DOCUMENTA MATH. 489

THE UNIVERSAL DE RHAM / SPENCER DOUBLE COMPLEX

ON A SUPERMANIFOLD

SERGIO L. CACCIATORI, SIMONE NOJA, AND RICCARDO RE

Received: November 21, 2020
Revised: February 14, 2022

Communicated by Gavril Farkas

ABSTRACT. The universal Spencer and de Rham complexes of sheaves
over a smooth or analytical manifold are well known to play a basic
role in the theory of D-modules. In this article we consider a dou-
ble complex of sheaves generalizing both complexes for an arbitrary
supermanifold, and we use it to unify the notions of differential and
integral forms on real, complex and algebraic supermanifolds. The
associated spectral sequences give the de Rham complex of differ-
ential forms and the complex of integral forms at page one. For real
and complex supermanifolds both spectral sequences converge at page
two to the locally constant sheaf. We use this fact to show that the
cohomology of differential forms is isomorphic to the cohomology of
integral forms, and they both compute the de Rham cohomology of
the reduced manifold. Furthermore, we show that, in contrast with
the case of ordinary complex manifolds, the Hodge-to-de Rham (or
Frolicher) spectral sequence of supermanifolds with Kéhler reduced
manifold does not converge in general at page one.
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1 INTRODUCTION

The mathematical theory of forms on supermanifolds, together with the related
integration theory, is one of the most peculiar and non-trivial aspect of super-
geometry [9] [12] [18]. Indeed, whereas on an ordinary manifold differential
forms anticommute, so that the de Rham complex terminates at the dimen-
sion of the manifold, in supergeometry the differentials of odd functions do
commute instead. This apparently trivial fact has far-reaching consequences,
namely it implies that the de Rham complex of a supermanifold is not bounded
from above [12] [14]. This, in turn, leads to the failure of Poincaé duality, as
there is no notion of a top differential form which yields a tensor density that
can be integrated over a supermanifold. In order to cure this pathology and
define a meaningful integration theory analogous to the ordinary integration of
differential forms in the classical setting, the notion of integral form has been
developed and introduced in supergeometry [9] [12] [14]. Integral forms fit into
a complex which, in some sense, is dual to the de Rham complex of differential
forms: whereas the de Rham complex of a supermanifold is not bounded from
above, the complex of integral forms - or Spencer complex of a supermanifold -
is not bounded from below. In particular, one of the most peculiar and defining
supergeometric construction, that of Berezinian sheaf [11] [13] - whose sections
can be integrated over the supermanifold - plays the role of the top sheaf in
the complex of integral forms, thus providing a substitute for the notion of
canonical sheaf in supergeometry.

In this view, integral forms appear in supergeometry as more useful and natu-
ral mathematical objects than differential forms. However, on the other hand,
the definitions of sheaves of differential forms, vector fields or also sheaves of
linear differential operators are easily available in supergeometry by the same
constructions as in classical geometry: consider for example the construction
of these objects due to Grothendieck, which applies to an extremely general
setting. One purpose of this paper is to give a new construction of integral
forms which is both coordinate-free and built upon the more standard notions
of differential forms and operators, with the future aim of studying possible
generalizations to other classes of “superforms”.

We stress that the syntaz of such objects is known in the physics literature: this
means that there exists a formalism of integral forms expressed in terms of co-
ordinates, together with associated calculus and transformation rules [18] [20].

DOCUMENTA MATHEMATICA 27 (2022) 489-518



UNIVERSAL DOUBLE COMPLEX ON A SUPERMANIFOLD 491

This formalism has been further expanded to an extended formalism of “su-
performs”, generalization of integral forms, which have been developed and
applied, for example, in the recent [2] [3] [4] [5] [7] [8]. On the semantic side, of
course a coordinate-free construction of integral forms exists in the supergeom-
etry literature, see [12], but in a way which is unrelated to differential forms,
so that there is no obvious relations between these two concepts.

In the present paper, starting from first principles, we unify the notions of
differential and integral forms and their related complexes on real, complex
and also algebraic supermanifolds. In particular, given the natural sheaves of
differential operators Da, and differential forms 23, ,;; on a certain supermani-
fold M, we start from the so-called universal de Rham complex Q;/[,Odd ®0, D
and universal Spencer complex Dy Qo,, (Q;/[,Odd)* and we show that they can
be unified into a single double complex of sheaves supported on the triple tensor
product Q3 ., ®0, Dar ®0,, (% ,4q)"» Which we call the de Rham/Spencer
double comfﬂex. This displays a trhly non-commutative behavior, rather than
just a super-commutative one, due to the presence of the sheaf D, in the piv-
otal position. The two spectral sequences associated to this double complex
yield, at page one, the complex of differential forms and the complex of integral
forms on M. Furthermore, in the case of real or complex supermanifolds, both
spectral sequences converge at page two to the sheaf of locally constant func-
tions over R or C, depending on the supermanifold being real or complex. This
is a consequence of the Poincaré lemmas for differential and integral forms.
More precisely, we prove the following Theorem, which gathers Theorems 3.6
and 4.9 from Sections 3 and 4 respectively and Theorems 5.3, 5.9 and 5.10 from
Section 5 of the paper.

THEOREM 1.1 (Main Theorem). Let (M,Oy) be a real, complex of algebraic
supermanifold. Then

1. the homology of the universal de Rham complex (25, .4 ®0. Dar, D) is
naturally isomorphic to the Berezinian sheaf Ber(M);

2. the homology of the universal Spencer complex (Das ®@0,, (25 oqa)™>0) is
naturally isomorphic to the structure sheaf Oq.

The universal de Rham complex and the universal Spencer complex can be
unified into a double complex (pVy7,D,0) with associated spectral sequences

(B, dY) and (EZ,dZ). Then

r o Wy r o Yr
1. (E,d$) is isomorphic to the complex of differential forms on M and

(ET,07) is isomorphic to the complex of integral forms on M;

2. Provided that M is a real or a complex supermanifold, both of the spectral
sequences converge at page 2 to the constant sheaf valued in the real or in
the complex numbers.

Whilst the proof of the Poincaré lemma for differential forms in a supergeomet-
ric context is well-known and it consists of a straightforward generalization of
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the ordinary one, the Poincaré lemma for integral forms, instead, is a hallmark
of supergeometry and we will prove it in detail in Theorem 5.16. Finally, we
enhance the above de Rham/Spencer double complex of sheaves with a triple
complex structure, by taking its Cech cochains, see Definition 5.7. In this way
one obtains two double complexes: one is the Cech-de Rham double complex
of differential forms on M and the other is the Cech-Spencer double complex of
integral forms on M. We show that the related spectral sequences both con-
verge to the de Rham cohomology of the reduced manifold, showing that the
cohomology of differential forms is isomorphic to the cohomology of integral
forms, and, in turn, that the complexes of differential and integral forms are
quasi-isomorphic. More precisely, we prove from first principles Theorem 5.11,
which we phrase here as follows.

THEOREM 1.2 (Quasi-Isomorphism). Let M be a real supermanifold. The co-
homology of differential forms H;R(M) and the cohomology of integral forms
Hg,(91) are isomorphic, i.e.

Hp (M) = H*(M,Rqq) = H3,(M).

In particular the complex of differential forms and of integral forms on M are
quasi-isomorphic.

Nonetheless, we remark that in the case of a complex supermanifold with
Kahler reduced manifold, something intriguing happens. Indeed, the Hodge-
to-de Rham (or Frolicher) spectral sequence, which still computes the de Rham
cohomology of the reduced manifold, does not converge at page one, as it does
in the ordinary setting. Instead, there are many more non-trivial maps, as
shown in example 5.13, thus hinting at new promising developments in the
geometry of complex supermanifolds.
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2 SETTING THE STAGE: MAIN DEFINITIONS

In the following we will work over a real, complex analytic or algebraic su-
permanifold M unless otherwise stated. See the classical textbook [12] for a
thorough introduction, or the recent [6] by the authors for a short compendium
to the topic.

