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1 INTRODUCTION

A long-standing problem in homotopy theory is to determine the effect on
homotopy type from attaching a cell. Starting with a space X one considers a

cofibration S™ L+ X — X UCS™ where, for a space A, C'A is the reduced
cone on A. The aim is to determine the homotopy type of X U CS™, or the
based loop space Q(X U CS™), from information on the homotopy type of X
and the homotopy class of f. Rational homotopy theory has developed methods
for dealing with certain kinds of cell attachments, called inert or lazy [FT, Hal,
HeL]. These methods do not translate well to the p-local case, except for primes
that are large relative to the dimension of X divided by its connectivity (see, for
example, [A]), and therefore give limited information on the integral homotopy

type.
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184 P. BEBEN, S. THERIAULT

If cell attachments are generalized to attaching a cone, and the context is spe-
cialized somewhat, then information can sometimes be obtained. For example,
suppose that there is a fibration ¥ — E — B. Then the map £ — B
extends to a map F U CF — B. If G is the homotopy fibre of this new
map, then Ganea [Ga] showed that G ~ F x QB, where the right side is the
join of F' and QB. Further, he showed that there is a homotopy equivalence
QEUCF) ~ QB x Q(F xQB). Note that this holds integrally. Ganea’s result
can be recovered as a special case of Mather’s Cube Lemma [M], and the Cube
Lemma has been used in a wide variety of contexts to identify the integral
homotopy types of certain spaces.

We consider the following case related to the cell attachment problem and

Ganea-type results. Suppose that there is a cofibration A Ty vy CA;
there is a map Y —» Z which induces a principal fibration QZ — E 25 Y
and the map Y — Z extends to a map Y UCA — Z, inducing a principal

fibration QZ —s E' X YUCA. In Sections 2 and 3 we develop new techniques
that relate the action of a principal fibration to relative Whitehead products in
order to identify the homotopy type of E’ and the homotopy class of p’ in terms
of the homotopy type of E and the homotopy classes of p and f. This requires
certain hypotheses on the spaces and maps involved, but these are fulfilled in
a wide variety of contexts.

The new methods are powerful and should have numerous applications. We use
them to prove general results about certain cell attachments in Theorems 4.1
and 5.1. Philosophically, these cell attachments are integral versions of in-
ert maps in rational homotopy theory. Key examples are (n — 1)-connected
2n-dimensional Poincaré Duality complexes M having H"(M;Z)) = Z% for
d>2and n ¢ {4,8}, and (n — 1)-connected (2n + 1)-dimensional Poincaré
Duality complexes M having H"T1(M;Z)) = Z% for d > 1. In Examples 4.2
and 4.4 we give an explicit homotopy decomposition of 2M and identify the
homotopy classes of the maps from the factors into QM. In Examples 5.2

and 5.3 we go further: if M is M with a point removed and M —Z+ M is the
inclusion, then we explicitly identify the homotopy fibre of j, the homotopy
class of the map from the fibre into M, and show that 25 has a right homotopy
inverse. Collectively, these results give a thorough picture of the homotopy the-
ory associated to M. They subsume most of the results in [B, BB, BT, BW]
and often go much further. For example, the statements about the map j were
known only in the case when M is a simply-connected 4-manifold. Finally, in
Section 6 we give an entirely new example that gives conditions for when the
map M#N — M V N that collapses the collar in a connected sum of two
Poincaré duality complexes has a right homotopy inverse after looping.
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2 PRINCIPAL FIBRATIONS AND RELATIVE WHITEHEAD PRODUCTS

In this section we define relative Whitehead products and relate them to the
action induced by a principal fibration. This will be an important technical
tool used later in the paper. The material in this section is a development of
that in [Gr, §3], which in turn was a development on [N, §6.10]. We give a full
account in order to have to hand all the material needed for later.

In what follows, it should be pointed out that by a fibration we mean a strict
fibration, not a fibration up to homotopy. All spaces are assumed to be path-
connected and pointed, with the basepoint generically denoted by *, and to
have the homotopy type of a finite type C'W-complex. For a space X, let
XT be the space of (not necessarily pointed) continuous maps from the unit
interval I to X. Let PX = {w € X! | w(0) = %} be the path space of X. Let
evi: PX — X be the evaluation map, defined by evi(w) = w(1). The loop
space QX is the subspace of PX with the property that ev;(w) = *. It is well
known that there is a fibration QX — PX 5 X.

Let QZ — E -2 B be a principal fibration induced by a map ¢: B — Z.
Precisely, E and p are defined by the pullback

E——PZ

B—*.7

So E = {(byw) € Bx PZ |w(l) =b} and p is the projection, p(b,w) = b.
This principal fibration has an action of the fibre on the total space,

a:QZ xE—F

defined by a(y, (b,w)) = (b,w o ~). One useful property this satisfies is the
following. The definition of p as a projection implies that there is a strictly
commutative diagram

VWZxE—">E

lm l 1)

FE—" . B

Consider the map BV E B B Since the composite E -+ B -2+ Z is null
homotopic, there is a homotopy commutative diagram

BvE-" B

lpl l‘/’
B—Y =7
where p; is the pinch map onto the first wedge summand. We wish to have a

model for the homotopy fibre of p;.
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186 P. BEBEN, S. THERIAULT

In general, if f: X — Y is a continuous map with ¥ connected, there is a
standard way of turning f into a fibration. Define the space X as the pullback

— sy

X
x—.oy

_—

where evy(w) = w(1). Then X = {(z,w) € X x Y1 | f(z) = w(1)}. Let f be
the composite o
f: X —Yyl 2y

where evg(w) = w(0). Then f is a fibration. Define t: X —» X by u(z) =
(7,cp(z)) Where cf,) is the constant path at f(z). Then there is a strictly
commutative diagram

XX

i

Y

in which fis a fibration and ¢ is a homotopy equivalence. The homotopy fibre
of f is the actual fibre of f, which is the space Fy = {(z,w) € X | w(0) = *},
and this maps to X by the composite Fy — X —» X. Note that if this
construction is applied to the inclusion of the basepoint * — Y then * is the
“reverse” path space on Y, ¥ = {w € Y! | w(1) = *}, and Fy = QY. If the
construction is applied to the identity map ¥ — Y then F} is precisely the
path space PY.

Apply this construction to the pinch map BV E £% B. The restriction of py
to B is the identity map on B. So the part of the fibre F}, corresponding
to B C BV E is PB and this maps to B by sending v € PB to v(1) € B.
The restriction of p; to F is the constant map to the basepoint, so the part of
the fibre F},, corresponding to & C BV F is 1B x E, and this maps to E by
projecting (v, e) to e. The two parts of the fibre F},, that correspond to the
basepoint * C BV E match at QB. Thus Fj,, = PB Uqp QB x E and the
map PBUqp QOB x E — BV FE is given by sending v € PB to v(1) € B and
projecting (v,e) € Q2B x E to e € E. The initial model for the homotopy fibre
of p; is therefore PB Ugp QB x E.

