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ABSTRACT. In this paper we construct a Ricci DeTurck flow on any
incomplete Riemannian manifold with bounded curvature. The cen-
tral property of the flow is that it stays uniformly equivalent to the
initial incomplete Riemannian metric, and in that sense preserves any
given initial singularity structure. Together with the corresponding
result by Shi for complete manifolds [SHI89], this gives that any (com-
plete or incomplete) manifold of bounded curvature can be evolved by
the Ricci DeTurck flow for a short time.
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1 INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Consider an n-dimensional, smooth and possibly incomplete Riemannian man-
ifold (M,g). We denote the corresponding Riemannian curvature tensor by Rm
and its pointwise norm with respect to g by |l/{\r/n| The Ricci DeTurck flow of
(M, q) is a smooth family g(t),t € [0, T], of Riemannian metrics on M, solving
the initial value problem

0 . ~
where Vi(t) = g(t)7*(T'%, (g(t)) —T%,.(9)) is the DeTurck vector field defined in
terms of Christoffel symbols I'%;, for g(t) and g; (Rici;(t)) is the Ricci curvature
tensor and V the covariant derivative of g(¢). Our main theorem is then as
follows.

1We employ the Einstein summation convention.
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1170 T. MARXEN, B. VERTMAN

THEOREM 1.1. Assume |Rf\r/n|2 < ko for some positive constant kg > 0. Then
there exists T'(n, ko) > 0, depending only on n and ko, such that the initial value
problem (1.1) has a smooth solution g(t) fort € [0,T(n,ko)]. Furthermore, for
any § > 0 there exists 0 < T'(n, ko, d) < T(n, ko) depending only on n, ko and 6,
such that

(1=0)g(z) < g(z,t) < (1+6)g(x), (1.2)

for all (z,t) € M x [0,T(n,ko,0)]. Moreover, if we assume that for all m > 1
there exists a constant C,, > 0, such that for allz € M,0< p <1

~ C
[V"Rm|(z) < —
p

whenever B(xz, p — 1) is relatively compact for all r > 0, then there exist con-
stants C' >0, C!. > 0, such that for allz € M,t€[0,T],0<p <1
=~ c! c’ c’

P P P

whenever B(x, p —r) is relatively compact for all r > 0.

REMARK 1.2. The condition that B(xz,p — r) is relatively compact in M for
all r > 0 is an intrinsic way to express the distance of a point x € M to the
singular strata of M. It means that this distance is larger or equal to p.

We should point out that short-time existence and further properties of a Ricci
DeTurck flow on incomplete manifolds has already been established in the
special case of manifolds with conical or more generally wedge singularities in
varying dimensions.

More specifically, Mazzeo, Rubinstein and Sesum [MRS15] as well as Yin
[YIN10] discuss Ricci flow on surfaces with isolated conical singularities. In
[BAVE14, BAVEILG] the second named author jointly with Bahuaud discuss
Yamabe flow on manifolds with wedge singularities. In [VER21] the second
named author introduces a Ricci DeTurck flow on manifolds with wedge singu-
larities and discusses its short time existence and regularity. In [KRVE19A] the
second named author, jointly with Kroncke discuss stability and convergence
of the Ricci DeTurck flow on manifolds with isolated conical singularities near
Ricci-flat metrics. In these references the flow stays uniformly equivalent to the
initial metric and hence preserves the initial singularity. This list of references
is not exhaustive.

Due to non-uniqueness of the flow in the singular setting, there exist solutions
that are instantaneously complete, cf. Giesen and Topping [GIT011], as well
as solutions that smooth out the singularity, cf. Simon [S1M13].

The main novelty of the present paper is the assertion that such a Ricci De-
Turck flow, preserving the initial singularity structure, exists on any arbitrary
incomplete manifold of bounded curvature. This includes, but is not restricted

DOCUMENTA MATHEMATICA 27 (2022) 1169-1212



Ricct DETURCK FLOw ON INCOMPLETE MANIFOLDS 1171

to, orbifolds or more generally incomplete manifolds with isolated conical sin-
gularities, where the cone has bounded Riemannian curvature. In this setting
we also establish explicit estimates for arbitrary higher derivatives of the metric
and of the Riemann curvature tensor along the flow. We conjecture that this
flow coincides with the Ricci DeTurck flow on wedge manifolds, introduced in
a previous work by the second named author [VER21].

Our paper is structured as follows. In §2 we review the argument of Shi [SHI89],
which proves short time existence of Ricci DeTurck flow for complete manifolds
of bounded curvature. We break down the argument to those points where
completeness of the manifold is used. In §3 we establish estimates for quantities
in balls which are compactly contained in an incomplete manifold. In the
subsequent §4, §5 and §6 we establish a priori estimates for the first, second
and higher derivatives of the metric along the flow. §5 and 6 also contain a
priori estimates for the Riemann curvature tensor. In the final §7 we adapt the
argument of §2 in order to establish the corresponding result for incomplete
manifolds of bounded curvature as well.

Notation: Let us fix the notation for the discussion below. Let g(t), t € [0,T]
be a family of Riemannian metrics on an incomplete manifold M. We denote
by V and I' the covariant derivative and the Christoffel symbols with respect
to ¢g(t). Rm, Ric and R denote the Riemann curvature tensor, the Ricci tensor
and the scalar curvature of g(t), respectively.

Let g be the initial Riemannian metric on M. Quantities with respect to g
are marked with an upper tilde. For example we write V for the covariant
derivative with respect to g. There are the following exceptions to this rule:
We denote by B(z,r) the open ball with radius r» > 0 and centre x € M, and
we write B(A,r) := {x € M : dg(x, A) < r} for the r-neighborhood of a given
subset A C M, both with respect to the metric g. The norm |- | will always be
with respect to g. We write dgy for the distance function induced by g.

2 REVIEW OF SHI'S LOCAL EXISTENCE THEOREM

In this section we review results and proofs from Shi [SHI89] in the complete
setting. Shi established the following short-time existence result for the Ricci
DeTurck flow starting at complete manifolds with bounded curvature. Within
this section, (M, ) is always understood to be a complete n-dimensional Rie-
mannian manifold of bounded curvature.

THEOREM 2.1 ([SHI8Y], Theorems 4.3, 2.5). Assume |Rm|2 < ko for some
positive constant ko > 0. Then there exists T'(n, ko) > 0 depending only on n
and ko, such that the initial value problem (1.1) has a smooth solution g(t).
Moreover, for any § > 0 there exists 0 < T'(n, ko,0) < T(n,ko) depending only
on n, kg and &, such that

(1=0d)g(x) < g(x,t) < (1+0)g(x) (2.1)
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for all (z,t) € M x [0,T(n, ko, 0)].

REMARK 2.2. We emphasize that the lower bound on the injectivity radius does
not enter in the definition of the time bounds T (n, ko), T(n, ko, 0) > 0. Indeed,
the local existence result still holds on complete manifolds without a positive
lower bound on the injectivity radius. An obuvious instance are manifolds with
hyperbolic cusps, where Theorem 2.1 still holds despite the injectivity radius
tending to zero at the cusp.

The proof of this theorem is based on three main steps. The first is an a priori
estimate for the Ricci DeTurck flow on a relatively compact domain D C M
with Dirichlet boundary conditions.

THEOREM 2.3 ([SHI&9], Theorem 2.5). Let D C M be a relatively compact
domain, whose boundary 9D is an (n — 1)-dimensional, smooth, compact sub-
manifold. Let g(x,t), t € [0,T] be a solution of the initial boundary value
problem

aatgzj (SC t) ( QRICU +V1‘/J —+ V]‘/l)(z, t), (SC,t) c D x [0, T]v
g(@,t) = §(z), (1) oD x[0,7], (*2)
g(xz,0) =g(x), xeD.

where V? = gjk(l"ék - fzk) is the DeTurck vector field. Then for any § > 0
there exists T(n, ko,0) > 0 depending only on n, ko and §, such that

(1=08)g(z) < g(z,t) < (1+6)g(x) (2.3)
for all (z,t) € M x [0,min {T'(n, ko, ), T}].

Proof outline. Shi controls the eigenvalues Ay (z,t
g(z) (i-e. the eigenvalues of g(x,t) considered as a (
g(x)). Shi defines a function

) of g(x,t) with respect to
1, 1)-tensor using the metric

D=5 M)
k=1

where m > 0 is sufficiently large only depending on n and ¢. Shi then shows
that ¢ satisfies a differential inequality
9%
ot

and applies the maximum principle to conclude ¢(x,t) < 2n for all (z,t) €
x [0,T]. This leads to the lower bound in (2.3). The upper bound in (2.3)
is then obtained by a similar procedure applied to the function

F(x,t) = (1 - % Z)\k(x,t)ﬁl> ,
k=1

where m > 0 is large enough and only depends on n and §. o

< 9PV Vg + 2mn/ko - '™,
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The second step is the short-time existence of system (2.2).

THEOREM 2.4 ([SHI&9], Theorem 3.2). Let D C M be a relatively compact
domain, whose boundary 9D is an (n — 1)-dimensional, smooth, compact sub-
manifold. Then there exists T'(n, ko) > 0 only depending on n and ko, such
that the initial boundary value problem (2.2) admits a unique smooth solution
g(x,t), (z,t) € D x [0,T(n,ko)].

The third step are interior estimates for the derivatives of the metric, only
depending on g and not on any specified boundary conditions.

LEMMA 2.5 ([SHI8Y], Lemma 4.1). Fiz 0 < 7,8, T < oo, and let g(x,t) be a
smooth solution of the initial value problem

g(l‘,O) = 5(1')5 HAS B($057+5)a

where Vi = gjk(Fél€ — fzk) is the DeTurck vector field. Furthermore, assume
that

(1 —e(n)g(z) < g(x,t) < (1+e(n))g(x)
for e(n) > 0 sufficiently small, only depending on n, and for all (x,t) €
B(xg,v+9) x [0,T]. Then there exists a positive constant ¢(n,v,0,T,g) > 0
depending only on n,~,8,T and g, such that

7

Vg, ) < c(n,,6,T.7)
for all (z,t) € B(zo,v+ %) x [0,T7].
Proof outline. Shi defines for any (x,t) € B(zo,y + 0) x [0,T] the function

p(x,t) =a+ Y A(z, )™, (2.4)
k=1

where a, mg are carefully chosen positive constants only depending on n, and
Ak(z,t) are the eigenvalues of g(z,t) with respect to g(x). Shi then shows that
the function N

U(@,t) = [Vglo(a,t) (2.5)
satisfies

oY ~ ~ 1
Zr < af =2 )
5 = g%’V Vi 161/) + ¢, (2.6)

where ¢y > 0 is a constant only depending on n and g. Then Shi takes a
nonincreasing cutoff function n € C°°(R) such that n = 1 on (—o0, 0], vanishing
identically on [1,00) as illustrated in Figure 1.

