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ABSTRACT. The problem of additivity of the Minimum Output En-
tropy is of fundamental importance in Quantum Information Theory
(QIT). It was solved by Hastings [Has09] in the one-shot case by ex-
hibiting a pair of random quantum channels. However, the initial
motivation was arguably to understand regularized quantities, and
there was so far no way to solve additivity questions in the regularized
case. The purpose of this paper is to give a solution to this problem.
Specifically, we exhibit a pair of quantum channels that unearths ad-
ditivity violation of the regularized minimum output entropy. Unlike
previously known results in the one-shot case, our construction is non-
random, infinite-dimensional, and in the commuting-operator setup.
The commuting-operator setup is equivalent to the tensor-product
setup in the finite-dimensional case for this problem, but their differ-
ence in the infinite-dimensional setting has attracted substantial at-
tention and legitimacy recently in QIT with the celebrated resolutions
of Tsirelson’s and Connes embedding problem [JNV*20]. Likewise, it
is not clear that our approach works in the finite-dimensional setup.
Our strategy of proof relies on developing a variant of the Haagerup
inequality optimized for a product of free groups.
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1 INTRODUCTION

A crucial problem in quantum information theory is the problem of additivity
of Minimum Output Entropy (MOE), which asks whether it is possible to find
two quantum channels &1, ®5 such that

Hmin(q)l ® (1)2) < Hmzn(q)l) + Hmzn((I)Q) (1)
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1300 B. CoLLiNs, S.-G. YOUN

This problem was stated by King-Ruskai [KR01] as a natural question in the
study of quantum channels. Shor proved in 2004 [Sho04] that a positive answer
to the above question is equivalent to super-additivity of the Holevo informa-
tion, i.e., there exist quantum channels ®;, ®5 such that

X(P1 ® P2) > x(P1) + x(P2). (2)

Heuristically, the super-additivity of the Holevo information implies that en-
tanglement inputs can be used to increase the transmission rate of classical
information. We refer to Section 2.1 for the definitions of the MOE H,,;,
and the Holevo information y. This question attracted lots of attention, and
Hastings eventually solved it in 2009 [Has09], with preliminary substantial con-
tributions by Hayden, Winter, Werner, see in particular [HWO08]. Subsequently,
the mathematical aspects of the proof have been clarified in various directions
by [ASW11, FKM10, BaH10, BCN16, Col18, CFZ15].

All previously known examples of additivity violation of MOE rely on subtle
random constructions. In particular, to date, no deterministic construction of
additivity violation has ever been given. For attempts and partial results in
the direction of non-random techniques, we refer to [WH02, GHP10, BCLY20],
etc.

Note that the above results do not imply anything about the problem of the
additivity of the regularized MOE (see Definition 11 for details). Indeed, ad-
ditivity violation is not known to pertain when the MOE is regularized. More
precisely, the additivity question for the regularized MOE asks whether it is
possible to find two quantum channels &1, ®5 such that

H pin (P71 @ ®2) < Hppin (P1) + H i (P2). (3)

where H,,;n stands for the regularized MOE. This question was raised in
[Fuk14] and the affirmative answer to this implies superadditivity of classical
capacity.

Very few results are known about regularized entropic quantities — see for ex-
ample [Kin02] or [BCLY20] for partial results. In this paper, we focus on the
additivity question of the regularized minimum output entropy, and the tensor
product channel will be understood as a composition of two quantum channels
whose systems of Kraus operators are commuting (see Section 2.2 for details).
In (quantum) information theory, one key paradigm is to allow repeated uses of
a given quantum channel. To do this, we have to analyze a physical system by
separated subsystems. Given quantum strategies for non-local games, there are
two natural models to describe separated subsystems. One is the tensor-product
model, and the other is commuting-operator model. This latter approach is
the object of intense research, see for example [PT15, DP16, CLS17, Slo20,
CCLP18], culminating with the recent resolution [JNV*20] in the negative of
the celebrated Connes Embedding problem whose origin dates back to [Con76].
In our case, commuting systems of Kraus operators correspond to a commuting-
operator model. We refer to Section 2.2 for details on this.

DOCUMENTA MATHEMATICA 27 (2022) 1299-1320



ADDITIVITY VIOLATION OF THE REGULARIZED MOE 1301

The main result of this paper is an explicit construction of a pair of quantum
channels ®; and ®5 which have commuting systems of Kraus operators and
satisfy additivity violation of the regularized MOE. Specifically, our main result
can be stated as follows:

THEOREM 1.1. There exist systems of operators {E;};, and {F;}._, in B(H)
such that

1. EiF; =F;E; forall1<i<mand1 < j <n,
2. 2211 EXE; = Idg = 22:1 FJ*F]-,
3. ©1, Dy : T(H) = T(H) are quantum channels given by

1(p) = Z EipE; and ®3(p) = Z FipF;, (4)
Jj=1

i=1

4o Hupin(®1 0 ®2) < Hypin (®1) + Hpin (P2).

Note that the above discussion for the regularized MOE makes sense since
the given channels are generated by finitely many Kraus operators and given
commuting systems will be chosen as an infinite-dimensional analog of i.i.d.
Haar distributed unitary matrices, which will be explained in Section 2.2 and
Theorem 4.1 in detail. One of the biggest benefits from this shift in perspective
is that the regularized minimum output entropy becomes computable, whereas
for random unitary channels, computing such regularized quantities still seems
to remain totally out of reach at this point.

