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ABSTRACT. Let m : C" x C — C be the projection map onto the
second factor and let D be a domain in C"*! such that for y € 7(D),
every fiber D, := DN w~!(y) is a smoothly bounded strongly pseudo-
convex domain in C" and is diffeomorphic to each other. By Chau’s
theorem, the Kéhler-Ricci flow has a long time solution wy(t) on
each fiber X,. This family of flows induces a smooth real (1,1)-form
w(t) on the total space D whose restriction to the fiber D, satisfies
w(t)|p, = wy(t). In this paper, we prove that w(t) is positive for all
t > 0 in D if w(0) is positive. As a corollary, we also prove that the
fiberwise Kéhler-Einstein metric is positive semi-definite on D if D is
pseudoconvex in C"*1,
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1 INTRODUCTION

Let D be a domain in C"*! and S := 7(D) C C, where 7 : C* x C — C
is the standard projection map onto the second factor. We say that D is a
holomorphic family of bounded strongly pseudoconver domains if it satisfies the
following:

(i) 7=1(S) N ID is smooth and 7|pp : 7 1(S) NOD — S is a submersion.

(ii) For y € S, all fibers D, := m~!(y) N D are smoothly bounded strongly
pseudoconvex domains in C”.
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In this case, there exists a defining function r of D such that w :=
i00(— log(—7)) is a d-closed smooth real (1,1)-form on D whose restriction
to the fibers w|p, is a complete Kahler metric with bounded geometry (see
Section 3.1).

Now we consider the following (normalized) Kéahler-Ricci flow on each fiber D,

0

gren(t) = ~Ric(wy () = (n + ey 1) m

This flow has a long time solution wy(t) which converges to the unique com-
plete Kéhler-Einstein metric wX? with Ricci curvature —(n + 1) as t — oo by
Chau’s theorem in [6]. In fact, wy(¢) is given by the solution of a parabolic
Monge-Ampere equation. As a consequence of the implicit function theorem
for the Monge-Ampere operator, we obtain smooth real (1,1)-forms w(t) on the
total space D whose restriction to the fibers D, satisfies w(t)|p, = wy(t) (see
Proposition 3.3). Moreover, w(t) evolves by the following equation, called the
fiberwise Kahler-Ricci flow:

%w(t) = Oy — (n+ Dw(t),

w(0) =w,

(1.2)

where O, is the relative curvature form of w(t) (Theorem 3.5). This flow
was first introduced by Berman in [2] for the case of compact fibrations with
the name “relative Kdhler-Ricci flow”. The main theorem of this paper is a
non-compact version of Berman’s theorem (cf. Corollary 4.9 in [2]).

THEOREM 1.1. If w is semi-positive in D and strictly positive at least one point
on each fiber D, then w(t) is positive in D for all t > 0.

On the other hand, the family of K&hler-Einstein metrics w;(E on D, also

induces a d-closed smooth real (1, 1)-form p on the total space D. The form p is
called the fiberwise Kdhler-Einstein metric since it satisfies p|p, = w? (cf. [9,
18]). Using the fact that w, (t) converges to w) ¥ on each fiber D,, one can show
that the solution of the fiberwise Kéhler-Ricci flow w(t) smoothly converges to
the fiberwise K&hler-Einstein metric p on the total space D (Theorem 3.8).
Since the existence of initial form w satisfying the hypothesis in Theorem 1.1
is guaranteed provided that D is pseudoconvex in C**! (Proposition 3.1), we
have the following

COROLLARY 1.2. The fiberwise Kdhler-FEinstein metric p is semi-positive if D
s pseudoconvex.

Corollary 1.2 has already proved by the first named author in [9, 10]. In fact, he
further proved that p is strictly positive if D is strongly pseudoconvex. In his
papers [9, 10], he analyzed the boundary behavior of the variation of Kéhler-
Eintein metrics via the boundary behavior of K&ahler-Einstein metric due to
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Cheng and Yau. It is remarkable to note that the analysis for Corollary 1.2 in
this paper is lighter than the one in [9, 10].

A study on the positive variation of Kéhler-Einstein metrics is first developed
by Schumacher [18]. More precisely, he has proved that the variation of Kéhler-
Einstein metrics on a family of canonically polarized compact K&hler manifolds
is positive-definite on the total space. In [18], he showed that the geodesic
curvature of the fiberwise Kahler-Einstein metric, which measures the positiv-
ity along the horizontal direction, satisfies a certain elliptic partial differential
equation. A direct application of maximum principle says that the geodesic cur-
vature is positive, which is equivalent to the positivity of the fiberwise Kéhler-
Einstein metric.

Later, Berman [2] proved the parabolic version of Schumacher’s result in the
same setting. On a canonically polarized compact Kéhler manifold, the Kéahler-
Ricci flow has a long time solution which converges to the unique Kéhler-
Einstein metric by Cao’s theorem in [5]. Using this result, Berman con-
structed the relative Kéahler-Ricci flow on a family of canonically polarized
compact Kéhler manifolds. In [2], he proved the geodesic curvature of the
relative Kéahler-Ricci flow satisfies a parabolic version of Schumacher’s elliptic
PDE. A parabolic maximum principle implies that the positivity of the rela-
tive Kéhler-Ricci flow is preserved. In particular, Berman’s result implies the
Schumacher’s one since the relative Kahler-Ricci flow converges to the fiberwise
Kahler-Einstein metric.