It is convenient to express this homotopy fibre in terms of the cone on QB, up
to homotopy equivalence. For a space Y, the reduced cone on Y is defined by
CY = (Y x I)/ ~ where (y,0) ~ x and (*,t) ~ *. Observe that Y includes
into C'Y by sending y to (y,1). Notice that CY is a lower cone, which we use
instead of the more usual upper cone, as it makes several subsequent formulas
easier to follow. It is well known that the map of pairs

¢: (CQB,QB) — (PB,QB)
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HoMmoTory GROUPS OF POINCARE DuALITY COMPLEXES 187

defined by &(v,t)(s) = v(st) is a homotopy equivalence.
Collecting all the information above, and noting that all the constructions
involved are natural, we obtain the following.

LEMMA 2.1. A model for the homotopy fibre of the pinch map BV E 2 B is
CQB Uqp QB x E, and with respect to this model the map

¥: CQBUqp OB x E — BV E

from the fibre is given by sending (v,t) € CQB to v(t) € B and projecting
(v,e) € QB x E to e € E. Further, all of this is natural for maps BV E —
B'VE. ]

From this description we can immediately determine the following composition.

COROLLARY 2.2. The composite CQQB Uqgp QB X E i> BVE ﬂ) B is given
by sending (v,t) € CQB to vy(t) € B and by sending (v,e) € QB X E to p(e). O

Next, we wish to produce an alternative description of the composition in
Corollary 2.2 which depends on the action of the principal fibration QZ ——

E 25 B. The composite QB —% QZ — F is null homotopic since it is the
composition of two consecutive maps in a homotopy fibration sequence. An
explicit null homotopy is as follows. Recall that

E={(bw) € BxPZ|wl)=pb)}.

Define
H:QOBxI—F

by H(v,t) = (y(t), (Qp)(y:)) where v:(s) = vy(st). Notice that v is the con-
stant map and ; = . Observe that:

(1) (Q)(ve) (1) = @(:(1)) = (v(t));
(i) H(v,0) = (7(0), (2¢)(70) = (x,%);
(iif) H(v,1) = (v(1), (Qp)(11) = (*, () (7)) = (i 0 Q) (7).

Item (i) implies that H(v,t) € E so H is well-defined, item (ii) implies that
Hj is the constant map and item (iii) implies that H; =i o Q.

Recalling that CQB is a lower cone with QB including in by sending b to (b, 1),
the homotopy H can be used to define a map K: CQB — E by K(v,t) =
H(~,t). Then there is a strictly commutative diagram

Qo

OB 07— E
l /
CQOB.
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188 P. BEBEN, S. THERIAULT

Consider the composite CQB X, B -2 B. From the description of E as
{(byw) € Bx PZ | w(1) = ¢(b)} and p as the projection p(b,w) = b, we obtain

(po K)(v,t) = (po H)(v,t) = p((7(1), () (7)) = (1) (2)
That is, p o K is the evaluation map.
We relate K to the action QZ x E - E for the principal fibration QZ —
E 25 B. Let 0 be the composite
0: OB x 22X Q7 x E % E.

Since the restriction of a to 27 is ¢, the restriction of § to Q2B is i0 Q. On the
other hand, by definition of K in terms of the homotopy H and item (iii) above,
the restriction of K to QB C CQB is i 0. Therefore there is a pushout map

OB—— ~QBxE (3)

| !

COB ——= CQBUqp OB x E

K -

that defines I

LEMMA 2.3. The composite CABUqp QB X E B2 Bis given by sending
(v,t) € CQB to v(t) € B and by sending (v,e) € QB x E to p(e).

Proof. The restriction of I to CQB is K, so the restriction of po T to CQB is
po K, which by (2) is the evaluation map sending (7, t) to v(¢). The restriction
of T to 2B x E is 0, so the restriction of poT' to QB x E'is pof = poao(Qp x1).
Using (1), there is a strictly commutative diagram

oBxEXLazxE—“oF

lﬂd lﬂ'z lp
) — R N ;|
which shows that p o 8 sends (v, e) € QB x E to p(e). O

Corollary 2.2 and Lemma 2.3 combine to give the following.

PROPOSITION 2.4. There is a strictly commutative diagram

COBUop QOB x E—YX > F

DOCUMENTA MATHEMATICA 27 (2022) 183-211



HoMmoTory GROUPS OF POINCARE DuALITY COMPLEXES 189

Proposition 2.4 is a key technical result. It relates the homotopy fibre of the
pinch map from BV E to B to the action induced by the principal fibration p. Its
importance will be seen in how it is used to relate certain Whitehead products
on B to the principal action.

Let G be an H-group, which is a homotopy associative H-space with a ho-
motopy inverse. For example, any loop space is an H-group. By [S], the
multiplication m on G is homotopic to one in which the basepoint is a strict
unit, that is, one for which m(x, ) = = m(x,z) for any € G (this is true
for any H-space, not just H-groups). From here on it will be assumed that
the multiplication on G has a strict unit. If there are maps f: A — G and
g: B — G the commutator ¢(f,g): A x B — G of f and g is defined point-
wise by c(f,g)(a,b) = f(a)g(b)f(a)"tg(b)~!. Since the multiplication on G
has a strict unit, the restriction of ¢(f, g) to GV G is null homotopic, so ¢(f, g)
extends to a map

(fig): ANB— G

called the Samelson product of f and g. As the connecting map for the homo-
topy cofibration AV B — A x B — A A B is null homotopic (since YAV 2B
retracts off (A x B)), the homotopy class of (f,¢g) is determined uniquely by
that of ¢(f, g).
In general, if X and Y are path-connected spaces then there are homeomor-
phisms (X AY) 2 XX AY =2 X AXY. In what follows the version used
will depend only on aesthetics. Carrying on from the previous paragraph, if
G = QZ then f, g have adjoints f': YA — Z and ¢': ¥B — Z respectively.
The Whitehead product of ' and ¢’ is the map [f’, ¢']: Y AN B — Z obtained
by taking the adjoint of the Samelson product (f,g).
Let X and Y be path-connected spaces. Let i1: ¥ X — XX V XY and
i2: XY — Y X V XY be the inclusion of the left and right wedge summands
respectively. Let

W:XXAY — XX VXYY

be the Whitehead product W = [i,42]. It is well known that there is a homo-

topy cofibration ¥ X AY WX VY — BX x XY where the right map
is the inclusion of the wedge into the product. Observe that the pinch map
p1: X VY — XX factors as the composite LXVIY — TX xXY ™5 BX
where 7 is the projection onto the first factor. Thus p; o W is null homotopic,
implying that W lifts to the homotopy fibre of p;. Using the model for the
homotopy fibre of p; already established, we obtain a lift

COYX Ugnx QXX x XY

)

YXAY W YXVYY

for some map A. In the homotopy fibration sequence

QEX VIY) 2 anx L COXX Ugsx Q5X x XY,
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where 9 is the fibration connecting map, the map Qp; has a right homotopy
inverse, implying that 0 is null homotopic. Thus the homotopy class of the
lift A is uniquely determined by the homotopy class of W. The naturality of W
therefore implies the naturality of the homotopy class of the lift A.