One of the key ingredients is to extend the Haagerup inequality [Haa79] to
products of free groups (Proposition 3.2), which has numerous applications in
operator algebras, non-commutative harmonic analysis and geometric group
theory [Boz81, DCHS5, Jol89, Laf00, Laf02].

This paper is organized as follows. After this introduction, Section 2 gath-
ers some preliminaries about entropic quantities, quantum channels, and the
infinite-dimensional framework. Section 3 contains the proof of a Haagerup-
type inequality for products of free groups and estimates for the regularized
Minimum Output Entropy of our main family of quantum channels. Section
4 explains how we can obtain additivity violation of the regularized MOE in
the commuting operator setup, and Section 5 contains concluding remarks. A
connection with the extended Haagerup inequality and operator space theory
is given in the Appendix.

2 PRELIMINARIES

2.1  MINIMUM OUTPUT ENTROPY IN THE INFINITE-DIMENSIONAL SETTING

Let V: Hy - Hp ® Hg be an isometry. Then partial traces on Hp and
Hp define the following completely positive trace-preserving maps (aka quan-
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tum channels)

Q:T(Ha) — T(Hp), pr— (id @ tr)(VpV™) (5)
O T(Hp) — T(Hg), p— (tr@id)(VpV™) (6)

where T (H) denotes the space of trace class operators on a Hilbert space H.
The map &€ is called the complementary channel of ®. The tensor product
channels ®®% : T(HY*) — T(HE*) are defined in the obvious way. A (quan-
tum) state in H is a positive element of T(H) of trace 1, and for a state p, its
Rényi entropy for p € (1, 00) is defined as

17(p) = 1= log (tr(1")). 7)

Its limit as p — 17 is called the von Neumann entropy, and if A1 (p) > Aa(p) >
. are the eigenvalues of p (counted with multiplicity), then the von Neumann

entropy is
Z Xi(p)log Xi(p). (8)

The Holevo information of a quantum channel is

X(®) SUP{H(@(Z/\iPi) Z/\zH(q)(pz))} ) 9)

where the supremum is taken over all probability distributions (p;); and all fam-
ilies of states (p;);. It describes the amount of classical information that can be
carried through a single use of a quantum channel. The ultimate transmission
rate of classical information is described by

1
C(@) = lim y(0%F), (10)
k—oo k

which is called the classical capacity.

For a quantum channel ®, the Minimum Output Entropy (MOE) and the reg-
ularized MOE are defined as

Honin(®) = inf H(®(€)(€])) and (11)
Hpin (®) = khm iHmm(@@k). (12)

respectively, where the infimum runs over all unit vectors & of Hy4. If ® has
finitely many Kraus operators {FE1, Ea, -+ , Ex} satisfying ®(p Z EipE;}
(e.g. if Hp is finite dimensional), then

Hypin (®) + x(®) < log(N) and Hypin(®) + C(®) < log(N).  (13)
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REMARK 2.1. In Equation (11), taking the minimum over all states instead
of pure states does not modify the quantity thanks to operator converity of the
function xlog(x), see e.g. [Seq60, NUG1].

As in the finite dimensional setting, the following Schmidt decomposition the-
orem tells us that ®(|€)(£]) and ®°(|€)(¢|) have the same eigenvalues for each
pure state |€)(¢| € T(H).

PROPOSITION 2.2. Let V : Hy — Hp ® Hp be an isometry and & € Hy be
a unit vector. For a quantum channel ® : T(Ha) — T (Hp) given by ®(p) =
(id® Trg)(VpV*), let us suppose that ®(|£)(E|) has the spectral decomposition

Z Aileq{e;| with A; > 0, where (e;)ier is an orthonormal subset of Hg. Then
i
there exists an orthonormal subset (f;)icr of Hp satisfying

Vie) = me ® |£;) and D°(1€)(¢]) ZAm (fil. (14)

In particular, H(®(|€){¢])) = H(P(|€)(£])) for each unit vector £ € Hy.
Proof. Since (e;); is an orthonormal basis of Hp, we can write V|¢) as Z le;) ®

|n;) for a family (1;); € Hg. Moreover, the given spectral decomposition of
<I>(|§>1<§|) tells us that (n;|m:;) = Aid;;, which is equivalent to that (f;); :=

(/\i_ 5771-) _is an orthonormal subset of Hp. Then we have

Vig) = me ® | f;) and °(|€)(€]) ZAm (fil- (15)
O

2.2 COMMUTING SYSTEMS OF KRAUS OPERATORS

Let H be a Hilbert space and (ai;) (i j)erxs be a family of bounded operators

in B(H) satisfying Z a; ja;j = Idg for each j € J. We assume that I is finite
iel
and J is arbitary. Let us define a family of quantum channels (®;) ey by

O T(H) = T(H), XY a;Xaj. (16)
il
Their complementary channels are given by
5 T(H) = Mip(C), X = Y tr(a; Xaj;)|i)(i']. (17)
i el

We say that (®;),cs is in the commuting-operator setup if the given channels ®;
have commuting systems of Kraus operators in the sense that a;;a; ;v = asja;;
for any 4,4’ € I and j,j’ € J such that j # j'.
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An example of this is the tensor-product setup, but it is not the only example.
A property is that ®; and ®;; commute and their products are again quantum
channels. If J is finite and ®1,---,®|; are in the commuting-operator setup,
then it is natural to ask whether the following additivity property holds when
F is one of Hyin, Hmin, X, C-

FII[® | =Y F@)). (18)

JjeJ Jj€J

In particular, in the case |J| = 2, the product channel ®; o @5 is called a local
map in the context of [CKLT20].