In this paper, we shall generalize Berman’s results to a family of bounded
strongly pseudoconvex domains, which is one of the most important examples
for non-compact complete K&hler manifolds. In this case, the Kéhler-Ricci flow
has a long time solution which converges to the unique Kahler-Einstein metric
due to Chau [6]. Moreover, the geodesic curvature of the fiberwise Kahler-Ricci
flow still satisfies Berman’s parabolic PDE. The difference comes from apply-
ing the parabolic maximum principle. In the previous case, since every fiber is
compact, we can apply the standard weak and strong parabolic maximum prin-
ciple. However, if the manifold is non-compact, the weak maximum principle
does not hold in general.

To resolve this problem, we will use Ni’s theorem in [15], which says that if
the function does not blow up too fast at the point at infinity, then the weak
maximum principle holds. To apply this, we have to investigate the boundary
behavior of the geodesic curvature of the fiberwise Kéahler-Ricci flow. In fact,
we will show that it has a polynomial growth near the boundary with respect
to the defining function.

Throughout this paper, z = (z!,...,2") will be a holomorphic local coordinate
system for the fibers D, C C". For the base space S C C, we will always
use the standard Euclidean coordinate, denoted by s. We will use small Greek

letters, o, 3,--- = 1,...,n for indices on z unless otherwise specified. For a

properly differentiable function f on the total space D C C™ x C, we denote by
of of of of

a = [0 B = S~ &> d s = 4 5= [=>» 1.3

fo= g fy=35, and fo= o fi= (13)
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where z? mean 27. We will always use the Einstein convention and the same
letter “C” to denote a generic constant, which may change from one line to
another, but it is independent of the pertinent parameters involved.
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2 PRELIMINARIES

A compact Kéhler manifold with negative first Chern class admits an unique
Kéhler-Einstein metric with negative constant Ricci curvature by Aubin [1]
and Yau [21] using the continuity method. Later, Cao [5] gave another proof
of the existence of Kéhler-Einstein metric using the Kéhler-Ricci flow.

On the other hand, these results can be generalized to non-compact complete
Kahler manifolds which admit properties of bounded geometry due to Cheng-
Yau and Chau. In this section, we recaptulate their results (for the details,
see [6, 8]).

2.1 ELLIPTIC MONGE-AMPERE EQUATION AND KAHLER-EINSTEIN METRIC

The existence of Kéhler-Einstein metric comes from the solvability of the com-
plex Monge-Ampere equation. For that purpose, Cheng and Yau introduced
the notion of the bounded geometry of non-compact complete Kéhler manifold.

DEFINITION 1 (Bounded geometry). Let (M,w) be a complete Kdhler manifold
of dimension n. We say that (M,w) has bounded geometry of order k if for
each p € M there exists a holomorphic chart (Up,§&p) centered at p satisfying
following conditions:

(i) There exist constant r > 0, independent of p satisfying
B, (0) C V, :=&,(U,) C C",
where B, (0) denotes the ball of radius r centered at 0 in C™.

(i) There exists a constant C > 0 independent of p satisfying
1
£ (00) < (00) <€ (03).
where w = ig,zd&™ N dE_B for the coordinates &, = (€1,...,&m).
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(iii) For anyl < k, there exist constants C; > 0 independent of p satisfying
HgaBHcl(vp) <G

Suppose that a complete Kéhler manifold (M,w) has bounded geometry of
order k. Let {(Up,&p)} be a family of holomorphic charts covering M and
satisfying the conditions in Definition 1. For any functions v € C*(M), we
define the Holder norm by

el 2= sup {llu & louseqr,

where ||'||Ck+<(vp) is the standard elliptic Hélder norm on V,, := &,(U,) C C™.

Define the little Holder space C*¢(M) by the closure of the subspace C'°° (M)
with respect to the norm ||-||,, .. This is a Banach space.
Now we can state the following theorem due to Cheng and Yau.

THEOREM 2.1 (Theorem 4.4 in [8]). Suppose (M,w) is a complete Kdihler
manifold with bounded geometry of order k > 5. Then, for any K > 0 and
F € Ck=2%<(M), there exists a unique 1 € C*+<(M) satisfying the following
conditions:

(w4 i00Y)™ = KV FEyn, (2.1)
%w <w+i00yY < Cw. (2.2)

Moreover, if all the data are analytic, the solution is also analytic.

REMARK 2.2. The equation (2.1) is called the elliptic complex Monge-Ampere
equation. The inequality (2.2) implies that (M,w + i00v) also has bounded
geometry of order k (see Proposition 1.4 in [8]).