We let M be a supermanifold of dimension p|g and we denote its reduced
space, which is an ordinary (real, complex or algebraic) manifold of dimen-
sion p, by M,..q. In particular, we will deal with the sheaf of 1-forms Q%I/[,o dd
on M. This is a locally-free sheaf on M of rank ¢|p. Indeed, if we let U be an
open set in the topological space underlying .4 and we set x, = 2|0, for
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t=1,...,pand o =1,...,q to be a system of local coordinates over U for the
supermanifold M, we have that
Qi 0aa(U) ={db1, ..., dbg|dz1, . .. dzp} - Oa(U), (2.1)

where Oy, is the structure sheaf of M. We stress that the df’s are even and
the dz’s are odd, as we take the differential d : Oy — Q;\l,odd to be an odd
morphism. Also, note that we have written Q%\{,o 4q @ a locally-free sheaf of
right Og,-modules.

Likewise, we denote the dual of Q. ,; with (Q}, ,4,)*. This can be canonically
identified with the sheaf I175,, where Ty, is the tangent sheaf of M and II - the
so-called parity-changing functor - is there to remind that the parity of the
sheaf is reversed, so that the rank of II7;, is actually ¢|p. We will call a section
of T17ar = (R4 0qq)" @ H-vector field or vector field for short. Locally, (Q}, ,44)*
is generated by expressions of the kind

(s 0qa)" (U) = Oa(U) - {70y, ..., 700, |70x,, ..., 70}, (2.2)

where the 7dp’s are even and the 7d.’s are odd. Notice that (Q}, ,,)* has
been written with the structure of locally-free sheaf of left O,-modules.

Applying the supersymmetric power functor S® to the sheaf Q%\{,o 4q and
(Q}\/[,o 4a)" one gets the usual notion of (differentially graded) algebra of forms
and polyfields over a supermanifold. In particular, we call a section of the sheaf
Q’;L()dd = SkQ%I/[,odd a differential k-superform, or a k-form for short. The dif-
ferential d : Qg — Q%Odd lifts to the exterior derivative d : Q;ﬁ[yodd — Q’ﬂczoldd,
which is an odd (nilpotent) superderivation of Q3 oaq» obeying the Leibniz rule
in the form

d(wn) = dwn+ (—1)lwdn, (2.3)

for w € Qﬁaodd and 1 € Q3 4 and where |w| is the parity of w (which equals

the degree of w mod Zs: notice that (—1)I“l = (—1)d&(«)) Here and in what
follows we leave the product in the superalgebra of forms understood for the
sake of notation. The pair (Q;/[’Odd, d) defines the de Rham complez of M. Once

again, we will consider any Q;ﬁ[ oaq With the structure of right Og-module.
Likewise, we call a section of (QF N := SFIIT,r a Il-vector k-field, or a

polyvector field for short. Once again, any (9540 40) has the structure of left
Oar-module.
Notice that there exists a pairing

(,): Q;/[,odd X0y (Q;\{,odd)* BE— (Q;/[,odd)* (2.4)

W T (w, T)

which is defined via the contractions in a way such that

(g, 7y ,) = (—~1)(me Dzl 4D) 5, (2.5)
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In particular, it can be observed that 1-forms w € Q;‘l odq act as superderiva-
tions of (235, ,44)%, %.e. they satisfy the Leibniz rule in the above form. More-

over, explicitly, for 71X € I17,, and w = df € Q;‘l odq One easily finds that

(df, mX) = (—1)IXFDUHD (), (2.6)
where f € Oy and X € Ty,

Also, we introduce the sheaf Dy, of (linear) differential operators on M, which
can be abstractly defined as the subalgebra of Endi(Ogar) generated by Oy
and Ty;. This means that over an open set U one has that the set {4, 0y, },
where 2, € Og |y and 9,, € Taclv for a ranging over both even and odd
coordinates, gives a local trivialization of Dgs over U and where the following
defining relations are satisfied

[:Caa Z'b] = 07 [amavamb] = 05 [azav‘rb] = 5ab7 (27>

where [, ] is the supercommutator. It follows from equations (2.7) that Das| v
is isomorphic to the Weyl superalgebra of KPI9: the sheaf D, is thus non-
commutative rather than just supercommutative, something which will play a
major role in what follows. It is also worth stressing that Dy, admits a filtra-
tion by the degree of the differential operators such that Dgfz) C D;;ZH) for
any ¢ > 0 and Dgfz) . Dgfj) C Dgfzﬂ). It is not hard to see that, defining
grk(Dyy) = D(Sk)/D;fkfl), one has gr¥(Dy) =2 S*Ty, so that in turn one
has gr*Dgs =2 S*Tar, which can be looked at as a sort of supercommutative
approximation of Dy,. Finally, notice that Dy, is endowed with the structure of
Ogr-bimodule, i.e. Dyy is a left and right Og-module with the operations given
respectively by multiplication to the left and to the right by elements f € Oy,.

A peculiar construction to supergeometry is the one of Berezinian sheaf of a
supermanifold. This substitutes the notion of canonical sheaf on an ordinary
manifold, which makes no sense on a supermanifold since the de Rham complex
is not bounded from above. Notice that this sheaf does not belong to the
de Rham complex, i.e. it is not made out of ordinary differential forms in
Q}V[ oaq- On the other hand, just like the canonical sheaf in a purely commutative
setfing, the Berezinian sheaf can be defined via the Koszul complex, or better
its supersymmetric generalization - see [12] [16] and the recent dedicated paper
[13]; for a different very nice construction in the smooth category see [11]. More
precisely, given a locally-free sheaf £ of rank p|q over a supermanifold M, one
defines the Berezinian sheaf Ber(€) of £ to be the locally-free sheaf of rank
00, (p+q)mod2|01,(p+q)modz given by Ber(£) = Extlyeg. (Og, S*E*). In particular,
one defines the Berezinian sheaf of the supermanifold M to be Ber(M) :=
Ber(Q} ,44)", i-e. one has

Ber(M) = Homo,, (ExtGery, (Oar, ST Tar), Oar) Zioc II2TP O,y (2.8)
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In the following, we will use extensively that if x = z1,...,2[01,...,64 is a
system of local coordinates for #/, then the Berezinian sheaf is locally-generated
by the class

o(x) =[dz1...dz, ® Op, ... 0p,] (2.9)

in the above homology (2.8), see [13]. Further, we stress that the Berezinian
sheaf will be looked at as a sheaf or right O,,-modules.

The Berezinian sheaf of M enters the construction of the so-called integral
forms, see for example [12] or [14]. Given a supermanifold M, these are defined
as sections of the sheaf Homo, (23 44, Ber(M)), or analogously Ber(M) ®o,,
S°II7;. Integral forms can be endowed with the structure of a complex by
providing a differential § : Ber(M) ®0, S*IITy — Ber(M) ®p,, S¥ 11Ty,
whose definition is quite tricky: well-definedness and invariance are indeed far
from obvious (see [12], where the differential on integral forms is induced using
the notion of right connection on Ber()). For this reason the construction
of the differential which makes integral forms into an actual complex will be
discussed further later on in the paper. Here we limit ourselves to say that,
locally, moving functions to the left of the tensor product Ber(M)®e,, S* 11Ty,
the differential gets written as

(@) f @md') = =3 (~1)lrelHmlo(2)(, f) @ Ono, (x0T, (2.10)

a

where () is the local generating section of Ber(M) introduced above, 70!
is a homogeneous section of S*IITy,, f is a function and where the derivative
with respect to the coordinate field 70, is nothing but the contraction of the
polyfield with the form dual to 70, that is (dz,, 70!) = Oxa, (70!). We will see
that this definition is related with the structure of right Da,-module of Ber(M) -
first discovered by Penkov in [14] - and, in turn, with its Lie derivative. Finally,
we stress that given a p|q dimensional supermanifold M it is useful to shift the
degree of the complex of integral forms, posing ¥¥ ~* := Ber(M) ®o,, SP~* 11Ty
and consider the complex (Xf°°,§), so that an integral form of degree p, i.e. a
section of the Berezinian sheaf, can be integrated on M, in the same fashion as
an ordinary p-form can be integrated on an ordinary p-dimensional manifold.
More in general, with this convention, it can be seen that an integral form of
degree p — k on M can be integrated on a sub-supermanifold of codimension
k|0 in M, see for example [18].

