differentials are forced by knowledge of the
corresponding p-BSS differentials.

Proof. Throughout this proof, we will write Ext%}™(E) in place of
Ext’y" (H.« E) to avoid clutter.

Let E denote kgl or k(n), n > 1, let i* : SH(R) — SH(C) denote base change
along the inclusion R — C, and let 5, denote s, if E' = kgl or sy if £ = k(n).

We will prove the proposition by considering the square of spectral sequences

kkk [ — o —BSS sk [ —
D >0 Extyc (54" E)p] = D, >0 Exti= (5, F)

ﬂ ﬂ o9

Ext’ (i B)[p]) =225 Ext' (E).
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where the rows are p-Bockstein spectral sequences, the left column is the direct
sum over powers of p of the aESSS or n-aESSS, and the right column is the
aESSS or n-aESSS.1Y

Let E = kgl. We can identify each corner of (26). We have

@Ext*** i*sqkgl)[p @Ext*** (S299* H7.5)[p] = @E2q’qlﬁ'2[7’,p,vo],
q=>0 q=0 q>0

@Extfﬁ? sqkgl) = @Ext*** (S2P1H7,) = @EQQ’QFQ [72, p,vo]/ (pvo),
920 q>0 >0

Extc (i"kgl)[p] = Fa[r, p, vo, v1],
Ext’y# (kgl) = Fa[m*, p, vo, v1]/(pvo, p*v1)
where |7_| = (050771)7 |p| = (05 715 71)5 |UO| = (17050)7 and |’U1| = (1537 1)
The left column collapses for quad-degree reasons: the Fj-page of the aESSS

for i*kgl is concentrated in quad-degrees with t—s = 0 mod 2, but d,- decreases
t — s by 1 for all » > 1. The differentials in the top row are generated by

di (1) = pvo

and the differentials in the bottom row are generated by

di(1) = pvo, d3(7?) = p’ur.

Since the upper right and lower left composites must arrive at the same answer,
we must have

dy(1%) = pPuy
in the right column, where by abuse of notation v; denotes the generator of
Extir (s1kgl).
Now fix n > 1 and let E = k(n). To declutter the notation, let r = 2™ — 1. For
the corners of (26), we have

D mtti (5 b)) = QD Bxte (520771 HEy) = (D) 527, ]
q>0 q>0 q=0
@E t*** )) ) @Extfﬁr&* (ZQqT,QTHFQ) ~ @ 22117‘,117"1[;2 [7_, p]’
920 >0 >0

Extye (k(n))[p] = Falr, p, val,

n 2n+1 1

EXtXﬁﬁ*(k(”)) = FQ[Ta P thrlv’Un]/(TQ P B ’Un)
where |7 = (0,0, 1), |p| = (0,1, —1), |v,| = (1,271 —1,2" — 1) and |t,| =
(0,0, —2"*1). Here, t, is represented by 72" on the E;-page of the p-BSS,
c.f. [14, Thm. 6.3)].

10The top left corner is the Ej-page of the p-BSS because 54i*F ~ i*54F, which follows
from the observation that 54 F is Eilenberg-MacLane for all ¢ € Z and base change preserves
Eilenberg—MacLane spectra.
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The left column and top row both collapse for quad-degree reasons, and the
differentials in the bottom row are determined by

d2n+l_1(T2n) = p2n+1_1 n-

We conclude by commutativity of (26) that we must have

ontl_q

dy (7_2") =p Un
in the n-aESSS, where by abuse of notation v, denotes the generator of

Extix (sTk(n)). O

LEMMA 4.9. There are 1-to-1 correspondences between the following differen-
tials:

1. aESSS dy-differentials and ESSS di-differentials for kgl.
2. n-aESSS dy-differentials and n-ESSS di-differentials for k(n).

Moreover, the ESSS and n-ESSS differentials are forced by knowledge of the
corresponding aESSS and n-aESSS differentials.

Proof. We have shown kgl is algebraically sliceable and k(n) is algebraically
n-sliceable, so in the notation of the previous proof, we have squares of spectral
sequences

D, Ext’s™ (H..5,E)

E) D50 xS L
m ESSS
7T**

for E = kgl and F = k(n).

