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1 INTRODUCTION

1.1 MOTIVATION AND CONTEXT

A linear algebraic group over a field k is called isotropic if it contains a
non-central split torus, or equivalently a proper parabolic subgroup [5, Corol-
lary 4.17]. This definition arises in the problem of classification of absolutely
semisimple linear algebraic groups. Let ks be the separable closure of k. To
every semisimple group G over k one associates a root system A, an action
of ' = Gal(ks/k) on A and a maximal split torus S C G. One defines the
anisotropic kernel of G, denoted Gj, as the derived subgroup of the centralizer
of S [24]. These determine G up to isogeny [24, Theorem 2]. G is called quasi-
split if Gy = {1}, or equivalently if it contains a Borel subgroup defined over k
[23, Proposition 16.2.2]. Every semisimple group is an inner form of a unique
quasi-split group [15, Proposition 1.10]. Using this J. Tits proved an existence
theorem which essentially reduces the classification of semisimple k-groups to
classifying all anisotropic forms G where G is a semisimple quasisplit group
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and [y] € H(k,G) [24, Proposition 4]. This classification is intractable in full
generality, for example if we take G = PGL,, it is equivalent to classifying all
division algebras of degree n. The simplest question one could ask about the
class of all anisotropic forms in {,G | [y] € H'(k,G)} is whether any exist at
all.

QUESTION 1.1. Which quasi-split simple groups G over k admit an anisotropic
form G with [y] € H'(K,G) for some field extension k C K ?

In [25] Tits answered this question for a split and simply connected G. The
present paper was motivated by his work and our main results are generaliza-
tions of [25, 4.4.1, Theorem 2]. The following definition will be fundamental.
We call a torsor in H(k,G) isotropic if it admits reduction of structure to
some proper parabolic subgroup P C G. When G is the automorphism group
of some ”algebraic structure”, torsors in H!(k, G) correspond to forms of that
structure (see [22, Chapter III, Section 1] for details). Through this corre-
spondence isotropy of torsors generally gains a concrete and intuitive meaning,.
Two instructive examples are when the algebraic structure is a central sim-
ple algebra or a quadratic form. These are worked out in Lemma 5.4 and
Lemma 5.8 respectively. We say a linear algebraic group G is strongly isotropic
if all its torsors over any field extension are isotropic. For quasisplit G, a tor-
sor [y] € HY(K,G) is isotropic if and only if ,G is isotropic. Therefore the
following is a generalization of Question 1.1.

QUESTION 1.2. What are the strongly isotropic connected reductive linear al-
gebraic groups over k?

This is the main question we will explore in this paper. It can be partially
reduced to the case of semisimple groups, see Proposition 3.7 and Remark 3.8.

1.2 MAIN RESULTS

In Section 5 we prove the following classification theorem for simple strongly
isotropic groups.

THEOREM 1.3. Let k be a field with char(k) # 2. The simple strongly
isotropic groups over k are Sp,,,Spin(q) where q is a ten dimensional reg-
ular quadratic form with trivial discriminant and split Clifford algebra and
SL,(D)/uq where D is a central division algebra over k and mn,d are natu-
ral numbers such that n > 1, d | ndeg(D) and some prime divisor of n does
not divide d.

The proof relies heavily on known classification results. We first explain how to
use [25] to reduce the problem to groups of type A, C, or Ds. In each of these
cases there are algebraic structures classified by H'(k, G). Using this correspon-
dence we get a notion of isotropy for these algebraic structures coming from
isotropy of torsors in H'(k,G). We then construct appropriate ”anisotropic”
algebraic structures over field extensions to prove the existence of anisotropic
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torsors. The index reduction formulas of A.S. Merkurjev, I. A. Panin, and
A.R. Wadsworth are a central component in our constructions.

The problem of classifying strongly isotropic semisimple groups is more in-
volved. In Section 6 we will prove the following partial classification.

THEOREM 1.4. Let G be a semisimple group over a field k with char(k) # 2.
Assume for any simple factor of G of type A,_1 the integer n is squarefree.
Then G is strongly isotropic if and only if it admits a simple strongly isotropic
quotient.

Note that Theorem 1.4 fails if we allow simple factors of type A,,—1 when n is
not square-free; see Example 7.3. We classify strongly isotropic split semisimple
groups of type A in Theorem 7.2.

1.3 NOTATIONAL CONVENTIONS

All connected linear algebraic groups are assumed to be smooth. A morphism of
algebraic groups f : G — H is surjective if the induced morphism of abstract
groups G(k) — H(k) is surjective. We call f a quotient morphism if it is
separable as a morphism of varieties and surjective. We denote by Ad : G — G
the natural projection onto the adjoint group when G is reductive.

