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ABSTRACT. We prove that the special value conjecture for the Zeta
function (X, s) of a proper, regular arithmetic scheme X" that we for-
mulated in [8] is compatible with the functional equation of ((X,s)
provided that the rational factor C'(X,n) we were not able to com-
pute previously has the simple explicit form given in the introduction
below.

2020 Mathematics Subject Classification: 11G40 (primary), 14F40,
14F25

Keywords and Phrases: Arithmetic schemes, Zeta-values, functional
equation, Weil-étale cohomology

1 INTRODUCTION

This article is a continuation of our previous article [8] in which we formulated a
conjecture describing the leading Taylor coefficient of the Zeta function {(X, s)
of a proper regular arithmetic scheme X at integer arguments n € Z. Our
conjecture involved a rather inexplicit correction factor C'(X,n) € Q*, defined
in terms of p-adic Hodge theory at all primes p, which we could only compute
for X = Spec(Op) where F' is a number field all of whose completions F, are
absolutely abelian. Based on this example a general formula for C'(X,n) in
terms of factorials was suggested in [9] and proven for n = 1 in [10]. More
precisely, for n > 1 we conjecture

C(x,n)~! £ Cao(X,m) (1)
where o ) ’.
Coo(X,n) = H (n—1- ')!(—1)1 Jdimg H (X,9°%) (2)
i<n—1;j
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1634 M. FrAcH, B. MORIN

For n < 0 one has Co(X,n) = C(X,n) =1 by definition.

In this article we prove that our special value conjecture is compatible with the
conjectured functional equation of the Zeta function if C(X,n)~! is replaced
by Coo(X,n). We refer to Thm. 1.4 below in this introduction for a precise
statement. We regard this result as convincing evidence that Co(X,n) is
indeed the right factor, even though we cannot yet prove that identity (1)
holds true for n > 2 and arbitrary X. The definition of C(X,n) was made
in such a way that our conjecture is compatible with the Tamagawa number
conjecture of Bloch, Kato, Fontaine and Perrin-Riou [6], [11]. By replacing
C(X,n)~! with C(X,n) we are in effect making a special value conjecture
which is independent of p-adic Hodge theory and which is compatible with the
functional equation of ((X,s). Note that compatibility with the functional
equation of motivic L-functions is not in general known for the Tamagawa
number conjecture. Even for Tate motives over a number field F' it is only
known if all F, are absolutely abelian.

1.1 STATEMENT OF THE MAIN RESULT

We begin with a brief statement of our special value conjecture, Conjecture 1.1
below, even though it is not needed for the rest of this article. Neither do any
of the results in sections 2-4 of this article depend on unproven conjectures.
Our main result Thm. 1.4 follows from an unconditional theorem, Thm. 1.2,
both of which are stated below in this subsection.
Let X be a regular scheme of dimension d, proper over Spec(Z). Associated
to X and n € Z is an invertible Z-module ("fundamental line")

A(X/Z, ’I’L) = detzRFW7c(X, Z(’I’L)) X7z detzRF(XZa.,-, LQ;?Z)
where LQ;T/LZ is the derived de Rham complex [14] modulo the n-th step in
the Hodge filtration and RT'w (X, Z(n)) is a perfect complex of abelian groups
whose definition is dependent on assumptions (finite generation of étale motivic
cohomology, Artin-Verdier duality for torsion motivic cohomology) denoted by
L(X.,n), L(X e, d—n), AV(X 4, n) in [8][Conj. 3.2, Conj. 3.1]. Also assuming
the Beilinson conjectures in the form of conjecture B(X,n) of [8][Conj. 2.5]
one can construct a natural trivialization

Aoo 1 R =5 A(X/Z,n) @z R. (3)
For each prime number p a factor
C,(X,n) € p”

was defined in [8|[Def. 5.6] under yet another assumption D, (X, n) [8][Conj. 5.5]
as well as assumption R(F,,dim(AF,)) (resolution of singularities) borrowed
from [12]. Conjecture D,(X,n) can be regarded as a syntomic description
of RT¢t(Xz,,Qp(n)) (p-adically completed, rational, étale motivic cohomology
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of Xz,) and is proven in the cases where it is known using techniques from
p-adic Hodge theory. We then define

C(x,n) = [] Cp(x,n).

Let (X, s) be the Zeta function of X and (*(X,n) € R* its leading Taylor
coefficient at s = n. Our special value conjecture [8][Conj. 5.12] is the assertion

Moo (CF (X, )™ -C(X,n)-Z) = A(X/Z,n).

As was explained earlier in this introduction, for the purposes of this article we
replace this conjecture by the following

CONJECTURE 1.1. Let X be a regular scheme, proper and flat over Spec(Z),
which satisfies assumptions L(X e, n), L(Xet,d—n), AV (X, n) and B(X,n)
in [8]. Then

)‘OO(C*(Xan)_l ’ COO(Xvn)_l Z) = A(X/Zvn)
where Coo (X, n) is defined in (2).

This conjecture determines the real number ¢*(X,n) € R up to sign. It is
independent of Conjectures D, (X', n) and R(FF,, dim(Af,)) and does not involve
p-adic Hodge theory at any point in its formulation. Our previous conjecture
[8][Conj. 5.12] and Conjecture 1.1 are equivalent if and only if identity (1)
holds true but at this point we feel unable to judge the difficulty of proving (1).
Under assumptions L(X e, n), L(Xe,d — n) and AV (X, n), we defined in
[8][Def. 3.26] an exact triangle of perfect complexes of abelian groups

RUw.o(X,Z(n)) = Rlw (X, Z(n)) = Rl (Xso, Z(n)). (4)

Here X is an Artin-Verdier compactification, X,, is the quotient topological
space X(C)/Gg and

BTy (XYoo, Z(n)) := BT (Xoo, i%. Z(n))

where i’ Z(n) is a certain complex of sheaves on X, which is unconditionally
defined. In [8][5.7] we defined (unconditionally) the invertible Z-module

Ee(X/Zyn) = detzRTw (Xo,Z(n)) @ dety " RT(Xzqr, LOT),)
®dety; ' RTw (Xoo, Z(d — n)) © detz RT(Xz4,, LOS),")
and a canonical trivialization
oo 1 R =5 E00(X/Z,n) @R

which will be recalled in the proof of Theorem 1.2 in section 5 below. We
denote by
xoo(Xa n)2 € Rxo
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the strictly positive real number such that
oo (Too(X,n) 72 Z) = 2o (X /Z, )
and prove the following unconditional

THEOREM 1.2. Let X be a reqular scheme of dimension d, proper and flat over
Spec(Z). We have

C*(Xoos ) Coo(X,d —n)

2 _ n—d/2 .
Too(X,n)* = £A(X) (XMoo, d—n)  Coo(X,n)

where A(X) is the Bloch conductor (see Definition 3.2) and ((Xs,s) is the
archimedean Euler factor of X (see Section 4).

We explain the significance of this result. Let ((X,s) := ((X,s) - ((Xs,s) be
the completed Zeta-function of X.

CONJECTURE 1.3. (Functional Equation) Let X be a regular scheme of di-
mension d, proper and flat over Spec(Z). Then ((X,s) has a meromorphic
continuation to all s € C and

AX)4=9/2 (X, d — 5) = £A(X)*/? - (X, s).

Assume that L(Xc,n), L(Xe,d —n), AV(Xe,n), B(X,n) and B(X,d — n)
hold, so that Conjecture 1.1 for (X,n) and (X,d — n) makes sense. By
[8][Prop. 5.29], the exact triangle (4) and Weil-étale duality [8][Thm. 3.22]
induce a canonical isomorphism

A(XZ,1) ® Boe(X)Z,n) =5 A(X/Z,d —n)

compatible with £, and the trivializations (3) of A(X/Z,n) and A(X /Z,d—n).
As was shown in [8][Cor. 5.31] and will be recalled in the proof of Theorem 1.4 in
section 5 below, this leads to compatibility of Conjecture 1.1 with the functional
equation of ((X,s) in the following sense.

THEOREM 1.4. Assume X is a reqular scheme of dimension d, proper and flat
over Spec(Z) which satisfies Conjectures L(X er,n), L(Xet, d—n), AV(X o, n),
B(X,n) and B(X,d —n) in [8]. Assume that ((X,s) satisfies Conjecture 1.3.
Then Conjecture 1.1 for (X,n) is equivalent to Conjecture 1.1 for (X,d —n).

1.2 CYCLIC HOMOLOGY AND Cy (X, n)

In this section we briefly discuss two suggestions for a more conceptual origin
of the numerical factor Co (X, n) both of which were discovered by the second
author. First, it was already shown in [9][Remark 5.2] that there is a fairly
natural modification iQET/LZ of the derived deRham complex such that

detz RT(Xzar, LQ3,) = Coo(X, 1) - detz R (Xzqr, LOT,)
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inside detqRT'(Xzar, LQY);)q = detqRI(Xg, Q3")). This leads to a state-
ment of Conjecture 1.1

Aoo(C*(X,n) ™"+ Z) = detzRDw,o(X, Z(n)) ©z detzRT(Xzar, LO5,)

without any correction factor. Another such modification of derived deRham
cohomology that is perhaps even more natural than the definition of iQ;’}Z was
very recently outlined by the second author in [20]. Recall from [1] that there is
a motivic filtration on cyclic homology Fil},,, HC(X) with graded pieces given
by derived deRham cohomology modulo the n-th step in the Hodge filtration

ngI\L/IotHC(X) &= RF(XZarg LQ;7Z)[27L — 2]

The corresponding spectral sequence already appears in [19]. Cyclic homol-

ogy arises as S!-homotopy-coinvariants on Hochschild homology HC(X) =
HH(X)s:. One can consider the topological analogue and define

TCH(X) = THH(X)g:

where THH denotes topological Hochschild homology (see for example [21]
for a review). Note that TCt(X) is not what is usually called topological
cyclic homology. The main result of [20] is that there exists a motivic filtration
Fil};,; TCT(X) that maps to Fil},,, HC(X) inducing an isomorphism

Fil}y,, TC* (X)g 2 Filiy,, HO(X)g
and such that
detz RT(Xz4r, LQ;T/LS) = Cux(X,n) ~detZRI‘(XZM,LQ§’/LZ)

where
RT(Xzar, LQY)g) = 9o TOT(X)[—2n + 2].

