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1 INTRODUCTION

A right module M over a ring A is called cotorsion if Exty(F, M) = 0 for
every flat right A-module F'. This class of modules was originally studied in
the context of abelian groups (see [Fuc70, §54]), and Enochs [Eno84] extended
it to the current definition, in relation to the precedent work [Eno81] containing
the question whether flat covers exist for an arbitrary ring. This question, later
called the flat cover conjecture, was affirmatively solved by Bican, El Bashir,
and Enochs [BEBEO1], showing that the class of flat modules and the class of
cotorsion modules form a complete cotorsion pair, i.e., given any module M,
there exists a surjection from a flat module to M with cotorsion kernel and an
injection from M into a cotorsion module with flat cokernel. This cotorsion
pair is called the flat cotorsion pair.

Like torsion pairs, cotorsion pairs are a general notion in abelian categories,
which initially appeared in [Sal79]. A cotorsion pair consists of two classes of
objects in an abelian category such that they are the orthogonal subcategory of
each other with respect to the first extension functor Ext'(—, —). This notion
is closely related to abelian model structures ([Hov02], [Hov07]), and plays an
important role in homological algebra and representation theory (e.g., [AB89],
[ARO1], [KS03], [AHMHO09], [HJ19], [BBOS20], [SS20]), extending its scope to
exact and triangulated categories (e.g., [[Y08], [Gilll], [Nak11], [NP19], [LN19],
[PZ20]).

Given a cotorsion pair, it is often important to consider the intersection of the
two classes, called the core of the cotorsion pair. For the flat cotorsion pair,
its core consists of all flat cotorsion modules, and they have nice homological
properties close to projective modules and injective modules. To explain such
aspects, let us pay our attention to complexes of modules.

Gillespie [Gil04] showed that the flat cotorsion pair induces two complete co-
torsion pairs in the category of complexes, and this fact, along with the work of
Bazzoni, Cortés-Izurdiaga, and Estrada [BCIE20], enables us to show that the
(unbounded) derived category of modules is equivalent to the homotopy cate-
gory of K-flat complexes of flat cotorsion modules; see [NT20, Appendix A]. In
fact, this remarkable equivalence can be regarded as a restriction of a bigger
equivalence, by identifying the derived category with the homotopy category of
K-projective complexes of projective modules. Indeed, Neeman [Nee08] proved
that the homotopy category of projective modules is equivalent to the pure
derived category of flat modules (in the sense of Murfet and Salarian [MS11]),
which turns out to be also equivalent to the homotopy category of flat co-
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torsion modules as shown by Stovicek [Stol4, Corollary 5.8]; see also [NT20,
Remark A.9].

If the ring is left coherent and all flat right modules have finite projective
dimension, then the equivalence between the homotopy category of projective
modules and that of flat cotorsion modules also induces an equivalence between
their full subcategories consisting of totally acyclic complexes. Furthermore,
the homotopy category of totally acyclic complexes of projective modules is
equivalent to the stable category of Gorenstein-projective modules ([Buc86];
see also [Kra05, Proposition 7.2]), and the homotopy category of totally acyclic
complexes of flat cotorsion modules is equivalent to the stable category of
Gorenstein-flat cotorsion modules (studied in [Gill7]); see [CET20] for more
details.

These facts motivate us to determine the structure of flat cotorsion mod-
ules. The aim of this paper is to give a noncommutative generalization of
Enochs’ structure theorem [Eno84] for flat cotorsion modules over a commuta-
tive noetherian ring R. Enochs showed that an R-module M is flat cotorsion
if and only if M is isomorphic to

II &
pESpec R
where each T}, is the p-adic completion of some free Rp-module, that is,

(Byp

T, = (RS0 = lim (R @ R/p™)

n

E

1

[\

for a basis set By. The cardinality of By, for each p € Spec R is determined
by M. Enochs reached this formulation by using Matlis’ result [Mat58] on the
structure of injective R-modules and an isomorphism

T, = Homp(Er(R/p), Er(R/p)P¥)), (1.1)

where Er(R/p) denotes the injective envelope of R/p. We generalize Enochs’
structure theorem to Noether algebras, which are a simultaneous generalization
of commutative noetherian rings and finite-dimensional algebras over a field.
Noether algebras have been studied from various aspects (e.g., [AS81a, AS81b],
[GN02], [IRO8], [DK19], [IK20], [Kim20], [IK21]).

Let R be a commutative noetherian ring. A Noether R-algebra is a ring A
together with a ring homomorphism ¢: R — A such that the image of ¢
is contained in the center of A and A is finitely generated as an R-module.
Denote by Spec A the set of prime (two-sided) ideals of A. The structure
homomorphism R — A induces a canonical map Spec A — Spec R given by
P+ ¢=1(P). For brevity, we write PN R := ¢~ 1(P).

It is known that Matlis’ result on injective R-modules is generalized to a
Noether algebra A (see Theorem 2.22); there is a one-to-one correspondence

Spec A = {isoclasses of indecomposable injective right A-modules} (1.2)
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in which each P € Spec A corresponds to I4(P), the unique indecomposable
direct summand of the injective envelope of A/P. Using the injective module
T 400 (P) over the opposite ring A°P, we define

Ta(P) := Homp(Laer (P), Er(R/p)),

which is an indecomposable flat cotorsion right A-module (Remark 4.12) and
also an indecomposable projective right module over A, := (Ap)Q (Proposi-
tion 5.2). The following is one of the main results of this paper:

THEOREM 1.1 (Theorem 6.1). Let A be a Noether R-algebra. A right A-
module M is flat cotorsion if and only if M is isomorphic to

II @a@)®);

PeSpec A

for some family of sets {Bp}pespeca, where Ta(P)Pr) is the direct sum of
Bp-indexed copies of Ta(P) and p := PN R. The cardinality of each Bp is
uniquely determined by M.

This theorem recovers Enochs’ result because Tr(p) = é; and (TR(p)(BP))Q =

(RE,B"))Q for each p € Spec R and any set B,. Moreover, each component of
the direct product in Theorem 1.1 has a description

(Ta(P) PN} = Homp (Laow (P), Er(R/p)P7)),

which recovers the isomorphism (1.1) (see Proposition 5.4).
As a consequence of Theorem 1.1, we obtain the following result:

COROLLARY 1.2 (Corollary 6.2). Let A be a Noether R-algebra. Then there is
a one-to-one correspondence

Spec A =% {isoclasses of indecomposable flat cotorsion right A-modules }
given by P+ T4(P).

We denote by inj, (resp. flcots) the set of the isoclasses of indecomposable
injective (resp. flat cotorsion) right A-modules. By (1.2) and Corollary 1.2,
there is a bijection inj 4op == flcot given by Isop (P) — T4 (P). We interpret
this bijection as a phenomenon on Ziegler spectra.

An exact sequence of right modules over a ring A is said to be pure exact if
its exactness is preserved by the functor — ® 4 U for every left A-module U.
A right A-module N is called pure-injective if the functor Homa(—, N) sends
pure exact sequences to exact sequences. The isoclasses of indecomposable
pure-injective right modules form a topological space Zg, called the Ziegler
spectrum of A. There is a bijection, called elementary duality, between the
open subsets of Zg, and those of Zg 4.,. Note that this does not mean that
these topological spaces are homeomorphic in general. Our assumption that A
is a Noether R-algebra ensures that inj, and flcot4 are closed subsets of Zg 4.
We endow inj 4 and flcot 4 with the topologies induced from Zg 4.
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THEOREM 1.3 (Theorems 8.8 and 8.14). Let A be a Noether R-algebra. The bi-
jection inj 4op == flcot 4 given by Iaop(P) — Ta(P) is a homeomorphism. The
open sets of these topological spaces bijectively correspond to the specialization-
closed subsets of Spec A.

It should be mentioned that Herzog [Her93] observed the existence of a home-
omorphism inj 4op = flcot 4 for a certain class of rings, which includes all left
noetherian rings. The homeomorphism was obtained as a restriction of a bi-
jection between certain points of Ziegler spectra, called reflexive points; for
each reflexive point N € Zg 4op, the corresponding reflexive point DN € Zg 4
is determined by the property that the closure of N corresponds to the closure
of DN by elementary duality (regarded as a bijection for closed subsets). The
following result, together with Theorem 1.3, shows that our homeomorphism in
Theorem 1.3 is an explicit realization of Herzog’s homeomorphism for Noether
algebras:

COROLLARY 1.4. Let A be a Noether R-algebra. For each P € Spec A, the
points Taov(P) € Zgop and Ta(P) € Zg, are the unique generic points in
their closures, and these closed subsets correspond to each other by elementary
duality.

This paper is organized as follows. In section 2, we recall basic facts on Noether
algebras, including those on the flat cotorsion pair and pure-injective modules.
In section 3, we show that every flat cotorsion module over a Noether R-
algebra A can be decomposed as a direct product of p-local p-complete modules
for various p € Spec R. In section 4, we prove that each p-local p-complete
flat (resp. p-local p-torsion injective) A-module is a flat cover (resp. injective
envelope) of a semisimple Ay-module. Furthermore, we observe that the flat
cover (resp. injective envelope) of a semisimple right A,-module can be obtained
by applying a variant of Matlis duality to the injective envelope (resp. flat cover)
of a simple left A,-module. In section 5, we show that every p-local p-complete
flat A-module is cotorsion and such a module is characterized as the p-adic
completion of a direct sum of indecomposable projective modules over A,.
In section 6, we complete the proofs of Theorem 1.1 and Corollary 1.2. In
section 7, we give a result that realizes flat cotorsion A-modules as nontrivial
flat covers and pure-injective (or cotorsion) envelopes. In section 8, we first
recall some known results on Ziegler spectra and elementary duality, and then
show that Herzog’s homeomorphism applied to a Noether algebra coincides
with the homeomorphism in Theorem 1.3. section A provides some basic facts
on ideal-adic completion over Noether algebras, which are used throughout the

paper.
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2 PRELIMINARIES

Throughout the paper, A will be a Noether R-algebra unless otherwise speci-
fied. That is, R is a commutative noetherian ring, A is a ring together with a
ring homomorphism R — A, called the structure homomorphism, whose image
is contained in the center of A, and A is finitely generated as an R-module.
It follows that A is a left and right noetherian ring. We denote by Mod A
the category of right A-modules, and interpret Mod A°P as the category of left
A-modules, where A°P is the opposite ring of A.

In this section, we collect some known results, which we will use in later sec-
tions.

2.1 COTORSION MODULES AND PURE-INJECTIVE MODULES

A right A-module M is called cotorsion if Ext (F, M) = 0 for all flat right
A-modules F. A flat cotorsion module is a module that is flat and cotorsion.
A short exact sequence 0 — L - M — N — 0 in Mod A is said to be
pure exact if it remains exact after applying — ® 4 U for every U € Mod A°P.
A right A-module N is called pure-injective if Hom4(—, N) sends each pure
exact sequence in Mod A to an exact sequence. Every injective module is pure-
injective by definition.

PROPOSITION 2.1. Ewvery pure-injective right A-module is cotorsion.

Proof. See [EJ00, Lemma 5.3.23]. O
PROPOSITION 2.2. Fiz an injective R-module E and consider the exact functor
()" := Hompg(—, E): Mod A — Mod A°P.

For a right A-module M, the following hold:
(1) M* is pure-injective, and hence cotorsion.

(2) If E is an injective cogenerator, then the canonical morphism M — M**
18 a pure monomorphism. In particular, this map splits if M is pure-
injective.

(3) If M is flat, then M* is injective. The converse holds if E is an injective
cogenerator.
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(4) If M is injective, then M* is flat (cotorsion). The converse holds if E is
an injective cogenerator.

Proof. (1): See [EJ00, Proposition 5.3.7] or [Pre09, Proposition 4.3.29].

(2): See [EJ00, Proposition 5.3.9] or [GT12, Corollary 2.21(b)].

(3): See [EJOO, Theorem 3.2.9].

(4): See [EJO0, Theorem 3.2.16]. O

PROPOSITION 2.3. Ewvery flat cotorsion right A-module is pure-injective.

Proof. This is [Xu96, Lemma 3.2.3], but we give a proof here as it will be used
in the proof of Lemma 3.1.

Let E be an injective cogenerator in Mod R, and put (—)* := Hompg(—, F).
If M is a flat right A-module, then M* is injective and M** is flat by Proposi-
tion 2.2(3) and (4). Thus the cokernel of the pure monomorphism M — M**
in Proposition 2.2(2) is flat. If in addition M is cotorsion, then the pure
monomorphism splits, so M is pure-injective by Proposition 2.2(1). O

By Propositions 2.1 and 2.3, a flat cotorsion right A-module is nothing but a
flat pure-injective right A-module.

REMARK 2.4. Although we are focusing on a Noether R-algebra, Proposi-
tion 2.1, and Proposition 2.5 and Lemma 2.7 below hold for an arbitrary ring
(which is assumed to be associative and to have identity throughout this paper).
Proposition 2.2(1)—(3) hold for a ring A together with a ring homomorphism
from a commutative ring R to the center of A. The first claim of (4) holds if in
addition A is right coherent, and the second claim holds if A is right noetherian;
see [GT12, Corollary 2.18(b)]. Proposition 2.3 and Proposition 2.8 below hold
for a left coherent ring.

2.2 COVERS AND ENVELOPES

Let A be an additive category and let X be a full subcategory of A closed under
isomorphisms. A morphism f: N — M in A is called right minimal if every
g € End 4(N) satisfying fg = f is an isomorphism. A left minimal morphism
is defined dually, that is, it is a morphism that is right minimal in the opposite
category.

A morphism f: X — M in A is called an X-precover, or a right X-
approximation, if X € X and, for every X' € X, the induced map
Homy (X', X) — Hom4 (X', M) is surjective. The latter condition means that
every morphism from an object in X to M factors through f. An X-cover,
or a right minimal X -approximation, is an X-precover X — M that is right
minimal. It is immediate that an X'-cover is unique up to isomorphism in the
sense that, if f: X — M and f': X’ — M are X-covers, then there exists
an isomorphism h: X’ — X such that fh = f’. An X-preenvelope (or a left
X -approzimation) and an X-envelope (or a left minimal X -approzimation) are
defined dually. If an X-cover X — M (resp. an X-envelope M — X) exists,
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then the object X is often called the X-cover (resp. the X-envelope) of M since
the isoclass (i.e., isomorphism class) of X is uniquely determined by M.

Now let A be an abelian category. A cotorsion pair in A is a pair (X,)) of
full subcategories of A such that

X={McA|Ext4(M,Y)=0forallY €Y} and
Y={McA|Exty(X,M)=0forall X € X}.

A cotorsion pair (X)) is called hereditary if Extil(X, Y)=0forall X € X,
Y € Y, and i > 1. A cotorsion pair (X,)) is called complete if, for every
M € A, there exist exact sequences

0-Y—->X—-M-—-0 and 0-M—-Y - X =0

with X, X’ € X and Y,Y’ € ). Morphisms X — M and M — Y’ fitting
into such exact sequences are often called a special X -precover and a special
Y-preenvelope, respectively. It is easy to see that they are indeed an X'-precover
and a Y-preenvelope.

Denote by Flat A (resp. Cot A) the full subcategory of Mod A consisting of all
flat (resp. cotorsion) modules. If X = Flat A, then an X-(pre)cover is called
a flat (pre)cover, which is necessarily an epimorphism. If ) = Cot A, then
a Y-(pre)envelope is called a cotorsion (pre)envelope, which is necessarily a
monomorphism. It is known that (Flat A, Cot A) is a complete hereditary co-
torsion pair in Mod A and every right A-module has a flat cover and a cotorsion
envelope (see [Xu96, the proof of Proposition 3.1.2, Lemma 3.4.1, and Theo-
rem 3.4.6] and [BEBEO01]), where these facts are proved for an arbitrary ring.
Given a right A-module M, we denote the flat cover of M by Fa(M) — M
and the cotorsion envelope of M by M — C4(M).

Projective  (pre)covers, injective (pre)envelopes, and pure-injective
(pre)envelopes can be defined in the same way. A projective precover is
merely an epimorphism from a projective module, and an injective preen-
velope is merely a monomorphism to an injective module. Recall that a
monomorphism f: L — M is called an essential monomorphism if, for every
morphism h: M — M’ such that hf is a monomorphism, h is a monomor-
phism. An injective envelope is nothing but an essential monomorphism to
an injective module. Pure-injective (pre)envelopes also have an alternative
characterization, as in Proposition 2.5. A monomorphism L — M is called a
pure monomorphism if it fits into a pure exact sequence. Moreover, a pure
monomorphism f: L — M is called a pure-essential monomorphism if, for
every morphism h: M — M’ such that hf is a pure monomorphism, h is a
pure monomorphism.

ProproSITION 2.5. Let f: M — N be a morphism in Mod A with N pure-
injective.

(1) f is a pure-injective preenvelope if and only if f is a pure monomorphism.
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(2) f is a pure-injective envelope if and only if f is a pure-essential monomor-
phism.

Proof. (1): The “if” part is straightforward. To show the “only if” part, sup-
pose that f is a pure-injective preenvelope. Let E be an injective cogener-
ator in Mod R and set (—)* := Hompg(—, F). Then we have the canonical
pure monomorphism g: M — M**, where M** is pure-injective; see Proposi-
tion 2.2(1) and (2). Then there is a morphism h: N — M** such that hf = g.
Since g is a pure monomorphism, it follows that f is a pure monomorphism.

(2): If f is a pure-essential monomorphism, then it is a pure-injective preenve-
lope by (1) and is also left minimal by the definition of pure-essentiality because
every pure monomorphism from a pure-injective module splits. To show the
“only if” part, suppose that f is a pure-injective envelope. Let h: N — N’
be a morphism such that hf is a pure monomorphism. To observe that h is
a pure monomorphism, it suffices to show that the composition of h with the
canonical pure monomorphism N’ — N’** is a pure monomorphism. There-
fore, replacing N"** by N', we may assume that N’ is pure-injective. Then the
morphism hf: M — N’ is a pure-injective preenvelope, but then h is a split
monomorphism since f is a pure-injective envelope. o

REMARK 2.6. Our pure-essentiality is the same as that of [Pre09, p. 145], and
this definition is, in general, strictly stronger than the classical definition, in
which a pure monomorphism f: L — M is called a pure-essential monomor-
phism if, for every morphism h: M — M’ such that hf is a pure monomor-
phism, A is a monomorphism. It has been known to experts that some of the
proofs for the existence of pure-injective envelopes (pure-injective hulls) do not
work due to this difference; see [GPGA00, p. 197, Remarks]. However, the
notion of pure-injective envelopes is consistent in any case, and they do exist
over any ring. For valid proofs on the existence of pure-injective envelopes, we
refer the reader to [Pre09, Theorem 4.3.18] or [Dau94, §18-5]. The former uses
a functor category, and the latter (based on the classical pure-essentiality) uses
a cardinality argument. The definitions of pure-injective envelopes therein are
given in different ways, but they both agree with ours defined as AX’-envelopes
for the class X of pure-injective modules; see [Pre09, Proposition 4.3.16] and
[Dau94, Theorem 18-5.9].

As mentioned above, every right A-module M has a pure-injective envelope,
which is unique up to isomorphism. It is denoted by M — H (M), following
the notation in [Pre09, §4.3.3].

Flat precovers and cotorsion preenvelopes are not necessarily special, but flat
covers and cotorsion envelopes are:

LEMMA 2.7. The kernel of a flat cover is cotorsion. The cokernel of a cotorsion
envelope is flat.

Proof. This is a consequence of Wakamatsu’s lemma; see [Xu96, Lemmas 2.1.1
and 2.1.2] or [EJ00, Lemma 5.3.25 and Proposition 7.2.4]. O
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By this lemma and Proposition 2.3, a cotorsion envelope of a flat right A-
module is a pure monomorphism into a pure-injective module, that is, a pure-
injective preenvelope, by Proposition 2.5(1). It is a pure-injective envelope by
the left minimality of the cotorsion envelope. Hence we have:

PROPOSITION 2.8. For a flat right A-module, its cotorsion envelope and pure-
injective envelope coincide.

