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ABSTRACT. The question of computing the reductions modulo p of two-
dimensional crystalline p-adic Galois representations has been studied exten-
sively, and partial progress has been made for representations that have small
weights, very small slopes, or very large slopes. It was conjectured by Breuil,
Buzzard, and Emerton that these reductions are irreducible if they have even
weight and non-integer slope. We prove some instances of this conjecture for

-1
slopes up to 5.
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1 INTRODUCTION

Throughout this article we assume that p is an odd prime number. The main
objects we study are irreducible two-dimensional crystalline representations of
the absolute Galois group of Q,,. These are up to a twist parametrized by an in-
teger k > 2 and an element a € Z, such that v,(a) > 0, and we denote by V 4
the representation corresponding to the parameters (k,a)!. In Section 2 we
outline a construction of Vj , and reference proofs of some of its basic proper-
ties. Thus in the remainder of this article we assume that k € Z and a € Zp
are parameters satisfying the properties k > 2 and vp(a) > 0. We also define
the modulo p representation Vk,a as the semi-simplification of the reduction

1Thus all two-dimensional crystalline representations of G, are of the form Vi , ® n for
some character n of Gg, that is the product of an unramified character and a power of the
cyclotomic character.

DOCUMENTA MATHEMATICA 26 (2021) 1929-1979



1930 B. ARSOVSKI

modulo the maximal ideal m of Zp of a Galois stable Zp—lattice in Vi q. The
most interesting property of Vj , is that the representation associated with a
non-ordinary finite slope classical eigenform

f= 22021 anq"

—which is normalized so that a; = 1 and has weight k > 2, level I'o(N) such
that (N,p) = 1, and character x—is crystalline and equal to Visapvx(0) © VX
where /X is an unramified character of G, whose square is x.

1.1 THE CONJECTURE

The motivation behind the conjecture considered in this article comes from an
observation made by Buzzard and Gouvéa in [Buz05] and [Gou0l] (based on
computational data) that, if p belongs to a certain class of “I'g(IV)-regular™-
primes, the slope vp(a,) of f appears to always be an integer. A definition
of T'o(N)-regularity is given in [Buz05] (see also [BG16]), and its connection
with Galois representations is that a prime p > 2 is T'o(N)-regular if and only
if, for all weights k > 2 and all f € S;(To(V)), the modulo p representation
associated with f is reducible. Note that, since the level of f is T'o(V), its
weight k& must be even. This naturally leads to the general conjecture, made by
Breuil, Buzzard, and Emerton, that if k is even and V, , is reducible then v, ()
is an integer. We consider this conjecture in the following slightly rephrased
form (see Conjecture 4.1.1 in [BG16]).

CONJECTURE A. Ifk is even and vy(a) € Z then V., is irreducible.

1.2 KNOWN RESULTS

The question of computing V;m has been studied extensively. A classifi-
cation of kaa for kK <2p+1 follows from the work of Berger and Breuil
in [Ber10], [Bre03a], and [Bre03b]. A classification of V', when the slope
vp(a) is greater than L%J follows from the work of Berger, Li, and Zhu,
in [BLZ04]. With some exceptions, Vi, has been computed when v,(a) < 2
in the work of Buzzard, Gee, Ganguli, Ghate, Bhattacharya, Rozensztajn, and
Rai in [BG15], [BGR18|, [BG09], [BG13], [GG15], and [GR]. Finally, Rozen-
sztajn’s work [Roz18] gives an algorithm that computes V' , for given p, k, a,
and her work [Roz20] gives an algorithm that finds the locus of all a such that
V;m = for given p, k, and a modulo p representation p.

1.3 THE MAIN THEOREM IN THIS ARTICLE
We prove the following theorem.
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THEOREM 1. Ifvp(a) € Z and v = [vp(a)] is such that
k#£3,4,....2v,2v+1modp —1,

then Vi 4 is irreducible. In particular, Conjecture A is true when

k#4,...,2vmodp— 1.

Note that v € {1,2,3,...} and the theorem is vacuous when v > p2;1. The

proof of Theorem 1 is based on the method (developed by Breuil, Buzzard,

and Gee) of using the local Langlands correspondence and its compatibility

with reduction modulo p to compute the representations of Gg, by computing

certain corresponding representations of GL2(Q,). We give detailed outlines of
the proof in Sections 3 and 10 after setting up the necessary framework.
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2 CRYSTALLINE REPRESENTATIONS

Recall that we assume that p is an odd prime number and k € Z and a € Zp are
such that k£ > 2 and vp(a) > 0. The representation V; , is defined in Subsec-
tion 3.1 of [Bre03b] as the irreducible two-dimensional representation of Gg,
that is crystalline on Q, and such that

Dcris(Vk*’a) = Dk,a

for the weakly admissible filtered (-module Dy, q :@pel @@peg which has
Hodge—Tate weights (0,k — 1), a filtration

Dy ifi<O0,
Fil'(Dyo) =4 Qpe1 if0<i<k,
0 ifi>k,

and a Frobenius map ¢ such that
{ pler) =pF ey,
p(ea) = —e1 + aea.

All irreducible two-dimensional crystalline representations of Gg, are of the
form Vi, ® n for some character 1 of Gg, that is the product of an unram-
ified character and a power of the cyclotomic character (see Proposition 3.1
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in [Bre03b]). We define V'k.a to be the semi-simplification of the reduction of a
Galois stable Z,-lattice in Vi o modulo the maximal ideal m of Z,, (the resulting
representation is independent of the choice of lattice).

In the remainder of this article we assume that v,(a) ¢ Z and we denote
v:=[vy(a)], so that v € {1,2,3,...} and v — 1 < v,(a) < v. Since Theorem 1
is vacuous when v,(a) > 25—, we assume that v € {1,..., p—gl} Moreover,
since Vi, has been completely classified when k < 2p+1 (see for instance
Theorem 3.2.1 in [Ber10]), we assume that a? # 4pF~! and a # +(1 + p~1)p*/2.

3 THE p-ADIC AND MODULO p LOCAL LANGLANDS CORRESPONDENCES

Let B be the Borel subgroup of G = GL2(Q)) consisting of the upper triangular
elements, let K = GL2(Z,) C G, and let Z be the center of G. Let W be a
finite-dimensional representation of the closed subgroup K Z of G. By a locally
algebraic map KZ — W we mean a map which on an open subgroup of KZ
is the restriction of a rational map on (the algebraic group) KZ, and we say
that W is locally algebraic if the map h € KZ +— hw € W is locally algebraic
for all w € W. For a locally algebraic finite-dimensional representation W of
K Z we define the compact induction of W by

ind® W = {locally algebraic G — W ‘ f(hg) =hf(g) forall h e KZ
& supp f is compact in KZ\G}.

Suppose that the representation W is over the field F € {Q IFp} For elements

g € Gand w € W let g e w be the unique element of ind® W that is supported
on KZg~—' and maps g~! to w. Since KZ\G is discrete, every element of
ind® W can be written as a finite linear combination of functions of the type
ger w. It is easy to check that

91(g2 o% (hw)) = (g192h) e % w.

We define
Eopw=_¢(id ey w)

for £ € F. Let p, be the unramified character of the We11 group that sends the
geometric Frobenius to z, and let | |: Q) — Q) — Q be the p-adic norm,
so that |z| = p~*»@). We can view the symmetrlc power Sym*~ 2((@2) as the
G-module of homogeneous polynomials in « and y of total degree k — 2 with
coeflicients in @p, with G acting by

(3 63) vz, y) = v(g1z + g3y, ga= + gay)
for (s52)€Gandove Symk_Q(@i). Let

Shos = Sym* (@) := Sym" (@) ® |det|*Z".
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—2
In particular, (§}) acts on Sym"*~ 2((@p) as multiplication by p¥—2

on and it acts
on Yy trivially. If R € {Z,,F,}, we can view the K Z-module Sym"*~ 2(R?)
of homogeneous polynomials in x and y of total degree k — 2 with coefficients

in R, with (%7 ) acting trivially and K acting by

(95 92) -v(z,y) = v(g12 + g3y, g2 + gay)

for (9:92) € K and v € Sym*~2(R?). Let X} _5 be the reduction of Symk_Q(Zi)

modulo m. Write A for one of the roots of X2 —aX + pF1, so that the other
root is A™'p*~1. Let us consider the Q,-representation

™ = Ind§ (uapr| |2 x pxa| |7172).

Here the Borel subgroup B is seen as a parabolic subgroup of G and Indg
denotes parabolic induction (as opposed to ind® which denotes compact induc-
tion). Let us fix embeddings Q < Q, and Q < C._In Section 2.1 of [Bre03b],
Breuil defines the Hecke operator T' € Endg (md S 2) corresponding to the
double coset of (29) and proves the explicit formula

T(705,v) = Yper, ¥(54) 05, (571 - 0) +1(52) 05, ((52) -v),

where [¢] is the Teichmiiller lift of { € F), to Z,. In Section 3.2 of the same
article he defines the GL2(Q),)-representation

I}, = ind% Sy _o/(T — a),
proves that
~ k—2 =2 -1
y,a = Sym™ °(Q,) ® |det| "2 @, (1)

and defines .,
Of,q = im (indG(Sym]“Q(Zp)) —_ Hk,a)

and . _
Gk,a = Gk,a ®Zp IFp-

For h € Z>¢ let us erte op = Sym (F ). Fort€{0,...,p—1}, A € F,, and
a character ¢ : Q) — F , let

7(t, M) = (ind% o,/ (T, — \)) @ 1h,

where T, € Endg(indG ot) is the Hecke operator corresponding to the double
coset of (£9). Let w be the modulo p reduction of the cyclotomic character.
Let ind(w t+1) be the unique irreducible representation whose determinant is

wtt! and that is equal to wi™ @ g(H ) on inertia. Let & € {1,...,p—1} and
he€{0,...,p— 2} be the numbers in the corresponding sets that are congruent

to h modulo p — 1.
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In [Ber10], Berger proves the following correspondence between V. , and O 4,
which was conjectured by Breuil (Conjecture 3.3.5 in [Bre03b]).?

THEOREM 2. There aret € {0,...,p— 1} and ¢ : Q) — F; such that either
@k,a = ﬂ-(ta Oa w)

or
e = (n(t,\¥) ®m(p — 3 — t, AL wity))™

for some A\ € F,. In the former case we have
Vi = ind(wi™) @,
and in the latter case we have

Vi 2 (ow™ @ py-1) @ .

Equation (1) implies that Berger’s modulo p correspondence is compatible with
the p-adic local Langlands correspondence, which associates with Vj , a prin-
cipal series representation. As Oy, has finite length as a F,[G]-module, we
have @?ja = ﬁ?ja by Lemma 3.3.4 in [Bre03b], so we may replace Oy, with
IIj,q in Theorem 2. Theorem 2 implies that Theorem 1 can be rewritten in the
following equivalent form.

THEOREM 3. Ifvp(a) € Z and v = [vp(a)] is such that
k#3,4,...,2v,2v+ 1 mod p — 1,

then @kya is irreducible.

Thus the goal of the sections that follow is to prove Theorem 3.

4 NOTATION
For « € Z,, let O(a) denote the sub-Z,-module
aind® (SymkiQ(Zi)) C ind“ (SymkiQ(Zi)) .
We abuse this notation and write O(«) to represent a term f € O(«). Let

S, = ker (indG Yo —» @kﬁa) .

2In fact, what Berger proves is a more general correspondence for so-called “trianguline”
representations.
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We use the shorthand “im(7" — a)” for the image of the map
T — a € Endg(ind® $;_y).

This image is a G-submodule of the G-module ind® ik_Q. A crucial property
of im(T — a) is that if an element of ind ¥j_5 is the reduction modulo m of
an integral element of im(7T" — a) then it is also in the “kernel” .Z,.

If Visa FP[KZ]—_module, let V(m) denote the twist V @ det™. For h € Z,
let I, denote the F),[K Z]-module of degree h homogeneous functions F — F,,
that vanish at the origin, with (49) acting trivially and K acting by

Op

(55 92)f) (z,9) = f(g17 + g3y, 927 + gay)

for (g3 52) € K and f(z,y) € Ip,. Note that if hy = hy mod p — 1 then I, = I,.
Recall that, for h € Z,
—2
op = Symh(IFp).

Then oy C Iy, since any element of o3 is also a function IF% — Fp which is
homogeneous of degree h and vanishes at the origin, and the actions of K Z on
oy, and I, match. Due to Lemma 3.2 in [AS86], there is a map

fely— 32, , fluv)(vX — uY )=t € a_y(h), (2)

which gives an isomorphism
In/op = o_n(h),

and therefore the only two factors of I, are o7 (“the submodule”) and o_(h)
(“the quotient”). If h # p — 1, then o_p(h) is not a submodule of I;. This is
because the actions of (}9) on o_p(h) and I, do not match. Hence in this
case o3 is the only submodule of I. If, on the other hand, h = p — 1, then
o_n(h) = o0p is also a submodule of I;, = I: the submodule of those functions

that are equal to a constant everywhere except (possibly) at the origin.