We therefore again obtain a version of Conjecture 1.1
Ao (¢*(X,n) 7 - Z) = detz RTw, (X, Z(n)) @z detz RT (Xzar, LOY5)

without correction factor. Here the determinant detz RT'(Xz4, LQ;’/LS) makes

sense since it was also shown in [20][Cor. 1.6] that RT'(Xzqr, LQ;T/‘S) isa HZ-
module spectrum.

For example, if X is smooth and proper over FF,, the motivic filtration
was already defined in [3] and one verifies that both RIT(Xz, LQ;’;Z)
and RF(XZQ,.,LQE’/’S) have finite multiplicative Euler characteristic given by
Milne’s correction factor [8][Def. 5.4], [20][Cor. 1.7] (even though the natural
map

RT(Xzar, LQ;T/LS) — RI(Xz4r, LQ;?Z)

is not a quasi-isomorphism). And indeed one has C (X, n) = 1 by formula (2).
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If F is a number field with ring of integers Op and X = Spec(Op) the motivic
filtration on HC(Op) and TCT(OF) is given respectively by

FilXIot HC(OF) = ngn_gHC(OF)
and [20][Cor. 1.4]
Fﬂr]&ot TO+(OF) = T22n_3TC+(OF)-

Denote by Dp the different ideal of O and by |Dp| = NDp the absolute value
of the discriminant. As was shown in [8][1.6] there is an exact sequence

0— HC2n_2(OF) — OF — QOF/Z(n) — HCQ',L_3(OF) — 0

["~1 i.e. we have

where Q¢ /z(n) is a finite abelian group of cardinality [Dp
|HC3y—3(0F)| - [Op : HC2—2(OF)] = |Dp|" .

By a theorem of Lindenstrauss and Madsen [18] one has

Or i=0
THH;(Op) = D3'/j- O i=2j—1
0 else.

An easy analysis of the spectral sequence
Hi(BS', THH;(Op)) = TC}, ;(OF)

then shows that TCy. _.(OF) is finite and T'Cy,,_,(Or) C OF is a sublattice
so that

ITCS,_5(OF)| - [OF : TCH, _5(Op)] = (n— N | Dp|m~ 1,

And indeed one has C (Spec(Op),n) = (n — 1)!FQ by formula (2).

1.3 OUTLINE OF THIS ARTICLE

In section 2 we study Verdier duality on the locally compact space X, :=
X(C)/Gr and how it applies to the complexes of sheaves % Z(n) introduced in
[8][Def. 3.23]. The key result in terms of relevance for the following sections is
Prop. 2.23 which provides the correct power of 2 appearing in the functional
equation.

In section 3 we review duality results for the exterior powers of the cotangent
complex Ly ,z due to T. Saito [24] and deduce duality for derived de Rham
cohomology of X'. It turns out that the Bloch conductor A(X) of X’ introduced
in [4] measures the failure of a perfect duality for these theories, see Thm. 3.3
and Prop. 3.5. Corollary 3.9 then provides the correct power of A(X) appearing
in the functional equation.
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In section 4 we recall the archimedean Euler factors for (X, s) and make some
preliminary computations towards the main result.

Finally, in section 5 we prove Thm. 1.2 and Thm. 1.4, also employing the
results already established in [8][Cor. 5.31] towards compatibility with the
functional equation.
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2 VERDIER DUALITY ON X, = X(C)/Gr

2.1 STATEMENT OF THE DUALITY THEOREM
Let X be a regular, flat and proper scheme over Spec(Z). Assume that X
is connected of dimension d. We denote by X, := X(C)/Ggr the quotient
topological space, where X' (C) is endowed with the complex topology. Let
p: X(C) = Xy
be the quotient map and let
7 : Sh(Gg, X(C)) = Sh(X)

be the canonical morphism of topoi, where Sh(Gg, X'(C)) is the category of
Gr-equivariant sheaves on X (C). We have the formula

e (F) 2 (pa F) 5.
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Let Z(n) := (2im)™ - Z be the abelian sheaf on Sh(Gg, X(C)) defined by the
obvious Gg-action on (2im)™ - Z. In [8][Def. 3.23], we defined the complex of

sheaves on X,

i* 7(n) = Fib(Rm.Z(n) — 7" R7.Z(n))

oo

for any n € Z. We define similarly

Ri! Z(n +1)[3] := Z/(n) := Fib(Rm,Z(n) — 7" R7,.Z(n))

and we set
e:=d—1.

If Z is a locally compact topological space, we denote by Dy := Rf'Z the
dualizing complex, where f : Z — {x} is the map from Z to the point.

THEOREM 2.1. There is an equivalence Z'(e) = Dx_[—2€] and a perfect pairing

Z(n) @" 7' (e — n) — Z'(e) == Dax_[—2¢]

k
ZC)O

in the derived category of abelian sheaves over X, for any n € Z.

Proof. We set Z(n) := i Z(n), we denote by ¢ : X(R) — X the closed
immersion and by j the complementary open immersion. By Proposition 2.5

there is a product map
Z(n) @ 7' (e — n) — Dx_[—2¢]

inducing

Z(n) — RHom(Z' (e — n), Dx_ [—2€]).

Then (5) induces an equivalence
J*Z(n) = j* RHom(Z'(e — n), D, [~2¢])
by Proposition 2.7. Similarly, (5) induces an equivalence

R/'Z(n) = R/'RHom(Z (e — n), Dx_[—2¢])

by Proposition 2.17. It follows that (5) is an equivalence.

RHom(—, Dx__[—2¢]), we get an equivalence
7' (e —n) = RHom(Z(n), Dx__[—2€]).
Since Z(0) is the constant sheaf Z, we have

Z’(e) ;> DX:)O [—26]

We immediately obtain
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COROLLARY 2.2. There is a trace map RT (X, Z'(e)) — Z[—2€] and a perfect
pairing

RT(Xoo, it Z(n)) @ RT(Xo, Z' (e — n)) — RT(Xno, Z/(€)) — Z[—2€]
of perfect complexes of abelian groups, for any n € Z.

The following corollaries also follow easily from Theorem 2.1. We state them
in order to justify the notation Ri'_Z(n).

COROLLARY 2.3. There is a trace map
RT(Xo, Rit Z(d)) — Z[—2d — 1]
and a perfect pairing
RT(Xso, i Z(n)) @ RT (Xso, Rit Z(d—n)) — RT(Xso, Ri' Z(d)) — Z[-2d—1]
of perfect complexes of abelian groups, for any n € Z.

COROLLARY 2.4. Assume that X satisfies the assumptions L(Xe,n),
L(Xet,d —n) and AV (X, n) of [8][3.2]. We define

RTw (X,Z(n)) := RHom(RT'w (X, Z(d — n)), Z][—2d — 1]).
Then we have an exact triangle
RT(Xs, Rit Z(n)) — RTw (X, Z(n)) — RTw (X, Z(n)).

2.2 PROOF OF THE DUALITY THEOREM

The proof of Theorem 2.1 relies on the results proven below.

2.2.1 NOTATIONS

We denote by ¢ : X(R) — X the closed immersion and by j : X2 — X the
complementary open immersion, where X3 = X, — X(R). We set X(C)° :=
X(C) — X(R). We denote by

p°: X(C)° — X3,
the quotient map, and by
7° : Sh(Gg, X(C)°) = Sh(X2)

the morphism of topoi induced by m, which is an equivalence since Gg has
no fixed point on X(C)°. If x € X(R) then we denote ¢, : * — X(R) (or
tz + T = Xoo) the inclusion. The complex of sheaves over X, denoted by Z(n)
always refers to i% Z(n).
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We denote by C*(Gg,Z(n)) := RT'(Gg,Z(n)) the cohomology of Gg with co-
efficients in (2i7)"Z, by C*(Gg,Z(n)) := RT(Gg,Z(n)) Tate cohomology, and
by C.(Gr,Z(n)) the homology of Gr with coefficients in (2i7)"Z. We have a
fiber sequence

C.(Gr,Z(n)) — C*(Gr,Z(n)) — C*(Gg, Z(n)).

Recall that, if Z is a locally compact topological space, we denote by Dy :=
Rf'Z the dualizing complex, where f : Z — {*} is the map from Z to the
point.

2.2.2 THE DUALITY MAP

PRrROPOSITION 2.5. For any n € Z, there is a canonical map
i* Z(n) @ 7/ (e — n) — Dx_[~2¢]
in the derived category of abelian sheaves over X .
Proof. Let f be the map from X, to the point. We start with the morphism
i* Z(n) @F Z/ (e — n) — Rm.((2im)"Z) @ Rr,((2im)° " Z) — Rm.((2i7)°Z).

Then the map
Rm.((2im)°Z) — Dx._[—2¢] := f'Z[—2¢]

is given by
RfiRm,((2im)°Z) ~ RT'(Gg, X(C), (2im)°Z) — Z[—2€]
where the last map is

RT (G, X(C), (2i7)°Z) —RT(X(C), (2i7)°Z)
—722RT(X(C), (2in)°Z) — Z[2e].

Note that Rf) = Rf, since X, is compact. O
DEFINITION 2.6. For any n € Z, we consider the morphism
Z(n) — RHom(Z'(e — n), D [—2e]) (6)
induced by the product map above.
2.2.3 THE MAP j*Z(n) — j*RHom(Z'(e — n), Dx__[—2¢])
PropPOSITION 2.7. The canonical map
J*Z(n) — j* RHom(Z'(e — n), D, [—2¢])

is an equivalence.
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Proof. We replace n by e — n. We have

j*RHom(Z'(n),Dx_[—2¢]) =~ RHomgy, xs (j°Z'(n), Dxs [—2¢])
RHomgy, (yo ) (7 (2im)"Z, Dag )[—2e].

12

Similarly, we have j*Z(e — n) = w2(2im)*""Z. So we need to check that the
map
m,(2im)* " Z — RHomgy,(xo (7 (2im)"Z, Dacs, ) [—2e]

is an equivalence. The map p° : X(C)° — X2 is a finite ¢tale Galois cover,
hence p°* is conservative. Hence it is enough to check that

Pl (2im)* " Z — RHomgy, x(c)e)(p” 73 (2im)"Z, D (c)e ) [—2¢€]

is an equivalence. But we have
po* sl (2im)"Z ~ (2im)" Z,
hence one is reduced to observe that
(2im)“""Z — RHomgy, x(c)o) ((2im)"Z, Dx(c)o ) [—2e€]
is an equivalence by Verdier duality on the complex (hence orientable) manifold
X(C)°. O
2.2.4 THE COMPLEX t%Ri'Z(n)
LEMMA 2.8. For any n € Z and any x € X(R), we have a fiber sequence
RT(GRr,Z(n)) = 12 Rj.j*Z(n) — RT'(Ggr,Z(n —e))[—(e — 1)]

and 5 Rj.j*Z(n) is cohomologically concentrated in degrees € [0, e — 1].