The crucial property of the function 7 is the control on its derivatives

In"(z)| <8, |n'(z)* <16n(x), for any x € R. (2.7)
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0 1

Figure 1: The cutoff function 7.

One then defines a Lipschitz continuous bump function £ € C(M) around any

fixed xo € M b
e dyw) - (15/2)
€)= - , (2.8

where dg is the distance function with respect to the metric g. Note that
dg(-, o) is Lipschitz continuous but need not be smooth everywhere, and
hence £ need not be smooth everywhere. By construction, £ has the following
properties

&(xz)=1, z€ B(xog,y+9/2),

£() =0, =€ M\B(xo,y +35/4), (29)
which is illustrated in Figure 2.
1 | |
0 g v+0/2 v+36/4 d(-, zp)

Figure 2: The bump function &.

Below in §4, starting with (4.28), we provide a careful argument differentiating
between the case that £ is smooth in a neighborhood of x and the case that &
is not. The latter case is studied after (4.54) using a trick of Calabi. In case of
smoothness, we have by (2.7) control on derivatives of £

~ 162
Ve (2) < —58(2), zeM. (2.10)
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Shi also proves an estimate
VVE(r) 2 = co(7,0, ko)g(x), =€ M, (2.11)

where ¢o(7, 0, ko) > 0 is a constant only depending on v, and k.

The auxiliary bump function £ is used to define
F(z,t) == ¢{(x)(x,t), (x,t) € B(wo,v+6) x [0,T].
By construction, it has the properties

F(.’I],O):O, xeB('TOa’y—i_é)a

F(x,t) =0, (x,t) € M\B(xo,v+35/4) x [0,T], (2.12)

In particular, F' attains its maximum on B(xg,~vy + 36/4) x [0,T], i.e. there
exists (zo,t0) € B(xo,y+ 36/4) x [0,T] such that
F(xo,t0) = max { F(x,t) | (z,t) € B(xzo,y+0) x [0,T]}.

Using the evolution inequality (2.6), especially the negative quadratic term
(—159?), as well as the properties (2.10) and (2.11) of the cutoff function ¢,
Shi concludes by maximum principle arguments that

F(xzo,t0) < c(n,v,6,T,9),
where ¢(n,v,d,T,q) > 0 is a constant only depending on n,~,d,T,g. Thus
§(@)(z,t) = F(a,t) < F(xo,t0) < c(n,7,6,T.,9), (2.13)
for any (z,t) € B(zo,v+0) x[0,T]. Since £ = 1 on B(zg,y+4/2), we conclude
IVl e(a,t) = (1) < e(n,7,6,T.9), (2.14)

for any (z,t) € B(zo,v + 6/2) x [0,T]. Finally, since by definition ¢(x,t) > a,
the statement follows from

~ 1 _
[Vg|?(z,t) < —c(n,7,6,7,3),  (w,t) € B(zo,7 +/2) x [0, T,

O

LEMMA 2.6 ([SHI89], Lemma 4.2). Under the same assumptions as in
Lemma 2.5, there exists a constant c(n,m,v,0,T,g) > 0 for any m > 0, de-
pending only on n,m,~,6, T and g, such that

V7 g(@, )] < e(n,m.7,6,T,9) (215)
for all (z,t) € B(wo,y + —2=) x [0,T].

m—+1
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Proof outline. Lemma 2.6 is proven by induction. Assuming that the statement
holds for any integer 0 < mg < m, Shi defines the function (cf. (2.5))

U (1) = (ao + [V g(a,t)}) [V g(x, 1)

and proves that, if ag > 0, depending only on m,n,v,d,T,g, is chosen appro-
priately, then U satisfies a differential inequality of the form (cf. (2.6))

o ~ =
N < gaﬁVaVB\I/ — U2+ co,
on B(zg,y+d/m) x [0,T], where cg,c1 > 0 only depend on m,n,v,d,T and g.

Then by the same steps as in the proof of Lemma 2.5, Shi obtains (cf. (2.14))
U(z,t) < ca(m,n,”,8,T,g), for (z,t) € B(U,5/(m+1)) x [0,7].
Hence, we conclude for all (z,t) € B(zo,0/(m + 1)) x [0,T]

~ 1 1 ~
|V’"g(m,t)|2 < _\I](‘T’t) < _CQ(mana’%éa Ta g)a
ag ag

which finishes the proof. O

Now Shi completes the proof of Theorem 2.1 as follows. Shi takes an exhaustion
of the manifold M by relatively compact domains D, C M, k € Ny, with
(n—1)-dimensional, smooth, compact boundary 0Dy, such that B(x, k) C Dy,
for some fixed point zyp € M. By Theorem 2.4 and Theorem 2.3, there exists
T'(n, ko) > 0 depending only on n and kg such that the system (cf. (2.2))

agij(x,t) = (—2Ric;; +V;V; + V;Vi)(z,t), (z,t) € Dy x [0,T],
g t) =g(), (u,t) € dD; x [0,7], (216)
g9(x,0) =g(z), x € Dy.
has a unique smooth solution g(k, z,t) on Dy X [0, T(n, ko)] satisfying
(1 —e(n))g(z) < g(k,z,t) < (1 +(n))g(x) (2.17)

for all (x,t) € Dy, x [0, T(n, ko)]. Here, e(n) > 0 is a sufficiently small constant,
depending only on n, introduced in Lemma 2.5. Now, for any k > 2, the
solution g(k, x,t) is defined on B(z, 1). By Lemma 2.6, we have for all m € Ny

V™ g(k,z, 1)) < e(n,m, g, T(n, ko), J) (2.18)

for all (z,t) € B(xo,1) x [0,T(n,ko)] and all k& > 2. Hence by Arzela-Ascoli
there exists a subsequence (g(ke,z,t))een,, which converges on B(zg,1) X
[0,T(n, ko)] in the C°° topology to a family of smooth metrics g(z, t).

By the same argument a subsequence of this subsequence converges on
B(z0,2) x [0,T(n, ko)]. We iterate this argument and consider the diagonal se-
quence. Then, for every fixed ¢ € N, the diagonal sequence converges to g(x,t)
on B(xzg,q) x [0,T(n,kp)], and thus converges smoothly locally uniformly to
g(z,t). Thus g(z,t) solves (1.1). The estimate (2.1) follows by restricting the
solutions g(k, z,t) to 0 <t < T'(n, ko, 0), where T'(n, ko, 0) is from Theorem 2.3.
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3 THE GEOMETRY OF INCOMPLETE MANIFOLDS

In the following sections we will establish estimates for quantities in balls which
are compactly contained in an incomplete manifold. Since most theorems in
the literature are stated for complete manifolds, in this section we give some
background information on the geometry of incomplete manifolds inside rela-
tively compact balls, and indicate how for example the proof of the Hessian
comparison theorem can be modified to also hold in our setting.

Let (M,g) be a Riemannian manifold. Let p € M. Let D, C T,M be the
domain of the exponential map exp,,. Following [PET06] we refer to a shortest
geodesic as a segment. Define the segment domain as

seg(p) := {v € D, | exp,, (tv) : [0,1] — M is a segment}.
We define the segment “interior”

seg’(p) := {tv|t € [0,1),v € seg(p)}.
Then, as in the case of complete manifolds, we have
1) exp, : seg’(p) — M is injective, and
2) Dexp,(v) is non-singular for all v € seg®(p)
see [PET06, Proposition 19, p.139 and Lemma 14, p.140].

Now assume that p > 0 such that B(p,p —r) CC M for all r > 0. A direct
consequence is

B(0,p) C D,. (3.1)

Also, by the same steps as in the proof of the Hopf-Rinow theorem in the
complete case (see [PET06, Theorem 16, p.137]), each y € B(p,p) can be
joined to p by a segment. Thus, since

Vp = exp,(seg(p)) = {z € M |3 segment from p to z},

it follows that
B(p,p) CVp. (3.2)

Furthermore, if 2 € V}, and v € seg(p) with exp,(v) = z, then d(p,z) = [v].
Hence

exp, (B(0, p) Nseg(p)) = B(p,p) NV, "= B(p, p). (3.3)

Now we can characterize the points in seg(p)\seg®(p), which are inside B(0, p),
as in the complete case.

LEMMA 3.1. Ifv € (seg(p)\seg®(p)) N B(0, p), then
1) 3w(# v) € seg(p) N B(0, p) : exp,(v) = exp,(w), or
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2) Dexp,(v) is singular.

Proof. Analogous to the proof of the corresponding statement [PETOG,
Lemma 15, p.141] in the complete case. O

REMARK 3.2. Note that exp,(seg(p)\seg®(p)) is the cut locus of p in M.
This gives the following lemma.
LeEMMA 3.3. seg”(p) N B(0, p) is open.

Proof. Analogous to the proof of the corresponding statement [PET06, Propo-
sition 20] in the complete case, using Lemma 3.1 instead of [PET06, Lemma 15,
p.141]. O

Letting U, := exp,(seg’(p)), by the above
exp,, : seg”(p) N B(0, p) — U, N B(p, p)
is a diffeomorphism. As
d(p,x) = |exp,* (z)|
for z € U, N B(p, p), the distance function is smooth on (U, N B(p, p))\{p}.
Also, by Lemma 3.1 the distance function is not smooth on B(p, p)\U,.

Now we can use the exponential map exp,, to define geodesic polar coordinates
on Up N B(p,p). Then we can argue as in the complete case (cf. [CLNOG,
Proof of the Hessian Comparison Theorem 1.141, p.76]) to obtain the following
version of the Hessian comparison theorem on incomplete manifolds.

THEOREM 3.4. Assume that the sectional curvatures satisfy sec > K on
B(p,p). Then

1
VaVpdg(z,p) < mHK(dg(xvp))gaﬁ(z)
at all points x € (U, N B(p, p))\{p}. Here

(n — 1)VK cot(vVKr), if K >0,
Hi(r) == ¢ 24 if K =0, (3.4)

r 3

(n —1)y/]K]|coth(y/|K][r), if K <0.

