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ABSTRACT. Let G be a connected split reductive group over a com-
plete discrete valuation ring of mixed characteristic. We use the theory
of intermediate extensions due to Abe-Caro and arithmetic Beilinson-
Bernstein localization to classify irreducible modules over the crys-
talline distribution algebra of G in terms of overconvergent isocrystals
on locally closed subspaces in the flag variety of G. We treat the case
of SLy as an example.
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1 INTRODUCTION

Let o denote a complete discrete valuation ring of mixed characteristic (0, p),
with fraction field L and perfect residue field k. Let G be a connected split
reductive group over o with L-Lie algebra g = Lie(G) ® Q.

In [39] we have introduced and studied the crystalline distribution algebra
Dt (G) associated to the p-adic completion G of G. It is a certain weak com-
pletion of the classical universal enveloping algebra U(g). The interest in the
algebra DT(G) comes at least from two sources. On the one hand, it has the
universal property to act as global arithmetic differential operators (in the sense
of Berthelot [6]) on any formal o-scheme which has a G-action. On the other
hand, DT(G) is canonically isomorphic to Emerton’s analytic distribution alge-
bra D" (G°) as introduced in [26]. Here, G° equals the rigid-analytic generic
fibre of the formal completion of G along its unit section. Analytic distribu-
tion algebras are useful tools to study locally analytic representations p-adic
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Lie groups. Let G(L) be the group of L-valued points of G and let G(n)° be
the n-th rigid-analytic congruence subgroup of G (with G(0)° = G°). Any
irreducible admissible locally analytic G(L)-representation V' has an infinites-
imal character # and a level n. The latter equals the least natural number
n = 0 such that Vig(p)o—an # 0, ie. such that V' contains a nonzero G(n)°-
analytic vector. The dual space (V(n)o—an)’ is naturally a module over the
ring D**(G(n)°). Coherent modules over a central reduction like D" (G(n)°)g
can be viewed as a p-adic local data, in analogy to classical Harish-Chandra
modules for admissible representations of real-analytic Lie groups.

In this article, we only consider the simplest case: representations of level zero
and with trivial infinitesimal character 8. We then propose to study the irre-
ducible modules over the ring DT(G)g,. Our approach will be geometric through
some crystalline version of localization, similar to the classical procedure of lo-
calizing U(g)-modules. Recall that, in the classical setting of U(g)-modules, a
combination of the Beilinson-Bernstein localization theorem over the flag va-
riety of g together with the formalism of intermediate extensions [3, 13, 35]
produces a geometric classification of many irreducible modules, namely those
which localize to D-modules which are holonomic.

Let in the following B < G be a Borel subgroup scheme. In [40] we have
established an analogue of the Beilinson-Bernstein theorem for the sheaf of
arithmetic differential operators @7]; on the formal completion P of the flag
scheme P = G/B: one has a canonical isomorphism HO(P, Z}) ~ D(G)s,
and the global sections functor H°(P, —) furnishes an equivalence between the
category of coherent @;—modules and coherent D'(G)g,-modules. A quasi-
inverse is given by the adjoint functor Loc(M) = @; ®pt(g),, M- This allows
to pass back and forth between modules over DT(G)g, and sheaves on P.

On the other hand, Abe-Caro have recently developed a theory of weights in
p-adic cohomology [1]. On the way, they also developed a formalism of inter-
mediate extensions for arithmetic Z-modules. Our aim is to use a combination
of Abe-Caro’s theory, specialized to the flag variety, and localization to obtain
classification results for irreducible D'(G)-modules.

We emphasize straightaway that our results are arithmetic analogues of classi-
cal results on algebraic D-modules on the complex flag variety [35]. However,
the arithmetic setting requires much more care, since the functors in question
(direct images, intermediate extensions etc.) are not straightforward general-
izations of the classical functors and much more subtle. Moreover, we con-
sequently work in absence of Frobenius structures. Since many foundational
results on arithmetic Z-modules and p-adic cohomology do contain Frobenius
structures as a standard hypothesis, our level of generality requires several new
arguments in many places.

To be more precise, we introduce some more notation. A nonzero D'(G)g,-
module M is called geometrically overholonomic (that we will abbreviate as
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geo-overholonomic), if its localization .Zoc(M) is overholonomic after any base
change. We then consider the parameter set of pairs (Y,€) where Y < P;
is a connected smooth locally closed subvariety of the special fibre Py with
Zariski closure X, and & is an irreducible overconvergent isocrystal on the
couple Y = (Y, X), which is overholonomic after any base change.! Two pairs
are equivalent (Y,&) ~ (Y',£’) if X = X’ and the two isocrystals £, £’ coincide
on an open dense subset of X. Given such a pair (Y, &) we put

LY, E) :=uv4(E)

where v : Y — P = (P, Ps) is the immersion of couples associated with YV
and w4 is its arithmetic intermediate extension functor. We then have, cf.
Theorem 4.2.3:

THEOREM 1. The correspondence (Y, &) — H°(P,L(Y,E)) induces a bijection

{pairs (Y, &)}/~ — {irreducible geo-overholonomic D'(G),-modules}/~

For example, each couple Y is equipped with the constant overconvergent
isocrystal Oy. If Z is a divisor in P and U = P\Z with Y = (Us,Ps),
then Oy = Op(1Z) equals functions on U with overconvergent singulari-
ties along Z. In general, if Y admits a formal lift with connected rigid-analytic
generic fibre, then Oy is irreducible and corresponds therefore to an irreducible
overholonomic DT(G)g,-module.

In general, we expect that many D'(G)g,-modules, in particular those which
come from admissible G(L)-representations, are in fact geometrically overholo-
nomic. As an example, we treat the case of highest weight modules (but there
are many more, already in dimension one, cf. Theorem 3 below). We show that
the central block of the classical BGG category Op embeds, via the base change
U(g) — D(G), fully faithfully into the category of coherent DT(G)-modules
(cf. Theorem 5.1.7). It is well-known that the irreducible modules in Oy are
parametrized by the Weyl group elements w € W via L(w) := L(—w(p) — p)
where p denotes half the sum over the positive roots and where L(—w(p)—p) de-
notes the unique irreducible quotient of the Verma module with highest weight
—w(p) — p. We write

L' (w) := D'(G) ®u(g) L(w)
for its crystalline counterpart. On the other hand, let
Yy := BuB/B c P =G/B

be the Bruhat cell in P associated with w € W and let X, be its Zariski-closure,
a Schubert scheme. We have the couple Y,, = (Y5, Xw,s) and the immersion
v : Y, — P. Our second main result is the following, c¢f. Theorem 5.1.9:

1This extra condition is automatic, if £ has a Frobenius structure.
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THEOREM 2. Let we W. One has a canonical @;—linear isomorphism
Loe(L(w)) = 014 (Or,,).

The DT(G)-module LT(w) is geometrically overholonomic.

In the final section, we discuss in more detail the example G = SLs. In this case,
P equals the projective line over o0 and we show that any irreducible coherent
@;-module is in fact holonomic. This implies that any irreducible DY(G)g,-
module is geometrically holonomic (i.e. localizes to a holonomic module). We
explain the difference between holonomic and overholonomic in this case. In
this case, theorem 1 gives a classification in terms of isocrystals on either a
closed point y of P} or an open complement Y of finitely many closed points
Z = {y1,...,yn} of Pi. In the first case, the point is a complete invariant.
For example, the point y = 00 corresponds to LT(—2p). In the second case,
the empty divisor Z = & corresponds to the trivial representation. For a
non-empty Z, we may suppose that all its points y1, ..., yn are k-rational with
y1 = oo0. There are then two extreme cases

Y =A; and Y =Pp\P'(k),

the affine line and Drinfeld’s upper half plane, respectively. We illustrate the
two by means of two "new” examples. In the case Y = A} we assume that L
contains the p-th roots of unity p, and we choose an element 7 € o with

ordy(m) =1/(p—1).

We let %, be the coherent .@;—module defined by the Dwork overconvergent
F-isocrystal on Y associated with w. On the other hand, we let n = L.e be
the nilpotent radical of Lie(B), where e = (§§). Let n: n — L be a nonzero
character and consider Kostant’s standard Whittaker module

Woon := U(8) ®z(g)@U ) Loon

with character  and infinitesimal character 6y , cf. [42, Formula (3.6.1)] for its
original definition over the complex numbers. It is an irreducible U(g)-module
[11, Lemma 5.3], but not a highest weight module, i.e. it does not lie in Oy.
We write

WGTom = D'(9) ®u(g) Woo.n

for its crystalline counterpart. Our third main result is the following, cf. 5.2.3:

THEOREM 3. Let n(e) := w. There is a canonical @;;—linear 1somorphism
Loc(W), ) —> Zx.

The crystalline Whittaker module VV(,T0 y U geometrically overholonomic.

The theorem shows, in particular, that the Dwork isocrystal %, is algebraic
in the sense that it comes from an algebraic @pi—module, namely Loc(Wp, »),
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by extension of scalars %i — @;. However, the holonomic .@PlL -module
Loc(We,,,) is not regular, but has an irregular singularity at infinity.

We discuss an example in the Drinfeld case, where Y = P}\P' (k). We identify
k = F,. We assume that L contains the cyclic group pg+1 of (g + 1)-th roots
of unity. The space Y admits a distinguished unramified Galois covering w :
Y’ — Y with Galois group pq+1, given by the so-called Drinfeld curve

V' = {(x,y) € A} | ay? — 2y = 1}-

The latter admits a smooth and projective compactification Y. The covering
map u extends to a smooth and tamely ramified morphism u : Y’ — PP} which
maps the boundary bijectively to Z = P*(k). We denote by u : Y — Y the
morphism of couples induced by w in this situation and we let

£ = R* Urig, Oy/

be the relative rigid cohomology sheaf. Using results of Grosse-Klonne [29], we
show that £ admits an isotypic decomposition into overconvergent F-isocrystals
E(j) on Y of rank one. In particular, each pair (Y, £(j)) corresponds in the clas-
sification of theorem 1 to an irreducible geometrically overholonomic D(G)g,-
module HO(P, v+ E(j)).

We do not know whether the modules H(P, v E(j)) are algebraic, in the sense
that they arise by base change from irreducible U(g)-modules. If algebraic, to
which class do they belong? We recall that irreducible U(g)-modules fall into
three classes: highest weight modules, Whittaker modules and a third class
whose objects (with a fixed central character) are in bijective correspondence
with similarity classes of irreducible elements of a certain localization of the
first Weyl algebra [11]. We plan to come back to these questions in future work.

We would like to warmly thank Daniel Caro for his quick and precise answers to
our questions on overholonomic modules and on several other related problems
for arithmetic D-modules. We also like to thank the anonymous referee whose
comments have led to an improvement of the text at several places.

Notations and Conventions. In this article, o denotes a complete discrete valu-
ation ring of mixed characteristic (0,p). We let L be its fraction field and k its
residue field, which is assumed to be perfect. We suppose that there exists a
lifting of the Frobenius of k to 0. We denote by w a uniformizer of 0. All formal
schemes X over o are assumed to be locally noetherian and such that wQyx is
an ideal of definition. Without further mentioning, all occuring modules will
be left modules.

2  OVERHOLONOMIC MODULES AND INTERMEDIATE EXTENSIONS

For a smooth formal o-scheme X we denote by .@; the sheaf of arithmetic
differential operators on X (with p inverted). We refer to [6] for the basic
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features of the category of @;—modules.

2.1 OVERHOLONOMIC MODULES

We introduce the framework of overholonomic complexes of arithmetic 2-
modules (without Frobenius structure), stable after any base change following
Caro [20], Abe-Caro [1], [2].

Recall that a wvariety over some field k is a reduced, separated, k-scheme of
finite type.

A frame (Y, X, P) is the data consisting of a separated and smooth formal
scheme P over o, a closed subvariety X of its special fibre Py, and an open
subscheme Y of X. A morphism between two such frames is the data u =
(b, a, f) consisting of morphisms b: Y’ - Y,a: X’ — X, f : P’ - P such that
f induces b and a. A Lp. frame (Y, X, P, Q) is the data of a proper and smooth
formal scheme Q over o, an open formal subscheme P c Q such that (Y, X, P)
is a frame. A morphism of L.p frames is defined in analogy to a morphisms of
frames. It is called complete if the morphism a : X’ — X is proper.

A couple Y is the data (Y, X) consisting of a k-variety X and an open subscheme
Y < X such that there exists a 1.p. frame of the form (Y, X, P, Q). A morphism
of couples is the data u = (b, a) consisting of morphisms b: Y’ - Y,a: X' > X
such that b is induced by a. It is called complete if a is proper. Let P be a
property of morphisms of schemes. One says that u is ¢-P if u is complete and
b satisfies P. For all this, cf. [1, Subsection 1.1].

Denote by P a smooth and proper formal scheme over o.

Let £ be a complex of overholonomic @;-modules, as introduced by Caro [16,
Section 3]. Following [2, Section 1], we say that £ is overholonomic after any
base change if the following is true. For any morphism k — k' of perfect fields,
denote o’ = 0 Q) W (k') (where W (k), resp. W (k') is the Witt vector ring
of k, resp. k'), f the canonical morphism P’ = P xgpto Spf o’ — P. Then £ is
stable by any base change if for any such morphism k — &/, f*£ is a complex of
overholonomic modules. This category is stable by all cohomological operations
except (maybe) by tensor product.

We denote by D (@7];) the triangulated category of complexes of overholo-

ovhol

nomic @;—modules. Note that by [20, Exemple 3.2.2], an element of the tri-
angulated category of complexes of overholonomic @7]; endowed with a Frobe-
nius structure is stable by any base change. In particular, the category F-
nghol(.@;) is the same as the usual one introduced in [1] (without any base
change condition).

Let Z be a closed subset of P, the special fibre of P. There are two functors
RI!, and (TZ) defined on nghol(@;) giving rise to a localization triangle

RIL(E) - € — (12)e 5B
for £ e D?

ovhol

(2), cf. [1, Subsubsection 1.1.8].
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Let now Y = (Y, X) be a couple such that (Y, X,P,P) is a L.p. frame. By
abuse of notation, we will sometimes denote the frame (Y, X,P) (or even the
Lp. frame (Y, X,P,P)) by Y, too. This should not cause confusion. Let

Z:=X\Y and U:=P\Z

For € € nghol(@;&) one sets
Rr () := RTY o (T2)(&).
The category D? , ,(Y/L) of overholonomic complexes on Y, stable by any base

change, is defined to be the full subcategory of D? (@;) formed by objects &£

ovhol

such that there is an isomorphism & — ]RF;(,(E) [1, Définition 1.1.5].