IfACBC ind® 3., we say that an element x € ind® Y., represents an element
yeB/Aifx e Band x+ A=y € B/A. Let

0 = xyP — 2Py, ri=k—22>0, §:=T,

and for a polynomial f with coefficients in Zp let f denote its re-
duction modulo m.  Suppose that r>v(p+1). If (5157)€ K, then

(91 g2

91920 = (9194 — g2g3)0, and therefore there is a filtration of submodules
Y D08y 1D D0 S gy D
For a € {0,...,v —1} let
No =% a0 /0 S (o) i) = Ir20(@).
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These are the first v subquotients of the filtration. This filtration corresponds
to a filtration

ind® %, 5 ind@,_p—1) D - > ind“ (0" S, _apr) D
of ind® ¥, which has corresponding subquotients (]Va)og,K,,. Since
B0 = ind?%, /.7,
there is also a filtration
0ra=00D2601 D+ D0, D

whose first v subquotients are quotients of (]\Afa)ogaQ,, ie.ifae{0,...,v—1}
then there is a surjection

]/\7& .ﬁéa/éaJﬂ,

and the kernel of this surjection consists of those elements of the subquotient
]Va of ind® X, that are represented by an element of .7, C ind® ¥,.. In the proof
of Theorem 1 we compute @k,a by finding elements in the kernels of these sur-
jections and consequently obtaining data about the quotients (Oa/Oat1)o<a<y

of (Na)og<a<y- Therefore, the strategy of the proof is to find elements of .7,
that represent non-trivial elements of the subquotients (Ng)oga<y-

For a property P let us define [P] =1 if P is true and [P] =0 if P is false.
Lemmas 4.1 and 4.3 and remark 4.4 in [BG09] imply that the ideal .#, contains
leg, 2Jy" 7 forall 0 < j < v and 1 °q, 0"h for all h € Y —u(p+1), and thus
Oy,q is a subquotient of

indG(Zr/(yT, . ,:E”_lyT_”"‘l,gyxr,,j(ml))),

a module which has a series whose factors are subquotients of Ny,..., N,_1.

In particular, ®, = 0. For « € {0,...,v — 1} let us denote
Sub(Oé) = O'm(()é) C Na,

r—2«

quot(a) = No /0oy =55(a) = 020 (1 — ).

We denote by T,Tq «,Ts the Hecke operators corresponding to the double
coset of (29) on the modules ind® .., ind¥ quot(e), ind sub(«), respectively.

5 LOCAL CONSTANCY IN THE PARAMETER k

The main theorem is true for p = 3 (this follows from Theorem 1.6 in [BG09]),
so we may assume that p > 5. In particular, since we assume that v,(a) < £ ;1
and k > 2p + 2, and since (4p +2)(p?> —3p+1) = 3(p—1)3 for p = 5, we can

conclude that

k> 3up(a) + S=gf + 1.
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Therefore Theorem B in [Ber12] implies that there is a constant m = m(k, a)
such that

Vk,a = Vk’,a

whenever k¥’ > k and k' = k mod (p — 1)p™. By using this isomorphism we can
conclude that if the main theorem is true for k& > p'% then it is true for all k.
Therefore in the remainder of this article we assume that & > p9°.

6 COMBINATORIAL DEFINITIONS

For a formal variable X and n € Z let us define

(X) 1= Xa = %H}:&(X —J) €Qu[X] ifn=0,
" 0€QyX] ifn<0.

Therefore
n—1
Xn = Hj:O (
denotes the falling factorial when n > 0. For m € Q, and n € Z let us define

(Tg) € Qp as the evaluation of (if) at X =m € Q,. In particular, binomial
coefficients with negative denominators are always zero. Let

()7 = & (%) = () i <5 € QulX].

o
For m € Q, and n € Z let us define (’:;)6 € Q, as the evaluation of (%) at
X =m e Q,. If 9(X) € Z,[X] then there is the Taylor series expansion

X —j) € Z,[X]

I(b+e) =I(b) + ' (b) + O(e?)
for b, e € Z,,. Indeed, this follows from the facts that
(b + €>m =™ 4 emb™! 4 2 237122 (’fj’_l)ej—Qbm—j

and
Dits (T)ejﬁbmij € Zp
for b,e € Z, and m € Zsg. Since p*» ™) (¥) € Z,[X] for n € Zso,
(74 = (2) +€(2)” + O(eprn) (3)

n

for b,e € Z, and n € Zxg. For n,k € Zxo let us define the Stirling number
of the first kind si(n, k) as the coefficient of X* in X,, = X --- (X —n +1).
Therefore,

(81(_i7j)

‘ )
o Jogig<m

(e xm) = () ()
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Let us also define the Stirling number of the second kind s3(n, k) as the coeffi-
cient of X in X™, in the sense that

X =30 o s2(n k) Xi = Sp_g sa(n, k) [T5 20 (X — j).

In particular, (s2(i,))o<; j<pm 18 the inverse of (s1(i, 7))o, j<pn and

For a family (D;);ez of elements of Z,, supported on a finite set of indices, and
for w € Z, let us define

ﬁw(Do) = ﬂw((Dz>Z€Z> = ZiEZ Di(Z(plzl))

Let us also define

Sun = ZieZ (i(p—ui)-i-n)

for uw € Z>o and n € Z, and let S, = S, 0. We use the convention that when
the range of summation is not specified, it is assumed to be over all of Z, so

« 9 « )
that Zml,...,mk means Zmlez e kaEZ .

7 TABLE OF ASSUMPTIONS AND DEFINITIONS

In this section we collate the assumptions, definitions, and notation we have
introduced in a convenient table.
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p > 2 is the prime.

G = GL2(Q,), K = GL2(Z,), and Z is the center of G.

the number in {1,...,p — 1} congruent to h modulo p — 1.
the number in {0,...,p — 2} congruent to h modulo p — 1.

k is the weight and we assume k > p!®°, r =k —2, and s =T7.
a is the eigenvalue and v = [v,(a)] € {1,..., 251}

-1

is in ind® W, is supported on K Zg~!, and maps ¢~ — w.

F,[K Z]-module of degree t maps F2 — F, that vanish at (0,0).
Sym' (F;).

the twist V ® det™

Sym*~2(@Q,) = Sym*~2(Q,) ® |det| 7

the reduction of Sy_mkiQ(Zi) modulo m.

Hecke operator for the double coset of (%) on ind® $4_s.
Hecke operator for the double coset of (£9) on ind® quot(a).
Hecke operator for the double coset of (%9) on ind® sub(a).
sub-Z,-module of multiples of a; also used for f € O(«).

0 = xy? — xPy.

Ny = gazr—a(p-i-l)/ga—i_lzr—(a—i-l)(p—i-l) = I —2a(a).

() = M € Qp[X] for n > 0 and ( ) = 0 otherwise.

n

X, =n! (i) € Qp[X] for n > 0 and X,, = 0 otherwise.
o n—1
) =ax(h) = (X)Z] 0 X5 7 € Qp[X].
Sun =, (i(p71)+n) forw > 0 and n € Z, and S,, = Sy, 0.
the coefficient of X* in X,, = X --- (X —n +1).
the coefficient of X} in X™.
ﬂw(DJ = 19w((Di)ieZ) = ZiEZ D; (i(pjl))-
the kernel of the quotient map ind® Y o —» @k,a-

[P] =1if Pis true, [P] =0 if P is false.
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8 COMBINATORIAL IDENTITIES

This section comprises nine lemmas about combinatorial identities involving
binomial sums. The proofs of these nine lemmas are all standard. Therefore
the reader may wish to skip this section on initial reading and refer back to it
as required.

Recall that we use the convention that (if ) € Qp[X] is a polynomial of degree n

if n >0, and (i) =0 € Qu[X] if n < 0. Moreover, (') € Q, is the evaluation
of (i) at X =m € Q,. In particular, we use the convention that binomial
coefficients with negative denominators are always zero, which is in contrast
with some of the literature. We also use the convention that when the range
of summation is not specified, it is assumed to be over all of Z, i.e. we define

Zml,...,mk F(m17 e ';mk) = ZWHEZ cee z’mkEZ F(ml, .. .,mk).

This never gives rise to convergence issues as F(myq, ..., my) is supported on a
finite subset of Z* whenever such a sum appears in this article.

o
8.1 A FORMULA FOR (7')” WHEN 0 <m <n

In general, the derivative of the binomial coefficient is difficult to compute as
its formula involves the harmonic numbers. There is a closed formula in one
special case, however, given by the following lemma.

LEMMA 4. Suppose that m,n € Zxq are such that m <n. Then

(m)a _ (—1)m+n+l _ (—1)mtntt
n n("') (m+1) ()

Proof. For j € {0,...,n—1}, let f, ; € Z,[X] denote the polynomial

fri(X) =1TLieqo,. n—1p i3 (X — 1),

so that 5 )
()" = X520 fug(m).
If j # m, then X —m | f, ; and therefore f, ;(m) =0, so in fact

(m)a _ fam(m) _ (=D iml(nmme1)! (Tt (qymet
n n! n! n(";Ll) (m—i—l)(mil) :

8.2 COMBINATORIAL IDENTITIES INVOLVING BINOMIAL SUMS

In this subsection we prove four lemmas about generic identities between bino-
mial sums.
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LEMMA 5 (Properties of S, ). Suppose throughout this lemma that

n,t € Z, b,d,k,l,w € Zxy, m,u,v € Zx.

1. Ifu=vmod (p— 1)p™~! then

Su,n = Sy,n, mod p™. (c-a)

)

2. Suppose that u = t,(p — 1) + s, with s, =4, so that s, € {1,...,p— 1}
and ty € Zxo. Then

Su=1+[u=p-10]+ Lp+ O(tup?®). (c-b)

3. Ifn <0 then
Sum = S0 (~1) () S (c-c)

4. Ifn >0 then
Sun=14+u=p-1n=p1 O])(Z) mod p. (c-d)

5. If X is a formal variable then
(0 () =20 () ) (i) (c-e)
Consequently, if b+ 1 > d+ w then

3 Gt (%) = 20 () O ) So—ti—v o (c-f)
Proof. 1. We can rewrite S,, ,, by using the equation

Sum = =51 Sopmes, (117" (1+ (1),
This is because

a_ [ -1 ifp=1]A
ZO;@LG]FP[’U] _{ 0 otherwise.

Since 1+ [u] € {0} UZ,; for all p € F), (as p is odd), we have
(1 ()" = (1 + [a])” mod ™

for all p € F), (because |(Z/p™Z)* | divides u — v and u, v > 0). Therefore
Su,n = Sy,n mod p.
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2. For p € F,\{—1,0} let us define

_ Qa1 g

m »

Then S, is equal to

L+[su=p—1]+ ﬁ Z#elb‘p\{flﬁo}(l + [u])* Z;uzl (t]u)p]xﬂ
It is easy to show that
tu\,g — 2
(5)p" = O(tur?)
for j > 1 by writing

Up ((t;)pj) 2 vp(tu) +J — 2191 Lip™"]

and verifying that the right side is at least v, (t,p?) for j € {2,3} and at
least vy (t,) + 1’—1] > v, (t,p?) for j > 4. This implies that if

As, = E Doper(—1,0y (L [z

then
Su=1+ [Su =pP—- 1] + ASutup + O(tup2)-

Moreover, the constant A, is independent of ¢,,. For ¢, = 1 we have

Ssutp—1=1+[su=p—1]+ (s“+p_1)

=14 fse=p— 1+ () + () +0(?)
=1+[su=p—1+p(7)" +0(?).

The second equality follows from Equation (3), and the third equality
follows from the fact that s, — 1 € {0,...,p — 2}. Thus, due to Lemma 4,

As, = (27D +0() = LY 1 0(p) = L+ O(p).

p-1 su (%)
3. This follows from repeated application of Pascal’s triangle equation
Su,v = Su—l,’u + Su—l,v—la
which is true for u,v > 1. We omit the full details.

4. This follows from the congruence
Sun == Posuer, WA+ )" = = o 4er, 1] 721+ [1])™ mod p.
5. We can use
()'u() (t)il_—vv) = (tiil) (tjl)
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to rewrite Equation (c-e) as

() @) = () 20 (2D (),

which follows from Vandermonde’s convolution formula®. In particular,
if we apply Equation (c-e¢) to X =b—d+1 and t =i(p — 1), we get

Gy (%) = 20 () (70 (o)

Then we get Equation (c¢-f) by summing over all ¢ € Z.