4 A PRIORI ESTIMATES OF Vg ALONG THE FLOW

In this section we establish quantitative estimates for the first derivatives of the
metric under Ricci DeTurck flow on singular manifolds. We assume bounded
curvature at time ¢ = 0 and that the metrics g(¢) are uniformly equivalent
and sufficiently close to the initial metric g. As a byproduct we also obtain
an estimate on the DeTurck vector field V. We continue in the setting of an
n-dimensional, smooth and possibly incomplete Riemannian manifold (M, )
and prove an analogue of Lemma 2.5.
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LEMMA 4.1. Consider xg € M and fix any? finite v,0,T > 0 with § < 1. Let
g(z,t) be a smooth solution of the initial value problem

agij(zat) = (72R1C1j +V’L‘/j + Vj%)(xvt)ﬂ (:L',t) € B(:L'(),’y + 5) X [OaT]v
9(x,0) =g(z), € Blxo,y+9),
where Vi = gjk(l"ék - fgk) is the DeTurck wvector field. We assume that

B(zo,y + 6 — 1) is relatively compact in M for all v > 0. Furthermore, we
assume that for all (z,t) € B(xo,y + d) X [0,T] we have the inequalities

(1—e(n))g(z) < g(x,t) < (1+e(n))g(z) (4.1)
for e(n) > 0 sufficiently small, only depending on n. Also assume that
|Rm|? < ko

for some constant kg > 0. Then there exist constants c(n),c(n, ko) > 0, only
depending on the arguments in brackets, such that for all (z,t) € B(xzo,vy +
5

5) x [0, 7]

I ~
M +c¢(n)er, where ¢ := sup [VRm|[(z). (4.2)
) z€B(x0,7+35/4)

Vgl(a,t) <

REMARK 4.2. The restriction § < 1 is for technical reasons to achieve a simpler
expression for the right-hand side of (4.2). For our purposes this is sufficient
as we are aiming at estimates on an incomplete manifold when we get closer
and closer to the singularity. Also note that the estimates (4.2) are independent
of v, and only depend on the difference of radia of the smaller ball B(xq,~y+ g)
and the larger ball B(xq,y + 90).

We will prove the lemma below and first note its consequence — estimates on
the first derivatives of the metric for Ricci DeTurck flow. More specifically,
assuming additionally that [VRm| = O(p~1), where p > 0 is the distance to

the singularity, a natural condition in case |Rm| is bounded, we obtain that
Vgl = O(p~t) and |V| = O(p~!) uniformly in ¢ € [0, T].

COROLLARY 4.3. Let (M,q) be a (possibly incomplete) smooth Riemannian
manifold of dimension n. Fix 0 <T < 0o and let g(x,t) be a smooth solution

of

0 .
Egij(x,t) = (—2Ric;; +ViV; + V;Vi)(x,t), (z,t) € M x[0,T],
g(x,0) =g(x), z€ M,

2Below, in Corollary 4.3 we will set v = § > 0 sufficiently small.
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where V is the DeTurck vector field as above. Assume that for all (x,t) €
M x [0,T]
(1—e(n))g(z) < g(x,t) < (1+e(n))g(z)

fore(n) > 0 sufficiently small, only depending on n, and also assume that there
exist constants ko, C' > 0, such that

|Rm|? < ko
and that for allz e M, 0 < p <1

VR (x) < %

whenever B(x,p — r) is relatively compact for all r > 0. Then there exists
C’ > 0 only depending on ko,C and n such that for all z € M, t € [0,T],
0<p<l1

! !

~ C C
VQ SC,t S ) |4 Z',t S -
Vyl(z,t) 5 V(z,1) 5

whenever B(x, p —r) is relatively compact for all r > 0.

REMARK 4.4. The (technical) condition B(x,p —r) is relatively compact in M
for all v > 0 is a way to express the distance of a point x € M to the singular
strata of M intrinsically. It means that this distance is larger or equal to p.

Proof of Corollary 4.3. Consider zg € M and p < 1 such that B(xzg,p — ) is
relatively compact in M for all » > 0. Then by Lemma 4.1 (choosing +,¢ in
Lemma 4.1 as equal to p/2) we obtain

¥ gl(zo, ) < LR0)

+c(n)eq,
where the constant ¢; can be estimated as follows

c] = sup |6f{\n/1|(x) <
xeB(x0,7p/8)

)

8C
p

since for all € B(xg, 7p/8) we have that B(z, p/8 — r) is relatively compact

for all » > 0. This proves the estimate for [Vg|. The estimate of the DeTurck
vector field V' follows from this and

V=yg"%Vy,
see [SHI8Y, p. 266, formula (32)]. O
We can now proceed with proof of Lemma 4.1.
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Proof of Lemma 4.1. Our strategy is a careful analysis of the proof of [SHIR9,
Lemma 4.1], which is written out here in Lemma 2.5, while making the de-
pendencies of various constants explicit. For the convenience of the reader and
to keep our argument here self-contained, we repeat the steps from [SHIS9,
Lemma 4.1] here.

In the following, ¢(n) and c¢(n,kp) denote constants only depending on n
and n, kg, respectively. The constants may vary from estimate to estimate.

As in [SHI89, Proof of Lemma 4.1, p.247 (5)] we have

o ~ -~ - o~~~
§|Vg|2 —¢°PV V5| Vg2 — 2¢*PV,Vg - VsVyg
+Rm*g 24gxVg*Vg+g lsgx VRm+* Vg (4.3)
+972*eg*eg*eﬁngg*g*eg*eg*eg*eg.
Here the product A B of two tensors A and B denotes a linear combination of
terms which are obtained as follows: Starting from the tensor product A ® B,
perform an arbitrary number of the following operations: taking contractions,

raising, lowering or permuting indices. The important consequence in our case
here is that it will always be possible to estimate

|Ax B| < ¢(n)|A] - |BJ,

where ¢(n) depends on the specific form of the product. Since by assumption,
the closure B(zo,7 + 26) C M is compact, we conclude (c; is defined in (4.2))

N 3
[VRm| < ¢; on B(xg,y+ 15) (4.4)

Furthermore, by (4.1) we have

%5(:1:) < g(z,t) <2g(x) on B(xg,v+9). (4.5)

Hence
Rm+ g~2% g Vg Vg < c(n, ko)|Vg[?,

SO ~ (4.6)
g 'xgx VRmx Vg < c(n)c1|Vy|

on B(xg,v+30/4) x[0,T]. Also, whenever we use the bound (4.4) on VRm it is
understood that the estimate, which follows, holds on B(zg,vy + 3d6/4) x [0, T].
As in [SHI89, Proof of Lemma 4.1, p.247 (9)] we have

g7 2% G Vgx VVg < 720°|Vg|?| V2],

O ~ (4.7)
g 3% Vg*VgxVgx*Vg <160n°|Vg|*.
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This gives
9 ~ -~ - _ ~ ~
511 V9" <97VaVs|Vgl* = V2 + c(n, ko) Val* + e(n)ea| Vo] (4.8)
+ 72n°|Vg|?|V2g| 4 160n5|Vg|*.
Estimating as in [SHI89, Proof of Lemma 4.1, p.247]
~ o~ ~ 1 ~ ~
72n°|Vg|?|V?g| + 160n°|Vg|* < 5|v29|2 + 320010 | Vg4,
(4.9)

(ctm)e)? |, [Vgl?

V| <
c(n)ei|Vg| < 5 5

we obtain from (4.8) after an appropriate change of constants c(n, ko) and ¢(n)

0 ~ o~ 1.~ -
—|Vg|? < g*PVaV;s|Vy|? — =|V3g|? + 320000 Vg|*
8t| gl" <y f' gl 2| gl n | Vgl (4.10)
+ ¢(n, l<:0)|Vg|2 + c(n)c%.

As in [SHI89, Proof of Lemma 4.1, p.248], we fix a small constant € = e(n) :=
(256000n1%)~1, such that the inequality (4.1) now reads as

1—e(n) < Ap(z,t) < 1+2(n), (4.11)

for any k = 1,2,...,n, where A\g(x,t) refers to the eigenvalues of g(z,t) with
respect to g(x). Sometimes we use a rougher estimate % < Ag(z,t) < 2 instead.
We also set

m := 2560017, a = 6400n*° (4.12)

and define (we simplify notation by writing A\, = Ax(x, 1))
oot =a+ SN (1) € Blao,y +6) x [0,7]. (4.13)
k=1

Following [SHI8Y, Proof of Lemma 4.1, p.248 (16)] we obtain
9
ot

+mAP T x Rm* g xg+g 2% Vg * %g)

N—lgeby
L PRk (4.14)

We now proceed as in Lemma 2.5 along the following steps.
Step 1: Derive an evolution inequality for ¢ := ¢ - |€g|2 as in (2.6).
Step 2: Estimate %%E from below as in (2.11).

Step 3: Estimate 1 from above as in (2.13) and conclude the proof.
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STEP 1: DERIVE AN EVOLUTION INEQUALITY FOR 1t := - [Vg|? AS IN (2.6).

We estimate the individual terms on the right hand side of (4.14)
mA ! Rm* g~ ' % g < c(n, ko),
mAP % g72 % Vg * Vg < 10n°m(1 + &)™ 1| Vg|%
As in [SHI89, Proof of Lemma 4.1, p.248] we have
9*"VaVae = mAT g Vo Vsgu
+mAPTE NN e+ )\2”72) WA %59
(m-1)

— « — ~ m m— —
> mA g™ Va Vg + 5 (1—e)™?Vg|*.
This yields
00 _ oss m(m — 1 2
5 <9 ﬂvavﬂ@—%(l—g) *IVgl?

+ c(n, ko) + 10n>m(1 + )™ Vgl

As in [SHI89, p.249 (20),(21),(22)], we easily check

2
10n*m(1 + &)™ < 2o
n°m(1l + ¢) <15
m(m—1) o m? 5 3
Mm= g _gym-2 s T gme2 s 2
A R U A T

such that (4.17) reduces to

m?,

) ~ = m? ~
o <9"VaVap+ cln, ko) — = |Vl

From (4.10) and (4.19) it follows that

0
E(
+ 320000 |Vg|* + c(n, ko)p|Vg|? + c(n)cie

2
~ m ~
+ c(n, ko)|Vg|* — ?|Vgl4-

Vg% <g°PVaVa(p - [Vg[?) — 2g°°V 4oV 5| Vg|* — glwgl2

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

We estimate some of the terms on the right hand side of (4.20). As in [SHI9,
Proof of Lemma 4.1, p.249 (26), p.250 (28)] we find for the fourth term on the

right hand side of (4.20)

~ ~ 2 ~
3200000 Vg[* < 3200n'(a + n(1 +¢)™)|Vg[* < T—6|Vg|4.
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The second term on the right hand side of (4.20) is estimated as follows.
—2¢*V V4| Vg|* = —26°7V,, (Z A?) - V| Vg|?
k=1

= —4¢°8. (m)\zl_l . 60/\;6) ~€g|6g|2

< 8mn®(1+ )™ Y| Vg|?| Vg (4.22)

~ 16mn®|Vg|?
Vigl. [ /LI

128m?2nto

IN

IN

w o~ ~
5IV2l* + IVgl*.