The couple P is obtained by taking Y = X = P, and then D?, (P/L) =
Dienot(7):

We shall make use of the following two lemmas later on.

b

LEMMA 2.1.1. Let « be a morphism in D (Y/L). Then « is an isomorphism

ovhol
in Db o/ (Y/L) if and only if oy is an isomorphism in DY (D))).
Proof. This is [1, Lemma 1.2.3]. O

LEMMA 2.1.2. Let Q be a smooth formal o-scheme, £ € Dé’oh(.@é), X and T

two closed subsets of Q and S := T\ X. Assume that Eo\r has support in
X\T', then we have the following isomorphism RFE((TS)(E) ~ (TT)€.

Proof. First remark that the canonical morphism RFE((TT)S — (7)€ is an
isomorphism outside T by hypothesis, between two coherent @TQ(TT)-modules,
so that it is an isomorphism and the module (7)€ has support in X. Then we
may apply the Mayer-Vietoris exact sequence [14, Théoreéme 2.2.16] and obtain
an exact triangle

('9)E - (MED(IX)E — (T Jx)E L.

The result follows then from R (fX)& = RUL (F(T'|J X))€ = 0. O

As a next step, recall that there is a canonical t-structure on D, (Y/L), cf.

[1, Subsection 1.2]. First of all, D=9 (Y/L) is defined to be the strictly full

ovhol

subcategory of objects £ € D, (Y/L) such that

ovhol
Eu € D*°(D)))

(analogously for < 0). The truncation functors relative to the couple Y are
defined to be
Y _ ot Y o_ (f
T>0 = ('Z)oTso resp. T<o = ('Z) o 7<o0,
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where 7> resp. 7<o are the usual truncation functors. The functors T;{O and
72y define a t-structure on DY, (Y/L) whose heart is denoted by Ovhol(Y/L)

ovhol
[1, Definition 1.2.9]. As the truncation functors commute with base change,

the category Ovhol(Y/L) is stable by any base change.

Main examples: (i) In the case where Y = P, the category Ovhol(P/L) is the
category of overholonomic arithmetic @;—modules on P, stable by any base
change.

(ii) If Z is a divisor in P, with open complement Y = P,\Z and Y = (Y, Ps, P),
then Ovhol(Y/L) is the category of overholonomic @;, (tZ)-modules, stable by
any base change.

DEFINITION 2.1.3. Let Y = (Y, X, P) be a frame and let Z = X\Y. If Y is
smooth, and if there exists a divisor T' of Py such that

z=Xx(1,
we say that Y is smooth outside of T. In this case, we let U := P\T.

For the rest of this subsection, we let Y = (Y, X, P) be a frame which is smooth
outside T, for some divisor T' < P.

In this case, the category of coherent @; (TZ)-modules contains a full subcate-
gory, denoted by Caro
Isoc'T(Y/L),

which is equivalent to the category of overconvergent isocrystals on Y, over-
convergent along Z, the equivalence being given by a certain specialization
functor [1, Subsubsection 1.2.14]. This category does not depend on the choice
of the ambient formal scheme P. Since we work here with modules without
Frobenius structure, we consider from now on the full subcategory of objects
of Tsoc'T(Y/L), belonging to Ovhol(Y/L), thus consisting of objects which are
overholonomic after any base change.

To avoid too many notations, let us keep the notation Isoc'"(Y/L) for this
category. The following result is due to Caro.

THEOREM 2.1.4. (Caro) Let Y = (Y, X, P) be smooth outside a divisor T < Ps.
Let € be a coherent .@;—module, that is an overholonomic @;(TT)—module, sta-
ble by any base change (see [1/] and [20]), and such that E,, € iM(spyq4. 4 ),
which means that

(i) the module Ejuy has support in'Y,
(i) for any affine open V < Ur, for any smooth formal scheme Q) lifting
Y NV and for any lifting v : ) — V of the closed immersion Y [V — V,

the module v!SW is coherent over Oy.

Then € € Tsoc'T(Y/L).
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Proof. This is [18, Corollaire 3.5.10] and [15, Théoreme 2.5.10]. O

In the situation of the theorem, there is the following equivalent characterisa-
tion of the objects in the subcategory im(spy. ), which we will use later
on.

PROPOSITION 2.1.5. Let Y = (Y, X, P) be smooth outside a divisor T < Py and
let £ be a coherent @;T-module. Then € € im(spy., ) if and only if

(i) the module Eluy has support in'Y and
(i) there exist affine opens (U;)ier of Ur, such that

(a) (Yi:=Y (\U)ier is a Zariski cover of Y,

(b) for each i, there exists a smooth formal affine scheme Q); lifting Y;
and a lifting u; : Y; — U; of the closed immersion Y; — U;, such
that u!ié"ui is a coherent Oy, -module.

Proof. Let us start with maps of smooth affine formal schemes as in the state-
ment

u; i = U
with 9); a smooth lifting of Y;. Let us consider an affine open V and a lifting
v: 9 — V of the closed immersion Y (V < V as in (ii) of 2.1.4. We have to
show that U!EW is a coherent Ogp-module. This is a local question on ). We
put V; := U; [V and may thus work over each

3 =9 |V

Let v; :=v|3, : 3; < V; be the restriction of the map v and put &; := S‘Vi. ‘We
shall also need the restrictions u; := ui|g_JmV :9; (VY < V;. The maps v; and
u; are thus liftings of the closed immersion Y; := Y (| V; < V;. Since 3; and 2);
are affine, there exists, by formal smoothness, an isomorphism a : 3; ~ ;[\ V
of o-formal schemes; The following diagram of formal schemes is not necessarily
commutative but induces a commutative diagram of special fibers

V4 Uq
a
i —= ViV

We can thus apply [15, Proposition 2.2.2] and we see that there is an isomor-
phism of functors vj;a' ~ wu;,. Applying this to u'ZSZ and using Berthelot-
Kashiwara theorem for the closed immersion 2);()V < V; we find that
vHa!ui&- ~ &;. Using Berthelot-Kashiwara theorem for the closed immer-
sion 3; — V;, we get that véé‘i ~ a!ui&. By hypothesis, u;&- is a coherent
Oy, nv-module, so that v}&; is a coherent O3,-module as well, which proves
our claim. O
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2.2 INTERMEDIATE EXTENSIONS

We keep the notation of the previous subsection. We introduce the intermedi-
ate extension functor for arithmetic Z-modules following Abe-Caro [1]. Note
that this part of Abe-Caro’s article does not make use of the fact that the
residue field k is finite, as they state at the beginning of their paper. All their
results remain thus true when we consider the category of modules, which are
overholonomic after any base change.

Let
w:Y —Y

be a complete morphism of couples. There is a canonical homomorphism
Gu,g : uu‘) —> U+5

for any complex € € D, (Y), cf. [, Subsubsection 1.3.4]. The morphism is
compatible with composition in the following sense: if w = wug o uq, where uy

and uo are c-complete morphisms of couples, then

w2y (Ouq ) Oug (uy)
Ul O Uyl — U9 O U4 —> Uy O U4 (2.2.0)

by [1, Proposition 1.3.7]. We denote by an exponent (—)" = HY(—) the appli-
cation of the first cohomology sheaf H? = 7Y 7Y, relative to the ¢-structure on
Db ... (Y/L) (and similar for Y’). If u is a c-immersion, and if £ € Ovhol(Y/L),
then the intermediate extension of £ on Y’ is defined to be

u (&) == m(0 ¢ + W& — ulé).

Note that if u is a c-affine immersion, then w4 and w are t-exact by [1, Re-
mark 1.4.2], so that the definition simplifies to

w4 (&) =im(fyc : mE — ugl).

Remark: There are also versions with Frobenius F-Isoc''(Y/L) and F-
Ovhol(Y/L) [1, Subsubsections 1.2.13/14], which we will occasionally make use
of (e.g. in subsection 3.4). The category F-Isoc!(Y/L) is a full subcategory of
F-Ovhol(Y/L). The intermediate extension functor preserves Frobenius struc-
tures [1, Definition 1.4.1]. Recall that in this case, the base change condition
on overholonomic modules is automatically satisfied.

2.3 A CLASSIFICATION RESULT

We keep the notation of the previous subsections. In particular, P still denotes
a smooth and proper formal scheme over 0. Our goal here is to classify the
@;-modules overholonomic after any base change, which are irreducible, up to
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isomorphism. Although this is in analogy to the classical setting of algebraic
D-modules on complex varieties [35, Sous-section 3.4], this requires some care,
since the functors in questions (direct images, intermediate extensions etc.) are
not straightforward generalizations of the classical functors.

We will only consider couples that arise from a smooth locally closed subvariety
Y < P, by taking its Zariski closure X =Y in P,. Then (Y, X, P) is a frame
and (Y, X,P,P) is a Lp. frame and Y = (Y, X) is a couple. By abuse of
notation, we will sometimes denote the frame (Y, X, P) (or even the Lp. frame
(Y, X,P,P)) by Y, too. This should not cause confusion.

For such a couple Y = (Y, X), we consider the corresponding c-locally closed
immersion
v:Y — P.

The associated intermediate extension functor between categories of overholo-
nomic modules, stable by any base change,

vt : Ovhol(Y/L) — Ovhol(P/L),

is given by
vt (€) = im(ﬁgyg to € —> vl E).

Let us suppose for a moment that ¥ < Ps is closed and lifts to a closed
immersion 2) € P between o-smooth closed formal schemes. Then Ovhol(Y/L)
identifies with the category of overholonomic @;—modules and the functor v
coincides with the direct image functor appearing in the Berthelot-Kashiwara
equivalence [9]. By the latter equivalence, the functor vi; induces a bijection
between the (isomorphism classes of) irreducible @;—modules and irreducible

@;-modules supported on Y.

The case of a closed immersion generalizes as follows. Recall that Ovhol(Y/L)
denotes the category of overholonomic modules on Y stable by any base change.

LEMMA 2.3.1. Let M € Ovhol(P/L). There is an open dense smooth subscheme
U < Ps with the property: if u: U = (U, Ps, P) — P denotes the corresponding
c-open immersion, then u'M is an overconvergent isocrystal on U, which is
overholonomic after any base change.

Proof. The module M is overcoherent with finite extraordinary fibers, and by
[17, Théoreme 3.7], there exists a divisor T such that (7). M is an overconver-
gent isocrystal along T. Denote U = P\T, and u: U — P the c-immersion of
triples, then u'M = (TT)M is an overconvergent isocrystal on U. Since M is
overholonomic, so is u' M, by stability of overholonomicity under inverse image
(no Frobenius structure needed), cf. [1, Subsubsection 1.3.14]. O

Since any overholonomic @;—module M is coherent by definition [16, Section 3],
we may view its support Supp(M) as a closed reduced subvariety of Ps.
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PROPOSITION 2.3.2. Let M be an irreducible object of Ovhol(P/L). There is an
open dense smooth affine subscheme of an irreducible component of Supp(M)
with the property: if v : Y — P denotes the corresponding immersion, then
£ = v'M is an irreducible overconvergent isocrystal on Y. Moreover, the
overconvergent isocrystal € lies in Ovhol(Y/L) and v4(E) = M.

Proof. Take X an irreducible component of Supp(M), then there exists some
divisor T” < P such that U = P\T” is affine, Y] = X, ((Ps\T”) is a smooth
affine dense open subset of X, and T” contains all the irreducible components
of Supp(M) which are not equal to X, (6.0.2). Denote

U:= Us,Ps,Ps) and Y := (Y], Xg, Ps).

Since the scheme Y] is smooth and affine, there exists a smooth affine formal
scheme %)’ lifting Y. over Spf o, and since U is a formally smooth Spf o-formal
scheme, the closed immersion Y, < U, can be lifted to a closed immersion
k: 9 — U. Note that Supp(Myy) = Y] by our choice of Z. The overholo-

nomic module M is a @;—module, so that My, is a overholonomic .@g,—module

with support in Y/, and N' = IE!MW is an overholonomic @%,-module by
Caro-Kashiwara theorem for overholonomic complexes [16, Théoreme 2.11].
The module N is in particular overcoherent after any base change with finite
extraordinary fibers and using [17, Théoreme 3.7] we see that there exists
some divisor 7" of )’ such that ("7")A is an overconvergent isocrystal. This
isocrystal is overholonomic after any base change as well, by stability of over-
holonomicity by localization [16, Proposition 2.4, (5)]. It can not be zero,
otherwise Supp(N') would be contained in T". Let T be the closure of T"
in X,.

Then by 6.0.3 T (Y] = T" and by 6.0.1 there exists a divisor T' of Ps such
that V = P\T is affine, T UT” < T and

9=v(1V < \T’

is open, hence dense, in Y] (note that Y, is irreducible, since its closure is).
Note that Yy = V() X, so that the frame Y = (Y5, X, Ps) is smooth outside
the divisor T'. Denote by v the c-affine immersion Y — P and by k the closed
immersion ) — V. As J\fm/\T/ is a locally free Ognr-module of finite type,
the module Ny = k!MW is a locally free Og-module of finite type and we can
apply 2.1.4 and 2.1.5 to see that & = ("'T)M e Isoc!T(Y/L). Tt is non zero by
construction.

Then by 2.1.2, we see that & = (TT)M = v'M. In particular, & is over-
holonomic after base change, by stability of overholonomicity under inverse
image [1, Subsubsection 1.3.14]. Denote V = (U, Ps, P), a the c-open affine
immersion V — P. As a is the inclusion of the complement of a divisor
T of Py, a®M = a'M = (IT)M € Ovhol(V/L) and is irreducible by [1,
Lemma 1.4.6], since it is non zero. Since the module (f7)M has support in
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X again by 2.1.2, we can apply Abe-Caro’s version of Kashiwara’s theorem
[1, Proposition 1.3.2(iii)] for the c-closed immersion Y < V which implies that
& = v' M € Ovhol(Y/L) is irreducible.