For any field & C K we denote by H(K,G) = H'(Gal(K:/K),G(Kj)) the
first non-abelian cohomology of G over K. We usually denote cohomology
classes by [y] where 7 is a cocycle in G. We say a torsor [y] € HY(K,G)
admits reduction of structure to a K-subgroup H C G if [v] lies in the image
of the natural morphism H(K,H) — H'(K,G). If H is defined over k and
HY(K,H) - H'(K,QG) is surjective for all field extensions k C K we say G
admits reduction of structure to H. We denote the Brauer equivalence class of
a central simple algebra over k by [A] € Br(k). Additive notation is used for
Brauer groups.

ACKNOWLEDGEMENTS
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2 A THEOREM OF JACQUES TITS

In this section we explain how to deduce the following theorem from [25].

THEOREM 2.1. The simply connected split strongly isotropic simple groups over
a field k with char(k) # 2 are exactly SLy,, Sp,,, and Spin,,.

We start by stating the connection between isotropic groups and isotropic tor-
sors. Let G be a linear algebraic group over a field k with char(k) # 2.

LEMMA 2.2. Let [y] € H'(k,G) be a torsor and P C G a parabolic subgroup.
The following are equivalent:
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1. [v] admits reduction of structure to P.

2. G has a parabolic P" of the same type as P (i.e. conjugate to it over k)
which is defined over k.

3. The variety ~(G/P) has a k-rational point.

In particular if [v] is isotropic then G is isotropic. When G is quasisplit the
converse implication holds as well.

Proof. The implications (1) <= (2) follows from [22, 111.2.2, Lemma 1] and
the fact that P is self normalizing. The implication (1) <= (3) follows from
[22, Chapter I, Proposition 37]. O

Assume G is simply connected, split and simple. The groups G, where [y] €
HY(k,G) are what Tits defined as strongly inner forms of G. Lemma 2.2
shows G is strongly isotropic if and only if every strongly inner form of G is
isotropic over any field extension. Therefore Theorem 2.1 is equivalent to the
following proposition.

ProrosiTiION 2.3. A split simple simply connected group G admits an
anisotropic strongly inner form over a field extension if and only if it is not of
type Ay, Cy, or Ds.

Proof. The case, where the base field £ = Q is the field of rational numbers
is proved in [25]; see [25, 4.4.1, Theorem 2]. The same arguments work for
arbitrary k£ with only minor adjustments. For the sake of completeness, we
spell out these minor adjustments below.

If G is of type A,, Cp, or D5 any strongly inner form of G is isotropic by [25,
4.4.1, Theorem 2]. We assume this is not the case and prove G admits an
anisotropic strongly inner form over a field extension of k. We split into cases
according to the type of G.

e Type Eg, E7: By [25, Propositions 2,3] it suffices to construct a field exten-
sion k C K such that K admits central division algebras of index 9 and
central division algebras of index 16 and period 4. This follows for example
from Lemma 4.8.

e Type Eg,Go, Fy: This is explained in the beginning of [25, Section 5].

e Type D,,B,: By [25, 4.4.2] it suffices to prove the existence of a d-
dimensional anisotropic quadratic form q over a field extension K with trivial
Witt invariant and discriminant for all 7 < d # 10 (see the paragraph pre-
ceding Lemma 4.5 for the definition of the Witt invariant). This was done
by Tits in [25, Proposition 6].

O
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3 PRELIMINARIES

In this section we make a few elementary observations and prove some technical
lemmas. We will use the next elementary fact repeatedly.

LEMMA 3.1. Let N C H C G be algebraic groups over k with N normal in G.
A torsor [y] € HY(k,G) admits reduction of structure to H(k, H) if and only
if [yN] € H*(k,G/N) admits reduction of structure to H'(k, H/N).

Proof. If [y] admits reduction of structure to H'(k,H) then [yN] €
H'(k,G/N) admits reduction of structure to H'(k, H/N) by commutativity
of the square:

H'(k,G) —— H'(k,G/N)

| [

HY(k,H) —— H(k, H/N)

Conversely, if vN is homologous to a cocycle with image in H/N there exists
g € G such that for all o € Gal(k):

gy(o)o(g" )N c HN = H.
This implies that gy(c)o(g~t) € H for all o and so [y] € H*(k, H). O
We draw two direct corollaries relevant to our interests.

COROLLARY 3.2. Let m: G — H be a surjective morphism of algebraic groups.
Let P C G be a parabolic subgroup with kerm C P and [y] € H*(k,G) some
torsor.

1. [v] admits reduction of structure to P if and only if w.[y] admits reduction
of structure to w(P).