Let us construct a non-trivial quantum channel within the commuting-operator
setup from the view of abstract harmonic analysis and operator algebra. Let

Fo be the free group whose generators are g1, go, - - - and let us define unitary
operators U; and V; on (?(Fs) by
(Uif)(x) = f(g; ') and (V;f)(2) = f(zg;) (19)

for any f € (*(F), z € Fs and 4,5 € N. Since U;V; = V;U; for all 4,5 € N, we
have the following quantum channels that have commuting systems of Kraus
operators:

Oy TP (Foo)) = T(FA(Fs)), p s % > UipU;, (20)
Dy T(P(Fu0)) = T(EF)), 0 5 S VinVy (21)

Let J € B(f?(Fs)) be a unitary given by

(Jf)(@) = fla™") (22)

for any f € (*(Fs) and @ € Fo. Then, since JU;J = V; and J? = Id, the
above channels ®x; and ®y , are equivalent in the sense that

Oy ,(p) = JON(IpJ)] (23)

for any p € T(#?(Fw)). In particular, Hmm((l)%]fl) = Hmin(@%]fT) for any k € N.
Also, in order to express k-fold tensor product quantum channels @%kl, we will
use the following notation

U =Upy @ Upy @ -+ @ Uy, € B(A(FE)) (24)
for any m = (my, -+ ,my) € I¥, where I = {1,2,---,N}.
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3 GENERALIZED HAAGERUP INEQUALITY AND REGULARIZED MOE

In this section, we prove that the Haagerup inequality extends naturally to r-
products of free groups F.,. Then we explain how this generalization allows
proving lower bounds of the regularized minimum output entropies (MOE)
for @ ;. All the results for @, in this section are also true for ®y , since
they are unitarily equivalent to each other as noted in (23).

3.1 A GENERALIZED HAAGERUP INEQUALITY

For any element x in the free group F ., we call |z] its reduced word length with
respect to the canonical generators and their inverses. We consider products
of free groups F_ for any r € N. Let us use the following notations E; =
{r €Fs : || = j} for any j € Ng and E,, = Epyy X Eppy X -+ - X Ep, CFL for
any m = (my,--- ,m,) € N.

We view F7_ as an orthonormal basis that generates the Hilbert space £2(F7,).
As an algebraic vector space, F7_ spans C[F’_], on which we may define the
convolution product

(fx9)s)= > fOw) (25)

t,u€lFT_:tu=s

and the pointwise product (f - ¢g)(s) = f(s)g(s). For A C F”_, x4 denotes the
indicator function of A. First of all, we can generalize Lemma 1.3 of [Haa79]
as follows:
LEMMA 3.1. Letl,m,k € Nj and let f, g be supported on Ej, and E; respectively.
Then

107 #9) - xewleqeey < W lgeny - lallesger (26)
if |kj — U] <my; <kj+1; and k;j+1; —m; is even for all 1 < j < r. Otherwise,
we have ||(f xg) - XEmHl?(IFgO) =0.
Proof. Since Ey, - E; C Ey;41; U Eg;q1;—2 U -+~ U Ejg, |, we can see that
(f *g)xE,, # 0 should imply that m; is one of k; +1;, k; +1; —2, -+, |k; — ;]
for all 1 < j < r. From now on, let us suppose that |k; — I;| < m; < k; +1;
and k;j +1; —m; is even for all 1 < j < r. Also, it is enough to suppose that
f, g are finitely supported since (f,g) — (f * g) - xg,, is bilinear.
Let us use the induction argument with respect to r € N. The first case r = 1
follows from [Haa79, Lemma 1.3] and let us suppose that (26) holds true for F7_.
Under the notation m = (mg,m’) € Nj**, we have

I oxe, Py = So | S0 f(B)gw) (27)

s€Em t,uEFgl:tu:s

=Y 3 > > f(to,t)g(uo,u)| . (28)

80€EEmg s'€E,,1 [to,uo€EFoc:touo=so t’,u’ €F :t'u'=s’
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(Step 1) First of all, let us suppose that mo = ko + lp. Note that, for each
50 € Ep,, there is a unique choice of tg € Ey, and ug € Ej, satisfying toup = so.
Thus, we have

I(f * OxEn @y = D D > flte,t)g(uo,u)|  (29)

$0€EEmg s'€EE,, [t/ W eFL :t'u'=s'

Let us define functions fi,(t') = f(to,t') and gy, (v') = g(uo, v') on FL . Then
I(f*9)xE,, HZQ(]FQ»I) is upper estimated by

2 2
I * DxEallEny = D 1o * guo)xe, e (30)
SOGEmU
< Z ||ft0||?2(1b‘go) ||guoH§2(]Fgc) (31)

$0€Em,

2 2 2 2
< Z Z ”ftoHéZ(]P‘go) ”guoHﬁ(Fgo) = Hf”ﬁ(lb‘gjl) ||g||e2(Jngl)' (32)

to€Eyy uo€ by,

Here, the first inequality comes from the induction hypothesis. Furthermore,
the same idea applies whenever m; = k; + [; for some 0 < j < 7.