3 UNIVERSAL DE RHAM COMPLEX AND ITS HOMOLOGY

We now introduce one of the main characters of our study, c¢fr. for example [15].

DEFINITION 3.1 (Universal de Rham Sheaf of /). Let M be a supermanifold.
We call the sheaf Q;\{’Odd ®0,, Dar the universal de Rham sheaf of 9.
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Notice that the universal de Rham sheaf is Z-graded by the gradation of QF ;;
and also Zs-graded as both of its components are. Moreover it is filtered by
the filtration by degree on Dy, introduced in the previous section. Clearly, the
universal de Rham sheaf 23, ;. ®0,, Das is naturally a left 25, _,,-module and
a right Dgr-module. In partfcular it is a left Og-module by restriction on the
structure of QF, ;,-module. On the other hand €2, ;, ® Dy is also a right
Ogr-module with the structure induced by the one of right Dy,-module: this
structure, though, does not coincide with the one of left O4-module.

We are interested in finding a natural differential as to make the universal de
Rham sheaf into a proper complex of sheaves. We first need the following

DEFINITION 3.2 (Ogs-Definition). Let £ and R be a left and a right Os-module
respectively. Let ¢ : R @c £ — H be a morphism of sheaves of C-modules into
a sheaf H. We say that ¢ is Oy -defined if it descends to a C-linear operator
¢ : R @0, L — M, i.e. if the identity

o(lf @r) =o(l® fr) (3.1)
holds true for any [ € £,7 € R and f € Oy,.
Given this definition, we now introduce the following operator

DEFINITION 3.3 (The Operator D). Let w® F € Q;\{,odd ®0,; Dar such that w
and F' are homogeneous. We let D be the operator

D Q;/[,odd @c Do Q;\{,odd ®0, Dar (3.2)
W F————do@ F+ 3, (-1)“llrddr,w®0,, - F,

where z, = 21,...,2p|01,...,04, so that the index a runs over all of the even
and odd coordinates.

Notice that the operator D is of degree +1 with respect to the Z-degree of
Q;/[,o 4> I-€. it raises the form number by one. The properties of D are charac-
terized in the following Lemma.

LEMMA 3.4. The operator D has the following properties:

1. it is globally well-defined i.e. it is invariant under generic change of co-
ordinates;

2. it is Oqc-defined in the sense of definition 3.2, i.e. it induces an operator
D Q3% Laqa @04 Dac @0, (25,)* = Q5 140 @0, Dar @0, (23,)%;

3. it is nilpotent, i.e. D?> = 0.
Proof. We prove separately the three claims of the Lemma.

1. Obvious, since each of the two summands is invariant by itself.
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2. We prove that for any f € Oa, w € QF 1, I € Da we have D(wf ®c
F) = D(w ®c fF). Indeed, posing df = }_, dr,0,, f, on the one hand

one computes
Dwf® F) = (dw)f ® F + (—1)“lw(df) ® F+
+ Z(_l)lmal(lwlﬂfl)dxawf ® Oy, F

= (dw)f @ F + (—1)‘“"w2dmaa%f ®F
Pl o 0 0, B (33)

On the other hand, one has
Dw® fF)=dw® fF+
+ Y © (0, F + (<1219 (0, F))

= (dw)f @ F+ (-1)w> " dza0s, f @ F+
JrZ(,Ulwa\(\wﬂf\)dzawf®3IGF7 (3.4)

so that (3.3) is matched by (3.4).

3. We prove that D? = 0. Writing D = Dy 4+ Dy, with D; := d ® 1 and
D2 = Za dl‘a & 8% one has that l)2 = D% + (D1D2 + D2D1) + D%
Clearly, D? = 0 and D3 = 0 as well, for it is an odd element in the
supercommutative algebra Cldz,] ®c C[0,]. It remains to prove that
[D1, Ds) i= Dy Ds + DaDy = 0.

We have

DyDy(w@ F) =Y (-1l dg,dw @ 0, F. (3.5)

a

One the other hand, one finds

DiDy(w @ F) =Y (=)l ¥ 4y dw @ 0., F, (3.6)

a

which cancels exactly the previous expression for Dy D;.

The above Lemma justifies the following definition.

DEFINITION 3.5 (Universal de Rham Complex of #). Let M be a superman-
ifold. We call the pair (Q;l,odd ®0,, Dar, D) the universal de Rham complex
of .
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We now compute the homology of this complex.

THEOREM 3.6 (Homology of the Universal de Rham Complex). Let M be a
supermanifold and let (23, .4 @0, Dar, D) be the universal de Rham complex
of M. There exists a canonical isomorphism of sheaves

H'(Q;/[,odd ®0, Dar, D) = Ber(M), (3.7)
where Ber(M) is the Berezinian sheaf of M.

Proof. The proof can be done by constructing a homotopy for the operator D.
Clearly, the first part of D, namely D; = d ® 1 has the usual homotopy of the
de Rham complex. By the way elements of the form ¢ ® F, for ¢ a constant
and F' a generic element in Dy, are not in the kernel of D.

Let us now look at the second summand, De(w ® F) = 3 (—=1)¥ll#eldz,0 @
9oF. We work in a chart (U,z,) such that the sheaf QF, ,;, ®0, Dar can be
represented as the sheaf of vector spaces generated by the monomials of the
form w ® F with w = da!, F = 37 f for some multi-indices I and J and some
f € Oar|u. We define the following operator on Q3 0dd @ Dar lv

H(w® F) = Z(q)ml(lw'ﬂ@"\+1>adxadzf ® [07, z4]f, (3.8)

a

where the derivation d4,, can be seen as the contraction with respect to the
coordinate vector field 9, (up to a sign). We claim that H is a homotopy. By
explicit computation, one has

DyH(w® F) = Z(_l)\1a\(\1b|+1+\W\)+|Ib\(\W\+|3"|+1)d$aadzbw ® 04[07, 2] f,
a,b
(3.9)

HDy;(w® F) = Z(_l)lrbl(ller\a‘]
a,b

I Hlzallwlgy, (daqw) @ (0,07, x4 f.  (3.10)

Expanding the above equation (3.10), one finds

HDs(w® F) = —DoH(w @ F) + Y _(=1)¥I(ltlmDs,0 07 f+
a,b

+ 3 (=)l 0 0,007, 24l f

+ ) (=) g (04, w) ® 07 . (3.11)

We now analyze the summands in (3.11). If o = 21,..., 2|01, ..., 04, recalling
that w = dz!, we define degy(w) to be the degree of w with respect to the even
generators (df’s) and deg; (w) to be the degree of w with respect to the odd
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generators (dz’s) and likewise we pose deg,(9”) to be the degree of 97 with
respect to the even generators (9.’s) and deg; (9”) to be the degree of 97 with
respect to the odd generators (Jg’s). With these definitions, one can observe
that

3 (—1)lzaltaDs 0 © 07 f = (p+ g)w ® F),
ab
S (1)l © 8,(07, 24) f = (dego(87) — deg, (87))(w ® F),

> (=)l dr, (Dap,w) ® 07 f = (degy(w) — deg; (w))(w ® F).  (3.12)

This yields

(HDs + DoH)(w® F) =
= (P + q + degy(w) + degy (8”7) — deg; (w) — degl(a‘])) (we F). (3.13)

It follows that (HDy + DaH)(w ® F) = ¢+ (w ® F) for ¢ a constant, which
proves the claim that H defines a homotopy if ¢ # 0. The homotopy fails in
the case ¢ = 0. In particular, note that, by anticommutativity, deg;(w) < p
and deg; (9”) < g, since there can only be p odd forms dz; - ... - dz, and q odd
derivation g, - ... - 0y, , hence ¢ = 0 if and only if

degy(w) = degy(d7) =0
deg, (w) = p (3.14)
deg; (07) = ¢.