Moreover, by adjointness [1, Lemma 1.1.10]

Hom (v, M) = Hom(E,v' M) # 0

and there is therefore a non-zero morphism v,€ — M. In other words, M is
a quotient of €. But vi€ = U!OE, since Yy is affine, and v & is the unique
irreducible quotient of v€ [1, Proposition 1.4.7(ii)]. We therefore must have
ni€ = M. O

Consider now a pair (Y, &) where Y € P is a connected smooth locally closed
subvariety and & is an irreducible overconvergent isocrystal on Y = (Y, X),
which belongs to Ovhol(Y/L), the category of overholonomic modules on Y
that is stable after base change. We write

L(Y,E) := v (E) € Ovhol(P/L).

Remark: We recall that any overconvergent F-isocrystal on Y = (Y, X) is
automatically overholonomic [1, Subsubsection 1.2.14].

ProrosiTION 2.3.3. The_@%—module L(Y,E) is an irreducible object of
Ovhol(P/L), with support Y and satisfies v'L(Y,E) = &.

Proof. The irreducibility statement and the fact that 0 # v'£(Y, &) v!vgé' =
& follow from [1, Proposition 1.4.7(i)] and its proof. As it is irreducible as
an overholonomic @L-module, it is a fortiori irreducible as an element of
Ovhol(PP/L) (with base change condition). Since £ is irreducible, v'L(Y,E) = &
as claimed or by [1, Lemma 1.4.5(ii)]. Finally, if & : Y — U is a c-closed immer-
sion and u : U — P a c-open immersion such that v = uwok, then v = wLoki4
[1, Lemma 1.4.5(i)]. The support of ki+& = k& equals Y and the support of
L(Y,E) = ui ki€ equals Y. O

Two pairs are said to be equivalent (Y,€) ~ (Y',£") if Y =Y’ and there is an
open dense U ¢ Y contained in the intersection Y n Y’ such that u'E ~ u"&’.
Here u denotes the c-open immersion U = (U,Y,P) — Y and similarly for u'.
This defines an equivalence relation ~ on the set of pairs.

THEOREM 2.3.4. The correspondence (Y,E) — L(Y,E) induces a bijection
{pairs (Y,&)}/~ — {irreducible objects of Ovhol(Y/L)}/~

Proof. Let us show that the map in question is well-defined. Let (Y,€&) and
(Y, E") be two equivalent couples. Choose an open dense U — Y contained in
the intersection Y n Y’ such that u'€ ~ u"'£’. Note that vou = v’ ou’. Define
F = (vou)'L(Y,€) and similarly for £(Y’,&’). Then (vou)F = L(Y,E)
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according to 2.3.2 and F = u'v'L(Y,E) = u'E according to 2.3.3. Hence,
F ~ F" and we obtain L(Y,E) ~ L(Y',&’).

Let us next show that the map is injective. So suppose that L(Y, &) ~ L(Y”, &)
for two couples (Y,&) and (Y’,&’). Then 2.3.3 implies Y = Y’ and moreover,
if U < Y is open dense and contained in the intersection ¥ n Y”, then (v o
u)'L(Y,E) = w'E. Since vou = v’ 0w, we obtain u'€ ~ u'E" as desired.
This proves the injectivity. The surjectivity of the map is a direct consequence
of 2.3.2. O

Let Y € P, be a smooth locally closed subvariety and Y = (Y, X).

DEFINITION 2.3.5. Let d := dim(P,) — dim(Y). We define the constant over-
holonomic module on the frame Y to be

Oy = RTy(Op o)[d].

PROPOSITION 2.3.6. Suppose that Y is connected and there exists a smooth
formal scheme %) over o0, so that the immersion Y — P lifts to some morphism
of formal schemes Y — P. The module Oy lies in F—ISOCH(Y/L). If the rigid-
analytic generic fiber Vi, is connected, then Oy is an irreducible object in the
category Ovhol(Y/L).

Proof. Denote Z = X\Y and U = P\Z. We have the closed immersion of
smooth formal schemes v : Y < U. Then, by [7, Proposition 1.4], we see that

Oy = Ry (Ouo)ld] ~ U+U!OM,Q[d] =0v10y.

This coincides with sp_ Oy and hence lies in the category F° -IsocT(Y,U/L), in
the notation of [1, Subsubsection 1.2.14]. This shows Oy € F-Isoc!f(Y/L).

The irreducibility statement is based on the following lemma.

Auziliary lemma. Let Q be a connected smooth formal scheme over o and
Q. its generic fiber (as rigid analytic space). Assume furthermore that Qy, is
connected.

(i) The constant isocrystal Og, is irreducible in the category of convergent
isocrystals.

(7i) The coherent @Tg-module Ogg is irreducible in the category of @TQ-
modules.

Proof of the auziliary lemma. We begin by (i). Let E be a subobject of Og,
in the abelian category of convergent isocrystals over Qr, and E' = Og, /F
be the quotient. As convergent isocrystals over Qr, E and E’ are locally free
Og,-modules so that there exists an admissible cover by affinoids U; (i € I)
such that Fj, and E\/ui are free Oy,-modules for each i. Fix ip and denote
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by A = T'(U,,Ou,,). Since U;, is affinoid, we have an exact sequence of free
A-modules
0—T(U,, F) > A—TU,,E") — 0.

09
Take x a point of U;,, and L(z) its residue field, then the previous exact se-
quence remains exact after tensoring by L(x), meaning that I'(l;,, F) is either
equal to 0 or to A. Assume for example that this is equal to 0, so that Ej;, =0
by Tate’s acyclicity theorem. By Zorn’s lemma there is a maximal subset J < I
such that Eyy, = 0 for each i € J. Assume that J = I then J' = I\J is not
empty. By connectedness, the union | J, ;, U; intersects the union | J,.; Us, thus
there exist [ € J', i € J such that U;(\U; # &. Since Ey, is either equal to 0
or to Oy,, we see that it is zero by restricting to U; [ U;, which contradicts the
fact that J # I. This proves (i).

For (ii) we use then that the abelian category of convergent isocrystals over
the generic fiber Q; of the formal scheme Q is equivalent to the category of
coherent @TQ-modules, that are coherent Og g-modules ([6, Proposition 4.1.4]).
The functors sp,. and sp™ realize this equivalence of categories. Let £ be a non-
zero coherent .@Tg—submodule of Og g, then E = sp*€ is a convergent isocrystal,
that is a subobject of Og,. By (i), it is either 0 or equal to the constant
convergent isocrystal Og,. Thus £ is either 0 or Og g and this proves (ii).
Thus the auxiliary lemma is proved.

Let us come back to the proof of the proposition. Let o : £ — Oy be an
injective morphism in the category Ovhol(Y/L). As remarked in the beginning
of the proof,

Ovyju = RTy(Ou,0)[d] = v40' Oy gld] = v+ Oy.

By Kashiwara’s theorem for the closed immersion v : Y — U [9] and the
previous lemma, v; Oy is irreducible in the category of coherent @Z{—modules
with support in Y, so that &, is either 0 or equal to v1Oy. Using 2.1.1, we
conclude that £ is either 0 or equal to Oy. O

Example: If T is a divisor in Ps , U := P\T and Y = (Us,Ps,P), then
Ovhol(Y/L) is the usual category of overholonomic @; (T)-modules. In this
case, if U and its generic fiber U, are connected, then the constant overholo-
nomic module Oy = Op o(T) is an irreducible @; (TT)-module by the previous
proposition (applied to Y = Us).

PROPOSITION 2.3.7. The module vi4(Oy) is an overholonomic F-@;-module,
which s irreducible as @;—module.

Proof. This follows from the Theorem 2.3.4 and the above proposition. O

3 SOME COMPATIBILITY RESULTS BETWEEN GENERIC AND SPECIAL FIBRE

We keep the notations introduced in the preceding section. In this section,
we place ourselves into certain integral situations involving schemes over o and
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establish various compatibilities between the classical intermediate extensions
on generic fibres and Abe-Caro intermediate extensions arising after reduction
on the special fibre. We will focus in particular on the cases of open immersions
and proper morphisms.

The results of this section are then applied in the final section 5 in the case
of highest weight representations, in order to compare intermediate extensions
over the Bruhat cells in generic and special fibre, c¢f. Proposition 5.1.8 and
Theorem 5.1.9.

3.1 NOTATIONS

For a o-scheme X, we write X, and Xg for its special and generic fiber respec-
tively. We denote
X; = X x Speco/w'"!

and write X for the associated formal scheme obtained by w-adic completion.
We also have the frame X = (X;, X,, X).

If f: X — Y is a morphism of o-schemes, then f,, fg, f; and f will denote
the induced morphisms X, — Y, Xg — Y, X; — Y; and X — 2) respectively.

Moreover, F = (fs, fs, f) will denote the induced morphism of frames X — Y.

3.2 OPEN IMMERSIONS

Let P be a smooth scheme over 0. The closed immersions P; <— P for any ¢
give rise to a canonical ringed space morphism

a: P=IlmpP — P

K2

This morphism « comes with the diagram
PE P R Py

which will be our basic underlying structure in the following.

We record a first simple property.

LEMMA 3.2.1. (i) There is a canonical isomorphism
Opg ~ jxOp,.
(i) There is a canonical isomorphism
@1(3’1”) ~ jxDp,
for any m.
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Proof. For the first isomorphism, we see that there is a canonical morphism
of quasi-coherent Op-sheaves, Op — j:Op,, sending a local section f to f.
After tensoring with Q, we get a map Op g — jxOp, and if P = Spec A, this
morphism is the Identity of Ag = I'(P,Opq) = I'(P, j«Op,). This proves (i).
For (ii), we start with the canonical morphism

@(m) _’]*@P@ ~ j*@(m)

We deduce from this a morphism 9( — Jj«9p,. To check that it is an
isomorphism, it is enough to consnder the case where P is affine with local
coordinates z1,...,zp. Then both sheaves are free Opg-modules with basis
2% and we conclude using (i). O

If £ is a quasi-coherent Op,-module, one defines
= a 1€

LEMMA 3.2.2. The formation & — & is an exact functor from quasi-coherent
Op,-modules to OPQ -modules. It extends to a derived functor choh(OpQ) —

DY(Op,).

Proof. This statement comes from the fact that the functor j is exact on quasi-
coherent Op,-sheaves, since j is affine, as well as a~!. The functor £ — & is
thus exact as the composition of two exact funtors. o

In particular, one can consider the sheaf @p@ over the formal scheme P.
LEMMA 3.2.3. There is an injective flat morphism of sheaves of rings
@PQ — @7];

Proof. If U < P is an open affine of P with local coordinates x1, ..., xps, then
we have the following description

DU, ax(25)) = {Zau@[ﬂ lay € Oy ®Q|3e> 0,7 < 1, ||a,|| < cn'z'}

and

LU, Zp0) =4 Y, ad¥|a,c0,®Q

v, finite

This gives the inclusion. For the flatness, we know that @;, is flat over @7(,0%@

6, Cor. 3.5.4]. Moreover the sheaf 729 is flat over @(O), by completion, so
P P
that @7]; is flat over @pQ. O

The proof of the following lemma is easy and left to the reader.
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LEMMA 3.2.4. (i) Let € be a coherent Pp,-module, then @;& ®gy, € isa
0

coherent .@;—module.

coh

(ii) Let & € DY, (Pp,), then 25 ®gy, € € D (2).

The following proposition of commutation of duality with scalar extension is
due to A. Virrion. Her statement involves perfect complexes, but as Py is
smooth, the sheaf Zp, has finite cohomological dimension and the category

D’C’,Oh(gpg) coincides with the category of perfect complexes of @p@-modules.

PROPOSITION 3.2.5. Let £ € Db

coh

(Zp,), then

7l (&) ~ 3o €

Dy ®, D@P@ (&) ~ D@;’(QP Bz, £).
Proof. This is [55, Propositions 1.4 and 4.4]. O
Let us recall that, if d = dim(Py),

Doy, (€) := RHoma,, (€, Zp,[d]) ®0p, wp,-

DEFINITION 3.2.6. Let P be a smooth o-scheme, Z < P a divisor, we say
that Z is a transversal divisor if Z; and Zg are divisors respectively of Ps and
Py.

In the following, let Z be a transversal divisor in P.

We write j for the open immersion P\Z c P. We can define, for £ a coherent
P p,-module,

(xZg)E = Dp,(xZg) ®zp, €.

Note that (*Zg)E = jo+jpé. In the same way, we define for £ a coherent
.@;—module,
(1Z,)€ = 25(1Z,) ®y1 €.

Let Y = P\Z with immersion j : Y — P and let J be the frame morphism
J:Y:=(Y;, Ps,P) > P:=(Ps, Ps, P).

Then (TZ,)€ = J,J'E. By definition, in this situation, J, is the forget functor
from the category Ovhol(Y/L) to the category Ovhol(P/L). Moreover the
functor jo+ is exact since Zg is a divisor of Fy and induces an equivalence
of categories between coherent Zp, (*Zg)-modules and coherent Zy;-modules.
At the level of sheaves of Oy,-modules, jo+ = jg«. Recall also that in this

situation objects of Ovhol(Y/L) consist of degree zero complexes of .@7@ (1Z,)-
modules by [1, Remark 1.2.7 (iii)].
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PROPOSITION 3.2.7. Let £ € D} ,(Yy), such that F = .@7@ ®§p@ Jjo+€ €

Db o (Y). Let cg resp. C be the canonical isomorphism € ~ Dy, o Dy, (€)
resp. F ~ Dy o Dy(F). Then we have a commutative diagram

Jo+co

Jo+€ Jo+ Dy, 0 Dy, (€)

l 1®idjQ+ £ l

— . JsiC -
J+(2h @5, Jar€) —— J:Dy oDy (2} @, jo:f).

Proof. Let us first remark that the sheaf @;;(TZS) is flat over @7]; and thus
flat over Zp,. This is why no derived tensor product appears in the previous
diagram. Moreover, it is enough to prove the statement for a single Zy,-

holonomic module £ such that F = @; ®§P Jjox€ is an overholonomic module

over Y. In this case, all complexes are single modules in degree 0. The top
horizontal arrow of the diagram is induced by the following map :

& ——Homg,, (?‘-{0771%,Q (€, Dy,)) — Dy, o Dy, (€)
& > ety () = ¢().