Plugging these estimates back into (4.20) yields

0 ~ ~ ~ ~ 128m?nt0 ~ m? ~
—(¢-|Vg|*) <¢*’VaVs(p - |Vg*) + ———|Vg[* = —|Vg[*
5 (¢ IVal) =g sle- Vgl IVgl" = 151Vl (4.23)
+e(n, ko)l Vgl? + e(n)ei.
Since p(x,t) > a, with a = 6400n'°, we have
128m?2nt0  m?
— < —,
® 32
such that (4.23) reduces to
D (. [9gP?) <609 % (sﬂ-|§g|2)*m—2|%|4
ot =7 Yalp 32 (4.24)

+c(n, ko)e| Vgl + e(n)ef.

Using (4.11) and the first estimate of (4.18) in the second inequality, we find

m2

(a+n(l+e)m

m? < oy m? sy S 2o ls o
3z 1Val" = @IVQI v 5 )2|V9| p° 2 5IVellp™. (4.25)
Thus we obtain from (4.24), using the inequality ab < $a? + b% and adapting
the constant ¢(n, ko) > 0 accordingly in the last estimate

9 S 2 BT S TN AT

5% IVal) = g™ VaVis(o- [Vgl) = SVl

+ ¢(n, kO)‘P|69|2 + C(n)cf (4.26)
. - 1.~ '
< 9*'VaVslp- [Vgl*) - 7 IVal'e?

+ ¢(n, ko) + c(n)c2.
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Defining (z,t) := (¢ - |[Vg|?)(z, ) this inequality reads

0 = = 1
a—qf < g™ VaVath — 1—6w2 + ¢(n, ko) + c(n)c3. (4.27)

STEP 2: ESTIMATE VV& FROM BELOW AS IN (2.11).

Next, as in [SHI89, Proof of Lemma 4.1, p.251 (36),(37)] we take a cutoff
function n € C*°(R) as in (2.7), illustrated in Figure 1. Then we define the
cutoff function { € C(M)

E(x) =1 <d§(x’ xo)é_/f - 6/2)) , (4.28)

where dy is the distance function with respect to the metric g. Note that
dg(-,z0) is Lipschitz continuous but need not be smooth everywhere, and
hence £ need not be smooth everywhere. From the properties of n we have

&(x) =1, x € B(xg,v+6/2),
&(z) =0, x € M\B(zo,7v + 3d/4), (4.29)
0<¢(x) <1, x € M.

If d5(-, z0) is smooth in a neighborhood of a point z, then we also have

~ 4 dg 5/2)
Vpé(z) = <1 2(2,20) — (v +9/2) Vpdg(x, o) (4.30)
1) 5/4
~ 4 0/2)\ = =~
VaVsé(r) =51 ( a xo 7 +9/ )) VoV ds (1, )
16 dz (x xo) (v+6/2)\ = ~
+ 53 n" ( g 571 Vadg(z,20)Vgdz(x, xo).
(4.31)
Since |6d§(x,xo)| = 1, it follows using |7|?> < 167 that
16, .y (dgle,a0) — (v +3/2) _ 256
< — . 4.32
R <@, us
Furthermore, note that
6ad§($,xo)6lgd§(a@,xo) < Gap(z), (4.33)
such that, using |n”’| < 8, we can estimate from below
16 dz(z, x +4/2 128 _
5 77// ( g( 0)6/4(’7 / )> \V4 d~(1‘ ;L'O)ng~(1' :L'O) > — 6—ang(:c).
(4.34)
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By assumption, |ﬁ1?1|2 < ko and thus the sectional curvature is in particular
bounded from below sec > —+/kg. From the Hessian comparison theorem
Theorem 3.4, applied in a relatively compact ball, we conclude

V¥ adg(2, 20) < V/ko coth (/kodg (2, 70) ) Gas (). (4.35)

Using 0 > 7/(s) > —4n'/?(s) > —4 for all s € R, it follows that

4 dz(z,20) — (v+6/2)\ = =~
" (4.36)
2 - \/ ko coth (\4/ kodg(x, :co)) Gap(T).
We now obtain from (4.31), combined with (4.34) and (4.36)
~ = 128 16 ~
TuTat0) 2 - (157 + 5 Voot (Viadsla,0)) ) Gosle). (437

STEP 3: ESTIMATE £ FROM ABOVE AS IN (2.13) AND CONCLUDE THE PROOF.

Next we simplify notation by writing as in the proof of Lemma 2.5
F(z,t) := &(z)(x,t), (x,t) € B(zg,y+9) x [0,T].
Since [Vg|?(x,0) = 0, we have
F(z,0) =0, x € B(zo,v+9). (4.38)

Since &(z) = 0 for x € B(zo,v 4 0)\B(zo,y + 36), it follows that
3

Thus there exists a point (yo, to) € B(wo,v + 38) x [0, T] with to > 0 such that
F(yo,to) = max {F(z,t) | (z,t) € B(xo,y+9) x [0,T]} (4.40)
unless F' =0 on B(zo,vy +0) x [0,T].

In the following, as already alluded to in the proof of Lemma 2.5, we distinguish
three cases, first case where £ = 1 in a neighborhood of yg, second case where &
is not identically 1, but smooth in a neighborhood of yy, and third case, where &
is not smooth and a trick needs to be applied.

CASE 1. yo € B(xo,v+0/2)
Then & = 1 near yg, such that F = 1 near (yo,t0), and we have by (4.27)

0 ~ ~ 1
0< (@ — g°PN V) d(yo, o) < *1—61/12(310, to) +c(n, ko) + c(n)cf, (4.41)
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and thus we conclude

TP, o) = U, o) < eln, ko) + () (442

This estimate is better than the one we will obtain in Case 2.

CASE 2. yo ¢ B(x0,y+ 0/2) AND yp IS NOT IN THE CUT LOCUS OF Zg

Then the distance function dg(-, zo), and hence also &, is smooth in a neigh-
borhood of yy and it follows that

oF 0
0< E(yo,to) =&y )(,;f(yo,to)

0= 6asz(yOa tO) = (gva’l/) + ’l/)v(lg)(y()a to), (443)
0> gaﬁeaeﬁF(yOa tO) = (ggaﬁeaeﬁw + wgaﬁeaeﬁg
+ 29V o€V 1) (0, o).

Using (4.27) in the final step, we obtain at the point (yo, to)
OF ~ =
0< (8_ - gaﬂvavﬂF) (vo,t0)
w (]B~ —
<&yo) | 57 —9""Va Vst | (4o, to)

aﬁv Vo€ + 2977V atVath) (0, to)

IN

- (v
( —sw VgV Vs — 2g“ﬁ€a§%ﬁw> (30, to)
+ €(yo) (eln, ko) + e(n)e?).
Thus we conclude at the point (yo, to)
60 < gV 6 — 29TV 0 + Eclm, Ko) +elm)d). (444)

From the second identity in (4.43) in the first step, and using (4.32) in the
second estimate, we obtain at (yo, to)

2 1024
—2¢°PV 1V 1) = %/’gaﬁvagvﬂg < —1, (4.45)

Furthermore, we obtain from (4.37) at (yo, to)

. 128 16,
ﬁgaﬁvaV¢§f§%1<7ﬁ—+3— koanh(yf_dgm,mﬁ)>¢) (4.46)
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We estimate the coth-term: Since yo ¢ B(xo,v+0/2) and coth is monotonically
decreasing on the positive real axis, coth(v/ko7y(yo, o)) < coth(+/kod/2). Also,
since zcothz <1+ Cz for z > 0 and since § <1

Vko coth(/kod/2) = 5%5 coth(v/kod/2) < 5(1 —1—0%5) < C(”;S 0)_

(4.47)
Thus we obtain at (yo, to)
~ =~ c(n, k
g T < & = )y, (4.48)
Plugging (4.45) and (4.48) into (4.44), leads to
1 c(n, k
Legp < A0) 4 g(ctn, ko) + ) (149
Multiplying this inequality with £ and using 0 < £ < 1 we obtain
c(n, k
F(yo,to)* < ( 52 O)F(yovto) +c(n, ko) + c(n)e. (4.50)
Thus
c(n, k
F(yo,to) < ( 52 0) +c(n, ko) + e(n)et 51
c(n, ko) 9 (451)
< Ak 4 emyes,
assuming c¢(n, ko) > 1 if necessary. Thus
c(n, ko) 9
F(x,t) < F(yo, to) < 5 +c(n)cy (4.52)
for all (x,t) € B(xg,v+ ) x [0,T]. Since
F(x,t) = E(2)p(a, )| Vg (2, 1),
&(x) =1 for x € B(xg,y+d/2),
o(x,t) > a = 6400n"° for (z,t) € B(xo,v +J) x [0,T],
we obtain
~ 1 c(n, ko)
e(n, ko) 5 -
= ) 4 s
for all (x,t) € B(xo,y+ 6/2) x [0,T]. Hence
~ k
Tol(a,t) < LR e, (4.54)
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for all (z,t) € B(xo,v+6/2) x [0,T].

CASE 3. yo ¢ B(xo,y+0/2) AND yo IS IN THE CUT LOCUS OF o

Then we apply Calabi’s trick (see e. g. [CLNO06, p.395]). Let ¢
[0,d5(x0,y0)] — M be a minimal geodesic from zy to yo. Note that since
Yo € B(xo, v+ %5) the assumption B(xg,y+J —r) CC M for all » > 0 ensures
that such a minimal geodesic exists. Fix € > 0 sufficiently small and define

¢(z) =1 (dﬁ(x’ c(e) 2/54_ o+ 5/2)) R, h) = & () (x, ).

Since dg(z, z0) < dg(z, c(e)) + ¢ by the triangle inequality and since 7 is mono-
tonically decreasing, we have

€e(x) <&(2)
for all z € M. As dj(yo, zo) = dg(yo, c(€)) + €, we have & (yo) = &(yo). Hence

F.(z,t) < F(x,t) Vo € B(xzg,y+0) x [0,T],

Fs(yOatO> = F’(yo,lfo)7 (455)

such that F. has a maximum at (yo, o) as well.