2. Assume that either m is a quotient map or ker is central and G is re-
ductive. If H is strongly isotropic so is G.

Proof. (1) is a particular case of Lemma 3.1. (2) follows from (1) since 7~*(P)
is a proper parabolic of G for any proper parabolic P of H by [4, Theorem
V.22.6], [4, Proposition 11.6.13] and [4, AG 17.3]. O

The following example shows the restrictions on 7 in the corollary are necessary.

EXAMPLE 3.3. Let G = GL; (D) for some central division algebra D of period p
over a field of characteristic p > 0. Denote by 7 : G — G® the relative
Frobenius homomorphism (see [17, 2.28]). It is always surjective according
to our definition [17, Proposition 2.29]. Tt is easy to see G(P) is isomorphic
to GLy(D®) where D® is the Frobenius twist of D (see [11, 4.1.1] for a
definition). By [11, Theorem 4.1.2] D) is split and so G(?) is strongly isotropic
by Hilbert 90. Meanwhile G is anisotropic and in particular it is not strongly
isotropic.
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Since the center of G is contained in any parabolic subgroup P C G the previous
corollary implies the following one which will be used throughout this paper
(sometimes implicitly).

COROLLARY 3.4. Assume G is reductive. Let Ad : G — G be the canonical
surjection. A torsor [y] € H'(k,G) is isotropic if and only if Ad.[7] is isotropic.

By definition any torsor of a strongly isotropic group G admits reduction of
structure to some proper parabolic. In fact, one can find a ” universal” parabolic
P C G such that HY(K, P) — H'(K, G) is surjective for any field extension K.
In such a situation we say G admits reduction of structure to P.

LEMMA 3.5. If char(k) > 0 assume G is reductive. G is strongly isotropic if
and only if it admits reduction of structure to some proper parabolic subgroup
PcCQG.

Proof. Let U be a versal torsor of G which is the fiber at the generic point of a
G-torsor over a smooth irreducible base @ — X, see [9, Definition 1.5.1] for a
definition and [9, 1.5.3] for existence. We can associate to U in a natural way
a cohomology class u € H'(K,G) where K = k(X) [22, 1.5.2]. If G is strongly
isotropic then u admits reduction of structure to some proper parabolic P.
Therefore the twist of (G/P)x by U, denoted y(G/P)k, has a K-rational
point (see [22, 1.5.3]). Therefore there exists a G-equivariant map U — G/ Pk
[8, Proposition 3.2]. Since U is the generic fiber of @ — X this defines a G-
equivariant dominant rational map @ --+ G/P. Therefore in the notation of [8]
G/P is a very versal G-torsor and H'(L, P) — H'(L,G) is surjective for any
infinite field L by [8, Proposition 7.1]. For any finite field L, H*(L, G) vanishes
since G is connected by [22, Theorem 1, Chapter 3, Section 2]. Therefore G
admits reduction of structure to P. O

REMARK 3.6. For any reductive and connected group G, any parabolic
subgroup P C G and any field extension k& C K the induced morphism
HY(K,P) — HY(K,G) is injective [22, Section II1.2.1, Exericse 1]. There-
fore if G admits reduction of structure to P, then H'(K, P) — H'(K,G) is a
bijection for all K.

ProproOSITION 3.7. Let G be a connected algebraic group over k. Denote by
Ru(G),R(G),G" the k-unipotent radical, k-radical and derived subgroup of G

respectively.

1. Assume k is perfect. Then G is strongly isotropic if and only if G/R.(G)
1s strongly isotropic.

2. Assume G is reductive. If G is strongly isotropic then so is G'. If R(G)
is split the converse implication holds as well.

Proof. 1. Assume k is perfect. Then R, (G) is split. Let k C K be a field
extension. Since R, (G)k is split the induced morphism H!(K,G) —
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HY(K,G/R.(G)) is bijective (see [20, Lemme 1.13]). Therefore Corol-
lary 3.2 implies G is strongly isotropic if and only if G/R,(G) is strongly
isotropic because R, (G) is contained in all of G’s parabolics.

2. Assume G is reductive. For any parabolic subgroup P C G consider the
commutative diagram:

HY(K,G') —~— HY(K,G) —— HY(K,G/G")

f |

HYK,PNG') — HY(K,P)

If R(G) is split then G/G" = R(G)/(R(G) N Z(G")) is a split torus since
it is a homomorphic image of R(G) [4, Theorem V.15.4]. Therefore ¢ is
surjective by Hilbert 90. Thus it suffices to show for any [y] € H*(K, G'):

[v] € im(a) <= t[v] € im(b).