The mASS’s for kgl, k(n), sqkgl ~ $2@9HZ,, and sqk(n) ~ ¥2am9m HFy all
collapse. The only nontrivial differentials in the aESSS for kgl and the n-
aESSS for k(n) have length one, so for quad-degree reasons, we must have
identical differentials in the ESSS for kgl and n-ESSS for k(n). O

Ext’* (H,.E) (27)

Putting together Proposition 4.8 and Lemma 4.9, we have proven the following
theorem.

THEOREM 4.10. There are 1-to-1 correspondences between the following differ-
entials:

1. p-BSS ds-differentials and ESSS dy-differentials for kgl.
2. p-BSS don+1_q-differentials and n-ESSS dy-differentials for k(n).
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Moreover, the ESSS and n-ESSS differentials are completely determined by
knowledge of the corresponding p-BSS differentials.

Remark 4.11. As the n-ESSS is obtained by increasing the speed of the ef-
fective slice filtration, a d;-differential in the n-ESSS corresponds to a daon_1-
differential in the ESSS. Therefore part (2) of Theorem 4.10 may be restated
as a 1-to-1 correspondence between p-BSS dgn+1_q-differentials and dan_1-
differentials in the ESSS.

Theorem 4.10 can be used to prove a correspondence between more complicated
differentials. The following theorem is closely related to Yagita’s analysis of the
effective slice spectral sequence for BPGL in [44, Sec. 4].

THEOREM 4.12. Let m > 1. For each 1 < i < m, there is a 1-to-1 correspon-
dence between the p-BSS dyi+1_1-differentials and ESSS dyi_1-differentials for
BPGL{m).

Proof. We proceed by induction on m. At p = 2, there is an equivalence
kgl ~ BPGL(1), so the base case m = 1 is handled by Theorem 4.10.
Suppose now that the result holds for all £ < m and we wish to show the
theorem holds for BPGL(m). We begin by using the induction hypothesis to
show that the theorem holds for i < m (but not necessarily i = m).

Observe that the dgi+1_;-differentials in the p-BSS’s for BPGL({(m — 1) and
BPGL{m) are determined by the same differential

dyiri_y (%) = p* " Tl (28)

for 1 <i<m—1by [15, Thm. 3.2]. This implies that the dsi+1_;-differentials
for BPGL(m) are precisely the dyi+1_;-differentials for BPGL({m—1) extended
Upp-linearly.

On the other hand, naturality of the ESSS allows us to completely determine
the dgi_q-differentials in the ESSS for BPGL(m). Indeed, the quotient map
BPGL(m) — BPGL({m — 1) implies that the dy: _;-differentials between slices
indexed on monomials not divisible by v, coincide for BPGL(m — 1) and
BPGL(m), and the quotient map BPGL(m) — k(n) implies that v, is a
dgi _1-cycle for i < m by Theorem 4.10. Applying the Leibniz rule for the ESSS
[36, Prop. 2.24] proves that the d,: _;-differentials in the ESSS for BPGL(m)
are precisely the dyi_-differentials in the ESS for BPGL(m — 1) extended vy,-
linearly. Therefore we have proven a 1-to-1 correspondence between p-BSS and
ESSS differentials for ¢ < m.

We now consider the case i = m. Theorem 3.16 shows that BPGL(m) alge-
braically m-sliceable, so we may consider the comparison square (19) relating
its m-aESSS and m-ESSS. The mASS’s for BPGL{m) and its type m slices
(extensions of (27, j)-suspensions of HZs) all collapse, so we obtain a 1-to-1
correspondence between d;-differentials in the m-aESSS and m-ESSS.

We are therefore reduced to relating the dom+1_1-differentials in the p-BSS and
the dp-differentials in the m-aESSS, but this follows from essentially the same
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arguments as Proposition 4.8. Indeed, consider the BPGL{m)-analog of (26):

kK% [ gk —BSS k%%
D, >0 Extic (sg'i* BPGL(m))|p] = D, >0 Extix (sq' BPGL(m))

ﬂ ﬂ g

Ext’ (i* BPGL{(m))|p] =225 — Bxt’3 (BPGL{m)).