Proof. For e = 0, the map j is both a closed and an open immersion hence
X Rj.j*Z(n) = 0. So the result is obvious in that case, hence we may assume
e>1.

Note first that j*Z(n) ~ Rnl((2im)"Z). Let z € X(R) C X(C). For a point
z € X(C) in the neighbourhood of z, we have

z=(a1,b1, - ,ae,b.) €C*= (Rdi-R)°
where o acts as follows
(alv"' 7ae7b17"' abe) — (a'lv"' 7a€7_b1a"' 7_be) ERe@i'Re'

So a basic open neighborhood of z € X(R) in X(C) is of the form B¢ x B®
where B¢ denotes an open ball in R¢, and ¢ acts trivially on the first ball and
by multiplication by —1 on the second ball. We have

X(R)N (B x B) = B x 0
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and a Gr-equivariant homotopy equivalence
X(C)° N (B° x B) = B® x (B° —0) ~ B® x 87! ~ g1
where G acts by its antipodal action on the (e — 1)-sphere S~!. We obtain

(U - X(R),Z(n))
~ colim;epca., RU(Gr,p ' (U — X(R)), Z(n))
RT(GR, S 1, Z(n))

L;Rj*j*Z(n) >~ COlimerc/yw RI'

where G acts both on S¢~! and Z(n) := (2im)"Z. But we have a fiber sequence
in the derived category of Z[Gg]-modules

Z(n) — RT(S 1, Z(n)) — Z(n — e)[—(e — 1)]

where the boundary map Z(n — e))[—(e — 1)] — Z(n)[1] is the non-trivial class
in

Homyq, (Z(n — e))[=(e = 1)}, Z(n)[1])
~ Homgg,(Z,Z(e)le]) ~ H(Gr,%Z(e)) ~ Z/27.

Indeed, it must be the non-trivial class because
RT(Gg, 871, Z(n)) ~ RT(S°" 1 /{%1},Z(n))

is cohomologically concentrated in degrees € [0,e — 1] since S¢~1/{%1} is a
(e — 1)-manifold.

LEMMA 2.9. For any n € Z, we have
RIZ(n) ~ Fib (RF(GR, Z(n — e))[—€] — 7>"RL(Gp, Z(n))) .

Proof. First we assume n > 0, so that (*Z(n) ~ 7<"RT(Gg, Z(n)). Then we
have the following diagram with exact rows and columns:

" RT(Gr, Z(n))[~1] —= 7" RT(GR, Z(n)) — RT(Gg, Z(n))

| | |

VRIZ(n) ———— = 2 7(n) ————> X Rj,j* Z(n)

| | |

RT(Ggr,Z(n —e))[—€] 0 RT(Ggr,Z(n —e))[—(e — 1)]

Now we assume n < 0. By Lemma 2.11, we have an equivalence
1nZ(n) ~ T<_p—2Cy(Gr, Z(n))
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where both sides vanish for n = —1. We obtain the following diagram with
exact rows and columns:
(7" C(Gr, Z(n)))[~1] — < n—2C. (G, Z(n) ——> C* (G, Z(n))

LRI Z(n) 15 Z(n) LiRj.j*Z(n)

| T

C*(Gr, Z(n — e))[—€]

O
PRroroOsSITION 2.10. For n < e, we have
LERIZ(N) =~ (T<e—n—2CW(Gr, Z(n — €)))[—e].
For n > e, we have
LRV Z(n) =~ (TS"°RIT(Gg, Z(n — €)))[—e].
Proof. We have
77" RT(GR, Z(n)) =~ (1" ~“RL(Gr, Z(n — €)))[—¢]
and an equivalence
V“Ri\'Z(n) ~ Fib (RF(GR, Z(n — e)) = 77" °RT(Gg, Z(n — e))) [e].
Hence the result follows from Lemma 2.11 below. O
LEMMA 2.11. For any m > 0, we have an equivalence
7SMRI(Gr, Z(m)) ~ Fib (RF(G]R,Z(m)) = T>me(GR,Z(m))) .
Similarly, for any m < 0, we have
T< —m—2C4(Gr, Z(m)) ~ Fib (RF(GR,Z(m)) — 7™ RT(Gh, Z(m))) .
Proof. The first assertion is obvious. The second equivalence holds for m = —1

since both side vanish. It remains to show that the second equivalence holds
for m < —2. We have the following exact diagram

([ TSmO (G, Z(m))

C.(Gg, Z(m)) ——— C*(Gg, Z(m)) —— C* (Gg, Z(m))
F

(r=mC(Gr, Z(m)))[~1]

| |

— > C*(Gg,Z(m)) —= 7>™mC*(Gr, Z(m))
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hence a cofiber sequence
(<" C(Gr, Z(m)))[~1] = C.(Gg, Z(m)) — F.
In view of the equivalences
(r<7E(Gr, Z(m)))[~1] = T (E (G, Z(m))[1]) = < C. (G, Z(m))
we obtain
F ~ 7™M (Gr, Z(m)) = 7220, (Gr, Z(m)) = T<_m_2C.(Gr, Z(m)).
O

LEMMA 2.12. For any m > 0, we have an equivalence
<RI (G, Z(m)) = Fib (BT (Gz, Z(m)) = 7" RT(Gx, Z(m)) ).
Similarly, for any m <0, we have
e -mCu(Gr, Z(m)) = Fib (RT (G, Z(m)) — 7" RT(G, Z(m)) ) .

Proof. The first assertion is obvious. The second equivalence for m = 0 follows
from the exact sequence

0=H""(Gr,Z) » Ho(G,Z) = H(Gx, Z) ~ H*(Gr,Z) — 0
and the isomorphism H(Gg,Z) = H'(Gg,Z) for i > 0.
It remains to show that the second equivalence holds for m < —1. We have the
following exact diagram

(7<mC(Gr, Z(m)))[1] 7<mC* (G, Z(m))

| T

Ci(Gr, Z(m)) ——— C*(Gr, Z(m)) C*(Gr, Z(m))

| | |

F— > C*(Gr,Z(m)) —= 72mC*(Gg, Z(m))

hence a cofiber sequence
(7<"C(Gr, Z(m)))[~1] = C.(Gg, Z(m)) — F.
In view of the equivalences
(1< C(Gr, Z(m)))[-1] = 7= (C(GR, Z(m))[-1]) ~ 7" C. (G, Z(m))
we obtain
F ~ 72O (Gr, Z(m)) = T< —m-1C(Gr, Z(m)) ~ T< _,Ci(Gr, Z(m))

since

H_p(Gr, Z(m)) = H™ (G, Z(m)) = 0.
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2.2.5 THE cCOMPLEX Rit'RHom(Z'(e —n), D [—2¢])

[_

We denote by f: X(R) — {*} the map from X (R) to the point and we denote
by wx () the orientation sheaf on the e-manifold X'(R). We have

D) = f'Z ~ wxmle].
ProroOSITION 2.13. For e —n > 0 we have
RJ'RHom(Z' (e — n), D, [2¢]) ~ f*(T<c—n—2Cs(Gr, Z(e — n))) @ wr(w)[—e].
Proof. Using Lemma 2.12 and Lemma 2.15, we obtain
R/'RHom(Z/ (e — n), Dx_ )[—2€]
RHom(:"Z'(e — n), Dx(r))[—2¢]
~ RHom(f*r<°""RI(Gg,Z(e —n)), Dy (w))[—2¢]
f'RHom(7<¢""RT(Gg, Z(e — n)), Z)[—2¢]
~ f'RHom(r=¢"""2RI(Gg,Z(e —n)),Z)[—2¢]
f!(Tge—n—2C* (G]Ra Z(e - n)))[—Qe]
~ f* (Tge,n,QC*(G]R, Z(e — TL))) ®L WX (R) [—6].

1

1

1

PRroPOSITION 2.14. For e —n < 0 we have
R RHom(Z' (e — n), Dx_[~2¢]) ~ f* (=" “RT(Gr, Z(n — €))) @ wam[—el.
Proof. Using Lemma 2.12 and Lemma 2.15, we obtain
R/'RHom(Z' (e — n), Dx.)[—2e]

~ RHom(/*Z'(e —n), Dxr))[—2€]

~ RHom(f*7<,—Ci(Gr,Z(e —n)), Dx(r))[—2¢]
f'RHom(7<,,_.C.(Gg, Z(e — n)), Z)[—2e]
f’(TSn*eRF(GR, Z(n —e)))[—2€]
fH(rS"TCRT(Gr, Z(n — ¢))) @ wym[—e].

12

R

LEMMA 2.15. For any n € 7Z, the pairing
C.(Gr, Z(—n)) @7 C*(Gr. Z(n)) = C.(Gr, Z(0)) — Z[0]
induces a perfect pairing
7<nCx(Gr, Z(—n)) @7 T="C*(Gr, Z(n)) — Z[0]

of perfect complexes of abelian groups.
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Proof. The result is trivial for n < 0 and clear for n = 0. So we assume n > 0.
The pairing induces an equivalence
C*(Gg,Z(n)) - RHom(C\(Gr, Z(—n)),Z)
hence it is enough to observe that
75" RHom(C, (G, Z(—n)), Z) ~ RHom(7<,C\(Gr, Z(—n)), Z).
For any cohomological complex A*, we have a short exact sequence
0 — Ext(H "' (A4%),Z) — H'(RHom(A*,Z)) — Hom(H *(A*),Z) — 0.
We obtain
H'(RHom(7<,C«(Gr, Z(—n)),Z)) = H (RHom(C.(Gg, Z(—n)), Z))

for i < n and i > n+ 1. Since we have H,(Ggr,Z(—n)) = 0 for any n > 0, we
get
H""(RHom(7<,,Cs(Gr, Z(—n)),Z)) = 0.

REMARK 2.16. For n > 0, we have H,(Gr,Z(—n)) = 0 hence
TSnC*(G]R7Z(—n)) >~ T<nC*(GR7Z(—7’L)).