The point now is that dg(-,c(€)) is smooth in a neighborhood of yo. This can
be seen as follows. First, ¢(¢) is not conjugate to yo along ¢ (more precisely
running backwards from yg to ¢(e) along ¢), in the sense that there exists no
non-trivial Jacobi field vanishing at yo and ¢(¢). Hence yo is not conjugate to
c(e) along c. Letting v := (dg(wo, yo) —€)¢(e), such that exp,(.) v = yo, we thus
have that D exp,. is non-singular at v.

We claim that v € seg?(c(g)). If v € seg(c(e))\seg®(c(¢)), by Lemma 3.1 there
exists w (# v) € seg(c(e)) with exp,(.)(w) = exp,(.)(v). Note that Lemma 3.1
can be applied since [v] = dg(c(), y0) < v+ 36 and B(c(e), v+ 26) C B(zo, v+
25) cC M. Hence t — eXP,(.)(tw) is another minimizing geodesic from c(e)
to yo. Following ¢ from zg to ¢(e) and then this curve from c(g) to yo then
gives a non-smooth minimizing curve from z( to yg, which is a contradiction.
Hence v € seg®(c(¢)), such that yo = exp,.(v) is not in the cut locus of ¢(e).

Thus F. is smooth in a neighborhood of (yp,%y) and we can apply the same
steps as in Case 2 to F.. Letting ¢ — 0, we obtain (4.51), i.e.

e(n, ko)

L) eyt

F(yo,to) <

and we can finish the proof as in Case 2. O
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5 A PRIORI ESTIMATES OF V2g ALONG THE FLOW

In this section we utilize the arguments in the proof of Lemma 4.1 to obtain
a priori estimates of the second derivatives of g and the Riemann curvature
tensor along the Ricci DeTurck flow.

LEMMA 5.1. Under the same assumptions as in Lemma 4.1, there exists a
constant c(n, ko) > 0 depending only on n and ko, such that

_ 1 Cl/3
|V29|($, t) < e(n, ko) (5—2 + C% + # + c;/3c§/3> (5.1)
for all (x,t) € B(xg,y +d/3) x [0,T], where
€ = sup |VRm|(z), cy = sup |€2ﬁ;1|(ac)
w€B(z0,7+35/4) c€B(z0,7+35/4)

We will prove this result below and first note an immediate consequence:
Assuming additionally that [VRm| = O(p~!) and |V?Rm| = O(p~2), with
p > 0 being the distance to the singularity, we obtain |6Qg| = O(p~?) and
|Rm | = O(p~2) uniformly in ¢ € [0, T.

COROLLARY 5.2. Let (M,q) be a (possibly incomplete) manifold. Fix 0 <T <
oo and let g(x,t) be a smooth solution of the initial value problem
2 gia(at) = (<2 Ricy +ViV; + VW) 1), (1) € M x [0,],
9(x,0) =g(x), we M,
where V' = gjk(Fé-k - f;k) is the DeTurck vector field. We assume that
(1—¢(n))g(z) < g(x,t) < (1+&(n))g(x)

for e(n) > 0 sufficiently small, only depending on n, and for all (x,t) € M x
[0,T]. Also assume that
|Rm|2 S ko

for some constant ky > 0, and that there exists a constant C' > 0 such that for
allz e M,0<p<1

o C ~o— C

|[VRm|(z) < —, |V?*Rm|(z) < —

p p

whenever B(x,p — 1) is relatively compact for all v > 0. Then there exists
a constant C' > 0 only depending on ko,C and n such that for all x € M,
tel0,T],0<p<1

~ O/ C/
[V2g|(x,t) < 7 [Rml(@t) < 2

whenever B(x, p —r) is relatively compact for all r > 0.
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Proof of Corollary 5.2. Let xg € M and p < 1 such that B(zg,p — 1) C M
relatively compact for all » > 0. Then by Lemma 5.1 (choosing v, equal

to p/2)

B 1 1/3
IV2gl(z,t) < c(n, ko) (F +ci+ % + c;/3c§/3> (5.2)

with the constants estimated by
8C
2

, €= sup |€2Rf\r/n|(x) <
x€B(x0,7p/8)

= sup |6f{xn/1|(z) <
z€B(x0,7p/8)

8C
p Y
since for all © € B(xo, 7p/8) we have that B(x, p/8—r) C M relatively compact

for all » > 0. The estimate of the Riemannian curvature tensor follows from
this, Corollary 4.3 and

Rm:RAI/n*ﬁ_l *g+€2g+g_1 *ﬁg*ﬁg,
see [SHI8Y, p. 276, formula (83)]. O

Proof of Lemma 5.1. In the following all estimates and inequalities are sup-
posed to hold on B(xg,y + d/2) x [0,T], when nothing else is mentioned. Dif-
ferentiating the equation for the metric g from [SHIR9, Lemma 2.1] m times we
obtain

o ~ ~ -~ ~
— Vg =gV VsV
ot 9=9 BY 9

4 E vlﬂg * vkzg Kook Vkm+2g % Pkle,.,km+2
0<k1,k2,....km42<m+1
ki+ko+-+kmy2<m+2

+ Z VSRm*Vllg*Vng*---*Vlmg*QlllZ__lms,

0<l1,l2,...;lm,s<m
lit+lo+-+lm+s=m

(5.3)
where Py ky...kmso and Qiy1,..1,,s are polynomials of g, g~ !. Hence
0 ~
— vm 2 _
prd
9PV V5|V ™g|? — 29°PV VMg - VsV ™y
+ Z %klg*%kZ'g*-..*%km+29*%mg*Pklk2___km+2 (5 4)

0<k1,k2,....;km42<m+1
kit+ko4-+kmy2<m+2

ST L ol o~z lm o
+ > VPRm « Vg s Vog s 5 Vg« V™ g % Quuiy.. s
0<ly,l2,....lm,s<m
Li+le++lm+s=m
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For m = 2 this gives, together with 2¢*/V,V2g - €g€29 > |639|2,

o ~ [ _
922 <g0. 9 T2 - [P
+¢(n)|V2g|(|V3g]|Vg| + V2] + V29[| Vg]* + [Vg|!)

+¢(n)|V?g|(|V?Rm| + |[VRm||Vg| + |[Rmn||V?g| + [Rm||Vg|?).
(5.5)

It follows that
9 &2 12 aﬂ~~~221~32
aIV gl <g*"VaVg|Vig]| *§|V gl
+c(n)([V2g? Vgl + V29> + [V2g||Vg|* + c2| Vg

+¢1|V2g|[Vg + Vko|V2g|? + ko V2| Vg[?),
(5.6)

on B(xzg,y+ 36/4) x [0,T], where

€1 = sup |§f{xr/n|(z), co = sup |€2f{xn/1|(z),
z€B(wo,7+35/4) z€B(wo,v7+35/4)

and where we used [V2g||V3g||Vg| < %|6gg|2 + %|62g|2|6g|2. From (4.8) and
(4.9) we have

o ~ - 1~ - -
5|V9|2 <g*PVaVs|Vgl? - 5IV29l* + e, ko)[Vg[* + e(n)er Vg

N (5.7)
+ 3200n'°|Vg|*.
Now as in [SHI89, Proof of Lemma 4.2, p.256 (80)] let
U(x,t) = (a+ V") V9P, (5.8)
where a > 0 is a constant which is chosen later. Then
D 09,5 ) v = (2 — g9FaTs ) (at [FgP) - [T
ot xVp ot aVh
(5.9)

_ ) o\ -~
a9 (5 - 9779a95 ) 1%
— 299V 4|V g|*V | V2g[2.

We proceed as before in Lemmas 2.5 and 4.1 along the following steps.

Step 1: Derive an evolution inequality for .

Step 2: Estimate %%E from below.
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Step 3: Estimate £y from above and conclude the proof.

STEP 1: DERIVE AN EVOLUTION INEQUALITY FOR ).

Together with (5.6) and (5.7) we obtain

9 ae = 1~ S o
5V <9 VoV = SIV2[" + c(n, ko) [Vol* V29[ + c(n)er [V g | Vgl
IO 1 - .
+c(n)|[Vg[*|V?g]* — 5(@ + Vg V?g[?
+ c(n, ko)(a + Vg ([V2g?[Vg]? + Vg + [V2g|[Vg|* + c2| Vg
+1|V2gl| Vgl + [V3g]* + V29| Vgl*)
—29°PV 4|V g|?V 5|V

(5.10)
We estimate the last term as
~2¢°7Va|Vg|*V5|V2g[? < 16Vg||V?g[*| V]
< 16C1| Vg |Vig]
1 = 1 = .
< sa|Vig* + — - 256CF|V2g[* (5.11)
2 2a
_lss o Ligo
= 5alVogl + 1 IVigl,
where C = C("%gk") + ¢(n)ey is the bound on |Vg| from (4.2) and we chose

a =512C%. This gives

0 ~ ~ 1 ~ ~ ~

Ew <GPV, Vp1h — Z|V2g|4 + ¢(n, ko)CE|V2g|? + c(n)e1C1 | V2 g|?
+e(n)CHV2g? + c(n, ko) C2(C2V2g|? + [V2g [P + CH|V2g|  (512)
+ 2| V2| + 1 C1|V2g| + |V2g [ + C2|V2g)).

Now by definition of ¢ we have

2,2 v (0 Y
= — < = = 1
V7l a+ Vg2~ a 512C% (5:13)
and
V?g)* = b, v oY (5.14)

a+|Vg2? ~ a+CP 51307
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This yields

o
<
atw <
PG,V 1h — v +c(n, k ><w+—¢+cw)
9" VaVs 4 513207 0 1
3/2
+ c(n, ko) (CFo + % + O 4 2Ot + e CF2 -y + CRY?)
1
2
P S
97 VaVs¥ — I5igaca
3/2
+ c(n, ko) (wc +(C} + F + 1Y+ (C? + CF +e1CF + cQCl)wl/Q)
1 1

afg 1 ¢2 ¢3/2 2 5 1/2
< g™V Vst — 1513201 + c(n, ko) o + CTY + (CF + c2C1 )y ;
1
(5.15)
where in the last step we used that C7 = C(n%gko) + ¢(n)e; > ¢ and that,
assuming c(n, ko) > 1, Cy > 1.
STEP 2: ESTIMATE 665 FROM BELOW.