Recall that C' : F — DyDyF is defined in our case as follows: as F is over-
holonomic over Y, one has

F~(2)F = 2('2) ®, F.

We therefore see using the base change result [55, Propositions 1.4 and 4.4]
that

Dy(F) = Z5(12,) ® 1, De(F)
= R’Homg;(ws)(}', -@;(Tzs)[d]) R0, Wp,
= RHomyy 1) (F. Zp( Z)Id)) ®op(i 2,y wr( Z2),
and the canonical map C' is then given by the following composition

F— Hom@;(Tzs)(Hom@;(Tzs)(f’ @;;(TZS))) —— Dy o Dy(F) .

Note that C' is an isomorphism, since it is an isomorphism when restricted to
P\Z by [6, Théoreme 4.3.10]. Moreover, one has a canonical isomorphism

.7 acd ‘@;(TZS) ®§P@(*ZQ) jQJrS,

so that we can use again [55, Propositions 1.4 and 4.4], to obtain the following
isomorphisms

Dy(F) = Ph(1 2,)85, (20 RHOMS,, () T & Ty (+Z0)|d)) @5, T (+2),
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Dy(F) ~ 25('Z,) ®5 (20 J0+DYoE,
where we identify
jQ+Dy@g = RHom@P@(*ZQ)(jQ+5, @p@(*ZQ)[d]) ®op wP@(*ZQ).

Using again [55, Propostions 1.4 and 4.4] between the sheaves Zp, (+Zg) and
@L (1Z,), we find a canonical isomorphism

DyDy(F) =~ 25('Z,) ®F p, (x20) Jo+ Dy Dy €,

which allows us to write the diagram of the statement in the following way

Jo+cQ

Jo+€ Jo+ Dy, o Dy, (€)
l1®idm+ e l 1®id

— . J4C .
J (25(12Z,) ®3p, (2.) J0+E) S 9512, ® 1, (520) 10+ DYDY E-

The commutativity of this diagram follows then from the identity (1 ®
id)(evg) = ev(1 ® ) for a local section x € jo4&. O

COROLLARY 3.2.8. In the situation of the proposition, let £ € D;’LOZ(Y@), such
that F = @; Rz, Jjo+€ € Db . (Y). We then have a commutative diagram
0

ovhol

Jjo+& = Jotibin

| |

Db ®g,, JorE ——= JoJ' WD} ®g, jort).

o
Proof. We have the following equality as functors on Dzol(YQ)

Jodar = joDr,je+ Dy,
= DY@j(![))jQ+DY@
= DYQDYQ ~ id.

On the other hand let us notice that J' = .@; (TZS) ®1 - is a scalar extension
P
so that again by [55, Propositions 1.4 and 4.4], J'Dp = DyJ'. Moreover if
F e Dlyn(Y), J'UF = 25(12,) ®,1 F ~ F by definition of elements of
=3

ovhol

DY 1 1(Y). Using these remarks, we compute
J'Jy = J'DpJ, Dy

= DyJ'J,Dy
= DyDy ~ id,
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so that the diagram of the corollary is the same as the diagram of the previous
Proposition 3.2.7. O

We next give another compatibility statement.

PROPOSITION 3.2.9. Let € € D}, (Py), such that F = 9}, ®g,, Joil €

nghol(P)' Let can : &€ — jQJrj(!@S and CAN : F — J.J'F be the canoni-
cal morphisms. Then the following diagram is commutative

€ = Jo+in€

| |

74, ®g,, € AN g, (2 ®g,, £)-

Proof. If we explicit all functors in our situation, we find the following diagram
that is clearly commutative

can @PQ(*ZQ) ®§P@ 5

e

CA
738 ®g,, € AN 9117, ®g,, £

Recall that a relative normal crossing divisor is transversal.

ProPOSITION 3.2.10. Let Z < P be a relative normal crossing divisor. Then
one has

Oro('Z:) ~ 7} ®5, JaxOv,.
Proof. This is a result of Berthelot, cf. [5, Proposition 4.3.2]. O

Note that the sheaf j, Oy, is equal to Op, (¥ Zg) and the isomorphism is given by

the canonical inclusion of sheaves of rings Op,(xZg) — Op o('Z;), sending 1

to 1. This allows us to identify Opr(TZS) with .@; ®z, JxOyy, = Oy. In the
0

same situation as in 3.2.7 we have

PROPOSITION 3.2.11. Let Z < P be a relative normal crossing divisor.
(i) Dy, Oy, = Oy, DyOy = Oy,
(i) there is a canonical isomorphism JiOy ~ @7]; ®z, J@ Oy, .
Q
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Proof. The fact that Dy, Oy, = Oy, is classical and comes from the fact that on
the smooth scheme Yg, the Zy;,-module Oy, admits a resolution by the Spencer
complex, and that this complex is auto-dual. To see the second statement, we
use the fact proved in [44, Lemme 4.2.1] that Oy = Op o(7Z;) also admits a
resolution by a Spencer complex (with d = dim Yg)

0— 25(1Z,) ®0p A Tp — ... = 25(1Z) @0, A Tp — 25(72,)

that is auto-dual for the functor Dy = RHom; )( . @;(TZS)[CZ]) Rop Wp.
(12,
This proves (i) and (ii) follows from the computation

JiOy = DpJ, DyOy
== ]D)[P’JJrOY
= Dp(2}, ®g,, J+0x;) by 3.2.10,

~ 7} ®5,, Dr,(j+Ov,) by 3.25.

3.3 PROPER MORPHISMS

Before giving compatibility results for direct images relative to proper mor-
phisms, we establish two auxiliary lemmas.

LEMMA 3.3.1. Let f : P — Q be a morphism of smooth o-schemes and F €
DY . (Op,) with F € D™(Op,). There is a natural map R fox(F) — Rfx(F).

qcoh

Proof. We have the following diagram

P—>P< Py

T

in which both squares are commutative diagrams (the left one is commutative
as it is commutative when P and Q are replaced by P; and Q;). Let £ be a
quasi-coherent sheaf on Py, we have a canonical map j«€ — axa~'j.&. If we
compose this map by f., we get by adjunction by « a map f@? — f*f. Let
FS Z..« be an injective resolution of F by a double complex of quasi-coherent
Op,-modules. As the functor £ — £ is exact on quasi-coherent O py-modules,
we have a quasi-isomorphism Rf (F) ~ Rf, (Z...). We finally obtain the map
of the lemma by the following composition

Rfox(F) = fox(Zes) — f*(f-,-) - Rf*(f-,-) = Rf*(]_'—)-
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LEMMA 3.3.2. Let f : P — Q be a morphism of smooth o-schemes, & €
Db . (Zp,). There is a canonical morphism in D*(Zq,)
Db @, far(€) = f+ (7% B, £).
Proof. 1t is enough to prove that there is a morphism
Jor @) = f+ (7 ®5, ).
Denote the transfer sheaves Y, p, = wp)q ®op, f@@Q@, and

97(;229 = li__mfi*géz@’ @(Q@P = wp/g ®op 97(;229’ Pbp = h_Hl@(Q@P,Q'

m

Recall that
fo+(8) = Riox (Zager, ®5,, €) . f+ (75 ©5, €) = Rfs (7. @5 F).
Note that we have

13'24,~07 T (20Q) = a7 (200,

and for all m > 0, we have maps: a~'(%g) — @g"). The latter induce maps

f*(ofl(.@Q)) — @7(,@9, which in turn give rise to maps of transfer sheaves
7} T
Doy = Pgep-
Take & € Dgoh(@pQ). Since @QthQ is a quasi-coherent (’)p@—module, we see
that
L b

‘@QQ‘*PQ ®@pQ Ee choh(OPQ)v
so that we can apply 3.3.1 to this complex of sheaves. The map of the statement
arises then from the composition

Rfox (.@QQ&pQ ®I@‘P 5) — Rf* (.@Qg&pQ ®I@‘P 5) — Rf* (-@TQ&P ®%P E) .
O

We assume from now on for the rest for this subsection that
[:P—Q
is a proper morphism between smooth o-schemes.

Both sheaves Zp, and .@7@ have finite cohomological dimension [8, Corollaire
4.4.8], as well as R f since f is proper. Take * € {—,b} and £ € D* , (Zp,), then

coh
fos (€) (vesp. fr(2), ®g,, €) are objects of D, (Zq,). (resp. D* . (25)),
and thanks to the lemma, there is a map

2% ®g,, fo+(€) = f+(7p ®7, ©).
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Our goal (see 3.3.4) is to prove that this map is an isomorphism, provided
that P and Q) are projective o-schemes.

As usual, we will factorize f into a closed immersion followed by a projection.
We first deal with the case of a closed immersion. So let i : P < (Q be a closed
immersion of smooth o-schemes, defined by some sheaf of ideals Z < Og. We
then have the following compatibility result for closed immersions

PROPOSITION 3.3.3. Let € {—,b} Let £ € DY, (Zp,), then there is a canonical

coh

isomorphism in Djoh(ﬂg)
9L @z igi(€) =iy (2L @5 E
Q ¥9q, 'Ot T \TP Y2k, :

Proof. Tt is well known that i g sends D¥* , (Zp,) to D¥,(Zq,), resp. iy sends
D, (2}) to D, (2)). Finally both functors send D7, (Zp,) to D%, (Z}).
The map from the LHS to the RHS is the one given in the previous Lemma 3.3.2.
Since i is a closed immersion, i is affine, it has finite cohomological dimension
and both functors are way out left in the sense of [34, Section 1,7]. Proving that
the map is an isomorphism is a local question on (), so that we can assume
that @ is affine and P as well. In this case any coherent Zp,-module is a
quotient of a finite free Zp,-module, and using a standard dévissage argument
for way out left functors [34, I, Proposition 7.1, (iv)] we are reduced to prove
the lemma in the case where € = @pQ. In this case, we have the following
formulas

iQ+(Zp,) = ix (*@Q@%P@) ; bt (*@72) = s (‘@TQHP)
As 7 is a quasi-compact morphism, Rz, = 7, commutes with inductive limits
so that
b (‘@TQHP) = lim 2 (@(@P @) :
- ;
Let us fix an integer m, we have to show that
i (252p.0) = 250 @5, i (Tagery)- (3.3.0)

We first compute the left hand side of this formula. By [9, Theorem 3.5.3], we

know that i+(.@7(3m)) is a coherent .@(Qm)—module, and as 7 is affine, we have by
[30, Proposition 13.2.3]

1 (P8 ~ @u(%m ). (3.3.1)

i—P;
K3

We now come to the right hand side of the formula 3.3.0. We need the

Auziliary lemma. The sheaf i+(@1(3m)) is a coherent @gn)-module.
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Proof. We have

i+ 75 = i ("0 ®o, i* 25" Qo wp)

~ wél ®oq @gn) ®o,, ixwp by the projection formula,

the left @gn)-module structure being given by the one of wél ®oq @é?m), that
is by the right structure on .@g") twisted on the left, which makes this left

@gn)-module a coherent module. This proves the auxiliary lemma.

Returning back to the proof of the proposition, consider the .@(Qm)—module
M = A(Qm) ®0t71@((?m) 04717:4,‘@1(37”).

The auxiliary lemma implies that M is coherent, and so [6, Proposition 3.2.4]
implies

M= 2 ®ye0 142

%

As Mg coincides with @(Qm) ®§Q i@+(@pQ), this module is isomorphic with
Q

the right-hand side of 3.3.0. Comparing with the left-hand side 3.3.0 proves

the proposition. O

As before, let = € {b,—}.

PROPOSITION 3.3.4. Let P, Q be smooth and projective o-schemes, let f : P —
Q be a proper morphism, and f : P — Q be the formal completion of f. Let
E e D}, (Pp,), then there is a functorial isomorphism in D, (@TQ)

coh coh
7)) & ~f (2L €).
Q %Q@ f@+( + P FDp,

Proof. We already noticed that both functors send objects of DY, (Zp,) to

objects of Djoh(@TQ), as f has finite cohomological dimension. Moreover both
functors are way out left in the sense of [34, Section I1,7]. The map from LHS to
RHS was defined in 3.3.2. Using [53, Tag 0C4Q)], we know that f is projective.
Then, using the previous compatibility result 3.3.3 for closed immersions, it is
enough to prove the statement when P is a relative projective space over @,
say P = ]P’g[ and f : ]P’g[ — (Q is the canonical map. Since the question is local
on @, we can (and we do assume) that @ is affine, smooth with coordinates
t1,...,ts. Let £ be a coherent Zpg-module. As Py is a noetherian space, £
is an inductive limit of its sub OPQ—coherent sheaves, so that there is a Op@-
coherent sheaf £ and a surjection of @p@-modules @p@ ®(9PQ &' — &, where
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the Zp,-module structure on the left hand side is given by the one of Zp,. By
Serre’s theorem, for some a,r € N, there is a surjection of coherent O p,-modules
Op,(—a)" — &', and we see that there is a surjection of coherent Zp,-modules
@p@(—a)T — &. Iterating this process, we see that each coherent @pQ—module
has some resolution by Zp,-modules of the type Zp,(—a)". Finally using again
the dévissage argument for way out left functors of [34, I, Proposition 7.1,
(iv)] we are reduced to prove the proposition for a projective morphism f :
P = Pg — @, with @ affine, endowed with coordinates, and £ = Zp,(—a),
with a € N. Let us assume this from now on.

Since Rf, commutes with inductive limits, because ng and @ are quasi-
compact, it is also enough to prove that, for all m, we have

98" @5, [« Tra) ~ [+ (283 @3, Tr(-a).  (331)
The following lemma therefore completes the proof of the proposition. O

LEMMA 3.3.5. Assertion 8.3.1 is true for any m.