ki +1;, —m;
(Step 2) Let us suppose that m; < k; +[; and put ¢; = % for all

0 < j <r. Also, denote by ¢ = (o, - , ¢-) and define two functions F' and G
on F711! as follows:

1

F(z) = (ZUeEq |f(zv)|2) * for any x € Ey_q (33)
0 otherwise
nd
Gly) = (ZUeEq |g(v y)‘ ) for any y € Ej_q (34)
0 otherwise

Note that F' and G are supported on E,_, and Ej_, respectively with

2 2
1P, = S0 S0 [f@0)2 = |2 e and (35)
r€E, _4vEE,
2 - 2
HGHé?(]ngl) = Z Z lg(v 1y)|2 = ||9H52(1F3;o+1)- (36)
veE, yeb;_4

Then we can show that the convolution F'* G dominates |f * g| on E,,. Indeed,
for any s € E,,, there exists a unique (z,y) € Ex_4 X Ej_4 such that s = zy
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and we have

(Fra)l=] D g (37)

t,uEFgl:tu:s

= > | =Y gty (38)

teE,u€E;:tu=s veE,

W=
Nf=

< | > faw)f Yol )P | = F@)Gly) = (F+G)(s) (39)

veEE, veEE,

Finally, since F' and G are supported on Fj_, and F;_, respectively with
m = (k—¢q)+ (I — q), we can apply the conclusion from (Step 1) to show

1(f *9>XEmHe2(1Fgo+1) < |I(F = G)XEm”eZ(]Fgc“) (40)
SNFl @y 1Gll e @rzry = 1l @rzry 19l gz ey - (41)
O

Then we can generalize the Haagerup inequality to products of free groups F7_
as follows:

PROPOSITION 3.2. Letn = (ny,--- ,n,) € Nj and f be supported on E,, C F7_.
Then
[Lsll < (n14+1) - (e + D [ fll 2y (42)

where Ly is the convolution operator on (*(F.) given by g+ f x g.

Proof. By density arguments, we may assume that f is finitely supported and

it is enough to consider finitely supported functions to evaluate the norm of

the associated convolution operator Ls. Let g € £2(F7,) be finitely supported

and define g, = g - xg, for each k € Nj. Then g = Z g - XE, and we have
kENT

h::f*g::E:f*gh (43)
kENE

Then, by Lemma 3.1, we have the following estimate for h,, = h - xg,, with
m = (mq,---,m,) € Nj as follows:

HhmHéZ(]Fgo) = Z (f * 9k) - XE,, (44)
ket o)
< Z 1(f % 9k) - XBwmllg2ery < Z 1 lle2 @) 98Nl g2 wry =2 Am
keNg kEN;

nj+k;—mj:even
Inj—k;|<m;<n;+k;

(45)
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Writing k; = m; 4+ n; — 2l; for all 1 < j <r, we obtain

Ao =flpr, S lgmin-ailla (46)
I,y
Ogljgmin{mj,nj}

< llez e V() (1+n) Z ||9m+nf2l|‘§2(wgo) (47)
I, by
Ogljgmin{mj,nj}

by the Cauchy-Schwarz inequality. Therefore,

ey = 3 Il < S0 A2 (18)
meNg meNg
<@+n)--(1+n Hf”ﬂ(w ) Z Z Hgmﬁ-n—Ql”?Z(ﬂ«‘gc) (49)
meNg
0<l; <llnm{mj,nj}
= (L +n1) - L+ n0) 1l Z Yo lgmen-2lizg (50)
my,,me
0<l <n lj<m;<oo
= (L +m) - (U+n) [ floe, Y > el (51)
o] <7:] n]g’%k <oo
<(4n)-(1+n) HfH?Z(IFgO) Z Z ||9k||42(1ﬁgo) (52)
Iy, ,lr kEN
0<1;<n;
= () () U e N9 e (53)

which gives us, since h = L¢(g),
[Lfll < @ +na)- - (L4 ne) [1fllpzpry - (54)

3.2 A NORM ESTIMATE

In this subsection, we investigate the operator norm of the following elements
> uw(Uy) Uy with ay, € C, (55)
v,wEEF

where E = {g1, g2, - -} is the set of generators of Fo, and E¥ = Ex --- x E C
E(,...,1). This estimate will be needed to evaluate the regularized MOE in
Section 3.3. Our estimate is as follows:

THEOREM 3.3. For any a = (Gyw)ywert € Myk(C) such that tr(a) = 0, we
have

7 a(U)Us|| < N3 /(14 9N-1)k —1]al,. (56)

v,wEEF
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Proof. Now we are summing over (N*)? elements and we have to split the sum
according to whether there are some cancellations to compute the reduced word
of v; 'w;. To do this, for any subset K of {1,2,---,k}, we define

Exg ={(v,w) € E* x E* : v; = w; if and only if i € K } . (57)

Note that E* x E¥ = Ugcq.. ;3Ex and K = {1,2,--,k} implies Ex =
{(v,v) € E¥ x E* : v € E*}. Then, by the triangle inequality, we have

Z avw(Uv)*Uw Z Z avw(Uv)*Uw (58)

v,weEk Kc{1, -k} ||(v,w)EFEK

k
=> > S (@) T (59)

s=0 KC{1,,k} ||(v,w)EEK
|K|=s

IN

Note that |K| = k implies Z Ay (Uy) Uy = Z ayy = 0. From now
(v,w)EEK vEEk

on, let us suppose that |K| = s < k. Then Fx can be identified with the set

{(z,2,y) € E* x E*¥=* x E*=% 12, #£y; V1 < j <k — s} for each K. Under

this notation, (a,.) can be written as (a%;”) and we have

> > aww(U) Us (60)