Now let n € C°°(R) be the cutoff function as before and define the cutoff
function £ € C(M) as

E(x) =1 <d§(x’ xo){g/_lg - 6/3)) , (5.16)

where dy denotes the distance function with respect to the metric g. Then we
have

&(x) =0, x € M\B(zo,v + 56/12), (5.17)
0<g(x) <1, x € M.

If dg(-, z0) is smooth in a neighborhood of a point x, we have by a calculation
analogous to (4.32)

~ 2304
VeI < =5

() (5.18)

and

VoVpe(n) > — (% + 24/ coth (c/l?odg(x,xo))) Gus(@).  (5.19)

STEP 3: ESTIMATE £ FROM ABOVE AND CONCLUDE THE PROOF.
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Let
F(z,t) == E(x)(z,1), (z,t) € B(wo,y +6) x [0,T].
Since [V2g|?(z,0) = 0, we have
F(z,0) =0, x € B(xg,v 4+ 9). (5.20)

Since &(z) = 0 for « € B(wo,v + 8)\B(zo,7 + 390), it follows that
)
F(x,t) =0, (x,t) € B(xo,y+ 0)\B(xo,v + Eé) x [0, T]. (5.21)

Thus there exists a point (yo, to) € B(wo, v+ 350) x [0, T] with o > 0 such that
F(yo, to) = max {F(z,t) | (z,t) € B(zo,7+ ) x [0,T]} (5.22)
unless F' =0 on B(zg,vy +0) x [0,T].

Next, as previously in Lemma 4.1, we distinguish three cases, first case where
¢ =1 in a neighborhood of yg, second case where £ is not identically 1, but
smooth in a neighborhood of yg, and third case, where £ is not smooth and a
trick needs to be applied.

CASE 1. yo € B(wo,7+ 39)

Then £ = 1 in a neighborhood of yg, such that F' = ¢ near (yo,to), and we
have

9 o
0< (& — 9"V V¥ (Yo, to) (5.23)
19 (yo, t 3/
=71 51(3205) el o) ( o O+ (CT + 0! | (o, to)
(5.24)
and thus
1 F2(yo, to) F3/2 2 5 1
- ’ < i F Fl/2 .2
4 5132C¢ — c(n, ko) ( C, + C1F + (€7 + 2Ch) ) (yo,t0)  (5.25)

which is a better estimate than the one below in Case 2, and thus Case 1
follows from Case 2.

CASE 2. yo & B(wo,7+ $30) AND yg IS NOT IN THE CUT LOCUS OF g

Then the distance function dg(-, o) is smooth in a neighborhood of yy and it
follows that

0. S (o t0) = Euo) G (o o).
0= VaF(yo,to) = (fvoﬂ/] + wvaE)(yOa to), (5.26)

0> gaﬂ%aﬁﬂF(QOa tO) = (ggaﬁﬁaﬁﬁw + wgaﬂ%aﬁﬂg
+29*° Vo€V 59) (3o, to)-
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Together with (5.15) we obtain at the point (yo, %)

1 1/12 EAVAR Y, 7/’3/2 2 5 1/2
ng S §g VaVﬁ’l/) + §c(n, ko) Cl + 011/1 + (Cl + 0201)’1/)
< —9g*Va Vst —20°° VoV 51
3/ 2 5 1/2
+ &e(n, ko) ( o O+ (C7 + el / > -
1
(5.27)
From (6.29) we have at (yo, to)
WS 2V s .o 9216
~20""VaVi = “=g*VabViaE < =50, (5:28)

where the last inequality follows from (4.5). Furthermore, from (5.19) and an
estimate analogous to (4.47) we obtain at (yo, to)

c(n, ko)
= 0. (5.29)

—g*PVa V¢ <
This yields the following intermediate inequality

1 > c(n, k 3/2
et <+ elo k) (wcl OB+ (CF + eaC ) ) |
1

(5.30)

Multiplying this inequality with &, using 0 < ¢ < 1 and adjusting the constants
c(n, ko) > 0 appropriately, we obtain

F(ygi}to)? < ¢(n, ko) (F(yoéitlo)w + CYF(yo, to) + (C7 + C2C1)F(y0,t0)1/2)
+ C(ngko)F(yo, to)-
(5.31)
Now we use the following elementary estimate: If > 0 satisfies
2? < az®? 4 bx + cxt/? (5.32)
with constants a, b, ¢ > 0, then
x < max{a?, b, */3}.
This reduces (6.35) to the following estimate
F(yo,t0) < c(n, ko) <C? + g—f +(CY + C2Cf)2/3)
(5.33)

< ¢(n, ko) (Cf +(C} + cgcf)2/3) ,
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since + < Cy. It follows that for all (z,t) € B(wo,y +6) x [0, 7]

F(2,1) < F(yo, to) < e(n, ko) (CF + (CF + e2C5)2/%).
Since F(z,t) = &(x)(x,t) and {(x) =1 for & € B(xg,y + 6/3), we obtain
i, t) < cln ko) (CF + (CF +2CD?)  V(w,t) € Bluo,y +8/3) x [0, 7],
As ¥(z,t) = (a + |Vg|?)|V2g|? and a = 512C2 we have

)
(a+ VgP)(a,t) ~ a

V291 (@, t) = < c(n, ko) (CF + (CF + e2C2))

for all (z,t) € B(xo,v+0/3) x [0,T]. Thus

|§2g|(x,t) < c(n, kzo)\/Ci1 + (C% + cC%)2/3
< c(n, ko) (CF + (C§ + c2C])'/?)
< e(n, ko) (CF + ¢y °C7)

< c(n.ko) ((; ca) e (de )/) 530

1/3
1
< c(n, ko) <5—2 +3E+ —23/3 + cé“c?“)

for all (x,t) € B(zo,v + 6/3) x [0,T], where we used
Va+b< Va+ Vb, (a+b)?<2a®+2b°

for real numbers a,b > 0.

CASE 3. yo & B(wo,7+ 150) AND yg IS IN THE CUT LOCUS OF

Then we again apply Calabi’s trick, see Case 3 in the Proof of Lemma 4.1. O

6 A PRIORI ESTIMATES OF V™g ALONG THE FLOW

In this section prove we prove a priori estimates for all higher derivatives of g
and the Riemann curvature tensor along the Ricci DeTurck flow. We treated
the case of the second derivatives V2g separately, since the evolution inequality
(5.7) for |Vg|? which goes into the estimate of the time-derivative of 1 (see the
proof of Lemma 5.1 above) differs from the corresponding one (6.16) below that
will be obtained for the higher derivatives |6m_1 ql?.
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LEMMA 6.1. Under the same assumptions as in Lemma 4.1 we set for k,s € Ny

Cy := sup IVEgl, ¢ = sup |V*Rm), (6.1)
zE€B(zo,v+6/(k+1)) z€B(xo,7+30/4)

and define for any integer p > 1 the following constants

K, = Z Cry + Crpa

0<k1,....;kpr2<p—1
ki+-+kpr2<p+2

(6.2)
L, = > esCy, -+ Oy,
0<ly,...,lp,5<p—1
Lit-+lpt+s=p
Then we find for m > 3 and for all (x,t) € B(zg,y + mL_H) x [0, T
IV™g|?(x,t) < max {A, B} (6.3)
where for some constants c¢(n,m, ko), c(n,m) >0
1 Km—1+ L m—
A= c(n,m, ko)C?,_, (—2+Cf+02+ ko + 1+ 1+ec 1>7
1) Cm—l
1
B :=c¢(n,m) 7 (C2 (Ko + Lo + cm)>2/3.
(6.4)

We first prove a corollary of that result and later provide the proof of the lemma
above. We point out that with more effort it would be possible to obtain an
even more explicit bound of [V™g|? analogous to the one in Lemma 5.1, but
since our main interest is in the behaviour of the derivatives of the metric and
the Riemann curvature tensor when approaching the singular strata, the bound
above is sufficient for our purposes.

COROLLARY 6.2. Let (M,g) be a (possibly incomplete) manifold. Fiz 0 < T <
oo and let g(x,t) be a smooth solution of the initial value problem

agij(z,t) = (—2Ric;; +ViV; + V;Vi)(z,t), (z,t) € M x[0,T],
9(z,0) = g(x), we M,

where V' = gjk(Fé-k - f;k) is the DeTurck vector field. We assume that
(1 —e(n))g(z) < g(x,t) < (1+¢e(n))g(x)

for e(n) > 0 sufficiently small, only depending on n, and for all (x,t) € M x
[0,T]. Also assume that
|Rm|? < ko
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for some constant kg > 0, and that for all m > 1 there exists a constant
Cr >0, such that for allx € M, 0< p <1

™ Rim (x) < f—:j

whenever B(x,p — ) is relatively compact for all v > 0. Then there exists a
constant C!, > 0 only depending on ko, C1, ..., Cp, m and n such that for
alzeM,te€[0,T],0<p<1

Sm Crn m Crn
|V g|(1‘,t) < p_ma |v Rm|($7t> < pm+2

whenever B(x, p —r) is relatively compact for all r > 0.

Proof. We start with the estimates of the derivatives of the metric g. The cases
m = 1,2 have already been proven, so assume that m > 3. By induction, we
can assume that there exists a constant C’ > 0 such that forallk =1,...,m—1,
(, ) e M x[0,T], p<1,7r>0

/

= C
IVEgl(z,t) < oF

whenever B(x,p —r) C M is relatively compact. Let 2y € M and p < 1 such
that B(xo,p — 1) C M relatively compact for all » > 0. Then by Lemma 5.1
(choosing v, equal to p/2)

V™ g|?(z,t) < max {4, B} (6.5)

for all ¢ € [0,T]. Recall the explicit form of A and B

1 Icm— Em— m—
A=c(n,m,kg)C? | | = +C?+ Cy + Vko + e i
02 Cm_1
1
B = cln,m) g —(Cpua (Ko + L+ en)) .
(6.6)
The individual constants can be estimated as follows:
~ ~ gk’
Cr = sup VFg < sup V¥ < — (6.7)
z€B(z0,p/2+p/2/(k+1)) z€B(z0,3p/4) P

for k=1,...,m—1, since for all z € B(xg,3p/4) we have that B(z,p/4—1r) C
M relatively compact for all r > 0,

8°C

S

cs = sup |V*Rm| = sup  |V°Rm]| <

(6.8)
z€B(zo,p/2+3p/2/4) z€B(z0,7p/8)
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for s =1,...,m, since for all x € B(xg, 7p/8) we have that B(z,p/8 —r) C M
relatively compact for all » > 0. Thus

¢ £m S Em; ’Cm—l S
p

Km <

— pm+2’

(6.9)

C
Em—l S 1
pm

pm+1 ?
with the constant C' > 0 only depending on m and the constants C’,C from
above. Plugging this in gives

<

V™ gl (0, 1) < oo

for all t € [0,T], with C' > 0 only depending on m, n, kg and the constants C’, C

from above. This completes the proof for the derivatives of the metric.