2.2.6 THE MAP Ri'Z(n) — Ri'RHom(Z'(e — n), Dx._[—2¢])
ProrosiTION 2.17. The map

R('Z(n) — R/'RHom(Z' (e — n), Dx_[—2¢])
is an equivalence.
Proof. For e —n > 0 and any z € X(R), the map

iR Z(n) — 1R/ RHom(Z' (e — n), D [—2€])
can be identified with the identity
Teemn-2Cu(Gry I — n))[~€] = Te—n-2C.(Gr, Zle — n))[~c]

by Prop. 2.10 and Prop. 2.13.
For e —n < 0 and any € X(R), the map

2RI Z(n) — 1R/ RHom(Z' (e — n), D [—2¢])
can be identified with the identity
TSP ¢RI(GR, Z(n — €))[—e] = 7" °RT(Gg, Z(n — €))[—¢]

by Prop. 2.10 and Prop. 2.14.
The result follows since the family of functors {¢%,2 € X'(R)} is conservative.
O
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2.3 COMPARISON WITH RI'(X(C),Z(n))
Recall that we define Gr-equivariant sheaves
Z(n) == (2im)"Z C Q(n) := (2im)"Q C R(n) := (2in)"R C C

on X(C). We abbreviate C* := RHom(C, Q) for a complex of Q-vector spaces
C and let C* be the image of the idempotent (o + 1)/2 if C carries a Gg =
{1, 0 }-action. Recall that

RTw (Xoo, Z(n)) := BRI (X, il Z(n))
and that % Z(n) ® Q = m,.Q(n) & Rm.Q(n) in Sh(X.). We therefore have

isomorphisms
RTw (X, Z(n))g ~RT(Xs, Rm.Q(n))
~RT(Gr; X(C),Q(n)) ~ RL(X(C),Q(n))*
and combining this with Poincaré duality
RT(X(C),Q(r)) ® RD(X(C),Q(e — 1)) = RI(X(C),Qe)) = Q[-2¢] (7)
on the 2e-manifold X' (C) we obtain an isomorphism
RTw (Xoo, Z(d — ) = RT(X(C),Q(d — n))"" =~ RT(X(C),Q(n — 1))*[-2¢]

using e = d — 1. There is also a tautological isomorphism 7 induced by multi-
plication by 27 in the sense that the diagram

RI(X(C),Q(n — 1))t —— RI'(X(C),C)
NlT Nl-Qﬂ’i (8)
RT'(X(C),Q(n))- —— RI(X(C),C)
commutes. Combining the previous isomorphisms we obtain an isomorphism
(detz RTw (Xoo, Z(n)) @ dety ' RTw (Xoo, Z(d — 1))
~ detg (RD(X(C), Q(n))* @ RT(X(C),Q(n — 1))") (9)
=~ detq (RI(X(C),Q(n))" @ RI(X(C),Q(n))")
~ detgRT'(X(C),Q(n))
~ (detzRT'(X(C),Z(n)))g
which we denote by Ap.

COROLLARY 2.18. We have

A5 (detz RTw (Xoo, Z(n)) @ det; ' RTw (Xoo, Z(d — 1))
= detz RT(X(C), Z(n)) ® det} V" RT(X(R), Z/2Z).
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Proof. We write Gg = {1,0}. We have an exact sequence of Z[Gg]-modules

0=7Z-(60—-1)=Z[Gr] >Z =0
where € is the augmentation map. We have an isomorphism of Z[Gg]-modules
(0 = 1) - Z ~ (2im)Z which maps (o — 1) to (2im). We write Z(n) := (2i7)"Z,
so that we have an exact sequence of Z[Gr]-modules

0— Z(1) = Z[Gr] > Z — 0. (10)

We denote by

p : Sh(Gg, X(C)) — Sh(Gr, ¥)
the morphism of topoi induced by the equivariant continuous map p : X'(C) —
Xoo, where Ggr acts trivially on X.. The category of abelian sheaves on
Sh(Gr, X ) is equivalent to the category of sheaves of Z[Gr]-modules over
Xoo. For any sheaf F of Z|Ggr]-modules over Xo, and any Z[Gr]-module M,

we define
RHomgy, ¢, x..) (M, F)

where M is seen as a constant sheaf of Z[Ggr]-modules over X,,. We have
Rm.Z(n) ~ RHomgy, ¢, x.)(Z, Rp<Z(n)).

Moreover the functor

Ab(GR,Xm) — Ab(GR,XOO)
F — F(1):=F ®z2Z(1)

is an equivalence of abelian categories with quasi-inverse (—) ®z Z(—1). In
particular we have

Rm.Z(n—1) ~ RHomgyq, x.)(Z, Rp.Z(n —1))
RHomg, g 1.y (Z(1), (Bp.Z(n — 1))(1))
RHomgy, ¢, vy (Z(1), Rp.Z(n)).

1

1

Finally, we have
p«Z(n) ~ Rp.Z(n) ~ RHomgy, ¢, x._)(Z[Gr], Rp.Z(n)).
Therefore, (10) induces an exact triangle
Rm.Z(n) — Rp.Z(n) — Rm,Z(n — 1)

and an exact diagram:

Rp.Z(n) ———i* . Z(n — 1) ix Z(n)[1]

| l |

Rp.Z(n) —— Rm,Z(n — 1) ———— Rm.Z(n)[1]

| | |

0—— 7" 1R%,Z(n — 1) — (" R7.Z(n))[1]
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In particular, there is an exact triangle
ir Z(n) = Rp.Z(n) — i5. Z(n —1)

hence
RT'(Xy,Z(n)) — RT(X(C),Z(n)) = RI( X, Z(n — 1)). (11)

Moreover, we have the duality equivalence
RI(Xo,Z(d — n)) = RHom(RI (Xoo,Z' (n — 1)), Z][—2€]). (12)
Finally, we have the following exact diagram
1) 2L x (r)[—1] ———Z/(n — 1) 5 Z(n—1)

| | |

0 Rm.Z(n—1) Rrm.Z(n—1)

| | |

)20y -1 + 1] — 72" 'R, Z(n — 1) —— 7" "' R7, Z(n — 1)

where Z/2Zx ) is the constant sheaf Z/27 on X' (R), hence an exact triangle
RT(X(R),Z/2Z)[—n] = RT (X, Z'(n — 1)) = BRI (X, Z(n —1)).  (13)

Then (11), (12) and (13) induce the following canonical isomorphisms:

R

)
detzRT' (X, Z(n)) @ dety ' RT(Xao, Z(d — 1))

~ detz RT(Xoo, Z(n)) @ detz RT (X0, Z/ (n — 1))
detz RT (X, Z(n)) ® detz RT (Xoo, Z(n — 1)) @ detz RT(X(R), Z/2Z)[—n]
detzRT'(X(C),Z(n)) ® detz RT'(X (R), Z/27Z)[—n]

~ detzRT(X(C), Z(n)) ® det, V" RT(X(R), Z/2Z).

1

We now introduce some notation: we set
de(X,n) = (~1)'dimgH"(X(C),Q(n))"
i€Z

and
d_(X,n):=Y (~1)'dimgH"(X(C),Q(n))".
1€EZL
If Z is a manifold and F' a field, we set
X(Z,F):=) (-1)'dimpH'(Z,F).

1€Z
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DEFINITION 2.19. For a perfect complex of abelian groups C with finite coho-
mology groups we denote by

() = [[ 1)V

i€Z
its multiplicative Fuler characteristic.

PROPOSITION 2.20. We have

X (RT(X(R), Z/2Z)[—n]) = 2%+ X m)=d-(X.n)

Proof. We have
di(X,n)=d_(X,n—-1)=d(X,n—2)

hence
d+(X,n) = (=1)" - d(X,0).

We obtain
9l (X,m)=d—(X.m) _ (94 (¥,0)=d—(X,0)y(~1)"

Similarly, we have
V(BT (X(R), Z/22)[n]) = " (RT(X (R), Z,/22)) V)"

hence it is enough to show the result for n = 0. In view of Lemma 2.21 and
Lemma 2.22, we have

d.(X,0) — d_(X,0)

> (—1)"- (dimgH'(X(C), Q)" — dimgH'(X(C),Q) ")

1€Z

= Z(—l)" -Tr (o | H(X(C),Q))
= x(X(R),Q)
= X(X(R),Fy).

Hence the result follows from
XX (RU(X(R), Z/2Z)) = 2X(X ®)F2)
O

LEMMA 2.21. Let Y be a compact orientable manifold with an involution o
whose fized points form a closed submanifold Z. Then we have

> (1) Tr (o | H(Y,Q)) = x(Z,Q).

1€Z
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Proof. Let Gg := {1,0}. If C is a perfect complex of Q-vector spaces with
Gr-action, we set

Tr(o|C) =) (-1)'-Tr (o | H'(C)).

i€Z
Let Y° :=Y — Z. The exact triangle
RT.(Y°,Q) — RT'(Y,Q) — RI'(Z,Q)
gives

Tr(o | RI(Y,Q)) = Tr(o|RL(Y®,Q))+Tr(o | RI(Z,Q))
Tr(o | RC.(Y?, Q) + x(Z,Q)

since o acts trivially on Z hence on RI'(Z,Q). Therefore the result follows
from

Tr(o | RL(Y®,Q)) = Y (-1)"-Tr(o | H(Y",Q))

i€EZL

= S (-1 Tr(o| H(Y°,Q))
i€Z

= Y (-1 Te (o | HZH(YS,Q)
1€ZL

= (DY) T (0| H(Y®,Q)

€L
= 0.

where we use Poincaré duality and the Lefschetz fixed point theorem. Here
d = dim(Y). O

LEMMA 2.22. Let Z be a topological space which is homotopy equivalent to a
finite CW -complex. Then we have

X(Z7F) = X(Z7F/)
for any pair of fields F, F".

Proof. The complex RI'(Z,Z) is quasi-isomorphic to a strictly perfect complex
of abelian groups C* and we have

> (—1)rank;C* =Y (—1)'dimp(C* @7 F)

i€Z, i€z
= (-1)'dimpH'(C* ®z F) = x(Z,F)
i€Z
for any field F'. The result follows. O
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Combining Corollary 2.18 with Prop. 2.20 we obtain.
PRrOPOSITION 2.23. We have
Mg (detz RTw (Xoo, Z(n)) ® det; ' RTw (Xoo, Z(d — 1))
= detz RT(X(C), Z(n)) - 2¢- (X —d+(Xn)

Proof. Note that if C' is as in Definition 2.19 then
detzC =7Z - x*(C)™*
under the canonical isomorphism
detgCp = Q
arising from the acyclicity of Cg. O

3 DUALITY FOR DERIVED DE RHAM COHOMOLOGY AND THE BLOCH CON-
DUCTOR

In this section X is a regular scheme of dimension d, proper and flat over
Spec(Z). We denote by
Lx 7, = Qxz[0] (14)

the cotangent complex of X' over Z, a perfect complex of O y-modules cohomo-
logically concentrated in degree 0. For any r € Z we let

LA™ Layz = LA Qu (0]
be the r-th derived exterior power of Ly 7 [13][4.2.2.6] which is again a perfect
complex of Ox-modules. By definition L A" Ly;z = 0 for r <0 but LA" Ly/z
is in general nonzero for r > d — 1 = ranko,, Qx/z.