O
LEMMA 6. Suppose throughout this lemma that
y € 7, b,d,l,w € Zxo, U € L.

1. We have
D)) =y =0l (c-9)

2. We have
S = (- (c-h)

3. We have
35 (oD (Zw) = D () (c-i)

4. We have
S (2) = (D). ()

5. Ifuz (b+1)d and l = w then

> (=07 (L) (M) = [w=1)d (c-)

Proof. 1. We have
YD) () = (-0 () (,2)
=50 (NG
= (=P =y =1l

The third equality follows from Vandermonde’s convolution formula.

3Vandermonde’s convolution formula is the fact that, for all A, B,C € Z,

2, (D2 = (UEP).
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2. Since
(17 ("05) = (0@ () and (<)Y = ()
this follows from Vandermonde’s convolution formula.
3. Since
(1) = (75) and (551 = (1 (L70)
this follows from Vandermonde’s convolution formula.
4. We have
0GR G) = 2j<—1>ﬂ' (;20) ZU (%)
2 (w2) 251700 L)
=, =11 (wb ) = (D).

The first equality follows from Vandermonde’s convolution formula, the
second equality is a simple rearrangement of the sums “3° ;7 and o
and the third equality follows from Equation (c-g).

5. Because the degree w polynomial (“ng) is a linear combination of the

polynomials ()0(), ey (iu(), we have
(28 = () b (L) + -+ o)
for some hy—_1,...,ho € Z, that depend on u,d,w. The claim follows

from the facts that, due to Equation (c¢-j),
Zj(_l)j_b(jib) (wim) = (_1)l (wffnfl) =0
for all m € {1,...,w} (since | > w), and

Zj(_l)j_b (jib) (i) = (_1)l(wb,l) = [w = l](_l)l'

O

LEMMA 7. Let « € ZN 0, . ﬁ] and let (D;)icz be a family of elements of
Z,, such that D; —0f0m¢[ +=1] and 0y (De) = 0 for allw € {0, ..., a —1}.
Then the polynomaial

Zi Dizi(pfl)Jrayrfi(pfl)fa c ir

can be written in the form 0%h for some polynomial h with integer coefficients.
Proof. The Qp-span of

{9, (@20 )
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is the same as the Qp-span of

(@ (5D}

Note that here we do not put a restriction on the size of «, and in particular
« may be larger than p: the polynomials ((”_jl)x) and ()]() are in Qp[X] (and
not necessarily in Z,[X]) and by the “Q,-span” we mean the corresponding
Qyp-vector subspace of Q,[X]. Thus the condition that ¥, (Ds) =0 for all
w € {0,...,a—1} is equivalent to

Zi Dl(;) =0

for all w € {0,...,a — 1}. The coefficients of 8*h for any polynomial h (which
has degree r — a(p + 1)) satisfy this set of « equations. We can find an h such
that

Zi Dixi(pfl)Jrayrfi(pfl)fa = 0°h + Zi D;xi(pfl)Jrayrfi(pfl)fa
and D, =0if i ¢ {0,...,a — 2}. Since the matrix

det ((i))ogi,w<a

is lower triangular with 1’s on the diagonal, it has full rank, and therefore we
have a set of o« — 1 constants Dy, ..., D, _, that satisfy a independent linear
equations, so all of them must be zero. Hence

Zi Dixi(p—l)—i-ayr—i(p—l)—oz = 0.

Moreover, #%h must be integral since the coefficients (D;);cz are integers. It
is easy to prove that “fg is integral” = “g is integral”, implying by induction
that h is integral as well. O

LEMMA 8. For u,v,c € Z let us define

Foe(X) = 5, (-1 (9 () (X107 € @[],
Then 5 5
Fuavvc(X) = (vﬁc) ()c() - (v’lic) ()c()

Proof. If ¢ < 0 or v < ¢ then the claim is trivial. Let v > ¢ > 0. It is enough
to show that ®'(0) = 0 for

®(2) = %, (=1 (2) (L) (U1") = (U (20 € Qulx[2).
In fact, ®(z) is the zero polynomial (over Q,[X]) as can be seen from
(=1 (L) (L) = G0 () X (LI ORI T
(71)v7c(z+,X) (ervfufcfl)

C v—cC

T C2)-
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Here the first equality is a simple rewrite, i.e. we use the equations

() () = (59 (5579 and (15) = (1w (),

w (& w—c v—w v—w

The second equality follows from Vandermonde’s convolution formula, and the
third equality is a simple rewrite as well. O

8.3 COMBINATORIAL IDENTITIES INVOLVING STIRLING NUMBERS

In this subsection we prove two lemmas about Stirling numbers. The reason
Stirling numbers appear in the proof is because they encode the change of basis
of Qp[X] from powers {1,X,X2, .. } to falling factorials {1, X1, Xo,...}.

LEMMA 9. For o, € Z>o and X\ € Zx1 let Lo (A, ) be the (a+1) x (a+ 1)
matriz with entries indexed by 0 < 1,7 < a and defined by

(Lo i)y = o 3 ()" 5101, k)sa(k. ),

where s1(1, k) and s2(k, j) are the Stirling numbers of the first and second kind,
respectively (see section 7). Then

T T
L) (C3)ss C0) = (€300 89)
Proof. Straight from the definitions of s1(n, k) and s2(n, k) we have

(et .(1,...,XQ)T:((“§)7~-~v(“5))T

il )ogi,jga
and T
(J!szx\(iz’]))ogi,jga ' ((kg()’ e (Af)) =(1,...,x0".

The claim then follows from the fact that

La(A ) = (#2502

Jls2(i,g)
N

0<i,j<a ( )Ogi,j<a

O

LEMMA 10. For o € Zx¢ let By be the (a+ 1) x (o + 1) matriz with entries
indezed by 0 < i,7 < « and defined by

(=1)i+i+k

(Ba)ij = 3" im0 —— () (1 = p)Fs1(1, k)sa(k, 5),

where s1(1, k) and s2(k, j) are the Stirling numbers of the first and second kind,
respectively (see section 7). Let {X; ;}i j>0 be a family of formal variables. For
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B €A{0,...,a} let S(a, B) be the (a+ 1) x (a + 1) matric with entries indezed
by 0 < w,j < a and defined by

S0, B)ug = Y Xiy (0, 1).
Then the matriz B,S(a, B) is zero outside the rows indexed by 1,...,3 and
(BaS(a, 8))i; = Xiyj

forie{l,...,5}.

Proof. Let L = Ly (p — 1, 1) be the matrix defined in Lemma 9. Then it follows
from Lemma 9 that

(LS (0, B))1g = Sy Xy ().

Let = ((7)) gt wenr 0 that B~ = ((=1)"* (!))o<ii<a and hence
B, = E'L.
Then
(BaS(a, 8))ij = 320 (E™)ia(LS (e, B)),g
= Yo (=D)™ () X Xus (7)
= e Xy Sime (DO ()
= Yualw=iXw; =i € {1,.... B}1Xi;.
The fourth equality follows from Lemma 6, Equation (c-g). O

8.4 TwWO AD HOC COMBINATORIAL LEMMAS

The statements of the two lemmas in this subsection are specifically tailored to
be applicable in the main proof. This is why they appear overly specific, and
why their proofs are unfortunately necessarily somewhat long.

LEMMA 11. Let o € Zzq, let X and Y be formal variables, and let

¢ = (1Pal (B (Y )+ ()) € QX Y] cQX.Y)
for je{l,...;a}. Let M be the (¢ + 1) x (a+ 1) matriz over Q(X,Y) with
entries indezed by 0 < w,j < « and defined by

w (Y —X)Xu
My, =(-1) %

M =5, () 5 (1) = (557),

)
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forwe{0,...;a} andje {1,...,a}. Let c = (Ya,ci,.-.
«a entries of

.,ca)T. Then the first

Mec=(dy,...,ds)T

— (V=X)as1

are zero, and dg T

Proof. First let us compute dy. We have

f = YOX (V)5 (1Y (B )+ () (OF) - (5)

= YEX () 4 (X +1)(Y) + oy (17 (S (7 () + () ()
—E) D1 (BEHE ) + () =0,

The first equality follows directly from the definition of dy. The second equality
follows from telescoping the sum

S (17 (S )+ () OF)
=S 07 (Y G20 + (59 LY))
= (X;rfirl) (E/l) - (X;rl) (ail)

and using the equation

Y O\ (Y45\ _ (B\(Y+i

() C77) =57,
which is true for 8,7 € Z>o. The third equality follows from the fact that the
“3 = 0" term in the last sum is

(X +1(5) + @)

[e3

Thus we have shown that dy = 0. Now let us suppose that w € {1,...,a}. If
j€{1,...,a} then it is clear that M, ; is a polynomial that belongs to the
ideal generated by Y — X, and due to Lemma 5, Equation (c-e) we have

My =3, (,2,) ) (7207

We want to show that
Y —a)(Mc)y =Y —a)dy =w=a|](Y — X)at1-

Since Y41 My 0 is a polynomial and M, ; is a polynomial for all j € {1,...,a},
it follows that (Y — a)(Mc),, is also a polynomial. The degree of (Y — a)(Mc),,
is at most a4+ 1. Let us show that (Y — «)(Mc),, belongs to the ideal gener-
ated by Y — X —t for all t € {0,...,a}. If £ = 0 then this is obvious (because
Yor1 My o0, My, ..., My o all belong to the ideal generated by Y — X), so let
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us suppose that ¢t € {1,...,a}. In that case (Mc), is a polynomial of degree
at most @ — 1 in the quotient ring

QX Y]/(Y - X —t) =Q[X] = Q[Y].

(We can write an element of this quotient ring either as a polynomial in X or
as a polynomial in Y, and it will have the same degree in either variable.) By
Lemma 5, Equation (c-¢),

(w2 ) )

o ) ) EGEIDG)
2, ()G GEDD)
2 ()0
557)

= DX OG-

The second and fifth equalities follow from Vandermonde’s convolution formula,
the third equality is a simple rearrangement of the sums “3" " and “},”, the
fourth equality follows from

(SN GHED = G0,

and the sixth equality follows from (/) = (=1)*(“"/~"). So

w w
(=" o o
al Zj:l My jc;

is equal to

S () (70 o1 ) (S () + ()
=50 () () o7 (BEE T (X + G )
= S () () S SN ()
= S SO () a0 SR () ()
= 5, () SO (N () Siee EE ().

Let us provide some justification for this string of equalities. The first equality
is a simple rewrite. For the second equality we replace j + 1 with j in the first
term of the inner sum, i.e. we use the equation

S iso(~D  GHEN () = i (5 ) (G5)
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to rewrite
S0 (-1Y (GHEL O (51 + G GE)
= (T C) + Zyoa (17 (52 1) G ()
= (=)D I + im0 S ()

The extra term (I — 1)()1(:1) (fff) does not contribute to anything since

SO DEI)EN)

is zero for I < 0 (as then (}) = 0), for { = 0 (as then (“”rul;l) =0), forl =1 (as

then [ —1=0), and for > 1 (as then ()firll) = 0). For the third equality we

use Vandermonde’s convolution formula. To be more precise, we write
(0 = S (400 ) ()
=0, (o (T (X,

Finally, for the fourth equality we simply change the variable u to u — a + j.
Since the degree of the last polynomial

Zu (X;_t) Zl l(;) (w+ul/_1) (ail_—tu) Zj>0 (7]‘1)j (u—Z—i—j)

a—1
u=0"

is at most o — 1, we can replace the sum »_ with ) and for u in this

range we have
Y w _1)ita—u
Zj>0 (_]—;)J(u—a—i-j) = Zj %( )
- Zj (j+27u) (u’li])
= =% %, () ()]

_ _(X+u)6‘
N
= ()
(=) " (a—u—1)lu!
al '

QO w.g

X=0

X=0

The second and sixth equalities follow from Lemma 4, and the fourth equality
follows from Vandermonde’s convolution formula. Therefore

S S5 Mujeg =t 3, () S = ) (07 (G252

Thus the equation we want to show, i.e.