The left column collapses for degree reasons and the differentials in the bottom
row were determined in [15, Thm. 3.2]. The differentials in the top row coincide
with the differentials in the bottom row, with two types of exceptions:

1. All of the dym+1_4-differentials, i.e. the longest nontrivial differentials,
in the bottom row cannot occur in the top row since their target in the
bottom is divisible by v,, (which is zero in the top). We refer to these as
long differentials.

2. The d,-differentials for » < 2™*1 — 1 in the bottom row of the form
d.(z) = y where x lies in stem s with k(2"+! —2) < s < (k+1)(2m*! —
2) and y lies in stem s’ with s’ > (k + 1)(2™*! — 2) cannot support
differentials in the top row for degree reasons. We refer to these as fringe
differentials since they involve elements from adjacent type m slices.

A discussion fringe differentials for the case m = 2 appears in Example 4.13.

The long and fringe differentials in the bottom row which do not occur in
the top row both are accounted for by d;-differentials in the m-aESSS. The
dy-differentials in the m-aESSS forced by the fringe differentials in the p-BSS
give rise to d,-differentials in the ESSS with r < 2™ — 1, which are completely
understood by the induction hypothesis. On the other hand, the d;-differentials
in the m-aESSS forced by the long differentials in the p-BSS correspond to
dam _1-differentials in the ESSS; this is precisely the correspondence we wished
to show. O

EXAMPLE 4.13. We analyze the fringe d,-differentials in the p-BSS for
BPGL{(2). In this case, we have the cofiber sequence

f3BPGL(2) — BPGL(2) — st BPGL(2).
Observe that
st BPGL(2) ~ s BPGL(1) ~ BPGL(1)/v3.
Furthermore, the associated graded motivic spectrum s2 BPGL(2) is given by
s2BPGL(2) ~ s3 BPGL(2)[v}, va].

In particular, to understand the top p-BSS of (29) it is enough to understand
the p-BSS for s3BPGL(2). This can be done using the naturality of the p-BSS
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which produces the diagram

Ext’ (BPGL(2))[p] == Ext 4=(BPGL(2))

| | g

Ext& (s2BPGL(2))[p] == Ext’% (s3BPGL(2)).
On FE;-pages, the left-hand map is the projection map

Fa[7, p, vo, v1, va] — Fa[r, p,vo, v1,v2]/ (V5 v2).

This allows us to import differentials from the p-BSS for BPGL(2).
In the top and bottom rows, the d;-differentials are determined by the differ-
ential dy (7) = pvg, and the morphism of spectral sequences is the obvious map
on Fy-pages. There are no ds-differentials so Ey = Ejs.
We encounter a fringe differential on the Fs-page. In the top, there is a ds-
differential

d3(72) = p’u,

which implies a differential of the same form in the bottom. However, in the
top there is a differential ds(72v?) = p®v{ which cannot occur in the bottom
since v{ = 0. This is precisely the phenomena described by fringe differentials
in the previous proof.

After running ds-differentials, both rows collapse. Thus, in
Ext sz (s2BPGL(2)), there is an extra class which we denote by [r?v?] to
remind us that it is indecomposable in Ext4=. Since there are p-BSS differen-
tials d3(7%v?) = p?v? in the p-BSS for BPGL(2), it follows that we must have
differentials of the form

R ) =

in the m-aESS, and hence in the m-ESSS. These correspond to the di-
differentials in the ESSS which are already understood by reduction to
BPGL(1) ~ kgl.

Remark 4.14. Naturality of the ESSS can be used to prove an analogous cor-
respondence between p-BSS and ESSS differentials for BPGL.

Remark 4.15. Although we have only considered the case k = R here, it would
be interesting to consider more general base fields of characteristic zero. For
example, the mASS for BPGL(n) is completely understood when &k = Q by
work of Ormsby and Ostveer [34, Thm. 5.8]. If one extends Theorem 3.16 to
k = Q, then it may be possible to understand the ESSS for BPGL(n) over
Spec(Q) using Theorem 3.4.