3.1 COHERENT DUALITY FOR L A" Ly/z

This subsection is a review of material from [23], [15] and [24] in the context
of our global arithmetic scheme X. The key result is Thm. 3.3 which is an
immediate translation of [24][Cor. 4.9] to our context.

LEMMA 3.1. There is a canonical map
LA Lyyz — detoyLxjz 2wz (15)
where wy 7 s the relative dualizing sheaf. Hence we get induced maps
LA Lyz ®"LA"""" Lyjz = LAY Ly = waz

and
L A" Ly — RHom(L A" Ly z,wx/7) (16)

in the derived category of coherent sheaves on X.
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Proof. The multiplicative structure on derived exterior powers will be briefly
recalled in the proof of Prop. 3.5 below, so it remains to show the existence of
(15). Assume first there is a closed embedding 7 : X — P of X into a smooth
Z-scheme P with ideal sheaf Z. The exact sequence of coherent sheaves on X

0— I/IQ — i*QP/Z — Qx/z —0

can be viewed as a realization of (14) as a strictly perfect complex since Z/Z>
and i*Qp/z are locally free of ranks n — d + 1 and n, respectively, where n is
the relative dimension of P over Z. The natural map

A1 7 @ APTHHT/T?) = A Qpyg
has adjoint
N sz = Hom (A"~ YT /T?), A"i*Qp)z) =: Wi/z
and combined with the natural map
LA Lyyz = HUL AT Lyyz) 2 A Q)

we obtain a morphism (15)F depending on i : X — P. If i’ : X — P’ is another
embedding into a smooth Z-scheme P’ an isomorphism

PP, P ~ P’

was constructed in [2][A.2] which satisfies the usual cocycle condition in the
presence of a third embedding i”. Since embeddings into smooth schemes al-
ways exist Zariski locally on X the cocycle condition implies that one can define
wy z by glueing the locally defined wf; /7 It remains to show that likewise the
locally obtained maps (15)” glue to a global map (15). By considering the
fibre product P" := P Xgpec(z) P’ the construction of eP"*P can be reduced to
the case where there exists a smooth morphism u : P’ — P over Spec(Z) and
under X. Namely one defines

6P’,P — 6P”,P’ (q')_l o 6P”,P(q)

where ¢ : P” — P’ and q : P” — P are the projections and

’ ~ ’
PP () - w;/Z - ‘*J;/Z

depends on u. More precisely, €' F (u) is defined by the commutative diagram
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with exact rows and columns

0 0

l l

0 —— ZI/I? —— *Qpyg — Qxyz —— 0

l l H

0 —— I'/(T')? —— "*QUpjyg —— Qxyg —— 0

l l

i"Qpryp =———= "Qp//p
| |
0 0

where the columns are the transitivity triangles of the cotangent complex for
u u

X — P' = P and P’ — P — Spec(Z), respectively, and we refer to [2][(A.2.2)]
for the precise sign conventions. The above commutative diagram induces a
commutative diagram

/\d_lgx/z Em— W§/Z

I }"’*P(w
/\d_IQ_)(/Z E— W§//Z,

so that (15)F is indeed compatible with the isomorphisms e” ¥ (u) and there-

fore also with the isomorphisms €. O

DEFINITION 3.2. The Bloch conductor of the arithmetic scheme X is the pos-
itive integer
A(X) =[]0
P
where the product is over all prime numbers p, d, := deg Cc)l(,pr (Qx/z) €Z and

Cd)fxwp (Qx/z) € CHo(X,)

is a localized Chern class introduced in [4].

The Bloch conductor was introduced in [4] and further studied in
[5],[23],[15],[24]. The deepest result about the Bloch conductor is its equality
with the Artin conductor, defined in terms of the l-adic cohomology of X, in
certain cases. This equality was proven for d = 2 in [4] and if X has everywhere
semistable reduction in [15]. For general regular X it is conjectured but still
open. The equality of the Bloch and the Artin conductor is important for es-
tablishing cases of Conjecture 1.3 via the Langlands correspondence but plays
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no role in this section. Here we only review the (slightly) more elementary
results of [23] and [24] about A(X’). Also note that our normalization of A(X)
is different from these references so that A(X) equals the Artin conductor
rather than its inverse.

The following theorem was proven by T. Saito in [24][Cor. 4.9]. The case d = 2,
r = 1is due to Bloch [5][Thm. 2.3] and the case r > d —1 can already be found
in T. Saito’s earlier article [23]. We give some details of Saito’s proof since the
exposition in [24] is rather short.

THEOREM 3.3. For any r € Z let C;/Z be the mapping cone of (16), a perfect
complex of Ox-modules. Then RT(X, C;(/Z) has finite cohomology and

X*RI(X,Cljz) = AX)Y

where x™ 1is the multiplicative Euler characteristic (see Definition 2.19).

Proof. First note that over the open subset X*™ C X where X — Spec(Z) is
smooth the complex LA" Ly /7 is concentrated in degree 0 with cohomology the
locally free sheaf QTXSM/Z = AN"Qxsm;z. The map (15) is also an isomorphism

over X*™. Hence, by linear algebra, the map (16) is an isomorphism over X' ™
and C7% ; is supported in X'\ X*™. Since Xy — Spec(Q) is smooth &X'\ A=
is contained in a finite union of closed fibres Ar, . By [15|[Lemma 5.1.1] any
point z € X \ X*™ has a Zariski open neighborhood U C X such that there
exists a closed embedding

U—P

where P — Spec(Z) is smooth of relative dimension d. The exact sequence
O_>NU/P—>QP/Z Rop OU—)QU/Z—)O (17)

then shows that {0y /7 can be locally generated by d sections and that Ny Yo/
is locally monogenic. Following [15][Lemma 5.1.3] let

12— X

be the closed subscheme with support X \ X*™ [15][Lemma 3.1.2] defined by
the ideal sheaf
Ann /\d Qx/z

Then i* A¢ Qx/z is an invertible Oz-module by definition and hence i*Qyx /7
is locally free of rank d, as the d generating sections have no relation on Z. It
follows that

Li*Quxzlu = (NU/P ®0y Ovnz = Qp/z @op OUﬂZ)

and hence that
£ = Lll*Qx/Z

is an invertible Oz-module.

DOCUMENTA MATHEMATICA 26 (2021) 1633-1677



1658 M. FrAcH, B. MORIN

LEMMA 3.4. The coherent sheaves Hi(Cg(/Z) are Oz-modules and there are
canonical isomorphisms

L®o, H'(Cy/z) = H™HCYL) (18)
for any i,r € 7.

Proof. We follow the proof of [23][Prop. 1.7] where the case r > d—1 is treated,
see also [15]|Lemma 2.4.2]. Recall that

Ly zlu = Quz[0]

is represented by the strictly perfect complex (17) where the conormal bundle
Ny := Ny, p is invertible and Ey := Qp,y ®o, Oy is a vector bundle of rank
d. For r > 0 we have isomorphisms

LA™ Lyjglo =L A" (NU LN EU)
=" Ny — FTﬁlNU ® Ey — FTﬁQNU ® /\2EU — - > N"Ey
NG NF' @ Ey = N3 2@ AN*Ey — - — A"Ey (19)

where I'¥ denotes the divided power functor and Ny = Nf]@i since Ny is
invertible. The differential is given by

P @rey € NG '@Ny@A "By — 2’ ®@v(z)Ay € N§'oA" By (20)

on local sections. This computation of the derived exterior powers of a strictly
perfect two-term complex goes back to Illusie [13][4.3.1.3] and is also recalled
in [15][1.2.7.2]. From this description it is clear that there is an identity of
complexes

Ny @ LN (Ny 2 Bu) = ('L A (N % Bu) ) [-1] (21
where 0<0 refers to the naive truncation. Similarly we find
RHom(L A" Ly /7w z)|o = Hom(L A1 (NU LN EU) Ky
~Hom(A* ' "Ey, Ky) = -+ — Hom(NF @ A" Ey  Ky) — -+ (22)

where
Ky = Ngl & /\dEU = wX/Z|U.

Using the canonical isomorphism

Ny @ Hom(N$' @ A" By, Kyy)
~ Hom(NF' ™' @ AT 1= -0V, Ky)  (23)
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we find a canonical isomorphism of complexes

07Ny ® Hom(L A1 (NU R EU) , Ky)
>~ Hom(L A41-(r+1) (NU = EU> Ku)[=1]. (24)

The complex C% /Z‘U is obtained by splicing together (19) placed in degrees
< —1 with (22) placed in degrees > 0 via the map

¢r : A\"Ey — Hom(AY™1 " Ey, Kyy) = Hom(Ny @ A" By, AYEY)
dual to
AEy @ Ny @ N1 "Ey - AEy; y@z @y — o) AyAy.
Denoting by % the canonical isomorphism
¥ : N By = Hom (AT Ey, AEy) = Ny @ Hom(A ™" Ey, Ky)

we have a commutative diagram

Ny ® A"Ey —_— Nu @ A" Ey
(QO)l id ®¢rl
AR, % Ny ® Hom(A4 "By, Kyy) (25)
¢r+1l J«

Hom(A*2"Ey, Kiy) 2 Ny @ Hom(Ny ® A“2~"Ey, Kyy)

as one verifies easily on local sections. Combining (21), (24) and (25) we obtain
a canonical isomorphism

Ny @ Cyjzlu 2 C5plul-1). (26)
As in [23][(1.6.1)] one has an isomorphism

C;l;/%U = Ky ® Kos(Ef; ® Ny m) N{; @ Ny = Op)
where Kos(P — A) denotes the Koszul algebra associated to a A-module ho-
momorphism P — A where P is finitely generated projective over A. Using
the fact that H'(Kos(P — A)) is a module over the ring H°(Kos(P — A))

[26][15.28.6] one deduces that all coherent sheaves ’Hi(C’i_/%U) are modules

over H(Kos) = Opynz. Using (26) and the fact that Ny is invertible we de-
duce that all coherent sheaves H'(C% /Z|U) are modules over Opnyz, and an
isomorphism