In this case the monomial w ® F' is of the form dz;...dz, ® Og, ...0s, - f
for f € Oy|v: this element generates the Berezinian sheaf Ber(M) and it is
non-zero in the homology H’(Q;/[,odd ® Das, D), thus concluding the proof. O

Remark 3.7. We observe that the previous Theorem holds true in any “geomet-
ric” category: M might be a real smooth or a complex analytic supermanifold,
but also an algebraic supermanifold.

Remark 3.8. Tt is proved in [14] that the Berezinian sheaf of a supermanifold
carries a structure of right Dy,-module. This is constructed via the action of the
Lie derivative on sections of Ber(9), which somehow parallels the analogous
result on the canonical sheaf Kj; of an ordinary manifold M. Indeed, it is an
easy application of Cartan calculus to see that if w is a section of the canonical
sheaf of M, with local trivialization given by w(z)f = dx1 A ...dz,f, for
[ € Oa, then Lx(w) = w(x) >, 0.(fX?) for any vector field X = >, X';.
It is then not difficult to show that defining a right action Ky @ Thy — Ky
on vector fields as w ® X — w - X := —Lx(w) endows Ky with the structure
of right Djps-module - indeed the former action defines a flat right connection
on Ky, see [12]. The same holds true in the case of the Berezinian sheaf on
a supermanifold, but the construction of the action of the Lie derivative is not
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as straightforward as in the ordinary case, since the Berezinian is not a sheaf
of forms and therefore there is no obvious generalization of the Cartan calculus
on it. Nonetheless, it can be shown - for example via an analytic computation
using the flow along a vector field (see also [14]) - that

Lx(p) = (~1)FMXl o) Y 7 ()X e HID Y =9, (1 x00), (3.15)
where ¢ is a section of the Berezinian sheaf with local trivialization given
by ¢ = ¢(x)f, where f € Og and where ¢(x) is the generating section
of Ber(M). Notice that this can be re-written, more simply, as Lx(¢) =

-
(=Dl Xlp(z) 2 (X )0, if one lets the derivative acts from the right, bor-

rowing the notation from physics. The right action of vector fields making
Ber() into a sheaf of right Dy-modules is then defined as [14]

Ber(M) @ Toyy ————— Ber(M) (3.16)
PR X ——— ¢ X = —(=1)IXILx ().

It follows that, taking into account the action (3.15) of the Lie derivative, one
gets:

0 X = —p(x) Z(—1)|Z“|(|XQ|+‘f|)5a(fX“)- (3.17)
a

It is worth noticing that the above construction, which might look somewhat
artificial at first sight, comes for free from the homology of the universal de
Rham complex as in Theorem 3.6. The action of the Lie derivative on sections
of the Berezianian emerges naturally and effortlessly as a consequence of the
fact that we are working ab initio with a complex of Dy,-modules. Indeed, the
previous Theorem 3.6 has the following easy Corollary.

COROLLARY 3.1 (Ber(#) is a Right Dgr-Module / Lie Derivative). Let M be
a supermanifold. The right action

Ho (23 0aa @0y Dars D) @0, Dar —> Ho(Q3f 090 @0, Dar, D) (3.18)

is uniquely characterized by (x) - 0q = [dz1 ...d2z, ® Op, @ ...0p,] - 0y = 0 for
any a, and it is given by the Lie derivative on Ber(M).

Proof. One easily checks that in the homology of D one has [dz;...dz, ®
0g, @ ...09,04] = 0 for any a, which characterizes the right action of Dy, on
Ho(Q3 pqq @0u Dar, D) = Ber(M).

Explicitly, for a section ¢ = dzy...dz, ® Oy, ® ... 0y, f of the Berezinian, and
a generic vector fields X = )  X%0,, one computes using the Dy-module
structure

P X = pla) (1)K (-0, (£X7) 40, - £X7)

a

= _(p(x)Z(_1)|za|(|X”|+\f|)3a(fXa)’ (3.19)

a
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where we have used that the second summand is zero in the homology, so
that 3.19 matches the previous (3.17). O

Before we pass to the next section, let us stress that [12] offers a different
but related point of view, closer to the one given in [14], where the notion of
Dar-module, and in particular the construction of the Dgr-module structure
on Ber(M) is left understood, but implied by the exposition. To retrive the
Dar-module structure from [12] one would further need to prove that the right
connection defined on Ber(M) is flat: this actually coincide with the (3.15).

4 UNIVERSAL SPENCER COMPLEX AND ITS HOMOLOGY

We now repeat the above construction by using the dual (Q;\/[,odd)* of the de
Rham complex instead. We start with the following definition, cfr. [15]

DEFINITION 4.1 (Universal Spencer Sheaf of M). Given a supermanifold M,
we call the sheaf Dy ®0,, (Q;/[’Odd)* the universal Spencer sheaf of 2.

Just like above, we would like to make the universal Spencer sheaf into an actual
complex, by introducing a nilpotent differential on it and then computing its
homology. We will see that this differential is more complicated with respect
to the previous operator D for the universal de Rham complex.

In order to get such a differential, we first need to study the Lie derivative on
the polyfields (Q;l,odd)*. These can be defined recursively as follows.

DEFINITION 4.2 (Lie Derivate on (023, ,44)%)- Let X € Tar be a vector field.
The Lie derivative £x : (25, ,40)* = (2% oqq)” are defined recursively via the
following relations

1. £x(f) = X(f) = Lx(f) for any f € Oa where Lx is the usual Lie
derivative;

2. Having already defined £x : (Q’;{’Odd)* — (le,odd)* for h < k, one
uniquely defines £x on (QF, . )* via the relation

Ex({w,m) = (Lx(w),7) + (¥ w, ex(r))  Vw e Q5705 (4.1)

The following Lemma characterizes the properties of the Lie derivative on
(25 aa)"- For the sake of the exposition, we have deferred its proof to the
Appendix.

LEMMA 4.3. The Lie derivative £x : (25, ,4q)" = (25/,,44)" has the following
properties:

1. &x (1) = w[X, 7] for any T € UTy;
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*

2. £x is a superderivation of (Q3, ,.)°, i.e. the super Leibniz rule holds

true:
Lx(nim) = Lx(m)me + (~1)XI7l 7 ey (1) (4.2)
for any 71,12 € (5 ,40)" and X € Tag;

3. Lix (1) = f&x(m)+ (71)|X“f|7rX<df, T) for any f € Oy, T € (Q;/[,odd>*'

Now, using the Lie derivative on (223, ,,,)* we introduce the following local
operator.

DEFINITION 4.4 (The Operator ¢;). Let 7 € (23, ,4,)". We let the operator ¢,
be defined as

ot () aa)” ——————— (o) (4.3)
TH——¢,(7) = > (dzq, Lo, (7).