G (M), = O35 (0) + 50 300 Mujej = 0

a! Yw+1 e} a!l
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(modulo Y — X —t), is equivalent to

S () G ey k=t ety = OB () (g

Here for convenience we look at the relevant elements as polynomials in Y
(recall that we identify Q[X,Y]/(Y — X —¢) 2 Q[X] = Q[Y]). Let us denote
the left and right side of Equation (4) by L(t) and R(t), respectively. To
conclude that L(t) = R(t) for t € {1,...,a}, it is evidently enough to show
that

Yo (=1 (T)LG+1) =X (-1 (7)R(G + 1) ()

for m € {0,...,a — 1}. We can uniquely write each side of Equation (5) in the
form

ha1(1y) + -+ ho(y)-
To show that the polynomials on the two sides of Equation 5 are equal, it is
enough to show that the coefficients of (5) (i.e. the corresponding h,) are the
same on both sides, for all u € {0,...,a — 1}. The coeflicient of (Z) on the left
side of Equation (5) is

i Ly (1™ () (20 (707 (82570)-
With Ka,m,u = (—=1)27™ 74" 1a (% 1). We have
Ej<—1>j(’?)R<j+1>= ;0 )%(a)
=50 YT
= v () )
= v ()
= v ()
o)
o)

w(
at(

< 0T

J

(-1
>, (-1)
>, (=1 (7 )El()( )
> () (=0 () ()
(-1) +mzz— m] (%))
(o

g ()
=3 (if) ()
-, ()M (*7),

Here the second, third, fifth, seventh, eighth, and tenth equalities are simple
rewrites and rearrangements of sums, the fourth and ninth equalities follow
from Vandermonde’s convolution formula, and the sixth equality follows from
Lemma 6, Equation (c¢-g). Therefore the coefficient of (Z) on the right side of
Equation (5) is

Famau (") a2 () = el (U G-
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Thus we want to show that
> D™ ) (T ) = TR G- (6)

Let us show that Equation (6) is true more generally for all a, m,u, w € Zxp.
Let L(c,u) and R(w, u) denote the left and right side of Equation (6), respec-
tively. Then it is easy to verify that

*(a,u) =*(a—Lu)++x(a—1,u—1)

for x € {L, R}. Therefore we only need to show Equation (6) in the boundary
cases, i.e. when either w =0 or « = 0. Suppose that u=0. If [ € {0,...,5}
then (Ol‘__]]__ll) =0,and if{ ¢ {0,...,j + 1} then (lfl) = 0, so the only terms in
L(a,0) that are non-zero are the ones such that [ — 1 = j. Thus, the equation

;=0 7)) = (o)

This follows from
() = (CIP(C) and (2) = (1))
and Vandermonde’s convolution formula. If @ = 0 then the equation is
S L) (T = (T G
which follows from the fact that

P magazo (DY) (NI Gt (H?_l)ZfJZ%nZéL € Q(Z1, 22, Z3)

is equal to

S wmagazo DT L) G (T (=20 (- 22)m 23
Ym0~ () G (T (=20 (= 22)m 28

= Cmagazo () () (T (2 = D)7 (=22 24
= i Sse () (P42 - )7 (- ) 2

. l j
_ Z3 Z ( J ) _ 1 _ ZoZs J
15 22— Zs— 2273 27,120 =1 Za—Z173 15 Z2— 75— 7275

l+1

_ 1 Z (1=2Z3+2123)Z> J
- (l—Zl)(1+Z2—Z3—Z2Z3) 7=0 (1—Zl)(1+Z2—Z3—ZQZs)

1
= 1-Z1—Z3s—Z1Zs+Z1Z3 € Q(Zl’ ZQ’ Z3)
and the fact that
Zw,m,u}O (m:u) ('rl:b) ZFZ;”Z; € @(Zl’ Z2’ Zg)
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is equal to

m
1 m-+u Z1Z> U
1-2, Em,u}O( u ) (1721) Z3
-1 23725 \"
T 1-Z1—-Z17Z5 uz20 \ 1-21—-2Z17Z5

— 1
T 1-Z1—Z3—Z1Z2+7Z17Z3 € @(ZI’Z2’ZP’)'

To summarize, we have shown that (Y — a)d, = (Y — «)(Mc),, has degree
at most a+ 1 and belongs to the ideal generated by Y — X —t¢ for all
t € {0,...,a}. Therefore it must be a constant multiple of (Y — X)o41. We
can deduce that the constant is indeed [w = a] by comparing the coefficients
of Yo+! thus completing the proof. O

LEMMA 12. Suppose that s, a, 8 € Z are such that

=5
-2

Let B = B, denote the matriz defined in Lemma 10. Let M denote the
(a+1) x (a+1) matriz with entries in F, such that if i € {1,...,8} and
j€{0,...,a} then

oy LT T ey =,
Ml,] - (1) { (sfaflﬁJrj) ij > O,

j—1

and if i € {0,...,a}\{1,...,8} and j € {0,...,a} then M, ; is the reduction
modulo p of

j= e —J s —1)—a+5\ 9 s —1)—a+j—v
PN o Biw X, (,,) (TP )T T, (R )

—[i=0] (s+ﬂ(p—_1)—a+j)a — =0, Bi w(s+ﬂ(p—1)—a) (=1 w!

J (s—@)wt1”
Then there is a solution of

M(z20,...,20)" =(1,0,...,0)"
such that zp # 0.

Proof. Let us simplify M;; for i € {0,...,a}\{1,...,8} and j € {0,...,a}.
The matrix B can be defined as

E((—g),...,(—f))T = (T -1} ()f))T

Since
(1) =D = 0P, (GO (5
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for I € Z3,, it follows that

Biw = [(i,w) = (0,0)] + 0, (= DI(H) (7)), (7)

00 Biw () = S (I6:w0) = (0,00 + S5, (<1 () (71)) ()
= [(,0) = (0,0)] + 35 1 (1 () (7)) (%)
= [(5,0) = (0,0)] + (~1)"* S (D) (122)
= (=1 (=D () (20

The first equality follows from Equation (7). The third equality follows from
Lemma 6, Equation (c-i). When 0 < v < j < a, due to Lemma 6, Equa-

tion (c¢-j),
(D) 2 (D) (20) = (1),

Hence we can simplify M; ; for ¢ ¢ {1,...,5} as

«a o s—a—p\9 s—a— —1)"w! ipos
Zw:OBivw (ﬂ( w B) 7( w B)) (‘(S—Bﬁ lf‘] :0’

S () () () <=0 o

Here the simplification for j = 0 follows from the equation

s+B(p—1)—a—wy _ (=D)"w!Bp
ZU( u(p—1)—w ) T (s—)wt1 ?

which follows from Lemma 5, Equation (c-¢). If i € {8+ 1,...,a} then, due
to Lemma 8,
v s—a— NG rs—atj—uv .
Zv( 1>Z+]+U(z ])( Uﬂ+J) ( ]j_f) ) :Fﬁvjaj*i(siaiﬂ%»])
= (7752,

7 Jj—t

so we can further simplify M; ; fori e {8+1,...,a} as

S50 B (5(757) = (707) 2 it
() (5849~ i = 0) (579 it >0,

? J— J

It follows immediately from these expressions that all entries of M that are
below the diagonal and are not in the zeroth column must be zero, since

() =0

when j < . It also follows that all entries in the zeroth row except for the one
that is in the zeroth column must be zero, since the only non-zero term in the

relevant sum ‘ 5 _
S, (=L () (T ) ()

DOCUMENTA MATHEMATICA 26 (2021) 1929-1979



REDUCTIONS OF CRYSTALLINE REPRESENTATIONS 1955

is the one with v = j. This is because (3’) =0 for v < j and (S_?:{_”) =0 for
v > j. Therefore

MO,O 0
v U

M =

for some vector v and some upper triangular a x o matrix U.* Consequently,
the equation

M(z20,...,20)" = (1,0,...,0)"

has a solution such that 2o # 0 as long as the diagonal entries of M are non-zero.
Since By, = ( ), we have

bttt Moo = S0y (-1 (79797 = 5(757)) (Tau ).
Due to Lemma 6, Equation (c-h),
P e [ R [ )
Due to Lemma 8,
Yo" (707

Thus, due to Lemma 4,

b5} atB+1
Moo= a8 -1 _ _(=1) .
0,0 (s—a)a+1( e’ ) (a+1)(g>(sajr<;) 7& 0
The diagonal entries My 1,..., Mg g are equal to (f), ey (g), respectively, all
of which are non-zero. For j € {8+ 1,...,a} we have, due to Lemma 4,

5} (—1)P+it?

L (BY =
M]J - (]) - (ﬁJrl)(ﬂil) 7£ 0.

So the diagonal entries of M are indeed non-zero. O

4For example, when « > 4 this means that

Moo 0O 0 0 - 0

Mo My Mi2 M3z -+ Mia

Ma o 0 Mzo Ma23 -+ Mz,
M=

M3 0 0 Mssz -+ M3

(Moo O 0 0 M o]
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9 COMPUTING O 4

This section comprises three lemmas about properties of the ideal im(T — a).
The key lemma is Lemma 15, and Lemmas 13 and 14 are auxiliary lemmas that
are only used to prove Lemma 15. In Sections 10 and 11 we use Lemma 15 to
show that @k,a is irreducible under the conditions of Theorem 3. As remarked
in Section 4, the main strategy we use to compute @k,a is to_find elements
of ., that represent non-trivial elements of the subquotients (Ny)oga<y, and
this relates to im(7 — a) because if an element of ind“ ¥, is the reduction
modulo m of an integral element of im(7" — a) then it is also in .7,.

We refer to section 7 for the relevant notation. We recall that v < p—;l < pand
k > p'% (and therefore r = k — 2 > p%). Let us write n = p?, so that r > np?.
Ifwe{0,...,[;5]} and u € {-w,...,r — wp} then we write

ewzuyrfw(erl)fu —_ Z](il)j (’lj/_d)Z.querj(pfl)yrfwfj(pfl)fu

3

which is an element of ind® Y. That is, the notation ¥ z"y" makes sense even
if either w or v is in {—w, ..., —1} since % is divisible by (xy)™.

LEMMA 13. Suppose that « € {0,...,v —1}.

1. We have

(T —a)(1 °q, A e T |
S (—1)3 (1) pie D4 (1 0) o 20D reyrir-Da

—a Zj(_l)j (n;a) °q, 6o g3 (P= 1 yr=ip=1)=alp+1) L O(pn).

2. The submodule im(T — a) C ind® %, contains
> (ZZB:B_W C (l(’;_ﬁl;rf_l)) °q, AP D)+Byr—i(p—1)—5
4+ O(ap=PHve 4 pr-1)
for all 0 < B < v <v and all families (C})ez of elements of Z,, where
vo = ming_y<i<p(vp(Cr) +1).

The O(ap=P+vc + pP~1) term is equal to O(pP~') plus

_8 B B I
— gy Cp' Coper, W (B 1) 0, 072y oA
Proof. (1) Let us recall the formula

T(yeg,v) =Y ,er, 754 og, (5 37) v) +1(03) o, (57)-v)
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for T'. Let
1 °g, v = 1 °q, O~y TP
= Z?:o(*l)j (7;) °q, o tip=1)yr=ilp=1)—a

If we apply the formula for T to 1 eg v =1eg_ §"z* "y"~"P~<, then the first
P P
part of the formula, the part

e, V(B o, ((o 717) - v),
can be expanded into
Suer, Diesolb W) g, (=17 () (O T) (S [ul) I T ptar ey~

The part of this sum with £ > n is in O(p™), and moreover (—[u])" (P~ —a=¢
is independent of j when & < n since r > p?¥ implies

r—jp—-1)—a—-E&>r—np—p—n>0.
The coefficient of 2" ~¢y¢ vanishes when ¢ < n since
j(n\ (r—i(p—1)—«
Zj(_l)J (])( ](pg : ) =0,

due to Lemma 6, Equation (c-k) applied to (u,b,d,l,w) = (r —a,0,p — 1,n,§).
The second part of the formula, the part

v(0p) eg, (1)),
is precisely
Zj(,l)j (n)pj(pfl)m((l)g) ) gIp—Dtayr—i(p—1)-a
J P )
and —a eg 0"z "y """PT is precisely
—a Zj(,ly' (";a) °q, 0oz (p—1)yr—i(p—1)—alp+l)

By adding these three terms up we obtain the required expression for

(T — a) (1 eg, ao—nyr—nr=o),

(2) Let us multiply the equation in the statement of part 1 on the left by
Co-al™ Yopper, (5 1)

(thjt is, let us act on both sides of the equation in part 1 by the above element
of Q,[G]). Since im(T" — a) is a G-module, both sides still end up in im(7" — a).
The “j = 0”7 part of the first sum on the right side becomes

(03

Cp-a Zo;&ueu«“p [M]aiﬁ(é W) °g, YY"
=Cs-a®qg, Zo;ﬁuem‘p [N]Q_B((l) [‘f] Jrty e
= Cp-a ®T, Lopuer, 1 Pe((ua +y) =
=p-1, Cﬂ*a(i(p—q)_fﬂ_a) g, g P=D+Byr—i(p=1)-B,
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The third equality follows from the fact that

Zo;ﬁuem‘p (1] = (p— Dw=p—1 0]

for w € Z. The “5 > 0” part of the first sum on the right becomes O(ppfl).
The rest of the right side becomes

—aCp—ap™® Zo;ﬁuem‘p [N]Q_B(g Wl eg, 0"xTyTTPTY 4 O(p"—).
Thus, since n — a > p? — p > p, we get that im(T — a) contains
(p — 1) Zz Cﬁfa (i(pfq)_fﬁfa) .@p zi(Pfl)JFﬂyT*i(P*l)*ﬁ + O(ppil)
0™ Yogea, W75 1)) o, 0oy
If we sum this over all « € {0,...,~v} and then divide by p — 1, we get

JrS ¥ Cg_a(i(pji)*fﬁfa) og, P DHAyr=ilp=1)=8 4 O(pr1)
~ 557 im0 Co-ap™ Togper, WP (3 1) o7, 0na "y =P,

This element is in im(7" — a) and, after changing to the variable [ = 8 — «, it
turns into precisely the element we want. o

LEMMA 14. Suppose that a € Z and v € Q and the family (D;);cz of elements
of Zy are such that

ae€f0,...,v—1},
Dy =0 fori ¢ [0,2=5],
v gvp(ﬁa(DODa
v' = min{v,(a) — a, v} < v, (9 (D))
)

w(De)
Note that21/704§2~p—;1 <p. Let, for j € Z,
Aj = (*1)j71(1 —p)fa(jgl)ﬁa(D.),

so that (A;) ez is supported on the set of indices {1,...,a+ 1} and therefore
Vw(As) is properly defined for 0 < w < o, and v < vp(Va(Ad)) < vp(4;) for
all j € Z. Then we have

fora<w <2v—aq,

D (De
v = min{v,(a) — a,v} < v, (9 (Ds)) for 0 < w < a.