If [y] € im(a) then ¢[y] € im(b) by commutativity of the diagram. Con-
versely, if ¢[y] € im(b), then by Lemma 2.2 ,(G/P) has a K-rational
point. Since PG’ = G, ,(G/P) is isomorphic over K to ,(G'/P N G’)
(see [18, Theorem 8]). By Lemma 2.2 it follows that [y] admits reduction
of structure to P N G’. This finishes the proof.

o

REMARK 3.8. The assumption that R(G) is split is far from necessary for the
converse implication in (2) to hold. Let G, G’ be as in (2) and assume G’
is strongly isotropic. Denote by dgr : HY(K,G) — H?*(K,Z(G')) and 9y :
HYK,Z(G)/Z(G")) — H*(K,Z(G")) the connecting maps induced from the
exact sequences 1 — Z(G') - G' - G — 1 and 1 — Z(G') — Z(G) —
Z(G)/Z(G") — 1 respectively. It is easy to check that we have:

(Adg).HY(K,G) = 95! im(9z).

Therefore Corollary 3.4 implies G is strongly isotropic if and only if for all
z € HY(K, Z(G)/Z(G")) the fiber 0/ (9z(z)) consists of isotropic torsors. This
holds for example whenever 97 = 0 because G’ is strongly isotropic. When G’
is simple, one can deduce from Theorem 1.3 and [22, Chapter I, Proposition 44]
exactly what are the cohomology classes © € H?(k, Z(G")) for which the fiber
85,1(z k) consists of isotropic torsors for all extensions k¥ C K. In many cases
this reduces the problem of deciding whether G is strongly isotropic to calcu-
lating the image of 0.

We finish this section with an elementary lemma that will be used in Section 6.

LEMMA 3.9. Let G1,G5 be connected algebraic groups over k and put G =
Gl X GQ.
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1. The mazimal proper parabolics of G are of the form Py X Go or G1 X P»
where P; is a maximal proper parabolic subgroup of Gj.

2. G is strongly isotropic if and only if G1 or G5 is strongly isotropic.

Proof. Part (2) follows from (1), the fact Galois cohomology preserves products
and Lemma 3.5. For part (1) notice that P; X Gy and G; x P, are clearly
parabolic subgroups of G. Let P C G be a proper parabolic subgroup and
denote by H; the projection of P onto the i-th coordinate. By [4, Proposition
IV.11.14] and [4, Corollary 1.1.4], Hy, Hs are parabolic subgroups. Therefore P
is contained in a parabolic of the required form. o

4  GENERIC ANISOTROPIC CONSTRUCTIONS

Our proof Theorem 1.3 will rely on lemmas asserting the existence of various
anisotropic algebraic objects. In this section we give generic constructions of
anisotropic bilinear forms and involutions on central simple algebras. For the
definition of isotropy of involutions of central simple algebras see [13, Page 72].
The following elementary lemma will be used in our constructions repeatedly.

LEMMA 4.1. Let k be a field with char(k) # 2 and let n be a natural number.
There exists a quadratic form g of dimension n and unsigned discriminant 1
over a finitely generated transcendental field extension K such that fx Qg g is
anisotropic for any anisotropic quadratic form f over k.

Proof. We can take k C K to be a field extension generated by alge-

braically independent elements x1,...,z,—1 and g to be the quadratic form
(=21, ..., —@p_1,(=1)" ' [L,_, ,._12). Toprove fx®g is anisotropic it suf-
fices to prove fx ® ((x1,...,2Tn—1)) is anisotropic since the former is a subform

of the latter. This follows by induction from [14, Exercise 1, Chapter IX]. O

The following corollary will be used to construct anisotropic symplectic invo-
lutions (see [13, Definition 2.5] for the definition of a symplectic involution).

COROLLARY 4.2. Let Q be a quaternion division algebra over k and let n € N.
There exists an anisotropic hermitian form on Q% = Qk X --- X Qi for some
finitely generated transcendental field extension k C K.

Proof. Denote by n(Q) the norm form of . By Lemma 4.1 there exists a
transcendental field extension k& C K and a quadratic form g = (aq,...,a,)
such that g®n(Q k) is anisotropic. Define a hermitian form b on Q' by setting

for any ¢ = (q1,...qn) ¢ = (¢}, ..., q,) € Q%:

b(g,q) = argrd-
Clearly b is hermitian. Notice that b(g,¢) = 0 implies

9@n(Qk)(g) =Y arn(Qx)(g:) = 0.
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Which implies ¢, = 0 for all r since g ® n(Q ) is anisotropic. O

The next lemma will be used in Section 5 to prove anisotropic G-torsors exist
for groups G of type C), which are not isomorphic to Sp,,,.

LEMMA 4.3. Let A be a central simple algebra of exponent two over k. If A
s not split then there exists a field extension k C K such that Ax admits an
anisotropic symplectic involution.