Remark 4.5. We observe that e, is not invariant under general change of co-
ordinates. Also, it is not a derivation. On the other hand, it has the following

property
e (f7) = (=)W feu(r) + Y (~1)/71U= (8, f)(daq, 7), (4.4)
which follows from a direct computation. We now introduce the following

fundamental operator.

DEFINITION 4.6 (The Operator 6). Let F@7 € Do ®0,, (23 ,44)" such that F
and 7 are homogeneous. We let § be the operator

¢ : Do @c (Q;\/[,odd)* Dy @0, (Q;/[,odd)* (4.5)
FRr—————— (-D)I"FY, 0, @ (dza,7) — (—1)"F @ ¢, (1),

where the index a runs over all of the even and odd coordinates.

Notice that, differently from the operator D on the universal de Rham complex,
it is not at all apparent whether the operator § is well-defined globally on M or
it is just a local operator. In the following Lemma, which is the analogous of
Lemma 3.4 for D, we prove the properties of §. In particular, we prove that o
is invariant: this happens because of a “magical” cancellation between the two
transformed summands that appear in the definition of §, which are clearly not
invariant when taken alone.

LEMMA 4.7. The operator 0 has the following properties:

1. it is globally well-defined, i.e. it is invariant under generic change of co-
ordinates;
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2. it is Ogc-defined in the sense of definition 3.2, i.e. it induces an operator
6 : Dag @0, (23)" = Dar R0, (25,)%;
3. it is nilpotent, i.e. §2 = 0.
Proof. We prove separately the three claims of the Lemma.

1. We start proving the invariance of the operator under general change
of coordinates. Adopting Einstein’s convention on repeated indices, one
computes

e. (1) = (dzp, £ o (1)) = <dza%,2mc o (7))

EER 0x, 9z Dz

_ QI(T) o (_1)\ma\\2c\+|la\<ai (8%) dzc’7'>. (46)

On the other hand one has B%b ® (dzp,T) = gﬁ;a;ga ® (dmcg—ﬁ, ).

Upon using the Dgy-module relation one has that gﬁ;‘ aga =

(—1)lzal+lzall20] (ai% -2 (61”)). Using this, one can compute

T, Ozp oxg Oz
that
0 0 0 [Ox
- — _ (—1)|malFlzallzl 2 a )
02 ® (dzp, T) Dz, ® (dzq, 7y — (1) <35Ea 9ot dzp, T)

(4.7)
Putting together equations (4.6) and (4.7) one finds
b weFeTr)=(-1)"we Fo, ® (dr,, )+
—PWWM%W“W5<QQMM>
=—(-)"we F&e(r)+
%(1y7w1)za+WGZb«£i_<3za>dZmT>

=0 (w® F®T), (4.8)

thus completing the proof of invariance.

2. We now prove the Oy-definedness. We once again adopt Einstein con-
vention on repeated indices. On the one hand one has

S(Ffer)= (- (Ffo, ® (dre, 1) — Ff © ey(7))
= (=)=l Fo, ® fldwa, 7)+
— (~)V el F @ 0, f{dza, 7) — F @ feu()).  (4.9)

DOCUMENTA MATHEMATICA 27 (2022) 489-518



504 S. L. CAccIATORI, S. NoJA, R. RE

On the other hand, one computes
S(F @ fr) = (- (FO,  (daa, fr) — F ® ea(f7))
= (DIl Fa, @ fldra, )+
— (=) P @ 0y f{daa, 7) — F ® fea(r)),  (4.10)
where we have used the property (4.4) above.

3. We prove that 62 = 0. In particular, writing again § = &; + d2, posing
S1(Far) = (-)I"FY, 0,0 (dz,, 7) and 82(F@7) == —(—1)I"1F®e, (1),
it is easy to see that both 67 = 0 and §5 = 0. A direct computation shows
that the commutator [01, d2] = 0102 + d201 vanishes as well, indeed

0102(F®@7) = F Y 04 ® (da,ea(7)) = =021 (F @ 7), (4.11)

O
The previous Lemma justifies the following definition.

DEFINITION 4.8 (Universal Spencer Complex of #). Let M be a supermanifold.
We call the pair (Das ®0,, (23 ,44)"+9) the universal Spencer complex of M.

We now compute the homology of the universal Spencer complex.

THEOREM 4.9 (Homology of Universal Spencer Complex). Let M be a super-
manifold and let (Dar @0,, (25 ,44)"+ 0) be the universal Spencer complex of M.
There exists a canonical isomorphism of sheaves

He(Da @0, (2°)3,04a:0) = Ot (4.12)

Proof. We construct a homotopy for §. In particular, we claim that the homo-
topy is given by

KF®rT)= (—1)‘T‘Zw®[F,xa]®ﬂ'8a-T (4.13)

for ' € Dy and 7 € (93, 44)" - First we show that it is Og-defined, indeed
one has

K(F® fr) = (=) [Fa @7, - f1
= (-1l za:(—l)‘f”“‘“f‘*'f”“‘[Ffa o] @0 - T
_K(Ffor) (4.14)

for any f € O4. Now, we observe that in general an element of the form
Ff € Dy is not homogeneous and, as such, it does not have a well-defined
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degree. On the other hand, one has that F'f = > i Fj with F; homogeneous,
so without loss of generality we restrict to elements having a well-defined degree
inside D4;. Relying on these considerations, we work locally, putting 7 = f0!
for some multi-index I. Using (4.14) we can write

K(Fef')=KFfed)=>Y KF o) (4.15)

and we consider a single term of the sum above. Again, since also § is Og-
defined, one easily verifies that

(K6 +6K)(F; @0") = (~1)/*"F; @ 704 (dwa, ') + Y [F},24]00 @ 0"

a

= (deg(F;) + deg(07))(w ® F;® 7). (4.16)

The homotopy fails in the case deg(Fj) + deg(d”) = 0, i.e. when F and 7 are
sections of the structure sheaf Oy, which completes the proof. O

5 THE DE RHAM/SPENCER DOUBLE COMPLEX OF A
SUPERMANIFOLD

We now aim at getting the previous two sections on the universal de Rham and
Spencer complexes together, so that these fit in a unified framework. We start
introducing the following definition, which relates the universal de Rham and
Spencer complexes.

DEFINITION 5.1 (Sheaf of Virtual Superforms). Let M be a supermanifold, we
call

Q3¢ odd ©0, Dar @0, (5r.0aa)”

the sheaf of virtual superforms, or virtual forms for short.

It is easy to see that the differential D and § of the universal de Rham complex
and of the universal Spencer complex can be lifted to the whole sheaf of virtual
superforms simply by suitably tensoring them by the identity, in particular we
will consider D ® 1 and 1 ® §. These nilpotent operators commute with each
other, as the following Corollary shows.

COROLLARY 5.1. Let M be a supermanifold and let D® 1 and 1 ® 6 act on the

sheaf of virtual superforms as defined in 5.1. Then D ® 1 and 1 ® 6 commute
with each other, i.e.

1®6D®1]=>108oc(D®1)—(D®1)o(1®4) =0. (5.1)
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Proof. Let w® F ® T be a virtual superform. Then one easily verifies that
(1®0)o(D®)(wF®T) =
= (-1)I"dw ® F8, ® (dza,T) — dw @ F @ e(1)+
+ (=17l 0w @ 8, F0), @ (day, T) — drqw @ 9, F ® e(7))
=D®1)o(1®))(weFer), (5.2)
where we have adopted Einstein convention on repeated indices. O

Now, for the sake of readability and convenience, we redefine these differentials
as to get the following.