To estimate the derivatives of the curvature tensor, we start by the following
general identities for any (say (1,2)-tensor) A

T 7 m v 1 m 7 m
ViAjy, = Al + AG U — Al — A5 Tk,

dal

. o _ o o
(2 _— K2 m X2 2 m K2 m
ViAy, = B A + ANl — A U — Aj Ui

Thus V and %, acting on (1, 2)-tensors, differ by the following expression

ViAl, = ViAl + AT (D8 —T0 ) — AL (D% —T7) — AL (Dp —T3). (6.10)

mk

In normal coordinates at a point p € M with respect to the metric g we have
Ffj =0 and %gjk = V;g;1 at the point p, such that

- 1, = ~ _
Iy =T = ggk (Vigim + Vigim — Vingij)

at p. But since this is an identity of tensors, it actually holds for all points in
any coordinate system. Using the x-notation we can write this shorter as

-I'= g L« %g.
Hence (6.10) takes the form
VAZ%AJrA*g’l *ﬁg.
By induction, together with the product rule
V(A*B)=VAx B+ AxVB,

and the covariant derivative of the inverse metric tensor given by

Vig ) =g t+gt+Vyg,
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we obtain for all £ > 1

VFA = Z VF A« Vg5 x Vg« P g (6.11)

0<ka,....ky <k
kit ke =k

where Py, .. 1. is a polynomial in g_1

T

curvature tensor

. Now from the identity for the Riemann

Rm =Rm*§ '« g+ Vig+g " Vg Vg,
see [SHI8Y, p. 276, formula (83)], we obtain by induction for all k > 1

%k Rm = Z %Sﬁ\n/l*ﬁklg* *%krg*stl,,,kT

0<s,k1,....kr <k
stkitetke=k

N Z Vigs- x Vg Ry,

0<ly,... L <h+2
Lt =k+2

(6.12)

s

where Q, R are polynomials in g, g~! and g~*. Plugging (6.12) into (6.11) gives

VERm= > VRmxVFgx-x Vg Sy, g

0<s,k1,....kr <k
stki+-+kr=k

_ _ (6.13)
+ Z Vllg*"'*vlsg*nl»..lsa
0<ly ..., ls<k+2
Lt Al =k+2
where S, T are polynomials in g, ¢~! and ¢!, and thus
|[VERm | < C(n, k)x
<[ D0 IVRm|[VRgl [Vigle YT [Vigl |V
0<s,k1,....kr <k 0<l1 .., ls <k+2
sthittke=k it tla=k+2
Now the claim follows from the estimates of the derivatives of g. O

Proof of Lemma 6.1. Let m > 2. From (5.4) and since
2gaﬂ§a6mg . %B%mg > |%m+lg|2,
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we have the following differential inequality
0 om |2 aBo o |om |2 om+1 |2
5 VIl = gV VsVl — [V ]

+c(n)|[ V™| > [Vhig| .- [VEmi2g]
0<kr e kmpo <m1
kit +kmy2<m+2

+em)|Vrgl > [V°Rm||[Vig|--- [V

0<l1,. oyl ,s<m
Lt tlmts=m

< 40T, T[Tl - [
+ c(n,m)|[V™g| - [V g||[Vg| + V™ g||[V?g| + [V g||Vg|?
+ Z Chy + Cyo i

+c(n,m)[V™g| - [|[Rm||V"™g| + [V Rm|
+ Z CsCh "'Clm]

0<ly,eylm,s<m—1
lit-+lm+s=m

(6.14)

on B(zg,y+ d/m) x [0,T], where we have set as before

Cs 1= sup |6Sf{xn/1|, Cy = sup [V¥gl.
€ B (0,7 +35/4) € B (wo,1+5/ (k+1))

The following estimates also hold on B(zg,y+d/m) x [0, T], when nothing else
is mentioned. With the abbreviations

ICm = E Ckl s Ckm+2a £m = E CsOh s Clm
0<k1,....km+2<m—1 0<l1,...,lm,s<m—1
ki+-tkmy2<m+2 it tlmt+s=m

and using [V"g||[V™1g|[Vg| < 1|V H1g2 4 L1V g[2|Vg|? we obtain

2|§mg|2 < gaﬁ%a§ﬁ|§mg|2 _ 1|%m+1|2
ot - 2

+e(n,m) - [[VgPIV™g? + V2|V g? + K - [V™g]

+Vko|[V™g* + em|V™gl + L - [V g]]

-~ - 1 ~
< gV V[Vl - SV
+ ¢(n,m) - (|%mg|2(Cl2 +Coy ++/ k:o))

+ ¢(n,m) - (|%mg|(lcm + Loy + cm)) .

(6.15)
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Assume from now on that m > 3. Then we can replace m by m — 1 and obtain

0 om—1 |2 afo o |om, |2 1 —m |2
_- < _ =
5 V"9l <9 Va Vs VTl = SV
+eln,m—1)- (C?,H(C% + Ca + ko) (6.16)

+ Cm—l(lcm—l + Em—l + Cm—l)) .
We define similar to (5.8)
Vi, t) = (a+ V") VP,

where a > 0 is a constant to be chosen later. Exactly as before in we proceed
in the following three steps:

Step 1: Derive an evolution inequality for .
Step 2: Estimate %%ﬁ from below.

Step 3: Estimate £ from above and conclude the proof.

STEP 1: DERIVE AN EVOLUTION INEQUALITY FOR ).

From (6.15) and (6.16) we obtain

9 -~
= _ a8
(815 vavﬂ) v

a o — — - ~m
— (5 07T ) (a7 ) [T

+ (a+ V™ ig?) (% - gaf’%a%> Vgl
— 29*°Va VPV Vgl
< 59l + e(n,m — DTl
[C2_1(CF + Co + ko) + Croet (K1 + Lin—1 + €m—1)]
+ 0+ [ gP) (|97 4 eln, m[gP(CF + o + Vo)

+ |6m9|(lcm + Lo+ cm)])
— 297V, |V g2V Vg 2.
(6.17)
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We estimate the last term on the right-hand side
_ anﬁva|vm—lg|2vﬂ|vmg|2
< 16|V ||V g PV
< 160m71|6mg|2|6m+1g| (618)

IN

1 - 1 ~
_ m+1 |2 — .92 2 m |4
5Vl 4 o 2560, [Vl
Now choosing a := 512C2,_; yields
) -~
— —g*V,V
(8t g a B)'L/J
1 ~ ~
< —7IV7l" + e(n,m — D[Vl

: [07%1—1(012 + Co 4+ Vko) + Croe 1 (Kp—1 + L1 + Cm—1)]
+c(n,m)C2_[[V™gl*(CF + Co + Vo) + V™ g| (K + Ln + cm)].

(6.19)
Since s v v
om (2
S RN G S —
V™l a+|Vm-lg2 ~ a 51207,
and " "
6m 2 _ _ >
V™l a+|Vm-lglz = (5124 1)CZ,_,
it follows that
0
afy
(1955
1 1/12 2 Icm—l + Em—l + Cm—1
< -1
S~ IE30n +c(n,m —1)[C] + C2 + ko + c Job
+ c(n,m)(C? + Co + ko)
+ c(n,m)Cre1 (K + Lo + cm)\/E.
(6.20)

STEP 2: ESTIMATE %65 FROM BELOW.

Let n € C*°(R) be the cutoff function as before and define { € C (M) to be the
cutoff function

dg(z, o) — (7+m+1)

; (6.21)
(% (m+1 ) - #H)
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where dg denotes the distance function with respect to the metric g. Then

1)
{(r) =1, r € B(xo,7 + m——i—l)’

€a)=0, € Blzo,v+0)\Blwo,7+0- % (m;ﬂ N %)) (6.22)
0<¢(x) <1, x € M.

If dg(-, o) is smooth in a neighborhood of a point z, we obtain by estimates
analogous to (4.32)

c(m)

VE(@)* < —576() (6.23)

and

= = c{m clm ~
VaVs(z) > — <% + % ko coth kodg(z,zo))> Gop(x).  (6.24)
STEP 3: ESTIMATE £ FROM ABOVE AND CONCLUDE THE PROOF.

Let
F(z,t) = &(x)y(x, t), (x,t) € B(xo,y+0) x [0,T].

Since [V™g|2(x,0) = 0, we have

F(2,0)=0, € Blo,y+9). (6.25)

Since ¢(z) = 0 for € B(zo,v+0)\B(z0,7+3- 3 (#ﬂ + %)), it follows that

Fla,8) =0, (2,t) € B(xo,+0)\B (zo,’y+5~ % (m;—i—l + %)) « [0,7].

Thus there exists a point (yo,t0) € B(wo, v+ 6 - 3 (mLJr1 + %)) x [0,T] with
to > 0 such that

F(yo,to) = max {F(x,t) | (x,t) € B(xo,v+ ) x [0,T]} (6.26)

unless F' =0 on B(zo,vy +0) x [0,T].

Now as before in Lemma 4.1, we distinguish three cases, first case where £ = 1
in a neighborhood of yg, second case where ¢ is not identically 1, but smooth in
a neighborhood of yg, and third case, where £ is not smooth and a trick needs
to be applied.
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Then £ =1 in a neighborhood of yg, such that F' = 1 near (yo, o), so that
P -
0< (= —g*PV,V
< < 59 ﬁ) G

2
< 1Y
4513204,

+ ¢(n,m)(C? + Co + ko)
+ c(n,m) o1 (Ko + Lo + em) /&

Koo + Lon1 +
+e(n,m—1)[C? + Cs + /g + 1+c LF ety
m—1

(6.27)
and hence

1 F?(yo, to)
4513204 | —

m—1

Km—1+ Lm—1+ cm—
c(n,m —1)[CT + Ca + ko + - c 11 ~1F (3o, to) (6.28)

+¢(n,m)(C} + Ca + ko) F (o, to)
+ C(?’L, m)Cm—l(K:m + Em + Cm) \V4 F(yOa tO)a

which again is a better estimate than the one below in Case 2, and hence
Case 1 follows from Case 2.