Proof. Let X be the generalized Severi-Brauer variety of right ideals of A of
dimension 2 deg(A). By [2, Theorem 3] the index of Aj(x is two. Therefore by
Wedderburn’s theorem Ay xy is isomorphic to M,(Q) for some quaternion di-
vision algebra @ with Z(Q) = k(X). By Corollary 4.2 after possibly extending
scalars to a transcendental extension we may assume Q™ admits an anisotropic
hermitian form. Then we are done by the correspondence between hermitian
forms on Q™ and symplectic involutions on M, (Q) (see [13, Proposition 2.21,
Theorem 4.2]). O

Next we construct anisotropic unitary involutions (see [13, 1.2.B] for the defi-
nition of a unitary involution). The idea for the reduction to split case in the
proof is reproduced from a Mathoverflow post by M. Borovoi [6].

LEMMA 4.4. Let A be a simple k-algebra of degree n such that Z(A) = K where
K = k(y/a) is a quadratic field extension of k. There exists a field extension
k C L and a d-dimensional quadratic form q over L of unsigned discriminant
1 such that the following holds:

1. A®k L and My(K1) are isomorphic as L-algebras.
2. « 1s not a square in L.

3. The unitary involution v Qr, 4 on My (Ky) is anisotropic, where o4 is
any involution adjoint to q and 7y is the unique non-trivial element of
Gal(K/L).

Proof. By replacing k with a transcendental extension we may assume |k| = oo
without loss of generality. We start by constructing L. Let S be the k-variety
of hermitian elements in A with separable reduced characteristic polynomial
(defined over K). There exists a canonical isomorphism:

1 (A 0) @k K = (My(K) x Mo(K)™,€), ¢la® B) = (aB, (0(a)3)™)

where ¢ is the exchange involution and n = degg(A) (see [13, Proposi-
tion 2.14]). Using ¢ one sees Si is isomorphic to a Zariski dense open sub-
variety in the space of hermitian elements of A, which is in turn isomorphic
to A%Z. Since |k| = oo , S must have a k-rational point, i.e. there exists a € A
hermitian and with separable reduced polynomial. Let L; be the centralizer
of a in A. By the proof of [10, Proposition 4.5.4] L; is a splitting field of A.
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Since a is hermitian L; is stable under o. Therefore Ly = L7 is a field extension
of k in which « is not a square and such that A®y Lo is split. Let f : K — k be
the norm form of K and let -y be the unique non-trivial element of Gal(K,/L).
By Lemma 4.1 there exists an n-dimensional quadratic form ¢ = {(aq,...,a,)
of unsigned discriminant 1 over a transcendental extension L of Lo such that
fr ® q is anisotropic. Denote by o, an involution of M, (L) adjoint to ¢g. To
show v ®p, 04 is anisotropic we use the correspondence between unitary invo-
lutions and hermitian forms, see [13, Proposition 2.20] for details. One easily
checks that the following hermitian form on K7 is adjoint to v ®p, 04:

h((@a)fers ()5=1) = > aiziy(ys)-

For all z € K} we have h(z,z) = (fr ®L ¢)(x). Since fr ®p ¢ is anisotropic
this implies h and v ®p, o4 are anisotropic. Since Ly C L is transcendental « is
not a square in L and Ay, is split. O

We recall some notation defined in [14, Chapter V]. Let ¢ be a quadratic form
defined over a field k. We denote by C(q) the corresponding Clifford algebra.
Define ¢(q) = [C(q)] if dim(q) is even and ¢(q) = [Co(q)] if it is odd. Here [/]
denotes Brauer equivalence classes and Cy is the even part of C(q). ¢(q) is called
the Witt invariant of q. To deal with simply connected groups of type D5 we
will need to characterize isotropy of Spin(q)-torsors where ¢ is a quadratic form.
We will do this using the natural map H!(k, Spin(q)) — H'(k,SO(q)) whose
image consists of quadratic forms with the same Witt invariant, discriminant
and dimension as ¢ by [22, 111.3.2.b, page 140]. The following lemma collects
some well-known properties of the Witt invariant. Proofs can be found in [14,
Chapter 5, 3.15,3.16] and [14, Chapter 5, Corollary 3.3].

LEMMA 4.5. The following properties of the Witt invariant hold.
1. If ¢1 and g2 be even dimensional quadratic forms over k. We have:
clgr L a@2) = e(ar) + c(gz) + [(de(qr), d(g2))x],
where d1(-) denotes the signed determinant.

