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1 INTRODUCTION

1.1 MAIN RESULTS

Let k& be a perfect field. Denote by Corﬂf(k:) the (2,1)-category with objects

the smooth k-schemes and groupoid of morphisms the spans X < Z — Y,
where p is finite flat (equivalently, finite locally free). We write Spcilt(k) for
the motivic localization of the non-abelian derived category Ps(Cor™ (k)) of
Cor™ (k) and SH (k) for the stabilization of Spcff(k) with respect to (the
image of) P'. Our main result (see Theorem 4.1) is that the canonical functor

Spcltt(k)eP — SHM (k)

is fully faithful, where Spcflf(k)&P denotes the subcategory of grouplike objects.
We also show (see Theorem 4.2) that under the induced adjunction

SH(k) = SHY (k) : p*

we have p*(1) ~ kgl, the effective algebraic K-theory spectrum [SO12, Defini-
tion 5.5].!

.e. the effective (or equivalently very effective) cover of the algebraic K-theory spectrum
KGL.
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1122 T. BACHMANN

1.2 PROOF OVERVIEW

Voevodsky and Suslin have provided us with a recipe for proving results of the
above style [Voel0, Sus03] which has since been replicated several times; see
e.g. [FO17, BF17, AGP16]. Essentially, for any sufficiently nice category of cor-
respondences, the motivic localization functor always takes the form Ly, L1
and consequently can be controlled quite effectively. Fully faithfulness of sta-
bilization then reduces to constructing for every correspondence

a: X XGyp<—2Z2—-Y xG,y,

new correspondences p,(«) from X to Y, satisfying certain properties. In fact
in all known cases the correspondences p,(«) are obtained by intersecting with
a family of specific cycles on Gy, X G,,; the complication that always arises is
that this intersection need not be “nice” any more, e.g. in our case it need no
longer be finite flat over X. The main result of this work is Corollary 3.4, where
we show that flatness holds for n sufficiently large. Cancellation is then proved
by closely following Voevodsky’s original argument, just taking into account
that Corﬂf(k) is no longer a 1-category nor locally group complete or Z-linear.
The identification of p*(1) proceeds in two steps. We first show that p*(1) €
SH(k)*f. By an argument of Suslin, this follows from a certain property of
Cor™(k) called rational contractibility (see Definitions 2.17 and A.1). This is
again established by essentially imitating Suslin’s proof of rational contractibil-
ity for finite correspondences, taking into account the small adjustments needed
working with categories that are neither locally group complete, Z-linear nor 1-
categories. Once this is proved, the identification of p*(1) with kgl is essentially
the main theorem of [HIN*20].

1.3 ORGANIZATION

In §2 we review and extend the Voevodsky—Suslin formalism for proving proper-
ties of motives built out of sufficiently good categories of correspondences. The
most interesting result here is perhaps Proposition 2.16, which reformulates
Voevodsky’s proof of the cancellation theorem in an abstract setting. In §3 we
study the category of motivic spaces with finite flat transfers, by showing that
it satisfies the assumptions on a “good” category of correspondences exposed
in the previous section. Using this together with the formalism, we easily es-
tablish our main results in §4. In Appendix A we reformulate part of Suslin’s
theory of rationally contractible presheaves of abelian groups for presheaves of
spaces.

1.4 NOTATION

Unless stated otherwise, by a presheaf we mean a presheaf of spaces. We write
Smy, for the category of smooth (qcgs) k-schemes, and Smj>® for the category of

essentially smooth k-schemes (by this we mean schemes obtained as cofiltered
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CANCELLATION FOR FINITE FLAT TRANSFERS 1123

limits of diagrams of smooth k-schemes with affine étale transition maps). In a
closed symmetric monoidal co-category, we denote by Map(—, —) the internal
mapping object. We denote by Spc the co-category of spaces, and by SH the
oo-category of spectra. Given a category C with finite coproducts, we denote
by Px(C) its nonabelian derived category [Lur09, §5.5.8].
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2 THE MOTIVIC FORMALISM

2.1 GENERALITIES
2.1.1

Let S be a scheme. We denote by Cor™(S) the symmetric monoidal co-category
with objects the smooth S-schemes and morphism spaces given by the tangen-
tially framed correspondences [EHK 17, §4].

DEFINITION 2.1. By a motivic category of correspondences over S we mean a
symmetric monoidal functor py : Corﬁ(S ) — C satistying the following condi-
tions:

1. C is semiadditive, and its tensor product commutes with finite coproducts,
2. p preserves finite coproducts and is essentially surjective,

3. p is compatible with the Nisnevich topology, a notion to be explained
below.

Given any functor p : Corfr(S ) — C preserving finite coproducts, there is an
induced adjunction

1 Ps(Cor'™(8)) = Ps(C) : .
Recall also the adjunction [EHKT17, §3.2.11]
v*: Ps(Smg). = Ps(Cor™(9)).

We put
he = yep*py* : Py(Smg). — Py(Smy).

and
U= ’y*u* : Pz(C) — Pz(sms)*,

DOCUMENTA MATHEMATICA 26 (2021) 1121-1144



1124 T. BACHMANN

and we write

hS = hC((—)+) : Ps(Smg) — Psx(Sms).

and
py = p(y"(=)+) : Pe(Sms) — Ps(C).

When no confusion can arise, we denote also by p the composite functors
Pz(sms)* — PE(C), Sms* — C,
by p4 the composite functor Smg — C, and so on.