REMARK 2.9. Over a right artinian ring, all flat right (and also left) modules
are projective ([AF92, Theorem 28.4 and Corollary 28.8]), and hence all right
(and left) modules are cotorsion. So flat covers and projective covers are the
same notion, and cotorsion envelopes are identity morphisms.

We observe when the scalar restriction functor along a ring homomorphism pre-
serves various covers and envelopes. To this end, we make use of the following
proposition:

ProrosITION 2.10. Let A and B be additive categories and let F: A — B be
a functor that has a right adjoint G: B — A. Let X and Y be full subcate-
gories of A and B, respectively, that are closed under isomorphisms and satisfy
F(X) CY and G(Y) C X. Then F sends X-preenvelopes to Y-preenvelopes
and G sends Y-precovers to X -precovers.

Proof. Straightforward. O

REMARK 2.11. Let f: A — B be a homomorphism of arbitrary rings. Since the
scalar restriction functor f.: Mod B — Mod A can be written as Homp(B, —),
where B is regarded as an (A, B)-bimodule, the scalar extension functor
f = —®a B: ModA — ModB is a left adjoint to f.. Since f. can also
be written as — ® g B, where B is regarded as a (B, A)-bimodule, the functor
f' =Homa(B,—): Mod A — Mod B is a right adjoint to f..

It is obvious that f* = —® 4 B and f, & —®p B preserve pure exact sequences,
so it follows that their right adjoints f. and f' preserve pure-injective modules.
Hence, by Proposition 2.10 applied to the adjoint pair (fs, f'), f« preserves
pure-injective preenvelopes. If B is flat as a left A-module, then the functor
f* = — ®a B is exact as well as f,, so a similar argument, replacing pure
exactness and pure-injectivity by exactness and injectivity, respectively, shows
that f. preserves injective preenvelopes.

If B is flat as a right A-module, then f, &2 —®p B preserves flat modules as well
as its left adjoint f*, so f. preserves flat precovers by Proposition 2.10 applied
to the adjoint pair (f*, f.). We observe that f. preserves cotorsion preenvelopes
under the same assumption. Let C be a cotorsion right B-module. For every
flat right A-module F, take an exact sequence

0—>F —-P—>F—=0 (2.1)

in Mod A, where P is projective. Since this sequence is pure exact, f* applied
to (2.1) is pure exact, so the flatness of f*(F') implies that Homp(f*(—), C) &
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Homy (—, f«(C)) applied to (2.1) is exact since C is cotorsion. Therefore
Ext)(F, f.(C)) = 0, which means that f, preserves cotorsion modules. If
B is flat as a right A-module, f. preserves flat modules, so a similar argument,
using the adjoint pair (f., f') instead of (f*, f.), shows that f' also preserves
cotorsion modules. Therefore f, preserves cotorsion preenvelopes by Proposi-
tion 2.10 applied to the adjoint pair (f., f*).

Recall that the functor f.: Mod B — Mod A is fully faithful if and only if f is
a ring epimorphism (i.e., an epimorphism in the category of rings); see [Ste75,
Proposition XI.1.2]. When f is a ring epimorphism, a morphism ¢ in Mod B is
left minimal (resp. right minimal) if and only if so is f«(g) in Mod A.
Consequently, if f is a ring epimorphism such that B is flat as a left and a right
A-module, then f, sends injective (pre)envelopes, pure-injective (pre)envelopes,
cotorsion (pre)envelopes, and flat (pre)covers in Mod B to those in Mod A.

2.3 PRIME IDEALS AND LOCALIZATION

An ideal means a two-sided ideal unless otherwise specified. A prime ideal of A
is an ideal P C A such that, for any a,b € A, the condition aAb C P implies
that a € P or b € P. A mazimal ideal of A is an ideal @) C A that is maximal
among all ideals except A itself. Every maximal ideal is a prime ideal. Denote
by Spec A (resp. Max A) the set of all prime (resp. maximal) ideals of A.
Denote by ¢: R — A the structure homomorphism of the Noether R-algebra A.
This homomorphism induces a canonical map Spec A — Spec R which sends
each P € Spec A to its preimage ¢~ (P); see Remark 2.17 below. Although R
is not necessarily a subring of A, we write P N R for o~ 1(P).

LEMMA 2.12. For every P € Spec A, we have P € Max A if and only if PNR €
Max R. In particular, the map Spec A — Spec R restricts to Max A — Max R.

Proof. This follows from [MRO1, 10.2.12 and 10.2.13]. We give a more direct
proof in Remark 2.16 below for the reader’s convenience. o

For each p € SpecR, the Rp-module A, the localization of A at p as an
R-module, is naturally a Noether R,-algebra. Moreover, for every right A-
module M, the localization M, has a structure of a right Ay,-module, and it
holds that M, = M®@prR, = M®aAp. We say that M is p-local if the canonical
A-homomorphism M — M, is an isomorphism. In this case, M itself can be
regarded as a right A,-module.

REMARK 2.13. The localization functor (—),: Mod A — Mod A, has a fully
faithful right adjoint Mod A, — Mod A, which sends each A,-module to itself
but regarded as an A-module along the canonical ring homomorphism A — A,.
In other words, the homomorphism A — A, is a ring epimorphism (see Re-
mark 2.11). The essential image of the right adjoint Mod A, — Mod A consists
of all p-local right A-modules.

PROPOSITION 2.14. Let p € Spec R.
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(1) There is an order-preserving bijection
{PeSpecA|PNRCp} =% SpecA,

given by P — P, = PAy. The inverse map is given by Q — f~1(Q),
where f: A — A, is the canonical ring homomorphism.

(2) The bijection in (1) restricts to a bijection

{PeSpecA|PNR=p} = MaxA,.

Proof. (1): This follows from [MRO1, 2.1.16, Proposition(vii)]. See also Re-
mark 2.16 below.

(2): Let P € Spec A such that PN R C p. Lemma 2.12 applied to the Noether
Ry-algebra A, implies that PA, € Max A, if and only if PA, N R, € Max R,,.
Since PA,NR, = (PNR)R,, the latter condition is equivalent to PNR =p. O

For p € Spec R, the residue field at p is denoted by x(p) := R,/pR,. Note that
A ®g k(p) is a finite-dimensional k(p)-algebra in the sense that the Noether
k(p)-algebra A @ k(p) is finite-dimensional as a k(p)-vector space. In partic-
ular, it is a left and right artinian ring.

PROPOSITION 2.15. Let p € Spec R. There is a bijection
{PeSpecA|PNR=p} =5 Spec(A®g k(p)) = Max(A ®@g £(p))

given by P + P,/pAy,. The inverse map is given by Q — f~1(Q), where
f: A= AQpgk(p) is the canonical ring homomorphism.

Consequently, the fiber { P € Spec A | PN R =p} over each p € SpecR is a
(possibly empty) finite set.

Proof. The bijection in Proposition 2.14(1) induces an injection
{PeSpecA|PNR=p}—{Q €SpecA, |p4, CQ},

and an elementary argument shows that every P € Spec A with PN R C p and
pA, C P, satisfies PN R = p, so the above injection is bijective, and the right-
hand side can naturally be identified with Spec(A ®g £(p)) since A @g k(p) =
A, /pA,. Thus we have the desired bijection. By [GWO04, Theorem 3.4 and
Proposition 4.19], A ® g k(p) has only finitely many prime ideals, which are all
maximal. O

If the structure homomorphism R — A is injective, then the induced map
Spec A — Spec R is surjective, i.e., each fiber is nonempty ([MRO1, 10.2.9,
Theorem)).
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REMARK 2.16. Proposition 2.14(1) holds for a ring A together with a ring
homomorphism from a commutative ring R to the center of A. In fact, it can
be proved in a similar way to the case A = R ([Mat89, p. 22, Theorem 4.1 and
Example 2]); note that, if P € Spec A, a € A, s € R\ (P N R), then as € P
implies that aAs C P and hence a € P. Lemma 2.12, Proposition 2.14(2), and
Proposition 2.15 also hold if in addition A is finitely generated as an R-module.
We give here a proof of Lemma 2.12, which works in this setting.

The “only if” part of the lemma follows from [MRO1, 10.2.10, Corollary(iii)],
and it can also be proved as follows: Let P € Max A and set p := PN R.
Then we have an injection R/p < A/P, so we may suppose P =0 and p =0,
and hence R is a domain and A is a simple ring. Suppose that there is a
prime ideal 0 # q of R. Localization of the injection R — A at q yields an
injection Rq — Aq, where A4 is a simple ring by Proposition 2.14(1). Since A4
is a nonzero finitely generated Rq-module, Aq/qA, is nonzero by Nakayama’s
lemma, so the ring A,/qAq contains a prime ideal. This means that A, contains
a prime ideal Q with qA; C @, but 0 # qR4 C g4y, so this contradicts the fact
that Aq is simple.

To prove the “if” part, assume that p := PN R € Max R. Then R/p is a field,
and A®pg (R/p) = A/pA is a finite-dimensional (R/p)-algebra. Since pA C P,
we have a canonical surjective ring homomorphism A/pA — A/P, and hence
A/P is also a finite-dimensional (R/p)-algebra. So all prime ideals of A/P
are maximal ideals by [GW04, Proposition 4.19]. In particular, the zero ideal
0= P/P of A/P is a maximal ideal. Therefore P € Max A.

REMARK 2.17. In general, for a ring homomorphism f: A — B of noncommu-
tative rings and a prime ideal Q of B, the ideal f~(Q) of A is not necessarily
a prime ideal; see [MRO1, 10.2.3].

However, if we assume that B is a centralizing extension of f(A) (cf. [MRO1,
10.1.3]), that is, as a right (or equivalently, left) f(A)-module, B is generated
by a (possibly infinite) subset S C B such that every element of S commutes
with every element of f(A), then f~1(Q) is a prime ideal of A for every prime
ideal @ of B (cf. [MRO1, 10.2.4, Theorem]). The proof is straightforward. This
assumption is satisfied if the homomorphism f is surjective or f(A) is contained
in the center of B.

2.4 SIMPLE MODULES AND INJECTIVE MODULES

We will recall that (semi)simple modules and injective modules over a Noether
R-algebra A are controlled by maximal ideals and prime ideals, respectively.
First we assign a simple module to each prime ideal.

Let P € Spec A and put p := PN R. The ring A, /P, is a simple right artinian
ring, and hence decomposes as a finite direct sum of copies of a simple right
A,/ Py-module, where the simple module is unique up to isomorphism ([Lam91,
Theorems (3.3) and (3.10)]). We denote the simple right A,/P,-module by
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Sa(P) and its multiplicity in A, /P, by np, that is,
A, /Py =2 S4(P)"r. (2.2)

By construction, Sa(P) = Sa, (P,) and S4(P) is also a simple right Ap-module.
It is often regarded as a right A-module (which is not necessarily simple).
Denote by rad A the Jacobson radical of A, which is the intersection of all
annihilators of simple right (or left) A-modules (or equivalently, the intersection
of all maximal right (or left) ideals of A; see [GWO04, Proposition 3.16]). In
general, the annihilator of a simple module over an arbitrary ring is a prime
ideal, and any maximal (two-sided) ideal is the annihilator of some simple
module ([GWO04, Proposition 3.15]). In particular, the Jacobson radical of a
finite-dimensional algebra over a field (or more generally, a right artinian ring)
equals to the intersection of all maximal ideals ([GW04, Corollary 4.16 and
Proposition 4.19]). The following fact implies that the same characterization
holds for a Noether R-algebra A:

THEOREM 2.18. There is a bijection
Max A =% {isoclasses of simple right A-modules }
given by P+ Ss(P). The inverse map is given by S — Ann4(S).

Proof. For a simple right A-module S, let P := Anna S and p := PN R. Then,
by [GW04, Proposition 9.1(a) and Corollary 9.5], P is a maximal ideal of A
and the right A-module A/P is a finite direct sum of copies of S. Since each
a € R\ p does not annihilate S, it acts as an isomorphism on the simple A-
module S. This means that S is p-local, and hence A/P = A, /P, is a finite
direct sum of copies of S. Therefore S4(P) is isomorphic to S by the definition

of SA (P)
Let @ € Max A and q := Q N R. Again by the definition of S4(Q), we have
Anny Sa(Q) = Anna(Aq/Qq) = Q. This completes the proof. O
It follows from Theorem 2.18 that
rad A = ﬂ P. (2.3)
PeMax A

Given p € Spec R, we have Max A, = { P, | P € Spec A, PN R = p } by Propo-
sition 2.14. Thus (2.3) implies that

radd, = (] P (2.4)
PeSpec A
PNR=p
PROPOSITION 2.19. For every p € Spec R, we have
Ay/rad A, = P Sa(p)"r
PeSpec A
PNR=p

as Tight A-modules.
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Proof. We have

Ap/rad Ay = [ Ay/Pr= € SaP)"r,
PeSpec A PeSpec A
PNR=p PNR=p

where the first isomorphism of rings follows from (2.4) and the Chinese remain-
der theorem ([AF92, §7, Exercise 13]), and the second follows from Proposi-
tion 2.15 and (2.2). O

REMARK 2.20. By Proposition 2.14(2) and Proposition 2.15, the maximal ide-
als of Ay naturally correspond to those of Ay, := A ®pg k(p) = Ap/pAy, and
hence the canonical surjection A, — A, induces the isomorphism

Ap/rad Ay, = A, /rad A,
of finite-dimensional x(p)-algebras.

Now we turn our attention to injective modules. The following remark will be
used later:

REMARK 2.21. Let p € Spec R. Injective envelopes, pure-injective envelopes,
cotorsion envelopes, and flat covers in Mod A, are those in Mod A; see Re-
marks 2.11 and 2.13. In particular, the full subcategory of Mod A formed by
p-local modules is closed under taking such envelopes and covers.

Now we assign an indecomposable injective module to each prime ideal of A.
Let P € Spec A and put p := PNR. Take injective envelopes A/P — E4(A/P)
and A, /P, — E4,(Ap/P,) in Mod A and Mod Ay, respectively. As observed
in Remark 2.21, Ex, (Ap/P,) = Ea(Ay/P,). The canonical A-homomorphism
A/P — A, /P, is injective, and it extends to a monomorphism E4(A/P) —
EA(Ap/P,), which splits. So E4(A/P) is p-local. Localizing the injective en-
velope A/P — EA(A/P), we obtain an essential extension A, /P, — Es(A/P)
in Mod A. Therefore

Ea(A/P) = Ea(Ay/Py) = Ea(Sa(P)"", (2.5)

where the second isomorphism follows from (2.2). This fact is essentially ob-
served in the proof of [GN02, Proposition 2.5.2].
We set
I4(P) := Ea(Sa(P)),
which is an indecomposable injective right A-module. By construction, it holds
that
I4(P) = 14,(Pp), (2.6)

s0 I4(P) is p-local. If A = R, then P = p, so [4(P) = Er(R/p) and I4,(P,) =
ERp (K‘(p))
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THEOREM 2.22 ([Gab62, Chapter V, Proposition 8]). There is a bijection
Spec A =% {isoclasses of indecomposable injective right A-modules }
given by P +— T4(P).

Proof. See [GW04, Lemma 5.14, Proposition 9.1(a), and Theorem 9.15]. O

2.5 MATLIS DUALITY

Completion and Matlis duality play a central role in the proof of our main
results. Here, and also in section A, we collect some basic facts on these
operations.
For an ideal a C R, define the a-adic completion functor A* = (=) : Mod A —
Mod A by

AM = M) = ]'glM/a”M.

n>1

We say that a right A-module M is a-adically complete (or a-complete for short)
if the canonical A-homomorphism M — M/ is an isomorphism. In particular,
M} is a-complete (Proposition A.5). The a-adic completion A% of A naturally
has a ring structure, and the canonical map A — A% is a ring homomorphism.
Moreover, for each right A-module M, M/ has a (unique) right A2-module
structure that is compatible with the right A-module structure on M7 (see
Remark A.11 and Proposition A.15). We often write M/ as M when M is

p-local and a = p for some p € Spec R. For example, A, means (Ay)y.
If M is a finitely generated right A-module, then the canonical A-
homomorphism M ®pr R} — M2 is an isomorphism ([Mat89, Theorem 8.7]),
so M7 is finitely generated as an Rj-module. The structure homomorphism
R — A induces a ring homomorphism R} — A ®p Ry = A} whose image is
contained in the center, and R} is a commutative noetherian ring ([Mat89,

e~

Theorem 8.12]). Thus A} is a Noether R(-algebra. In particular, A, is a
Noether I/%\p—algebra for each p € Spec R. Since R} is flat over R ([Mat89,
Theorem 8.8]) and AQr R, = Ry @r A, A} is flat as a left and ring A-module.
If R is a-complete, then all finitely generated R-modules are a-complete
([Mat89, Theorem 8.7]), and hence all finitely generated right A-modules are
a-complete.

When R is a local ring with maximal ideal m and residue field k, the m-adic
completion R is a (commutative noetherian) local ring with maximal ideal
@M =mR, and k = R/m = (R/m) ®r R = R/f; see [AMG9, Proposition 10.16]
or [Mat89, p. 63]. The completion map R — Risa faithfully flat ring homo-
morphism ([Mat89, Theorem 8.14]), thus a pure monomorphism in Mod R by
[Mat89, Theorem 7.5(i)]. Applying —®pr A to the completion map, we conclude
that A is faithfully flat right A-module and the completion map A — Aisa
pure monomorphism in Mod A.
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Dually, the a-torsion functor I'y: Mod A — Mod A is defined by

For a right A-module M, we have ' M = J,~,{® € M | za” = 0}. We say
that M is a-torsion if the canonical inclusion ToM — M is an isomorphism.
It is well known that Er(R/p) is p-torsion for each p € Spec R ([Mat89, Theo-
rem 18.4(v)]), and more generally, I4(P) is p-torsion for each P € Spec A and
p := PN R; see Remark 2.26 below.

REMARK 2.23. The a-torsion functor I'y is left exact and commutes with ar-
bitrary direct sums. Moreover, we can regard I'y as a right adjoint to the
inclusion functor from the full subcategory consisting of a-torsion A-modules
to Mod A. See also Propositions A.7 to A.9 for analogous facts on A°.

The a-torsion functor is a typical example of a left exact radical, so the class
of a-torsion A-modules is a hereditary torsion class (localizing subcategory) of
Mod A4; see [Ste75, Chapter VI, Propositions 1.7 and 3.1].

The following fact relates a-torsion modules with a-complete modules:

ProproOSITION 2.24. Let E be an injective R-module. Then the functor
Homp(—, E): ModA — Mod A°" sends a-torsion right A-modules to a-
complete left A-modules.

Proof. If M is an a-torsion right A-module, then it is isomorphic to
h_n)1n21 Homp(R/a™, M), so we have
Homp(M, E) = @HomR(HomR(R/a",M),E)
n>1
> Jim Hom (M, E) @ (R/a")

n>1

= Homg(M, E)}

as left A-modules; see [EJ00, Theorem 3.2.11] for the second isomorphism.
Hence Homp (M, E) is a-complete by Proposition A.5. O

In the rest of this section, we assume that R is local, and denote its
maximal ideal and residue field by m and k, respectively. The functor
Homp(—, Er(k)): Mod R — Mod R gives rise to a duality, known as Matlis
duality, between the category of finitely generated R-modules and the cat-
egory of artinian R-modules, provided that R is m-adically complete. This
duality naturally extends to the case of Noether algebras over complete local
rings (Theorem 2.27) as shown in [GN02, Proposition 2.6.1]. Let us observe
how the proof goes since techniques therein will be used in later sections. We
refer the reader to [Mat89, Theorem 18.6], [BHI8, Proposition 3.2.12 and Theo-
rem 3.2.13], and [ILL 707, Appendix A, §4] for classical results on Matlis duality
for the commutative case; they will be used in the rest of the section.
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First, for every m-torsion right A-module M, there is a canonical isomorphism
M= M®pR (2.7)

of right A-modules (Lemma A.10). This makes M an m-torsion right A-module
via the isomorphism A Qg R~A In fact, this is the unique right A-module
structure on M that is compatible with the right A-module structure (Propo-
sition A.15). Moreover, all A-submodules of M are also A-submodules by (2.7)
(and vice versa), so M is artinian (resp. of finite length, simple) as a right
A-module if and only if M is artinian (resp. of finite length, simple) as a right
E—module; see also Proposition A.12.