We further assume that the Kéhler form w satisfies the following condition:
Ric(w) + Kw = i00F, (2.3)

for some constant K > 0 and function F' € C*=2+¢(M). Consider the Kihler
metric wgp := w + 100y, where 1 is the solution of the Monge-Ampére equa-
tion (2.1) in Theorem 2.1. Then we have the following

THEOREM 2.3 (Cheng-Yau [8]). The Kdhler metric wxp := w + i00 is the
unique complete Kahler-Einstein metric of M satisfying Ric(wkg) = —Kwkg.

2.2 PARABOLIC MONGE-AMPERE EQUATION AND KAHLER-RICCI FLOW

There is an alternative proof of Theorem 2.3 using Hamilton’s Ricci flow due
to Chau [6]. This flow is called the Kdahler-Ricci flow since it preserves the
Kahler-ness along the flow.

One of the advantages of the Kahler-Ricci flow approach is that one can prove
the existence of Kéahler-Einstein metric under weaker assumptions. More pre-
cisely, Chau proved the following parabolic version of Theorem 2.3.
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THEOREM 2.4 (Chau [6]). Let (M,w) be a complete Kdhler manifold with
bounded curvature. Suppose that there exist a smooth bounded function F and
a constant K > 0 satisfying

Ric(w) + Kw = id0F.
Then there exist a time family of Kdhler metrics w(t) for all t > 0 satisfying

9 .
5;0(t) = —Ric(w(t) - Kw(t),

w(0) = w.

(2.4)

Moreover, w(t) converges to the unique complete Kdhler-Einstein metric wi g .

The equation (2.4) is called the (normalized) Kdhler-Ricci flow. Note that
here, we assumed neither the conditions of bounded geometry for w nor
F € C*=2t¢(M). But one can always find such metrics using the short time
existence of Kéhler-Ricci flow due to Shi [19] so that the K&hler-Einstein metric
exists by Theorem 2.3.

To prove the long time existence of Kéahler-Ricci flow, Chau considered the
functions ¢ € C®(M x [0,00)) such that w(t) := w + i00p(t) satisfies the
equation (2.4). Then the problem is reduced to the solvability of the following
parabolic complex Monge-Ampére equation.

THEOREM 2.5 (Theorem 1.1 in [6]). There exists a solution ¢ € ék“’%(M X
[0,00)) of the following equation:

w4iddp)"
{ S =log W _ K- F,

¢lt—o0 = 0.

(2.5)

Moreover, o(t) converges to the function ¢ in C*t(M) as t — oo, where v is
the unique solution of the equation (2.1) in Theorem 2.1.

+e

Here, Ck+e"3 (M x [0,T)) is the little (parabolic) Hélder space, which is the
Banach completion of the subspace C*°(M x [0,T)) with respect to the norm

L —1
ltllye npe = sup {||uo§p [ (VMO’T))},

where ||- HCHE’ e o) S the standard parabolic Hélder norm on V, x[0,T).

3 FIBERWISE KAHLER-RICCI FLOW

In this section, we discuss the variation of the Kahler-Ricci flows on a holomor-
phic family of bounded strongly pseudoconex domains, which gives the fiberwise
Kahler-Ricci flow. Moreover, we will prove that the fiberwise Kéhler-Ricci flow
converges to the fiberwise Kéhler-Einstein metric.
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3.1 CONSTRUCTION OF THE REFERENCE FORM

First recall the setting in Introduction : Let D be a domain in C"*! and
S :=7(D) C C. Suppose that D is a holomorphic family of bounded strongly
pseudoconver domains, i.e., it satisfies the following:

(i) #=1(S) N ID is smooth and 7|pp : 7~ 1(S) NOD — S is a submersion.

(ii) For y € S, all fibers D, := 7~ (y) N D are smoothly bounded strongly
pseudoconvex domains in C”.

Note that the Condition (i) implies that all fibers are diffeomorphic by Ehres-
mann’s fibration theorem (cf. [17]). Together with the Condition (ii), there
exists a defining function r of D such that r|5y is a strictly plurisubharmonic

function on D,,. Define a d-closed smooth (1,1)-form on the total space D by
w = i00(— log(—r)),

where 0 and 0 are the operators of the total space C**!. Then one can check
that (Dy,w,) is a complete Kéhler manifold with bounded geometry of infinite
order (for the details, see [8]). However, there is no information about the
positivity of the reference form w along the base direction. The following
theorem says that positivity of w on D is guaranteed by the pseudoconvexity
of D in C"*1,

PROPOSITION 3.1. If D is pseudoconvex on C™*L, then there exists a defining
function r of D such that w := i00(—log(—r)) satisfies the following conditions

® wy = w|p, is complete Kahler form on each fiber D,.
o w>0onD, and w is strictly positive at least one point on each fiber D,,.