(£ 80, H(Chy2)) v = HHCH DI (27)
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whose construction a priori depends on the choice of U — P. However, as in
the proof of [23][(1.7.2)] one shows that for a different embedding U — P/,
leading to a different strictly perfect resolution Ny, — Ep; of Ly ,z|u, one has
a quasi-isomorphism

g: (N}, = E;) = (Ny — Ey)
unique up to homotopy, inducing quasi-isomorphisms
g : LN (N}, = E};) > LA" (Ny — Ey)

for all r, unique up to homotopy, which commute with the isomorphisms (21),
(24) and (25). Hence (27) is in fact independent of the choice of U — P
which also implies that the local isomorphisms (27) glue to the global isomor-
phism (18). O

Since X — Spec(Z) is proper and C’)"(/Z is a perfect complex complex of O -

modules RT'(X,C%, /Z) is a perfect complex of abelian groups. It has a finite
filtration with subquotients

RU(X,H'(Cl ) =i]) = RU(Z, H (C ) [—i])

which are perfect complexes of abelian groups with torsion cohomology, as Z is
supported in a finite union of closed fibres Ax,. Hence RI'(X,C%, /Z) has finite

cohomology. We can view x> as a homomorphism
X1 G(Z) = Ko(Z;Q) 2 Q%>  [F]+— [RT(Z,F))

where G(Z) is the Grothendieck group of the category of coherent sheaves
on Z and Ky(Z;Q) is the Grothendieck group of the category of finite abelian
groups (which is also the relative Ky for the ring homomorphism Z — Q). By
[15][Lemma 5.1.3.3] one has [L ®p, F| = [F| in G(Z) for any coherent sheaf F
on Z. Hence (18) implies

X RU(Z,H'(Cl 5)) = X RU(Z,H 71 (CREL))

and therefore

X*RL(X,C% j7) = X\ *RD(X, Cyf) ™

for any r € Z. On the other hand we have
XSRI(X, C% ) = X “RI(X, LAY Ly jz[1]) = A(X) D"
by [23][Prop. 2.3]. This finishes the proof of the theorem. O
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3.2 DUALITY FOR DERIVED DE RHAM COHOMOLOGY
Denote by
e BTV S BT o S RTGR(X)Z)=F ' =F ' =...

the Hodge filtration of (Hodge completed) derived de Rham cohomology and
by F™/F™ the mapping cone of F™ — F™ for m > n. Since

F7JF™ = RO(X, L A" Ly~ (28)

is a perfect complex of abelian groups, so are all F/F™ for m > n. Denote
by C* = RHom(C,Z) the Z-dual of a perfect complex of abelian groups.

PROPOSITION 3.5. a) For n < d there is a (Poincaré) duality map
€n: F"/F? — (RT4r(X/Z)/F4)* [-2d + 2] (29)

tistui
satisfying ‘o pyin
X Cone(e,) = A(X)“™™. (30)

b) In particular, the discriminant of the Poincaré duality pairing
RTar(X/Z)/F? ©F RU4r(X/Z)/F* = Z[-2d + 2] (31)
has absolute value A(X)?.

REMARK 3.6. For d = 1 we have X = Spec(Or) and A(X) = |Dp|, and b)
reduces to the fact that the trace pairing

OFXOF%Z; (a,b)»—>Tr(ab)

has discriminant Dp. For d = 2 it was shown by Bloch in [5][Thm. 2] that the
Poincaré duality pairing on the complex

RU(X,0x — Qx/z) = RT4r(X/Z)/F?

has discriminant +A(X)%. For d > 3 it seems harder to describe the complex
RT4r(X/Z)/F¢ more explicitly.

REMARK 3.7. If P is a perfect complex of abelian groups and P @L P — 7[26]
is a pairing which induces an isogeny ¢ : P — P*[26] in the sense that Cone(¢)
has finite cohomology groups, we obtain isomorphisms

dety P* ~ detz P ®y dety Cone(¢)

and
detzP ® dety P ~ det, ' Cone(¢)

and hence a duality pairing on determinants
(-,-) : detgPp ® detgPg ~ Q.
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The discriminant of the pairing is (b,b) € Q where b is a Z-basis of detzP.
Since

(=b,—b) = (=1)*(b,b) = (b,b)

the discriminant is a well-defined rational number (of absolute wvalue

X Cone(9) ).

Proof. Poincaré duality for algebraic de Rham cohomology of Xip/Q is discussed
in [26][Prop. 50.20.4]. It turns out that one can lift the construction of the cup
product pairing in loc. cit. to the derived de Rham complex on X’ since we
are truncating by F'?. More precisely, choose a simplicial resolution Py, — Oy
in Xz, where P; is a free Z-algebra in Xz, and denote by QEZ.’%] the complex
(of simplicial modules)

7113./2 — QZL./Z

in degrees [n,m], zero for n > m, where the differential is the de Rham differ-
ential. Define a complex of sheaves of abelian groups on Xz,

LQ[n,m] — Tot* Q[n,m],N

X/7 P, /Z
so that
LA™ Ly z[-n] = LQ[;’/%]; RU4r(X/Z)/F" = RT'(X, LQ[;gnyz_l])'

Here and in the following we denote by M~ the (n-tuple) chain complex associ-
ated to a (n-tuple) simplicial module M, [13][1.1] and we decorate the (partial)
totalization of an n-tuple complex with the indices that are contracted into
one. We use the convention that totalization of an upper and a lower index
leads to an upper index. As in [26][50.4.0.1] the wedge product on differential
forms induces a map of bicomplexes

~

Tot™* Totas 257, @z Q7 = Tot™ Tota.s (Q}. 12 @z, /Z)
7, Tot** (A (Q}. 12 ®z U, /Z))

— (Tot*’* A (9}./2 ®z Q73-/2))

U, %~ [0,d—1],~
—>Q}./Z — QP./Z

~

~

where o is induced by shuffle map Tote e (Me ® No)™ — (A (Me ® N,))~ of
[13][(1.2.2.1)] and A denotes the diagonal simplicial object of a bisimplicial
object. Since we have truncated to degrees < d — 1 the above pairing factors
through a pairing

Tot™* Tote o Q) 1 @7 Q10 — @
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and hence we obtain a pairing

[0,d—1-n],~
P, /7

~ Tot™* Tot, Tot, Qﬁ77271]7~ Rz Q[Pgﬁzlin]w

Loyt o Lol =Tot™ Tot; Q1 @z Toty 0

[0,d—1—n],~

~ ok [n7d_1]7’\’
fTOt.y. QP./Z KRz QP./Z

[0,d—1—n],~

,d—1],~
Z Qz QP./Z

~ Tot, Tot™" Tote e QE?./

— Toty Q5,1 = Lol

and an induced pairing on cohomology

RO(x, L) @k RO(x, LOY ) —— RO(X, L0 Y)

| I
F"/Fe @k RDyp(X/Z)/Fi—n —— RU4r(X/2)/F".

LEMMA 3.8. One has Hi(X,LQ[;’/dZA]) = 0 fori > 2d — 2. Moreover, the
natural map
_ _ - d—
H*2(X, LAY Ly jg[—d + 1)) —» H*=2(x, L7 Y)
induces an isomorphism
g H* 72X, LAY Ly jg[—d + 1)) /tor = H*72(x, LQ[)S’/dZ_”) /tor

and therefore a trace map

RO(x, LOY ) [2d — 2] — H22(x, LOL 1) ftor £
)

H2=2(X LA Ly g [—d+1]) Jtor L2255 H272(X wy p[—d+1]) Jtor = Z
(32)

Proof. We first remark that H(X,F) = 0 for i > d and any coherent sheaf F
on X. Indeed, this is clear for i > d since the cohomological dimension of Xz,
is d. Duality for f : X — Spec(Z)

RHomgz(Rf.F,Z) = RHomy (F,wy/zld — 1])
evaluated in degree —d
Homy(H*(X,F),Z) 2 H 'RHomy (F,wx/z) =0
shows that H?(X,F) is torsion. Evaluation in degree —d + 1

0 — Ext"(HY(X,F),Z) — Homuy (F,wx/z) — Homz(H* 1 (X,F),Z) — 0

DOCUMENTA MATHEMATICA 26 (2021) 1633-1677



1664 M. FrAcH, B. MORIN

shows that HY(X, F) = 0 since wy/z is a line bundle, f is flat, and therefore
Homy (F,wx/z) is torsion free.

Since L A" Ly z is an object of the derived category of coherent sheaves con-
centrated in degrees < 0 we also have H'(X,L A" Lx/z) = 0 for i > d. The
exact triangle

RT(X,L A" Lyz)[~r]) — RT(X, LQ[;“/’“Z]) — RI(X, LQ[;("/’;”) -

and an easy induction then show that Hi(X,LQ[;’/’;]) =0fori>d+m. In

particular, the map

H2 72X, LAY Ly jp[—d +1]) — H¥ (X, LQ[A?’;Z”)

is surjective and an isomorphism after tensoring with @ (see the proof of
[26][Prop. 50.20.4]), hence induces an isomorphism

g: H*72(X, L A" Ly jg[—d + 1)) /tor 2 H*4=2(x, LOY7TY) ftor.

O

We now prove (30) by downward induction on n starting with the trivial case
n = d. The induction step is provided by the diagram with exact rows and
columns

Frtljpd i (RO pden=1y¢ 90 4 9] ——»  Cone(epiq)

! | !

Fr/pd s (FO/FI7)*[-2d+2] — Cone(e,,)
Fr/Frt —— (FOnt P =2d + 2] —— RT(X,C% ,)[-n]

where the bottom exact triangle is RT'(X, —)[—n] applied to (16) in view of
(28) and coherent sheaf duality for f: X — Spec(Z):

(Fa=n=1/pd=ny*[_2d + 2]
~RHom(Rf(L A" Ly/z)[—d+ 1+ n],Z)[~2d + 2]
~RHomx(L A" Ly jz[—d + 1+ n],wxz)[—d + 1]
~RT(X, RHom y (LAY 1" Ly jz,wx/z))[—n].

By Theorem 3.3 we have
X" (Cone(en)) = x™* (Cone(eny)) - A(X)
which gives x* (Cone(e,,)) = A(X)?™™ by induction. O
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For any n € Z we have an exact triangle on the generic fibre X = &gy
F" — RT4r(X/Q) — RLar(X/Q)/F" (33)

and we also have a duality isomorphism (29)g for any n € Z since F* = F¢ =0
on the generic fibre for n > d.