CASE 2. yo ¢ Blxo, v+ 3 (m+r1 + %)) AND o IS NOT IN CUT LOCUS OF

Then the distance function dg(-, zo) is smooth in a neighborhood of yo and we
have

oF 0
0< E(yoato) = E(yo)a—qf(yoafO)a

0 = VaF (40, t0) = (€Vat) + ¥Vab) (Yo, to), (6.29)
0> g™ VaVsF(yo, to) = (€9°"VaVa) + g™ Va V¢
+29°PV €V 59) (3o, to)-
Together with (6.20) we obtain at the point (yo, %)
2
375135@”5 <EPVa Vg + - A (6.30)
< —g*°VaVst — 20" VbV + £ A
with

Kot + Lo 1+ e
A= e(n,m—1)[C2 + Cs + ko + 1+c L Cmotyy
m—1

+c(n,m)(C} + Ca + Vo) (6.31)

+ C(?’L, m)Cm—l(ICm + £m + C’m)\/@
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Using (6.29), (6.23) and (4.5) we have at (yo, o)
2y

c(m)

—29°"VatVst = 9" Va8 < =50 (6:32)
Also (6.24) and an estimate analogous to (4.47) yields at (yo,to)
~ ~ c(n,m,k
—1hg*PVoVpé < %w- (6.33)
Plugging (6.32) and (6.33) into (6.30) leads to
1 1/12 C(TL, m, I{/’O)
Z < - A. .
4 51320;1?%1‘E - 02 vie-A (6:34)

Multiplying by ¢ while using 0 < ¢ < 1 and adjusting the constants
c(n,m, ko) > 0 we obtain

F(yOa t0)2 m—1+ Emfl + Cm-1

cr < c(n,m —1)[C} + Ca + ko + £ C £ (3o, t0)
+ e(n,m)(CF + C2 + ko) F (o, to)
+ ¢(n,m)Cr—1(Km + L + cm)V F (Yo, to)
+ WF(?JOJO)-
(6.35)

Now we use the elementary estimate (5.32) with a = 0, namely: If z > 0
satisfies
22 < bz + cx/?

with constants b, ¢ > 0, then
x < max{b, ¢*/?}.
This reduces (6.35) to
F(yo,t0) <

1
max{c(n, m, ko)Cih,_, <5_2

c(n, m)(Cpuy (K + Lo + €)Y,

K
+C? 4+ Cy+ ko +

m—1 1 ﬁmfl + le)
Cm—l ,

Hence for all (z,t) € B(zo,y+ 6) x [0,T]
F(z,t) < F(yo, to) <

1

52

c(n,m)(Cp_y (Ko + Lin + Cm))2/3}-

K
+CF + Co+ Vo +

m— Em— m—
max{c(n,m, ko)C* ( s Lte 1) ,

Cmfl
(6.37)
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As F(z,t) = £(x)y(x,t) and £(x) =1 for x € Bz, + %ﬂ)v we conclude

Ylat) <
max{e(nm, ko) Ci o (3
)5y (o + Lo+ )}

’Cmf +£m7 + m—
+C% 4 Cy+ Vo + L 1re 1),

Cm—l

(6.38)

for all (x,t) € B(aco,y—l—mLH)x[O,T]. Now since i(z,t) = (a+|V™ 1g[2)|[V™g[?

and a = 512C2,_; we finally obtain
et )
(a+[VgP)(,t) — @

1 K
5—2+Cf+02+\/ko+

Vgl () =

< max{c(n,m, ko)C?,_, < m—1+ Lm_1+ Cm1) ,

Cm—l

1
2 (07571—1(Km +Ln+ Cm))2/3}

m—1

c(n,m)
(6.39)

for all (x,t) € B(xo,y + 727) % [0,T7.

CASE 3. yo ¢ B(zo, v+ 2 (m+r1 + %)) AND yp IS IN THE CUT LOCUS OF

Here we again apply Calabi’s trick, see Case 3 in the Proof of Lemma 4.1. O

7 PROOF OF THE MAIN EXISTENCE AND REGULARITY RESULT

In this section we describe the necessary modifications of the proofs in Section 2
for the case of incomplete manifolds. Despite incompleteness, we still continue
under the assumption of bounded geometry |Rm|? < k for some positive con-
stant k£ > 0.

7.1 VALIDITY OF THEOREMS 2.3 AND 2.4 IN THE INCOMPLETE CASE

We start by observing that, due to the relative compactness of the domain D,
Theorem 2.3 and Theorem 2.4 are also valid in case the initial manifold (M, g) is
incomplete. Indeed, we can follow the same steps as in the proof of Theorem 2.3
outlined above. To give just one example from the proof of Theorem 2.4, the
compactness of the closure of the domain D still gives a positive lower bound for
the injectivity radius on D, which is needed for the estimate (7) in Lemma 3.1
in [SHI8I].

Notice that the injectivity radius on D can become small in the case of incom-
plete manifolds when D is close to the singularity, but that smallness of the
injectivity radius can also happen in the complete case, e.g. on manifolds with
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hyperbolic cusps. At this point we emphasize once again. cf. Remark 2.2, that
the lower bound for the injectivity radius on D does not enter the existence
times T'(n, ko) and T'(n, ko, d). This is a crucial point, as we will later take
an exhaustion of the manifold M by such domains which then get closer and
closer to the singularity.

7.2 EXTENSION OF LEMMAS 2.5 AND 2.6 TO THE INCOMPLETE CASE

Next we formulate and prove interior estimates for the derivatives of the met-
ric, corresponding to Lemma 2.5 and Lemma 2.6. Let U C M be open and
relatively compact, such that OU is an (n — 1)-dimensional, smooth, compact

submanifold. Choose § > 0 small enough, that B(U,§) C M is compact and
that the function dg(-,U) : M — R giving the distance to U is smooth on
B(U,6)\U. The latter is possible, since dg(z,U) = dg(x,0U) for all x € M\U,
and dg(-,0U) is smooth in a neighborhood of OU by [F0084, Theorem 1 and
Remark (1)]. The following result is an extension of Lemmas 2.5 and 2.6 to

the incomplete case.

LEMMA 7.1. Fiz U,0 as above, and a finite T > 0. Let g(x,t) be a smooth
solution of the initial value problem

0 _
Egij(x, t) = (—2 Ricij +V1V] + Vj‘/;)(l',t), (m, t) € B(U, (S) X [0, T],
9(x,0) =g(z), =< B(U,9),

where Vi = gjk(F;:,€ — fzk) is the DeTurck vector field. Furthermore, assume
that

(1 —e(n))g(z) < g(x,t) < (1+¢e(n))g(x)

for e(n) > 0 sufficiently small only depending on n and for all (z,t) € B(U, §) x
[0,T). Then for all m € Ny there exists c¢(n,m,U,d,q) > 0 depending only

onn,m,U,§ and g, such that for all (z,t) € B(U, mil) x [0, 7

|6mg(z’ t)|2 S C(n’ m’ U’ 57 ’g)'

Proof. By compactness of B(U,d5/(m + 1)) we can cover it by finitely many
balls B(z;,6/(m + 1) +6/4), i = 1,...,N with 2; € U and where N =
N(U,m,g). Now by the derivative estimates for the metric Lemma 4.1,
Lemma 5.1, Lemma 6.1 we obtain

~ ) )
Avaid 2 < e = B(x: + — [
| g| (:Eat) = Cz(nama(sag)a (:Cat) € (xza 1 4) X [Oa ]

for i =1,..., N, implying the desired estimate. O
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7.3 PROOF OF THEOREM 1.1 BY EXHAUSTION

Now we can finish the proof of Theorem 1.1. Let {Uj}ren, be an exhaustion
of M by n-dimensional, smooth, compact manifolds with boundary, i.e. Uy C
M is open, Uy C M is compact, QU is an (n—1)-dimensional, smooth, compact

submanifold, Uy, C Ug4q for all k € N and |J Uy, = M. By Theorem 2.3 and
kEN
Theorem 2.4 there exists T'(n, ko) > 0, such that the system (cf. (2.16))

0 .
Egij(x,t) = (—2Ric;; +ViV; + V;Vi)(=, 1), (z,t) € Ux x [0,T(n, ko)],

g(z,t) = g(z), (x,t) € Uy x [0,T(n, ko),
9(x,0) =g(z), €U
(7.1)

where Vi = ¢/*(I%, — fék) is the DeTurck vector field, has a unique smooth
solution g(k,xz,t) on 0 <t < T(n, ko) for all k € N, satisfying the estimate

(1 —e(n))g(z) < g(k,z,t) < (1+¢(n))g(x) (7.2)

for all (z,t) € Uy, x [0,T(n, ko)] and for e(n) > 0 sufficiently small only depend-
ing on n. Note that Uy from the exhaustion above need not be connected, but
since it is compact, it has at most finitely many connected components, so that
Theorem 2.3 and Theorem 2.4 can be applied to each component.

Choose 83, > 0 sufficiently small, such that the closure of B(Uy, 8;) C M is com-
pact and such that the function dg(-, Ug) : M — R is smooth on B(Ukg, &) \Uy.
By compactness of the closure of B(Uy, 1), there exists N € N, such that the
solution g(k, z,t) is defined on B(Uy,d;) for all k > N. By Lemma 7.1

V™ gk, 2, t)[2 < c(n,m, Uy, 6, §),

for all k > N, m € Ny, and (2,t) € U; x [0,T(n, ko)]. Then by Arzela-Ascoli
there exists a subsequence (g(k¢, x,t))¢en, which converges on U; X [0, 7] in the
C* topology to a family of C* metrics g(x,t).

Similarly a subsequence of the subsequence converges on Us x [0, 7], etc. Now
the diagonal sequence converges on every Uy x [0, 7] to g(z,t). As the sequence
(Uk) eventually contains any given compact subset of M, the diagonal sequence
converges smoothly locally uniformly to g(x,t). Then g(x,t) solves (1.1). The
estimate (1.2) follows by restricting the solutions g(k, z,t) to t € [0, T (n, ko, §)],
where T'(n, ko, d) is from Theorem 2.3.

8 OPEN PROBLEMS AND FUTURE RESEARCH DIRECTIONS

We intend to discuss the following questions in the subsequent publications.
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1. Does the Ricci DeTurck flow, presented here, and the flow constructed
by the second author in [VER21], coincide in the setting of incomplete
manifolds of bounded geometry with wedge singularities?

2. Can we extend the tensor maximum principle to the incomplete setting?

3. Is there a way to define a flow of arbitrary incomplete manifolds with-
out assuming bounded curvature, for instance imposing bounded Ricci
curvature only?
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