We develop this in the context of the wedge B V E used previously. Suppose
that there are maps f: XX — B and g: XY — E. Consider the diagram

COYX Ugsx QXX x XY —2 -~ COBUgs QB x E > E

/ J{w J{w lp (5)
Vg 1vp

YXAY — Y vxvyYy BVE—2 .p

where © = CQf Uqy (Qf x g). The left triangle commutes by (4). The
middle square strictly commutes by the naturality of Lemma 2.1. The right
square strictly commutes by Proposition 2.4. Observe that the naturality of the
Whitehead product W = [iy, 2] implies that the composite along the bottom
row of (5) is homotopic to the Whitehead product [f,pog]. Thus T o©® o A is
a lift of [f, p o g] through p.

DEFINITION 2.5. The composite [f,g], = ' 0 © o X is the relative Whitehead
product of the maps f and g.

REMARK 2.6. The relative Whitehead product generalizes the usual Whitehead
product. If the underlying homotopy fibration E 23 B — Z has Z = « then
E = B and p is the identity map, so (5) implies that [f, g, is homotopic to the
composite along the lower row of the diagram, which with p = 1 is the usual

Whitehead product [f, g].

REMARK 2.7. The naturality of the construction of I' and ©, and the natural-
ity of the homotopy class of A\, implies that the relative Whitehead product is
natural, up to homotopy, for maps of principal fibrations

E——=F

and maps
sx 1 .B sy —2 - B

= B

2 A Sy % B,

It will be useful in what follows to now introduce some homotopies. Let X
and Y be path-connected pointed spaces. Let X x Y be the left half-smash
of X and Y, defined as the quotient space (X x Y)/ ~ where (z,*) ~ . Let
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HoMmoTory GROUPS OF POINCARE DuALITY COMPLEXES 191

q: X XY — X XY be the quotient map. Observe that there is a pushout
diagram

X— - Xxy—2% _xxYy

| |

CX —=CXUx X XY —Ss-XxY

(6)

where e collapes the cone to a point. Since CX is (naturally) contractible, e is
a natural homotopy equivalence. In our context, the space CQB Uqp 2B x E
that is the homotopy fibre of the pinch map BV E % B is naturally homotopy
equivalent to QB x FE.

Let

e XxY —CXUx X XY (7)

be a natural right homotopy inverse of e. Considering the spaces and maps
in (5), let T be the composite

T-OBxE -5 CQBUop OB x E 5 E

and let A be the composite

2 IXAY 25 CONX Ugny Q5X x IV -5 ONX x 1Y,

Then the definitions of T, X and ©, and the naturality of €, imply that there is
a homotopy commutative diagram

SXAY — 2 L OSX x XY @9 OBxE—L .|

| | e

X AY 25 CONX Ugry QX X XY -2 COQBUop OB x E —> E.

Combining (5) and (8) and the definition of the relative Whitehead product
[f,9]r as T 0 ©® o A, we immediately obtain the following.

LEMMA 2.8. There is a homotopy commutative diagram

XYYy XY opwE-_LoF

- .

SXAY Y oewxvysy 2. gy B

and the relative Whitehead product XX NY @L; E is homotopic to the com-
posite T' o (Qf X g) o A. O
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Note that T' o (2f x g) o X satisfies the same naturality properties as T'o © o A
stated in Remark 2.13.
Consider the diagram

OB x FE
l \
CQBUp QOBx E—LX = pF
le /

OB x FE

where 6 is the composite QB x E 20X 07 x E —% E and a is the action from
the principal fibration 2Z — E — B. The upper triangle commutes by (3).
The lower triangle homotopy commutes since, by definition, T = T'o ¢, and as
€ o e is homotopic to the identity map on QB x E, we obtain 'oe ~ I". Also,
by (6), the left vertical composite is the quotient map g. This establishes the
following proposition, which encapsulates the connection between the action of
a principal fibration and the relative Whitehead product.

PROPOSITION 2.9. Let QZ — E — B be a principal fibration induced by a
map B 2 Z. Let 6 be the composite QB x E WX 07 x E -5 E where
a 1is the action associated to the principal fibration. Then there is a homotopy
commutative diagram

OB x FE

l \
q
OBxE— " >p

which is natural for maps of principal fibrations.

Next, we aim to better identify the maps involved in the homotopy commutative
diagram in Lemma 2.8. This requires two preliminary lemmas.

LEMMA 2.10. Let @ and R be pointed spaces. Then there is a homotopy equiv-
alence @ X ¥R ~ (¥Q A R)V XR. Further, this decomposition is natural for
maps Q — Q' and R — R/.

Proof. In general, if T is a pointed space then there is a homeomorphism
QXT=(Q+)ANT, where Q4 is the union of @ and a disjoint basepoint. Note
that ©(Q+) ~ XQ Vv S*. Therefore, if T = YR then there are homotopy
equivalences

QXIRE(Q)ASR~Y(Q)AR~(ZQVSHAR~(SQAR)VXER.

The naturality of the decomposition follows from the naturality of each homo-
topy equivalence. O
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In general, if X and Y are path-connected spaces and j;: X — X VY and
jo: Y — X VY are the inclusions, then Ganea [Ga] showed that there is a
homotopy fibration

[evy,eva]

YOAOXAQY — XVY — X XY
where the right map is the inclusion of the wedge into the product and [ev, evs]

is the Whitehead product of the composites ev; : ZOX % X 25 X VY and

eva: DY 2% Y 25 X VY. Further, this fibration splits after looping, that
is, Q[evy, evs] has a left homotopy inverse. We will use Ganea’s result to prove
the following lemma.

LEMMA 2.11. Let X and Y be path-connected spaces. Then there is a homo-
topy equivalence e: (EQX ANY)VEY — QX x XY that satisfies a homotopy
commutative diagram

(ZOX AY)VIY < QX x TY
\%4,]'2 /
X vYY.

Further, this homotopy equivalence is natural for maps X — X'
and Y — Y.

Proof. Since the pinch map X VIY 2% X factors as the composite X VXY —
X x XY 5% X where 7 is the projection, using Ganea’s result we obtain a
homotopy fibration diagram

YOXAQNY —> QX x XY — 2 =3y

| | 5

SOXAQSY U vy - X xyY (9)
lpl lfrl
X :X

where 75 is the inclusion of the second factor and a and b are induced by the
fibration diagram. Let n: Y — QXY be the suspension map, which is the
adjoint of the identity map on XY, and let ¢ be the composite

:DOX AY 50X A Q%Y -2 QX x XY,
Let d be the composite

d: XY =5 QX xXY — QX x XY
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and let
e: (ZQXAY)VIY — QX x XY

be the wedge sum of ¢ and d.