DEFINITION 2.2. Let U — X € Smg be a Nisnevich covering and write R < X
for its associated sieve. Then R € Px(Smg) and we say that p is compatible
with the Nisnevich topology if hS(R) — h$(X) € Px(Smg). is a Nisnevich
equivalence.

Example 2.3. C = Corfr(S ) and p = id defines a motivic category of correspon-
dences, by [EHK'17, §3.2].

2.1.2

Now let (p1, C) be a motivic category of correspondences. Day convolution turns
Px(C) into a presentably symmetric monoidal category and u : Px(Cor™(S)) —
Ps(C) into a symmetric monoidal functor [Lurl6, Proposition 4.8.1.10].

2.1.3

We call F € Px(C) Al-local or Nisnevich local if the same is true for the
restriction of F to Smg, and motivically local if it is both A'-local and Nisnevich
local. We write Ly1, Lnjs and Ly, for the associated localization functors.

LEMMA 2.4. The forgetful functors p* : Pg(C) — Px(Cor™(S)) and U :
Ps(C) = Px(Smg). commute with Ly, Lnis and Liot-

Proof. By construction, the forgetful functors preserve and detect local objects
and equivalences; it hence suffices to show that they preserve weak equivalences.
It is enough to prove the second claim, since 7, preserves and detects weak
equivalences by [EHK 17, Proposition 3.2.14]. Using [BH20, Lemma 2.10], we
reduce to proving that h€ preserves Al-homotopy equivalences and generating
Nisnevich equivalences. The first case is formal (see e.g. the proof of [EHK 17,
Lemma 2.3.20]) and the second case follows from our assumption of compati-
bility with the topology, since if R < X is the Nisnevich sieve generated by a
covering {U; — X'} then LxR is the sieve generated by [[, U; — X. O

LEMMA 2.5. The category Px(C) is semiadditive and p* preserves all colimits.
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CANCELLATION FOR FINITE FLAT TRANSFERS 1125

Proof. Since C is semiadditive by assumption, the same holds for Px(C) by
[GGN16, Corollary 2.4]. The functor p* preserves sifted colimits essentially
by construction [Lur09, Proposition 5.5.8.10(4)], and finite products being a
right adjoint. Hence it preserves finite coproducts since source and target are
semiadditive, and thus all colimits by [BH20, Lemma 2.8]. O
We write SpcC for the motivic localization of P (C).
PROPOSITION 2.6. 1. Spc€ is presentably symmetric monoidal and com-
pactly generated under sifted colimits by the images of smooth schemes.
2. SpcC is semiadditive.
3. There is an induced adjunction
o Spe'™(S) = Spe -t
with p symmetric monoidal and p* cocontinuous and conservative.

Proof. Tmmediate from Lemmas 2.4 and 2.5, see e.g. |[EHKT17, proofs of
Propositions 3.2.10 and 3.2.15]. O

2.1.4

Being semiadditive, Spc® has a subcategory of grouplike objects which we
denote by SpcfeP C Spc€. We write

(—)8P : Spc® — Spcter
for the reflection. Note that this is a symmetric monoidal localization. Note
also that F' € Spc® C Px(C) is grouplike if and only if F(X) is grouplike for
every X € Smg. Note finally that a commutative monoid M is grouplike if and
only if the shearing map M x M — M x M is an equivalence; this condition

is clearly stable under limits and sifted colimits, and hence under arbitrary
colimits of monoids.

2.1.5

Put SH'¢ = SpcC[(S1)~!] and SHC = SpcC[(P!)~!]. (Here for a presentably
symmetric monoidal co-category C and an object X € C, we denote by C[X ~1]
the initial presentably symmetric monoidal oco-category under C in which X
becomes invertible [Rob15, §2.1].) We thus get a commutative diagram of left
adjoints

Spe(S). AN Spcf(§) —E— Spcc

[== [== ==

SHS'(S) s SHSE(S) Ly SHS'C |5

e b

SH(S) — s SHT(S) —" 5 SHC.
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1126 T. BACHMANN

The right adjoints of ¥°°, %37, 0° are respectively denoted Q°°, Q%7,w™. Re-
call that v* : SH(S) — SH™(S) is an equivalence [Hoy18, Theorem 18].

2.2 THE CASE OF PERFECT FIELDS

From now on we assume that S = Spec(k) is the spectrum of a perfect field.

PROPOSITION 2.7. Let F' € Px(C)%P. Then the canonical map
LynF = Lol F

induces an equivalence on sections over essentially smooth?, semilocal k-
schemes. In particular
Lot F' =~ LnisLpt F'

and
ULpotF' =~ Lyar L1 UF.

Proof. Since p* commutes with Lyis, Lat, Lmot (Lemma 2.4), we are reduced
to the case C = Cor'™(k), which is treated in [EHK*17, Theorem 3.4.11]. O

PROPOSITION 2.8. Let F' € Px(C)8P. Then the canonical map
LmotQGmF — QGmLmotF
s an equivalence.

Proof. Qg,, preserves grouplike objects and commutes with Lgi (see e.g.
[Bacl9, Lemma 4]). It thus suffices (using Proposition 2.7) to prove that
if F is grouplike and A'-local, then Lz7:,Q¢, UF — Qg, Lz, UF is an equiva-
lence. Using hypercompleteness (see e.g. [BH20, Proposition A.3]), we may
check this on homotopy sheaves. Since homotopy sheaves are strictly Al-
invariant [EHK 717, Corollary 3.4.13| and hence unramified [Mor12, Definition
2.1][Mor05, Lemma 6.4.4], we need only check that we have an isomorphism on
generic stalks, i.e. finitely generated fields K /k. It thus suffices to show that

7 (F)(Spec(K)+ AGp,) =0 .