COROLLARY 3.9. Let n € Z and denote by A\gr the isomorphism
(det; ' RT4r(X/Z)/F" @ detz RTar(X /Z)/F*~")
~ dety' RT4p(X/Q)/F" @ detgRL4r(X/Q)/FO"
2% detg! RU4r(X/Q)/F" © detg F"
%) det3' RT4n(X/Q)
~ (det' RUar(X/Z)/F?),.

Then

Aar (det; ' RT4p(X/Z)/F™ @ detz RTqr(X/Z)/F*~™)
=A(X)4" . det; ' RTyp(X/Z)/F.

Proof. For n < d this is clear from Prop. 3.5 and the fact that (33) is the scalar
extension to Q of the exact triangle

F"/F® — RU4r(X/Z)/F* — RT 4r(X/Z)/F™.
For n > d we have RTyr(X/Z)/F? ™ = 0 and an exact triangle

FY/F" — RU4r(X/Z)/F" — RT4r(X/Z)/F?

where
V() =[] x* (RO(X, L AT Lgsal 1))
r=d
=TI v (AU, G pul—r — 1)
r=d
=A(X)4"

by (28) and Theorem 3.3. Hence
det, ' RUgr(X/Z)/F™ = A(X)?™" - det, ' RUqr(X /7)) F?
inside detg' RT 4r(X/Q). O
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4 THE ARCHIMEDEAN EULER FACTOR
Following [22], for any pure R-Hodge structure M over R of weight w(M) we
define

hj(M) = dim F7 )i+t = pdw M =3(pr)

d+ (M) = dimg M=+

(M) = Y by (M) = w(M) - dimg M _ w(det(M))

2 2

Lo(Ms)= J]  Tes=p"™" [[ Talts—p)" Trs—p+1)"

p<g:=w(M)—p p="20
where
Tr(s) = n*/?I(s/2); Tc(s) = 2(2m)"°I(s).

Note that the factorization of Ly, (M, s) corresponds to the decomposition of M
into simple R-Hodge structures over R. Also recall the leading coefficient of
the I'-function at j € Z

I(j) = {(_1)j/(_j)! i<0 (34)

LEMMA 4.1. (see also [22][4.3.2, Lemme C.3.7]) For any pure R-Hodge struc-
ture M over R one has
L5, (M, 0)

— 490+ (M)—d_ (M) (9 \d— (M)+tu (M) I (— )k (M)
Lx_(M*(1),0) (2m) H (—J)

J

Proof. The functional equation of the I'-function

I(s)[(1—s) = e (35)
implies
Pe(9)lc(l =) = st Ta(l+s)Ta(1 —3) = cos(5) "
Hence
ol o)) = Tol o2y ~ Tele ~Areto - S
Using in addition the identity [r(s)T'r(s + 1) = I'c(s) we find )
Te(s—p) _ Te(s—pTe(s—p+1)
Fa(—s—(p—1)) Ta(l—(s—p)lals —p+ 1)
—re(s — p) cos( "2 (37)
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and similarly

Ir(s—p+1) Ir(s —p+ DI'r(s — p)
Tr(—s—(—p—1)+1) Tr(2—(s—p)Tk(s—p)
=T'c(s —p) COS(W). (38)

Every pure R-Hodge structure M over R is the direct sum of simple R-Hodge
structures. The simple R-Hodge structures are M, , of dimension 2 for integers
p < q and M, + of dimension 1 for integers p (where F,, operates via +(—1)7).
From the above definition of L., (M,s) and (36), (37), (38) we obtain the
following table

M| M (1) | Le(Ms) | et

Myg | M_p1,—g—1 I'c(s —p) (s —p)le(s —q) - M
My, | M_, . Tr(s —p) I'c(s—p)- COS(@)
M, _ M_,_4 Ir(s—p+1) Ie(s—p)- 005(@)

We have

sin(m(s — q))s_g = (1)
and
m(s —p)
2

cos(

)* _J(=1yp2 p even
=0 |(=DP7Y25 podd

It is now straightforward to verify the entries of the following table which
confirm Lemma 4.1 for simple R-Hodge structures. Since all quantities are
additive in M the general case follows by writing M as a sum of simple R-
Hodge structures.

M) [d O] b)) M) | Ry
My, 1 1 [lforj=pq| p+aq [ @m)PTFT*(—p)I*(~q)
0 else
My 4
p even 1 0 lforj=p D 2(2m)PT*(—p)
p odd 0 1 lforj=p D 2(2m)PI*(—p) - 5
M, _
p even 0 1 lforj=p D 2(2m)PI*(—p) - §
p odd 1 0 lforj=p P 2(2m)PT*(—p)

O

Suppose now X is a regular scheme, proper and flat over Spec(Z) with generic
fibre X := Ap. The archimedean Euler factor of X is defined as

= [[Lo(ri(x )’ (39)

€L

where hi(X) is the R-Hodge structure on H*(X(C),R).

DOCUMENTA MATHEMATICA 26 (2021) 1633-1677



1668 M. FrAcH, B. MORIN

COROLLARY 4.2. One has

C*i;(%jl, n) = 94 (Xm)=d_(Xm) _ (9yd (Xm)-+t (X.m)
ooy & — T

. H F*(TL - p)hp,q,(fl)p-%—q
p,q

where

di(X,n) =Y (~D'de(B(X)(n), tu(X,n) = (=1)'tm(h'(X)(n))

and hi(X)(n) denotes the R-Hodge structure on H*(X(C), (27i)"R).
Proof. For M = Ki(X)(n) one has M*(1) = h*=~{(X)(d — n) and
hi(M) = h3A=2n=0 (M) = hP="iP=" (M) = hP~P = P4
with p 4+ ¢ =4, j = p — n. Therefore Lemma 4.1 implies
CWan) gy AO0m,0) Y
C*(Xooyd — m) : Lz (h2d=2=i(X)(d — n), O)(_1)2d—2—i
—9d+(X,n)—d_(X,n) (QW)df(Xyn)+tH(X7n) H ™ (n — p)h"’q-(—l)wf‘?.

p,q

O

LEMMA 4.3. One has

COO(X,TL) o * hp,q,(_l)zﬂrq
Coo(X,d—n) ==[Ire-»)

p.q

Proof. Since X(C) is smooth proper of dimension d — 1 the Hodge numbers
h#?-? are nonzero only for 0 < p < d — 1. By definition (2)

Co(Xm)= [ -p-prmmcom

0<p<n—1,4q

* P.q.(_1\Pta
= JI r©m-prten (40)

0<p<n-—1l,q
On the other hand (35) implies
I —j) ==+1
and therefore we have
[[ Ce-p™ 0 = [ ra-(u-p) e

n<p<d-1l,q n<p<d—1l,q
_pPa.(_1)Pta
=4 H *(d—n—p) "D
0<p<d—n-—1,q

=4 Co(X,d—n)"". (41)
Combining (40) and (41) gives the Lemma. O
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5 THE MAIN RESULT

Recall the definition of the completed Zeta-function of X

C(Y’ S) = C(X’ S) ’ C(XOW S)

where (X, s) was defined in (39). We repeat Conjecture 1.3 from the intro-
duction.

CONJECTURE 1.3. (Functional Equation) Let X be a regular scheme of di-
mension d, proper and flat over Spec(Z). Then ((X,s) has a meromorphic
continuation to all s € C and

AX)4=9)/2 (X, d — 5) = £A(X)*/? - (X, s).

This conjecture is true for d = 1 where it reduces to the functional equation of
the Dedekind Zeta function. It is true for d = 2 by [5][Prop. 1.1] provided that
the L-function L(h'(Xp), s) satisfies the expected functional equation involving
the Artin conductor of the [-adic representation Hl(é\,’@, Q). This is the case
if X is a regular model of a potentially modular elliptic curve over a number
field F in view of the compatibility of the (local) Langlands correspondence
for GLo with e-factors and hence conductors. Potential modularity of elliptic
curves is known if F' is totally real or quadratic over a totally real field. We refer
to [7][1.1] for a discussion of these results and for the original references. In [7]
potential modularity is also shown for abelian surfaces over totally real fields F’
and hence Conjecture 1.3 should hold for regular models of genus 2 curves over
totally real fields F' (since this involves the local Langlands correspondence for
GSpy/F we are unsure whether the conductor in the functional equation is
indeed the Artin conductor).

REMARK 5.1. We do not actually know a published reference for Conjecture 1.3.
Serre’s article [25] deals with what one might call the Hasse-Weil Zeta function
of X which only depends on the generic fibre Xy and he conjectures its func-
tional equation with A(X) replaced by the Artin conductor of Xy, defined in
terms of the l-adic representations H'(Xg, Q). In the case d = 2 Bloch [5] dis-
cusses Conjecture 1.3 with A(X) replaced by a modified Artin conductor A(X)
which also depends on the l-adic representations Hi(Xpr,Ql) for bad primes

p # 1. In [4] Bloch proves that A(X) = A(X) for d = 2 and conjectures that
A(X) = A(X) for general regular X. This identity has since become known
as "Bloch’s conductor formula" but it is still conjectural for general reqular X .
For X with semistable reduction it was proven by Kato and Saito in [15], and
we have followed their terminology in calling A(X) the Artin conductor of X.
We prefer to state Conjecture 1.3 with A(X) rather than A(X) in order to avoid
Bloch’s conductor formula which is a very deep result.

We repeat Theorem 1.4 from the introduction which is the main result of this
paper.
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THEOREM 1.4. Assume X is a reqular scheme of dimension d, proper and flat
over Spec(Z) which satisfies Conjectures L(X e, n), L(Xet, d—n), AV(X o, n),
B(X,n) and B(X,d —n) in [8]. Assume that ((X,s) satisfies Conjecture 1.3.
Then Conjecture 1.1 for (X,n) is equivalent to Conjecture 1.1 for (X,d —n).