Zz(Az - Di) 0@p xi(l)—l)-i-ayr—i(p_l)_a
= [O[ § 5](7:[)”“1’1DE .@p enfonp75+aysiain
r—mp—o

— DO .@p enxafny

+ Eeg, 0°t'h+ F g, I + ERR; + ERRo,

DOCUMENTA MATHEMATICA 26 (2021) 1929-1979



REDUCTIONS OF CRYSTALLINE REPRESENTATIONS 1959

for some integral ERRy € ind® f]r and ERRy € ind® f]r such that
ERR; € im(T — a) and ERRy = O(p¥~ (04?4 pr=2),

some polynomials h and h', and some E,F € @p such that v,(E) > v and
vp(F) > v

Proof. By using the equation
g=a"'Tg— (T —a)(a""g) (®)
we can rewrite
9=2,(Ai = Dy) e, alP=Dtayr=ilp=l)=a

as

2u—1l—a _ r—a— _ r—

- Zg:o a 1X£P£ EO;&)\G]FP[_)‘] 5(‘5 [i]) ®Q, T Syt

_ [Oé < S](*l)nJrlDu .@p enzrfnpferaysfafn

+ DO .@p anafnyrfnpfa + O(pufa)

+ ERRs, )
where ERRj3 € ind® ENIT is such that ERR3 € im(T — a), and

Xe=30(Ai = D) (07,

The first three lines of Equation (9) come from the “a=!'Tg¢” part of Equa-
tion (8), and to obtain the second and third lines we use part (1) of Lemma 13
to replace terms of type a=1(49) eg, h1 with terms of type 1eg, ho plus
some error terms that are in im(T —a) and other error terms that are in
O(p"~“)—we omit the full details. Note that X, is well-defined since (D;);ez
and (A;);ez are both supported on the finite set of indices i € {0,..., [3=F]}.
The constants (A;);cz are precisely designed in a way that 9,,(As) = 0 for all
w €{0,...,a—1} and 9,(As) = P94(Ds), and this follows immediately from
lemma 6, Equation (c¢-k) applied to (b,,u) = (0,, (p — 1)(a+ 1)). By writing
("¥7*) € Qu[X] as a Z,-linear combination of ()0(), . ()E() € Qp[X] we get

13
that

Zl(Az o Di)(rfi(pgl)fa)

is a Zy-linear combination of ¥g(As) — Jo(Da), ..., Ve(As) — Ve(Ds). Thus we
can conclude that

vp(Xe) >0 for all £ €{0,...,a}.

We also have
vp(A;) Z vp(9a(Ds)) 2 v =0

DOCUMENTA MATHEMATICA 26 (2021) 1929-1979



1960 B. ARSOVSKI

by assumption, so we can conclude that
vp(Xe) =0 forall E e {a+1,...,2v —1—a}.

Thus the part of the sum “Z?igl_a” in the first line of (9) consisting of the

indices £ € {v,...,2v—1—a}isin
O(pvap(a)Jrv’) —_ O(pufvp(a)Jrv +p1/7a).

Due to part (1) of Lemma 13, the part of the sum consisting of the indices
e{a+1,...,v—1}is

— v—1 r—a— _ r—
a”t Zg:a+1 XSPE Zoyé/\en?p[_)‘] 5(6’ [i] ) °qQ, T gyg
— v—1 r—o— _
=a 'Y T, Xea >ozrer, = A f(1))) e, 6°he + ERRy
— Eeg, 6°1h + ERRy,
where ERR4 € ind® f]r is such that
ERRy + O(p"~or(@Fv 4 pv=2) € im(T — a)
and h and E are such that v,(E) > ¢’ (the constant E can be chosen in this
way since v,(X¢) > v’ for all § € {a+1,...,v —1}). Similarly, the part of the
sum consisting of the indices € € {0,...,a} is
32 Fe o, 0%he + ERRs,
where ERR5 € ind® ENIT is such that
ERR5 + O(p"*”P(a)*” + p”’o‘) € im(T — a)
and he and F¢ are such that v,(Fe) > vp(Xe) > o', We get the identity we

want after writing
FR' =30 Fe6he
for suitable A’ and F. O

LEMMA 15. Let (Cy)iez be any family of elements of Z,. Suppose that
a€{0,...,v—1} and v € Q, and suppose that the constants

D;=[i=0C_1+[0<i(p—1)<r—2a]3 1 ,C (i{p‘jﬂl)

satisfy the conditions of Lemma 14, i.e.
v g vp(ﬂll(D'))v
o' :=min{v,(a) — a, v} < vp(Vy(Da)) for a <w < 2v — a,
v < vp(0(Da)) for 0 < w < a.

Note that (D;)iecz is supported on the finite set of indices {0,..., \_%J} by
definition. Moreover, suppose that Cy is a unit. Let

V= (1 —p) *Ia(De) — C_;.
Suppose that v,(C_1) = v, ().
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1. If vp(¥') < ' _then there is some element gen, € 9, that represents a
generator of Ng,.

2. If vp(a) — a < v then there is some element gen, € I, that represents a
generator of a finite-codimensional submodule of

To.a (indG quot(a)) =Tya (Na/ ind® SUb(Oé)) ;

where Ty o denotes the endomorphism of ind® quot(a) corresponding to
the double coset of (29).

Proof. Before proceeding to the proofs of (1) and (2), let us make some initial
remarks. Due to part (2) of Lemma 13, we know that im(7 — a) contains

Zi D; °q, .,L.i(pfl)+(ly7“fi(pfl)fa + O(ap™@). (10)
The conditions imposed on the constants D; are designed in a way that
Zz’ Dixi(p—l)-l-ayr—i(p—l)—oz —0h + R’

for some polynomials h, k' such that v,(h’) > v’ (that is, such that the valu-
ation of each of the coefficients of b’ is strictly greater than v’). In the very
special case when 9,,(D,e) = 0 for 0 < w < a, this is because these conditions
are precisely the equations needed to imply that

Zi Dixi(pfl)Jrayrfi(pfl)fa

can be factored as 6“h, due to Lemma 7. The general case when ¥,,(Ds) > v’
for 0 < w < a can be reduced to this special case by adding a term h’ such that
vp(h') > v'. Then 6”7 is an element of N,, and the number ¢ is specifically
designed in a way that éay is precisely ¥ times a generator of N,. If ¢ is
a unit then this immediately gives us an integral element of im(7' — a) whose
reduction modulo m represents a generator of N,. Note that in general the
valuation of 1 is an integer. If that integer is strictly positive then we would
like to multiply 6*h by p*”P(”y) prior to reducing modulo m. We cannot do this
directly, since almost certainly there exist some D; whose valuation is strictly
smaller than the valuation of ¥/, so after multiplying 6“h by p_va/) we might
not get an integral element. Thus we would like to “smoothen” the D; to better
constants A; which have much of the same qualities as the D; (i.e. satisfy the
same conditions) but whose valuations are all at least as large as the valuation
of . We use the constants A; from Lemma 14, and we replace D; with A; by
adding

Zz(Al _ Dz) .@p xi(p—1)+ayr—i(p—1)—a + Dy .@p enwa_nyr_np_a
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o (10). We know, directly from the definition of the constants A;, that
Zi A; .@p Z.i(pfl)Jrayrfi(pfl)fa + Dy .@p enzafnyrfnpfa
= (L p)"0a(D4) og, 00?1y =) —p1
Jr 071 .@p enxafnyrfnpfa,
and, for any A, B € Zp, the reduction modulo m of

A °q, Haxpflyrf‘l(fﬂrl)*lﬂrl + B °q, anafnyrfnpfa

is A — B times a generator of Na. We use Lemma 14 to deduce that if we add
to

Zz(Al _ Dz) °q, xi(P—1)+ayT—i(p—1)—a + Dy °q, enxa_nyr_np_a
a certain error term that looks like
— Eeg, 0°t'h — F eg, h' +ERR; + ERR
then we get an element of im(7 — a), so that im(7T — a) contains
(19/ + C_l) .@p Haxp_lyT—a(P‘f‘l)—P-H +C_; .@p enxa—nyr—np—a
+ E °qQ, gotlp + F °q, h' + O(p”_vp(“)+v +pUp(a)—0t), (11)

for some h, 1/, E, F with v,(E) > v’ and v,(F) > v'. Now let us proceed to the
proofs of (1) and (2).

(1) Suppose that v,(9') < v’. Let us note that v,(C_1) = v,(¥'). The terms
in the first line of Equation (11) have valuations at least v,(¢'), and the terms
in the second line of Equation (11) have valuations at least v' > v, (¢¥). Thus
if we we multiply (11) by |¢| = p~»(@) then we get an integral element gen,
that is still an element of im(T — a). As v,(E) > v’ and 6>k is trivial in N,
the reduction modulo m of

/ — +1
|V'|E g, 04N

is trivial in Na. As vp(F') > v, the reduction modulo m of

|V'|F g, R
is trivial. And, as vp(a) is not an integer, the inequality v,(a) — a = v, (¥)
which follows from the assumption that v' > v,(¥) must in fact be a strict
inequality. Therefore the reduction modulo m of the last term

|19/|O(pvap(a)+v +pvp(a)7a)

is trivial. Thus the reduction modulo m of gen, is the reduction of

|19I|(79/ + C—l) .@p Gaxp—ly'r‘—oz(p-i-l)—p-i-l + |19/|C—1 .@p ana—nyr—np—a,
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which, as mentioned, is |[¢/|(¢ + C_1) — |¢/|C_1 € F: times a generator of N,.
We define the desired element as the reduction modulo m of gen,.

(2) Suppose that v,(a) —a <v. We may without loss of generality assume
that v, () > v' = vp(a) — « since otherwise we could apply the first part of
this lemma and reach an even stronger conclusion. Then the dominant term
in (11) comes from the error term O(ap~®). This is because the terms in the
first line of Equation (11) have valuation at least v, (9) > vp(a) — c, the “F”
and “O(p"~*»(9+?)” terms in the second line of Equation (11) have valuation
bigger than v = v,(a) — a, and v,(E) > v' = vy(a) — a and 01k is trivial in
N, so the reduction modulo m of

pafvp(a)E .@p gotip

is trivial in ﬁa. The term O(ap~?) is described in the last displayed equation
in the statement of Lemma 13, and it is

—ag - 3 o
_app_l 0 ZO#AG]FP(S [i\]) °q, on o nyrnp—a

Thus after we multiply the element given by Equation (11) with u,pp*_a‘lco and

reduce the resulting element modulo m, we get a representative of

(Zaer, (30 +AGBS) +[r =p-1 20]B(33)) o5, X2,

for some A, B € Fp. Let v denote this element, which belongs to

ind® quot(a) = N,/ ind® sub(a) = ind® (gaq_, (r — @))

and is represented by the reduction modulo m of an integral element of
im(T — a) (and therefore by an element of .#,). The classification given in
Theorem 2 implies that either Tq o — A acts trivially on ind® quot(c) modulo
S, for some A € Fp, or s € {1,3,...,2v — 1} and (Ty0 — \)(Tya — A71) acts

trivially on ind“ quot(a) modulo .7, for some \ € F; .

o Let us first consider the case when T, o, — A acts trivially. Then

(A(5Y) + A= [r=p-120](1 = B)(03)) of, X22=" (12)

0p

in ind® quot(«) is represented by an element of .#,. First suppose that
20 —r > 0. If A0 then either A =0 in which case ind® quot(«) is triv-
ial modulo .#,, or A # 0 in which case we can multiply (12) on the left by
[1]P~2( . 7) and sum over all y € F), to obtain that A ef X22=""1Y" is rep-
resented by an element of .%,, so we can take

gen, = \ e XZe=rly.