A key to Matlis duality is that the injective envelope Fr(k) is an artinian
R-module (hence m-torsion). The above arguments applied to A = R makes
Eg(k) an artinian ﬁ-module7 and it coincides with the injective envelope of
k= R/@ in Mod R, that is, Eg(k) = Ex(k).

If M is a finitely generated right A-module, then it is, as an R-module, a quo-
tient of a finitely generated free R-module, so its Matlis dual Homp (M, Er(k))
is an R-submodule of a finite direct sum of copies of Er(k). This implies that
Homp(M, Er(k)) is artinian as an R-module. Thus Hompg(M, Er(k)) is an
artinian left A-module. Consequently, we obtain a contravariant functor

Homp(—, Er(k)): mod A — artin A°P, (2.8)

where mod A is the category of finitely generated right A-modules and artin A°P
is the category of artinian left A-modules. R

Another key to Matlis duality is that the completion map R — R is identified
with the canonical ring homomorphism R — Endg(Er(k)) via the isomorphism
R = Endg(Eg(k)) given by the action of R on Eg(k). For every finitely
generated right A-module M, the standard isomorphisms M ®g R=M and
M ®RrR HOIDR(ER(IC),ER(]{J)) = HOIIlR(HOIIlR(]\f7 ER(IC)),ER(]{I)) of I‘ight A-

modules give a natural isomorphism
M =% Hompg(Homp(M, Eg(k)), Er(k)) (2.9)

of right A-modules.

On the other hand, if a given right A-module M is artinian as an R-module
(we will later show that every artinian right A-module satisfies this), then M
can be regarded as a right A-module via (2.7). Since such M can be embedded
as an R-submodule into a finite direct sum of copies of Ep(k) = Ex(k), the left
A-module Hom r(M, Egr(k)) is ﬁnitely generated as an E-module, and hence as

an A-module. Matlis duality for R implies that there is a natural isomorphism
M =% Homg(Homg(M, Er(k)), E5(k)) (2.10)

of R-modules. Since this Zisomorphism commutes with the action of A, this is
an isomorphism of right A-modules.
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It remains to see that every artinian A-module is artinian as an R-module. To
this end, we prove the following fact, in which we make use of Theorem 2.18:

PROPOSITION 2.25. Let (R, m, k) be a commutative noetherian local ring and
let A be a Noether R-algebra. For every P € Max A, there is an isomorphism

HomR(SAop (P), ER(/{?)) = SA(P)
of right A-modules. This realizes the bijection

{isoclasses of simple left A-modules }

=2 {isoclasses of simple right A-modules }
defined by Sgoo (P) — Sa(P).

Proof. Let P € MaxA. Then PN R = m (Lemma 2.12). Recall that
Saop (P) is of finite length as an R-module since it is a finite-dimensional k-
vector space; see Lemma 2.12 and (2.2). By (2.10), we have an isomorphism
Saor(P) 2% Hompg(Homp(Saer (P), Er(k)), E5(k)) of left A-modules, where
Homp (Saer (P), Er(k)) is m-torsion. Then Homp(Saer (P), Er(k)) has to be
simple as a right /Al—module, or equivalently, as a right A-module. Thus, by
Theorem 2.18, Hompg(Saor (P), Er(k)) = S4(Q) for some Q € Max A. Since
the left-hand side is annihilated by P, we have P C ). Hence P = () since P
is also maximal. O

REMARK 2.26. As shown in [GN02, Proposition 2.5.5], the injective envelope
I4(P) of Sa(P) is a direct summand of Homp(A, Er(k)). Indeed, there is a
surjection A — Spep(P) in Mod A°P by counstruction, and Hompg(—, Er(k))
sends this map to an injection S4(P) — Hompg (A, Er(k)) in Mod A by Propo-
sition 2.25. Since Homp (A, Er(k)) is an injective right A-module by Proposi-
tion 2.2(3), it contains I4(P) as a direct summand.

Consequently, I4(P) is artinian as an R-module because Homp(A, Er(k)) is
an artinian R-module as we observed before (2.8). In particular, I4(P) is
m-torsion, and hence becomes a right /Al—module, which is artinian as a right
A-module and as a right A-module.

Let us finally verify that every artinian right A-module M is artinian as an
R-module. The socle socy M is a finite direct sum of simple A-modules and it
is an essential A-submodule of M. Thus E4(M) = E4(soca M), and the right-
hand side is a finite direct sum of copies of indecomposable injective modules
I4(P) for various P € Max A; see Theorem 2.18. Hence E4(M) is artinian as
a right R-module by Remark 2.26, and so is M. Therefore,

artin A = { M € Mod A | M is artinian as an R-module }, (2.11)

where the inclusion “D” is trivial. We have observed that there is a contravari-
ant functor

Homp(—, Er(k)): artin A°° — mod A (2.12)
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Combining (2.8)—(2.12), we obtain Matlis duality for a Noether algebra over a
complete local ring:

THEOREM 2.27. Let (R, m, k) be a commutative noetherian complete local ring
and let A be a Noether R-algebra. Then the contravariant functors mod A —
artin A°? and artin A°? — mod A induced by Hompg(—, Er(k)) are mutually
quasi-inverse equivalences.

3 DECOMPOSITION OF FLAT COTORSION MODULES INTO LOCAL COMPLETE
MODULES

Let A be a Noether R-algebra. In this section, we show that every flat cotorsion
right A-module is decomposed as a direct product of p-local p-complete flat
cotorsion modules for various p € Spec R (Proposition 3.7).

The argument in this section is based on Enochs’ idea that was used to describe
flat cotorsion modules over a commutative noetherian ring ([Eno84, p. 183]).
However, we present our generalized proof in a more precise manner for the
sake of clarity.

As the first step, we prove the following lemma. Note that for a module M and
a set B, we denote by M (B) (resp. MB) the direct sum (resp. direct product)
of B-indexed copies of M.

LEMMA 3.1. A right A-module M 1is flat cotorsion if and only if M is a direct
summand of

[T Homg(Luow(P), Er(R/p)P?) (3.1)
PeSpec A

for some family of sets {Bp}pespec 4, where p := PN R in each component.

Proof. Since R is noetherian, the direct sum FEgr(R/p)PF) of injec-
tive R-modules is again injective and, by Proposition 2.2(4), each
Hompg(Iaos (P), Er(R/p)(Pr)) is a flat cotorsion right A-module. Tt is
straightforward to see that the product (3.1) is cotorsion, and it is also flat be-
cause A is left coherent (see [Cha60, Theorem 2.1] or [EJ00, Theorem 3.2.24]).
Therefore every direct summand of (3.1) is flat cotorsion.

Conversely, suppose that M is flat cotorsion. As in the proof of Proposi-
tion 2.3, M is a direct summand of Hompg(I, E) for an injective cogenerator E
in Mod R, where I := Hompg(M, E) is an injective left A-module. Since A is
left noetherian, I decomposes as a direct sum of indecomposable injective left
A-modules ([Mat58, Theorem 2.5]). Hence, using Theorem 2.22, we have

I~ P ILw(P) (3.2)
PeSpec A

for some family of sets {Cp}pespec 4. Then

Homp(l,E)= ][ Homg(Iaw(P),E)*” = [[ Hompg(Iaer(P), E°7)
PeSpec A PeSpec A
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as right A-modules. Now fix P € Spec A and let p := P N R. Since 1400 (P) is
p-local by (2.6), we have Iop (P) = L400 (P) ®g Ry, and hence

Hompg(Iaer (P), E7) = Homp(Is00 (P) ®p Ry, EY)
=~ Hompg (400 (P), Hompg(R,, E°7)).

Notice that Homp(Ry,, E°7) is an injective R-module by Proposition 2.2(3).
Since it is p-local, it cannot contain any g-torsion submodule unless q C p.
Therefore we have

Hompg(R,, E9") = @ Eg(R/q)“?)
qESpec R
qCp

for some family of sets {C}}qcp. Then

HomR([Aop(P),ECP)%HomR(IAop(P), @ ER(R/CI)(C;))

geSpec R
qCp

= Homp (Laor (P), Er(R/p)“F),

where the last isomorphism follows from Remark 2.23 (and Remark 3.4(1)
below) because I 40p (P) is p-torsion (Remark 2.26) and each Er(R/q) is g-local.
Setting Bp := C%,, we conclude that Hompg(I, E) is of the form (3.1). O

REMARK 3.2. Each component Homp (1400 (P), Eg(R/p)Pr)) in (3.1) is p-
local and p-complete, by Propositions 2.14 and 2.24, (2.6), and Remark 2.26.
Moreover, we can rewrite (3.1) as [[,cqpec p M (p), where M (p) is

@ HomR(IAOP (P)aER(R/p)(BP))a
PeSpec A
PNR=p
which is a finite direct sum due to Proposition 2.15.

By Lemma 3.1 and Remark 3.2, every flat cotorsion right A-module M is a
direct product of p-local p-complete flat cotorsion modules for various p €
Spec R. The next result shows that the isoclass of the component at p is
uniquely determined by M.

LEMMA 3.3. Let M(p) be a p-local p-complete right A-module for each p €
Spec R, and let M = [[,cqpecr M (P).

(1) For every ideal a C R, the canonical morphism M — A*M is a split

epitmorphism, and

AM =[] M)
pESpec R
aCp

as quotient modules of M, where the right-hand side is regarded as a
quotient module via the projection.
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(2) For every multiplicatively closed set S C R, the canonical morphism
Hompg(S™'R, M) — Homp(R, M) =% M is a split monomorphism, and

Homp(S™'R,M)= [[ M(p)
pESpec R
pNS=0
as submodules of M, where the right-hand side is regarded as a submodule
via the inclusion.

In particular, for every q € Spec R,

Homp(Rq, M) =[] M®).
peSpec R
pCq

(3) Let q € SpecR, and let vq: M(q) — M and wq: M — M(q) be the
inclusion and the projection, respectively. Then A9Hompg(Rq,tq) and
AYHompg(Rq,mq) are isomorphisms, and

A"Hompg(Rq, M) = M(q).

Proof. (1): Since A® commutes with arbitrary direct products (Proposi-
tion A.8), the canonical morphism M — A®M can be naturally identified with
the direct product of the canonical morphisms M (p) — A®M (p) for p € Spec R.
If a C p, then the p-complete module M (p) is also a-complete (Remark A.6),
so the canonical morphism M (p) — A®M (p) is an isomorphism. If a Z p, then
a”M(p) = M(p) for all n > 1 because M(p) is p-local, so A*M (p) = 0.

(2): Similarly, since the functor Homgr(S™'R, —) commutes with arbitrary
direct products, the canonical morphism Homp(S™'R,M) — M can be
naturally identified with the direct product of the canonical morphisms
Homp(S~'R,M(p)) — M(p) for p € SpecR. If pn S = (), then
(S7'R), = R, so we can deduce from Remark 2.13 that Homp(S™'R, M (p)) =
Hompg, (Ry, M(p)) = M(p). If pn S # 0, then APS™'R = 0, so
Homp (SR, M(p)) = Hompgr(APS™IR, M (p)) = 0 by Proposition A.9 since
M (p) is p-complete.

(3): This follows from (1) and (2). O

There is a dual statement of Lemma 3.3 for a direct sum of local torsion mod-
ules. We state it as a remark because the proof is immediate in view of Re-
mark 2.23.

REMARK 3.4. Let M(p) be a p-local p-torsion right A-module for each p €
Spec R, and let M := @, cgpec g M (P).

(1) For every ideal a C R, the canonical morphism I'yM — M is a split
monomorphism, and

r.M= P Mp)

pESpec R
aCp
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as submodules of M, where the right-hand side is regarded as a submodule
via the inclusion.

(2) For every multiplicatively closed set S C R, the canonical morphism
M — M ®r S7'R is a split epimorphism, and

MorS"'R= € M)
peSpec R
pNS=0

as quotient modules of M, where the right-hand side is regarded as a
quotient module via the projection.
In particular, for every q € Spec R,

Mg = @ M(p).

pESpec R
pCq

(3) Let q € SpecR, and let tq: M(q) — M and mq: M — M(q) be
the inclusion and the projection, respectively. Then I'q(cq ®r Rq) and
I'4(Rq, mq ®r Rq) are isomorphisms, and

Iq(M @r Rq) = M(q).
Lemma 3.3 above and Lemma 3.5 below are shown in [Thol9, Lemma 2.2] and

[Thol9, Lemma 3.1], respectively, but those were for direct products of p-local
p-complete flat R-modules for various p € Spec R.

LEMMA 3.5. Let M(p) and N(p) be p-local p-complete right A-modules for each
p € Spec R. For an A-homomorphism f: [l cspec g M(P) = Ilpespec r NV (P).
the following are equivalent:

(1) f is an isomorphism.
(2) A"Hompg(Ry, f) is an isomorphism for all q € Spec R.
(3) The composition

M(q) —— Tpespeer M) —2= Tlpespecr N(B) — N(q)

is an isomorphism for all ¢ € Spec R, where the first morphism is the
inclusion and the last one is the projection.

Proof. (1)=(2) is obvious. (2) and (3) are equivalent by Lemma 3.3. The proof
of (3)=(1) is parallel to that of [Thol9, Lemma 3.1] with T}, and T} replaced
by M (p) and N(p), respectively; [Thol9, (3.2)] is replaced by the fact that, for
every p € Spec R,

Homa( [ M(a), N(p) =0, (33)
gESpec R
pZaq
which follows from Proposition A.9 and Lemma 3.3(1). O
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The next lemma recovers and generalizes [Xu96, Theorem 4.1.14], which
deals with direct products of p-local p-complete flat R-modules for various
p € Spec R.

LEMMA 3.6. Let M(p) be a p-local p-complete right A-module for each p €
Spec R. If we have a decomposition

[T M®) = e,
pESpec R

then there are right A-modules M;(p), indexed by p € Spec R and i = 1,2, such

that
M= [ M)
pESpec R

and M(p) = M;(p) ® Ma(p) for each p € Spec R.

Proof. Let M := HpespecRM(p). For each q € Spec R, we have a canonical
split monomorphism Hompg(R,, M) — M and a canonical split epimorphism
Homp(Rq, M) — AYHompg(Rq, M), which both become isomorphisms upon
application of AYHompg(Rq, —); see Lemma 3.3. Since M = M; & M, the
same holds for M; and M,. For each i = 1,2, let h} be the composition

q

M; —2— Hompg(Rq, M;) —— AvHompg(Ry, M;) =: M;(q),

where g¢] is an arbitrary splitting of the canonical split monomorphism
f{: Homp(Rq, M;) — M,;. Since AMHomp(Ry, f;) is an isomorphism, so is
A9 Hompg(Rg, g7).

Let h;: M; — HpESpecR

ily (A"}, copecn If we show that by ® ho: My @ My — (Hp Ml(p)) @

(Hp Mg(p)) = [[,(Mi(p) ® M2(p)) is an isomorphism, then so are hi and
ho, and thus the desired conclusion follows since

M;(p) be the morphism induced by the fam-

M (p) = A" Hompg(Ry, M) = A* Homg (R, My ® M) = Mi(p) ® Ma(p)

by Lemma 3.3(3).
By Lemma 3.5, it suffices to show that A9 HomR(Rq, h1®hs) is an isomorphism
for each q € Spec R. Consider the commutative diagram

My@ My — 22 T (Mi(p) @ Ma(p))
peSpec R
971 ®g3
HomR(Rq, M; ® Mg) projection
AYHompg(Rq, M1 @ My) ——= M;(q) ® M2(q),
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where the vertical morphisms become isomorphisms upon application of
A%Homp(Rg, —). Therefore A9 Hompg(Ry, h1 @ hs) is an isomorphism. O

ProPOSITION 3.7. A right A-module M is flat cotorsion if and only if M =
[pespecr M(p), where each M(p) is some p-local p-complete flat cotorsion
module. The isoclass of M (p) is uniquely determined by M.

Proof. The “if” part is clear; see the proof of Lemma 3.1. The “only if” part
follows from Lemma 3.1, Remark 3.2, and Lemma 3.6. The uniqueness of M (p)
follows from Lemma 3.3(3). O

4 LOCAL COMPLETE FLAT MODULES AS FLAT COVERS

Let A be a Noether R-algebra. In section 3, we observed that every flat cotor-
sion module is uniquely decomposed as a direct product of p-local p-complete
ones. The purpose of the present section is to realize each p-local p-complete
flat module as a flat cover of a semisimple A,-module (Theorem 4.9).

The key result in this section is Proposition 4.5. The next three results are
necessary steps for this; Lemmas 4.1 and 4.2 are inspired by [NT20, Lemma 1.1],
and Proposition 4.4(1) is a generalization of [Xu96, Proposition 4.1.6].

LEMMA 4.1. Let J C A be a nilpotent ideal.

(1) For every flat right A-module F, the canonical morphism F — F Q4
(A/J) is right minimal in Mod A.

(2) For every injective right A-module I, the canonical morphism
Homy (A/J, I) — I is left minimal in Mod A.

Proof. This proof works for an arbitrary ring A.

(1): Denote the canonical morphism by f and let ¢ € Enda(F) such that
fg = f. Since f ®4 (A/J) is an isomorphism, so is g ®4 (4/J). Applying
—®4 (A/J) to the exact sequence

F2,F Cok g s 0,

we obtain (Cok g) ®4 (4/J) = 0. Hence Cok g = (Cokg)J = (Cokg)J? = ---,
but J is nilpotent, so Cokg = 0. Applying — ®4 (A/J) to

0 —— Kerg FA25F 0,

we obtain (Kerg) ®4 (4/J) = 0 since F is flat. Hence Ker g = 0 by the same
argument.

(2): Given a right A-module M, Homa(A/J,M) = 0 if and only if
Homyu(A/J™, M) = 0 for every n > 1, since Homa(A/J", M) = {x € M |
xJ™ = 0}. Thus Homa(A/J, M) = 0 implies M = 0, as J is nilpotent. The
rest of the proof is parallel to (1). O
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LEMMA 4.2. Let a C R be an ideal such that R/a is an artinian ring. For every
a-complete flat right A-module F, the canonical morphism F — F ®pr (R/a) is
a flat cover in Mod A.

Proof. Denote the canonical morphism by f. We first show that it is a flat
precover. Let h: G — F ®p (R/a) be an A-homomorphism from a flat right
A-module G. Then h naturally factors through an A-homomorphism h: G ®p
(R/a) — F®gr(R/a). Set g1 := h. Foreachn > 1, Gor(R/a") is a flat A/a™A-
module and it is actually projective since A/a™A is right artinian (Remark 2.9).
Thus, there exist A-homomorphisms ¢,: G®g (R/a™) - F ®g (R/a™), for all
n > 2, such that the diagram

- — G®g (R/a®) — G®g (R/a?>) — G ®r (R/a)

Js J» o @

- —— F®gr(R/a®) — F®r (R/a?) — F®r (R/a)

commutes, where the horizontal maps are the canonical ones. Defining g to
be the composition of lim _ g G2 — FJ and the canonical isomorphism

F} = F, we have a commutative diagram

G —— G®g(R/a)

o J»

F—1 For(R/a),

where the horizontal map in the first row is the canonical one. The composition
of the completion map G — G, and g: G} — F is a lifting of h: G — F ®p
(R/a) because g; = h. This shows that f is a flat precover.