We will show that e is a homotopy equivalence. Granting this for the moment,
observe that when ¢ is composed to X VXY the left square in (9) implies that we
obtain [evy, evs] o (X1 A 7). By the naturality of the Whitehead product this is
homotopic to [evy, evaoXin]. As X7 is a left homotopy inverse for the evaluation
map and, by definition, evy = jyoev, we obtain [ev, eve 0 X =~ [evy, jo]. Next,
by Lemma 2.1 and the homotopy equivalence € in (7), the composite

SY L QX x DY — X VIY (10)

is the inclusion jo of the right wedge summand. Therefore, as e is the wedge
sum of ¢ and d, the composite (ZQX AY)VIY -5 QX x XY — X VXY is
homotopic to [evy, j2] + ja2, giving the homotopy commutative diagram asserted
by the lemma. Naturality then follows by the naturality of the homotopy
fibration diagram (9) and of the maps ¢ and d.

It remains to show that e is a homotopy equivalence. To do so it suffices to
show that Qe is a homotopy equivalence, for then e induces an isomorphism
of homotopy groups and hence so does e, implying that e is a homotopy equiv-
alence. (Technically, this is a weak homotopy equivalence, but as all spaces
have the homotopy type of finite type CW-complexes, we obtain an honest
homotopy equivalence.) To show that Qe is a homotopy equivalence, by Dror’s
extension of Whitehead’s Theorem to path-connected H-spaces [D], it suffices
to show that Qe induces an isomorphism in integral homology. Finally, to see
this it suffices to show that Qe induces an isomorphism in homology with field
coefficients for any field. Assume from now on that homology is taken with
field coefficients.

First, we show that Q¢ has a left homotopy inverse. The homotopy commu-
tativity of the upper left square in (9) implies it suffices to show that the
composite

Q(21An)

QEx AY) 2 osax A osy) Hene

QX VEY)

has a left homotopy inverse. Since [evy, evs] has a left homotopy inverse, it
therefore suffices to show that Q(X1 A n) has a left homotopy inverse, and to
show this it suffices to show that X1 A 7 has a left homotopy inverse. But this
is the case since the evaluation map QXY <% XY is a left homotopy inverse
for ¥n and therefore 1 A ev is a left homotopy inverse for 1 A 3n ~ X1 An.
Second, we show that d is a left homotopy inverse for b. As noted above, the

composite XY %5 QX x BY — X VXY is the inclusion of the right wedge
summand, so composing further with X VXY — X x XY 2% XY gives the
identity map on XY . The homotopy commutativity of the upper right square

in (9) then implies that ¥Y % QX x XY —% 2V is homotopic to the identity
map.
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Now consider homology. In general, if B is a path-connected space and homol-
ogy is taken with a coefficient ring that is a PID, then the Bott-Samelson Theo-
rem states that there is an algebra isomorphism H,(QXB) = T'(H.(B)), where
T( ) is the free tensor algebra functor, and the suspension map B 5 QY B in-
duces the inclusion of the generating set in homology. In our case, Lemma 2.10
implies that QX x XY is homotopy equivalent to the suspension Z((QXAY)VY)
and the coefficient ring in homology is a field, so there is an algebra isomor-
phism H,(Q2(QX x XY)) = T(V), where V = H,(QX AY) VY). Since Qc
has a left homotopy inverse, (2¢), is a monomorphism. Consequently, as the
adjoint of ¢ is homotopic to the composite

GEOXAY L anOX AY) 25 QX x XY)

and 7, is also a monomorphism, we obtain that ¢, is a monomorphism. Since 2d
has a left homotopy inverse, (£2d). is a monomorphism. Consequently, as the
adjoint of d is homotopic to the composite

d: Y -1 axy 24 00X x XY)

and 7, is also a monomorphism, we obtain that d.isa monomorphism. Further,
since d is the inclusion of Y into QX x XY, the image of d, is the submodule
H, (Y) C V. Since b is a left homotopy inverse for d, the composite YV 4,
QX x BY) 2% QXY is a monomorphism with image I, (V). In (9) the
composite boa is null homotopic since these are consecutive maps in a homotopy
fibration, so as c¢ factors through a, we have Qb o ¢ null homotopic, and hence
(Qb).oé. = 0. Therefore, in reduced homology, the images C and D of ¢, and d
are disjoint. Thus, as both ¢, and d, are monomorphisms in reduced homology,
their wedge sum is as well and it has image C®D C T'(V). As the tensor algebra
is free, this implies that there is a monomorphism T'(C & D) — T(V). But
this monomorphism is realized by the multiplicative extension (via the James
construction) of

QX AY)VY 240X xsY)

to

v QX AY)VY) — Q(QX x XY).

Since the domain and range of v have the same homotopy type, the fact that v,
is a monomorphism implies that it is in fact an isomorphism. Finally, observe
that the definitions of ¢ and d as adjoints implies that v ~ Qe V d), that is,
v ~ Qe. Hence Q2e induces an isomorphism in homology. O

Returning to Lemma 2.8 and incorporating Lemma 2.11 we obtain a homotopy
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commutative diagram

(BOZX AY)VEY = 08X xsy L opuE Lo F

| b

levy,j2]+J2 l v
»xvyyy 2. pvE—2. B

The naturality of the Whitehead product implies that the composite in the
lower direction of this diagram is homotopic to [f o ev,pog] +pog. We record
this as follows.

COROLLARY 2.12. There is a homotopy commutative diagram

X Yy —2  opwxE—LsF

lel LP
(SQEX AY) vy —Jowredtres g .

Corollary 2.12 says that the map I' o (Qf x g) appearing in the definition of a
relative Whitehead product is itself already a lift of Whitehead products, up
to a homotopy equivalence.

REMARK 2.13. The naturality at each stage of the construction implies that the
homotopy commutative diagram in Corollary 2.12 satisfies the same naturality
properties listed in Remark 2.7.

Finally, we better identify the map A in the other part of the diagram in
Lemma 2.8. Let nn: X — QXX be the suspension map, which is the adjoint
of the identity map on ¥.X.

ProOPOSITION 2.14. There is a homotopy commutative diagram

SOSX AY 2L ORX ATY)VEY —£= O8X x BV

e l

YXAY YX VvYY.

Consequently, the map XX NY 25 QXX x XY in Lemma 2.8 can be chosen
to be the composite L: X NY 224 SOSX ASY < (QEX ASY) VY -5

QXX xY.

Proof. Recall that W is the Whitehead product [j1, j2]. Let L be the composite
comprising the upper direction around the diagram in the statement of the
proposition. By Lemma 2.11, L ~ [evy, ja] o (31 A 1). By the naturality of
the Whitehead product, this is homotopic to [evy o X1, j2]. As the composite
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nX 2 NONX 2 DX is homotopic to the identity map, we obtain ev;o¥n =
jioevoXn ~j;. Thus L ~ [j1,j2] = W.