H, (Spec(K) 4 A Gy, 7 F) ~ {0 clse

1

Here by 7; F we mean the homotopy presheaf of F. Since XSpec(K )1 A Gy, 2
P! A Spec(K )+ and Lza,m; F is motivically local (by Proposition 2.7), we have
H. (Spec(K) 4 A Gy, F) ~ HHH (P! A Spec(K) 4, F) =0 for i > 0,

for cohomological dimension reasons. It remains to prove the first isomorphism,
for which it suffices to show that the restriction of r; F' to AL- is already a Zariski

2Recall our conventions regarding essentially smooth schemes from §1.4.
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CANCELLATION FOR FINITE FLAT TRANSFERS 1127

sheaf. If K is infinite we can, arguing as in [EHK " 17, proof of Theorem 3.4.11],
refer to [GP15, Theorem 2.15(2)] for this.

The theorem is thus proved if k is infinite. Since Lyt and Qg,, commute with
essentially smooth base change, we may reduce to this case using [EHK"17,
Corollary B.2.5]. O

COROLLARY 2.9. The functor Qg,, : Spct8 — SpcCeP preserves colimits.

Proof. The functor preserves finite products, whence by semiadditivity we need
only prove that it preserves sifted colimits [BH20, Lemma 2.8]. Via Proposi-
tion 2.8, we are reduced to proving that Qg,, commutes with sifted colimits on
Px(C)8P. Since sifted colimits in this category are computed sectionwise, this is
clear for g, . Since colimits are stable under retracts, the result follows. [J

2.3 CANCELLATION

We still assume that S is the spectrum of a perfect field.

LEMMA 2.10. The transformation id — QY of endofunctors of SpcCEP is an
equivalence.

Proof. Since p* preserves limits (being a right adjoint), and also colimits (by
Lemma 2.5), it preserves the final object * and thus commutes with Q and X.
We may thus reduce to C = Cor™, in which case the result is an immediate
consequence of [EHK 17, Corollary 3.5.6]. O

DEFINITION 2.11. We say that C satisfies cancellation if for every X € Smy
the canonical map

14 (X)F = Qg S, iy (X)P € Spece?
is an equivalence.

LEMMA 2.12. Suppose that C satisfies cancellation. Then the transformations
id = Qg,, Xg,, andid = Qp1Xp1 of SpcCeP are equivalences.

Proof. We first treat (g, ¥g,,. Since the functor preserves colimits by Corol-
lary 2.9, we need only show that the transformation induces an equivalence
on generators, which holds by assumption. Now we treat QpiXpi. Since
Pl ~ S1AG,, we get Qp ~ Qgi1Qg,, and Xp1 ~ g Yg1; thus the claim
reduces via lemma 2.10 to the one about g, Xg,, . (|
PROPOSITION 2.13. If C satisfies cancellation, then the functors
Spcer - SHS'C - SHC
are fully faithful.
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Proof. If D is a compactly generated, presentably symmetric monoidal oo-
category, T' € D a compact symmetric object,

Y. DS DT Q%

is the stabilization adjunction, X € D compact and E € D arbitrary, then
[Hoyl6, p. 467]

Map(X, Q2> F) ~ colimMap(X} X, X7 E).

In particular, if id — QrYr is an equivalence, then D — D[T~!] is fully
faithful.
We first apply this with D = SpcCeP and T = S'. The assumptions are satisfied

by Lemma 2.10 and hence Spc€eP — SHS'Cis fully faithful. Next we apply this
with D = SpcCeP and T = P!. The assumptions are satisfied by Lemma 2.12
and [EHK 17, Lemma 3.3.3]. Now let X,Y € Spc® and N +1i > 0, N > 0.
Then

Map(c® XX X, 0°YRY) > Map(ZCLFV X, 510nVY) o~
Map(ZFN X, $VY) ~ Map(E3 SV X, 23 8VY) ~ Map(R'83 X, 531 Y),

or in other words
Map(2'E3 X,w®o™®ERY) ~ Map(Z'ER X, E3Y).

Since SH5'C is generated under colimits by objects of the form EiZ?{X we
deduce that w>*o>*XFY ~ XFY. Since w>*0c> preserves colimits and desus-

pensions (by stability and compact generation) and SHS'C s generated un-
der colimits and desuspensions by objects of the form 3¥*°Y, we deduce that
wxo>® ~id, as needed. O

LEMMA 2.14. Let X € Spc€. Then ©X € SpcCep.

Proof. Grouplike objects are preserved by Lyis and L1 and hence Lo,
whence it suffices to prove the analogous claim for Px(C). In this case sus-
pension is computed sectionwise when viewed as taking values in monoids (see
the proof of Lemma 2.10). We are reduced to the well-known observation that
if Y € CMon(Spc) then XY (= BY) is grouplike (indeed connected). O

COROLLARY 2.15. Assume that C satisfies cancellation. Consider the adjunc-
tion
p: SH(k) ~ SH™ (k) = SHE : i~
Then
1 (Le) = (LimothS (#)8, Linoth® (P1), Linoth® (PY)"?),...) € SH(K)

is the presentation of p*(1c) as a motivic P1-Q-spectrum.