Next we show that f is right minimal. Take an arbitrary g € End(F) such
that the diagram

=
-

commutes. Letting g, := g®r(R/a") = g®4(A/a™A) for each n > 1, we obtain
a diagram of the form (4.1) with G = F and g, = idp/qp. Letting A,, := A/a"A
and J,, := aA/a"A C A,, we have g, ®a, (An/Jn) = gn ®a (A/aA) = idp/qF.
Thus Lemma 4.1(1), applied to J, C A,, implies that g, is an isomorphism
for every n > 2. Then g is an isomorphism as g = @170 L 9n- This concludes

that f is a flat cover. O

g F®r (R/a)

F

REMARK 4.3. The assumption on a in Lemma 4.2 is satisfied if and only if the
Zariski closed subset V(a) := {p € Spec R | a C p } consists of only (necessarily
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finitely many) maximal ideals of R. If this is the case, then the a-adic comple-
tion functor A®* decomposes as the finite direct product Hmev( a) A™. Indeed,
setting b := ﬂmev(a) m, we have b™ C a C b for some positive integer n, so the
proof goes in a similar way to that of [Mat89, Theorem 8.15].

PROPOSITION 4.4. Let p € Spec R.

(1) For every p-local p-complete flat right A-module F, the canonical mor-
phism F — F ®p k(p) is a flat cover in Mod A.

(2) For every p-local p-torsion injective right A-module I, the canonical mor-
phism Hompg(k(p),I) — I is an injective envelope in Mod A.

Proof. By Remarks 2.13 and 2.21 along with the standard isomorphism F' ®p
k(p) = F ®r, k(p), we may assume that (R, m, k) is a local ring and p = m.
Then (1) follows from Lemma 4.2. To prove (2), notice that the canonical map
R — k(p) = k is surjective and it induces an injection Homp(k, I) — I, which
is clearly an injective preenvelope in Mod A. As I is m-torsion by assumption,
every nonzero A-submodule M of I satisfies Hompg(k, M) # 0. This implies
that the morphism Hompg(k,I) — I is an essential monomorphism, so it is an
injective envelope in Mod A. O

PROPOSITION 4.5. Let p € Spec R.

(1) Let F be a p-local p-complete flat right A-module. Then the canonical
morphism

F — F®a(Ap/radAy)

s a flat cover in Mod A.

(2) Let I be a p-local p-torsion injective right A-module. The canonical mor-
phism
Homa (Ap/rad Ay, I) — I

an injective envelope in Mod A.

Proof. As we observed in the proof of Proposition 4.4, we may assume that
(R, m, k) is a local ring and p = m. Put J :=rad A. Since J is the intersection
of all maximal ideals of A and PN R = m for all P € Max A (see Lemma 2.12
and (2.3)), we have mA C J. Consequently, for every right A-module M, the
canonical morphism M @ gk 2 M ®4 (A/mA) - M ®4 (A/J) is surjective and
the canonical morphism Homa(A/J, M) — Homs(A/mA, M) = Hompg(k, M)
is injective.

(1): Denote the given morphism by f. First we show that it is a flat precover.
Let h: G — F ®4 (A/J) be a morphism from a flat right A-module G. It
naturally factors through a morphism h: G ®4 (A/J) — F ®a4 (A/J). By the
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projectivity of G ®pg k in Mod(A ®g k), there exists a morphism g such that
the diagram

Gork — G®a(A)J)

ﬂ lﬁ

Foprk — F®a(A)J)

commutes. Furthermore, by Proposition 4.4(1), there exists a morphism g such
that the diagram

G—— GRrk —— G®4(A)J)

ol ;

F—— Frk —— F®a(A/J)

commutes, where unadorned morphisms are the canonical ones. The compo-
sition of the morphisms in the first row together with & is h, so the diagram
shows that h factors through the second row, which is f. Hence f is a flat
precover.

Next, for every s € End 4 (F) such that fs = f, we have a commutative diagram

F—— FRgrk

T
J SWJ F®a(ALT),

/
F—— FQRgrk

where unadorned morphisms are the canonical ones. Here s ® g k is an isomor-
phism by Lemma 4.1(1) as J/mA = rad(A®gk) (see Remark 2.20) is nilpotent.
Therefore Proposition 4.4(1) implies that s is an isomorphism. This concludes
that f is a flat cover.

(2): The injection Homux(A/J,I) — I is clearly an injective preenvelope. The
rest of the proof is parallel to (1). Use Lemma 4.1(2) and Proposition 4.4(2)
instead. o

LEMMA 4.6. Let a be an ideal of R and let M be a right A-module.

(1) If M is an a-complete right A-module, then its flat cover Fa(M) is a-
complete.

(2) If M is an a-torsion right A-module, then its injective envelope E (M)
18 a-torsion.

Proof. (1): Let f: Fa(M) — M be the flat cover. Since M is a-complete, we
may identify M with A®M. Then f is factorized as the composition of the
completion map Fa(M) — A*Fa(M) and A®f: A°Fs(M) — M. By Proposi-
tion A.3, A®F4(M) is flat. Since f is a flat cover, there exists a morphism g
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such that the diagram

FA(M) —— A®Fa(M) —2— Fa(M)
\fl /

commutes. The right minimality of f implies that ¢ is a split epimorphism,
so Fa(M) is a direct summand of A®Fy(M). Since A®F4(M) is a-complete
(Proposition A.5), the direct summand F4 (M) is also a-complete.

(2): Let g: M — E4(M) be the injective envelope. Since A is right noetherian,
E4 (M) decomposes as a direct sum of copies of 14(P) for various P € Spec A4;
see (3.2). The a-torsion A-submodule T'qaE4 (M) of E4(M) is injective by
Remark 3.4(1), and the induced map I'yg: M — T'E4(M) is a monomorphism
as I'y is left exact (Remark 2.23). Thus we have I E4 (M) = E4(M). O

REMARK 4.7. Let p € Spec A. Recall that A,/rad A, is a semisimple ring
(see Proposition 2.19). Hence every module over this ring is a direct sum of
simple modules, and each simple module is isomorphic to S4(P) for some P €
Spec A with P N R = p. Moreover, the category Mod(A4,/rad A,) is naturally
equivalent to the subcategory of Mod A, (or Mod A) formed by semisimple
Ap-modules (see Proposition 2.14(2) and Theorem 2.18).

With this remark, we obtain the following result:

PROPOSITION 4.8. Let p € Spec R and let M be a semisimple right A,-module.

(1) Let f: Fa(M) — M be a flat cover in Mod A. Then F(M) is p-local
and p-complete. Moreover, the morphism f induces an isomorphism

Fa(M) @4 (Ap/rad Ay) = M.

(2) Let g: M — E4(M) be an injective envelope in Mod A. Then Ex(M) is
p-local and p-torsion. Moreover, the morphism g induces an isomorphism

M = HOmA(Ap/I‘adAp,EA(M>>.

Proof. We only prove (1) because the dual argument proves (2).

Note that the semisimple A,-module M is p-complete as p" M = 0 for every
n > 1 (see Remark 4.7). Hence F4(M) is p-local p-complete by Remark 2.21
and Lemma 4.6(1). We have a commutative diagram

Fa(M) ! M

| J{z

Fa(M) ®4 (Ap/rad Ay) —— M ©4 (Ay/ rad Ay),
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where the vertical morphisms are canonical and h = f ®4 (A,/radAp).
By Proposition 4.5(1), u is a flat cover. Since h is an epimorphism be-
tween semisimple Ap-modules, it is a split epimorphism. Thus the flat cover
Fa(Kerh) — Kerh is a direct summand of the flat cover u. Since F4(Ker h)
is in the kernel of f, it should be zero by the right minimality of f. Therefore
Kerh = 0. (]

THEOREM 4.9. For every p € Spec R, we have the following one-to-one corre-
spondences:

{iisoclasses of p-local p-complete flat right A-modules }
~@a(y/rad 40 1 TPa0)
{isoclasses of semisimple right A,-modules }
EA(_)J, I THomA(Ap/radAp,—)

{isoclasses of p-local p-torsion injective right A-modules },

where the maps between the first and the second classes (resp. between the
second and the third classes) are mutually inverse.

Proof. This follows from Propositions 4.5 and 4.8 and Remark 4.7. O

Let p € Spec R. As we observed in Remark 4.7, every semisimple right A,-
module M decomposes as

M= @ Sap)r) (4.2)

PeSpec A
PNR=p

for some family of sets {Bp} ,, where { P € Spec A | PN R = p } is a finite set
(Proposition 2.15). Proposition 4.10 (resp. Proposition 4.13) below shows that
a flat cover (resp. injective envelope) of Sa(P)(Pr) in Mod A can be obtained

by applying a variant of Matlis dual to an injective envelope (resp. flat cover)
of S4ep(P) in Mod A°P.

PROPOSITION 4.10. Let P € Spec A and p := PN R. For every set B, the
injective envelope S oo (P) — Taop (P) induces a flat cover

Homp (Iaev (P), Er(R/p)®)) — Hompg(Saer (P), Er(R/p)P)) = S, (P)B)
(4.3)
i Mod A.

Proof. We first recall that each Homp in (4.3) can be replaced by
Homp,; see Remark 2.13 and (2.6). Moreover, the p-local right A-module

Hompg(Iaos (P), Er(R/p)P)) is p-complete and flat as well; see Lemma 3.1
and Remark 3.2.
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Next, notice that the functor Hompg, (Sace (P), —): Mod R, — Mod A com-
mutes with arbitrary direct sums, because S4op (P) is finitely generated over

~

R,,. So the isomorphism in (4.3) follows from Proposition 2.25. Since S4(P) &
Sa(P) ®a (Ap/rad Ay) by construction and we have Proposition 4.5(1), it
only remains to show that (4.3) becomes an isomorphism upon application of
—®a (Ap/rad Ap).

To this end, we remark that there is a canonical isomorphism

Homp(~, Er(R/p)™) @4 (Ay/ rad A,)

(4.4)
= Hom g (Hom aor (A, /rad Ay, —), Er(R/p)®))

of functors Mod A," — Mod A (see [EJO0, Theorem 3.2.11]), because Hompg,
Hom gop, and ® 4 can be replaced by Hompg,, Hom ASP and ®4,, respectively.
Under (4.4) and the natural isomorphism Hom gop (A, /rad Ay, Sace (P)) =2
S aor (P), application of — ®4 (Ay/rad Ay) to the first map in (4.3) yields a
morphism

Hom g (Hom ger (A / rad Ay, Laow (P)), Er(R/p)P))
— Homp(Saer (P), Er(R/p)™)
of right A-modules. This is an isomorphism since it is induced by the isomor-

phism
SAOP (P) 2 HOonp (AP/ rad Ap, IAOP (P))

obtained by applying Proposition 4.8(2) to the injective envelope Sop (P) —
Tpop (P). O

Proposition 4.10 leads us to the following definition, which is essential for the
main results of this paper:

DEFINITION 4.11. Let P € Spec A and p := PN R. We define
Ta(P) := Hompg(Laer (P), Er(R/p)),
which is a flat cover of S4(P) in Mod A by Proposition 4.10, that is,
Ta(P) = Fa(Sa(P))

as isoclasses of right A-modules. As we recalled in the proof of Proposition 4.10,
T4(P) is p-local and p-complete. Moreover, by Proposition 2.2(1), T4(P) is
pure-injective, hence cotorsion.

REMARK 4.12. In (4.3) and Definition 4.11, each Homp can also be replaced
by Homﬁp; see (2.6), Proposition A.12 (applied to A = R), and Remark 2.26.
On the other hand, the second Hom N in (4.5) below cannot be replaced either
by Hompg or by Hompg,. To see this, consider the case where (R, m, k) is local,
A =R, P=m, and B is a set consisting of one element. Then Tr(m) = ]%,
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and Ep(k) naturally becomes an R-module (see section 2.5), so we have a
canonical injection f: Egr(k) = Homﬁ(ﬁ,ER(k)) — Homp(R, Ex(k)). This
injection is not surjective as far as R is not m-complete, because the surjection
g: Hompg(R, Er(k)) — Hompg(R, Er(k)) = Egr(k) induced by the completion
map R — R is not injective, and gf is the identity map.

It should also be noticed that the last isomorphism of (4.5) shows that T4(P)
is indecomposable.

PROPOSITION 4.13. Let P € Spec A and p := PN R. For every set B, the flat
cover Ta(P) — Sa(P) induces an injective envelope

Saor(P)P) = Homp (Sa(P), Er(R/p) )

— Homg (TaA(P), Er(R/p)P)) 22 [ op (P)P) (4.5)

in Mod A°P.

Proof. The first isomorphism in (4.5) follows from Proposition 4.10 and Re-
mark 4.12.

Let (—)* := Homz (—, Er(R/p)). Since I 400 (P) is an artinian left jfl\p—module
(see (2.6) and Remark 2.26), Ta(P) = (1400 (P))* is a finitely generated right
Zl\p—module by Theorem 2.27, and thus we have a canonical isomorphism

(Ta(P)")®) = Homp (Ta(P), Er(R/p)™).
Theorem 2.27 also yields a canonical isomorphism
Laow (P)B) 2% (14on (P)**)B) = (Ta(P)*)B)

of left A-modules. Therefore the last isomorphism in (4.5) holds.

Recall that [Iaop(P)P) is a p-local p-torsion injective left A-
module (see Remark 2.26). Since we have Proposition 4.5(2) and
Hom gor (Ap/ tad Ap, Sper (P)B)) 22 Syep(P)P), it suffices to show that
the morphism in (4.5) becomes an isomorphism upon application of
Hom yor(Ay/rad Ay, —). By the tensor-hom adjunction, we have a canon-
ical isomorphism

HOonp (Ap/ rad Ap, Homé; (_a ER(R/p)(B)))
= Homp (— @4 (Ap/ rad Ay). Er(R/p) )

of functors Mod?l\p — Mod A°P. In addition, the flat cover T4(P) — Sa(P)
induces an isomorphism T4 (P) ®4 (Ap/rad Ay) =5 Sa(P) @4 (Ap/rad Ap)
Sa(P) by Proposition 4.8(1). Therefore application of Hom go» (A, / rad Ay, —)

makes the morphism in (4.5) an isomorphism. O

In general, the character dual of a flat precover over an arbitrary ring is an
injective preenvelope; see Proposition 2.2(3) and Remark 2.4. Conversely, if
the ring is right coherent, then the character dual of an injective preenvelope
of a right module is a flat precover; see [EJ00, Proposition 5.3.5].
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5 DESCRIPTIONS OF LOCAL COMPLETE FLAT MODULES

In this section, we give various descriptions of local complete flat right mod-
ules over a Noether algebra. We first look back to some classical facts for a
commutative noetherian ring R.

Let p € Spec R. Gruson and Raynaud [RG71, Part II, Proposition 2.4.3.1]
showed that every p-local p-complete flat R-module is isomorphic to the p-adic
completion of some free Ry-module. More precisely, it is shown that, given a flat

R-module F, there is an isomorphism F; = (R,(JB))Q,

k(p) (see also [EJ00, Lemma 6.7.4]). Tt is also shown that (R,(JB))Q is a flat R-

module ([RG71, Part II, (2.4.2)]). Furthermore, Enochs pointed out in [Eno84,
p. 181, Example] that (Ry”)} is isomorphic to Homp(E(R/p), E(R/p)®))
(see also [EJO0, Theorem 3.4.1(7)]). In particular, (R,(JB))Q is a flat cotorsion
R-module (Proposition 2.2(4)). It then follows that the following conditions

are equivalent for an arbitrary R-module M:

where B := dim,,) F'®r

(1) M is a p-local p-complete flat R-module.
(2) M is a p-local p-complete flat cotorsion R-module.
(3) M is isomorphic to the p-adic completion of a free Rp-module.

The term “free Ry-module” in (3) can be replaced by “projective Ry-module”,

“free I/%\p—module”, or “projective ]/%\p—module” because R, and R, are local
—~(B
rings and (RgB))Q = (Rp( ))Q by Lemma A.4.

This section is devoted to generalizing these classical facts to an arbitrary
Noether R-algebra A. We start with the next lemma, which slightly refines
[GN02, Proposition 2.5.5] and is known when A is commutative (see [Rah09,
Theorem 1.1]). Recall that np for each P € Spec A is the number defined
by (2.2).

LEMMA 5.1. For every p € Spec R, there is an isomorphism

Homp (A, Er(R/p)) = €D Law(P)"*

PeSpec A
PNR=p

of left A-modules.

Proof. By Proposition 2.2(3), Hompg(A4, Er(R/p)) is an injective left A-
module. As Er(R/p) = Er,(k(p)) by (2.6), the functor Homg(—, Er(R/p))
sends finitely generated right A-modules to p-local p-torsion left A-
modules; see Remark 2.13 and (2.8).  Thus, Proposition 4.5(2) ap-
plied to I := Hompg(A, Er(R/p)) implies that the canonical morphism
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Hom gop (Ay/rad Ay, I) — I is an injective envelope in Mod A°P. Now we have
Hom gor (Ap/rad Ap, I) = Homp(A ®4 (Ay/rad Ap), Er(R/p))
= Homp( P Sa(P)"", Er(R/p))

PeSpec A
PNR=p

~ P Saw(P),
PeSpec A
PNR=p

where the second isomorphism follows from Proposition 2.19, and the third
follows from Propositions 2.15 and 2.25. Since each I4o»(P) is the injective
envelope of S4op (P), we obtain the desired isomorphism. O

PROPOSITION 5.2. For every p € Spec R, there is an isomorphism

of right A-modules.

Proof. By Remark 2.13, (2.6), and (2.9), there is a canonical isomorphism
Ay = Homp(Hom (A, Er(R/p)), Er(R/p)) (5.1)

of right Zl\p—modules. Thus the result follows from Proposition 2.15 and
Lemma 5.1. (]

REMARK 5.3. By Remark 2.13 and Proposition A.14, all A-homomorphism
between p-local p-complete right A-modules are Ay-homomorphisms. The iso-

morphism in Proposition 5.2 is therefore an isomorphism of right Zl;—modules.

This implies that each T4 (P) is a projective right zfl\p—module.
Similarly, by Remark 2.13 and Proposition A.12, all A-homomorphism between
p-local p-torsion right A-modules are also Ay-homomorphisms. So the isomor-

phism in Lemma 5.1 is an isomorphism of left Zl\p—modules.

We will observe in Remark 7.4 that a direct sum of infinite copies of T'4(P)
is not necessarily cotorsion, but its p-adic completion is cotorsion by the next
result.

PRrROPOSITION 5.4. Let P € Spec A and p := PN R. For every set B, there
exists a canonical isomorphism

(Ta(P)P)} =% Homp (Laor (P), Er(R/p)P)).

of A-modules. In particular, (TA(P)(B))Q 1s flat and pure-injective, that is, flat
cotorsion.
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Proof. Let Saep(P) — I4eo(P) be the injective envelope. Ap-
plying Homp(—, Er(R/p)) to this, we obtain the flat cover
Homp(Ia0r (P), Er(R/p)) — Homp(Saer (P), Er(R/p)) by Proposition 4.10.
Taking the direct sum of B-indexed copies of the flat cover, we obtain the first
row of the following diagram:

Ta(P)B) —= Hompg(Ier (P), Er(R/p))B) — Hompg(S0v (P), Er(R/p)) &)

| | !

(Ta(P)®)) — Hompg(Laor (P), Er(R/p)'®)) — Homp(Sawr (P), Er(R/p)™)

The vertical morphisms are canonical ones, and the third is an isomorphism
by the proof of Proposition 4.10. The first morphism in the second row
is the unique morphism making the left square commutative; this exists
since Hompg (I a0 (P), Er(R/p)P)) is p-complete; see Remark 3.2 and Propo-
sition A.9. The second morphism in the second row is the one induced by the
injective envelope S op (P) — I 400 (P), s0 it is a flat cover by Proposition 4.10.
Moreover, the right square is commutative as well.