If A =0 then either A # 0 in which case ind” quot(«) is trivial modulo .7,
or A = 0 in which case we can take

geny = T4 o (1 *F X2Q_T) .
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Now suppose that 2ac — 7 = 0. Then we can use the decomposition of G into
cosets of K'Z given in Section 2.1.2 of [Bre03b| together with the fact that
the element given by Equation (12) is trivial modulo .#, to conclude that
any element of ind® quot(a) can be written in the form

(11 (§Y) + p2) o5 1+A"

for some h” which is represented by an element of .#,, and thus we can
find a suitable gen, € ., that represents a generator of a submodule of
Ty.0(ind€ quot(a)) which has codimension at most two.

e Now let us consider the case when (Tyy,o — \)(Ty,a — A™!) acts trivially. Thus
A#0and s € {1,3,...,2v — 1}, and in particular 2o — r > 0. As

(ZAeF (0 1 )+A( )) *F, Xt
is trivial in ind® quot () modulo .7, it follows that so is

(A2 0)+ A+ ATHA(R)) +1) o X2
Again after multiplying on the left by [u]P72(,,}) and summing over all
p € F, we conclude that 1 ez X2¢=r=1Y" is trivial (since 2a —r > 0) and
therefore that ind¥ quot(e) is ‘trivial modulo .7,.

Consequently, either .#, contains a representative of a generator of a finite-
codimensional submodule of Ty o (ind“ quot(a)), or it contains a representative
of a generator of ind® quot(a) (the latter being a stronger statement), and we
can take gen, to be that element of .7,. (|

10 PROOF OF THEOREM 1

The proof is based on the approach outlined in [BG09], and roughly consists of
ﬁndmg enough elements in .7, consequently eliminating enough subquotients
of ind“ Y., and using that information to find enough data about @k a-

Throughout Sections 10 and 11 we assume that
r=s+08(p—1)+ugp’ + O(p”l)

for some 8 € {0,...,p— 1} and ug € Z, and t € Z>1. Let us write € = uop®.
Recall also that we assume v — 1 < vp( a) < v for some v € {1,..., 5 1}, that
s € {2v,...,p— 1}, and that k > p'°° (and consequently r > p99)

Recall that Theorem 1 is equivalent to Theorem 3. Let us show that Theorem 3
follows from the following proposition.
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PROPOSITION 16. For each o € {0, ..., v — 2}, there is some element gen € .7,
that represents a generator of a finite-codimensional submodule of

Ty (indG quot(a)) =Tqa (]\Afa/ ind“ sub(a)) .

Proof. Proof that Proposition 16 implies Theorem 3. The classifications given
by Theorem 2 and Theorem 2.7.1 in [Bre03a] imply that if Oy, is reducible
then it must have exactly two infinite-dimensional factors. It may have up to
two additional one-dimensional factors. Thus suppose that Oy, is reducible
and its infinite-dimensional factors are R, and Rs. Recall from Section 4 that
6k,a is a subquotient of

indG(Zr/(yT, . ,:E”_lyT_”"‘l,EVET,V(H”)),

a module which has a series whose factors are subquotients of ]VO, ceey ]V,,,l.
Thus each of Ry, Ry is a quotient of one of the representations

ind® sub(0), ..., ind® sub(v — 1), ind“ quot(0), . .., ind“ quot(v — 1).

If R; happened to be a quotient of quot(e) for some a € {0,...,v — 2} and
some j € {1, 2}, then Proposition 16 would imply that R; must be a quotient
of a representation that contains ind® quot(a) /Ty« as a finite-codimensional
submodule. Since ind® quot(a)/Ty. is irreducible (and infinite-dimensional)
and R; is infinite-dimensional, it would follow in light of the classification
given by Theorem 2 that R; = ind® quot(a)/Tq,q, resulting in a contradiction.
Thus neither R; nor R can happen to be a quotient of quot(a) for some
a €{0,...,v—2}. Moreover, neither R; nor Ry can happen to be a quotient
of ind® sub(0), since .7, contains 1 eq, y", which generates ind® sub(0). Hence
each of them is a quotient of one of the representations

ind® sub(1), ...,ind% sub(v — 1), ind quot(v — 1).

Suppose that R; and Ry are quotients of ind® (o3 (b)) and ind(o4(d’)), re-
spectively. By Theorem 2 we must have
b —d =d+1modp—1,
b+d=—-2modp—1.

In particular, ind® (o3 (b)) and ind“(o4(d’)) cannot happen to be the represen-
tations ind sub(a) and ind® sub(e), as that would imply that

{2,...;2v=2}sa+ad =p1r+1=,_1s+1¢{2,...,2v},

resulting in a contradiction. Similarly, ind® (o3, (b)) and ind(o4(d')) cannot
happen to be the representations ind“ sub(«) and ind® quot(rv — 1), as that
would imply that

a=vmodp—1,
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resulting in a contradiction. And finally, ind%(o,(8')) and ind®(o4(d’)) cannot
happen to both be the representation ind® quot(v — 1), as that would imply
that

s=2v—1modp—1,

resulting in a contradiction. Therefore we reach a contradiction in all cases,
implying that ©y, , must in fact be irreducible. O

The next section is dedicated to proving Proposition 16.

11 PROOF OF PROPOSITION 16

Recall from Section 7 that
Xp=XX-1)---(X —n+1) €Z,[X]

is the falling factorial. Let o € {0,...,v —2}. The goal is to apply Lemma 15
with a certain family (C})iez of elements of Z,, and certain v € Q. For any such
(C1)iez and v € Q let us define
Di:=[i=0]C1+[0<ilp—1) <r—2a] 30, Ci(,(, 5110

Thus throughout the proof the constants (D;);cz depend on and are defined
entirely by the constants (C_1,Cy,...,Cy). Let us note from the definition of
¥;(D,) for j € {0,...,p — 1} that it is a Z,-linear combination of the constants
(C-1,C,...,Cq). We always pick C; =0 for j ¢ {—1,0,...,a}. In the proof
we make choices for (C_1,Cy,...,C,) and v so that the constants (D;);cz
satisfy the conditions of Lemma 15, i.e.

v < vp(Ja(Ds)), (x1)

o' :=min{v,(a) — a, v} < vp(Vy(De)) for a < w < 2v — a, (x2)
v < vp(Vy(D,)) for 0 < w < (x3)

Co€Z), (x4)

0p(C1) > 0p(9). (+5)

We call (C_4,Cy,...,Cy) and v € Q “suitable” if the five conditions (x1), (x2),
(%3), (%4), (*5) are satisfied and if moreover either v, (9') < v" or vp(a) — a < v.
Suppose that we are indeed able to find suitable (C_1,Cy,...,C,) and v. If
vp(a) — a < v then we can conclude from part (2) of Lemma 15 that there is
some element gen € %, that represents a generator of a finite-codimensional
submodule of

To.a (indG quot(a)) =Tya (]\Afa/ ind SUb(Oé)) )
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and if v,(¥') < v' we can use part (1) of Lemma 15 to reach an even stronger
conclusion, that there is some element gen € ., that represents a generator of
N,, (and therefore gen also represents a generator of Ty, o(ind quot(a))). Thus
all we need to do to prove Proposition 16 is to find suitable (C_1,Cy,...,Cy)
and v, for a € {0,...,v — 2}.

Let U denote the (2v — a) x (o + 1) matrix with entries in Q, indexed by
0<w<2r—aand0<j< a, defined by

U(Co,C1,...,C)T = (90(Ds) — C_1,91(Da), - - -, P20—a—1(Ds))T.

Note that only the constants Cy,...,C, appear in the linear combinations on
the right side, so this equation does indeed define a linear map. Let U* denote
the (e 4+ 1) x (o + 1) submatrix consisting of the top a + 1 rows of U, i.e. of
those entries indexed by 0 < w, j < . Due to Lemma 5, Equation (c-f),

Ui = 50 () (757) (79597 = (75%07)) + Ow)
for 0 < w < 2rv —a and 0 < j < @, so the entries of U are in fact integers.

Let us consider four different cases:

o a=0,
e a>0and 8 ¢{0,...,a},
e a>0and S =0,
e a>0and g e{l,...,a}.
In order to prove Proposition 16, we must find constants (C_1,Cy,...,C,) and

v € Qp that are “suitable” (i.e. such that the five conditions (1), (¥2), (x3),
(x4), (x5) are satisfied and either v,(¢') < v' or v,(a) — @ < v) in each case.

e Suppose that « = 0. In this case we choose (C_1,Cy) = (0,1). Then the two
conditions (x1), (*2) are equivalent to

v < ’Up(ﬂo(D.)),
v" := min{vy(a), v} < vp(9y(Ds)) for 0 < w < 2v,

and the three conditions (*3), (x4), (x5) are vacuously true. Moreover, we
set v = v, (¥o(D,)), so that condition (x1) is also satisfied and we trivially
have either v,(¥) = v < v’ or vp(a) < v. Thus all we need to check is that
v < vp(Yy(De)) for 0 < w < 2v. Due to Lemma 5, Equation (c-b),

Po(Ds) = 2=2p+ O((s — 7)p?).

5Note that o € {0,...,v — 2} implies that o + 1 < 2v — o

DOCUMENTA MATHEMATICA 26 (2021) 1929-1979



1968 B. ARSOVSKI

Moreover, due to Lemma 5, Equation (¢-b) and Lemma 5, Equation (c¢-¢),

Pu(De) = Xocitp-1)<r lip-1)) (o))
= ZO<i(p71)<T (i(pr:lv){w) (;)
= (;) Zo<i(p—1)<r Z::O(*l)u(?:) (i(Tp_—uU)
= () (s =i o (=1 () 522 + O((s = 7)p?)
— Sty 0((s—mp?) = O((s—mp)  (13)

Sw41
for 0 < w < 2v. The first equality follows from the definition of ¢,,(D.,), the
second equality is a simple rewrite, the third equality follows from Lemma 5,
Equation (c-c¢), the fourth equality follows from Lemma 5, Equation (c¢-b),
and the fifth equality follows from the equation

w w(w\ 1 _ (=1)"w!

Zu=o(=1"( % = S €QX)

and the fact that s,4+1 # 0 (because s > 2v). If 0 = o < max{v —t — 1, 8},
then either 3 > 0 in which case s —r € Z and Jo(Ds) € Z,’ and therefore
the constants (C_1,Cp) are suitable for v =0, or =0 and t <v—2 in
which case vp(9o(Ds)) =t + 1 and vy (9 (Ds)) 2t +1 for 0 < w < 2v and
therefore the constants (C_1, Cy) are suitable for v =o' = ¢+ 1. If, on the
other hand, max{v —t—1,8} =0,then f=0andt>2v—1landv=¢t+1
and v = vp(a) < v < vp(Yy(Ds)) for 0 < w < 2v, so again the constants
(C_1,Ch) are suitable for v =¢+ 1.

e Suppose that o >0 and § € {0,...,a}. The second condition implies that
Up((8 = 7)at1) = 0. Let M and c¢ be the matrix and vector that are defined
in Lemma 11. The entries of M and ¢ are in Q(X,Y) C Q,(X,Y). Let us
make the substitutions X =r —a and Y = s — «a, so that we end up with
the matrix M° and vector v° with entries in Q,. In this case we choose
(071,00) = (0, 1) and

Cj = (ﬁ;))a

for 0 < 7 < . Recall that
U(1,C1,y...,00)T = (99(Ds), ..., 92, _a_1(Ds))T.