Kc{1, .k} ||(v,w)EEK
|K|=s

< Z Z Z af,fyz(Um)*Uy : (61)

KC{l, k} z€E° ||(z,y)cEF~sx EF ¢
|K|=s z; #Y;

Moreover, Proposition 3.2 tells us that

=

>l <3t S WL (62
(z,y)€EF—sx EF—s (x,y)€EF—sx EF—s
T FY; T FY;
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which implies

3 > avw(Un) Vs (63)

Kc{1, k} ||(v,w)EEK
|K|=s

R

[N

< Z Z 3kfs Z |a£(,,yz 2 ) (64)

Kc{l,-,k}z€E* (z,y)eER—s xBk—s
|K|=s ©j#yj

Then, since we are summing N°® (];) elements, the Cauchy-Schwarz inequality
tells us that the above is upper bounded by

1

3N(k) DOEED DR DI ik (65)

KC{1, ,k} 2€E° (z,y)cEF " x Bk~
|K|=s T FY;

2

L (k\?
=3k N (S) > S awl® | (66)
Kc{1, ,k} (u,v)EEK
|K|=s

To summarize, we have

N

-1

> avw(Us) U

v,wEEF

IN
i

> > avw(Un) U (67)
Kc{1,-
K| =

. 7k} ('U,IU)EEK
S

K1 1
S k 2
< k—snTS 2
S N DI S (68)
= Kc{l,- .k} (u,v)€EEK
o

|K|=s

and, applying the Cauchy-Schwartz inequality once more, the above is upper
bounded by

1
2

(k_z: ok—s s (’z)) S0 Jawl? % (69)

Kc{1,- .k} (u,v)€EEK

= /(N +9)k — N¥[lall, = N5\ /(1 + ON-1)F —1[jal,.  (70)

Here, the first equality is thanks to the binomial expansion (N + 9)* =

k

> 9k Ne (k) O
s

s=0
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3.3 THE REGULARIZED MINIMUM OUTPUT ENTROPY OF ®y

Recall that the quantum channel @y ; : T ((?(Fs)) — T (£*(Foo)) is given by

N
1
O .i(p) =+ D Uinli (71)

=1

where U; is a unitary acting on £2(Fo.) by (U;f)(z) = f(g; *x) and g1, g2, --
are the generators of Fo,. Let us simply write & = ®; in this section.
Theorem 3.3 enables us to show that for any density operator .S

b

|(@50°4(5) - 1o (72)

2
is sufficiently small with respect to the Hilbert-Schmidt norm. This generalizes
[Col18, Theorem 3.1]. Specifically, we prove the following theorem:

THEOREM 3.4. Let @ be a quantum channel of the form (71). For each k € N,
we have

, 1 (1+9N-1)k -1

5)F(S) — = Id" 73
sup | (05)°4(5) = it | < =

where S runs over all density operators in T (*(FX.)).

1
Proof. Let X = (z;;); jerx = (25)%F(S) — mld%k. Since tr(X) = 0, we have
c 1

r(X?) = r((25,)24(5)X) — o tr(X) (74)

= tx([(@5%) ()] - X) =0 = tx(S - [((@%)%*)" (X)) (75)
where ((®%)%*)" denotes the adjoint map of (®%)®*. Since
(@5)°(4) = 1 3 w(UAT}) ] (76)

for any A € T((?(Fo)) where I = {1,2,--- N}, the above ((<I>§'V)®k)* (X) is
given by

C * 1 * 1 *
((9%)%%)" (X) = ~F > U U = o > 2.U U (77)
i,jEIk ijel®
i#j

Here, tr(X) = 0 is used for the second equality. Thus, we have

r(X?) = tr(S((@5)4) (X)) < | (#5)°) (0] = 7 | 3 w0070
(78)
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and, according to Theorem 3.3, we get

_ NE/OFONDF X,

2
X3 = tr(x?) —

as claimed. O

This allows us to estimate the regularized minimum output entropies of ® 5 as
follows:

THEOREM 3.5. Let @y be a quantum channel of the form (71). For any k € N
we have

Hnin(¥5F) > klog(N) — 2log(1 + /(1 + ON 1)k —1). (80)

In particular, we have the following estimate for the reqularized MOFE

Hon () 2 og(¥) ~ g (14 ) > low(V) - 3 (s1)

Proof. Thanks to the fact that the von Neumann entropy is greater than or
equal to the Rényi entropy of order o = 2 [MLDS"13], we have

(0%

H((@5)®"(5)) = 7= log ([[(@%)**(9)],,) (82)

—2log (N—§ (14 /(1 +9N-1)k — 1)) (83)

v

= klog(N) — 2log (1 +4/(1+9N-1)k — 1) (84)

for any density operator S € T (¢2(F%.)) by Theorem 3.4. In particular, we
have

Hpnin (®%F) > klog(N) — 2log(1 + /(1 + 9N—1)k — 1) (85)

and the last conclusion follow from the following computation with L’Hopital’s
rule:

o, Jog(1+ VA +IN-TF 1)

i
(1+R) " log(1+¥)
ERYE 1
= lim —2VAEL 2, (1+g)- (87)
k—><>01+ (1+%)k_1 2 N
O
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4  ADDITIVITY VIOLATION OF THE REGULARIZED MOE

In this section, we choose two copies of ®n as ®n,; and @y ,. Indeed, these
two quantum channels ®x; and ®y , are unitarily equivalent as explained in
Section 2.2 and are in the commuting-operator setup.