Proof. Let F = @I(Dm)(—a), we have

Fo(F) =R (2520 ® 0 787 (~a))
=Rfy (f*@gn) Rop wP/Q(—a)) 5

= (@é?m) ®0, wél) ®o, Rfx(wp(—a)) (by the projection formula),

where the left @gn)-module structure is given by the left structure of %m) ®oq
wél, obtained by twisting the right structure of @ém). As wq is free of rank 1,

wp ~wp o, f*wél ~wp/g =~ Op(—M — 1),

where M := dim Py — dim Qq. We refer for example to [33, III,Theorem 5.1]
for the computation of Rf,(Op(—M — 1)) over any affine base @, which is a
complex of finite free Og-modules. More precisely, denote

d = max{rank(H°(P,Op(—a — M —1))),rank(H™ (P, Op(—a — M — 1)))}.
There are several cases:

(i) If a < —M — 1, then fi(F) ~ .@g") ®oq, Oé is concentrated in degree 0,
(1) if a > 0, then f(F) ~ @é?m) ®0, Of[—M] is concentrated in degree M,

(i11) if —M < a < —1, then f;(F)=0.
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Note also that we have the following isomorphism of (twisted) left @(Qmé—
modules

S(m —(m) — S(m —
784 Oz (7o ®o,, @0 ) = 9873 ®oq wg'-
We will first compute the left-hand side of 3.3.1. Let us denote
A= @(Qm) 127G a”lfy(F)e Dgoh(@(gm))
= (95" ®0q wg") ®u-10, a 'Rfs(wp(—a)),

that consists of a complex concentrated in at most one degree where it is
isomorphic to a direct sum of d copies of .@(Qm). In particular, by 3.2.1 of [9],

it satisfies A ~ Rl@i(@g?) ®L@(m) A). Since A is a complex of finite free
Q

@(Qm)-modules, we have

A Sl = T @i 4 9 B, 3] B, 0 Rl (),

is a complex either in degree M or 0, where it is isomorphic to a direct sum
of d copies of 987). Finally we have

A~ Rlim (@gf) ®00, W5 ®a-10, oe‘lRf*(wp(fa))) -

To compute the right-hand side of 3.3.1, we introduce B = f+(.@7(3m)(fa)), SO
that we have

B~ R, (F1(95" ©oq wol) ®op wr(-a))
~Rf,Rlim ( FE(I8Y @0, w3)) ®on, wPi(—a))
~ RIm R f; (fl*(@é’:l) ®00, wéj) ®op, wpi(—a)) by [53, Tag 0BKP]

~ Rlim (95;0 ®0q, Wo, ®0q, Rfi*wpi(*a)) :

Again, by using the computation of [33, III,Theorem 5.1], we see that
Rfiswp,(—a) ~ Rf;xOp,(—a — M — 1), is a complex concentrated in only one
degree and

Rfiswp,(—a) ~ Og, ®o, Rfwwp(—a).

This finally shows that B is isomorphic to 4. This implies the lemma. O
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3.4 COMPATIBILITY FOR INTERMEDIATE EXTENSIONS OF CONSTANT COEF-
FICIENTS

We now come to the main application of our previous compatibility results.
For this we place ourselves in the following axiomatic situation (S):

(1) Y is an affine and smooth scheme over o.

(ii) there is an immersion v : ¥ < P into a smooth projective scheme P
over 0. Let X :=Y be the Zariski closure of Y in P and Z := X\Y.

(iii) There is a smooth and projective o-scheme X’ a surjective morphism
b: X' - X

inducing an isomorphism Y’ := b~V ~ Y, such that Z’ = X"\Y' is a
transversal divisor as defined in 3.2.6 with normal crossings. We have
the open immersion j/ : Y ~ b~'Y < X'

As usual X,9) etc. denote the formal schemes obtained from these schemes by
p-adic completion, and X, Y; etc. denote their special fiber. For simplicity, we
also write v for the morphism of frames

v:Y= (Y, Xs,P) — (Ps, Ps,P) =P
induced by the immersion v : ¥ — P. Let us introduce the composite mor-
phism
g: X' Lxop

By p-adic completion we obtain a morphism g§: X’ — P, and a morphism of
frames

u= (Idy,,bs,§) : Y = (Y5, X., X') > Y = (Ys, X¢, P).

Denoting G = (gs,9s,9) and J' = (ji,idx;,idx), we then have the basic
commutative diagram of frames:

Y = (s, XL, %) —L> (X1, X1, %) = X/

§ X

Y=(Y83Xs;7)) o (PSaPSaP):P-

The frame morphism w is c-affine, and the first morphism of this frame is equal
to the identity, so that by [1, Lemma 1.2.8], we know that u; and u, are
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t-exact, and u; = u4, as functors of abelian categories F-Ovhol(Y'/L) — F-
Ovhol(Y/L) and equal to Hdu, = HPu. Let

Q:=vou=GolJ,

which is a c-affine immersion, (in particular Ys; < P; is an immersion). Note
that we have
T, Oy = Ox 0('2)),

and that in our case J', is the forget functor F-Ovhol(Y’/L) — F-Ovhol(X'/L).
Let vg be the immersion Yp < Fp. We now fix once and for all the following
notations:

0 = 9”@703/@ . UQ[OYQ — ’UQ+OY® resp. 9]-/@ = 9]-/@

vQ 7OY@

0o =000, = 00, Q0w —QiOn resp. Oy =0y0,-

We also need the two morphisms
lg _ P alg _ p
059 = 0., resp. 05" =0 .

Our goal is to describe the relation between the classical intermediate extension
vgi+ Oy, on the generic fibre and the Abe-Caro intermediate extension vy Oy
on the special fibre.

We start with the following lemma.

LEMMA 3.4.1. We have the following commutative diagram in F-Ovhol(X'/L),
where all maps are canonical

f O i Ao
Dy ®§X@ IgOvy —> Pz ®§Xé I+ Ova

(1)l: (3)l:

9 !
J{ Oy . J, Oy

and where the upper horizontal arrow equals 2%, ® 9;1,@ .

Proof. The diagram of the statement can be completed by the following dia-
gram

P%/®05,°

/3

A . T ~ -
@;/ ®§X’Q j@!OYQ — @;, ®§X’@ j@JrJ,QJ@OY@ — @;, @@Xé JbJrOY@

<1>l <2>l <3>l~

J Oy J,J" T Oy = J, Oy,

05
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Let us prove that both squares of this diagram are commutative. The isomor-
phism (3) is given by Berthelot’s result 3.2.10. The right square of this diagram
is commutative by 3.2.8, horizontal maps of this square are isomorphisms, so
that (2) is an isomorphism as well. The left square of this diagram is commuta-
tive by 3.2.9 applied to jg, Oy, and 3.2.11. Moreover (ii) of 3.2.11 tells us that
(1) is an isomorphism. We conclude that the external square is commutative
with vertical arrows being isomorphisms. O

Recall that @ = Go J' =vowu, vg = gg o j'g, 0219 = 51,@@‘/@ and 0g = 0g,0,-

COROLLARY 3.4.2. There is a commutative diagram (with canonical vertical
maps) in F-Ovhol(P)

- t -
@7)& @5})@ UQ[OYQ —_— @P @5% ’UQ+OY®

; X

Q Oy Q4+ Oy

where the upper horizontal arrow equals the map @;L ® 69,

Proof. As G is c-proper, G4 = G, and using 2.2.0, we can see that g =
G4 o0y . Similarly, we have the equality vg = gg © j@, and as gqg is proper,
Oy = 9o+ 09%. We finally use the compatibility for projective morphisms 3.3.4,

and we observe that we obtain the diagram of the corollary after applying ¢
to the previous diagram 3.4.1. O

Remark: We have the identifications Qj/Q(OyQ) ~ Ox; and 070x% o(1Z]) ~
Ox @, and that

.@;, %xé O—Xé ~ Ox @.
We have the constant overholonomic modules on Y resp. Y’
Oy = Rly(Opg)[d]  resp. Oy = Rly/(Ox ) = Ox0(Z)
as defined in 2.3.5, where d = dim Ps; — dim Y.
LEMMA 3.4.3. There are canoncical isomorphisms
(i) u'Oy ~ Oy,
(i) uyOy ~ Oy.

Proof. By [l, Lemma 1.2.8], u' and u, are exact functors of the categories
Ovhol(Y/L) and Ovhol(Y’/L), and quasi-inverse, so that (ii) is a direct con-
sequence of (i). Recall also that, by [14, Formula 2.2.6.1, Théoréme 2.2.8,
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Théoréme 2.2.14], RT'ys o RT'y» = RT'y,. We compute

u'Oy = Rl 0 ' (RT (12,)(Op.0)[d])
~ RIy o RT'Y, 0 (170)§'Op g[d] [14, Théoreme 2.2.18]
~ RI'y o Ry Oxr g
~ Rly Oy g

O

We come to the main result, which describes the relation between the clas-
sical intermediate extension vgi Oy, on the generic fibre and the Abe-Caro
intermediate extension vi1 Oy on the special fibre.

THEOREM 3.4.4. There is a canonical isomorphism
7, ®p, v+ (Org) = 114 (Oy).

Proof. Again, by [1, Lemma 1.2.8], uy = w, and g = 6, o uy. By previous
Lemma 3.4.3, u; Oy ~ Oy and we have a commutative diagram

0,
v Oy —— 10y

.

Q4 Oy —> Q 0y
Now we have
v (Ox) = im(6,)

~ im(fq)
~ 71, ®p, im(#99) by 3.4.2,

~ 7} ®3,, vai+(Oyy)-

4 LOCALIZATION THEORY ON THE FLAG VARIETY

We specialize the above theory to the case where P is the (formal) flag variety
of a connected split reductive group G over o. Such a space is coherently Z1-
affine and its algebra of global differential operators H°(P, @;) identifies with
(a central reduction of) the crystalline distribution algebra of G. Truly in the
spirit of classical localization theory [3], this allows us to analyze geometrically
the module theory of the distribution algebra.
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4.1 CRYSTALLINE DISTRIBUTION ALGEBRAS

In this subsection, G can be any connected affine smooth group scheme over o.
Let I be the kernel of the morphism o-algebras e : 0[G] — o which represents
1€ G. Then I/I? is a free 0 = o[G]/I-module of finite rank. Let t1,...,ty € I
whose classes modulo I? form a base of I/I2. The m-PD-envelope of I is
denoted by P(,,)(G). This algebra is a free o-module with basis

& = tikl} . -t%w},

where qi!tjki} = tfi with ¢ = p™q; + r et r < p™ [6, Sous-section 1.5]. The
algebra P;,)(G) has a descending filtration by the ideals

1= @ ot
|k[=n
The quotients P(’}n)(G) = P(m)(G)/I{"“} are generated, as o-module, by

the elements t!*} where |k| < n and there is an isomorphism Py (G) =~

C—lelén ot'¥} as o-modules. There are canonical surjections pr?tim™
PiAYG) — Py (G).
We note

Lie(G) := Hom,(I/I?,0).
The Lie-algebra Lie(G) is a free o-module with basis &,...,&y dual to
t1,...,ty. For m’ = m, the universal property of divided power alge-
bras gives homomorphismes of filtered algebras ¥ m @ Py (G) — Py (G)
which induce on quotients homomorphismes of algebras ¢y, ., : [}, /)(G) —
P \(G). The module of distributions of level m and order n is D%m)(G) =

(m)
Hom, (P )(G), 0) The algebra of distributions of level m is defined to be

(m

D™(G) = lim D™ (G)

n
where the limit is taken with respect to the maps Hom, (pr™" ™47 o).

For m’ > m, the algebra homomorphisms Yy e 81ve dually linear maps @7

m/’

: D,(Lm)(G) - D,(Lm/)(G) and finally a morphism of filtered algebras ®,,, v :
D™(@) — D™)(@). The direct limit

Dist(G) = lim D™)(G)

m

equals the classical distribution algebra of the group scheme G [23, 11.§4.6.1].

Let now G be the completion of G along its special fibre. We write G; =
Spec o[G]/n**1. The morphism G,41 < G; induces D™ (G;,1) — D™ (G,).
We put

D™ (G) = lim D™)(G,).

K2
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If m" > m, one has the morphisms ém,m/ : 13<M>(g) — f)<m'>(g) and the
crystalline distribution algebra is defined to be

D'(G) = lim D™ (G) ® Q.

m

Note, as for differential operators, that this dagger-algebra appears with co-
efficients tensored by Q. For more details on the basic theory of the algebra
DT(G) we refer to [39, 40].

For a character 6 : Z(g) — L of the center Z(g) of the universal enveloping
algebra of the L-Lie algebra g = Lie(G) ® Q, we will always denote by

D'(G)o := D'(G)o ®(g)6 L

the corresponding central reduction of DT(G). The trivial character is the
character 6y with kerfy = Z(g) n (U(g)g).

4.2 'THE LOCALIZATION THEOREM AND OVERHOLONOMICITY

We keep the notation of the previous subsection, but specialize now to the case
of a connected split reductive group scheme G over 0. Let in the following
0 = Oy be the trivial character. Our goal is to analyze the central block of the
category of DT(G)-modules, i.e. the category of DT(G)a,-modules. We keep the
notation from the preceding section.

We let B © G be a Borel subgroup containing a maximal split torus 7', with
unipotent radical N. Denote by

P:=G/B

the flag scheme. It is a smooth and projective scheme over 0. We denote by
P its formal completion. The G-action on P by translations endowes P with a
G-action. We recall the localization theorem for arithmetic Z-modules on the
flag variety.

THEOREM 4.2.1. (a) The global section functor induces an equivalence of cat-
egories between coherent @L-modules and coherent HO(’P,@;)-modules. A
quasi-inverse is given by the functor

ZLoc(M) = @72 ®H0(P,@;) M.

(b) The G-action on P induces an algebra isomorphism
DT(g)Bo e HO(Pa @72)
Proof. This summarizes the main results of [40] and [45]. O

Remark: A. Sarrazola-Alzate has extended the above theorem to the case of an
arbitrary central character 6 using a twisted version of the sheaf @;, cf. [46].
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DEFINITION 4.2.2. A D'(G)g,-module M is called geometrically (F-
Joverholonomic if the coherent @;-module Zoc(M) lies in the full subcategory
(F-)Ovhol(P/L).

Remark: Already in the classical situation of algebraic D-modules on complex
flag varieties, it is difficult in dimension > 1 to translate the condition of being
a holonomic D-module to the algebraic side. Nevertheless, this condition cuts
out an interesting abelian finite length subcategory inside all Lie algebra rep-
resentations, which contains many examples (highest weight representations,
Whittaker modules etc.) It is the cristalline analogue of this category which
we propose to study.