4.4 COMPARISON OVER Spec(Fy)

We now turn to the case when k = F,.
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Unlike the R-motivic case, the comparison is trivial for k(n), n > 1. Since
Mg” is zero in bidegrees (s,u) with s < —1, the p-BSS, mASS, and n-ESSS all
collapse for degree reasons.

However, the analysis is still interesting for kgl. Recall from Example 4.2(3)
that the AV-coaction depends on the equivalence class of ¢ modulo 4. We
discuss the case when ¢ =1 mod 4, and the other case when ¢ =3 mod 4 is
similar.

4.4.1 ¢g=1 mod4

By Lemma 4.6, we observe that in the motivic Adams spectral sequence of kgl
and HZ-, the F>-pages have the relation that

Ext (kgl) = Bxt’y™ (HZ2)[v1).

ok

Since Exty"™(HZsz)[v1] is exactly the Ej-page of the algebraic effective slice
spectral sequence for kgl, we conclude that the algebraic effective slice spectral
sequence collapses.

By Theorem 4.7, the nontrivial differentials in both motivic Adams spectral
sequences for kgl and HZs are determined under Leibniz rule by

28 23—1hV2(¢I*1)+S
0

dyy(q—1)+s(T° ) = ut 5> 0.

)

Therefore, using the motivic comparison square (19), we conclude that the
effective slice spectral sequence for kgl collapses.

442 ¢g=3 mod4

When ¢ = 3 mod 4, we also get that the algebraic effective slice spectral
sequence and the effective slice spectral sequence for kgl both collapse.

Remark 4.16. The work of Ormsby [33] shows that the situation over local
fields is very similar. The above analysis can be carried over local fields to
show that the effective slice spectral sequence for kgl, as well as BPGL{m) for
all m > 0, are trivial.

5 APPLICATIONS TO C5-EQUIVARIANT STABLE HOMOTOPY THEORY

We now make some calculations in Cs-equivariant stable homotopy theory. Let
k C R be a field with a real embedding.

Remark 5.1. Throughout this section, we will freely use the names of elements
in 7¢2(HFy) and 72(H7Zy) used in [12]. We briefly describe the relevant
elements here.

The Cs-equivariant elements 7 € ﬂgil(HFg) and p € wgifl(HIFg) are the
images under equivariant Betti realization of the R-motivic elements with the
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same names.!! The subalgebra Fy[7, p| C 752(HTF5) is sometimes called the
positive cone.

There is another element, 1 7TOC: 2(HTF2), which is infinitely p- and 7-divisible
but is not in the image of equivariant Betti realization. The infinitely divisible
part of 7C2 (HF5) is sometimes called the negative cone.

There are two sets of naming conventions for Cs-equivariant homotopy ele-
ments. We refer the reader to tables in Section 1.3 for the correspondence.

We will use the following result of Heard to obtain Cy-equivariant slice differ-
entials from known motivic differentials. We note that Heard actually proves
a more general result, but we only use the following specialization in our work.

THEOREM 5.2 (Heard). [14, Thms. 5.15-5.16] Let E € SH(k) be a
motivic spectrum which is a localized quotient of MGL. Then Rec,
(SH(k), 24, SH(k)*?!) — (SH®?,x2¢(SH2)HHRY) s compatible with the slice
filtration at E.1?

Heard applied this theorem to deduce effective slice spectral sequence differ-
entials from the existence of HHR slice differentials. We will apply Heard’s
theorem in the opposite direction: starting with the R-motivic effective slice
spectral sequence differentials computed above, we will deduce the existence of
differentials in the HHR slice spectral sequence.

COROLLARY 5.3. Let E € SH(k) be a motivic spectrum which is a localized
quotient of MGL. FEvery dor-1_1-differential in the ESSS for E uniquely de-
termines a dor_1-differentials in the HHR slice spectral sequence for Rec, (F).