DOCUMENTA MATHEMATICA 26 (2021) 1121-1144



CANCELLATION FOR FINITE FLAT TRANSFERS 1129

Proof. We need to determine Q> (u*(1¢) A (P1) ). Since (P!)" is invertible,
we have p*(— A (PH)") ~ p*(—) A (P1)A".3 Since p* commutes with Q°°, we
get using Lemmas 2.12 and 2.4 that

Q% (u* (1) A (PHYN") =~ Q% p* (2% u((PH)))
~ QS p((PN) 2 i p(P))EP o Linorh® ((P1)")#P.
It remains to prove that for n > 1 we have
Lmothc((Pl)An)gp = Lmothc((Pl)An)§

since P! ~ ¥G,,, this is immediate from Lemma 2.14. O

2.4 PROVING CANCELLATION

PROPOSITION 2.16. Let C be an additive, symmetric monoidal, ordinary 1-

category, G € C and 1 5 G 2 1 a retraction which admits a complement G.
Assume that X := G ® — admits a Tight adjoint Qg. Suppose given a set S
of objects of C with 1 € § and closed under tensor products with G, as well as
for each X € § a map

pX : nggX — X.

Assume that the following hold.

1. For X € §, the following diagram commutes

G 0eSeX 222 e x
QeXe(Go X) 225 ge X

where the left hand vertical map is an instance of the general type of
map A® QXX = QeXa(A® X) (adjoint to AR QXX ~ AR
YaQaXaX 2 ARYeX 2 YgA® X)

2. For X € §, the following diagram commutes
QeXe(X) 2 X
Qa Zci®Xl z‘®Xl
QeYe(Go X) £225 o X
QGEGP®Xl p®Xl

Qee(X) 25 X

3We use the following well-known fact: given an adjunction F : C < D : G with F
symmetric monoidal, X € C strongly dualizable and Y € D, then the canonical map X ®
GY — G(FX ®Y) is an equivalence.
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3. For X € S, the composite
X 5 0s56X C QeleX 25 X
18 the identity.
4. The object G is symmetric.*
Then for all X € S the unit map X QaXaX is an equivalence.

Proof. Write p for the composite QzXaX C QgXeX £X, X. By assumption,
pu = idx. It remains to prove that @p = idg,s.x.

As a warm-up, note that there are fwo natural maps QzXsX — QZ¥ZX,
corresponding to “inserting an identity on the left or right factor”. The map
1 = Qgus,x inserts the identity on the left, and the map @) inserting the
identity on the right is obtained by conjugating with the twist map. More
generally we have a map

- _ On . On N n+lgn+1
“"_QGUZ%X'QGZGX_)QG Zé X

inserting an identity on the left, and other natural maps with the same source
and target are obtained by acting with the symmetric group Sy41.

Write ¥2X = X2 X @ R. We can think of ps» x as a two by two matrix, with
upper left hand corner a map

ngx : nggng — Z%X

Similarly @xp x can be though of as a two by two matrix, but this time a
diagonal one (by naturality). Since pxy xtsy x is the identity, we deduce that
also pen Xagné x must be the identity. In other words, (3) also holds for objects
of the form YEX.
Define a map
o UHISITL Y € QROGTEELX ek, qryn ¥

Then

Pr iy, = id; (2.1)

indeed this map is obtained by applying Q¢ to the composite

i n P x n
TEX 5 Qe (RLX) —S— 22X,

which is the identity by the extended version of (3) that we just established.

4L.e. the cyclic permutation on G®" is the identity for some n > 2, in which case G is
called n-symmetric.
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CANCELLATION FOR FINITE FLAT TRANSFERS 1131
For N > 2 and ¢ € Sy acting on G®V, consider the composite
QalaX =5 QEYLX 22 - = QANEX
0. ANy Ny PN-1 AN—-1xN—1 p1
= QY X — Q7 X T X = = Qe X
which we denote by p(o). If o = id then by iterated application of (2.1) we get
p(id) = id.

On the other hand if 0 = oy is the permutation “cycling to the left” we find
that (suppressing subscripts for readability)

- - - - —/
O'louo...ou:uo...ououl,

i.e. “one of the identities has been inserted at the right”. Consequently p(o;) =
p1t) (again using (2.1) repeatedly). If furthermore G is N-symmetric then we
obtain

idZ@Q@ X = p(ld) = p(O‘l) = ﬁlﬂll

It thus suffices to show that the following diagram commutes

QeEeX —1 O%2X
ﬁl ﬁll
X — Qs%aX.

By adjunction and definition of p, this is equivalent to the commutativity the
outer square in the following diagram

GR0YeX —— Qe¥a(G® X)
G@nggX e Qng(GQ@X)
idé ®pxl Pzéxl
GRX — G®X.

The top square commutes without any assumptions. For the bottom square, it
will suffice to prove that ps x respects the decomposition g X ~ XX & X.
Indeed then we may replace all instances of G by G, and hence have commuta-

tivity by (1). We can write pxx as the matrix <p EG i) . Then in condition
(2) the upper square implies that f = 0 (and h = px), whereas the lower
square implies that g =0 (and h = px). The result follows. O
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2.5 RATIONAL CONTRACTIBILITY

We recall the notion of a rationally contractible presheaf in Appendix A.

DEFINITION 2.17. We say that C satisfies rational contractibility if for every
n > 0 the presheaf h¢(GA™)#P is rationally contractible.

PRrOPOSITION 2.18. Suppose that C satisfies cancellation and rational con-
tractibility. Then
i (Lsye) € SH(k)™.

Proof. By [BF17, Theorem 4.4], in order to show that u*(1) € SH(k)*f we
need to show that for all n > 0 and K/k finitely generated we have

W (1" (1) A G (A% ~ 0.