If we apply — ®4 (Ap/rad A,) to the above commutative diagram, then
the second morphism in each row becomes an isomorphism by the proof of
Proposition 4.10, and the first vertical morphism becomes an isomorphism by
Lemma A.4 and Remark 2.20, so the other morphisms in the diagram are also
isomorphisms, where the third vertical morphism remains the same morphism.
Therefore, it follows from Proposition 4.5(1) that the second row of the above
diagram is a flat cover because (T4 (P)(B))Q is a p-local p-complete flat right
A-module; see Definition 4.11 and Propositions A.3 and A.5. o

REMARK 5.5. Let p € Spec R and let B be a set. We can recover the known
isomorphism

(B,”))p = Homp(E(R/p), B(R/p)™) (5.2)
from Propositions 5.2 and 5.4. Indeed, Proposition 5.2 applied to A = R sim-
ply identifies R, with Tr(p) = Homgr(Er(R/p), Er(R/p)), and then Proposi-

tion 5.4 gives an isomorphism

= (B)

(R, )p = Homp(ER(R/p), Er(R/p)®),

where the left-hand side coincides with (RE,B))Q by Lemma A 4.
This isomorphism can be generalized to A. Applying the functor — ®p A to

(5.2) and using Proposition A.2, we obtain an isomorphism
(Ay")p = Homp(Homp(A, Er(R/p)), Er(R/p)!™),

as we deduced (2.9). In particular, it follows that (AgB) )p is a p-local p-complete
flat cotorsion right A-module; see Propositions A.5 and 2.2.
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THEOREM 5.6. Let p € Spec R. For a right A-module M, the following are
equivalent:

(1) M is a p-local p-complete flat right A-module.

2) M 1is a p-local p-complete flat cotorsion right A-module.

(2)
(3) M is a direct summand of (A,(JB))Q for some set B.
(4)

M is isomorphic to

B @)

PeSpec A
PNR=p

for some family of sets {Bp}p.
The cardinality of each Bp in (4) is uniquely determined by M.

Proof. Assume (1). By Proposition 4.5(1), M is a flat cover of M ®4
(Ap/rad Ap) in Mod A, where

M®a (Ay/radAy) = P S(P)Pr)

PeSpec A

PNR=p
for a family of sets {Bp} ; see Remark 4.7 and (4.2). Then (4) follows from the
above decomposition and Propositions 4.10 and 5.4, along with Proposition 2.15
and the elementary fact that a finite direct sum of flat covers is a flat cover
([Xu96, Theorem 1.2.10]).
Assume (4). We first show the uniqueness of each Bp. By Propositions 4.10
and 5.4, (T4 (P)(BP))Q is the flat cover of S4(P)(Pr). By Theorem 4.9, we have
an isomorphism (TA(P)(BP))Q ®a (Ap/rad Ap) = Sa(P)BP). Tt then follows
that

Mo (y/r0a ) = (@ TP} ) 0 (A rad Ay)
PeSpec A
PNR=p

P sarp)Br.

PeSpec A
PNR=p

Il

Therefore, the cardinality of each Bp is uniquely determined by M, due to
the Krull-Remak-Schmidt-Azumaya theorem; see [Pre09, Theorem E.1.24] for
example.

Let us next show that (4) implies (3). We know from Proposition 5.2 that

(B
TA(P)(BP) is a direct summand of Ap( P), SO (TA(P)(BP))Q is a direct sum-

— (B
mand of (Ap( P))Q, which is isomorphic to (A)(JBP))Q by Lemma A.4. Let B be

the disjoint union of all Bp. Then

B ~ B
A= @ @,
PeSpec A
PNR=p
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o (3) holds.
The implication (3) = (2) is clear in view of the last sentence of Remark 5.5
The remaining implication (2) = (1) is trivial. O

REMARK 5.7. By Proposition 5.2, Remarks 5.3 and 5.5, and Theorem 5.6, the
following conditions are equivalent for a right A—module M:

(1) M is a p-local p-complete flat right A-module.

(2) M is a p-local p-complete flat cotorsion right A-modules.
(3) M is isomorphic to the p-adic completion of a projective Zl;—module.

If this is the case, then the projective Zl;—module in (3) can be taken as a direct

sum of indecomposable projective Zl;-modules.

Let F be a flat right A-module. Then its localization F} is also a flat right A-

module, so its p-adic completion f?; is a p-local p-complete flat right A-module

(see Propositions A.3 and A.5). Thus Theorem 5.6 yields an isomorphism
@pespecA(TA(P)(BP)) , and the proof of the theorem shows that the

PAR=p
index sets Bp are determined by a decomposition

F®a(Ap/radAy) 2 F, @4 (Ap/rad Ay) = P S(P)EP),

PeSpec A
PNR=p

where the first isomorphism follows from Remark 2.20 and 1/7; ®pr k(p) =
F ®pr k(p) (see Lemma A.4). If A = R, then the left-most side is F Qg &(p).
Therefore, all the classical facts mentioned at the beginning of this section have
been generalized to Noether algebras.

REMARK 5.8. Contrary to the classical case, the term “projective ﬁ;—module”
in Remark 5.7(3) cannot be replaced either by “free A,-module”, “projective
Ap-module”, or “free zfl\p—module” , even if A is commutative. We give a counter-
example to all of these at the same time.

Let k be a field and R := k[z,y]/(y? —2?(x+1)). The ring R can be embedded
into the polynomial ring A := k[t] by z — t> — 1 and y — #(t> — 1). Then
R and k[t] have the same quotient field k(t), and k[t] is the integral closure of
R in the quotient field k(¢). Note that A = k[t] is a Noether R-algebra since
A =R+ Rt

Consider the maximal ideal m := (z,y) € R. We have m"A4A = (nqn_q)"
for each m > 1, where n; = (¢t — i) € MaxA. The m-adic completion of
A has a decomposition A, = A = A} x A} | as a ring (Remark 4.3).

Letting M := Ap , we have M = //ln\l 2 Ty (ny), so this is an indecomposable
flat cotorsion A-module and also is an indecomposable projective Ay,-module,
which is m-complete. Thus M satisfies the equivalent conditions in Remark 5.7,

setting p := m.
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However, M is not isomorphic to the m-adic completion of any free Zl\m—module
since such a completion is a direct sum of copies of A} x Aj  ~ (which is
decomposable or zero). We also show that M is not isomorphic to the m-adic
completion of any projective Ap-module, either. Given a nonzero projective
An-module P, we have P}, = P}, @ P} (Remark 4.3). Since (), nfF =0
for every free Apm-module F' (see [Mat89, Theorem 8.10]), the canonical map
F — F} is injective, so the same holds for P. Therefore each P} is nonzero,

and hence Py, is not indecomposable.

6 STRUCTURE OF FLAT COTORSION MODULES

Let us now complete the proof of the structure theorem for flat cotorsion mod-
ules (Theorem 1.1):

THEOREM 6.1. Let A be a Noether R-algebra. A right A-module M is flat
cotorsion if and only if M is isomorphic to

[I @@k (6.1)
PeSpec A

for some family of sets {Bp}pespeca. The cardinality of each Bp is uniquely
determined by M.

Proof. This follows from Proposition 3.7 and Theorem 5.6. O

Consequently, we obtain a complete description of indecomposable flat cotor-
sion modules (Corollary 1.2):

COROLLARY 6.2. Let A be a Noether R-algebra. Then there is a bijection

Spec A =% {isoclasses of indecomposable flat cotorsion right A-modules }
given by P+ T4(P) = Hompg (Lo (P), ER(R/P N R)).

Proof. By Remark 4.12, T'4(P) is indecomposable. The uniqueness of the cardi-
nalities of Bp in Theorem 6.1 implies that the map in the statement is injective.
To observe the surjectivity, take an indecomposable flat cotorsion right A-
module M. By Theorem 6.1, M is isomorphic to (TA(P)(B))Q for some P €
Spec A and a nonempty set B, where p := P N R. Since T4(P) = Ta(P), is a
direct summand of (TA(P)(B))Q, the indecomposability of M implies that the
cardinality of B is one, and hence M = Ty (P). O

EXAMPLE 6.3. Let R be a commutative noetherian ring and let A be the 2 x 2
lower triangular matrix algebra over R, that is,

A= <g g)
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Then A is a Noether R-algebra. We describe all isoclasses of simple, inde-
composable injective, and indecomposable flat cotorsion right A-modules. The
algebra A has a decomposition

A=(R 0)@(R R)

as a right A-module, where the action of A is matrix multiplication. For each

p € Spec R,
_(» 0 _ (R0

are prime ideals of A, and varying p, these are all the prime ideals of A (see
Proposition 2.15). The simple right A,-modules are

(k(p) r(p))
(k(p) 0)
By (2.2), np,py = 1 for i = 1,2. On the other hand, the algebra A has a

decomposition
R 0
4= (5) = (x)

as a left A-module, and we have

Sa(Pi(p)) = (k(p) 0) and Sa(Pa(p)) =

(Er(R/p) Er(R/p))
(Er(R/p) 0)

Hompg(A, Er(R/p)) = (Er(R/p) Er(R/p)) &

as right A-modules. Hence, by Lemma 5.1,

(Er(R/p) Er(R/p))
(Er(R/p) 0)
because each I4(P;(p)) should have S4(P;(p)) as a right A-submodule. Simi-

larly, by Proposition 5.2,
Ta(Pi(p) = (B, 0) and Ta(Po(v) = (R, By)
since each T4 (P;(p)) should have S4(P;(p)) as a quotient A-module.

Ix(Py(p)) = (Er(R/p) Er(R/p)) and I4(Ps(p)) =

REMARK 6.4. Let us consider the case where R = k is a field, that is, A is
a finite-dimensional k-algebra. As mentioned in Remark 2.9, all flat right A-
modules are projective and all right A-modules are cotorsion. Thus the flat
cotorsion right A-modules are precisely the projective right A-modules. For
every P € Spec A,
TA(P) = Homk(IAop (P), k/’)

is the projective cover of S4(P) (see Proposition 4.10), and the product in
Theorem 6.1 can be written as

@ Ty (P)(BP)
PeSpec A

since Spec A is a finite set by Proposition 2.15 and P Nk = 0 for each P €
Spec A.
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7 FLAT COTORSION MODULES AS FLAT COVERS AND PURE-INJECTIVE EN-
VELOPES

Let A be a Noether R-algebra. In this section, we prove Theorem 7.6, which
gives other descriptions of each flat cotorsion right A-module in terms of a flat
cover and a pure-injective envelope.

LEMMA 7.1. For each p € Spec R, let f(p): F(p) — M(p) be a flat cover in
Mod A such that F(p) is p-local and p-complete. Then the product

II re: I Fo—- JI M®»)

pESpec R pESpec R pESpec R
s a flat cover.

Proof. Denote the product of morphisms by f: F' — M, where F' is a flat right
A-module since A is left noetherian. For every flat right A-module F”’, the mor-
phism Hom 4 (F’, f(p)) is an epimorphism since f(p) is a flat (pre)cover. Hence
the product Homa (F”, f) = [, cspec  Homa (£, f(p)) is also an epimorphism.
This shows that f is a flat precover.

It remains to show that f is right minimal. Let g € End 4 (F’) such that fg = f.
For each q € Spec R, we have a commutative diagram

inclusion g projection
F

Since f(q) is a flat cover, the composition in the first row is an isomorphism.
Therefore, g is an isomorphism by Lemma 3.5. O

A special case of Lemma 7.1 is discussed in the third paragraph of the proof of
[Eno84, p. 183, Theorem).

The assumption in Lemma 7.1 that each F(p) is p-local and p-complete is satis-
fied if each M (p) is p-local and p-complete, by Remark 2.21 and Lemma 4.6(1).

PROPOSITION 7.2. Let M be a right A-module that is finitely generated or
projective. Then the morphism M — HmeMaxRMn/"\l induced by the completion
maps M — M is a pure-injective envelope.

When A = R, this is shown in [EJ00, Proposition 6.7.3 and Remark 6.7.12].
Let us first recall an elementary fact before giving a proof.

REMARK 7.3. For every right A-module M, the morphism g¢g: M —
HmeMaX r My induced by the localization maps M — M, is a pure monomor-
phism, or equivalently, g ® 4 N is a monomorphism in Mod R for every finitely
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generated (presented) left A-module N (see [GT12, Lemma 2.19]). Indeed, the
functor — ® 4 N commutes with arbitrary direct products (see [EJO0, Theo-
rem 3.2.22]) and the localization functors (—)m, so the morphism g ® 4 N can
be written as M g N — HmeMaxR(M ®R N)m. This is a monomorphism,
because if a given element x of M @r N becomes zero in (M Qg N)y, for all
m € Max R, then z is zero in M ®p N; see [Mat89, Theorem 4.6].

It is also seen from the above argument that, given a family {M},ep of right
A-modules, the canonical inclusion @, z My < [[,c 3 Ms is a pure monomor-
phism ([Pre09, Lemma 2.1.10]).

Proof of Proposition 7.2. Denote by f the morphism M — ], carax g M- To
see that f is left minimal, it suffices, by (3.3), to show that each morphism
M — M}, is left minimal for all m € MaxR (since M is m-local and m-
complete), and this follows from the adjoint property of the m-adic completion
functor (Proposition A.9).

It remains to check that f is a pure-injective preenvelope. If M is finitely
generated, then each M} is pure-injective by Proposition 2.2(1), Remark 2.21,
and (2.9). If M is projective, then [, cniax g Min is flat cotorsion (Remark 5.7)
and hence pure-injective by Proposition 2.3. Therefore, it suffices to check
that f is a pure monomorphism; see Proposition 2.5(1). By Remark 7.3, we only
need to check that the completion map My, — M), is a pure monomorphism
for each m € Max R, so we may assume that A is a Noether algebra over a
local ring R with maximal ideal m. e

If M is finitely generated, then the completion map M — M is a pure monomor-
phism_since it coincides with the map induced by the pure monomorphism
R — R; see section 2.5.

If M is projective, then we may replace it by a free module A®) with basis B.
The inclusion g: AP < AB and the canonical morphism n: idyeq 4 — A™ of
functors Mod A — Mod A yield a commutative diagram:

AB) AT g ()

o| |am

AB —_— A™(AB).
n(A”)

The functor A™ commutes with arbitrary direct products (Proposition A.8), so
A™(AB) =2 (A™A)B and n(AP) is identified with n(A4)5.

Now, g is a pure monomorphism (Remark 7.3). The completion map
n(A): A - A™A = A is also a pure monomorphism as we recalled above,
and hence so is 7(A4)? = n(AP) (because tensoring with a finitely generated
module commutes with arbitrary direct products; see Remark 7.3). Therefore

the commutative diagram above implies that n(A)) is a pure monomorphism,
as desired. 0

As a consequence of Proposition 7.2, we obtain the following remark:
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REMARK 7.4. Let P € Spec A and p := PNR. Recall that T'4(P) is a projective

right A;—module (Remark 5.3). It then follows from Proposition 7.2 that the
completion map

f: Ta(P)P) = (Ta(P) D)

is a pure-injective envelope in Mod;l\p, for every set B. Hence the cokernel of
this map is a flat right jfl\p-module (see Proposition 2.8 and Lemma 2.7). The
cokernel is also a flat right A-module, as the canonical maps A — A4, — Zl\p
are flat ring homomorphisms. This shows that f is a pure monomorphism in
Mod A as well. Moreover, f is left minimal in Mod A by Proposition A.9, and
(Ta (P)(B))Q is pure-injective in Mod A by Proposition 5.4. Therefore, f is a
pure-injective envelope in Mod A.

Let us consider the case where A = R is a local ring and P = m is its maximal

~

ideal. Then Tgr(m) = R, so the pure-injective envelope of R(B) (which is also

the cotorsion envelope) is the completion map f: R — R(B). If B is an
infinite set and the Krull dimension of R is greater than 0, then f is not an
isomorphism. This shows that a direct sum of copies of T4 (P) is neither pure-
injective nor cotorsion in general.

LEMMA 7.5. For each p € Spec R, let g(p): M(p) — H(p) be a pure-injective
envelope in Mod A such that H(p) is p-local and p-complete. Then the mor-
phism

g P Mp) - ][I Hp

pESpecR peSpecR

induced by {g(p)}pespecr 5 a pure-injective envelope.

Proof. We first remark that g is factorized as the composition of the direct sum

D sv: B Mep) - B Hp)

peSpec R peSpec R peSpec R

and the canonical map @, cgpecr H(P) = [lpespec r H(P), where the former
map is evidently a pure monomorphism, and so is the latter by Remark 7.3.
It follows from the definition of pure-injective modules that the direct prod-
uct [[,espec g H(p) is pure-injective. Thus, g is a pure monomorphism into a
pure-injective module, that is, g is a pure-injective preenvelope; see Proposi-
tion 2.5(1).

It remains to show the left minimality of g: M — H, where M :=
Dpespecr M(p) and H := [[,cqpeccp H(p). Let h € Enda(H) with hg = g.
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For each q € Spec R, we have a commutative diagram

M(q) M(q)
g(a) mdkﬂ M W; g(q)
N
H(q) inclusion H h H projection H(q)

Since ¢(q) is a pure-injective envelope, the composition in the second row is an
isomorphism. Therefore, h is an isomorphism by Lemma 3.5. O

We can now prove the main result in this section. Recall that, for a right A-
module M, its pure-injective envelope and cotorsion envelope are denoted by
Ha(M) and Ca(M), respectively.

THEOREM 7.6. For every family of sets {Bp}pespeca, we have isomorphisms
of right A-modules

Fa( JI sa@)®y= I @) P)pag
PeSpec A PeSpec A

=Ha( P Ta(p)Pr),
PeSpec A

where H4 can be replaced by C4.

Proof. For every P € Spec A, we have a flat cover

F(P): (Ta(P)Fr)) e — Sa(P)FF)
and a pure-injective envelope

9(P): Ta(P)Pr) — (Ta(P) ")) pep

by Proposition 4.10, Proposition 5.4, and Remark 7.4. Fix p € Spec R, and
define f(p): F(p) — M(p) and g(p): N(p) — H(p) as the direct sum of f(P)
and the direct sum of g(P), respectively, for all P € Spec A with PN R = p.
Since there are only finitely many such P (Proposition 2.15), f(p) and g(p) are a
flat cover and a pure-injective envelope, respectively (see [Xu96, Theorems 1.2.5
and 1.2.10]). Moreover, F(p) = H(p) is p-local and p-complete. Thus the
first and the second isomorphisms in the theorem follow from Lemma 7.1 and
Lemma 7.5, respectively. Proposition 2.8 shows that H 4 can be replaced by Cy.

O

REMARK 7.7. It is known that each pure-injective right module M over an

arbitrary ring A has a decomposition M = Ha(P, . MC(BC)) @ N, where
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{M_} ¢ is a family of indecomposable pure-injective modules such that M, %
M. whenever ¢ # ¢, {B.} .. is a family of sets, and N is a superdecomposable
module, that is, a module having no indecomposable direct summands. The
cardinality of each B. and the isoclass of N are uniquely determined by M.
See [Pre09, Theorem 4.4.2].

For a flat cotorsion right module M over a Noether R-algebra A, this fact has
been explicitly realized as

M=Hs( @@ Ta(P) )
PeSpec A

by Theorem 6.1 and the second isomorphism in Theorem 7.6. Note that the
superdecomposable summand N is interpreted as the zero module.

REMARK 7.8. Another general fact we should mention is that every flat right
module over an arbitrary ring admits a pure monomorphism into a direct prod-
uct of indecomposable flat cotorsion right modules; this was shown by Guil
Asensio and Herzog [GAHO07, Corollary 10]. In particular, if the ring is left co-
herent, then this result implies that every flat cotorsion right module is a direct
summand of a direct product of indecomposable flat cotorsion right modules,
as flat cotorsion right modules are pure-injective (see Remark 2.4).