Proof. Note that D is a holomorphic family of bounded strongly pseudoconvex
domains, which is pseudoconvex in C**!. Then there exists a smooth plurisub-
harmonic defining function 7 of D such that fory € S, 7 |5y is a strictly plurisub-
harmonic function on D, NU, where U is a neighborhood of 7=(S)NdD. Let
€1, €2 be negative constants satisfying {x € U : e; < 7(z) < e2 <0} CCUND.
Choose x € C*°(R) such that x is negative constant for t < €1, x(¢t) = ¢ for
t > eg, and x/, X" > 0 for €; <t < e3. Then for a suitable cutoff function A,
r:=x o7 + A|z|? is a smooth defining function of D satisfying the conditions
in the statement of the proposition. O

Since w, > 0 for each fiber, the relative curvature form of w can be defined by
O, =109 log(w™ A dVy),

where dV; := ids Ad5 is the volume form on the base space C (cf. [11]). In fact,
this is the curvature form of the relative canonical line bundle. The following
proposition will be used later to prove Theorem 3.5 and Theorem 4.2.
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PROPOSITION 3.2. There ezists a bounded smooth function F' on D satisfying
-0, + (n + 1w = i00F. (3.1)
Moreover, F is smoothly extended up to OD.
Proof. Let (z1,...,2", s) be the Euclidean coordinate for C"*1. Then we have
O, = i00log det(g,3),
where g := —log(—r) is a function on D. The computations in [8] show that

det(g,5) = <i>n+1 det(r,3) (77" n |37’|2) ,

-
where |0r|* := raBrarE with 78 = (rop)~" as matrices. It follows that

0, = id0logdet(g,3) = (n + 1)w + i00log (det(ralg) (—T + |5r|2)) .
If we define the function F': D — R by

F:= —log (det(rag) (—T + |5T|2)) )

then F'is a bounded smooth function satisfying the equation (3.1). Since r is
smooth on D and |0r| # 0 on 0D, the second assertion follows. O

3.2 FIBERWISE KAHLER-RICCI FLOW

Note that ©,,|p, = —Ric(w,). Restricting the equation (3.1) to the fiber D,,
we have ~
Ric(wy) + (n + 1wy, = i00Fy,

where F, := F|p,. Therefore, Theorem 2.5 implies that for y € S, there exists
a solution ¢, on D, x [0,00) of the parabolic Monge-Ampeére equation:

0 (wy + 100, )"

— 0, =log ¥ 7Y 1 - F

ot T Dy = Fy, (3.2)
‘Py|t:0 =0

Hence wy(t) := w,, + 100y (t) is the solution of the (normalized) Kdhler-Ricci

flow:
0] .
v (t) = —Ric(wy(£)) = (n + 1wy (0),

wy(0) = wy.

(3.3)

The following proposition yields that the solution ¢, (t) of the equations (3.2)
vary smoothly along the base direction s.
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PROPOSITION 3.3. Fort € [0,00), the function o(t) given by

pla;t) == py(x;t)
where y = w(x) and x € D, is smooth on the total space D.

Proof. For a fixed point 3y € S, denote by €2 := D,,. Ehresmann’s fibration
theorem implies that there exists a fiber-preserving diffeomorphism ® : D —
Q x S which is smoothly extended up to the boundary 7=1(S) N dD. Hence

for y € S, all Banach spaces Ck+e 5 (Dy % [0,T)) can be identified with the
space CHHe "3 (Q x [0,T)).
Now we define the following parabolic Monge-Ampére operator

kE—24¢

(Qx[0,T)) = CF2+"="(Q x [0,T))

M:U x Ch+etss
by _
(wy + 100¢,)™

n
wy

0

where i90 is the operator of D, pulled back under the chosen diffeomorphism ®.

+e

By Theorem 2.5, there exists ¢y, € Chte’3 (Q x [0,T)) such that

M(yO’ (Pyo) =0.

Then, the partial Fréchet derivative of M at the point (yo, ¢y, ) is an operator

k—2+4¢

DaM(yo, pyy) : CFFE55(Q x [0,T)) — CF279527(Q x [0, 7))

which is defined by for any ¢ € CF+<*5°(Q x [0, T)),

0 .
DaM(yo, ¢y, )(¢) = (& — A+ (n+1)-id)o,
where A; is the Laplacian with respect to wy, (t) = wy, + 100y, (t).

Using a version of maximum principle, we can show that DaM(yo, ¢y,) is a
Banach space isomorphism between C*+¢ 2 (2 x [0, 7)) and C*—=2+6 5" (Qx
[0,T7)) (for details, see the proof of Claim 1 of Lemma 2.2 in [7]). Hence the
Implicit Function Theorem implies that there exists a Fréchet differentiable

function i : U — C*+e*5°(Q x [0, T')) such that
My, u(y)) = 0.

The uniqueness of the solution implies u(y) = ¢, so that ¢, € Ch+et5 (Q x
[0,7)). Since the Monge-Ampere operator M is smooth, the implicit function
theorem implies that ¢, vary smoothly along the base direction s. O

REMARK 3.4. The proof of Proposition 3.3 implies that for any li,ls =

0,1,2,...,
o\ /o™
() () #
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By Proposition 3.3, we can define d-closed smooth real (1, 1)-forms w(t) on the
total space D by -
w(t) := w4 i00p(t). (3.4)

Since wy(t) := w(t)|p, is Kéhler on each fiber D, one can consider relative
curvature form O, of w(t) on D, given by

Oty = 10D log(w(t)™ A dVy).