2. For any a,be k:
c({1,—a,—b,ab)) = [(a,b)x].

3. For any odd dimensional form q and a € k* we have:
c({a)q) = c(q)-
4. For any even dimensional form q and a € k* we have:
c({a)q) = c(q) + [(a, dx(q))x]-
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We now prove the existence of 10-dimensional anisotropic forms with a given
Witt invariant and discriminant, excluding the case of trivial discriminant and
split Witt invariant. Part two of the following proof is a quadratic form theo-
retic version of the case n = 10 in the proof of [25, Proposition 6.

PROPOSITION 4.6. Let q be a quadratic form of dimension ten. Let C be the
Clifford algebra of q. If Cy is not split then there exists an anisotropic quadratic
form ¢’ over a field extension k C K such that qx has the same Witt invariant,
discriminant and dimension as ¢ .

Proof. Let § = d+(q). We will construct ¢ in three stages.

1. By [14, Chapter V, Theorem 2.5] Cy is simple and Z(Cp) = k(v/3). De-
note F' = k(+/9). We have isomorphisms of F-algebras:

Cor =Co® F
=Co®p (F®,F)
:C()@F(F@F):Co@Co.

It follows that C is not split by part (3) of [14, Chapter V, Theorem 2.5]
and Wedderburn’s theorem. Therefore extending scalars to F' we may
assume C' is not split and ¢ is a square.

2. Assume that C is Brauer equivalent to a quaternion division algebra
@ = (a,b). Define the following central division algebra over the field
extension K’ = k(t1,t2):

E:=Qk QK (t1,t2) K.

By [14, Theorem 4.8, Chapter III] E is a division algebra with an associ-
ated anisotropic Albert form:

qo = 4Q 1 <*1>Q(t1,t2),{/-

Here for any quaternion algebra D, qp denotes the restriction of the norm
of D to the subspace of pure quaternions. Let I denote the fundamental
ideal in the Witt ring W(K’). By Lemma 4.5 the Witt invariant deter-
mines a homomorphism ¢ : I? — Br(K’). Since in I2, qq is equal to the
difference of the norm forms of Qg+ and (¢1,t2)x+ we have:

c(qo) = [Qr] + [(t1, t2) 7]
The form
q1 = <1a _tla _t2)t1t2>
has Witt invariant [(t1,t2)k/] and trivial signed discriminant by

Lemma 4.5. We can now define K = k(t1,t2,%t3) and the sought
after form ¢’

q/ ‘= qo 1 t3ql.
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By [14, Exercise 1, Chapter IX] ¢’ is anisotropic. Using Lemma 4.5 again
we see:

e(q) = c(qo) + clq1) + [(d£(q0), d(q1)) K]
= [Qk].

Finally d(¢) = d(go0)d(q1) = —1 so d4.(¢') = 1 as required.

3. Assume that C is an arbitrary central simple algebra of exponent two
and C' is not split. Let X be the generalized Severi-Brauer variety of
right ideals of C' of dimension 2deg(C). By [2, Theorem 3] the index of
Cr(x) is two. Therefore Cy(x) is Brauer equivalent to some quaternion
division algebra with center k(X). We can now proceed as we did in stage
two.

O

PROPOSITION 4.7. Let k be a field. Let 6 € k* be an element which is not a
square. For any a € k* there exists a ten dimensional quadratic form over a
field extension k C L which has Witt invariant (a,0)r and discriminant 0.

Proof. Define a k-algebra B = My(K) where K = k(+/§). By Lemma 4.4 there
exists an anisotropic 4-dimensional quadratic form ¢y over a transcendental
field extension k C L with trivial discriminant such that J is not a square in L
and 7 = v ® 04 is anisotropic where 7y is a unitary involution on K and o,
is an orthogonal involution of M, (L) adjoint to ¢. By [13, lemma 10.33] the
discriminant algebra D(Bp,7) is split. By [13, Theorem 15.24] the canonical
orthogonal involution on the discriminant algebra D(Bp,7) has Clifford alge-
bra isomorphic to Br. Let ¢ be a quadratic form adjoint to this orthogonal
involution. By [13, Proposition 15.39] ¢ is anisotropic because 7 is. Let C'(¢) be
its Clifford algebra. The even part of C(q) is split since it is isomorphic to By,.
By [13, Theorem 15.24] we have disc(q) = § and [14, Theorem 2.5, Chap-
ter V] implies C(q) is split by L(v/3). Therefore C(q) is Brauer equivalent to
a quaternion algebra @ over L. We now separate into two cases:

1. Assume (a,d)y is split. We want choose ¢ such that @ is a division
algebra. If @ is split, scale ¢ by an element ¢ € L such that (¢,d)x is
non-split to assume @ is a division algebra using Lemma 4.5 (we might
have to enlarge the field to find such an element t). Let n(Q) be the norm
form of Q). We define a quadratic form over L(z):

g =qlzn(Q).