In the case of a Noether R-algebra A, we can recover the result ([GAHO7,
Corollary 10]) as follows: Given a flat right A-module M, the pure-injective
envelope M — H,4(M) is a pure monomorphism into a flat cotorsion module
(see Propositions 2.5 and 2.8 and Lemma 2.7), so we may assume that M itself
is flat cotorsion, and thus

M= I @aP)P)par
PeSpecA

by Theorem 6.1. We show that the canonical morphism

I[I @@®pr— II @aP)?")par (7.1)
PeSpec A PeSpec A

is a pure monomorphism. As we observed in Remark 7.3, it suffices to see that
— ®4 N applied to (7.1) is a monomorphism for every finitely generated left
A-module N. We also observed that — ® 4 N commutes with direct products.
Since Ta(P)Br) and T4 (P)Br are flat, Proposition A.2 implies that — ®4 N
applied to (7.1) becomes

I[I (@@ oaN)P)pop = T (TaP)@a N)P?)pag,
PeSpec A PeSpec A

which is clearly a monomorphism. Thus (7.1) is a pure monomorphism. Since
completion commutes with direct products (Proposition A.8) and each T4 (P)
is (P N R)-complete, the right-hand side of (7.1) is [ [ pegpec 4 Ta(P)B7, which
is a direct product of indecomposable flat cotorsion right A-modules.
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8 ZIEGLER SPECTRA AND ELEMENTARY DUALITY

Let A be a Noether R-algebra. Combining Theorem 2.22 and Corollary 6.2, it
follows that there exists a one-to-one correspondence between the isoclasses of
indecomposable injective left A-modules and the isoclasses of indecomposable
flat cotorsion right A-modules, given by I40p (P) — T4 (P) for each P € Spec A.
In this section, we observe that this one-to-one correspondence is compatible,
and is actually induced from, elementary duality between the Ziegler spectrum
of A°P and that of A (Theorem 8.14).

For a while, let A be an arbitrary ring. Denote by fp(mod A, Ab) the cat-
egory of finitely presented additive functors mod A — Ab, where mod A is
the category of finitely presented right A-modules and Ab is the category of
abelian groups. Each functor F' € fp(mod A, Ab) admits a unique extension

F: ModA — Ab (up to isomorphism) that commutes with (filtered) direct

Hom y—
limits. By definition, there exists an exact sequence Hom 4 (M, —) OA—(f)>

Homy(L,—) — F — 0 in fp(mod A, Ab), where f: L — M is a morphism in
mod A, and the extension ? can be defined as the cokernel of the same mor-

phism Hom 4 (M, —) Homa(f,7), Homu (L, —) but regarded as a morphism of
functors Mod A — Ab; see [Pre09, Corollary 10.2.42].

Denote by Zg 4 the Ziegler spectrum of A, which is a topological space whose
points are the isoclasses of indecomposable pure-injective right A-modules (they
actually form a small set; see [Pre09, Corollary 4.3.38]). The topology on Zg 4
is defined so that { (F') | F' € fp(mod A, Ab) } is an open basis, where

(F) == {N € Zg, | F(N) £0}

for each F' € fp(mod A, Ab); see [Pre09, Corollary 10.2.45].

Although this definition of the topology is convenient, it should be mentioned
that the topology was originally introduced in terms of model theory for mod-
ules, and such a viewpoint helps us to understand elementary duality, particu-
larly via Lemma 8.3. For this reason, we interpret the topology on the Ziegler
spectrum via model theoretic language.

Let I, m, and n be nonnegative integers. Let H and H' be matrices whose
entries are elements of A, where H is an n x | matrix and H' is an m x [
matrix. A pp-formula (positive primitive formula) ¢ for right A-modules is a
formula of the form Jy(xH = yH'), where x = (z1,...,2,) is a tuple of free
variables and y = (y1,...,ym) is a tuple of variables bound by the existential
quantifier. So n is referred to as the number of free variables in ¢.

For each right A-module M, the pp-formula ¢ defines an abelian subgroup of
M™ as

Fy(M) :={x € M™ | there exists y € M™ such that xH = yH' },

where x and y are regarded as row vectors. A subgroup of M"™ of this form
(for some [ and m) is called a subgroup of M™ pp-definable in M. For every
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morphism f: M — N in Mod A, the direct sum f™: M™ — N™ restricts to a
homomorphism Fy(M) — Fy(N) of abelian groups. So we obtain an additive
functor Fy: Mod A — Ab.

Let ¢ and 1 be pp-formulas for right A-modules, and suppose that they have
the same number, say n, of free variables. Then both Fy(M) and Fy (M) are
subgroups of M" for each M € Mod A. We write ¢ < 1 if Fy(M) C Fy (M) for
all right A-modules M. Moreover, ¢ and 1 are said to be equivalent if ¢ < 9
and ¢ > 1, in which case we have equality of functors Fyy = Fy.

A pp-pair ¢/ is a pair of pp-formulas with ¢ > 1. Each pp-pair ¢ /v defines an
additive functor Fy/y,: Mod A — Ab by the assignment M +— Fy(M)/Fy(M).
The following remarkable fact allows us to understand the topology on Zg 4 via
pPp-pairs.

THEOREM 8.1. Let A be a ring. For each pp-pair ¢/v, the functor
Fyp: Mod A — Ab commutes with direct limits and its restriction to mod A
belongs to fp(mod A, Ab). Conversely, for each F' € fp(mod A, Ab), there exists

a pp-pair ¢ > 2 such that F' = Fy,y, as functors Mod A — Ab.

Proof. See [Pre09, Lemma 1.2.31 and Remark 10.2.29] for the first statement,
and [Pre09, Proposition 10.2.43] for the second. O

In fact, the category fp(mod A, Ab) is equivalent to the category of pp-pairs for
right A-modules; see [Pre09, Theorem 10.2.30].
It follows from Theorem 8.1 that

{(Fy/p) | ¢/ is a pp-pair for right A-modules }

is an open basis for Zg 4.

We now explain elementary duality, first in terms of pp-formulas. Let ¢ be a pp-
formula Jy(xH = yH') for right A-modules, where H is an n x [ matrix and H’
is an m x [ matrix. Regarding the transposes H® and H'® as matrices over A°P,
we can define the pp-formula D¢ for right A°P-modules to be Jz(zK = zK’),
where x = (21,...,,) is a tuple of free variables, z = (21...,2;) is a tuple of
bound variables, K := (I 0), K’ := (H* H'), I is the n x n identity matrix,
and 0 is the n x m zero matrix. The pp-formula D¢ is called the elementary
dual of ¢. For each right A°P-module M,

Fpy(M) = {x € M™| there exists z € M' such that +K = 2K’}
= {x € M™ | there exists z € M' such that + = zH" and zH"* = 0}.

If we regard M as a left A-module and x and z as column vectors, then the
equations in the second line can be written as x = Hz and H'z = 0.

We can apply the same construction to D¢ and obtain the pp-formula D?¢ =
DD¢ for right A-modules. Elementary duality claims that D?¢ is equivalent
to ¢, and moreover, two pp-formulas ¢ and v satisfy ¢ > ¢ if and only if
Dy > D¢. Denote by pp”; the poset of equivalent classes of pp-formulas in n
free variables for right A-modules. In fact, this is a modular lattice; see [Pre09,
§1.1.3].
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THEOREM 8.2 (Elementary duality of pp-formulas). Let A be a ring. The
operator D is an anti-isomorphism from pp’y to pp’ier for each n > 0.

Proof. See [Pre09, Proposition 1.3.1]. O
The following fact is the key to describe elementary duality of Ziegler spectra:

LEMMA 8.3. Let A be a ring and let M be a right A-module. Fix a ring
homomorphism S — End 4 (M) from a ring S. Let E be an injective cogenerator
in Mod S°P and set M* := Homge» (M, E) € Mod A°P. For each pp-pair ¢/,
we have Fy (M) =0 if and only if Fpy/pg(M*) = 0.

Proof. See [Pre09, Theorem 1.3.15]. O

Let U be an open subset of Zg 4 such that U = (F, ) for some pp-pair ¢/ for
right A-modules. Since Dv/D¢ is a pp-pair for right A°P-modules, (Fpy/pg)
is an open subset of Zg 4., which does not depend on the choice of the pp-pair
@/ for U. Indeed, for each N € Zg 4op, Lemma 8.3 (applied to S := End 40p (N)
and arbitrary E) implies that

N e (FDw/D¢) < FD¢/D¢(N)7£O <~ Fd)/w(N*);éO ~— N*eUl.

Therefore we can write DU := (Fpy,pg). Then D?*U = U by Theorem 8.2, so
this gives an order-preserving bijection between open bases of Zg 4 and Zg 4op,
so it extends uniquely to an order-preserving bijection between all open subsets
of Zg, and those of Zgor. We summarize these facts in the next theorem,
which was originally shown by Herzog [Her93, Proposition 4.4].

THEOREM 8.4 (Elementary duality of Ziegler spectra). For every ring A, there
18 an order-preserving bijection

D: {open subsets of Zg 4 } == { open subsets of Zg 4op },

which sends (Fy/y) to (Fpy/pge) for each pp-pair ¢/4.
Proof. See [Pre09, Theorem 5.4.1]. O

We may also interpret elementary duality as an order-preserving bijection be-
tween the closed subsets of Zg 4 and those of Zg 4o, in an obvious way; that is,
given a closed subset C' C Zg 4, its complement C° = Zg 4 \ C' is open, so send
C to DC := (D(C°))® = Zg oo \ D(C°). Note that, if C is also open, then
elementary duality for open subsets and that for closed subsets send C' to the
same open closed subset of Zg 4.,. Thus we can safely denote both bijections
by D.

REMARK 8.5. Elementary duality does not mean that there is a homeomor-
phism between Zg 4 and Zg 40,. This is due to the fact that the Ziegler spectrum
is not necessarily a Ty-space, that is, it may contain topologically indistinguish-
able points (see [Pre09, p. 267]). It is not known in general whether Zg, is
homeomorphic to Zg 4op; see [Pre09, Question 5.4.8].
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We next explain how elementary duality is interpreted in terms of finitely pre-
sented functors.

THEOREM 8.6 (Auslander-Gruson-Jensen duality). For every ring A, there is
a duality of categories

d: fp(mod A, Ab) = fp(mod A°P, Ab)

given by F +— dF, where (dF)(L) := Hom(F,— ®4 L) for L € mod A°P. Its
quasi-inverse is given by G — dG, where (dG)(M) := Hom(G,M ®4 —) for
M € mod A.

Proof. [Pre09, Theorem 10.3.4]. O

It is known that the equivalence d in Theorem 8.6 sends Fy,y, to Fpy/pe for
each pp-pair ¢/1; see [Pre09, Corollary 10.3.8] and its proof. Thus the bijection
in Theorem 8.4 can also be written as (F) — (dF) for F' € fp(mod A, Ab).

It would be worth noting that there is an order-preserving bijection between
the open subsets of Zg 4 and the Serre subcategories of fp(mod A4, Ab) ([Her97,
Theorem 3.8] and [Kra97, Theorem 4.2]). Hence the bijection in Theorem 8.4
induces a bijection between the Serre subcategories of fp(mod A, Ab) and those
of fp(mod A°P, Ab); this also follows from Theorem 8.6.

On the other hand, there is an order-preserving bijection between the closed
subsets of Zg 4 and the definable subcategories of Mod A, that is, full subcate-
gories of Mod A closed under direct limits, direct products, and pure submod-
ules (see [Pre09, Corollary 5.1.6]). Typical examples are the subcategory of
injective right A-modules when A is right noetherian and the subcategory of
flat right A-modules when A is left coherent (see [Pre09, Theorem 3.4.28(a)
and Theorem 3.4.24]). Given a definable subcategory, its corresponding closed
subset is obtained by collecting the isoclasses of indecomposable pure-injective
modules in the subcategory.

Now let A be a Noether R-algebra. Denote by inj, (resp. flcot4) the set
of isoclasses of indecomposable injective (resp. indecomposable flat cotorsion)
right A-modules. As we observed in Propositions 2.1 and 2.3, the flat cotorsion
right A-modules are precisely the flat pure-injective right A-modules. So inj 4
and flcot4 are closed subsets of Zg 4 by the above observation. We endow inj 4
and flcot4 with the topologies induced from Zg 4.

LEMMA 8.7. Let A be a Noether R-algebra and let P € Spec A. For each open
subset U C Zg qop, we have Iaop(P) € U if and only if Ta(P) € DU.

Proof. Since elementary duality D is order-preserving and Zg 4., has an open
basis {(Fy/y)}, we may assume that U = (Fy ;) for some pp-pair ¢ /1) for right
A°P-modules, and hence DU = (Fpy/pg)-

Let p := PNR. Since I 400 (P) is p-local by (2.6), there is a ring homomorphism
R, — Endsor (1400 (P)) given by scalar multiplication. Moreover, Egr(R/p) =
ER,(k(p)) is an injective cogenerator in Mod R, ([ILL*07, Lemma A.27]),
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and by definition T4 (P) = Hompg(Laer (P), Er(R/p)). Thus, it follows from
Lemma 8.3 that Fy/y(Lacr (P)) # 0 if and only if Fpy/pe(Ta(P)) # 0. There-
fore I o0 (P) € U if and only if T4(P) € DU. O

THEOREM 8.8. Let A be a Noether R-algebra. Then the bijection inj jop ==
ficot 4 given by Iaop (P) — Ta(P) is a homeomorphism.

Proof. Lemma 8.7 implies that, for each open subset U C Zg 405, the bijection
inj 4op = flcot 4 restricts to a bijection U Ninj4op = DU Nflcot 4. Hence the
result follows. O

We can deduce from Lemma 8.7 that
D(inj yop ) = flcot 4. (8.1)

for a Noether R-algebra A. Indeed, setting U := (inj 4op )¢, we obtain DU N
flcot4 = @ from Lemma 8.7, and hence D(inj 4op) = (DU)¢ D flcot4. On the
other hand, setting O := (flcot4)¢ and applying Lemma 8.7 to DO C Zg sop,
we obtain DO N inj e, = @. This implies that inj e € (DO) = D(flcoty),
and hence D(inj 4op) € D?(flcot 4) = flcot 4. Therefore (8.1) holds.

In fact, (8.1) holds for an arbitrary left coherent ring A ([Her93, Theorem 9.3]).
Moreover, Herzog proved that elementary duality “constitutes” a homeomor-
phism inj 4op = flcot 4 for a class of rings A, including all left noetherian rings
([Her93, Corollary 9.6]). In the rest of this section, we prove that our home-
omorphism in Theorem 8.8 coincides with Herzog’s one when A is a Noether
R-algebra.

Recall that a generic point of a topological space X is a point x € X whose
closure is the whole space X.

DEFINITION 8.9. Let A be a ring. A point N € Zg, is called reflezive if its
closure {N} has a unique generic point (which is necessarily N) and if the
elementary dual D{N} of {N} also has a unique generic point. In this case,
the generic point of D{N} is denoted by DN and called the elementary dual
of N.

If N € Zg, is reflexive, then DN is also reflexive and D?N = N by definition.
Thus we have a bijection between the reflexive points in Zg, and those in
Zg 4op given by N — DN. Herzog’s homeomorphism inj 4., =2 flcoty (for
a left noetherian ring A) is realized as a restriction of this bijection based
on the fact that all points of inj., and flcots are reflexive; see [Her93, the
last paragraph of §4 and the paragraph preceding Corollary 9.6], where the
definition of reflexivity (see [Her93, the paragraph preceding Theorem 4.10]) is
stronger than ours following [Pre09, p. 271]. The dual of a reflexive point N in
the former sense is actually DN defined as above; see [Pre09, Theorems 5.3.2
and 5.4.12].

Therefore, to see that Herzog’s homeomorphism coincides with ours for a
Noether algebra A, it is enough to show that each T4(P) is the elementary
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dual of I4ep (P); this will be done in Theorem 8.14. We also give an explicit
proof for the reflexivity of points in inj 4op and flcot 4.

For this purpose, we describe the topology on inj, in terms of prime ideals
of A. The description is merely a paraphrase of known results.

DEFINITION 8.10. Let A be a Noether R-algebra. For a right A-module M,
define the support of M to be

Suppy M := { P € Spec A | Homa (M, I4(P)) #0}.

This support coincides with the classical one in commutative algebra. Indeed,
by (2.6) and Remark 2.13,

HOInA(M,IA(P)) %"HOIDAP (Mp,IA(P)), (82)

where p:= PNR. If A= R, then I4(P) = Eg(R/p) is an injective cogenerator
in Mod R,. It should also be mentioned that Definition 8.10 just imitates
the description of an open basis for inj, given by Herzog and Krause; see
Remark 8.12 below.

Let us state an auxiliary proposition. We say that a subset @ C Spec A is
specialization-closed (resp. generalization-closed) if, for every pair P C @ in
Spec A, P € @ implies Q) € @ (resp. Q € ¢ implies P € P).

PROPOSITION 8.11. Let A be a Noether R-algebra.

(1) For every short exact sequence 0 — L — M — N — 0 of right A-modules,

Supp4 M = Suppy L U Supp 4 N.

(2) For every P € Spec A, Supp,(A/P) ={Q € SpecA | P C Q }, which is
the smallest specialization-closed subset of Spec A containing P.

(3) For every right A-module M, Supp 4 M is specialization-closed.

Proof. (1): Applying the exact functor Hom 4 (—, I4(P)), for each P € Spec A,
to the given short exact sequence, we obtain the result.

(2): Let Q € Spec A. First assume that P C ). We have canonical morphisms
A/P - A/Q — E4(A/Q). Since E4(A/Q) is a finite direct sum of copies
of T4(Q) by (2.5), there exists a nonzero morphism A/P — I4(Q). Thus
Q € Suppy(A4/P).

Conversely, assume that @ € Supp4(A/P). Then there exists a nonzero mor-
phism f: A/P — E4(A/Q). Since A/Q is an essential submodule of E4(A/Q),
the intersection Im f N (A4/Q) is nonzero. This means that A/Q has a nonzero
submodule annihilated by P. Therefore P C @ by the definition of prime
ideals.

(3): Let P C @ in Spec A and P € Suppy M. Then there exists a nonzero
morphism g: M — I4(P). Let N :=1Img. Since I4(P) is p-local by (2.6), N, is
a nonzero Ay-submodule of 74(P) = Ea(Sa(P)), and hence N, contains S4(P)
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as an Ap-submodule. Thus, by [GN02, Lemma 2.5.1], there is a monomorphism
from A/P to a finite direct sum of copies of N. Therefore ) € Supp 4(A/P) C
Supp4 N C Supp 4 M by (1) and (2). O

REMARK 8.12. Tt is known (for any ring A) that there is a bijection from Zg 4
to the set of isoclasses of indecomposable injective objects in (mod A°P, Ab),
the category of additive functors mod A°? — Ab, given by M — M ®4 —
([Pre09, Corollary 12.1.9]). Extending this viewpoint, Herzog [Her97] and
Krause [Kra97] studied the spectrum formed by isoclasses of indecomposable
injective objects for an arbitrary locally coherent Grothendieck category. In
particular, when A is a Noether R-algebra (or more generally, when A is a
right coherent ring), their work provides another way to think of inj, as a
topological space, with open basis consisting of all subsets of the form

(M) :={I€inj, | Homus(M,I)#0}

for some finitely presented right A-module M; see [Her97, Corollary 3.5] or
[Kra97, Corollary 4.6]. It follows from [Pre09, Theorem 5.1.11] and [Kra97,
Corollary 4.3] that this topology coincides with the induced topology on inj 4
as a (closed) subset of Zg 4.

PROPOSITION 8.13. Let A be a Noether R-algebra. There is an order-preserving
bijection

{ specialization-closed subsets of Spec A} =% { open subsets of inj, }
given by & — {Ia(P) | P € d}.