THEOREM 3.5. The form w(t) on D satisfies the following equation:

0
el — _ 1
8tw<t) @w(t) (7’L+ )w(t), (3.5)
w(0) =w.
Proof. It follows from (3.2) that
L (w+i0dp)™ A dV
5P = og oAV (n+1)p—F.
Taking 00, we have
asf O o s
100 %Y = Ou) — Ouw — (n + 1)id0p — iDOF.
Since w does not depend on t, (3.1) implies that
0 .
En (w + z@&p) =0y — (n+ 1w.
This completes the proof. O

REMARK 3.6. We will call the equation (3.5) the fiberwise Kdahler-Ricci flow
on D, since the restriction of it to the fiber D, is equal to the equation (3.3).
This flow was first introduced by Berman in [2] with the name “relative Kdhler-
Ricci flow”.

3.3 FIBERWISE KAHLER-EINSTEIN METRIC

On the other hand, Theorem 2.5 implies that for all fibers D,, the solution
v, (t) of the parabolic Monge-Ampere equation (3.2) converges to the solution
1y of the elliptic Monge-Ampere equation:

(wy + Z(?éi/@)n _ e(nJrl)warwan
1 = (3.6)
oWy L wy + 1001, < Cw,y.

By the uniqueness of the Kahler-Einstein metric, we have

Wy + 100, = wé(E,
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X is the unique Kéhler-Einstein metric with Ricei curvature —(n+1).

As in Proposition 3.3, the implicit function theorem for the elliptic Monge-
Ampere operator implies the following

PROPOSITION 3.7 (cf. Section 3 in [9]). The function ¢ : D — R, defined by
P(z) = Py ()

where y = w(x), is smooth on the total space D.

where w

Define a d-closed smooth (1, 1)-form p on the total space D by
pi=w +i0oy.

KE

The form p is called the fiberwise Kdihler-Einstein metric, since p|p, = wy

THEOREM 3.8. The solution of fiberwise Kdhler-Ricci flow w(t) locally uni-
formly converges to the fiberwise Kdhler metric p on D as t — oo. More
precisely, we have that ¢(t) — ¢ in C;o (D).

Proof. Tt is enough to show that (t) smoothly converges to ¢ on any compact
subset of D. More precisely, we will show that for each point = € D, there
exists a neighborhood U of x in D such that

lo(t) = Yllor @y — 0

as t — oo, for all £ > 0. Before going to the proof, note that for y € S, we
already know that as ¢t — oo,

| o®)Ip, *1/1|DyH@k,e(Dy) — 0. (3.7)

First consider the C°-convergence. Differentiating (3.2) with respect to ¢, we
get
9 . _ Avi — D
gi v = Bedy = (T 14y, (3.8)
Pyli=o = Fy.

It follows that 5

at

A maximum principle implies that

(e(nJrl)tsp-y) _ At(e(nJrl)t(p'y).

’e(n-i-l)tsp-y‘ < SU.p|Fy| <C
Dy

for some uniform constant C' > 0, independent of y. For 0 < ¢’ < t”, we have

t//
/ Oy (z, u)du
t/

t//
< Ce—(n-i—l)udu <C (e—(n-i-l)t’ - e—(n+1)t//) .
t/

|50y($7t/) - @y(xvt”” <

t//
< / 6y (@, 0)] du
t/
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By (3.7), this implies that
lo(t) = $llcopy < Ce™HDE.

Now we consider the C*-convergence for any fixed k € N. For each 1,1y € N
with [y + ls < k, the proof of Proposition 3.3 implies that

Usy— Dlg(t) = (%)ll (%)%(t)‘[)y e "5 (D, x [0, 00)).

is smooth where U is a neighborhood of y. Hence there exists a uniform con-
stant C' which depends only on Iy, s, k such that

Sup Z HDil’lchy(t)H”kﬂ,ﬁ
yEUl1+l2§k ¢ 2 (DyX[O,oo))

This implies that there exists a neighborhood V of x in D and an uniform
constant C' which does not depend on ¢ such that

le@llorey < C

where C¥(V)-norm means the usual C*-norm on V' C C"*!'. Therefore, the
proof is completed by the Arzela-Ascoli theorem and the uniqueness of limit
(for the details, see [5, 4]). O

Theorem 3.5 and Theorem 3.8 imply the following

COROLLARY 3.9 (cf. Remark 3.4 in [12]). The fiberwise Kdhler-FEinstein met-
ric p satisfies the equation

0, =(n+1)p, (3.9)

where ©,, is the relative curvature form of p.

4 GEODESIC CURVATURE OF THE FIBERWISE KAHLER-RICCI FLOW

In this section, we introduce the horizontal lift, which is developed by Siu
and Schumacher (cf. [20, 18]), and the geodesic curvature which measures the
positivity of a fiberwise Kéhler form. We also discuss Berman’s parabolic PDE
which the geodesic curvature of the fiberwise Kéahler-Ricci flow satisfies.

4.1 HORIZONTAL LIFT AND GEODESIC CURVATURE

Let D be a domain in C"*! such that every fiber D, is a domain in C" for
y € S := m(D). Denote by v := % € T;S the coordinate vector field in the
base.