Remark 5.4. The difference in the lengths of the differentials in Corollary 5.3
stems from a difference in the indexing conventions between the motivic slice
spectral sequence and the equivariant slice spectral sequence. In particular,
motivic d;-differentials correspond to equivariant ds-differentials. See the proof
of [14, Proposition 6.1] for more details.

We will apply Corollary 5.3 to the following Cs-spectra:

DEFINITION 5.5. We define the following Cs-spectra using equivariant Betti
realization.!?

1. Let
kR := Rec, (kgl)

denote the Cy-equivariant slice cover of Atiyah’s K-theory with reality.

2. Let
kR(n) := Reg, (k(n))

denote the n-th connective Real Morava K-theory.

U There are also geometric models for 7 and p, cf. [30, Section 4].

12We refer the reader to [14, 16] for details on the Ca-equivariant slice spectral sequences
discussed in this section.

13Each spectrum can also be defined directly in Ca-spectra. See [2, 10] for kR and [16, 19]
for kR(n) and BPR(n).
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3. Let
BPR(n) := Rec, (BPGL(n))

denote the n-th truncated Real Brown—Peterson spectrum.

By [14, Ex. 3.5], the motivic spectra kgl, k(n), and BPGL(n) are localized
quotients of M GL. Combining Theorem 5.2 and Corollary 5.3, we obtain:

COROLLARY 5.6. Let E be kgl, k(n), or BPGL(n). Every dyr—1_-differential
in the ESSS for E uniquely determines a dar_1-differential in the HHR slice
spectral sequence for Rec, (E).

We identified the differentials in the ESSS for kgl, k(n), and BPGL(n) with
p-Bockstein spectral sequence differentials in Theorems 4.10 and 4.12. Coupled
with Corollary 5.6, this allows us to produce differentials in the HHR slice spec-
tral sequences for kR, kR(n), and BPR(n). We spell out these consequences
in the next few corollaries.

COROLLARY 5.7. The nontrivial differentials in the HHR slice spectral sequence
for 7€2kR are determined via the Leibniz rule by

d3(72) _ p351 and  d3 (p?::'2) = 14171.

Proof. The differential dq(72) = p®v1 in the ESSS for kgl arising from Theo-
rem 4.10 gives rise to the differential ds(72?) = p®v; in the HHR slice spectral
sequence for kR using Corollary 5.6.

We now prove the second differential. By the Leibniz rule,

. 2 2\ _ B 2 B 2
0d<p37.2 T > d<p372> T +p37'2 ~d(77)

Therefore we have that

Y 2 7 2
d <p37'2) e pEE -d(T7).

Since the element 72 support a dsz-differential, we deduce that the element
7= lives to the E3-page and supports a differential with target % o;. This

differential generates a family of ds-differentials by multiplicity.

By inspection, there is no room for further differentials. This completes the

proof. O

COROLLARY 5.8. There is a nontrivial differential in the HHR slice spectral
sequence for T2kR(n) of the form

n

2 ): ontl_q_

d2n+1_1(7‘ 14 Un-
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Proof. By Theorem 4.10 and Remark 4.11, there is a 1-to-1 correspondence
between dgn+1_1-differentials in the p-BSS and dan_;-differentials in the ESSS
for kR(n). By Proposition 4.3, the nontrivial differentials in the p-BSS are
generated under p- and v,-linearity by the differentials

2n ontl_q
)=p -

d2n+1,1 (T

By Corollary 5.6, these R-motivic differentials uniquely determine the stated
don+1_q-differentials in the HHR slice spectral sequence for kR(n). O

Similar arguments also apply to truncated Real Brown—Peterson spectra, where
one uses Theorem 4.12 and [15, Thm. 3.2] to identify the differentials in the
ESSS for BPGL(n).

COROLLARY 5.9. There are nontrivial differentials in the HHR slice spectral
sequence for 7C2 BPR(n) of the form

d2i+1_1(7’2i) = p2i+1_1’17i

for1<i<n.

Remark 5.10. Using naturality and the quotient maps BPR — BPR({n), the
corollary recovers the p-local version of the G = Cs-case of the Hill-Hopkins—
Ravenel Slice Differentials Theorem [16, Thm. 9.9].14
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