Consequently, L lifts W to the homotopy fibre of the pinch map XX VXY —
3Y. As the loop of the pinch map has a right homotopy inverse, the homotopy
class of the lift of W to the homotopy fibre is uniquely determined by the
homotopy class of W. Thus we may unambiguously choose the lift A of W in
Lemma (8) to be L. O

3 RELATIVE WHITEHEAD PRODUCTS AND THE HOMOTOPY TYPE OF CER-
TAIN PUSHOUTS

This section fuses a construction in [GT] with relative Whitehead products.

Suppose that there is a cofibration A Y LY UCA Let Q7 — B —
Y U CA be a principal fibration induced by a map ¢: Y UCA — Z. Define
spaces @ and E and maps p and e by the iterated pullback

Q—sE—° > F

| f l l ()

A——sY ——=YUCA.

Observe that there are principal fibrations Q7 — @ — A and Q7 —

E — Y induced by the composites A Ty syucA S Zandy —
Y UCA -5 Z respectively. The map A —» Z is trivial since it factors through
two consecutive maps in a cofibration. Thus Q ~ 27 x A. However, there may
be many inequivalent choices of a decomposition and we wish to choose one
such that E’ is the pushout of the projection QZ x A — A and an “action”
map Q7 x A — F.

LEMMA 3.1. There is a map of pairs (CA, A) — (E', E) such that the com-
posite (CA,A) — (E',E) — (Y UCA,Y) is the standard inclusion.

Proof. Start with the standard inclusion (CA, A) — (Y UCA,Y). Consider
the composite h: AxI — CA — Y UCA, where the left map is the quotient
map to CA = AAI. The map h is a pointed homotopy which at ¢ = 0 sends A
to the base of the cone in Y UCA and at t = 1 sends A to the basepoint.
Thus h lifts to E’, so the homotopy extension property implies that h lifts
to amap h: A x I — E’. As this occurs in the pointed category, h factors

as a composite A x I — CA My E'. The pullback property of E then
implies that there is a map g: A — FE such that p o g is the identity on A
and eo g is h/. Thus g and e o g give a map of pairs (CA, A) — (E’, E) with
the property that the composite (CA, A) — (E', E) — (Y UCA,Y) is the
standard inclusion. O
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Since the homotopy fibration 227 — E — Y is principal, there is a homotopy
action QZ x E -5 E. Let ¥ be the composite

9:0Z x A4 07 x E-% E.
The following was shown in the first half of the proof of [GT, Theorem 2.2].

THEOREM 3.2. Using the map of pairs in Lemma 8.1, there is a homotopy
pushout

WZxA—"sE

-

0z — > F. H

The value of Theorem 3.2 is that it allows for the homotopy type of E’ to
be identified in terms of known maps. In the previous section we related the
action ¥ to relative Whitehead products. We now make this explicit in the
context of the pushout in Theorem 3.2.

Let h be the composite Y — Y UCA -2 Z. Consider the homotopy fibration

sequence

v Moz By g

Suppose that the map Q2Z — E is null homotopic. Then Qh has a right

homotopy inverse s: QZ — QY. Let g: A — FE be the restriction of g to A.
Consider the diagram

QZx A% oz xS v xEX Loz xFE—*2F

T I e

Q7w A% 0z BN QY x B

The left and middle squares commute by naturality and the right triangle
homotopy commutes by Proposition 2.9. Since Qh o s is homotopic to the
identity map on 227, the composite along the top row is homotopic to ao(1x g),
which by definition, is ¥. Thus we obtain a homotopy commutative diagram

OZ x A v

|

WZx AL Oy xE—LsF

E
H (12)
T

The factorization of ¢ through the half-smash 27 x A implies that, in the
homotopy pushout in Theorem 3.2, the space {Z may be pinched out, proving
the following.
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THEOREM 3.3. Given the same hypotheses as in Theorem 3.2, suppose in

addition that the map DlullmegayY 2 0Z has a right homotopy inverse
s: QZ — QY. Then there is a homotopy cofibration

OZ x A To(sxg)

E E'. 0

Ideally, if the homotopy types of 27, A and F are known, and the homotopy
class of T' o (s X g) can be identified, then the homotopy type of E’ could also
be identified. Since 2h has a right homotopy inverse, the homotopy class of
To(sxg) is determined by the homotopy class of its composition with F 2y,
In Theorem 3.4 the homotopy class of poT o (s x g) is described more precisely,
provided that A is a suspension. Let v be the composite

v 207 25 vy LY.

THEOREM 3.4. Given the same hypotheses as Theorem 3.3. Suppose in addition
that A ~ Y A. Then there is a homotopy commutative diagram

SX

QZxA—" oy wxE_-LoF

lel p

(£QZ AV A Sliss) Y

where e is the homotopy equivalence from Lemma 2.11.

Proof. Generically, let e;: XQQ A R — QQ X YR be the restriction of the
homotopy equivalence (£QQ A R) VER - QQ x R in Lemma 2.11 to the
first wedge summand. Consider the diagram

1
QZAA QZNA— 2 > QZ K A—— > QY x A
ln/\l lnlxl lnlxl %9
eq OQXsx1 Qevixg T
~ QYXQZNA—=Q3XQZ X A—==QYQY X A—== QY x E ——F
— w sVl evVyg 1vp
YQZNA YQZVA——3QY VA YVE Y.

The L-shaped part of the diagram on the left homotopy commutes by Propo-
sition 2.14, and the square in its upper right corner homotopy commutes by
the naturality of e;. The upper middle square homotopy commutes by the
naturality of  and the upper triangle homotopy commutes since 7 is a right
homotopy inverse of Qev. The three remaining squares on the bottom homo-
topy commute by the construction of relative Whitehead products. Thus the
entire diagram homotopy commutes. Observe that the upper direction around
the diagram is the restriction of ' o (s x g) o e to QZ A A, while the naturality
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of the Whitehead product implies that the lower direction around the diagram
is homotopic to [ev o Xs,po g] = [y, f]. Thus the diagram in the statement of
the theorem homotopy commutes when restricted to ¥QZ A A~ QZ A A. On
the other hand, the restriction of the diagram in the statement of the theorem
to A clearly homotopy commutes since the restriction of I'(s x g) to A is g.
This completes the proof. O

A special case of Theorems 3.3 and 3.4 that will be used in the next section
is given by taking Z =Y UCA and Y 25 Z as the identity map. This gives
the following diagram of spaces and maps that collects the data going into
Theorem 3.3:

E—F

P YUCA (13)
| -
YUCA——Y UCA.

Here, the middle row is a cofibration, the two columns are homotopy fibrations,
and the upper square is a homotopy pullback. The map h in general is the
composite Y — Y UCA -2 Z, so in this case it is simply the inclusion
Y — Y UCA. Thus the space F is the homotopy fibre of this inclusion
and the space E’ is contractible. From Theorems 3.3 and 3.4 we obtain the
following.