Due to Lemma 5, Equation (¢-b) and Lemma 5, Equation (c¢-f),

Uy o = ELE=00=a)n ), | 0 (y2),

(s—a)w+1
Ui = 0 (0 2) (75) (7557 = (75777)) + 0(w),

for 0 < w < 2v —aand 0 < j < a. The first line follows as in Equation (13).
In particular,

Uw,j = pI=" (M, ; + O(p))
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for 0 < w < 2rv —a and 0 < j < . Therefore, due to Lemma 11, the first o
entries of the resulting column vector (Jo(Da), . . . , 92v—a—1(Ds))" are O(p?),
and the entry indexed « is

_ (S_T)a 1
Ja(Ds) = (=52p + O(p?) € pZj.
Since all subsequent entries are evidently O(p), we can conclude that the
constants (C_1,Cy,...,C,) are suitable for v =1 (we omit the fine details
of checking that all of the conditions are satisfied).

Suppose that o > 0 and 8 = 0. Let us define M° and ¢°® as in the previous
case, and let (C_1,Cp) = (0,1) and

Cj = e

for 0 < 7 < a. We can similarly compute

Uw,O _ (—1)w(s—r)(r—a)wp + O(pt+2),

(s—)w+1
Uy = S0 (2) (700) ((7557) = (75557) ) + 0 (),
for 0 S w < 2v—aand 0 < j < . Again,
U(1,Ch,y. .., Co)T = (99(Ds), . .. ;925 —a—1(Ds))T.

The first a entries of this column vector are in O(p'*?), and the entry indexed
«is
(S_T)a+1p + O(pt+2) c pt“Z;.

(s—a)at1
Moreover, as long as w < 2v — a, we have

Uwo = (*1)w(sfr)(rfa)wp + O(pt+2) _ O(thrl),

(s—a)w+1

and, since r = s + O(p?), we have
(77 = T + o)

when [ < p, implying directly from the formula for U, ; that U, ; = O(p")
for 0 <w < 2v —aand j > 0. Since v,(C;) > 1for 1 < j < a, it follows that
the last 2v — 2o — 1 entries of (Jg(Da), - .., P2—a—1(Ds))" are in O(p'*).
Therefore the constants (C_1,Cy,...,C,) are suitable for v =t + 1 (again
we omit the fine details of checking that all of the conditions are satisfied).

Suppose that « > 0 and § € {1,...,«a}. This is the final and most involved
case. In this case we are not able to give an explicit formula for the constants
(C-41,Co,...,C,), instead we can only show that such constants exist. This
is also the first case in which we must choose a non-zero C_;. Let A be
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the (2v — a) x (o + 1) matrix with entries indexed by 0 < w < 2v — a and
0 < 7 < « and defined by

Aw,j = p =0) Zz>0 (z(rp Oi+4]r]) (i(pgl)),

forall 0 < w < 2v —a and 0 < j < a. The matrix A is precisely the matrix
obtained from U by dividing the first column by p, and we have

A(Co, Cl/p, ey Ca/p)T
= ((W0(Ds) = C-1)/p, V1(Ds)/p; -, V2v—a-1(Ds) /p) "

Let A*“* denote the (o + 1) x (a + 1) submatrix consisting of the top o + 1
rows of A, i.e. of those entries indexed by 0 < w, 7 < a. We have

Ay = ELG=nE=a)y | o)

(s—)w+1
&MZXLQLN“TG«“ﬁfﬁf(?ﬂﬂﬂ+o@%
forall 0 < w < 2v — a and 0 < j < @, so in particular A has integer entries.

However, these expressions for the entries of A are not useful as we need to
compute A up to precision O(p“‘l). Recall the definition of

(%) = & (X) € QlX]

from Section 6. Let us also consider the (2v — «) x (o + 1) matrices S and
N with integer entries indexed by 0 < w < 2v — @ and 0 < j < « and defined
by

S = —[j= O]Z (s+ﬁ(p 1)— a+j)(i(p—1))

(p—1)+j w
Ny,j = —[5=0] Z ( )(54‘:3(17 1)— a-‘r]) Z (erﬁ(g BJrjaJrUj 'u)
S —l)—« 8 - s —1)—« —1)*w!
—[w= 0]( +8(p jl) +J) = O]( +B(pw 1) ) (572)1”'17

for all 0 L w <2v —a and 0 < 5 < a. The fact that S has integer entries
can be shown in the same way as the fact that A has integer entries, and N
has integer entries because

2o (wov)(”ﬁ(”‘”‘”‘) o (=)

e i N TR

= (07 (1) (4)S e 1)
:(5+5P1) ”‘) ( 1)1()1+s—a—z—0]+0( )
= (D) S () (1) (14 O
o=+ 0 = 00

DOCUMENTA MATHEMATICA 26 (2021) 1929-1979



REDUCTIONS OF CRYSTALLINE REPRESENTATIONS 1971

The second equality follows from Lemma 5, Equation (c-c), the third equal-
ity follows from Lemma 5, Equation (c¢-b), and the fourth equality follows
from s > 2v > a + w. Let also S*“* and N*“ denote the (o + 1) x (a+ 1)
submatrices consisting of the top o + 1 rows of S and IV, respectively. Recall
that € = ugp’. Let us prove the following claim.

Approzimation claim.
A=S+eN+O(ep).

Proof of the approzimation claim. First let us look at the entries with j > 0.
Due to Lemma 5, Equation (c¢-f),

Awj =34 (w2 (737 Eiso GG 1y7550)
=2, W2 ) (o) = (757 G)

The second equality here simply amounts to extracting the “¢ = 0” term from
the sum. We now use the equation

—a+j s —1)—a+j s —1)—a+5\?
(T j+]) _ ( +8(p jl) +J) + e( +8(p jl) +J) + O(ep), (14)

which is true because j < p (see section 4). Due to Lemma 5, Equation (c¢-f),
_ -7\ (s+B(p—1)—a+j s+B(p—1)—a+j—v
Swaj - Zv (wj'u)( (p ’U) ]) zi>0 ( igj—l)-{-j—g )
By combining these facts we get that Ay, j — Sw,j — €Ny j is
-7\ (s+B(p—1)—a+j r—atj—v s+B(p—1)—a+j—v
Zv (wjv)( @ 'u) ]) Zz ((i(pfl)erjfv) o ( i(;)—l?-i-j—j ))
—j\ (s+B(p—1)—a+j 9 r—a+j—v s+B(p—1)—a+j—v
+ 621} (w—]v)( v ’U) J) Zi ((i(p—l)-ij—'u) - ( iggfngrjfvj ))
r—a+75\ /0 s+B(p—1)—a+7\ (0 s+B(p—1)—a+j 0 0
= (TF) @)+ (TR Q) + e (TP,
The first two lines are in O(ep) since, due to Lemma 5, Equation (c-a),
r—atj—v \ — s+B(p—1)—a+j—v
> (i(p—l)-ij'j—v) =3 ( igj—l)-i-j—j ) mod ep.
The third line is in O(ep) because of Equation (14). Thus
Aw,j = Sw,;j+ eNuw,j + O(ep)

forall 0 K w < 2r—a and 0 < j < a. Now let us look at the entries with
7 = 0. In this case

PAwo = Yino (i 0) (o) = (708) Ziso (5%
PSw0 = Yino (HHEZH TN (PLY) = (FPEIDT) T, (R0 TY),

PNuw,o = (Hﬂ(pl;l)ia)a 250 (S+B(p_1)_o‘_w) — (Hﬁ(pl;l)*a)w

i(p—1)—w (s—a)wt1 £
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S0 p(Aw,0 — Sw,0 — €Nw,0) is equal to
(2% Simo (G675 = CT2070™)

r—ao s —1)—a s —1)—a9 s —1)—a—w
+ (( w ) - ( +ﬂ(pw Y ) - 6( +ﬂ(pw Y ) ) Z'L>O ( +€§£—B—w )
+ (s+ﬂ(p1;1)—a) (=1)"w!

(s—a)w+1

€p.

Due to Lemma 5, Equation (c¢-b) in combination with Lemma 5, Equa-
tion (c-¢), we have

s+ —1)—a—w
Yiso ( €§£—1;—w ) =0(p),
so the second line is in O(ep?). Since
Sr—a—j = Ss4B(p—1)—a—j — S — & —J
(in the notation of Lemma 5, Equation (¢-b)), and since
Sy ty u I a]
Su=1+[su=p—1]+ p_il Zuelb‘p\{q,o}(l + [u]) Zj:l (tj )p%z:fl

(this equation is shown in the proof of Lemma 5, Equation (c¢-b)), we can
write Sy —a—j — Ssig(p—1)—a—j as

ﬁ ZMEFP\{—l,O}(l + [M])sfafj Zji1 |:(tr7;zfj) _ (%Hﬂ(p—jl%aﬁ)} pjxi.
Let b =%, 8(p—1)—a—j, SO that
traj = b+ %ff‘” =b— (1 + hop)
for some hg € Z,. Then
(tr—;—j) _ (tsw(p—jl)—a—j) — (bfé(ljfrhop)) _ (?)
= —¢(1 + hop) (?)6 +O(e2p=vr(Y)

X »[X]). Since j —v,(j!) = 2for j € Z>,

forall j € YAS (becauge pvp(] )( c7
5, Equation (c¢-b)), we have

(as shown in the proof of Lemma 5,
o
Sr-a-j = Satpr-1)-a-j = ~Asa—i (i) p + O(p®) = =35 + O(ep?)
(where As_o—;j is as in the proof of Lemma 5, Equation (c-b)). Thus
Simo (G570 = (T e™)
= ]u‘):o( 1) j( ) r—a—j = s+B(p—1)—a—j)
= S0 (5) (5525 + O(e?) )
CDTwl oy O(ep?).

B R I
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The third equality follows from the equation
w i 1 _ (=D)"w!
ijo(il)] (1;1) s—a—j = (s—)wir”
Thus p(Aw,0 — Sw,0 — €Nw,0) is equal to

(=D)*wl ((erﬁ(pUjl)*a) — (’”;O‘)) ep+0(ep?) = O(ep?).

(s—a)w+1

Therefore we have
Aw,j = Sw,j =+ er,j =+ O(€p)

forall 0 < w < 2rv —a and 0 < j < «, implying that
A=5+eN+0O(ep).

O

Let B = B, be the (a+1) x (o + 1) matrix defined in Lemma 10. That
lemma implies that

sub __ —[j=0] (s+B(p—1)—a+j
Bs = ([w e {1,..., B} p =0 (-+2 1) e ))ngﬁj@.
Let Q be the matrix that is obtained from BN by replacing the rows
indexed 1,..., with the corresponding rows of BSsvb. 1If i € {1,...,3}
then we can write @, ; as the reduction modulo p of

—[j=0] (s+B(p—1)—a+i
pY O]( ig_l?ﬂ J)’

which can be simplified as

GF (oA Tt it =0,
: (i) g >o.

Ifi ¢ {1,...,8} then we can write @z] as the reduction modulo p of

j= e} —J s —1)—a+5\? s —1)—a+j—v
P B X, () (PO S ()

. s “1)—a+i? . a s —1—a\ (=D"w!
= 0PN T [ = 0] B ()
Thus @ is the matrix M from Lemma 12, and that lemma implies that there
is a solution of

Q(z0,...,20)" = (1,0,...,0)T

such that zp # 0. Let U = (20,...,24)7. Then % is in ker BS540 = ker Ssub.
Let @ be any lift of @ with entries in Z,, so that BS*“’u is zero outside
the entries indexed 1,...,3, and any non-zero entries of BS*“*% are O(p).
Because BS*" is zero outside the rows indexed 1,..., 3 and the submatrix
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of BS*“ consisting of the rows indexed 1,..., A3 has full rank 3, there is a
solution of the equation

Bssuby — %BSsuba’

for some vector y with entries in Z,. Then u=u— py is a lift of w such
that u € ker BS*"? = ker $°**. Moreover, because the submatrix of BSsub
consisting of the rows indexed 1,..., 3 has full rank 3, we have

BNsubg + BS*b3 = (1,0,...,0)T
for some v with entries in IF,,. Let v be any lift of ¥ with entries in Z,,. Then
B(S540 4 eN*"0)(u + ev) = (€,0,...,0)T + O(ep).
Since A = S+ eN + O(ep), if we write
(Co,C1/p, -, Co /D)t = u+ ev,
then Cp must be a unit since zy # 0, and C; = O(p) for j > 0, and
BA*"*(Co,C1/p,...,Ca/p)T = (€,0,...,0)T + O(ep).

Since the zeroth column of B is (1,0,...,0)T, the zeroth column of B~! is
also (1,0,...,0)T, and consequently we also have
Asub(CO; Cl/pa RN C(l/p)T
= (¢,0,...,0)T + O(ep)
((Y0(Deo) = C-1)/p,91(Da)/p; ., Va(Ds) /)"

Let us choose C_; = —ep, so that
(V0(Da)/p,91(Da)/p, ..., 9a(Da)/p)" = O(ep).
Then ¥4 (D,) = O(p'*?), which makes
vp(¥) = vp(Cq1) =t + 1.