Similarly by [Bac17, §3|, assuming that p*(1) € SH(k)°, in order to show
that p*(1) € SH (k)" we need to show that w> (u* (1)) has vanishing negative
homotopy sheaves. For this it suffices to show that

(1 (1) AGH)(AK) =0 and  QF(S'0"(1) AGy) € Spe(k)>i (2:2)

for all i > 0. Indeed the second condition implies that (u*(1) AGA™) (A% ) takes
values in SH>o (using Proposition 2.7, say), and then Q°° commutes with the

geometric realization [Lurl6, Proposition 1.4.3.8].
As in Corollary 2.15 we have Yip* (1) A GA™ ~ p*(3°°u(2!GA™)) and hence

Q% (S (1) A GA™) ~ LinorhC (SIGA™)EP;

here we have used Lemma 2.12. The functor h€ commutes with ¥, when viewed
as taking values in presheaves of commutative monoids. By Proposition 2.7
we have Lot = LnisLat, which takes sectionwise n-connected presheaves to
Nisnevich locally n-connected presheaves. This implies the second condition
in (2.2). Again by Proposition 2.7, we have Lot ~ Ly1 when evaluated on
semilocal schemes; thus

1% (1 (1) A G (A%)] = [(LarhC (G (A%
The first condition in (2.2) thus follows from Corollary A.8. O

Remark 2.19. In order to prove that hC(G/")8P is rationally contractible, it
suffices to prove that h¢((A!\ 0)*™, x¢) is rationally contractible as a presheaf
of commutative monoids, where 2o = (1,1, ..., 1) is the base point. Indeed this
implies that h¢((A!\ 0)*", x()8P is rationally contractible by Lemma A.9, and
hC(G)™)8P is a retract of hC((A1\ 0)*™, 20)8P, so we conclude by Example A.4.

COROLLARY 2.20. Suppose that C satisfies cancellation and rational con-
tractibility. Then

p*(Lsye) ~ BE7p" (pa ()
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CANCELLATION FOR FINITE FLAT TRANSFERS 1133

Proof. Since p*(1gyc) is very effective and Spc™(k)gP ~ SH (k)ve [EHK 17,
Theorem 3.5.14], we deduce that

1 (Lspe) 2 BEPQE u E g (x) = Bt p Q78> 1y (%)
o B0 (e (%)BP) = B (pg- (%)),

using Lemma 2.12 as well as that p* commutes with group completion and »g°
inverts group completion. O

3 THE CASE OF FINITE FLAT CORRESPONDENCES

3.1 GENERALITIES

Let S be a scheme. Write Cor™ (S) for the symmetric monoidal, semiadditive
(2, 1)-category with the same objects as Smg and morphisms the groupoids of
spans

xX& 7oy,

where p is required to be finite locally free (see e.g. [Barl7, §5] for a construction
of span categories in a much more general context). Denote by Cor™ "(S) the
category obtained in a similar way, but requiring p to be finite syntomic. There
is an evident symmetric monoidal functor Cor™™(S) — Cor™(S) which pre-
serves finite coproducts. Since a functor Cor™(S) — Cor™™(S) was constructed
in [EHK*17, §4.2.37], we all in all obtain a functor p : Cor™(S) — Cor™(S).
This satisfies all the axioms of a motivic category of correspondences (see Def-
inition 2.1). The only non-trivial part is the following.

LEMMA 3.1. The category Corﬂf(S) 18 compatible with the Nisnevich topology.

Proof. Let U — X € Smg be a Nisnevich covering with one element, and R
the associated sieve. Then hff(R) < hflf(X) consists of those spans

Y2754 X

where ¢ factors through U. (Indeed by universality of colimits of spaces and
since hy preserves sifted colimits, the fiber over Y « Z 4 X is given by
|U*x® x x Z|, which is either empty or contractible depending on whether ¢
factors through U.) In particular this is a map of 1-truncated presheaves,
which is a Nisnevich equivalence if and only if it induces an equivalence on
stalks [Lur09, Lemma 6.5.2.9]; i.e. we may assume that Y is Nisnevich local
and need to show that every ¢ factors through U. But now Z is a finite disjoint
union of Nisnevich local schemes [Stal8, Tag 04GH(1)], so this is clear. O

3.2 CANCELLATION

LEMMA 3.2. Let X be smooth over a perfect field k and (p,t) : Z — X X Gy,
finite locally free. Let f € O(Z) and let

Zn=2Z(1—t"f) C Z.
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Then for N sufficiently large and all n > N, the canonical map Z, — X 1is
flat.

Proof. We first show that there is a Nisnevich covering family {U; — X }ier
such that Zy, — U; x Gy, is finite free. It suffices to show that if L is the
henselization of a smooth k-variety in a point, then all vector bundles of rank d
on Lx Gy, are trivial (for any d). We use the existence of a motivic space Grq €
Spc(k). such that for Y € Smy, affine [V, Grg] is the set of vector bundles on Y
up to isomorphism [AHW17, Theorem 5.2.3]. The cofiber sequence

L+’:L+/\SO—>L+/\GW+’:(LXG7”)+ —>L+/\Gm
induces a fiber sequence
Map(L4,Qg,, Gra) = Map((L x Gm)4, Gra) — Map(Ly, Gra).

We seek to show that the middle space is connected. The motivic space Gry
is connected (vector bundles being locally trivial), and hence so is Qg,, Grq
by [Mor12, Theorem 6.13]. Thus the two outer spaces are connected, and the
claim follows.