Recall from 2.1 the set of equivalence classes of pairs (Y,€) where Y < P;
is a connected smooth locally closed subvariety and £ is an irreducible over-
convergent isocrystal on Y = (Y, X), which is an object of Ovhol(Y/L) (the
category of overholonomic modules, stable by any base change). We put
L(Y,E) := v () € Ovhol(P/L) where v : Y — P is the immersion of cou-
ples associated with Y.

THEOREM 4.2.3. The correspondence (Y, &) — HO(P,L(Y,E)) induces a bijec-
tion

{pairs (Y,E)}/~ — {irreducible geo-overholonomic D(G)g,-modules}/~

Proof. This follows from the classification theorem 2.3.4 together with 4.2.1.
O

We point out a related interesting property of the category of overholonomic
@L-modules.

It is conjectured by de Jong that, if X is a connected smooth projective variety
over an algebraically closed field of characteristic p > 0 with trivial étale funda-
mental group, then any isocrystal on X is constant. This conjecture is proved
under certain additional assumptions by Esnault-Shiho in [27]. In our case, the
fibration G — G/B = P is a separable proper morphism with geometrically
connected fibre between locally noetherian connected schemes. To compute
the fundamental group of Ps, we may pass to a simply connected cover of the
semisimple derived group of Gs. The homotopy exact sequence [31, Exp. 10
Cor. 1.4] implies then that étale fundamental group of P; is trivial. Here is a
short representation-theoretic proof of de Jong’s conjecture for the flag variety
P,.2

2The homotopy exact sequence implies in the same manner that the generic fibre Pr,
has trivial étale fundamental group. By Chern-Weil theory and Grothendieck’s theorem on
formal functions, the de Rham Chern classes on Pj, become trivial after tensoring with Q.
But these classes correspond to the rational crystalline classes on Ps via the comparison
theorem between de Rham and crystalline cohomology, from which one may deduce the
conjecture. We thank H. Esnault for explaining this general argument to us.
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PROPOSITION 4.2.4. Any convergent isocrystal on Ps is constant.

Proof. Any convergent isocrystal £ may be viewed as a coherent .@;—module
which is coherent over Op g [6, Proposition (4.1.4)]. Then H°(P,£) is a finite
dimensional representation of the reductive L-Lie algebra g and hence com-
pletely reducible (semisimple). In addition, it has central character 6. But the
trivial one dimensional representation is the only irreducible g-representation
of finite dimension and with central character 6y. Since the trivial representa-
tion localizes to the trivial connection Op g and since localization commutes
with direct sums, the isocrystal £ must be constant. o

4.3 LINK TO LOCALLY ANALYTIC REPRESENTATIONS

In this subsection, we explain how the methods and results of the present
paper might ultimately have applications to locally analytic representations.
Although this is more of a speculation and we do not prove any substantial
result in this subsection, we like to include it in this paper, as it has been a
major source of motivation for us in writing this paper.

To put everything in context, we briefly recall some classical results from the
geometric representation theory of non-compact real Lie groups [32, 47]. Let
Gr be a non-compact connected reductive real Lie group (GL,(R) is a first
example) and let g = C ®g Lie(Gr) be its complexified Lie algebra. Let
Kr < Gr be a maximal compact subgroup with complexification K. Given
an admissible GR—representation?’ V', we denote by Vik,_an S V its subspace of
Kpg-finite vectors. It is dense in V' and naturally equipped with the structure
of a Harish-Chandra (g, K)-module. The formation

Vi HC(V) := Vk.—fin

is a covariant, exact and faithful functor from admissible Gr-representations of
finite length to Harish-Chandra (g, K)-modules. One calls two finite length
representations Vi and Vu infinitesimally equivalent if HC(Vy) ~ HC(Va).
Classifying irreducible representations according to infinitesimal equivalence
is a first step towards a full classification of irreducible representations.* Any
Harish-Chandra module M admits a globalization (i.e. a finite length represen-
tation V' with HC(V) ~ M) which implies, by its functorial properties, that
HC even preserves irreducibility. Hence, classifying irreducible representations
up to infinitesimal equivalence is the same as classifying irreducible Harish-
Chandra modules for the pair (g, K). If Gg admits a connected complexifi-
cation (GL,(R) is a first example), then irreducible Harish-Chandra modules
have infinitesimal characters. In this case, the classification of modules with

3 Representation here means a jointly continuous linear action of G on a complete locally
convex Hausdorff space V over C. For the notion of admissibility, see for example [47, Section
3.1].

4For unitary representations, infinitesimal equivalence already implies equivalence, a fa-
mous result of Harish-Chandra [32].
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fixed character € is equivalent, using Beilinson-Bernstein localization, to the
classification of irreducible twisted Harish-Chandra sheaves on the complex
flag variety of g. The latter, in turn, is a special case of the general classifi-
cation of holonomic twisted D-modules as intermediate extensions over locally
closed subvarieties [3].

We like to speculate how this might generalize from real-analytic to p-adic an-
alytic Lie groups. Concretely, let G(L) be the group of L-valued points of our
split connected reductive group G. This is a non-compact locally L-analytic
group whose basic theory of admissible locally analytic representations (in cer-
tain complete locally convex Hausdorff spaces over L) has been developed by
Schneider-Teitelbaum in a series of papers [50, 51, 52]). We have the n-th con-
gruence subgroup scheme G(n) of the o-group scheme G. It is a smooth affine

group scheme over 0. We denote by G(n) the completion of G(n) along the unit

o

section 1 € G(n)y, in its special fibre and by G(n)° := Cj(n\)“g its rigid-analytic
generic fibre (in the sense of Berthelot, cf. [4, 22]). By construction, G(n)°
is a rigid-analytic group over L, whose underlying space is strictly quasi-Stein
(in the sense of [26, Definition 2.1.17]), and which comes with an associated
rigid-analytic distribution algebra D" (G(n)°), cf. [26, Section 5.2]. The latter
naturally contains U(g) and one has the central reduction

D" (G(n)%)g := D" (G(n)") ®z(g).0 L

for each character 0 of the center Z(g) of U(g).

We need the following basic lemma. For the notion of a good analytic open
subgroup, we refer to [26, Section 5.2]. Let e be the ramification index of the
extension L/Q,.

LEMMA 4.3.1. The congruence subgroup ker(G(o) — G(o/7™)) is a good ana-

lytic open subgroup of G(L) for n larger than pfl.

Proof. Choose a closed embedding of the group scheme G into some GL,,/,
[10, Proposition 13.2] and identify Lie(GL,,/,) = Mat.,(0). For n larger than
pTel, the o-Lie lattice 7™ Mat,,(0) exponentiates to the open subgroup 1 +
7" Maty,(0) of GL,,(L). Hence the o-Lie lattice 7™ Lie(G) < g exponentiates
to the congruence subgroup ker(G(o) — G(o/7™)). By definition, the latter is

thus a good analytic open subgroup of G(L). O

The lemma and [26, Section 5.3] imply that the ring D*"(G(n)°) is coherent
for any n larger than 5. The corresponding category Mod®(D*"(G(n)°) of
finitely presented D" (G(n)°)-modules is then abelian.

Let V be an admissible G(L)-representation. Let Vg (n)o—an S V be its subspace
of G(n)°-analytic vectors [26, Definition 3.4.1]. The latter is naturally a module
over D*"(G(n)°), cf. [26, Corollary 5.1.8] (adapted to the o-affinoid rigid group
G(n)°). For fixed n and nonzero V, the subspace VG (n)o —an may be zero, which
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is why we introduce the subcategory Rep™ (G(L)) of representations V which
are topologically generated, as G(L)-representations, by their G(n)°-analytic
vectors. Any topologically irreducible G-representation lies in Rep(")(G(L)),
for sufficiently large n and, moreover, admits an infinitesimal character [24].

PRrROPOSITION 4.3.2. For sufficiently large n, the formation HC’}g’i)adiC(V) =
(Va(nyo—an)’ defines a contravariant evact and faithful functor

HC™. . Rep™(G(L)) —> Mod™ (D" (G(n)°).

p—adic

Proof. Let n be larger than <. The lemma and [25, A.13/14] show that the

functor is well-defined and exact. The property H c™ (V) = 0 obviously

p—adic
implies V' = 0. Since H C’gﬁadic is exact, this gives faithfulness. O

We believe that the functors H Céi)adic are the correct p-adic analogue for the
functor HC' in the real setting. Let V; and V5 be two topologically irreducible
admissible G(L)-representations. We say Vi and V; are infinitesimally equiv-

alent if HC;@adic(Vl) ~ HC;ﬁ)adiC(Vg) for some sufficiently large n, such that

W, Vo € Rep(")(G(L)). It would be interesting to classify topologically ir-
reducible representations up to infinitesimal equivalence. At the moment, a
p-adic analogue of Casselman’s globalization result is not known (at least to
our knowledge), but it still seems relevant to obtain more information on the
categories Mod™ (D" (G(n)3) and their irreducible modules. At first step, one
might want to consider only the trivial character 6y and might ask, analogous
to the real-analytic setting, for a geometric approach via some sort of p-adic
Beilinson-Bernstein localization.

A first basic result in this direction is [39, Proposition 5.3.1] which provides a
canonical isomorphism

D*(G(n)°) ~ DY(G(n))

with the crystalline distribution algebra DT(G(n)) of the p-adic completion
G(n) of G(n). Moreover, in [38] we have introduced the sheaf of arithmetic dif-
ferential operators @;’m of congruence level n on the formal flag scheme P
of G. We proved that the global sections of @;,n give back DT(G(n))s,
and that P is coherently .@;m—aﬂine. We therefore expect that the cate-
gory Mod™® (D (G (n)g,) and its irreducible modules can effectively be studied
through the geometry of arithmetic Z-modules with congruence level struc-
tures on P. Even if we are ultimately only interested in results up to sufficiently
large n, we expect that the methods for higher n will strongly be inspired by

the classical case n = 0. The methods and results in the present article in the
case n = 0 thus form a first step in this programme.
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5 HIGHEST WEIGHT REPRESENTATIONS AND THE RANK ONE CASE

We keep the notation from the preceding section.

5.1 HIGHEST WEIGHT REPRESENTATIONS

We assume in this section that the field L is locally compact. This allows us to
make use of the results in [48]. Under this hypothesis, we establish a crystalline
version of the central block of the classical BGG category O. We go on and
show that its irreducible objects are geometrically overholonomic and compute
their associated parameters (Y, &) in the geometric classification 4.2.3.

Let A be the set of simple roots in ®*. We fix a (Chevalley) basis for Lie(G)
compatible with its root space decomposition. In particular, we obtain a o-
basis t1, ..., t,, of Lie(T') which is made up from a L-basis of the center of g and
finitely many elements ¢,, indexed by a € A, such that 5(ty) € Z for all g € ®.
Let ' := Z>o®" < Q® =: A, € A where A, and A are the root lattice and the
integral weight lattice respectively.

For w e W we let A, = —w(p) — p. These are |W| pairwise different elements
of A,.

Let Og be the central block of the classical BGG category, e.g. [36]. This is a
full abelian subcategory of finitely generated U(g)g,-modules which is noethe-
rian and artinian. Its irreducible objects are given by the unique irreducible
quotients M (A,) — L(\,) where

M(Ay) == U(9) ®u,a, L

is the Verma module with highest weight A,, for we W.

To define a crystalline variant of the category Oy we follow the constructions
given in [48] in the case of the Arens-Michael envelope of U(g). In order to do
so, we need the field L to be locally compact.

By the discussion in [39, Subsection 5.3] the algebra DT(G) = lim D™ (G)®Q
is an inductive limit of Hausdorff locally convex L-vector spaces with injec-
tive and compact transition maps. According to [49, Corollary 7.19/Lemma
16.9/Proposition 16.10] it is therefore Hausdorff, complete and barrelled.

The framework of diagonalisable modules over suitable commutative topolog-
ical L-algebras as described in [48, sec. 2] applies therefore to the L-algebra
D(T). Note that it contains the universal enveloping algebra U (t) as a dense
subalgebra. A L-valued weight A\ of DY(T) is a L-algebra homomorphism
DY(T) — L. A set of weights Y is called relatively compact if its image under
the injective map A — (A(¢1),..., A(¢,)) has a compact closure in L™. Let A be
weight and M some topological Df(7)-module. A nonzero m € M is called
a A\-weight vector if h.m = \(h).m for all h € DT(T). In this case \ is called
a weight of M. The closure M) in M of the L-vector space generated by all

DOCUMENTA MATHEMATICA 26 (2021) 2005-2059



INTERMEDIATE EXT. AND CRYSTALLINE DISTRIB. ALGEBRAS 2043

A-weight vectors is called the A-weight space of M. The module M is called
D' (T)-diagonalisable if there is a set of weights II(M) with the property: to
every m € M there exists a family {m, € My} Aeli(p) converging cofinitely
against zero in M and satisfying

m = 2 .

AeII(M)

Given a diagonalisable module M we may form M** = @xcry(ar) M (depending
on the choice of II(M)).

DEFINITION 5.1.1. The category Og equals the full subcategory of DT(G)g,-
modules M satisfying:

(1) M is a coherent DT(G)g,-module

(2) M is D'(T)-diagonalisable with II(M) contained in the union of the
cosets A\, — I

(3) All weight spaces My, A € II(M), are finite dimensional over L.

By definition, given M € (’)(T), then any finitely generated U(g)-submodule of
M?*% lies in Op. In particular, M** contains a mazximal vector, i.e. a nonzero
m € My (of some weight A) such that n.m = 0. We will make precise the
relation between the two categories Oy and (93 below.

We list some basic properties of the category (98.
PROPOSITION 5.1.2. (i) The direct sum of two modules of Og is in Og

(ii) the (co)kernel and (co)image of an arbitrary DT (G)e,-linear map between
objects in (’)g is in O

(iii) the sum of two coherent submodules of an object in (98 8 N (98
(iv) any finitely generated submodule of an object in (’)g 18 in (’)g
(v) (98 is an abelian category.