DEFINITION 2. Let T be a d-closed smooth real (1,1)-form on D whose restric-
tion to the fibers T|p, is positive definite.
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(1) A wvector field v, of type (1,0) is called the horizontal lift along D, of v
with respect to T if v, satisfies the following:
(1) (vr,w), =0 for allwe T'D,,
(i1) dm(v;) = .

(2) The geodesic curvature ¢(7)(v) of T along v is defined by the norm of v,

with respect to the sesquilinear form (-,-)_ induced by T, namely,

o(r) = e()(v) = (vr,v7). .

REMARK 4.1. We have the following remarks.

1 n

(1) Under a local coordinate system (z*,..., 2" s), T can be written as

T=1 (ngds A d5 + Tasdz® A ds + Tesds N dzP + Tadea A dzB) .

Then the horizontal lift v, and the geodesic curvature c(T) are given by

0 Go O
Pe_—_ and (1) = Tos — SgTﬂaTaga

0 T e

s
where (759) is the inverse matriz of (T,5)
(2) The following identity is well-known and important (cf. [18]):
n+1 n

T . _
m :C(T)F/\’LdS/\dS

T

Since T|p, > 0, this implies that c(t) > 0 if and only if T is a semi-
positive real (1,1)-form on D. Furthermore, ¢(1) > 0 if and only if T is
positive.

4.2 BERMAN’S PARABOLIC PDE

Let D be a holomorphic family of bounded strongly pseudoconvex domains.
Then the geodesic curvature c(w(t)) satisfies a certain parabolic PDE, which
was first computed by Berman for a family of canonically polarized compact
Kahler manifolds. The following theorem is essentially the same with Berman’s
one, but we will give a precise proof for the reader’s convenience.

THEOREM 4.2 (cf. Theorem 4.7 in [2]). For each fiber D,, c(w(t))|p, evolves

by
2

(& &) ettt + (0 + Vet = [P @)

where A, is the Laplace-Beltrami operator of the Kdhler metric wy(t) =
W(f)lDy.
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Proof. Note that w(t) = i9dg(t) on D, where g(t) := —log(—r) + ¢(t). During
this proof, for simplicity, we will omit ¢ for the function g(t) =: g. Then w(t)
can be written as follows:

w(t)=1 (gsgds N d8 + gasdz® N d5 + g,zds A d=? + 9opdz™ A dzB) .

As we saw in Remark 4.1, the geodesic curvature is given by

B

«
Jas-

c(w(t)) = gss — 9sp9

Thus we have

0 0 0 3 0 3 3 0

a7 1) =\ %; —\ 5 P2 90s — 95797 9as — 959" | = .
atC(w( ) <6t9> . (at9> ng Jas = 9559 Jas ~ 9559 (6159) ,
On the other hand,

Ate(w(t)) =Atgss — At(gsﬁgﬁa)gag - 967(95595a)v(9a§)5
— 9°7(9559")5(905)y — (9559”7 Atgas
—Io—1 — I — I5 — I,
Notice that (logdet(g,5))s = g% (95),5 = Atgs. This implies that

Io = Atgss = 6°7(955)15 = 9°7(945)s5 = (9”7 (9+9)5)s — (9°7)s(9,5)s
= (9"7(95)45)s + 9°*(90p)s9” (9,5)s
= (logdet(g,5))ss + 9°*(9ap)s9” (9,5)s

a _
= <§g> (0 Dgas + 9°(905)59™ (955)5-

In the last equality, we used the fact that w(t) satisfies the equation (3.5) so
that

(%g) = (ogdet(g,5))s5 — (n+ gs

From now on, we fix a point and choose a normal coordinate (z1,...,2") such
that

9945 () =0 = 9945 (2)

027 2

Then the term I; := At(gSBgBa)gag can be simplified as follows:

I =95a 9" gvs + 9°7(953)5(97)19v5 + 977 (943)+(97%) 5905 + Di9.397% Gas
=9.30¢(9°%) gas + 97 At(945) gas-
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To compute the first term, note that

=—(9"7)4 Y
— _,B _ 7y
g (gUT)'yég .
This implies that
A (gﬂa) =g” (gﬂ")vg =—9"797¢" (9or) 15 = —9"79"* (log det (g,5))

In the last second equality, we used the fact that the equation (3.5) implies
that

(%g) = (logdet(gag))ai — (n+ 1)gor.

7

The equation (3.5) also implies that A¢(gy5) = %gsg + (n +1)gy5. Then we
have

L= gsBAt(gB *)gas + At (955) 9" gas

o o ~ o
—9s3 (9‘3"9““ (5907) + (n + 1)9"“) Jas + <§955 +(n+ 1)98;3) 9" gas

9 _ ,éa T <+ 9 _ Ba _
- athT g9 gngOts atgs,@ 9" Gas;

and

_ _ a _
It = 9,39"" Atgas = 9,59 (&gas> + (n+1)9,59"" gas.