Since being flat is fpgc local on the base [Stal8, Tag 02L2], we may replace X
by U; and so assume that Z — X X G, is finite free. We may further assume
that X = Spec(A) is affine. Write Z = Spec(B). Then B is an A-algebra, we
are provided with elements f,t € B, and B is finite free over A[t,t~1]. We need
to show that B, = B/(1—t"f)B is flat over A, for n sufficiently large. We may
assume that B has constant rank over A[t,t71] and choose a basis ey, ..., eq.

We can write
fei = E Qij€y,
J

with a;; € Aft,t™!]. Thus for n sufficiently large we have t"a;; € tAt], for all
i,7. This implies that (1 — ¢"f) : B — B is universally injective over A: if A’
is any A-module, then (1 — ¢" f) is injective on

B/ = B ®A A/ ~ A/[t,t_l]{ela e )ed}'

Indeed we can write 0 # b’ € B’ as

V=Y b,

k>ko
with by, € A'{e1,...,eq} and by, # 0, and then
(L=t € thoby, + tP T At {er,...eq}

is non-zero as well. The desired flatness now follows from [Stal8, Tags 0581
and 058P]. O
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Remark 3.3. The argument shows that given f1, fo € O(Z) and N sufficiently
large, then

Z(1 —t"(frt* + fot®)) — X
is flat for all n > N and a,b > 0.
Define maps g,7, g, : G, x G, — Al via
gl (t1,t2) =7 + 1 and g, (t1,t2) = t7 + ta.
Further define maps Al x G,,, x G,, — Al via
o (8,11, t2) = sgiv (t1,2) + (1 — 8)gim (t1, t2).

Given a span
XXGp<—Z—->Y xGyy,

put
Zin = Z(l) C Z x AL

note that there are induced spans
XxA'« ZE Y.
COROLLARY 3.4. Let X be smooth over a perfect field and suppose given a span
XXGpn & Z—=Y xG,,

with p finite locally free. Then for N sufficiently large and m,n > N the induced
maps Z£ — X x Al are finite locally free.

Proof. Voevodsky’s original argument [Voel0, Lemma 4.1], explained in slightly
more detail in [BE19, Lemma 4.20], shows that Z -, — X x Al is finite for

mn
m,n sufficiently large. It thus remains to establish flatness. Note that for

m =n-+r > m we have
Rt =t (s+ (1 —s)t])+1

and
ho o =t (s+ (1 —8)t]) + ta.

1
The result thus follows via Remark 3.3 from Lemma 3.2 applied to Z x A! LN

X x G,, x Al, with
f=—(s+1—9)t]) and f=—(s+ (18",
respectively. The case m < n is treated similarly. O
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Given any span « : X X Gy, + Z = Y xG,, (with Z — X not necessarily finite
locally free), denote by pif (a) the span X x A! + Zt — Y. One checks

mn
immediately (see [BE19, Lemma 4.17] for a more conceptual explanation) that
if : X'’ — X and v:Y — Y’ are arbitrary spans, then

Prn (70 @) = Yupnn(a) and  pi, (a0 B) = B o, (a). (3.1)

Let G = 4+ (Gyy,). For Y € Smy, define
FiQaYeps(Y) C QeXau+(Y)

as the subpresheaf of those spans X x G,, + Z — Y x G,, such that for all
m,n > i the maps Zf, — X are finite locally free. It follows from (3.1) that

Y (FiQaXapt Y (X)) C FiQaXauyY'(X)

and
B FQcXep+Y(X) C B FiaEaus Y (X').

In particular F;QgXgpu+Y defines a presheaf on Corﬂf(k). By construction we
have
FQcXauY C FipiQeXeusY C ..oy

and by Corollary 3.4 we have
cogim FQeXourY ~ Qelagps Y.
For m,n > i define maps
Prni * FiQGTapsY — QY
via Z +— Zmn. By construction Z,,, is finite locally free over X x A!, and
by (3.1) ﬁi:zn,i defines a morphism in Ps(Cor™ (k)). By adjunction we obtain

morphisms
me,i PR+ (Al) ANFQcXopsY — pgYs

i.e. we obtain Al-homotopies between the various
P FiQaSapsY = piY

for m > i (obtained by restriction to 0 or 1). By construction, for m > j > i,
the following diagram commutes

FiQeXopY — FiQeXgpsY
lpm /
Pm
pt Y.
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It follows that in the following diagram, all cells commute up to Al-homotopy

FlﬂgZGquY E— FgﬂgZGu+Y _— ... QGZGM-FY
ot | ot |
/j/_;,_Y _ /j/_;,_Y _ .

Consequently after motivic localization we obtain induced maps in the colimit

pF Dot QX e Y ~ colim Lot FyQaEapsY — Liotpig Y-

Group-completing and taking the difference yields

pi=p"—p L Qe¥auY = L uyY.

mot
THEOREM 3.5. The category Corﬂf(k) satisfies cancellation.

Proof. We shall apply Proposition 2.16 with C the homotopy category of
Spcf(k)egP; thus G = u(G,,). This object is symmetric since G, is symmetric
in Spcf™(k)&P, being semi-invertible there (see also [EHK*17, Lemma 3.3.3]).
Thus assumption (4) holds. Since L8 QcXagusY =~ QeXgLE uy Y by
Proposition 2.8, our map p takes the required form. Assumptions (1) and (2)
already hold for all the p;, i.e. before any localization; assumption (2) is a spe-
cial case of (3.1) and assumption (1) is equally formal. It remains to verify (3).