DEFINITION 5.2 (The Operators d and 3). Let @ FRT € Q3 1a®0. Dar @0,

(25, Lga)” be a virtual superform. We define the operators d and § as

d: Q3¢ 0dd @0u Dar ®04 (254 04a)" — Uy oaa @0 Dar @0, (54 0q0)" (5:3)

wRF QT D) (we FeT),

E Q% 0dd @0w Dot 0, U3¢ gqq = U3 13a ®0s Dar @0, (R 504)"  (5:4)

WROF®T————— (=1)IHFHTI 1 g §)(w e F® 7).

With these definitions one has the following obvious Theorem.

THEOREM 5.3. The triple (Q;\{,odd®om Dy ®0,, (Q;/[’Odd)*, d, 5) defines a double
complex with total differential given by the sum ® = d+5.

Proof. 1t is enough to observe that for a section n € 3, ., ®o0, D ®o,,
(925, ,ga)" one has that

D2(n) = (d* + 6% + dd + 5d)(n)
=(-D)"(De1)(1®d) -1 (Da1))(n)
=(-D"MD®1,1®4(n) =0, (5.5)
thanks to the Corollary 5 and to the fact that D and § are nilpotent. O
The previous Theorem allows us to give the following Definition

DEFINITION 5.4 (de Rham/Spencer Double Complex of a Supermanifold).
Let ¢ be a supermanifold. We call the double complex of sheaves 5V, =
(040 ®0u Dar @0, (U 00)*d,0) the de Rham/Spencer double complex
or also the virtual superforms double complex. We define the bi-degrees of
the double complex so that the differential d moves vertically and 5 moves
horizontally.
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Remark 5.5. This can be visualized as a second quadrant double complex, as B
lowers the degree in (23, ,,)* by one.

Remark 5.6. Actually, we not only have a double complex but a triple complex
instead, by taking the Cech cochains of the above double complex of virtual
superforms. Obviously, given any sheaf F and any open cover U = {U}ics
of a, the Cech differential § : C*(U, F) — C**1(U, F) is independent, from D
and 3, and therefore it commutes with both of them, justifying the following
Definition.

DEFINITION 5.7 (Cech-Virtual Superforms Triple Complex). Let M be a su-
permanifold and ¢/ an open cover of M. We call the triple complex 7V;?® :=
(C.(an;\{,odd ®0, Dar @0, (Qgﬁodd)*),é,ci, §) the Cech-virtual superforms
triple complex or Cech-virtual superforms complex for short.

We now study these double and triple complexes. Clearly, to any double com-
plex are attached two spectral sequences.

DEFINITION 5.8 (Spectral Sequences ES* and EX). Let pVy be the virtual
superform double complex of M. We call

1. (ES,d%) the spectral sequence of the virtual superforms double complex

with respect to its vertical filtration, i.e. by first computing homology
with respect to the differential d;

2. (EZ,d>) the spectral sequence of the double complex of virtual super-

forms with respect to its horizontal filtration, u.e. by first computing
homology with respect to the differential d.

Now, using ordinary spectral sequences machinery, we extract information from
the double and triple complex. In particular, we start looking at Ef: in the
next Theorem we show that differential forms arise at page one.

THEOREM 5.9 (Differential Forms from »V3?). Let M be a supermanifold and
let (ES,dSY) be the spectral sequence of the double complex oVar defined as

T T
above. Then

1. B} = Q% oads
2. provided that M is a real or complex supermanifold, ES = E! = Ky,

where Ky is the constant sheaf valued in the field R or C depending on M being
real or complex.

Proof. Everything follows easily from previous results. We prove separately
the assertions.

1. By definition EY* = H;(»V3!), so it follows from Theorem 4.9 that Ef? =

L]
QM,odd-
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2. Once again, by definition E = H;Hg(pVs'), i.e. the cohomology of
the de Rham complex (23,,d). By the generalization of the Poincaré
Lemma for supermanifolds, see for example [9] or [12], this is isomorphic
to Kgs. Also, the homology is concentrated in degree zero, so the spectral
sequence converges at page two and ES} = ES.

These conclude the proof. o

Likewise, we can find integral forms from page one of the other spectral se-
quence EZ. as shown in the following Theorem, mirroring the previous one
for ES2.

THEOREM 5.10 (Integral Forms from »V3). Let M be a supermanifold and let
(EZ,d>) be the spectral sequence of the double complex pVar defined as above.

Tr

Then
1. E11Z = BeT(M) ®OM (Q;/[,odd)*;
2. provided that M is a real or complex supermanifold, Ey = EZ = Ky,

where Ky, is the constant sheaf valued in the field R or C depending on M being
real or complex.

Proof. Just like above, we prove separately the statements.

1. By definition EY = Hj(»V3r), so it follows from Theorem 3.6 that EY* =
BGT(M) ®OM (Q;\/[,odd>* .

2. Again, by definition E3 = H;H ;(»V3'), i.e. the cohomology of the com-
plex of integral forms (X3,,6). There is an analogous Poincaré Lemma
for integral forms on supermanifolds (see Theorem 3 in chapter 4, para-
graph 8 of [12] for the statement, or Theorem 5.16 next in this section).
Once again, this guarantees that, by assigning the degree as explained
early on after equation (2.10), the homology is isomorphic to Ky, and
concentrated in a single degree, so that the spectral sequence converges
at page two and EX = Ej.

These conclude the proof. o

Finally, using the Cech-virtual superforms complex, one can prove that differ-
ential forms and integral forms compute exactly the same topological invariants
related to M, namely the (co)homology H®(M,Ky,), which is actually the co-
homology of the total complex.

For convenience, for a real supermanifold we define

Hig (M) = Ha(Q5 oqa(M))  and  HEG (M) := Hs(35,(M)), (5.6)

where QF (M) are the global sections of 3, ;;. The following Theorem
provides the analogous of the Cech-de Rham isomorphism in the context of real
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supermanifolds and proves the coincidence of the cohomologies of differential
and integral forms (for a categorial construction, see Proposition 1.6.1 and the
subsequent remark in [14]).

THEOREM 5.11 (Equivalence of Cohomology of Differential and Integral
Forms). Let M be a real supermanifold. The cohomology of differential forms
Hy, (M) and the cohomology of integral forms HS,(M) are isomorphic. In par-
ticular, one has

Hge (M) = H® (M, Ryy) = Hs,(M). (5.7)

Proof. Let us consider the Cech-de Rham complex 7Vt Taking the ho-
mology with respect to 5, as done above, one reduces to the usual Cech-
de Rham double complex C*(U, S, ;) Where U is a good cover of M.
We see that the related spectral seqﬁences converge at page two. Indeed,
on one hand HdAHS(CV”(L{,Q;LOdd)) = Hi (M), by the generalized Mayer-
Vietoris sequence, having used a partition of unity of #. On the other hand
HzHy(C* (U, 3 paa) = H*(M,Ry,), by the Poincaré lemma. The same argu-
ment holds true for integral forms with the obvious modifications. O

Remark 5.12 (Supermanifolds with Kahler Reduced Manifold and Hodge-to-de
Rham Degeneration). In the above Theorem 5.11 we have restricted ourselves
to the case of real supermanifolds. It is quite natural to ask what happens in
the case of compler supermanifolds.

Let us now once again work with differential forms QF, ,; - which are now
to be seen as holomorphic differential forms -, i.e. computing the cohomology
first with respect to $ on the triple complex ¢V3?®. Now, the cohomology of the
total complex related to the double complex C'*(U,Q3, ,,) is just H*(M,Cyy).
Indeed, by the holomorphic Poincaré Lemma, taking the cohomology with re-
spect to d yields C* (U,Cy), so that the spectral sequence converges at page
two and the total cohomology is given by H®(M,Cy,).