Then we can obtain the following additivity violation of the regularized MOE
by generalizing the Winter-Holevo-Hayden-Werner trick for ® ;0 @

THEOREM 4.1. For quantum channels @y and @y, of the form (20) and (21)
respectively, the reqularized MOE is not additive: For any N > e'®, we have

Fmin(q)N,l o (I)N,r) < szn(q)N,l) + szn(q)N,r) (88)
Proof. Note that under notations from Subsection 2.2,
| XN
(P10 Pn.r)(p) = 775 > UVipVj Uy (89)
i,j=1

Since |e)(e| is an invariant for U;V;, we have

1 1 _ _
(@nio®np)(e)el) = ledel + 5z D loigi Mags 'l (90)
1<i,j<N:
i#j
where g1, g2, - - - are the generators of Fo,. This implies

Hupin(@ni10Pny) < Hipin(Pni0Pnr) < H(PnioPwn,r)(le)e])) (91)

log(N) 2 log(N?) log(N)
=7 N*—N)- ———~ =2log(N) — . (92
v -y = g10g(w) - B (92)
Moreover, ®,; and @y, are copies of @y, so that we have
log(N 18 — —
2log(N) — % < 2log(N) — ~ < Hpin(®nig) + Hinin (PN ) (93)
by Theorem 3.5 if N > ¢!8 (& — 8N 18y m

5 CONCLUDING REMARKS

(1) Various versions of C*-tensor products can be used to obtain commuting
systems of operators. For example, let A, B be unital C*-algebras and take
families of operators (E;)"; C A and (F};)j_; C B. Also, suppose that A®,44
B C B(K). Then

{Ei®1p}, and {14 ®@ Fj})_, (94)

give us commuting systems of operators in B(K). Moreover, if we suppose that
C*(Foo) @maz Cf (Foo) € B(K) where Cf(Fo) is the reduced group C*-algebra
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of the free group Foo, then commuting systems {U; ® Id}; and {Id ® U;}; give
another example of additivity violation in the commuting-operator setup.

(2) Since Haagerup type inequalities exist for other groups (e.g., hyperbolic
groups [dIH88]) or certain reduced free products of C*-algebras [Boz91], it is
natural to expect that similar results should hold and will yield other examples
of additivity violation phenomena.

(3) It is worthwhile to compare the main results of this paper and the cases of
random unitary channels. On the side of random unitary channels, the regu-
larized MOE is unknown, whereas our Theorem 3.5 gives us a strong estimate
for the regularized MOE of ® .

(4) One might wonder if we can evaluate the classical capacity of ®% whose
output space is finite-dimensional. Thanks to Theorem 3.5 and a standard
argument, the classical capacity of ®4 is upper bounded by

C(®5) < 108(N) ~ Hpnin (35) < - (95)

However, unlike in the tensor-product setup [Fuk14, Theorem 6.1], it is not clear
whether additivity violation of the regularized MOE implies super-additivity of
the classical capacity within the commuting-operator framework, so the ques-
tion of the additivity of the classical capacity remains open.
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APPENDIX

In this section, we present two alternative proofs of Proposition 3.2 using oper-
ator space theory, while the proof in Section 3 is more elementary for readers.
See [Pis03] for more details and the basics of operator space theory.

For the free group F., with generators g¢i,goe,---, we denote by U, =
uhukz.. .Uk if © = gliglz--- g% in a reduced word. Recall that E, =
{z € Fw : |x| = n} has a natural embedding into Ej x E,_j, for any 0 < k <n,
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which we denote by © = (x1,2k2), and the operator space structure of
span{U, : x € E,} was analyzed in [Buc99]. More precisely, the following

operator-valued matrix Z A, ®U, € B(H) ®pin C) (F) is identified with

T

zeE,
> Ap ®|zk) (@2l € B(H) ®min Mg, |5, (C) (A1)
zeb,
and [Buc99] states that
> AU < (+m)- max | >0 A @ foi) (el
r€En B(H)®minC; (Foo) *€En

(A.2)

The above inequality can be interpreted as follows in view of operator space
theory. A natural operator space structure on span{U, : || = n} is given by

> AU,

xEeFE,

= max
0<k<n

Z Aac ® |xk,1><zk,2| ) (Ag)

x€eE,

B(H)®minDn

where the associated operator space D, is understood as a subspace of

n
@C’“ @min R"F. Then (A.2) implies that the completely bounded norm
k=0
of the formal identity from D,, into C)(Fs) is less than or equal to 1 + n.
From now on, let us explain how we reach the conclusion of Proposition 3.2 via
two different ways using operator space techniques.
(PROOF 1) One natural way is to consider tensor products of the above formal
identities at the level of operator spaces. Then

has the completely bounded norm less than or equal to (1 + nj)--- (1 + n,),
which implies

> (@)U, @@ U, (A.5)

PEEny XX By O (Foo) @min-+ @rmin O (Foo)

rEEy, X XE
1 nr Dny ®min " ®minDnyp

(A.6)

for any n = (nq,--- ,n,) € Njj and finitely supported f: E,, x--- x E, — C.
Hence, the only remaining part is to check whether

Z f(@)Uy, @+ @ Us, (A.7)

T€Eny XX B,y Dy @min®minDn,.
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is less than or equal to Z |f(z)> | . Indeed, it follows from basic
TEEn X X Enp,.
operator space theory since

@ Ckl ®mln Rnl_kl ®mln et ®mln CkT ® n RnT_kT (AS)
0<k<n

o @ Okt +kr®

0<k<n

Rn1+ Ange— (k14 +k) (Ag)

where 0 <k <nmeans 0 < k; <mn; forall j =1,2,---,r and

Z J@)|Tpy 1 e, 1) (Thy 27 Ty 2 (A.10)

TEEn X X Enp,.