Since our coordinate is normal,

I = gév(gngBa)v(gaE)S = gév(gsa)vgﬂa(gﬁ)g = gévgﬁa(gsa)v(gﬁ)g-

DOCUMENTA MATHEMATICA 27 (2022) 847-868



862 Y.-J. CHo1, S. YOO

Therefore, we have

AtC(W(t)) :IO — Il — IQ — Ig — I4
8 - _
= (ag) (04 D)gss + 97 (905)s9™ (95)s

0 s o s

+ =0079"7 9" 9s5905 — = 9:39" a5 — 9797 (gsa)r (9vs)s
ot ot

Ba

8 _
— 15 = 9,59 5 gas — (n + 1)9.39"% gas

0 d 3 0 5 0
—_( = g a—gPay g By g Pl
(8tg) . 9sB 8tg Jas 8tgsﬂg Yas — 9sB9 atgas

+(n+1) (955 - gsggﬁ“gag) — I3

= e(wl(t) + (1 + De(w(t) — I

Hence it is enough to show that I3 = Hng(t) H2 Remark 4.1 says that

— 3o Ga _ a
avw(t) = (7(gsﬁ7>59ﬂ - gsB(gB )S) d2’6 X 7

In the normal coordinates, we have

9, 2 T T oy _  Ta, b _
[0vaw||” = 97%(957)597° (956)79.59°" = 979" (957)5(950)-
On the other hand,

I3 = 9°7(9,39")5(905)y = 9°7(9:5)59" (9as)y = 97797 (9.:5)5(9as)+-

This completes the proof. O

REMARK 4.3. For a holomorphic family of canonically polarized compact
Kahler manifolds, the positivity of w(t) can be immediately proved by applying
the standard weak and strong parabolic mazimum principle to the equation (4.1)
(see Corollary 4.9 in [2]). The standard weak maximum principle, however,
does not hold in general if the manifold is non-compact. In the next section,
we will use a version of weak parabolic mazrimum principle for non-compact
manifolds due to Ni.

5 POSITIVITY OF FIBERWISE KAHLER-RICCI FLOWS

Fix an arbitrary point y € S. Denote its fiber by €2 := D,,. Throughout this
section, we will omit the index y for the defining function r, and the Kahler
metrics wy and wy(t). Let g := —log(—r) be the strictly plurisubharmonic
function on €. Then w = i9dg is a complete Kihler metric on ) satisfying

2
3 |Or|

dg)> = 9*P gags = —5— <
ldgl. 7B |(9T|2—7’
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By Theorem 2.5, there exist one parameter family of Kihler metrics w(t) :=
100¢g(t) on ) satisfying the Kéhler-Ricci flow:

(5.1)

We also know that w(t) converges to the unique complete Kéhler-Einstein met-
ric as t — co. Moreover, there exists a constant C' > 0 (independent of ) such

that )
v <w(t) < Cw. (5.2)

We denote the volume forms by dV; := @®" and dVp = “:l—T,L

n!

5.1 PARABOLIC MAXIMUM PRINCIPLE

The following theorem is essentially the same with Ni’s parabolic maximum
principle in [15], except it is expressed by a plurisubharmonic exhaustion func-
tion instead of the distance function.

THEOREM 5.1 (cf. Theorem 2.11n [15]). Let f be a smooth function on Q2x[0,T)
satisfying

(% — At) f >0 whenever f <0.

Assume that there exists a constant b > 0 such that

/T/(r)b(f)2 dVdt < oo, (5.3)
0 Q

where f_ = —min{f,0}. If f >0 on Q at t =0, then f >0 on Q x [0,T).
Proof. Let S(t) be the scalar curvature of w(t), defined by

S(z,t) = g(t)*” (logw(t)"), 5 -

Denote by S.(t) := irelgS(z,t) and let

F(2,1) == exp (/Ot % (Su(s) +n(n +1)) ds) Fz,1).

A direct computation gives that

0 1 .
(— — Ay — =(S(t) + n(n + 1))) f(z,t)>0
ot 2
whenever f(z,t) < 0. For any T' with 0 < T’ < T, let
S g(»)?
91 = —qmar =
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Without the loss of the generality we may assume that T’ < ﬁ, since we
can always split [0,7”] into smaller intervals (such that each has length less
than ﬁ) and apply the induction. Therefore near the boundary of 2 and
t € 0,7"), we have

. b2 o b e
egge_Tg —e (5 log(=5)) S(_T)b,

since =% < e~27 for any large enough x. Now the condition (5.3) implies that

/ / eI f2dVydt < . (5.4)
0o Jo
Using the inequality (5.2), we have |Vg|i(t) < C'. Hence it follows that

0

~12 ~
—q <0.
IVal" + 5,9 <

Let x : [0,00) — [0,1] be a cut-off function so that x(s) = 0 for s > 1 and

x(s) =1 for s <1. Set n(z) :== x (@) Using the inequality (5.2), it is easy
to see that there exists a constant C; > 0 independent of a such that

C1

Vn* < (5.5)

Now Stoke’s theorem implies the followmg:

/9772@!5f~,Atf’th = 7/Q<V (7726§f~,) ,Vf’> av;
= —/Q (2 <V77, Vf_> negf_ + <Vf, Vg> 772€§f_ n ’Vf_rqfe@) e
/Q (2|an P |Vg| e§f2) v,

On the other hand, integration by parts implies that

/OT//Qn%?faa—{dvtdt / / thdt
:_/Q%n%éfzdvt} / /at( )f%szt

(5.6)
Taking the trace of the equation (5.1), we have
99(t)ap
ot
Using Cramer’s rule, we obtain
0 d‘/t _ det(g(t)a,é) ag(t)a,é (t)aB d‘/t
ot \av, det(go;) ot U Vo

g% = —S(t) —n(n+1).