The composite
ptY =% FiQg,, S, 1Y Y

is easily checked to send a span a to a ® (pjugid). Consequently pu =
id ®p(@y(id)). Since @y (id) = idg —p, where p : G — * — G is the projec-
tor onto the trivial summand, the result follows from Lemma 3.6 below. O

LEMMA 3.6. For each n > 0 we have

1. pf(p) = py (p), and

1
2. pi(ide) =

Proof. This is essentially [Voel0, Lemma 4.3].

Note that p is represented by the correspondence G <~ G L G, so that by
Construction, pF(p) is represented by % < Z(gF(t,1)) — * But gF(t,1) =
g, (t,1), whence (1).

Similarly p(idg) is represented by Zi := Z(g;=(t,t)), so Z4 = Z(t" + 1) and
Z_ = Z(t" + t), where both t" + 1,t" + t are viewed as functions on A!\ 0.
For a function f: X x A — A! denote by D(f) the span

pi (idg) +idy .

X+ Z(f) — =
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Consider the span H = D(t"™ + ts+ 1 — s), which is immediately verified to be
finite flat. Then H provides an Al-homotopy between D(t" +1) and D(t" +1t),
where this time we view t* + 1,t" + ¢ as functions on A'. Now

Z({t" +1|AY) = Z(t" + 1|A*\ 0) = ZT,

whereas
Z(t" +t|A") = Z(t" +t|A"\ 0) [ {0} = Zz~ {0}

Since * + {0} — x is the identity correspondence, H provides the desired
homotopy.
This concludes the proof. O

3.3 RATIONAL CONTRACTIBILITY

PROPOSITION 3.7. Let X be a smooth connected scheme over k and xqg € X be
a rational point of X . Assume that there exists an open subscheme W C X x Al
containing (X x {0,1}) U (zg x A') and a morphism of schemes f: W — X
such that flxxo = @0, flxx1 = idx and flzoxar = 0. Then R(X, z¢) is
rationally contractible (as a presheaf of monoids).

Proof. We follow closely Suslin’s proof in [Sus03, Proposition 2.2]. We shall
construct a commutative diagram in CMon(P(Smy))

hf(zg) —2— C1hff(z0)

1| |

pf(X) —— Cnfif(X)

such that i§so ~ idy, ~ itso, i5s ~ idy, and its factors through j. Since Cy
commutes with colimits of monoids (it commutes with finite products, i.e. co-
products of monoids, and sifted colimits) the above diagram induces

S: hﬂf(X, $Q) — Clhif(X) // Clhif(wo) ~ Cl(hﬂf(X, x0)),

where // means quotient as presheaf of commutative monoids. By construction,
this exhibits 2 (X, z¢) as rationally contractible.

The morphism s is constructed as follows. Write V' C X x A! for the closed
complement of W. Given Y € Smy, and a correspondence

a=Y & 725 X)er(X)(Y),
denote by p, ¢ also the maps Z x Al - Y x Al and Z x Al = X x Al. Let
V=g (V) C Zx AL V" = p(V'), U =Y x AL\ V" and W' = p=1(U)).

Note that V’ does not contain any point above 0 or 1 and is closed. Since p is
finite, V" is also closed and contains no point above 0 or 1. Thus U is open
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and contains Y x {0,1}. Moreover W’ C Z x A1\ V' = ¢=}(W). There is thus
a well-defined correspondence

s(a) = (U « W' =W L x)e O (X)(Y).

This assignment is readily promoted to a morphism of presheaves. The mor-
phism sg just sends Y < Z — 29 to Y x Al <« Z x Al = Z = z. The
required commutativity and factorization are readily established. O

PROPOSITION 3.8. Cor'' (k) satisfies rational contractibility.

Proof. By Remark 2.19, it suffices to show that Aff((Al\ 0)*" z¢) is ratio-
nally contractible as a presheaf of monoids. As usual this follows from Propo-
sition 3.7 by taking W to be defined by ut; + (1 —u) # 0 and f(t1,...,tn,u) =
w(ty, ..., tn) + (1 —w)xzo. O

4  APPLICATIONS
THEOREM 4.1. Let k be a perfect field. The functor
Spcltt(k)eP — SHM (k)
1s fully faithful.
Proof. Immediate from Theorem 3.5 and Proposition 2.13. O

Write
w: SH(E) S SHY (k) : p*

for the canonical adjunction. Recall from [HJNT20, §5] the motivic spectrum
kgl of (very) effective algebraic K-theory.

THEOREM 4.2. Let k be a perfect field. We have p*(Lgynery) = kel, and this
spectrum is presented as a P1-Q-spectrum via

kgl  (Linothf} ()%, Lot h™ (P1), Lunot A (P1)"2), . ..).

Proof. Tt is immediate from Theorem 3.5 and Corollary 2.15 that p*(1) has
a presentation as claimed. Moreover by Proposition 3.8 and Corollary 2.20
we have p*(1) ~ L°hfif(x). But by construction hfif(x) = FFlaty, so the
remaining claim follows from [HINT20, Theorem 5.4]. O

COROLLARY 4.3. Let k be perfect of exponential characteristic e. We have
SHY (k)[1/€] ~ kgl[1/e]-Mod.

Proof. This is a formal consequence of compact-rigid generation (which is why
we invert e [LYZR19, Corollary B.2]) and Theorem 4.2; see e.g. the proof of
[BF17, Lemma 5.3]. O
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A RATIONAL CONTRACTIBILITY

We review Suslin’s notion of rational contractibility [Sus03, §2] and extend
the basic properties of this notion to presheaves of spaces. All results in this
section are essentially straightforward reformulations of Suslin’s. Throughout &
denotes a field (not necessarily perfect). R
For a presheaf F' (of spaces) on Smy, define a new presheaf C; F on Smy by

(CLF)(X) = colim F(U);

X x{0,1}CUCX xA!

here the colimit is over open subschemes of X x A!. Note that pullback to 0
or 1 defines two maps of presheaves

ig, it C1F — F.