Proof. We show that the bijection in Theorem 2.22 induces the desired bi-
jection. By the above observation, inj, (with topology induced from Zg,)
has an open basis consisting of all subsets of the form (M) for some finitely
presented right A-module M. Furthermore, each subset (M) C inj, corre-
sponds to Supp 4 M by the bijection in Theorem 2.22. So it suffices to show
that a subset @ C Spec A is specialization-closed if and only if @ is the union
of subsets of the form Suppy M for some M € modA. The “if” part fol-
lows from Proposition 8.11(3). Conversely, if @ is specialization-closed, then
@ = Upecp Suppa(A/P) by Proposition 8.11(2). O

By Theorem 8.8 and Proposition 8.13, we obtain an order-preserving bijection
{ specialization-closed subsets of Spec A} =% { open subsets of flcot4 } (8.3)

given by @ +— {T4(P) | P e d}.
The following is the main theorem in this section:

THEOREM 8.14. Let A be a Noether R-algebra. Then all points in inj 4op and
flcot 4 are reflexive. For each P € Spec A, the elementary dual of Iaon(P) is
Ta(P).
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Proof. By Proposition 8.13 and (8.3), the generalization-closed subsets of
Spec A bijectively correspond to the closed subsets of inj 4o, and the closed sub-
sets of flcot 4. Let P € Spec A, I := Igo0 (P) € inj gop, and T := Ty (P) € flcot 4.
The generalization-closed subset ¥ := {@Q € SpecA | @ € P} corresponds
to the closures {I} C injyop and {T} C flcoty, and none of the proper
generalization-closed subsets of ¥ contains P. Hence I and T are the unique
generic points of m and m, respectively. Consequently, I and T" are reflexive.
It remains to show that D{I} = {T'}. This follows from the next lemma. O

LEMMA 8.15. Let A be a Noether R-algebra. For every closed subset C' C inj gop,

we have
DC = {Ts(P) €eflcots | P € Spec A, I4o0(P) € C}.

For every P € Spec A, it follows that D{Ise0(P)} = {Ta(P)}.

Proof. Since inj gop is closed in Zg 4op, the subset C' is also closed in Zg 4op
and DC' C D(inj0p) = flcots by (8.1). Moreover, Lemma 8.7 implies that
T400 (P) € injgop \ C if and only if T4 (P) € flcot4 \ DC for each P € Spec A.
In other words, I400 (P) € C if and only if T4(P) € DC for each P € Spec A.
Thus we obtain the desired description of DC'. The last statement of the lemma
follows because Proposition 8.13 and (8.3) show that the closures of Igor (P)
and T4 (P) both correspond to the generalization closure of P. o

ExaMPLE 8.16. Consider the algebra A in Example 6.3. For two prime ideals
P;(p) and P;j(q) of A, we have P;(p) C P;(q) if and only if i = j and p C q.
So we have an order-preserving bijection from Spec A to the disjoint union
Spec R1I Spec R given by P;(p) — (p in the ith Spec R). Every specialization-
closed subset of Spec A is of the form @, I1d5, where each @; is a specialization-
closed subset of the ith Spec R. Hence, by (8.3), all open subsets of flcot4 are
of the form

{Ta(Pr(p)) | p € D1 }U{Ta(P2(p)) |p € P},

where @1 and @, are specialization-closed subsets of Spec R. The closure of
each T4 (P;(q)) in flcot 4 is

{Ta(Fi(p)) [a Sp}.

Although (8.3) describes the induced topology on flcot explicitly, it is also
possible to give an open basis for flcot 4 in a similar way to Remark 8.12:

PRrOPOSITION 8.17. The set of subsets of ficot 4 of the form
{TA(P) € flcot z | TA(P) ®4 M #£ 0}
for some finitely generated left A-module M is an open basis for flcot 4.

Proof. Recall that [ (P) 2 Homz- (Ta(P), Er(R/p)), where p := PN R
(Proposition 4.13). Using this isomorphism and the tensor-hom adjunction, we

obtain
Hom 400 (M, I pop (P)) = HOHl}’:\,I'\p (TA(P) ®a M, ER(R/]J))
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for every left A-module M. Since Er(R/p) = Eg (k(p)) is an injective cogen-

erator in Mod]/%\p, we have
Supp gop M = { P € Spec A | Ta(P) @4 M #0}.

Thus the desired conclusion follows from (8.3) and Proposition 8.11. O

APPENDIX A IDEAL-ADIC COMPLETION

Let R be a commutative noetherian ring and A a Noether R-algebra. This
appendix provides basic facts on a-adic completion of right A-modules, where
a is an ideal of R. All results here are generalizations or restatements of known
results for R. Although the proofs resemble those for the commutative case,
we provide a precise proof to each result for the reader’s sake.

We denote by Mod A (resp. mod A) the category of all (resp. finitely generated)
right A-modules, and interpret Mod A°P as the category of all left A-modules,
where A°P is the opposite ring. The a-adic completion functor A®: Mod A —
Mod A is defined by

A% = ]&1(— ®pr R/a™).
n>1

The functor A® is often written as (—). A right A-module M is called a-
complete if the canonical morphism M — M) is an isomorphism.
We start with the following lemma, which follows from the Artin-Rees lemma

over R and an intersection property of a flat right A-module.

LEMMA A.1. Let F be a flat right A-module and let a C R be an ideal. Then
the functor
(F®4 —)a: mod A® — Mod R

15 exact.

Proof. Let 0 - L — M — N — 0 be an exact sequence of finitely generated
left A-modules. This is sent by the functor FF ® 4 — to an exact sequence of
R-modules

0> FRuL—>F®aM—F®aN —D0.

We regard L (resp. F ® 4 L) as a submodule of M (resp. F'®4 M). By [Mat89,
Theorem 8.1], it is enough to see that the a-adic topology on F' ® 4 L coincides
with the topology induced from the a-adic topology on F ®4 M.

Let n > 1 be an integer. Since F' is flat, the inclusion a”M < M induces a
canonical injection F ®4 (a"M) — F ®4 M, and

F®a(a"M)=0a"(F®s M) (A1)

as R-submodules of FF ®4 M.
By the Artin-Rees lemma [Mat89, Theorem 8.5], there is an integer ¢ > 0 such
that

a"LC(a"M)NLCa” “L,
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for every n > c¢. Application of F' ®4 — to this sequence yields
FRa(@"L)CF®4(a"M)NL)CF®a(a""°L), (A.2)
where the middle term coincides with
(FRa(a"M))N(F®aL)

because the exact functor F'® 4 — preserves intersections of submodules. Hence,
using (A.1l), we can rewrite (A.2) as

a"(F®aL)C(a"(FoaM)N(F®aL)Ca" “(F®alL),

and this shows that the a-adic topology on F'® 4 L coincides with the topology
induced from the a-adic topology on F ® 4 M, as desired. o

ProroOSITION A.2. Let I be a flat right A-module and let a C R be an ideal.
Then there is a canonical isomorphism

Fy @a— = (F®a—)q
of functors mod A°® — Mod R.

Proof. By Lemma A.1, the functor (F ®4 —)% is right exact, so the Eilenberg-
Watts theorem ([Wat60, Theorem 2]) gives a canonical isomorphism (F &4
A ®a— =5 (F®a—)y. The desired isomorphism follows from the canonical
isomorphism F'®4 A =% F of right A-modules. O

ProrOSITION A.3. Let I be a flat right A-module and let a C R be an ideal.
Then F is a flat right A-module.

Proof. By Lemma A.1 and Proposition A.2, the functor F,' ® 4 — is exact on
mod A°P. This implies that F is a flat right A-module (see [Ste75, Proposi-
tion 1.10.6], for example). O

In the case where A = R, Proposition A.3 was shown by Gruson and Raynaud
[RG71, Part I1, (2.4.2) and Proposition 2.4.3.1] when a C R is a maximal ideal,
and by Bartijn [Bar85, Chapter 1, Corollary 4.7] for arbitrary a. Another
proof was given by Schenzel and Simon [SS18, Theorem 2.4.4]. See [Yek18,
Theorem 1.6] for a certain generalization to non-noetherian commutative rings.
Our proof of Proposition A.3 is essentially the same as Gabber and Ramero
[GRO3, Lemma 7.1.6] but the settings are different.

Schenzel and Simon [SS18, Theorem 2.4.4] also showed the flatness of F* over
R}'. This will be generalized to Noether algebras in Proposition A.13.

The next two results are often used by experts implicitly.

LEMMA A.4. Let a,b C R be ideals such that a™ C b for some n > 0 and
let M be a right A-module. Then the canonical morphism M — M/ induces
an isomorphism M ®@g (R/b) =% M] ®gr (R/b).
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Proof. Tt suffices to prove this by regarding M as just an R-module, so the
proof can be found in [Bar85, Chapter I, Theorem 3.1] or [Str90, Theorem 2.2.5],
which deals with completion with respect to a finitely generated ideal of a (pos-
sibly non-noetherian) commutative ring. Note that, in [Str90, Theorem 2.2.5],
a result like Proposition A.2 is implicitly used at the end of the proof. Another
proof can be found in [SS18, Theorem 2.2.2]. O

PROPOSITION A.5. Let a be an ideal of R. Denote by n: idmoaa — A°
the canonical morphism of functors Mod A — Mod A. For every right A-
module M, the morphisms A*(nM): A°M — A°A*M and n(A*M): A°M —
A*A°M are isomorphisms. In particular, A°M = M} is a-complete.

Proof. Lemma A.4 applied to b = a™ (n > 1) yields the isomorphism f,,: M ®p
(R/a™) = M2 ®@g (R/a™) induced from the completion map M — M. This
implies that A*(n(M)) is an isomorphism.

Applying — ®g R/a™ to the canonical map M7 — M ®pg (R/a™) appearing in
the definition of the inverse limit, we obtain ¢,,: M2®pr(R/a") = MQp(R/a™).
As mentioned in the proofs of [Bar85, Chapter I, Proposition 2.3] and [Str90,
Theorem 2.2.5], it is easy to see that g, f, is the identity map, so g, = f; ! is
also an isomorphism. One can also check that the composition

Mg — lim Mg ®p (R/a") = lim M @ (R/a") = Mg

n>1 n>1

of n(A*M) and the isomorphism induced by (gn), is the identity map, so
n(A®M) is also an isomorphism. O

REMARK A.6. Let a and b be ideals of R with a C b. Then every b-complete
right A-module M is a-complete. Indeed, the composition of the completion
maps M — M} and M, — (M}){ is an isomorphism since (M2')p = M
by Lemma A.4. Thus M is a direct summand of M. This implies that M is
a-complete by Proposition A.5.

Let a be an ideal of R. The functor A®: Mod A — Mod A is not necessarily
left exact or right exact (even if A = R; see [AMG69, Chapter 10, Exercise 1],
for example) so it is not isomorphic to — ®4 AZ. However, Propositions A.7
and A.8 below show some basic properties of A°.

PROPOSITION A.7. The functor A*: Mod A — Mod A preserves epimorphisms.

Proof. The structure homomorphism ¢: R — A induces the scalar restriction
functor ¢, : Mod A — Mod R. Since a morphism f in Mod A is an epimorphism
if and only if ¢.(f) is an epimorphism in Mod R, it suffices to treat the case
where A = R. Thus the result follows from [Mat89, Theorem 8.1(ii)] because
the a-adic topology of a quotient module M/N coincides with the topology
induced from the a-adic topology of M. O

ProroSITION A.8. The functor A*: Mod A — Mod A commutes with arbitrary
direct products.
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Proof. The R-module R/a™R is finitely presented for each n > 1, so a standard
argument shows that the functor — ® g R/a"R: Mod A — Mod A commutes
with arbitrary direct products (see [EJ00, Theorem 3.2.22]). Hence the functor
A% =lim _ (- ®p R/a"R) commutes with arbitrary direct products. O

Let a be an ideal of R. The a-torsion functor I'y: Mod A — Mod A is defined
by

g := lim Homp(R/a", —).
A right A-module M is called a-torsion if the canonical morphism I'eM — M
is an isomorphism.
The functor I'y from Mod A to its full subcategory consisting of all a-torsion

modules is a right adjoint to the inclusion functor (Remark 2.23). A similar
result holds for A%:

ProPOSITION A.9. The functor A* from Mod A to its full subcategory consist-
ing of all a-complete modules is a left adjoint to the inclusion functor.

Proof. This follows from Proposition A.5 and the general theory of categories;
see [KS06, Proposition 4.1.3(iii)]. O

Lemma A.10 and Proposition A.12 below are essentially stated in [[LL107,
Remark A.30(7) and (8)] for the case A = R.

LEMMA A.10. Let M be an a-torsion right A-module. Then the canonical
morphism M — M ®4 AL is an isomorphism of right A-modules.

Proof. If N is a right A-module such that a” N = 0 for some n > 0, then
N = N®pgR/a", so

N®@aAL 2 (NRQpR/a")@4 AL 2 Noa(AL®rR/a™) 2 NRA(A®QRR/a™) =2 N

as right A-modules, where the third isomorphism follows from Lemma A.4.
Now, if M is a-torsion, then M is canonically isomorphic to

lim _ Hom r(R/a™ M). The above argument shows that each
Hompg(R/a™, M) satisfies the property in the statement. Since — ®4 AL
commutes with direct limits, so does M. O

REMARK A.11. For aright A-module M, its a-adic completion M2 is naturally
realized as a right A-submodule of [, M/a"M. In particular, we may in-
terpret A} as a subring of [],~, A/a™A. So the componentwise action defines
a canonical right AZ-module structure on MZ'. Moreover, taking the a-adic
completion sends each A-homomorphism M — N to an A}-homomorphism
M} — N2, so we may regard (—)2 as a functor Mod A — Mod A%.

For a finitely generated right A-module M, Proposition A.2 gives a canonical
isomorphism M ®4 AL} — M} of right A-modules. It is easily seen from the

proof that this is an isomorphism of right AZ-modules as well.
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Note that a right A2-module is aAJ-complete (resp. aA/-torsion) if and only
if it is a-complete (resp. a-torsion) as a right A-module.

PROPOSITION A.12. The functor — ®4 AL: Mod A — Mod A} induces an
equivalence from the full subcategory of a-torsion right A-modules to the full
subcategory of a-torsion right AL-modules. Its quasi-inverse is given by the
scalar restriction functor.

Proof. If M is an a-torsion right A-module, then we have the canonical isomor-
phism M =% M ®4 AL of right A-modules by Lemma A.10, and this means
that the composition of —® 4 AQ : Mod A — Mod AQ and the scalar restriction
functor Mod A} — Mod A induces an autoequivalence on the full subcategory
of a-torsion right A-modules.

Let N be an a-torsion right Af-module. We only need to check that the
canonical morphism N ®4 A} — N of right A2-modules is an isomorphism.
This also follows from Lemma A.10 because the composition of the canonical
maps N =% N @4 A} — N is the identity map. O

PROPOSITION A.13. For every flat right A-module F', its a-adic completion F}
is a flat right AL-module.

Proof. 1f L is an a-torsion left A2-module, then L 2 A2® 4L as left A}-modules
by Proposition A.12, so

—®AQL%’—®AQ (AQ@AL)'E—@AL (AS)

as functors Mod A} — Mod RZ. Similarly to the proof of Lemma A.1, we show
that the functor

(F) ®an =)+ mod Ay — Mod R}
is exact. By Lemma A.4 and (A.3),

(F ®ap =) = Im(F ®ay —) @r (R/a")

=~ lim(F @4 —) ® (R/a") = (F ®a —);

>

[an

3

[an

3

as functors mod A, — Mod R}. The exactness of the functor (F ®4 —)2
can be shown in the same way as Lemma A.l, using the Artin-Rees lemma
for finitely generated left Ry-modules. Hence the functor (Fy' ®ax —)5 is also
exact. In the same way as in the proofs of Propositions A.2 and A.3, we have
F @an — = (F) ®@an —)p, s0 I is a flat right A2-module. O

The following result is analogous to Proposition A.12.

PROPOSITION A.14. The functor (—)2: Mod A — Mod A% induces an equiva-
lence from the full subcategory of a-complete right A-modules to the full subcat-
egory of a-complete right AL -modules. Its quasi-inverse is given by the scalar
restriction functor.
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Proof. If M is an a-complete right A-module, then by definition we have the
canonical isomorphism M =% M2 of right A-modules, and this means that
the composition of A®: Mod A — Mod A} and the scalar restriction functor
Mod A} — Mod A induces an autoequwalence on the full subcategory of a-
complete right A-modules.

Let N be an a-complete right A2-module. Then, by definition, we have an iso-
morphism N — N2 of right A-modules. We show that this is an isomorphism
of right A2-module, where the A2-module structure on N/ is the one defined
in Remark A.11. The embedding f: N < [[,~; N/a"N induced by the pro-
jections N — N/a"N is an Aj-homomorphism if we regard [[,~, N/a™N as
the product of right A2-modules N/a™N. On the other hand, we observed
in Remark A.11 that the natural embedding Ng* < [[,-; N/a"N is an A}-
homomorphism, but here A2 acts on the product componentwise. Since these
embeddings are identified via the isomorphism N — N7, it suffices to prove
that those two Aj-module structures on [[,~; N/a™N coincides. In other
words, it suffices to prove that, for each n > 1, the A2-module structure on
N/a™N induced from that of N is the same as the A}-module structure on
N/a™N obtained from the A/a"™A-module structure of N/a"N via the canon-
ical map A} — A/a™A. The former structure factors through the A7 /a™A%-
structure on N/a™N. As we observed in the proof of Proposition A.5, the map
AN — A/a™A induces an isomorphism A} /a" A%} =% A/a™A. So we have a
commutative diagram

A— AJa"A

J/T

—» Al /a" AN,

where all maps are canonical ones. This means that each A%-module structures
on N/a"N is determined by the induced A-module structure on N/a"N via
the canonical map A — A/. Since the induced A-module structures are the
same, so are the A2-module structures. This completes the proof. O

The following fact is shown in [SS18, Proposition 2.1.15(a)] for a-torsion R-
modules.

PROPOSITION A.15. Every a-torsion (resp. a-complete) right A-module has a
unique right AQ-module structure that is compatible with the right A-module
structure via the canonical map A — AL.

Proof. This follows from Proposition A.12 (resp. Proposition A.14). In-
deed, such a structure exists since every a-torsion (resp. a-complete) right
A-module M belongs to the essential image of the scalar restriction functor
Mod A} — Mod A. If Ny and N» are right A2-modules that are equal to M
as right A-modules, then they are a-torsion (resp. a-complete), and the scalar
restriction functor gives a bijection Homas (N1, N2) — Homa (M, M). There-
fore the identity map M — M gives the equality of N7 and N» as right AZ-
modules. o
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Assume that an ideal a C R is contained by the Jacobson radical of R (which
is by definition the intersection of all maximal ideals of R). Then the ring
homomorphism R — R7 is faithfully flat ([Mat89, Theorem 8.14]), and hence
the induced map Spec R} — Spec R is surjective by [Mat89, Theorem 7.3(i)].
It is natural to ask whether this holds for a Noether R-algebra A. Under the
same assumption on a C R, it follows that the canonical ring homomorphism
A — Al is a pure monomorphism in Mod A (since R — R7 is a pure monomor-
phism by [Mat89, Theorem 7.5(i)] and A2 = A ®g R.). Thus the following
proposition gives an affirmative answer to the question:

ProPOSITION A.16. Let R be a commutative ring and let A and B be rings.
Let p: R — A and f: A — B be ring homomorphisms such that o(R) and
f(@(R)) are contained in the centers of A and B, respectively (that is, f is
an R-algebra homomorphism). Assume that A is finitely generated as an R-
module, B is a centralizing extension of f(A), and f is a pure monomorphism
in Mod A. Then the induced map Spec B — Spec A is surjective.

Proof. Let P € SpecA and p := P N R, which belongs to Spec R by Re-
mark 2.17. Since B is a centralizing extension of f(A), BP = PB is a (two-
sided) ideal of B. We have a commutative diagram

A—L B

l |

A,/Py, —— B,/PB,

of canonical ring homomorphisms, where the second horizontal map is injective
since it can be identified with f ®4 (A,/P;) and f is a pure monomorphism in
Mod A. By Remarks 2.16 and 2.17, the diagram induces the following commu-
tative diagram of maps:

SpecA «—— Spec B

[ |

Spec(Ay/P,) «—— Spec(B,/PB,).