< > f@)|zr1 e ) (@20 Ty 2

TE€EEn XX Ep,.

(A.11)

HS

Then the right hand side is given by Z |f(2))?
TEEn XX Ep,.

(PROOF 2) Let us elaborate on an operator-valued version of Proposition 3.2
More precisely, let us prove the following inequality

> f(@)@Us, @ @ Us, (A.12)
TEEp, XX En,. M (C)®minCi (Foo)@min -+ Omin C (Foo)
3
S@+m)---(1+n)- ( > If(w)llils> (A.13)
TEEn, XX En,,.
e X Enr — MZ(C)

for any finitely supported matrix-valued functions f : E,, x
by induction. If » = 1, then a direct application of [Buc99] tells us that

2 f@eu <) g |52 1(0) @ o) (o)
vebn My(©)@minCp (Foo) vCBy,
(A.14)
Z f(z) ® |rr,1){zk 2| (A.15)
v En HS
1
2
2
n): <Z ||f(l’)||Hs> : (A.16)
z€Ey
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Now, let us suppose that the above inequality extends naturally to FE, =

En, ... n,y- Then for any finitely supported f : E(,, ... n, ) — Mi(C) we
have
z€En, yEEnTJrl
YEFn, | \zE€Ey,

< (L4np41) _max > <Z f(a,y) ® Us, ®'~®Uzr> @ |yk,1) (Yr.z|

0<k<n,i1 vEEn, ., \o€hy

(A.19)

= (14 nr41) _max > Yo @Y @) kel | @Usy @ @ Us,

SRRt loeE, \veEn,

(A.20)

Here, Z f(z,9) ® |yk,1)(Yr,2| can be understood as a function
YyE€En,
Fy: E, *>Ml(C)®M‘Ek‘,‘EnT+1—k|(C) (A.21)

given by Fj(z) = Z f(z,y) ® |yr.1)(Yk,2|- Then, from the inductive as-
YyE€En,
sumption, we have

oy feyeU, e al, U, (A.22)
z€En Yy€En,

W=

< (Ut mn) o (14 | max (Zan ||HS> (A.23)

N

=(Q+m)Qkne) | D Y M @wlhs| - (A.24)

zelE, yEEnT+1

Hence, we can prove an operator-valued extension of Proposition 3.2.

REFERENCES

[ASW11]  Guillaume Aubrun, Stanistaw Szarek, and Elisabeth Werner.
Hastings’s additivity counterexample via Dvoretzky’s theorem.
Comm. Math. Phys. 305(1):85-97, 2011.

DOCUMENTA MATHEMATICA 27 (2022) 1299-1320



1318

[BaH10]

[BCLY20]

[BCN16]

[Boz81]

[Boz91]

[Buc99]

[CCLP18]

[CFZ15]

[CKLT20]

[CLS17]

[Col18]

[ConT6]

[DCHS5]

B. CoLLiNs, S.-G. YOUN

Fernando G.S.L. Brandao and Michal Horodecki. On Hastings’
counterexamples to the minimum output entropy additivity con-
jecture. Open Syst. Inf. Dyn. 17(1):31-52, 2010.

Michael Brannan, Benoit Collins, Hun Hee Lee, and Sang-Gyun
Youn. Temperley-Lieb quantum channels. Comm. Math. Phys.
376(2):795-839, 2020.

Serban T. Belinschi, Benoit Collins, and Ion Nechita. Almost one
bit violation for the additivity of the minimum output entropy.
Comm. Math. Phys. 341(3):885-909, 2016.

Marek Bozejko. Remark on Herz-Schur multipliers on free groups.
Math. Ann. 258(1):11-15, 1981.

Marek Bozejko. A g-deformed probability, Nelson’s inequality and
central limit theorems. In Nonlinear fields: classical, random,
semiclassical (Karpacz, 1991), 312-335. World Sci. Publ., River
Edge, NJ, 1991.

Artur Buchholz. Norm of convolution by operator-valued functions
on free groups. Proc. Amer. Math. Soc. 127(6):1671-1682, 1999.

Richard Cleve, Benoit Collins, Li Liu, and Vern Paulsen. Con-
stant gap between conventional strategies and those based on C*-
dynamics for self-embezzlement. Quantum 6: 755, 2022.

Benoit Collins, Motohisa Fukuda, and Ping Zhong. Estimates for
compression norms and additivity violation in quantum informa-
tion. Internat. J. Math. 26(1):1550002, 20 pp., 2015.

Jason Crann, David W. Kribs, Rupert H. Levene, and Ivan G.
Todorov. State convertibility in the von Neumann algebra frame-
work. Comm. Math. Phys. 378(2):1123-1156, 2020.

Richard Cleve, Li Liu, and William Slofstra. Perfect commuting-
operator strategies for linear system games. J. Math. Phys.
58(1):012202, 7 pp., 2017.