DEFINITION A.1. A presheaf F' is called rationally contractible if there is a map
s: F — CyF such that i§s ~ idp and i}s is constant (i.e. factors through the
terminal presheaf ).

Example A.2. F is called A'-contractible if there is a map H : A x F — F such
that i§H ~ idp and i{H is constant. Equivalently there is a map H' : F —
Map(Al, F) with i3H' ~ idp and i;H’ constant. Since there is a canonical

map Map(A!, F) — C1F, we see that A'-contractible presheaves are rationally
contractible.

Ezample A.3. We have C1(F x G) ~ C1(F) x C1(G). It follows that if F,G
are rationally contractible then so is F' x G.

Example A.4. Consider a retraction G — F ﬁ> Gandlet s : F — CiF
exhibit F as rationally contractible. Then one easily checks that G = F 2
CF SILN C1G exhibits G as rationally contractible. In other words, rationally
contractible presheaves are stable under retracts.

Write A® = A; for the standard cosimplicial semilocal scheme [Lev08, §5.1].

Recall that the category Smy>® embeds into the category of pro-objects in Smy,

[Gro67, Proposition 8.13.5]. Thus F(A®) makes sense and is a simplicial space,

and we write |F(A®)]| for its geometric realization.
LEMMA A.5. Let F be rationally contractible. Then |F(A®)| is contractible.

Proof. Write r : A — Sm}>® for the cosimplicial object A®, and also for the left
Kan extension P(A) — P(Sm;™). There are canonical maps

(A x A") = r(AY) x r(A") = Al x A" — ATKA™ =/ (AT,

where AlXA™ denotes the semilocalization of Al x A™ in the vertices. This
way we obtain a morphism of simplicial spaces

e AN Gy ALY SN r(A' x A®)*(F) ~ Map(A!,r*F).
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By construction i%s’ ~ id, and i%s’ is constant; thus r*F ~ F(A®) is simpli-
cially contractible and hence |r* F| ~ |F(A®)] is contractible.? O

LEMMA A.6. Let p : Spec(K) — Spec(k) be a separable (not necessarily alge-
braic) field extension. Then for F € P(Smy) we have p*C1F ~ Cip*F. In
particular if F' is rationally contractible then so is p*F'.

Proof. The proof of [BF17, Lemma 2.2] goes through unchanged. O

LEMMA A.7. Let F be rationally contractible, and assume that F' promotes to
a presheaf of grouplike commutative monoids. Then Map(A™, F) is rationally
contractible.

Proof. Since * — A™ admits a retraction, the group structure allows us to split
the fibration sequence

Map (A", F) = Map(A", F) = F,

ie. Map(A", F') ~ Map (A", F) x F'. By Examples A.3 and A.2 it thus suf-
fices to show that Map (A", F) is Al-contractible, which is well-known (an

A'-homotopy contracting A" to the base point induces an A'-homotopy con-
tracting Map (A", F') to its base point). O

COROLLARY A.8. Let F be a presheaf of grouplike commutative monoids on
Smy, such that the underlying presheaf of spaces is rationally contractible. Let K
be the field of fractions of a smooth connected k-scheme. Then

[(La1 F)(AS)| ~ *.

Proof. Write p : Spec(K) — Spec(k) for the base change. Since p* commutes
with L1 (e.g. by [Hoyl5, Lemma A.4]) and C; (by Lemma A.6), we may
assume that K = k. Since colimits commute we find that

|(La1 F)(A%)| ~ colim (Lg F)(A™) ~ colim colim F(A™ x A™)

neAop neA°P meAor
~ colim colim Map(A™, F)(A™).
mEA°P neAop Map(a™, F)(A")
By Lemmas A.7 and A.5, each of the inner colimits is contractible, and hence

so is the total colimit, A being sifted and hence contractible [Lur09, Proposi-
tion 5.5.8.7]. O

If F is a presheaf of commutative monoids then so is ClF . Indeed the col-
imit defining (C,F)(X) is filtered, and hence may be computed in commu-
tative monoids or spaces, with the same result. We say that F' is rationally
contractible as a presheaf of commutative monoids if there is a morphism of

5Indeed by adjunction we obtain H : A' x r*F — r*F, and since geometric realiza-
tion commutes with finite products (being a sifted colimit [Lur09, Lemma 5.5.8.11, Remark
5.5.8.11]), |H| : |A! x r*F| =~ |Al| x |r*F| — |r*F| is a contracting homotopy.
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presheaves of commutative monoids s : F — C‘lF such that ifs ~ idr and
118 ~ *, as morphisms of presheaves of commutative monoids. Clearly if F'
is rationally contractible as a presheaf of commutative monoids then it is also
rationally contractible in the previous sense.

LEMMA A.9. On presheaves of commutative monoids, Gy commutes with group
completion. In particular if F' is rationally contractible as a presheaf of com-
mutative monoids, then F®P is also rationally contractible (as a presheaf of
commutative monoids).

Proof. Tt suffices to show that group completion of commutative monoids pre-
serves filtered colimits and final objects. The first statement holds since group
completion is a localization and grouplike monoids are closed under filtered col-
imits, and the second statement is obvious since the final commutative monoid
is grouplike. O
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