On the other hand, there is no holomorphic partition of unity, so that the ex-
actness of the generalized Mayer-Vietoris sequence fails in the complex setting.
In this regard, it is a fundamental result in ordinary complex geometry that,
for a compact Kahler manifold, the Hodge-to-de Rham (or Frolicher) spectral
sequence converges at page one, thus giving the decomposition of the de Rham
cohomology with complex coefficients H (X, Cyr) into vector spaces of the kind
HY(X,08), ie.

H"(X,Cx)= @ HI(X,0%), (5.8)

ptg=n

where X is a generic complex manifold, see for example [17]. Remarkably,
in complex supergeometry the Hodge-to-de Rham spectral sequence does not
converge at page one. Quite the opposite with respect to the commutative case,
there are many non-zero maps at page one of the spectral sequence. We shall
see this by means of an example.
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ExXAMPLE 5.13. Let (£,0z) be an elliptic curve over the complex numbers.
We consider a supermanifold $E of dimension 1|1 constructed over the elliptic
curve E, whose structure sheaf is given by the direct sum of invertible sheaves
Osz = Of @ 11O, where O is a theta characteristic of E, i.e. @%2 ~ Ky,
for Kz the canonical sheaf of £. We recall that since E is an elliptic curve
we have Kz =2 Oz. The supermanifold constructed this way is a genus g = 1
super Riemann surface, also said N' = 1 SUSY curve (of genus 1) [10] [19].
Over an elliptic curve £ there are four different possible choices for a theta
characteristic, three of them are such that h°(Z,0.) = 0, i.e. they are even
theta characteristics, and the remaining one is such that h°(E,0.) = 1, i.e.
there is a unique odd theta characteristic (and it can be identified by O = Og).
Here we have denoted with h? the dimension of the related cohomology group.
Let in particular SE be the genus g = 1 super Riemann surface with the choice of
the odd theta characteristic. We are interested in study the Hodge-to-de Rham
spectral sequence related to C'(U , Q;z,odd)- Computing the cohomology with
respect to the Cech differential, one gets at page one that EP*? = Hq(Q’;ﬂOdd).

So one is left to study the maps H*(Q%; ,5q) — H'(QY),,) for i = 0,1 and

k > 0, induced by the de Rham differential on the C-vector spaces H l(Qljfo dd)-
In order to do this, we note that SZ is split and one has a decomposition of

Q’;zﬁodd as sheaf of Oz-modules. It is not hard to see that
Qiz! = 08k @ 052 o (IeF+) ™ = 082 & IO, (5.9)

where we have used that Oz = Oy and that Oz = (Q, .44/ (O£)Q5, 440, see
[12]. This decomposition allows one to easily compute the cohomology, which
for both ¢ = 0 and ¢ = 1 reads:

HY(Og) = C', HO(Q75,) = C2. (5.10)

Looking at the Hodge-to-de Rham spectral sequence, one is led to study the
cohomology of the following sequence of maps of C-vector spaces induced by
the de Rham differential:

- 0 o 1 - 2
HY(Og) = C'1 5 B9(Q, ) 2 C12 4 F9(02, ) = C?2 5 L (5.11)

where ¢ = 0,1. Recalling that the maps d in the sequence above are odd, we
separately study the two cases.

q = 0 : this case corresponds to the map induced by the de Rham differential
d on the global sections, which is nothing by d itself. In general, one finds that

H(O5) 2 C-{1]6}, H(Vip oaq) = C- {db’, 6dzdt'" |dzd6~", 0d0'},
(5.12)

where 6 is a global section of O = Oz and ¢ > 1.
Now, acting with the de Rham differential on the generators one finds that
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the first map d° : H(Og) — H(QY, ) is casily identified to be such that
kerd” = C-1 and imd® = C-df C H°(Q, ,4)- The higher maps are such
that kerd' = C-{db’ |dzdf'~*} C H*(Q%, ,4q) and imd' = C-{d6"™ |dzd6'} C
H O(Q§Z7zdd). In other words the maps are non-zero on the global sections
having a 6, for only in this case there is a non-vanishing derivative coming
from d. Using these, one finds that the only non-trivial cohomology groups

contributing to E;ZO’O are given by
E%~C.-1=C, Ey’=C-dz=IIC. (5.13)

Notice that these match the non-vanishing cohomology groups for an ordinary
elliptic curve, the difference being that those are found at page one, while in
the complex supergeometric setting there is an infinite number of non-zero
differentials at page one.

q = 1: this case is similar to ¢ = 0, upon using the Dolbeault identification
HYY(E) = HI(Q3), so that under this isomorphism one can systematically

multiply the above global sections for ¢ = 0 by dz € Hg’l(f) to obtain those
for ¢ = 1. Doing this, one finds that the non-trivial cohomology groups con-
tributing to E:="" are given by

Ey'~C.dz~1IC, Ey'=C.dzdz=C, (5.14)

and once again one finds an infinite number of non-zero differentials at page
one.

Since the differentials at page two read d : E2? — EEY®971 then they are all
zero by the above result in cohomology. It follows that the Hodge-to-de Rham
spectral sequence for SE converges at page two, i.e. Ey = E, giving the usual
Hodge decomposition of the de Rham cohomology groups.

The above example can be generalized to any super Riemann surface of genus
g > 2: once again one finds that the Hodge-to-de Rham spectral sequence does
not converge at page one, but it converge at page two instead. Nonetheless,
studying the (infinite non-trivial) differentials at page one is not as easy as in
the case ¢ = 1 above. In this case, the dimensions of the cohomology groups
that appear at page one have been computed by one of the authors in [5]. In
any case, the above discussion suggests the following

PROBLEM 5.14. Given a complex supermanifold with Kdhler associated reduced
manifold, does its Hodge-to-de Rham spectral sequence always converge at page
two?

Finally, notice that in the previous example the case of differential forms can
be related to the case of integral forms by the supergeometric analog of Serre
duality, which indeed involves the Berezinian sheaf in the role of the dualizing
sheaf, see for example [14]. From this point of view, using differential forms is
again equivalent to use integral forms.
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Remark 5.15 (On Poincaré Lemmas in Supergeometry). The previous results
rely heavily on the supergeometric generalization of the Poincaré Lemma, both
for differential forms and integral forms. In the case of differential forms such
a generalization is completely straightforward and the literature offers various
proofs with different level of abstraction of the fact that Q,, ,; is a right
resolution of the constant sheaf R, see for example [1] [9] [12].

The story is quite different in the case of integral forms: indeed - to the best
knowledge of the authors - a Poincaré Lemma for integral forms is stated in
[12] (as Theorem 3 in chapter 4, paragraph 8) but no proof is provided. As it
turns out, the proof of such a theorem is by no means obvious. We fill this gap
in the literature by providing a detailed proof.

THEOREM 5.16 (Poincaré Lemma for Integral Forms). Let M be a real or
complex supermanifold of dimension plqg and let (X%°°,6) be the complex of
integral forms associated to M. One has

; _ K 1=0
1P\ ~v M
Hi(SD ){ 0 P20, (5.15)
In particular, HY(XH °) is generated by the section s = ¢0i...0, @

MOy, ... T0z,, where ¢ is a generating section of the Berezinian sheaf.