Since the ring B,/PB, is nonzero, it has at least one maximal (hence prime)
ideal Q. By Proposition 2.15 along with Remark 2.16, Spec(A4,/P,) =
Spec((A/P)®gk(p)) consists of only the zero ideal, and it is sent to P € Spec A
by the left vertical map in the diagram. By the commutativity of the last dia-
gram, the image of @) in Spec B is sent to P by the map Spec B — Spec A. [

Let f: A — A} be the canonical ring homomorphism. Then the induced map
Spec A — Spec A given by Q — f~1(Q) is surjective by Proposition A.16.
The next proposition shows that, when R is local and a is its maximal ideal,
the correspondence of maximal ideals can be understood well. The completion
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functor with respect to the maximal ideal of R is written as (/5) Recall that, for
each maximal ideal P of A, S4(P) is the corresponding simple right A-module
and I4(P) is the injective envelope of S4(P); see section 2.4.

PROPOSITION A.17. Assume that (R, m,k) is a commutative noetherian local
ring, and let f: A — A be the canonical Ting homomorphism.

(1) Let I C A be an ideal. Then I € Max A if and only if f~1(I) € Max A. If

this is the case, then I = Fﬁ), and f: A — A induces an isomorphism
A/f~HI) = A/I of rings.

(2) The canonical surjection Specg — Spec A restricts to a bijection
Max A =% Max A between the sets of mazimal ideals, and Max A = { P |
P eMaxA}.

(3) For every P € Max A, we have isomorphisms Sa(P) = Sg(ﬁ) and
I4(P) Ig(ﬁ) in Mod A (and also in Mod A).

Proof. (1): Let J := f~1(I). We have a commutative diagram

R/(JNR) —— R/(INR)

[

A)g — 5 Ay,

in which all maps are canonical ones. If J € Max A, then J N R € Max R by
Lemma 2.12, and hence J N R =m and R/(J N R) = k. This means that A/J
is a finite-dimensional k-algebra. In particular, A/J is of finite length as an
R-module, so it is m- complete On the other hand, E/I is also m-complete
as it is finitely generated R-module (see the third paragraph of section 2.5).
Thus f is canonically identified with its completion A™ f By Lemma A.1,
A™(A)T) = A/J so A™f is the ring homomorphism A/J — A/[ which is
surjective. It then follows that f = A™f is an isomorphism and J =1 The
isomorphism f: A/J =% A/I of rings implies that I is a maximal ideal of A
since J is maximal. This proves the “if” part of the first claim and the second
claim of (1).

Conversely, if I € Max A then INR=m € MAaXE by Lemma 2.12. Since the
preimage of I N R by the canonical map R — R is J N R (see the commutative
diagram above), we have JAR = m € Max R. Thus J € Max A by Lemma 2.12
again. .
(2): It follows from the first claim of (1) that the canonical surjection Spec A —
Spec A restricts to a surjection Max A — Max A, and this must be injective by
the second claim of (1).

(3): For every P € Max A, A/P is a finite direct sum of copies of S4(P) as
a right A-module; see (2.2). By Proposition A.12, this decomposition can be
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regarded as that of right A-modules, and S4(P) is a simple A-module. Since
A/P = A/P by (1) and (2), and A/P is a finite direct sum of copies of Sg(ﬁ)
as a right A-module, we obtain an isomorphism S4(P) 2 Sg(ﬁ) of right A-
modules.

By this isomorphism, the injective envelope E;(Sa(P)) of Sa(P) coincides
with the injective envelope Ig(ﬁ) = E;(Sg(ﬁ)) of Sg(]g) in ModA. As
1 E(?) is m-torsion (Remark 2.26), it is m-torsion, so the essential extension
SaA(P) — Ez(Sa(P)) = Ig(ﬁ) in Mod A is also an essential extension in
Mod A by Proposition A.12. Moreover, E;(Sa(P)) is injective as a right A-
module, because A is a flat left A-module by Proposition A.3 and

HomA(f, EX(SA(P))) = HomA(—, HOmg(A\, EE(SA(P))))
=~ Hom ;(— ®4 A, E;(Sa(P)))

by the tensor-hom adjunction. Therefore Sa(P) < E;(Sa(P)) is an injective
envelope in Mod A as well, and hence I4(P) = Ea(Sa(P)) = E;(Sa(P)) =
Ig(ﬁ) in Mod A. This is also an isomorphism in Mod A by Proposition A.12.

O

REFERENCES

[AB89] Maurice Auslander and Ragnar-Olaf Buchweitz, The homological
theory of maximal Cohen-Macaulay approxrimations, Colloque en
I’honneur de Pierre Samuel (Orsay, 1987), Mém. Soc. Math. France
(N.S.) 38 (1989), 5-37. MR 1044344

[AF92) Frank W. Anderson and Kent R. Fuller, Rings and categories of
modules, second ed., Graduate Texts in Mathematics, 13. Springer,
New York, 1992. MR 1245487

[AHMHO09] Lidia Angeleri Hiigel and Octavio Mendoza Herndndez, Homologi-
cal dimensions in cotorsion pairs, lllinois J. Math. 53 (2009), no. 1,
251-263. MR 2584945

[AM69] M. F. Atiyah and I. G. Macdonald, Introduction to commutative
algebra. Addison-Wesley Publishing Co., Reading, Mass.-London-
Don Mills, Ont., 1969. MR, 0242802

[AR91] Maurice Auslander and Idun Reiten, Applications of contravari-
antly finite subcategories, Adv. Math. 86 (1991), no. 1, 111-152.
MR, 1097029

[AS81a] M. Auslander and Sverre O. Smalg, Almost split sequences in sub-
categories, J. Algebra 69 (1981), no. 2, 426-454. MR 617088

DOCUMENTA MATHEMATICA 27 (2022) 1101-1167



1162

[AS81b]

[Bar85)

[BBOS20]

[BCIE20]

[BEBEO1]

[BHOS]

[Buc86)

[CET20]

[Cha60]

[Dau94]

[DK19]

[EJ00]

R. KANDA, T. NAKAMURA

M. Auslander and Sverre O. Smalg, Addendum to “Almost split
sequences in subcategories”, J. Algebra 71 (1981), no. 2, 592-594.
MR 630621

Jacob Bartijn, Flatness, completion, reqular sequences: un ménage
a trois, PhD thesis, 1985.

Ulrich Bauer, Magnus B. Botnan, Steffen Oppermann, and Johan
Steen, Cotorsion torsion triples and the representation theory of
filtered hierarchical clustering, Adv. Math. 369 (2020), Article ID
107171, 51 p. MR 4091895

Silvana Bazzoni, Manuel Cortés-Izurdiaga, and Sergio Estrada, Pe-
riodic modules and acyclic complexes, Algebr. Represent. Theory
23 (2020), no. 5, 1861-1883. MR 4140057

L. Bican, R. El Bashir, and E. Enochs, All modules have flat covers,
Bull. London Math. Soc. 33 (2001), no. 4, 385-390. MR 1832549

Winfried Bruns and Jirgen Herzog, Cohen-Macaulay rings, revised
ed., Cambridge Studies in Advanced Mathematics, 39. Cambridge
University Press, Cambridge, 1998. MR 1251956

Ragnar-Olaf Buchweitz, Maximal Cohen-Macaulay modules and
Tate-cohomology over Gorenstein rings, unpublished manuscript,
available at http://hdl.handle.net/1807/16682.

Lars Winther Christensen, Sergio Estrada, and Peder Thompson,
Homotopy categories of totally acyclic complexes with applications
to the flat—cotorsion theory, Categorical, homological and combi-
natorial methods in algebra, Contemp. Math., 751, 99-118. Amer.
Math. Soc., Providence, RI, 2020. MR 4132086

Stephen U. Chase, Direct products of modules, Trans. Amer. Math.
Soc. 97 (1960), 457-473. MR 120260

John Dauns, Modules and rings. Cambridge University Press, Cam-
bridge, 1994. MR, 1301329

Christopher M. Drupieski and Jonathan R. Kujawa, Support va-
rieties and modules of finite projective dimension for modular Lie
superalgebras (with an appendiz on homological dimensions over
Noether algebras by Luchezar L. Avramov and Srikanth B. Iyen-
gar), Algebra Number Theory 15 (2021), no. 5, 1157-1180. MR
4283100

Edgar E. Enochs and Overtoun M. G. Jenda, Relative homological
algebra, De Gruyter Expositions in Mathematics, 30. Walter de
Gruyter, Berlin, 2000. MR 1753146

DOCUMENTA MATHEMATICA 27 (2022) 1101-1167


http://hdl.handle.net/1807/16682

[Eno81]

[Enos4]

[Fuc70]

[Gab62]

[GAHO7]

[Gil04]

[Gill1]

[Gil17]

[GNO02]

[GPGAO0]

[GRO3]

[GT12]

[GW04]

FLAT COTORSION MODULES OVER NOETHER ALGEBRAS 1163

Edgar E. Enochs, Injective and flat covers, envelopes and resol-

vents, Israel J. Math. 39 (1981), no. 3, 189-209. MR 636889

Edgar Enochs, Flat covers and flat cotorsion modules, Proc. Amer.
Math. Soc. 92 (1984), no. 2, 179-184. MR 754698

Laszlé Fuchs, Infinite abelian groups. Vol. I, Pure and Applied
Mathematics, 36. Academic Press, New York-London, 1970. MR
0255673

Pierre Gabriel, Des catégories abéliennes, Bull. Soc. Math. France
90 (1962), 323-448. MR 232821

Pedro A. Guil Asensio and Ivo Herzog, Indecomposable flat cotor-
sion modules, J. Lond. Math. Soc. (2) 76 (2007), no. 3, 797-811.
MR 2377125

James Gillespie, The flat model structure on Ch(R), Trans. Amer.
Math. Soc. 356 (2004), no. 8, 3369-3390. MR 2052954

James Gillespie, Model structures on exact categories, J. Pure Appl.
Algebra 215 (2011), no. 12, 2892-2902. MR, 2811572

James Gillespie, The flat stable module category of a coherent ring,
J. Pure Appl. Algebra 221 (2017), no. 8, 2025-2031. MR 3623182

Shiro Goto and Kenji Nishida, Towards a theory of Bass numbers
with application to Gorenstein algebras, Colloq. Math. 91 (2002),
no. 2, 191-253. MR 1898632

José L. Gémez Pardo and Pedro A. Guil Asensio, Chain condi-
tions on direct summands and pure quotient modules, Interactions
between ring theory and representations of algebras (Murcia), Lec-
ture Notes in Pure and Appl. Math., 210, 195-203. Dekker, New
York, 2000. MR 1758412

Ofer Gabber and Lorenzo Ramero, Almost ring theory, Lecture
Notes in Mathematics, 1800. Springer, Berlin, 2003. MR 2004652

Riidiger Gobel and Jan Trlifaj, Approximations and endomor-
phism algebras of modules. Vol. 1: Approximations, extended ed.,
De Gruyter Expositions in Mathematics, 41. Walter de Gruyter,
Berlin, 2012. MR 2985554

K. R. Goodearl and R. B. Warfield, Jr., An introduction to noncom-
mutative Noetherian rings, second ed., London Mathematical So-
ciety Student Texts, 61. Cambridge University Press, Cambridge,
2004. MR 2080008

DOCUMENTA MATHEMATICA 27 (2022) 1101-1167



1164

[Her93]

[Her97]

[HI19]

[Hov02]

[Hov07]

[1K20]

1K21]

[ILL*07]

[TROS]

[TY08]

[Kim20]

[Kra97]

[Kra05]

R. KANDA, T. NAKAMURA

Ivo Herzog, Elementary duality of modules, Trans. Amer. Math.
Soc. 340 (1993), no. 1, 37-69. MR 1091706

Ivo Herzog, The Ziegler spectrum of a locally coherent Grothendieck
category, Proc. London Math. Soc. (3) 74 (1997), no. 3, 503-558.
MR 1434441

Henrik Holm and Peter Jgrgensen, Model categories of quiver rep-
resentations, Adv. Math. 357 (2019), Article ID 106826, 46 p. MR
4013804

Mark Hovey, Cotorsion pairs, model category structures, and repre-
sentation theory, Math. Z. 241 (2002), no. 3, 553-592. MR 1938704

Mark Hovey, Cotorsion pairs and model categories, Interactions
between homotopy theory and algebra, Contemp. Math., 436, 277—
296. Amer. Math. Soc., Providence, RI, 2007. MR 2355778

Srikanth B. Iyengar and Henning Krause, The Nakayama func-
tor and its completion for Gorenstein algebras. Preprint, 2020.
arXiv:2010.05676v2.

Osamu Iyama and Yuta Kimura, Classifying subcategories of mod-
ules over Noetherian algebras. Preprint, 2021. arXiv:2106.00469v4.

Srikanth B. Iyengar, Graham J. Leuschke, Anton Leykin, Claudia
Miller, Ezra Miller, Anurag K. Singh, and Uli Walther, Twenty-
four hours of local cohomology, Graduate Studies in Mathemat-
ics, 87. American Mathematical Society, Providence, RI, 2007. MR
2355715

Osamu Iyama and Idun Reiten, Fomin-Zelevinsky mutation and
tilting modules over Calabi-Yau algebras, Amer. J. Math. 130
(2008), no. 4, 1087-1149. MR 2427009

Osamu Iyama and Yuji Yoshino, Mutation in triangulated cat-
egories and tigid Cohen-Macaulay modules, Invent. Math. 172
(2008), no. 1, 117-168. MR 2385669

Yuta Kimura, Tilting and silting theory of noetherian algebras.
Preprint, 2020, arXiv:2006.01677v2.

Henning Krause, The spectrum of a locally coherent category, J.
Pure Appl. Algebra 114 (1997), no. 3, 259-271. MR 1426488

Henning Krause, The stable derived category of a Noetherian
scheme, Compos. Math. 141 (2005), no. 5, 1128-1162. MR 2157133

DOCUMENTA MATHEMATICA 27 (2022) 1101-1167



[KS03]

[KS06]

[Lam91]

[LN19]

[Mat58]

[Mat89]

[MRO1]

[MS11]

[Nak11]

[Nee08]

[NP19]

[NT20]

FLAT COTORSION MODULES OVER NOETHER ALGEBRAS 1165

Henning Krause and @yvind Solberg, Applications of cotorsion
pairs, J. London Math. Soc. (2) 68 (2003), no. 3, 631-650. MR
2009441

Masaki Kashiwara and Pierre Schapira, Categories and sheaves,
Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences|, 332. Springer, Berlin, 2006.
MR 2182076

T.Y. Lam, A first course in noncommutative rings, Graduate Texts
in Mathematics, 131. Springer, New York, 1991. MR 1125071

Yu Liu and Hiroyuki Nakaoka, Hearts of twin cotorsion pairs on ex-
triangulated categories, J. Algebra 528 (2019), 96-149. MR 3928292

Eben Matlis, Injective modules over Noetherian rings, Pacific J.
Math. 8 (1958), 511-528. MR 99360

Hideyuki Matsumura, Commutative ring theory, translated from
the Japanese by M. Reid, second ed., Cambridge Studies in Ad-
vanced Mathematics, 8. Cambridge University Press, Cambridge,
1989. MR 1011461

J. C. McConnell and J. C. Robson, Noncommutative Noetherian
rings, revised ed., Graduate Studies in Mathematics, 30. American
Mathematical Society, Providence, RI, 2001. With the cooperation
of L. W. Small. MR 1811901

Daniel Murfet and Shokrollah Salarian, Totally acyclic complexes
over Noetherian schemes, Adv. Math. 226 (2011), no. 2, 1096-1133.
MR 2737778

Hiroyuki Nakaoka, General heart construction on a triangulated
category. I: Unifying t-structures and cluster tilting subcategories,
Appl. Categ. Structures 19 (2011), no. 6, 879-899. MR 2861070

Amnon Neeman, The homotopy category of flat modules, and
Grothendieck duality, Invent. Math. 174 (2008), no. 2, 255-308.
MR 2439608

Hiroyuki Nakaoka and Yann Palu, Extriangulated categories, Hovey
twin cotorsion pairs and model structures, Cah. Topol. Géom.
Différ. Catég. 60 (2019), no. 2, 117-193. MR 3931945

Tsutomu Nakamura and Peder Thompson, Minimal semi-flat-

cotorsion replacements and cosupport, J. Algebra 562 (2020), 587—
620. MR 4127282

DOCUMENTA MATHEMATICA 27 (2022) 1101-1167



1166

[Pre09]

[PZ20]
[Rah09]

[RG71]

[Sal79]

[SteT5]

[Sto14]

[Str90]

[Thol9]
[Wat60)]
[Xu96]

[Yek18]

R. KANDA, T. NAKAMURA

Mike Prest, Purity, spectra and localisation, Encyclopedia of Math-
ematics and its Applications, 121. Cambridge University Press,
Cambridge, 2009. MR 2530988

David Pauksztello and Alexandra Zvonareva, Co-t-structures,
cotilting and cotorsion pairs. Preprint, 2020. arXiv:2007.06536v2.

Hamidreza Rahmati, Contracting endomorphisms and Gorenstein
modules, Arch. Math. (Basel) 92 (2009), no. 1, 26-34. MR 2471985

Michel Raynaud and Laurent Gruson, Critéres de platitude et
de projectivité. Techniques de “platification” d’un module, Invent.
Math. 13 (1971), 1-89. MR 308104

Luigi Salce, Cotorsion theories for abelian groups, Symposia Math-
ematica, Vol. XXIIT (Conf. Abelian Groups and their Relationship
to the Theory of Modules, INDAM, Rome, 1977). Academic Press,
London-New York, 1979, 11-32. MR 565595

Peter Schenzel and Anne-Marie Simon, Completion, Cech and lo-
cal homology and cohomology: Interactions between them, Springer
Monographs in Mathematics. Springer, Cham, 2018. MR 3838396

Jan Saroch and Jan Stovicek, Singular compactness and definability
for X-cotorsion and Gorenstein modules, Selecta Math. (N.S.) 26
(2020), no. 2, Paper No. 23, 40 p. MR 4076700

Bo Stenstrom, Rings of quotients: An introduction to methods of
ring theory, Die Grundlehren der Mathematischen Wissenschaften,
217. Springer, New York-Heidelberg, 1975. MR 0389953

Jan Stovicek, On purity and applications to coderived and singu-
larity categories. Preprint, 2014. arXiv:1412.1615v1.

Jan R. Strooker, Homological questions in local algebra, London
Mathematical Society Lecture Note Series, 145. Cambridge Uni-
versity Press, Cambridge, 1990. MR 1074178

Peder Thompson, Minimal complexes of cotorsion flat modules,

Math. Scand. 124 (2019), no. 1, 15-33. MR 3904746

Charles E. Watts, Intrinsic characterizations of some additive func-
tors, Proc. Amer. Math. Soc. 11 (1960), 5-8. MR 118757

Jinzhong Xu, Flat covers of modules, Lecture Notes in Mathemat-
ics, 1634, Springer, Berlin, 1996. MR 1438789

Amnon Yekutieli, Flatness and completion revisited, Algebr. Rep-
resent. Theory 21 (2018), no. 4, 717-736. MR 3826724

DOCUMENTA MATHEMATICA 27 (2022) 1101-1167



FLAT COTORSION MODULES OVER NOETHER ALGEBRAS 1167

Ryo Kanda

Department of Mathematics
Graduate School of Science
Osaka Metropolitan University
3-3-138, Sugimoto, Sumiyoshi
Osaka, 558-8585

Japan
ryo.kanda.math@gmail.com

Tsutomu Nakamura
Department of Mathematics
Faculty of Education

Mie University

1577 Kurimamachiya-cho

Tsu city, Mie, 514-8507
Japan

t .nakamura.math@gmail.com

DOCUMENTA MATHEMATICA 27 (2022) 1101-1167


ryo.kanda.math@gmail.com
t.nakamura.math@gmail.com

1168

DOCUMENTA MATHEMATICA 27 (2022)