Proof. This can be proved using a variant of the proof of [48, Proposition 3.6.3].
Note that any II(M) which is contained in the union of the cosets A\, — I is
relatively compact. Indeed, I' is relatively compact its closure being contained
in the compact subset leAl of L™, cf. [48, Lemma 3.6.1]. O

We exhibit Verma type modules in Og. The main difference between the case of
the crystalline distribution algebra and the case of the Arens-Michael envelope
treated in [48] is that not every weight t — L extends to a weight of DT(T).
The following lemma is sufficient for our purposes.
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LEMMA 5.1.3. Any linear form X : Lie(T) — o such that A(h;) € Zy, for all
i=1,...,n estends canonically to a L-algebra homomorphism D'(T) — L.

Proof. Recall that the distribution algebra Dist(G,,) of the o-group scheme
Gy, is generated as an o-module by the elements (‘;1) for k € N where 4,
is a generator of Lie(G,,), cf. [41, Part 1.7.8]. Our choice of Chevalley basis
implies an isomorphism of group schemes 7" ~ Hi:L...,n G, such that the basis

element h; becomes the generator of the i-th copy Lie(G,,). Since (”\(l}c”)) € Ly,
the associated L-algebra homomorphism A : U(t) — L restricts to an o-algebra
homomorphism Dist(T') — o. Since Dist(7) = lim D{™)(T), this extends
then to a L-algebra homomorphism DT(7) — L, O

We may apply the lemma to any weight A\, and hence consider the D'(G)-
module

MT(A\w) == DY(G) ®@pr (7., L-
PROPOSITION 5.1.4. The module Mt()\,) lies in Of. We have
MT(A\y)™ = M(\y) and MT(\,) = DT(G) ®u(g) M(Aw).

There is a canonical inclusion preserving bijection between subobjects of
MY (\y) and abstract U(g)-submodules of M(\y). In particular, MT(\,)
admits a unique mazimal subobject and hence a unique irreducible quotient

LT(\w). The latter satisfies LT(A\y)* = L(\y).

Proof. This can be proved as in [48, Proposition 3.7.1]. Note that the triangular
decomposition

D™(G) = D™ (N7)®, D")(T) ® D" (N),

cf. [40, Subsection 2.2], implies that MT(w) ~ DT(N7) as a left DT(N7)-
module. This implies the first displayed identity. Moreover, MT()\,) equals
the quotient of DT(G) by the left ideal generated by ker(\,), which implies
the second displayed identity. Note also that the nonzero quotient morphism
MT(\y,) — LT()\,) yields a nonzero quotient morphism MT(\, )% — LT(\,)**
since (—)®* is faithful and exact [48, Proposition 2.0.2]. Hence MT(\,)* =
M(\,) implies LT(A\y)% = L(\y). O

COROLLARY 5.1.5. The modules LY()\,) exhaust, up to isomorphism, all the
irreducible objects in (’)(TJ.

Proof. Let L be an irreducible object in (’)(T,. Take a maximal vector m € L*® of
some weight A\. Then U(g)m is a highest weight module in O of weight A, cf. [36,
Section 1.2]. Hence Z(g) acts on the maximal vector m via the central character
0 associated to A via the Harish-Chandra homomorphism [36, Section 1.7].
But U(g)m < L whence 0 = 6y and so A = \,, for some w € W. We obtain
a nonzero DT(G)-linear map MT(\,) — L,1® 1+~ m. So L is an irreducible
quotient of MT(\,), i.e. L~ LT(\,). O

DOCUMENTA MATHEMATICA 26 (2021) 2005-2059



INTERMEDIATE EXT. AND CRYSTALLINE DISTRIB. ALGEBRAS 2045

COROLLARY 5.1.6. The category (98 is artinian and noetherian.

Proof. This can be deduced similarly to [48, Proposition 4.2.2]. In fact, let
M e (’)8 and consider the finite-dimensional L-vector space V := > My, .
Suppose N’ & N € M are two subobjects. Let m € N\N’ be a maximal vector
of some weight A. As in the preceding proof we deduce from the action of Z(g)
on m that A = A\, for some w e W. Som e N nV whence dimy N nV >
dimz, N’ n V. This implies that M has finite length. O

Given a module M € Oy, we can define the coherent DT(G)g,-module

M= DT(g) Qv (g) M.

THEOREM 5.1.7. The functor F : M ~~ M7 is exact and induces an equiva-
lence of abelian categories

0y = O},
A quasi-inverse is given by the functor (—)%*.

Proof. The ring extension U(g) — DT(G) is flat [40, Lemma 4.1]. We already
now that F(M(\,)) = MT(\,). Since any object M € Oy admits a finite
composition series with irreducible constituents of the form L(w), there is a
surjection @, M (Ay) — M. Since F' commutes with direct sums, we see that
F(M) equals the quotient of @,,M(\,,) modulo a finitely generated submodule
and so lies in (’)8, according to parts (iii)-(v) of 5.1.2. We therefore have an
exact functor F : Oy — Og. Given M € (’)g we have a functorial morphism
M — F(M)*,m — 1® m which is bijective for irreducible M according
to 5.1.4. By dévissage, we obtain M ~ F'(M)*® in general. Let M € (9(’;. To
obtain M*° € Oy we use induction on the length of M and suppose that N < M
is a maximal submodule, i.e. M/N ~ LT(),) for some w, such that N** € Q.
Exactness of (—)** and LT()\,)* = L()\,) implies that M*® is an extension
of two finitely generated U(g)-modules and hence itself finitely generated. So
M?#s € Op. We may now deduce that (—)*° is also a right quasi-inverse to F.
Indeed, for any M € Og, there is a natural morphism F(M*%%) — M in (93
which is bijective for irreducible M according to 5.1.4. By dévissage, we obtain
F(M?®*) ~ M in general. O

To conclude, we will show that the irreducible modules LT()\,,) are all geomet-
rically F-overholonomic.? To do this, fix w € W and let

Y, := BuB/Bc P =G/B

be the Bruhat cell in P associated with w € W . Let v : Y,, — P be the
corresponding immersion over o and let vg : Yy, < Fp be the corresponding

5The local compactness assumption on L is not necessary for this.

DOCUMENTA MATHEMATICA 26 (2021) 2005-2059



2046 C. HuyGHE, T. SCHMIDT

immersion on the level of L-algebraic varieties. It is well-known (e.g. [35,

Proposition 12.3.2]) that there is a canonical isomorphism of Zp,-modules
LOC(L(/\w)) = .@pQ ®U(g) L(/\w) >~ UQ!+(OYwQ)'

Let X, € P be the Zariski closure of the Bruhat cell Y, in P, a Schubert
scheme. We let
X{U — Xy

be its Demazure desingularization, which is defined at the level of o-schemes
[41, 11, 13.6]. We are then in the axiomatic situation (S), the point of departure
for subsection 3.4, so that all the results of this subsection apply. In particu-
lar, we have the frame Y,, = (Y5, Xw,s, P) together with its c-locally closed
immersion

v:Yy — P

and the constant overholonomic module Oy, on Y,,. Its intermediate extension
v14+(Oy, ) is an overholonomic F—.@;—module, cf. 2.3.7. In this situation, the
main theorem 3.4.4 implies directly the following result.

PROPOSITION 5.1.8. There is a canonical isomorphism of @L-modules
7 ®3,, vai+(Ove) = 014 (Oy,,)-
Now consider the localization
ZLoc(L'(\y)) = 26 ®pr(g) L)'
THEOREM 5.1.9. Let we W. There is a .@;—linear isomorphism
XOC(LT(Aw)) ~ v14(Oy,, ).

The crystalline highest weight module LT(\,) is geometrically F-
overholonomic.

Proof. We write L(w) resp. LT(w) for L(\,) resp. LT(\,). Since LT(w) =
DY(G) ®u(g) L(w), associativity of tensor products yields a canonical isomor-
phism

P @pi(g) L(w)' ~ 7, @y (g) L(w)
~ 7} @z, (Tr Qu(g) L(w))
~ 9}, @, Loc(L(w)).

Since Loc(L(w)) =~ vgi4 (O, ), the asserted isomorphism follows now in com-

bination with 5.1.8. Since v (Oy, ) is a overholonomic F—@;—module, the
module LT(w) is seen to be geometrically F-overholonomic. O
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5.2 THE SLy-CASE

We first establish some general results for curves. We also assume, in the case
p = 2 that o is an unramified extension of Zs. If 0 has ramification index equal
to e, one can choose an integer h satisfying

Then p € @"o. Denote by ¢ the p-power map 0/w”o0 — o/w"o and by o(*) the
composite o o...o00 (s times). Let X be a smooth o-formal scheme of relative
dimension 1, X" a smooth formal scheme lifting X(*) = X x_ (., Spec (0/w"0)
where X denotes the special fiber of X. Let F' be the relative Frobenius X —
X () such that the composite map X — X given by p; o F equals the map
x — 2P" (where p; denotes the first projection X(*) — X) and F : X —
X’ a lifting of the relative Frobenius. Such a lifting F' always exists, if X is
affine or equal to the formal projective line. In [8], Berthelot proved, for
any | € N, that the O-module inverse image F* induces an equivalence of
categories between coherent Ysg,)@—modules (resp. @;,-coherent modules) and

ﬁgj@s)—modules (resp. @;-coherent modules). Denote

A (1
Fy(DY) ) := Homo, (0x,DY) ),

where the Hom is taken for the right Ox/-module structure of ﬁgé,)(@ This
module is a (ﬁgé/) o ﬁg’@s))—bimodule and a quasi-inverse functor for F'* is given
by
b A
5/ > Fd(D;/),Q) ®ﬁ;ljds) g

In the same manner, a quasi-inverse for F*, on the level of @;—modules,
is constructed via the (@;,,@;)-bimodlﬂe Fg(@;,), which is defined anal-
ogously. Moreover, if X is affine and endowed with a local coordinate ¢,
then Fg(Dg?,),Q), is a ﬁniﬁe free left DSEO,%Q—module of rank p. The left Dgg/),@—
module structure of F) (Dg?,)Q) is given by (P - u)(z) := P - u(z), and we have
an explicit isomorphism of ﬁ(q%Q—modules Fg(ﬁgg)(@) ~ (23;0,)7(@@1’ given by
wes (u(1),ult), ..., u(t1)) € (DY) )@ .

We will need the following lemma. Recall that a smooth formal o-scheme
) is called coherently D(@O)Q—aﬁcine, if the global section functor induces an

equivalence between coherent modules over ﬁg )Q) and over its ring of global
sections respectively.

LEMMA 5.2.1. Let Q) be an irreducible smooth formal curve over o, which is
coherently DS?Q—aﬂcine. If F is a coherent DS)@—module, such that F has no
subquotient isomorphic to 73%)?@, then F s holonomic.
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Proof. Let us prove the lemma. Using Caro’s criterion [17, Théoreme 2.6,
Proposition 2.8], it suffices to show that Homzw (F, D(mo)@) = 0. Denote by
2.0 '

=T(9, D(O) ) which is a coherent ring, by hypothesis. There is an open
affine U < 2), such that the ring F = T'(0, ﬁ(ﬂo)(@) has no zero divisors [28].

Fact. Restriction to U < Q) gives an inclusion D c E.
Proof of the fact. The inclusion comes, after taking global sections over ), from

the inclusion of sheaves D(m) — j*D((B )Q, where 7 denotes the inclusion U < 9).
The statement is local over 9), so that we can assume that 9) is irreducible and

endowed with a local coordinate and associated derivation 0, so that DY is
Oy -free on the basis {0"},>0. The inclusion Oy — j, Oy therefore implies the

inclusion Dg ) s j*D;(g). Passing to p-adic completions and inverting p gives
the inclusion ﬁg?@ — j*ﬁg?(@, as claimed.

Returning to the proof of the lemma, the inclusion D < FE, shows that also
D has no zero divisors. Moreover, F' = I'(9), F) is a coherent D-module. If
Z1,...,%, denotes a finite set of D-module generators for F', then let N; :=
Yoy D-xp < Ffori>0and Ny := 0. Any N;, being a finitely generated
submodule of F', is coherent over D and therefore N; = 23%0 ?Q ®p N; is coherent

over 73(@0 )Q' By construction, we have the finite filtration

0=Noc N c...cN,_; cN,.

We will prove by finite induction on 7 > 0, that Hom 4 5O, (N, D ) = 0. This

is trivial for i = 0. AAssume that this is true for some z We have an exact
sequence of coherent D%O )Q—modules

0— N; = Niy1 = Nip1/N; — 0,

thus an exact sequence
0 — Homwo (Nix1/Ni, D) — Homso) (Nie1, D)
Dy U T9.Q Dyt TD.Q

(0
— Homﬁg?g (M, Dé)?@)

The coherent left ﬁ(mo ?Q—module Niy1/N; is generated by a single element x;41
and is thus isomorphic to @(@O?Q/j with J some finitely generated left ideal of
ﬁg?(@. By hypothesis J # 0, so that J =T(9,J) # 0. Take f € J a non
zero element. Consider u € Homﬁg’) ( /j D(O o) and T the class modulo

J of 1 € D. Writing also u for its global sections, we have fu(1) = u(f 1) =
u(0) = 0. Since D has no zero divisor, this means u(1) = 0 and v = 0. Thus,

Hom.z0) (Nig1 /N, Dm Q) = 0, and this proves the assertion for 7 + 1. O
2.0 '
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Then we have the following

PROPOSITION 5.2.2. Assume that X is affine or equal to the formal projective
line over o. Any irreducible coherent @;—module is holonomic.

Note that we do not assume any Frobenius structure here.

Proof. By [17, Théoreme 2.6, Proposition 2.8], it is enough to show
Hom 1 (€, @;) = 0. Let m € N, and £ be a coherent Dggm(%—module such
it :

that ,
€= 7% ®pm g

As

Hom@; (&, @;) ~ Homﬁg% (g(m),Dggg) ®73;En’% @;,

it is enough to prove that

/Homﬁ;mé (g(m) s D;({T?(é) =0

As we have remarked above, the relative Frobenius X — X (™) admits a lift-
ing F. By Frobenius descent applied to F', we have

Hom .~ (m)(é'(m),ﬁggg) ~ /Homﬁ(o)g(]’-a Fg(ﬁgg/),@)),
x/’ )

where

F=F)DYy) ®pem €,

is a coherent (left) ;,)Q-module We will now prove that F is holonomic.