Proof. The reduction of Theorem 1.4 to Theorem 1.2 was already made in
[8][Cor. 5.31]. We repeat the argument here with the assumptions of Theorem
1.4 in effect. From [8][Prop. 5.29] recall the invertible Z-module

Eeo(X/Z,n) = detzRTw(Xso,Z(n)) @ det; ' RU4p(X/Z)/F™
@dety ' RTy (Xao, Z(d — 1)) @ dety RUgr(X/Z) /FI~",

the canonical isomorphism
AX)Z,n) @ Z(X)Zyn) — A(X)Z,d — n) (42)
and the canonical trivialization
fo 1R 20(X/Z,n) @R

such that the diagram

AOO(XJ{OOT A;T
R®R - R

commutes. Here A’ is the isomorphism (3) associated to (X,d — n). Taking
leading terms at s = n in Conjecture 1.3 we find

“(Xod—n) = n—djz, G Xsoin)
¢*(X,d—n)=+A(X) (Xod— 1) ¢*(X,n)
or equivalently
o) ) - n—d/2 (X ) COO(X, d—mn)
Coo(X,d —n)(*(X,d—n) =+ A(X) - ) (T

*Coo (X, )¢ (X, ).
It is then clear from (43) and (42) that any two of the identities
Moo (Z) =Coo(X,d —n)(*(X,d—n)) - A(X/Z,d —n)

() = (A0~ G ST ) )

)\oo(Z) = Coo(X’n)C*(X7n) : A(X/Z’n)

imply the third. Recall that

xoo(Xa n)2 € Rxo
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is the strictly positive real number such that
€o(Z) = 2o (X,1)? - E (X /Z, ).
Theorem 1.2 shows that the second identity holds, and we therefore obtain

Theorem 1.4 (equivalence of the first and third identity). O

REMARK 5.2. The reason for writing v.,(X,n)? as a square is the following.
The canonical isomorphism

Eeo(X/Z,n) ®Eo(X/Zyd — ) 2 Z
implies that
Too(X,n)? - 2oo(X,d —n)? =1
and hence
Too(X,n)? = £250 (X, n) - oo (X,d —n) L.
The identity of Theorem 1.2 can therefore be written in the following more
symmetric form

A(X)M2 (Koo, ) - oo (X, ) 1 Coo (X, m) 7!
=+ AX)IT/2 N Xae,d — ) - oo (X, d — 1) O (X, d —n) !
and this is how it was presented in [8][Cor. 5.81] (note that there is a typo
in the statement of [8][Cor. 5.31] and C(X,n) and C(X,d — n) have to be

replaced by their inverses). However, we do not know any deeper significance
of this symmetric rewriting.

It remains to prove Theorem 1.2 which we repeat here for the convenience of
the reader.

THEOREM 1.2. Let X be a reqular scheme of dimension d, proper and flat over
Spec(Z). Then we have

(*(Xoyn)  Co(X,d—n)
((Xooyd—n)  Coo(X,n)
Proof. By Corollary 4.2 and Lemma 4.3 this identity is equivalent to
Too(X,m)? = LA(X)" 742 e (Xm)=d=(Xn) (g)d-(Xom)Ftm(Xim) = (44)

Too(X,0)? = £A(X) 2.

LEMMA 5.2. The isomorphism £ s induced by the sequence of isomorphisms

(detzRT'w (Xoo, Z(n)) ® dety, ' RTw (Xoo, Z(d — 1)) (45)
%, ety (RT(X(C),R(n))* @ RL(X(C),R(n — 1))*)
U, etz RD(X(C),C)*
(“48)*

~—“— detg Rl 4p(Xc/C)*T
>~ detRRFdR(XR/R) >~ (detzRFdR(X/Z)/Fd)R

-1

Ao (detZRFdR(X/Z)/F” R detilRPdR(X/Zde—n)R
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where A\gr was defined in Cor. 3.9.
Proof. The isomorphism £, was defined in [8][Prop. 5.29]
(detz RTw (X, Z(n)) @z dety, ' RUar(X /Z)/F™),

~ detg RT'p(X/R,R(n))
~ detg RUp(X/R,R(d —n))*[-2d + 1]
~ detgRI'p(X/R,R(d — n))
(detz RTw (Xoo, Z(d — n)) @z dety, ' RUqr(X /Z)/F4™™)

using the defining exact triangle
(RTar(X/Z)/F")&[~1] — RTp(Xys, R(n)) — RT(X(C), R(n))*
and duality
RTp(X)z, R(n)) = RUp(Xg, R(d — n))*[~2d + 1]

for Deligne cohomology. This duality is constructed in [8][Lemma 2.3] by taking
GRr-invariants in

RI'p(X)c,R(n)) ~ RU'p(X)c,R(d —n))*[-2d + 1] (46)
which is obtained as follows. Dualizing the defining exact triangle
(RT4r(X/Z)/F¥~")c[~1] = RI'p(X)c, R(d —n)) — RT(X(C),R(d —n))

and using Poincaré duality (7) and (29)¢ on A'(C) we obtain the bottom exact
triangle in the diagram

RE(X(C), R(n))[1] —— RI(X(C),R(n))[-1]

l

Fg +——  (RTup(X/Z)/F")c[-1]  «2—  RT(X(C),0)[-1]
|| | |
F¢ <—— RI'p(X)c,R(d —n))*[-2d + 1] +—— RI'(X(C),R(n —1))[-1]
The right hand column is induced by the decomposition
C=R(n)®R(n—-1) (47)
on coefficients, and the map g is the comparison isomorphism
RI(X(C),C) ~ RT4r(Xc/C) (48)

composed with the natural projection. It is then clear that all rows and columns
in the diagram are exact, and the middle column is the defining exact triangle of
RI'p(X)¢,R(n)), giving (46). Recalling that (9) was also defined using Poincaré
duality (7) we find that the isomorphisms used in (45) are precisely those used
in the construction of (46)7. O
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We call the real line detg RI'(X(C),C)* the de Rham real structure of
detc RT'(X(C), C) and the real line detg RT'(X'(C), R(n)) the Betti real structure
of detc RT'(X(C),C). By (8) we have

detg RT(X(C),C)* - (27i)4- (¥ = detg RT(X(C),R(n)). (49)

In the remaining computations of the proof of Theorem 1.2 all identities should
be understood up to sign. We choose bases of the various Z-structures of the
de Rham real line appearing in (45)

Z-bp = detz Ry (Xao, Z(n)) @ det; " Ry (Xoo, Z(d — 1))
7 - byg = dety RT 4r(X /Z) ) F*¢
Z- by = detzRUqr(X/Z)/F" @ det; ' RT 4r(X/Z)/F™
and we also choose a basis
Z - b = detz RT(X(C), Z(n))

of the natural Z-structure in the Betti real structure. Let P € C* be the
Betti-de Rham period, i.e. we have

bgr = P - bp

under the comparison isomorphism (48). Note that P depends on n which is
fixed in this proof.

LEMMA 5.3. Let eg € {£1} be the discriminant (see Remark 3.7) of the
Poincaré duality pairing

RT(X(C),Z(n)) ® RT(X(C), Z(n)) 222 Z(2n — d + 1)[—2d + 2]
and eqr - A(X)? the discriminant of the deRham duality pairing (31). Then
P = \/epean - (2mi)' 7Y . A(X)E.
Moreover P - (2mi)% (X" s real and hence we have

d
2

P. (QWi)d,(X,n) _ (QW)d,(X,n)thH(X,n) . A(X) )

Proof. We have a commutative diagram

RT(X(C),Z(n)) ® RT(X(C),Z(n)) —2%5 Z(2n —d + 1)[~2d + 2]

l l

RT(X(C),C) ® RT(X(C),C)  — C[-2d + 2]

I I

RU4r(X/Z)/F® ®F RU4p(X/2)/F? —20 Z[-2d + 2]
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where the bottom square commutes since the comparison isomorphism
RP(X((C%(C) ~ RFdR(Xc/(C) ~ RFdR(XQ/Q)(C

is compatible with cup product and cycle classes, and the trace map sends the
cycle class of a closed point to its degree over the base field. We also use the
fact that the trace map in algebraic de Rham cohomology

_ ~ _ — Tr
Hg *(Xo/Q) = HY N (Xg, 9%, 7g) — Q

is the base change of the Trace map (32) under Spec(Q) — Spec(Z) by [27].
Applying the construction of Remark 3.7 we then obtain a pairing

(+,+) : detc RT'(X(C), C) ®¢ detc RT'(X(C),C) ~ C

which restricts to the corresponding Q-valued pairing on detz RTyr(X/Z)/F?
and a Q - (271) 2=+ DX yvalued pairing on detzRT(X(C),Z(n)). Here

x :=rankz RT'(X(C),Z(n)) = dimg RT'(X(C),R(n))
=Y (~1)"dimg H'(X(C),R(n))
is the Euler characteristic of the manifold X' (C). We then have
ean - A(X)? = (bar, bar) = P*(bp,bp) = P2ep(2mi)*r- 4t
and moreover

—@2n—d+1)x= Y (-1)'(i—2n+2d -2 —i— 2n)dimg H'(X(C),R(n))

i<d—1
+(=1)%71(d — 1 — 2n) dimg HY1(X(C),R(n))

Hence
P2 = EJREB (27Ti)2tH(X’n) . A(X)d

which shows the first statement. Since both bg and bgg - (2m3)4- (¥ = P .
(2mi)4-(*") . b lie in the Betti real structure, the factor P - (2mi)% (¥ is
real. This proves the second statement. O

COROLLARY 5.4. With notation as in Lemma 5.3 we have

epeqr = (—1)4-(Xm)+tn(Xin) (_1)d,(X,O)+‘12;1X'

Proof. This follows from tracking powers of ¢ in Lemma 5.3 and the fact that
ep and g4r are independent of n (hence so is the right hand side). O
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REMARK 5.5. Corollary 5.4 generalizes the classical fact that the sign of the
discriminant of a number field F is (—1)" where ro = d_(Spec(OFr),0) is the
number of complex places. In this case eg = 1. For an example with eg = —1
consider X = Pépec(z) The intersection pairing on

RT(PY(C),Z) ~ RT(S?,Z) ~ Z[0] & Z[-2]

)

and hence ep = det(A) = —1. The intersection pairing on

has Gram matrix

RU4p(X/Z)/F? = H(X, Ox)[0] & H' (X, QY /5)[~2] ~ Z[0] & Z[-2]
has the same Gram matriz, hence eqr = —1. Since d_(X,0) = d_(h*(X)) =1
and d = x = 2 we indeed have

epean =1 = (—1)-(FO+Fx

We can now finish the proof of Theorem 1.2 by verifying (44). By Prop. 2.23

we have
EB . (27_”-)(1_(){,71) =bg - 2d_ (X,n)—d4y(X,n)

and by Corollary 3.9 R
b = AGOS b

Therefore
Too(X,n)"2 =bp - l;gé
:(27”-)7d,(X,n) . Qd,(X,n)7d+(X,n) bg - A(X)dfn . b(;é
_2d (X,n)—dy(X,n) | A(X d—n 271_2) d_(X,n) P—l

vl

)
—9d—(X¥,n)=dy(X,n) A(X)d n ( ) d_(X,n)—ty(X,n) A(X)—
(

—A( )7771 2d (X,n)—di(X,n) ( ) d_(X,n)—tg(X,n)

which is (44). O
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