PROPOSITION 3.5. Let A 25 Y "5 Y UCA be a cofibration and consider the

homotopy fibration E Y s yucA. Suppose that Qh has a right homotopy
inverse s: QY UCA) — QY. Then there is a homotopy equivalence

To(sxg
(sxg)

QY UCA) x A E.

Further, if A~ YA then there is a homotopy commutative diagram

To(sxg)

QYUCA xA——29 |

Nlel lp
[v.f1+f

(BQYUCA) ANA)VA——>Y.
Consequently, there is a homotopy fibration
SQYUCA) A A) v ATy oy Goa O

That is, Proposition 3.5 identifies the homotopy type of E and, if A is a sus-
pension, identifies the map E —2+ Y in terms of f and a Whitehead product.
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4 THE BASED LOOPS ON HIGHLY CONNECTED POINCARE DUALITY COM-
PLEXES 1

In this section Proposition 3.5 is used to analyze the homotopy theory of certain
cell attachments, as described in Theorem 4.1. This is then applied to identify
the homotopy types of the based loops on certain Poincaré Duality complexes.

By the Hilton-Milnor Theorem the inclusion ™ Vv ™ — S™ x S™ has a right
homotopy inverse after looping; that is, there is a map ¢t: Q5™ x QS" —
Q(S™ v 8™) such that Qi o ¢ is homotopic to the identity map.

THEOREM 4.1. Suppose that there is a cofibration
gmtn=l Y Y =y uemtn
where m,n > 2. Suppose also that:
(i) there is a homotopy equivalence Y ~ S™ Vv S™" VvV XX ;

(i) the composite of inclusions f: XX — Y < Y’ has homotopy cofibre D
with the property that H*(D) = H*(S™ x S™).

Let q: Y — D be the map to the homotopy cofibre and let s be the composite
Q5™ x Q5" -5 Q(S™ V §") — QY. Then:

(a) the composite QS™ x Q8™ 25 QY 20D s a homotopy equivalence;

(b) there is a homotopy fibration

(2(Q8™ x Q") A X)vex 2y 9 p
where v = ev o Xs;
(c) there is a homotopy equivalence

QY ~ Q8™ x QS™ x Q((QS™ x QS™) x XX).

Proof. For part (a), let r be the composite r: ™V S" — Y’ -4 D. The
definitions of r and s imply that Qr ot = g o s. So to prove part (a) it is
equivalent to show that Qr ot is a homotopy equivalence. This is proved by
directly copying the argument in [BT, Lemmas 2.2 and 2.3].

For part (b), consider the homotopy cofibration X 5 v 44 D. Define the
space E and the map p by the homotopy fibration E 25 Y’ —%5 D. Part (a)
implies the map ¢ has a right homotopy inverse s': QD — QY. Therefore
Proposition 3.5 implies that there is a homotopy fibration

QDA X)vEx DIy 1 p
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where 7/ = ev o ¥s’. Substituting in the homotopy equivalence for QD in
part (a), which also lets us substutite v = ev o s for 4/ = ev o §’, we obtain a
homotopy fibration

(2(Q8™ x Qs A X)vEx DIy 9 p

proving part (b).
Finally, for part (c), since ¢ has a right homotopy inverse by part (a), the
homotopy fibration in part (b) splits after looping, giving a homotopy equiva-
lence

QY ~ QD x Q((QS™ x QS™) x £X).
Substituting in the homotopy equivalence QD ~ QS™ x QS™ from part (a)
then completes the proof. O

EXAMPLE 4.2. For n > 2, let M be an (n — 1)-connected 2n-dimensional
Poincaré Duality complex. By Poincaré Duality,

Z ifm=0o0rm=2n
H™(M)={ 79 ifm=n
0 otherwise

for some integer d > 0. Assume d > 2 and n ¢ {2,4,8}. By [BT, Lemma 3.3]
generators x1,...,xq of H"(M) can be chosen such that x1 U xo generates
H?"(M) for some x1 # m>. (Note that if n € {2,4,8} then the existence of
an element of Hopf invariant one allows for the possibility that only x1 U x1
generates H?"(M).) Now give M a CW -structure by corresponding one n-cell
to each xi and attaching the top cell. Then there is a homotopy cofibration

d
VI Iy
=1

where j* sends xy, to the generator of the k" sphere in the wedge, and g attaches
the top cell of M. Let ¥X = \/’ii:3 S™ and let f be the composite f: XX —

\/Zc.l:1 sm 2y M. Define the space D and the map q by the homotopy cofibration
»x -5 M -4 D,

Since 1 Uxy generates H*™(M) and 1,2 correspond to \/?:1 S™, the space D
satisfies H*(D) = H*(S™x S™). Therefore, Theorem 4.1 applies, and we obtain
a homotopy fibration

(28" x Q5" A X)vEx 2y 1 p

where v = ev o Xs and a homotopy equivalence

QM ~ QS™ x QS™ x Q((AS™ x Q™) x TX). (14)
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Example 4.2 improves on some of the relevant results in [BB, BT]. Using
different methods, in [BT] the same decomposition for QM was obtained if n ¢
{2,4, 8} and using yet another set of methods, in [BB] the same decomposition
for QM was obtained for all n. But in neither case was the map from the fibre
of ¢ into M identified.

REMARK 4.3. In general, there are homotopy equivalences B x YA =~
(EBANA)VEA and X(B x A) ~XBV XAV (XA A B), and a property of the
James construction is that XQS™ is homotopy equivalent to a wedge of spheres.
Combining these facts shows that (QS™ x QS™) x X is homotopy equivalent to
a wedge of spheres, and if desired, a precise enumeration of these spheres can
be made. The Hilton-Milnor Theorem then implies that Q((Q2S™ x Q5™) x X))
is homotopy equivalent to an infinite product of spheres. Hence the decomposi-
tion (14) implies that the homotopy groups of QM can be determined to exactly
the same extent as can the homotopy groups of spheres.

EXAMPLE 4.4. Forn > 2, let M be an (n — 1)-connected (2n + 1)-dimensional
Poincaré Duality complex. By Poincaré Duality,

Z ifm=0orm=2n+1
m o) z ifm=mn
H™(M) = 7Z8e G ifm=n+1
0 otherwise

for some integer d > 0 and some finite abelian group G. Assume that d > 1.
Rationally, M still satisfies Poincaré Duality, so we can choose generators
T1,...,2q of the subgroup Z¢ in H™"(M) and y1,...,yaq of the subgroup Z¢ in
H"™ (M) such that x1 Uy, generates H*"*Y(M). Give M a CW -structure by
associating an S™ to each x1,, an S"T1 to each yi, and an (n+ 1)-dimensional
Moore space P"V1(t;) to each cyclic direct summand Z/t;Z of G. Write

M~ S"v S"tvyXx (15)
where the S™ corresponds to 1, the S™t' corresponds to y1, and XX =
(\/'Z:2 S™ v S v (V2 PMY(ty)). Give M a OW -structure by attaching
the top cell to M. Then there is a homotopy cofibration

s Ly gnyv gty X Ly M.
Let f be the composite f: LX — S" v S"H1yv L X M. Define the space D
and the map q by the homotopy cofibration
»x -5 m -4 D,

Since x1 Uy generates H*" (M) and x1,3y1 correspond to S™V S"HL in (15),
the space D satisfies H*(D) = H*(S™ x S"T1). Therefore, Theorem 4.1 applies,
and we obtain a homotopy fibration

(2(Q8" x Q5™ A x)vex 2y 9 p
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where v = ev o X.s and a homotopy equivalence
OM ~ Q8™ x QS™ ! x Q((2S™ x QST x LX). (16)

Example 4.4 improves on the result in [B]. That paper used different methods
to obtain the same homotopy decomposition, but did not describe the map
from the fibre of ¢ into M.