Benoit Collins. Haagerup’s inequality and additivity violation of
the minimum output entropy. Houston J. Math. 44(1):253-261,
2018.

A. Connes. Classification of injective factors. Cases 111, I 1, 111y,
A # 1. Ann. of Math. (2) 104(1):73-115, 1976.

Jean De Canniere and Uffe Haagerup. Multipliers of the Fourier
algebras of some simple Lie groups and their discrete subgroups.
Amer. J. Math. 107(2):455-500, 1985.

DOCUMENTA MATHEMATICA 27 (2022) 1299-1320



[d1HSS]

[DP16]

[FKM10]

[Fuk14]

[GHP10]

[HaaT79]

[Has09]

[HWOS]

[INV+20]

[Jol89]

[Kin02]

[KRO1]

[Laf00]

ADDITIVITY VIOLATION OF THE REGULARIZED MOE 1319

Pierre de la Harpe. Groupes hyperboliques, algebres d’opérateurs
et un théoreme de Jolissaint. C. R. Acad. Sci. Paris Sér. I Math.
307(14):771-774, 1988.

Kenneth J. Dykema and Vern Paulsen. Synchronous correla-
tion matrices and Connes’ embedding conjecture. J. Math. Phys.
57(1):015214, 12 pp., 2016.

Motohisa Fukuda, Christopher King, and David K. Moser. Com-
ments on Hastings’ additivity counterexamples. Comm. Math.
Phys. 296(1):111-143, 2010.

Motohisa Fukuda. Revisiting additivity violation of quantum
channels. Comm. Math. Phys. 332(2):713-728, 2014.

Andrzej Grudka, Michal Horodecki, and Lukasz Pankowski. Con-
structive counterexamples to the additivity of the minimum out-
put Rényi entropy of quantum channels for all p > 2. J. Phys. A
43(42):425304, 7 pp., 2010.

Uffe Haagerup. An example of a nonnuclear C*-algebra, which has
the metric approximation property. Invent. Math. 50(3):279-293,
1978/79.

Matthew B. Hastings. Superadditivity of communication capacity
using entangled inputs. Nature Physics 5:255-257, 2009.

Patrick Hayden and Andreas Winter. Counterexamples to the
maximal p-norm multiplicity conjecture for all p > 1. Comm.

Math. Phys. 284(1):263-280, 2008.

Zhengfeng Ji, Anand Natarajan, Thomas Vidick, John Wright,
and Henry Yuen. MIP*= RE. Preprint, 2020. arXiv preprint
arXiv:2001.04383.

Paul Jolissaint. K-theory of reduced C*-algebras and rapidly de-
creasing functions on groups. K-Theory 2(6):723-735, 1989.

Christopher King. Additivity for unital qubit channels. J. Math.
Phys. 43(10):4641-4653, 2002.

Christopher King and Mary Beth Ruskai. Minimal entropy of
states emerging from noisy quantum channels. IEEE Trans. In-

form. Theory 47(1):192-209, 2001.

Vincent Lafforgue. A proof of property (RD) for cocompact lat-
tices of SL(3,R) and SL(3, C). J. Lie Theory 10(2):255-267, 2000.

DOCUMENTA MATHEMATICA 27 (2022) 1299-1320



1320 B. CoLLiNs, S.-G. YOUN

[Laf02] Vincent Lafforgue. K-théorie bivariante pour les algebres de Ba-
nach et conjecture de Baum-Connes. Invent. Math. 149(1):1-95,
2002.

[MLDS*13] Martin Miiller-Lennert, Frédéric Dupuis, Oleg Szehr, Serge Fehr,
and Marco Tomamichel. On quantum Rényi entropies: a new
generalization and some properties. J. Math. Phys. 54(12):122203,
20 pp., 2013.

[NU61] Masahiro Nakamura and Hisaharu Umegaki. A note on the en-
tropy for operator algebras. Proc. Japan Acad. 37:149-154, 1961.

[Pis03] Gilles Pisier. Introduction to operator space theory, London Math-
ematical Society Lecture Note Series, 294. Cambridge University
Press, Cambridge, 2003.

[PT15] Vern 1. Paulsen and Ivan G. Todorov. Quantum chromatic num-
bers via operator systems. Q. J. Math. 66(2):677-692, 2015.

[Seg60] I.E. Segal. A note on the concept of entropy. J. Math. Mech.
9:623-629, 1960.

[Sho04] Peter W. Shor. Equivalence of additivity questions in quantum
information theory. Comm. Math. Phys. 246(3):453-472, 2004.

[S1020] William Slofstra. Tsirelson’s problem and an embedding theorem
for groups arising from non-local games. J. Amer. Math. Soc.
33(1):1-56, 2020.

[WHO02] R.F. Werner and A. S. Holevo. Counterexample to an additiv-
ity conjecture for output purity of quantum channels. Quantum
information theory. J. Math. Phys. 43(9):4353-4357, 2002.

Benoit Collins Sang-Gyun Youn

Department of Mathematics Department of Mathematics

Graduate School of Science Education

Kyoto University Seoul National University

Kyoto 606-8502 Seoul 08826

Japan Republic of Korea

collins@math.kyoto-u.ac. jp s.youn@snu.ac.kr

DOCUMENTA MATHEMATICA 27 (2022) 1299-1320


collins@math.kyoto-u.ac.jp
s.youn@snu.ac.kr