By [14, Chapter IX, Exercise 1] ¢; is anisotropic. By Lemma 4.5 we have:
clqr) = c(q) + c(n(@Q)) = 2[Q] = 0.

The discriminant of ¢; is d, same as the discriminant of ¢ and so we are
done.
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2. Assume (a,d)y, is a division algebra. By [14, Theorem 4.1, Chapter III],
Q = (b,9)r, for some b € k*. Scaling ¢ by b we may assume @ is split
using Lemma 4.5. Let n(a,d)r, be the norm form of (a,d)r. We define a
quadratic form over L(z):

¢1=q L zn(a,d)L.
By [14, Chapter IX, Exercise 1] ¢ is anisotropic. By Lemma 4.5 we have:
c(q1) = c(q) + e(n(a,d)L) = [(a,6)L]-

Clearly the discriminant of ¢; is 6 and so we are done.

O

We finish this section with a lemma showing the existence of division algebras
with certain Schur index properties. It is a strengthening of [15, Lemma 5.1].

LEMMA 4.8. Let k be a field and let d | n be positive integers. Assume the
square free part of n divides d. Then there exists a central division algebra € of
index n and exponent d over a field extension k C K such that D QK € is a
division algebra for any central division algebra D over k.

Proof. Throughout the proof let D be an arbitrary central division algebra
over k. By the primary decomposition theorem the proof immediately reduces
to the case, where n = p" and d = p® for some prime p and some integers 1 <
s <r. Assume n =p", d = p® for some 1 < s <r. Let F = k(t1,...,tp:) and
denote Ky = F'? where o is the automorphism permuting ¢4, ...,?,s cyclically.
F/Kj is a cyclic Galois extension of degree p*. We proceed by induction on
r—s. Ifr—s =0, let K = Ky (t) and denote by e the cyclic algebra (F(t)/K, o, t)
as in [15, Lemma 5.1]. By [15, Lemma 5.1], D ® € is a division algebra and
exp(e) = ind(e) = p®. For the induction step assume r — s > 1 and let ¢y be
a division algebra with index p"~! and exponent p*® over a field extension K;
such that Dg, ®¢p is a division algebra. By the base case we can find a division
algebra €; over a field extension K; C K of index and exponent p such that
Dy ® €0,k ® €1 is a division algebra. Put € = €y x ® €;. By assumption € is a
division algebra of index p” since e ® D is a division algebra and the exponent
of € is p°. This finishes the proof of the lemma. O

5 CLASSIFICATION OF SIMPLE STRONGLY ISOTROPIC ALGEBRAIC GROUPS

In this section we prove Theorem 1.3. By Theorem 2.1 we only have to consider
three families of classical groups.

LEMMA 5.1. A strongly isotropic simple group G is of type A,, Cy, or Ds.

Proof. By definition Gy is strongly isotropic and split. By Corollary 3.2 the
universal cover of G is strongly isotropic as well and therefore it is of type Ay,
C,, or D5 by Theorem 2.1. Thus G is of one of these types as well. O
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We break the proof of Theorem 1.3 into cases according to the type of G.
These are contained in the subsections below. In each case we show that G
is strongly isotropic if and only if it is isomorphic to one of the groups listed
in Theorem 1.3. Our main tool throughout the proof of Theorem 1.3 is the
analysis of twisted flag varieties of classical simple groups carried out in [15]
and [16]. These are connected to the question of isotropy by Lemma 2.2.

5.1 TYPE A;

Throughout this subsection let G be a simple group of type A;.
LEMMA 5.2. If G is of outer type then it is not strongly isotropic.

Proof. By [13, Theorem 26.9] if G is of outer type then it is the special unitary
group of a simple algebra with involution (A, o) with center Z(A) = K where
k C K is a Galois extension of order 2. Let G = GU(A,0) be the general
unitary group. Since G is the derived group of G it suffices to prove G is not
strongly isotropic by Proposition 3.7. By Lemma 4.4 there exists an anisotropic
unitary involution 7 on Ay for some field extension & C L in which « is not
a square. Let [y] € H'(L,G) be the torsor corresponding to 7 as in [13,
page 401]. For any parabolic subgroup P C G the twisted flag variety ~ (G/P) =

~(G/PN Q) consists of flags of T-isotropic ideals of Ay, (see [16, page 172]) and
therefore has no K-points since 7 is anisotropic. Therefore [v] is anisotropic by
Lemma 2.2. o

It remains to consider groups of inner type. By the classification of simple
classical groups these are of the form SL,,(D)/uq for some integers d | n deg(D)
and a central division algebra D over k. By Proposition 3.7 SL,(D)/uq is
strongly isotropic if and only if GL,(D)/pq is. For the rest of the subsection
fix G = GL,(D)/ug. Our goal is to show that the square free part of n
divides d if and only if G is not strongly isotropic. The following lemma gives
us a grasp on the Galois cohomology of G using the natural projection Ad :
G — G = PGL,(D). Recall the cohomology set H'(k,G) classifies central
simple algebras of degree nind(D).