REMARK 4.5. As in Remark 4.3, the fact that XX is homotopy equivalent to
a wedge of spheres and Moore spaces implies that (QS™ x QS"H1) x X is ho-
motopy equivalent to a wedge of spheres and Moore spaces. The Hilton-Milnor
Theorem can then be applied to Q((QS™ x QS™ 1) x £X) to decompose fur-
ther. In particular, the smash product of two mod-p” Moore spaces is homotopy
equivalent to a wedge of two mod-p” Moore spaces for p a prime and r #* 2,
so if the 2-torsion in H™(M) is controlled in this way then the output of the
Hilton-Milnor Theorem is a product of looped spheres and looped Moore spaces.
Therefore the decomposition (16) implies that the homotopy groups of M can
be calculated to the same extent as can the homotopy groups of spheres and
Moore spaces.

REMARK 4.6. The n = 2 case of simply-connected 4-dimensional Poincaré
Duality complexes can be recovered. In this case, we rely on the arugment
in [BT, Section 4]; this is phrased in terms of simply-connected 4-manifolds
but works equally well for simply-connected Poincaré Duality complexes. If M
is such a space then QM ~ S' x QZ where Z is a simply-connected torsion-
free 5-dimensional Poincar’e Duality complex. If H3(Z) =0 then Z ~ S° and
otherwise Z is one of the cases considered in Fxample 4.4. Therefore, in all
cases, we obtain a decomposition of QM .

5 THE BASED LOOPS ON HIGHLY CONNECTED POINCARE DUALITY COM-
PLEXES II

Theorem 4.1 can be pushed further. Consider again the cofibration
gmin=l 9,y iyl —y yemtn

where g attaches the (m + n)-cell and j is the inclusion. In Theorem 5.1 we
identify the homotopy fibre of j and show that {}j has a right homotopy inverse.

THEOREM 5.1. Assume that there is a cofibration ™71 L,y ISV asin
Theorem 4.1. Then the following hold:

(a) the map QU has a right homotopy inverse t: QM — QY';
(b) there is a homotopy fibration
(BQY’ A gmtn=2yy gmin—t DIty 5y

where v = ev o Xit.
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Proof. Throughout the proof we write ¥ as S™ Vv S™ Vv XX.

For part (a), Theorem 4.1 gives a homotopy decomposition of QY” via the map
Y’ -4 D but does not immediately relate this to j. To do so, let ¢ be the
composite

7: 8"V STVYX Ly % D.

Recall that there is a homotopy cofibration ¥X i> Y’ -4 D. We claim that

there is a homotopy cofibration S™+"~1vX I gmy gnyeX L D where i

is the inclusion of XX . To see this, consider the homotopy pushout diagram

i aas —
i !
gmin=lyyx 2 gmygnynx — =D (17)
T
S X Yy’ D.

Here, iy is the inclusion of the first wedge summand, ¢z is the pinch onto the
second wedge summand, and D is the homotopy cofibre of g + i. The map
¥ X — Y along the bottom row can be identified by restricting j o (g + i) to
¥ X: this is the definition of f. Hence D ~ D and the homotopy cofibration
along the bottom row of the diagram is XX L> Yy -4 D. By definition,
g = qoj, so from the middle row of the diagram we obtain a homotopy
cofibration S™+7=1v ¥ X % gmy gny v x L .

Next, recall from Theorem 4.1 that the right homotopy inverse s of 2q is defined
as the composite Q5™ x Q5" —L5 Q8™ Vv QS™) — QY'. The latter map is

the loops on the composite ™V S™ < $™V §"V XX —L5 Y. Thus if 5 is the
composite

5: Q8™ x Q8" -5 Q(S™ V") — Q(S™ V S™ Vv EX)

then 5 is a right homotopy inverse for 2qo{2j = Qg. Therefore, ift =m +n —1

to compress notation, applying Theorem 3.5 to the homotopy cofibration

Stvex o gmygnysx L p gives a homotopy fibration

(S(Q5™ x Q8™) A (8¢ vV EX)) v (8t v EX) L) gmy gny wx T, p
where 7 = ev o ¥5. By Theorem 4.1, there is a homotopy fibration

(2(Q8™ x QS A X)vEx 2y 9 p

where v = evoXs. The two fibrations are compatible: (i) by definition, § = goj,
(i) by (17), jo (g + i) =~ f o go, (iii) note that s = QjoSsoy = jo7, and
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(iv) the Whitehead product is natural. Thus there is a homotopy commutative
diagram

W,gHH(gH)S,n VStV NX . p

|

Y’ g D

(Z(QS™ x QS™) A (St VEX)) V (StVEX)
l(lf\qz)\/qz

(S(Q5™ x QS™) A X) VEX Slkas)

where the two rows are homotopy fibrations. If i5: XX — S™V S*" VXX is
the inclusion, then iy is a right homotopy inverse for ¢o. Therefore (1 Adz) V is
is a right homotopy inverse for (1 A g2) V g2. Consequently, letting

A= QS xQAS")ANX)VEX B=S"VvS"VvYiX = (1Ni2) Vi
and letting p be the loop multiplication, the composite

QA x (QS™ x QS™) 225 aB x QB 5 aB 2y’
is a homotopy equivalence. Therefore €25 has a right homotopy inverse.

Part (b) is now straightforward. The right homotopy inverse for j implies

that Theorem 4.1 can be applied to the homotopy cofibration S™+7~1 N

Smyv Sm v BX L5 Y to obtain a homotopy fibration

(£QY7 A §mtn=2)y y gman—t DAY gy gny sy Ty
where 7 = ev o Xt. (]

EXAMPLE 5.2. Let n > 2 but n ¢ {2,4,8}. Let M be an (n — 1)-connected
2n-dimensional Poincaré Duality complex with H™ (M) = 74 for d > 2. As in
Ezxample 4.2, there is a homotopy cofibration

d
st L\ sm L M

=1

where g is the attaching map for the top cell. By Theorem 5.1, 2 has a right
homotopy inverse t: QM — Q(\/?:1 S™) and there is a homotopy fibration

d
(SOM A §22)y g2t DRy fign T, gy
i=1
where v = ev o Xit.