Proof. We need to construct a homotopy for the complex. In particular,
working locally, we show that for any k # 0 there exists an homotopy
h* . Ber(a) @ SP~FIIT, — Ber(M) @ SP~1=F for the differential 6, that is
a map such that 2*"! o 6% + 681 o h* = idg.,(an@sr-+117;, -

Given a set of local coordinates for M, we call it x4 == 21,...,2p|01,...,04,
and ¢t € [0,1], we consider the map (¢,x,) N tx,. This induces a map on

sections of the structure sheaf via pull-back, f(x,) < f(txy). We write G as
a family of maps parametrized by ¢ € [0,1], that is G¢ : M — M, so that we
can rewrite the above as a family of pull-back maps G} : Ogr — O4r. We define
the homotopy operator as

W(pf ® F) =

1
= (_1)|f\+|F\(p Z(_1)|f\(\mb|+1) (/ dﬁst.TbG:f) @ O, F, (5.16)
b 0

where ¢ is a section of the Berezinian, f is a section of the structure sheaf and F'
is a polyfield of the form F' = w9’ for some multi-index such that |I| = p — k
and s is a constant, dependent on the integral form s = ¢f ® F and to be
determined later on.
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We now start computing Hé(pf ® F). We have

Hi(pf @ F) =
1
= wz 1)(Izal+leeD (S I+lwal) (/ dttQas:chZ‘(aaf)> @ 1y - o, F.
0
(5.17)
Now let us consider §H (¢ f ® F'). We have
SH(pf @ F) =
1
+<pZ/ dtte G f o F (5.18)
a 0
- @Z ‘zal/ dtt 1,0,G f @ F (5.19)
1
+ @Z ‘Ia'“/ dt %Gt f @ 10, - Oro, F (5.20)
0

1
*‘PZ (\f|+\wa\>(\ma\+|zb\>/ Q19 2,0, (G f) @ 70y - Dng, . (5.21)
0

We see that for the last line (5.21) to cancel the term Hé(¢f ® F) we need
Qss = Qs + 1, by chain-rule. Let us now study separately the first three lines
in the previous expression. Clearly, the first line (5.18) yields

1 1
wz/o dttQSGIf®F(p+q)gp</0 dtt@sG;;f>®F. (5.22)

Let us now look at the second line (5.19). Without loss of generality we can
assume that f is homogeneous of degree degy(f) in the theta’s, so that we can
rewrite
P
> (D)l2a0a(GrF) =Y 202, f(t2]t0) — Z 0000, f (tz|t0)
a =1
d
=t f(tx) = 2degy(f) [ (tx). (5.23)
It follows that the equation (5.19) can be computed as

gaz |Ia‘/ dtt92,0,Gif @ F =

. d

= (p/ dt t9 (td—f(tx) — 2deg9(f)f(t$)) ®F
0

= of @ F =060, +1+deg, (£),0 (pf(0) @ F)+

(Qs+1+2deg9(f))gp</0 dttQSGZ‘f)QQF, (5.24)
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by integration by parts. Finally, denoting deg,», (F') and deg,»_(F') the degree
of F in the even (w0p) and odd (70,) monomials of the polyfield F respectively,
it can be observed that

Z(—l)l%‘ﬂﬂ'&l&raaF = (degyg, (F) — deg,_ (F)) F, (5.25)

a

so that the third line (5.20) can be rewritten as
1
@Z(_l)\zaPrl / dt thGrf ® 104 - Ona, =
P 0

~ (dog00,(F) ~ degeo, (M) o ([ areGi ) o 7. 526)

Gathering together all the contributions one has

(6H + HO)(pf @ F) = of @ F' = 6,1 14deg, (1),09 [(0) ® F+

1
+ (p+ g+ deg g, (F) — deg, o (F) — 2degy(f) — Qs — 1) w/o dtt?Gy f @ F.
(5.27)

Let us now look at the condition on @ in order to have an homotopy. We have
to require that

Qs =p+q+deg,y, (F)—deg s (F)—2degy(f) — 1. (5.28)

This in turn leads to

(0H + Ho)(pf @ F) =
= ¢f @ F = 0ptgtden, s, (F)—des,o, (F)—desgy ()0 2 F(06) @ F. - (5.29)
We now note that deg, 5, (F)) > 0, 0 < deg, 5 (F) < p and 0 < degy(f) < g,

therefore the only instance in which the above fails to be a homotopy corre-
sponds to the choices

degg,(F) =0
deg,o (F)=p (5.30)
degy(f) = q,

which in turn lead to the following generator for the only non-trivial cohomol-
ogy group

HY)(EP™*) =k (¢0y...0, @70, ...70s,), (5.31)

for k € K. Note that by the very definition of ¢ this element is indeed closed
and not exact, since it has the maximal amount of both theta’s and odd sections
70,’s, thus concluding the proof. O
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Remark 5.17 (On Algebraic Versus Real or Complex Supermanifolds). With
reference to the spectral sequences Ef? and E> related to the double complex
Ve it is worth to remark that both the homotopy operators of the universal
de Rham and Spencer complex are algebraic, as no integral is involved. It
follows that at page one the results for £ and E> hold true also for algebraic
supermanifolds and, more in general, for superschemes, so that one can indeed
recover differential and integral forms from the virtual forms double complex
also when working in the algebraic category.

This is no longer true already at page two: indeed both the homotopy op-
erators appearing in the Poincaré Lemmas for differential and integral forms
require an integration - for the case of integral forms, see above in the proof of
Theorem 5.16. It follows that the related results holds true only in the smooth
and analytic category, but break down in the algebraic category. Notice by the
way that such a difficulty also exists in the ordinary commutative setting.

° *
A LIE DERIVATIVE ON (03, ,4)

We prove the properties of the Lie derivative on (Q3, ;)" defined in 4.2, as
stated in Lemma 4.3 which we repeat here for the sake of readability.

LEMMA A.1. The Lie derivative £x : (5 pua)" = (s 0aq)” has the following
properties:

1. £x(7) =w[X, 7| for any 7 € UTy;

2. £x is a superderivation of (Q;/[,odd)*7 i.e. the super Leibniz rule holds
true:

Lx(mm) = Lx () + (=1)Xmlr gy (1) (A.1)
for any 71,72 € (25 ,40)" and X € Tar;
5. £4x(r) = 1 (r) + (—)XWIRX (df, 1) for any € Ong, 7 € (U oa)"
Proof. We prove the claims separately.

1. WewriteT =) gam0s and X =", fy0p and we set £x (1) == >, hemO,.
Now, noticing that (7,dx,) = ga(—1)zal+DUzel+D) (G, 70,) = g4, we
compute

£x(ga) = Lx((r,dza)) = (Ex (1), dza) + (~1)I"X(7, L (dza))
= hg + (—=1)XI(71+D) Zgb(abfa)- (A.2)
b

It follows that he = Y f5(9pga)— (—=1)IXITTIS" g4(9p fa), hence £x (1) =
w([X, 77]).
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2. We now prove that £x is a superderivation, showing that the (A.1) holds
true by double induction on the degrees (deg(m),deg(72)) in Sym I Ty,.
Clearly, the cases (0,1) and (1,0) are guaranteed by the previous point
in the proof. Next, since for a 1-form w € Q;\/[,odd one has

(72, w) = 71 (19, w) + (=1)1I2l(ry W), (A.3)
then
Lx (T, w)) = Lx (11 (12, w)) + (=)=l ((71, w)T0), (A.4)
which, by inductive hypothesis is equal to
Lx((n72,w)) = (Lx(11)72, w)+
+ (=D)XIIH =D (2 7y L (w)) + (DX (7 €4 (1), w). (AB)
On the other hand one has
Ex((nm,w) = (Ex(nm),w) + (1)K g7 £y (W), (A6)
so that comparing (A.5) with (A.6) one get the super Leibniz rule.

3. Let us first prove the case 7 € I17,,, using the first point of the lemma.
One has

Lrx () =n[fX,n7] = fLx(T) + (—1)|XHf|7TX(df, 7). (A.7)

In order to conclude the proof, one can observe that £rx and f£x are
both left derivations of Sym®IIT,, for X and f fixed. The same holds
true for 7 X {(df, - ), indeed

X (df, i) = wX(df, 1) + (—1)IImTXIHED L 2 X (af 7). (A8)

Then, thanks to the super Leibniz rule, the property proved above for
7 € T4 holds true for any 7 € Sym®I1T,.

O
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