We moreover have
79111 (D.) =0 (pt+2)

for all w € {0,...,a}. Since
A=5mode

(because the entries of N are integers), and since all rows of S are linear
combinations of the rows of BS indexed 1,..., [, it follows that every entry
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of A(Cy,C1/p,...,Cu/p)T is O(€).5 Therefore we have
Du(Da) = O(p'*)

for all w e {a+1,...,2v —a — 1}. So the constants (C_1,Cy,...,C,) are
suitable for v =t + 1 (we omit the fine details of checking that all of the
conditions are satisfied).

Therefore we can always find suitable constants (C_1, Cp, ..., Cy) and suitable
v € Qp, and that concludes the proof of Proposition 16. L]

12 FINAL REMARKS

The proof in Section 11 gives a partial classification of V', , which we summarize
in this section.

THEOREM 17. Suppose that vy(a) € Z and v = [vy(a)] is such that
k#£3,4,....2v,2v+1mod p — 1.
Then Vi = ind(wh T @ w’=1 if
vp(k—s—B(p—1)—2)=0 for all $ €{0,...,v—2},
and Vk,a is isomorphic to one of the representations in the set

{ind(w§72y+2l+1) ®@w 71 1e{0,...,min{j,v - 5 — 1}}}

vp(k—s—B(p—1)—2) =74 >0 for some €{0,...,v—2}.
Proof. We know by Proposition 16 that @;W is irreducible, and we know from
the proof of Proposition 16 that it must be a factor of one of the representations
ind® sub(1),...,ind® sub(v — 1), ind® quot(v — 1). (15)

Let us recall that the proof of Proposition 16 is based on finding constants
(C-1,C,...,Cq) and v € Q, that satisfy the five conditions (1), (x2), (x3),
(%4), (x5) and such that either v,(9") < v' or vy(a) — a < v. The key point is

6Note that it is crucial here that the entries of N be integers. In this case they are since
all equations in the proof of the approximation claim hold true for w < s—a. fw > s—«a
then the equation for Ny, ; is different—as, for instance,
w i (w 1 (=" w!
j:O(_l)J (]) s—a—j # (

s—a) w41’

This is one of the places where the proof breaks down if s < 2v.
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that if v, (¥) < v’ then we can reach a stronger conclusion than the one in the
statement of Proposition 16: that there is some element gen € ., that repre-
sents a generator of N,. In particular, if for & € {1,...,v — 2} the constants we
choose in the proof of Proposition 16 satisfy v,(¥) < ¢/, then we can eliminate
sub(a) from the list (15). Suppose first that

vp(k—s—pB(p—1)—2)=0forall g €{0,...,v—2}.

Then, for all @« € {1,...,v — 2}, the constants we choose come from the second
case in the proof of Proposition 16. So v =1 and v' = min{v,(a) — o, 1} =1,
and v, (V) = vp(9a(Ds)) =1 < v'. Thus we can eliminate

sub(1),...,sub(v — 2)
from the list (15), implying that Oy , is a factor of one of the representations
ind® sub(v — 1), ind® quot(v — 1)
and hence, due to the classification given in Theorem 2, that
Vi 2 ind(wh2) @ w1,
Now suppose that
vpk—s—B(p—1)—2)=j>0 for some 3 € {0,...,v—2}.

If « € {1,...,8 — 1} then the constants we choose come from the second case
in the proof of Proposition 16, so we can similarly eliminate sub(«) from the
list (15). If 8 =0 then the constants we choose come from the third case in
the proof of Proposition 16, so v,(¢') = j + 1 and v = min{v,(a) — o, j + 1}.
Thusifa < v — j — 1 and 8 = 0 then we can eliminate sub(«) from the list (15).
Finally, if >0 and « € {f,...,v — 2} then the constants we choose come
from the fourth case in the proof of Proposition 16, so v,(¥) =j+1 and
v = min{v,(a) — o, j + 1}, implying that if « < v — j — 1 then we can elimi-
nate sub(«) from the list (15). To summarize, we can eliminate sub(a) from
the list (15) for all

aef{l,... ,B—1}U{l,....v—j—2}
So @k,a is a factor of one of the representations
ind® sub(max{v — j — 1, 8}),...,ind% sub(v — 1), ind® quot(v — 1)

and hence, due to the classification given in Theorem 2, kaa is isomorphic to
one of the representations in the set

{ind(w§_2"+2l+1) ®w 711 €{0,...,min{j,v - B — 1}}} .

DOCUMENTA MATHEMATICA 26 (2021) 1929-1979



REDUCTIONS OF CRYSTALLINE REPRESENTATIONS 1977

REFERENCES

[Ars21] Bodan Arsovski, On the reductions of certain two-dimensional crys-
tabelline representations, Res. Math. Sci. 8 (2021), no. 1, paper 12,
50 pp.
[Ars] Bodan Arsovski, On the reductions of certain two-dimensional
crystalline representations, II, preprint, 2021.
https://arxiv.org/abs/1808.03224.

[AS86] Avner Ash and Glenn Stevens, Modular forms in characteristic ¢
and special values of their L-functions, Duke Math. J. 53 (1986),
no. 3, 849-868.

[Ber10] Laurent Berger, Représentations modulaires de GL2(Qp) et
représentations galoisiennes de dimension 2, Astérisque, Société
Mathématique de France 330 (2010), 263-279.

[Berll] Laurent Berger, Trianguline representations, Bull. Lond. Math. Soc.
43 (2011), no. 4, 619-635.

[Ber12] Laurent Berger, Local constancy for the reduction mod p of
2-dimensional crystalline representations, Bull. Lond. Math. Soc. 44
(2012), no. 3, 451-459.

[BB10] Laurent Berger and Christophe Breuil, Sur quelques représentations
potentiellement cristallines de GL2(Qp), Astérisque, Société
Mathématique de France 330 (2010), 155-211.

[BLZ04] Laurent Berger, Hanfeng Li, and Hui June Zhu, Construction of
some families of two-dimensional crystalline representations, Math.
Ann. 329 (2004), no. 2, 365-377.

[Bha20] Shalini Bhattacharya, Reduction of certain crystalline
representations and local constancy in the weight space, J. Théor.

Nombres Bordeaux 32 (2020), no. 1, 25-47.

[BG15] Shalini Bhattacharya and Eknath Ghate, Reductions of Galois
representations for slopes in (1,2), Doc. Math. 20 (2015), 943-987.

[BGR18| Shalini Bhattacharya, Eknath Ghate, and Sandra Rozensztajn,
Reduction of Galois representations of slope 1, J. Algebra 508
(2018), 98-156.

[Bre03a] Christophe Breuil, Sur quelques représentations modulaires et
p-adiques de GL2(Q,), I, Compos. Math. 138 (2003), no. 2,
165-188.

[Bre03b] Christophe Breuil, Sur quelques représentations modulaires et
p-adiques de GL2(Qp), II, J. Inst. Math. Jussieu 2 (2003), no. 1,
23-58.

[Bre04| Christophe Breuil, Invariant £ et série spéciale p-adique, Ann. Sci.
Ec. Norm. Supér. (4) 37 (2004), 559-610.

DOCUMENTA MATHEMATICA 26 (2021) 1929-1979


https://arxiv.org/abs/1808.03224

1978 B. ARSOVSKI

[Buz05] Kevin Buzzard, Questions about slopes of modular forms,
Astérisque, Société Mathématique de France 298 (2005), 1-15.

[Buz07] Kevin Buzzard, Eigenvarieties, London Math. Soc. Lecture Note
Ser. 320 (2007), 59-120.

[BG09] Kevin Buzzard and Toby Gee, Explicit reduction modulo p of
certain two-dimensional crystalline representations, Int. Math. Res.
Not. IMRN 12 (2009), 2303—2317.

[BG13] Kevin Buzzard and Toby Gee, Explicit reduction modulo p of
certain two-dimensional crystalline representations, II, Bull. Lond.
Math. Soc. 45 (2013), no. 4, 779-788.

[BG16] Kevin Buzzard and Toby Gee, Slopes of modular forms, Families of
automorphic forms and the trace formula. Proceedings of the
Simons symposium (2016), 93-109.

[BK05] Kevin Buzzard and Lloyd J. P. Kilford, The 2-adic eigencurve at
the boundary of weight space, Compos. Math. 141 (2005), no. 3,
605-619.

[Chel3] Gaétan Chenevier, Sur la densité des représentations cristallines du
groupe de Galois absolu de Gal(Q,Q,), Math. Ann. 335 (2013),
1469-1525.

[Col96] Robert F. Coleman, Classical and overconvergent modular forms,
Invent. Math. 124 (1996), 215-241.

[Col97] Robert F. Coleman, p-adic Banach spaces and families of modular
forms, Invent. Math. 127 (1997), 417-479.

[CM98] Robert F. Coleman and Barry Mazur, The eigencurve, London
Math. Soc. Lecture Note Ser. 254 (1998), 1-113.

[Col08] Pierre Colmez, Représentations triangulines de dimension 2,
Astérisque, Société Mathématique de France 319 (2008), 213-258.

[CF00] Pierre Colmez and Jean-Marc Fontaine, Construction des
représentations p-adiques semi-stables, Invent. Math. 140 (2000),
1-43.

[DS74] Pierre Deligne and Jean-Pierre Serre, Formes modulaires de poids 1,
Ann. Sci. Ecole Norm. Sup. (4) 7 (1974), 507-530.

[Edi92] Bas Edixhoven, The weight in Serre’s conjectures on modular forms,
Invent. Math. 109 (1992), 563-594.
[Fon94]| Jean-Marc Fontaine, Le corps des périodes p-adiques, Astérisque,
Société Mathématique de France 223 (1994), 59-111.
[GR] Eknath Ghate and Vivek Rai, Reductions of Galois representations
of slope %, preprint, 2019. https://arxiv.org/abs/1901.01728.

[Gha] Eknath Ghate, A zig-zag conjecture and local constancy for Galois
representations, preprint, 2019.
https://arxiv.org/abs/1903.08996.

DOCUMENTA MATHEMATICA 26 (2021) 1929-1979


https://arxiv.org/abs/1901.01728
https://arxiv.org/abs/1903.08996

REDUCTIONS OF CRYSTALLINE REPRESENTATIONS 1979

[GG15] Abhijiit Ganguli and Eknath Ghate, Reductions of Galois
representations via the mod p local Langlands correspondence, J.
Number Theory 147 (2015), 250-286.

[GMO09] Eknath Ghate and Ariane Mézard, Filtered modules with
coefficients, Trans. Amer. Math. Soc. 361 (2009), no. 5, 2243-2261.

[GouO1] Fernando Q. Gouvéa, Where the slopes are?, J. Ramanujan Math.
Soc. 16 (2001), no. 1, 75-99.

[HPS90] Hiroaki Hijikata, Arnold K. Pizer, and Thomas R. Shemanske,
Twists of newforms, J. Number Theory 35 (1990), 287-324.

[Kil08] Lloyd J. P. Kilford, On the slopes of the Us operator acting on
overconvergent modular forms, J. Théor. Nombres Bordeaux 20
(2008), no. 1, 165-182.

[KM12] Lloyd J. P. Kilford and Ken McMurdy, Slopes of the U; operator
acting on a space of overconvergent modular forms, LMS J.
Comput. Math. 15 (2012), 113-139.

[LWX17] Ruochuan Liu, Daging Wan, and Liang Xiao, The eigencurve over
the boundary of weight space, Duke Math. J. 166 (2017), no. 9,
1739-1787.

[RS17] Kenneth A. Ribet and William A. Stein, Lectures on modular forms
and Hecke operators, 2017.
https://wstein.org/books/ribet-stein/main.pdf.

[Roeld] David Roe, The 3-adic eigencurve at the boundary of weight space,
Int. J. Number Theory 10 (2014), no. 7, 1791-1806.

[Roz18] Sandra Rozensztajn, An algorithm for computing the reduction of
2-dimensional crystalline representations of Gal(Q,/Qy), Int. J.
Number Theory 14 (2018), no. 7, 1857-1894.

[Roz20] Sandra Rozensztajn, On the locus of 2-dimensional crystalline
representations with a given reduction modulo p, Algebra Number

Theory 14 (2020), no. 3, 655-720.

Bodan Arsovski

School of Mathematics and Statistics
University of Sheffield

UK

bodan.arsovski@Qoutlook.com

DOCUMENTA MATHEMATICA 26 (2021) 1929-1979


https://wstein.org/books/ribet-stein/main.pdf
mailto:bodan.arsovski@outlook.com

1980

DOCUMENTA MATHEMATICA 26 (2021)