All cases in Example 5.2 are new. Also new are all cases in the following.
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EXAMPLE 5.3. Forn > 2, let M be an (n —1)-connected (2n + 1)-dimensional
Poincaré Duality complex with H" (M) = 74 for d > 1. As in Ezample 4.4,
there is a homotopy cofibration

§2n 9, gny gntlynx Ly

where g is the attaching map for the top cell. By Theorem 5.1, j has a right
homotopy inverse t: QM —s Q(S™ Vv S"HL vV ¥X) and there is a homotopy
fibration

(EQM A 8201 v 520 TG oy gty T,
where v = ev o Xit.

One useful application of Theorem 5.1 is to show that certain maps are null
homotopic after looping.

LEMMA 5.4. Let S™=1 25y 1y ¥/ pe g cofibration as in Theorem /.1.
Suppose that there is a map a: Y' — Z such that a o j is null homotopic.
Then Qa is null homotopic.

Proof. By Theorem 5.1, Qj has a right homotopy inverse ¢: QY’ — QY. So
Qa ~ Qa o Qjot but Qa o Q5 is null homotopic, implying that Qa is null
homotopic. o

EXAMPLE 5.5. Let M be an (n—1)-connected 2n-dimensional Poincaré Duality
complez and let G be a topological group group. Let P — M be a principal
G-bundle classified by a map of the form a: M —— S?» - BG where 7 is the
pinch map to the top cell and € represents a generator of wan—1(G). Depending
on G, there may be a finite or countably infinite number of such principal
bundles which are inequivalent. Since a factors through m, the composite aoj is
null homotopic. Therefore Qa is null homotopic by Lemma 5.4. Consequently,
there is a homotopy equivalence QP ~ QM x QG, and this holds independently
of the bundle type.

Carrying on, observe that a map f: M — BG classifying a principal G-bundle
has a factorization in the form of a if and only if the restriction of f to the
n-skeleton \/?:1 S™ of M is null homotopic. This would occur, for example,
if m(BG) ¥ m,—1(G) = 0. In particular, if M is a 2-connected 6-manifold
and G is a simply-connected simple compact Lie group then mo(G) = 0 so every
principal G-bundle P over M has the property that QP ~ QM x QG. Spe-
cializing further, if G = SU(n) then the pinch map w induces an isomorphism
[M, BSU(n)] = [S%, BSU(n)| and if n > 3 then n5(SU(n)) = Z, so there
are countably many distinct principal SU(n)-bundles over M but all become
homotopy equivalent after looping.

EXAMPLE 5.6. This is a variation on the previous example. Let M be an
(n — 1)-connected 2n-dimensional Poincaré Duality complex and let a: M —
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S 5 M be a self-map where m is the pinch map to the top cell and € is
any element of ma, (M). Since a factors through 7, the composite a o j is null
homotopic. Therefore Qa is null homotopic by Lemma 5.4. In particular, a
induces the zero map in homotopy groups. This is despite the fact that a itself
need not be null homotopic.

6 THE COLLAR MAP FOR A CONNECTED SUM

In this section we give an entirely new example of our methods to demon-
strate their strength. Let M and NN be simply-connected closed n-dimensional
Poincaré Duality complexes. Let M and N be the (n—1)-skeletons of M and N
respectively, and let

LNy LN Y

ALy LN
be the homotopy cofibrations that attach the top cells to M and N. The
connected sum M#N is given by the homotopy cofibration

gn=t SR RE N s M#N.

Geometrically, M#N is obtained by cutting an n-disc out of the interior of
the top cell in each of M and N and then gluing the two together along the
boundary of the removed n-disc. We can then collapse that collar (the boundary
of the n-disc) to a point to obtain a cofibration

Sl 9y M#N 5 MV N.

In [Hal, Theorem 5.1], Halperin and Lemaire showed that if M is any simply-
connected closed, compact Poincaré Duality complex then the attaching map

for the top cell of M is rationally inert, implying that the inclusion M LM
has the property that, rationally, {2j; has a right homotopy inverse. Halperin
and Lemaire go on [Hal., Theorem 5.4] to show that if at least one of H*(M; Q)
or H*(N;Q) is not monogenic (generated by a single element) then the map

M#N —.5 MV N also has the property that, rationally, 2j has a right homo-
topy inverse.

We will prove an integral variation of this statement. Integrally, it may not be
true that €j; and €jo have right homotopy inverses. However, we show that
if they do then €5 does as well.

ProOPOSITION 6.1. Let M and N be simply-connected closed n-dimensional
Poincaré Duality complezes. If the inclusions M - M and N 25 N have

right homotopy inverses after looping, then so does the map M#N s MVN.
In particular, there is a homotopy equivalence

QM#N) =~ QM V N) x QQM Vv N) x S,
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Proof. Observe that the composite M V N — M#N Iy MVNis j1V ja.
We will show that €(j1 V j2) has a right homotopy inverse, implying that €j

also has a right homotopy inverse. Granting this, the homotopy cofibration

Sn=t 2y M#N L5 MV N satisfies the hypotheses of Proposition 3.5, and

therefore we obtain the asserted homotopy equivalence for Q(M#N).

It remains to show that €(j1 Vj2) has a right homotopy inverse. In general, the
inclusion of the wedge of simply-connected spaces into their product induces a
natural homotopy fibration sequence X x QY — X VY — X X Y which
splits after looping to give a natural homotopy equivalence

QX VYY)~ QX x QY x Q(QX % QY).

In our case we obtain a homotopy fibration diagram

OM «QN ——= MVN —=M x N

lel*sz ljlvjz l/jl X j2

OM « QN —— M VN —— M x N

and a homotopy commutative diagram

OF x ON x QO « ON) — = (T V)
lﬂjl XQJ2 X Q(Qj1%Qj2) \Lﬂ(jlng)

QM x QN x Q(QM % QN) ———= Q(M V N)

where the horizontal maps are homotopy equivalences. By hypothesis, €2j; and
Qjo have right homotopy inverses, and therefore so does 251 X Q72 x Q(2j1%2j2).
Hence Q(j1 V j2) also has a right homotopy inverse. O

For example, if m > 2 then S™ x $2"~™ is a Poincaré Duality complex of
dimension 2n, S™ x §2n—m ~ §m vy §2n=m and the inclusion SV ST —
S™ x §2n=™ has a right homotopy inverse after looping. If m # n then S™ x
S§2n=m is not an (n — 1)-connected 2n-dimensional Poincaré Duality complex,
so it is different from the spaces in Example 4.2. Given an (n — 1)-connected
2n-dimensional Poincaré Duality complex M, by Proposition 6.1 there is a
homotopy equivalence

Q(M#(Sm % S2n7m)) ~
Q(M v (8™ x 8’2"_’”)) x Q(QM Vv (S™ x S2n=—myy i SQn—l).

Similarly, one can consider the connected sum of S™ x $2"T1=™ and one of the
(n — 1)-connected (2n + 1)-dimensional manifolds in Example 4.4.
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