If X is affine, then X’ is again affine. In the case of the projective line, X’ is
again isomorphic to the projective line. In both cases, X’ is coherently Dgg,),@—
affine (for the case of the projective line, see [37]). In order to apply the
previous lemma, we have to prove that F has no subquotient isomorphic to

~

Dgg{(@. Assume, for a contradiction, that F admits such a subquotient. Then
F*ﬁg?,)@ is a subquotient of F*F ~ £(™) and
.@ ® ('m.) F*D(O)
is a subquotient of @; ®p0m) E(M) ~ &, By compatibility of the Frobenius
%.Q

with tensor product [8, Chapitre 3], this is equivalent to saying that F' *.@;, is
a subquotient of £. Using the equivalence of categories [8, Théoreme 4.2.4],
we get that

Fb@;, ®gt F* @;, is a subquotient of F"@;, ®gt .
x x

By [8, Proposition 4.2.2] the left-hand side of the previous formula is isomor-
phic to @;/ as bi—@;,-module. Moreover, since F'* establishes an equivalence
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of categories, the right-hand side of the previous formula is an irreducible ;,—

module. We finally arrive at the fact that @;/ is a subquotient of the irreducible

module F* 21, @ € , which gives a contradiction. Hence the lemma applies and
proves that F is holonomic.
Consider now an open ‘U < X, endowed with a local coordinate. Then F"D(m?,)Q

is a free left ﬁfﬂo,)@—module of rank p. As F is holonomic,

(0
Homﬁ(q?)@ (]—‘|‘B/,D(m,)@) =0,
which implies that
(0
Homﬁg)@(}‘m,, FbD(ﬁT'),Q) =0.

Using a covering of X by such U, one arrives at

x,Q

m) ~(m (0
Hom g (€™, DY) = Homse) (F, FDYg) = 0.

This implies Hom 1 (€, @;) = 0 and shows that £ is holonomic. O
x

After these more general results, we return to the setting of 4.2 in the case of
G = SLs. We let B be the subgroup of upper triangular matrices and T' c B
be the subgroup of diagonal matrices. We identify A = Z so that A = {«a} with
a = 2. We identify

P=G/B="P,

with the projective line P! over 0. We choose an affine coordinate ¢ around
zero. The group G acts by fractional transformations

(¢ 0) 0= (42)

in the usual way. The stabiliser of the point oo € P} is B.

Remark: In this setting, proposition 5.2.2 shows that any irreducible DT(G)g, -
module is geometrically holonomic, i.e. localizes to a holonomic module. Under
the presence of Frobenius structures, one knows that for coherent modules on
quasi-projective varieties, the notions of holonomicity and overholonomicity are
equivalent [19]. In general, the implication “holonomic = overholonomic”
for coherent modules on curves is an open question®.

In this setting, the theorem 4.2.3 gives a classification of in terms of irreducible
overconvergent isocrystals € on couples Y = (Y, X') where Y is either :

(1) a closed point of P}, or

6The key problem is to verify whether an overconvergent isocrystal which is coherent and
holonomic comes - up to alteration of the curve - from a convergent log-isocrystal. We thank
Daniel Caro for explaining this point to us.
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(2) an open complement of finitely many closed points Z = {y1, ..., y,} of P}.

In case (1), the point is a complete invariant, since we have necessarily £ = Oy
in this case. Suppose that the point is k-rational. Since the (finitely many)
k-rational points P! (k) of P4, form a single orbit under the natural action of the
(finite) group G(k) of k-rational points of G, it suffices to consider the point
{0} =Y1s = X1s
in P;. According to 5.1.9, the global sections of vi4(Oy) are equal to the
D'(G)g,-module LT(—2), the crystalline version of the classical anti-dominant
Verma module M (—2) = L(—2).
Suppose now that the point is k’-rational for a finite extension field k'/k. Let
M = H°(P,v1+(Oy)). Let o’ be a finite extension of o with residue field &' and
quotient field L’. The base change My, = M ®y L’ has the same geometric
parameter, but now considered a rational point of the special fibre of P x, o’.
This means that M is a twisted form of the module LT(—2), with respect to
the field extension L'/L.

We come to case (2). For Z = @ and hence Y = P} we obtain the trivial
representation, i.e. the augmentation character DT(G) — L. Indeed, there are
no convergent isocrystals on P besides the constant one, cf. 4.2.4. Let n > 0.
Modulo the appearance of twisted forms (see the above argument), we may
assume that all points y1, ..., y, are k-rational and y; = c0. There are then two
extreme cases

Y = A} resp. Y =Pp\P'(k),
the affine line and so-called Drinfeld’s upper half plane, respectively.

We discuss an interesting example in the case ¥ = A}C. For this, we assume
that L contains the p-th roots of unity i, and we choose an element 7 € o with

ordy(m) =1/(p—1).

We have the affine coordinate ¢t on Al and we let 0 = d/dt. We let £ be
the coherent @;—module defined by the Dwork overconvergent F-isocrystal L,
on Y associated with 7, i.e. % = vy L, where v : Y — P. Recall that
the underlying Op g-module of Z; is Op (), endowed with a compatible
@;-module structure for which d(1) = —m, [9, Subsection 4.5.5].

Write n = L.e with e = (§§). Let n : n — L be a nonzero character and
consider Kostant’s standard Whittaker module

Weoﬂl = U(g) ®Z(g)®U(n) Leu,n

with character n and central character 6y, cf. [42, Formula (3.6.1)] for its
original definition over the complex numbers. It is an irreducible U(g)-module,
cf. [11, Lemma 5.3] which holds over any field of characteristic zero (note that
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in Block’s notation g(q) = ¢ — n(e) # ¢ here), but does not lie in Op. In fact,
the restriction of the Zp1 -module Loc(Wp, ;) to Al has an irregular singularity
at oo [43, Example 4.4].

Let I/ng7 := D'(G) Qu(g) Woo.n-
THEOREM 5.2.3. Let n(e) := w. There is a canonical @;—linear isomorphism
Xoc(Wgom) = £

The crystalline Whittaker module Wgom 18 geometrically F-overholonomic.

Proof. For any character 7, the module Wy, , admits the presentation
Woon = U(g)/U(g)(e —n(e)).

For our particular choice, one finds WGTo,n = D(G)/D'(G)(e — 7). The canon-
ical morphism U(g) — Zp1 maps e to —0, cf. [35, Example 11.2.1], and the
isomorphism of part (b) in theorem 4.2.1 is compatible with this morphism.
We obtain

Loc(W, ) = D%/ 750 + )

which coincides with the standard presentation of the @;—module % |5, Propo-
sition 5.2.3]. O

Remark: It is interesting to note that the Dwork isocrystal % is algebraic in
the sense that it comes from an algebraic @pi-module, namely Loc(Wy, ), by

extension of scalars @plL — @;.

We discuss an example in the second case, where Y = P;\P! (k). We identify
k = TF,. We assume that L contains the cyclic group pg+1 of (g + 1)-th roots
of unity. We consider the so-called Drinfeld curve

Y = {(:c,y) € A7 | zy? — 2y = 1}.

It is an affine smooth irreducible curve and the map (z,y) — [z : y] is an
unramified Galois covering

u:Y —Y

with Galois group pg+1. The group pg+1 acts by homotheties ¢.(z,y) =
(¢.x,C.y). We have a smooth projective compactification

Y’ = {[x:y:z]e]P’i|zyqf:cqy=zq“}
and the covering extends to a smooth (and tamely ramified) morphism
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uw: Y — P},

given by [z : 5 : 2] — [z : y]. The boundary Z’ = Y/\Y” is mapped bijectively
to Z = P}(k) and the ramification index at each point in Z is ¢ + 1. For more
details the reader may consult [12, chap. 2]. We denote by u : Y — Y the
morphism of couples induced by u. We let £ = R*uyig Oy be the relative rigid
cohomology sheaf which, in our situation, is just the direct image of Oy under
the morphism u endowed with the Gauss-Manin connection.

PROPOSITION 5.2.4. The relative rigid cohomology sheaf, as an overconvergent
F-isocrystal on Y, admits a decomposition € = @j—o,... «E(j), where E(j) is the
isotypic subspace (of rank one) on which pgi1 acts by the character ¢ — (7.
In particular, each pair (Y,E(j)) corresponds to an irreducible geometrically
overholonomic DY(G)g,-module H°(P, v +&(5)).

Proof. The cover u : Y/ — Y is an abelian prime-to-p Galois covering as
considered in [29]. The relative rigid cohomology, as an overconvergent F-
isocrystal on the base Y (denoted there by E') together with its decomposition
E' = @, E'(j) is constructed in [29, sec. 2]. Note that u : Y/ — Y is even equal
to (one of the ¢ — 1 connected components of) the Deligne-Lusztig torsor for
the nonsplit torus pg+1 in the finite group G(F,), a special situation considered
in [29, sec. 4]. O

Are the modules H(P, v E(j)) algebraic in the sense that they arise from ir-
reducible U(g)-modules, by extension of scalars U(g) — D'(G)? Let us remark
that the théoréme d’algébrisation of Christol-Mebkhout [21, Theorem 5.0-10]
implies that any overconvergent F-isocrystal on the open Y is algebraic, i.e.
comes from an algebraic connection on a characteristic zero lift of Y. How-
ever, this does not imply (at least a priori) that the intermediate extensions
preserve this algebraicity. To our knowledge, the most general result in this
direction at the moment is our theorem 3.4.4 above. Actually, to prove this al-
gebraicity result, it would be enough to prove an analogous statement to 3.4.4
in the case where the map b (using notations of 3.4) induces a finite étale
cover Y/ :=b~1Y — Y. To prove 3.4.4, we use the equivalence of categories [1,
Lemma 1.2.8]. We need to replace this argument in the case where b induces a
finite étale cover Y/ := b1y — Y.

If the modules H°(P, v £(j)) are algebraic, to which class do they belong? We
recall that irreducible U (g)-modules fall into three classes: highest weight mod-
ules, Whittaker modules and a third class whose objects (with a fixed central
character) are in bijective correspondence with similarity classes of irreducible
elements of a certain localization of the first Weyl algebra [11]. We plan to
come back to these question in future work.

We finish this paper with the remark, still in the case (2), that if we concentrate
on the subcategory of overconvergent F-isocrystals on Y = P;\Z which are
unit-root, then work of Tsuzuki [54, Theorem 7.2.3] shows that this category
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is equivalent to the category of p-adic representations of the étale fundamental
group m¢(Y) with finite monodromy (i.e. representations such that for each
y € Z the inertia subgroup at y acts through a finite quotient). Of course, the
trivial representation corresponds to the constant isocrystal Oy.

6 APPENDIX: COMPLEMENTS ON DIVISORS

LEMMA 6.0.1. Let P be a normal, irreducible, separated noetherian scheme, Z
a proper closed subset of P, x ¢ Z, then there exists an effective Cartier divisor
D of P such that x ¢ D and Zycq is a subscheme of Dy cq, where Z..q and
D,cq are the reduced schemes associated to Z and D respectively. Moreover
U = P\D can be chosen to be an affine subset of P.

Proof. Let V = P\Z and U an affine subscheme of V' containing . Then as P
is irreducible, U is dense and since P is normal, we can apply [53, tag 0EGJ]
to see that P\U is the support of a Cartier divisor D of P. We finally get
the inclusion of topological spaces |Z|  |P|. Let Jz and Jp be the sheaves
of ideals defining the closed subschemes D and Z, the inclusion of topological
spaces implies that on any affine subset of P, there exists n such that Jj < Jz.
As P is noetherian, there exists N such that J}) = Jz, which implies that there
is a closed immersion Z,.q < D;eq. O

LEMMA 6.0.2. Let P be a normal and irreducible separated noetherian scheme,
X a proper closed subset of P, X1, ..., X, its irreducible components.

(i) There exist effective Cartier divisors Dy, ..., Dy such that X = ﬂi\il D;.

(i1) There exists an effective Cartier divisor D containing XoJ...|JX, and
such that X1 (\(P\D) is dense in X1. Moreover U = P\D can be chosen
to be an affine subset of P.

Proof. Let us prove (i). Let D be the set of effective Cartier divisors contain-
ing X, which is not empty by the previous lemma. Note that X = (,.p D.
Indeed, if not, there exists some z € (\p.p D such that ¢ X. But, by
the previous lemma we can find some divisor in D not containing z, which
is a contradiction. It remains to show that this intersection is finite. If not,
there is a sequence (D;);en of divisors of D such that Z; := ﬂigj D; ¢ Z;_4.
Denote by Z; the sheaf of ideals defining D;, so that Z; = V(Z1 + ... + I;)
and consider U = Spec A < P an affine open. As A is noetherian, the se-
quence Z; (U) + ...+ Z;(U) is stationary, meaning that there exists n such that
ZnNU = Z,, U, for any m > n. As P is noetherian, we see that there
exists N such that Z,, = Zn for any m > N. This is a contradiction and the
intersection is finite.

Let us prove (ii). Let Y = XoJ...|J X, and z € X;\Y. Applying 6.0.1 we see
that there exists a divisor D containing Y such that z ¢ D. Then (P\D)[) X1
is dense since X7 is irreducible. O
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LEMMA 6.0.3. Let Y be an open dense normal subscheme of an irreducible
scheme X, D a divisor of Y, then DY = D.

Proof. The question is local over X and we can assume that X is affine equal
to Spec A and Y = D(h). Localizing again on X and using the normality of Y,
we can assume that the divisor is given by a single equation, i.e. D = V(g)
for some g € A. Then D = V(A A[1/Rh]g), so that gA = A()A[1/h]g and
DY < D, which proves the claim as obviously D < D(Y. O

From now on we consider varieties over some field k.

LEMMA 6.0.4. Let P be an irreducible, normal, quasi-projective variety and
X < P a closed subvariety with irreducible components X1,...,X,. There
exist reduced effective Cartier divisors D1,..., D, in P such that

Vie{l,...,r}, X; c D; and ¥j # 1, (P\Di)ﬂXj is dense in X;.

Proof. Pick a point z; of X; for each irreducible component X;, then as P\X;
is quasi-projective, there is a dense affine open subset U; ¢ P\X; containing
TlyeeeyTis1, Tigl, - .- Tr ([63, tag 01ZY]). And as P is normal, again by [53,
tag 0EGJ], P\U; is the support of some effective Cartier divisor D; containing
X; and such that (P\D;)() X; is dense in X; for j # i. O
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