L 8(t) — nln + 1)).

DOCUMENTA MATHEMATICA 27 (2022) 847-868



FIBERWISE KAHLER-RIccI FLOwWS 865

Altogether, it follows that
[ oaas (O 1 ;
0< 77 edf_ &—At—§(5*(t)+n(n+1)) fdVidt

/ /<2|V77| egf 4= |Vg| 772 gf +;Z€U2€§f2>det
f/ engdV‘T/ / / egf2 S(t)+S*(t))) Vit

- 1 .
<2 / / (Vn|® €7 f2dVydt — (— / nQegﬁdvt) (")
0o Jao 2 Jo

Letting a — oo, the inequalities (5.4) and (5.5) imply that

</Q egfidvt) (T") <0

This implies that f_ = 0, therefore we have f > 0 on Q x [0,7"]. O

5.2 PROOF OF THEOREM 1.1

By Remark 4.1, it is enough to show that the restriction of the geodesic cur-
vature of the fiberwise Kéhler-Ricci flow c(w(t)) := e(w(t))|q is positive on €.
We will apply Theorem 5.1 to the function c(w(t)) on € x [0, c0).

Note that Berman’s parabolic equation (4.1) says that

0
(& —-A ) c(w(t)) >0 whenever c(w(t)) <O0.
On the other hand, the computation in the proof of Proposition 3.2 implies
that

1 n+1
dVp = det(r.5)(—r + |8r|2)(_—r) dv,

where dV' is the Euclidean volume form of C". Since det(r,5)(—r + |or[?

)
e v is bounded function on Q, this together with the quasi-isometry (5.2)

implies that
) 1 \n+l-b )
[entewora s [ (2) dumrar

To satisfy the condition (5.3) in Theorem 5.1, we only need to show that the
geodesic curvature ¢(w(t)) has a polynomial growth near the boundary with
respect to the defining function. More precisely, we will show that |c(w(t))| =
O((~r)"2). )
First consider the initial data c¢(w). Since w = i00g with g := —log(—r), we
have
1 1 2 —2
c(w) = (Vy,vy), = —i00r(vy, ) —|— — |0r(vo)|” = O((=r) 7). (5.7)

T
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Hence it suffices to show the following proposition.

PROPOSITION 5.2. There ezists constant C' > 0 independent of t such that

c
le(w(?)) —clw)l < —. (5-8)
Proof. Recall that the fiberwise Kéhler-Ricci flow w(t) on D is given by w(t) :=
i00g(t) where g(t) := g + ¢(t). For a fixed t € (0,00), denote by ¢ = ¢(t).
Under the Euclidean coordinate system (21, ..., 2", s), c(w(t)) can be expressed
as _
c(w(t)) = gss + pss — (955 + @sB)g(t)ﬂa (Yas + Pas)

Since c(w) = gss — gng’éagag and Fw < w(t) < Cw, we have

le(w(t)) — c(w)| < |@ss — 039 Pas — 9559" Pas — 559" Gasl-

Moreover, an explicit calculation of derivatives of g implies that g7 = O(—r),
939" and ¢g7®gas are bounded functions on Q (cf. Section 5 in [9]). Re-
mark 3.4 implies that .5 is bounded. Thus it is enough to estimate functions
¢as and ¢ 5. Note that Remark 3.4 implies that

||§;('03H0k+5,’“;r€ (V, x[0,00)) < Ck

for some constant Cy > 0. In particular, this implies that there exist a constant
C > 0 independent of ¢ such that ‘%g@s‘ < C, where &, = (£1,...,¢&") is
the coordinate system satisfying the conditions of bounded geometry. By the

construction of the coordinate system for the strongly pseudoconvex domain
(see Section 1 in [8]), we obtain the estimate

| 7| — i < ¢ i i < E

S PR e j=1 9617 = r
on the Euclidean coordinates (2',...,2"). The same argument for the func-
tion ¢z shows that |pas| < % This completes the proof. O

Equations (5.7) and (5.8) imply that |c(w(t))] = O((—r)~2) as we required.
Now the following strong maximum principle completes the proof of Theo-
rem 1.1.

THEOREM 5.3 (cf. Theorem 6.54 in [13]). Let f be a smooth function on

Q x [0,T) satisfying
0
— — > 0.
<at At) f=20

Suppose that f >0 on Q x [0,T). If f(x,0) > 0 for some point x € Q at the
ingtial time t = 0, then f >0 on Q x (0,7T).

Finally, Theorem 1.1 and Theorem 3.8 imply Corollary 1.2.
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