LEMMA 5.3. Let A be a central simple algebra of degree nind(D). Let [y] €
HY(k,G) be the corresponding torsor. [y] lies in the image of natural map

HY(k,G) — H'(k,G) if and only if d([A] — [D]) = 0 in the Brauer group of k.
Proof. The case where D is split was proven in [l, Lemma 2.6]. The gen-
eral case follows from the split case by twisting the exact sequence 1 —

Gm — GLpinap) — PGLyinapy — 1 by the cohomology class of M, (D) in
HY(k, PGLy, ina(p)) using [22, Proposition 1.44] and [22, Proposition 1.35]. [

Our next goal is to characterize isotropy of G-torsors.
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LEMMA 5.4. A torsor [y] € H'(k,PGL, (D)) corresponding to a central simple
algebra A is anisotropic if and only if

ind(A) = ged(ind(A), ind(D))n.
In particular if D =k, [y] is anisotropic if and only if A is a division algebra.

Proof. We use the notation and results of [15, page 561]. Denote ind(D) = r.
Any parabolic subgroup of P C G is of type (rny,...,rn;) for some integers
1<ny <---<ng <n. The twisted flag variety -(G/P) is the variety of flags
of ideals

I C---CI; CA, forall j: dimyI; = nr’n;.

Therefore by Lemma 2.2 [7] is isotropic if and only if A has an ideal of dimension
nr2my for some my < rn. On the other hand the ideals of A are of dimension
nrind(A)ma, for 0 < mgy < %. Therefore A is anisotropic if and only if:

ind(iA)r = lem(in r)=mnr
ged(ind(A),r) = lem(ind(4), r) '

Since r = ind(D) this is what we wanted to prove. O

To prove the existence of anisotropic G-torsors we will need to know division
algebras with certain Schur index properties exist.

We can now put it all together and finish the case of type A;. Recall that we
set G = GL,,(D)/pq and our goal is to prove G is strongly isotropic if and only
if there exists a prime divisor of n which does not divide d.

PROPOSITION 5.5. G is strongly isotropic if and only if there exists a prime
divisor p of n which does not divide d.

Proof. e Denote by t the square free part of n. We assume ¢ divides d
and show G is not strongly isotropic. By Lemma 4.8 there exists a field
extension k¥ C K and a central division algebra e over K with index n
and period ¢ such that:

ind(e ®x Dk ) = nind(Dg).

Set A = e ®x Dy and let [y] € H'(K,G) be the corresponding torsor.
By assumption ¢ | d and so (A @ D3?)? is split. Therefore [y] lies in the
image of natural map H'(k,G) — H'(k,G) by Lemma 5.3. On the other
hand Lemma 5.4 implies [v] is anisotropic. Therefore G is not strongly
isotropic

e Let p be a prime divisor of n which does not divide d. To show G is
strongly isotropic we assume it admits anisotropic torsors over a field
extension K and derive a contradiction. Assume [y] is an anisotropic
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torsor in H'(K,G) corresponding to a central simple algebra A. By
Lemma 5.3 A¢ is Brauer equivalent to D%. Therefore:

ind(A?) = ind(D%) | ind(Dg).
Since [7] is anisotropic, Lemma 5.4 implies:
ind(A) = ged(ind(A), ind(Dg))n.

Let r be the largest exponent such that p” divides ged(ind(A), ind(Dk)).
By assumption p | n and so p"*! divides ind(A). Since p does not divide
d, p"! divides ind(A%) = ind(D%) and so p"*! divides ind(Dg), see
[19, Theorems 5.5, 5.7]. Therefore p"*! | ged(ind(A),ind(Dg)). This
contradicts maximality of r and finishes the proof.

O

5.2 TYPE C

Let G be a simple group of type C,,. We show G is strongly isotropic if and
only if G = Sp,,,. One direction is easy: since H!(K, Sp,, ) = 1 for every K/k,
Sp,,, is obviously strongly isotropic. Our goal is thus to prove the opposite
implication: If G is strongly isotropic, then it must be isomorphic to Sps,,.

LEMMA 5.6. If G is not simply connected, then it is not strongly isotropic.

Proof. Since |Z(Spsy,)| = 2 if G is not simply connected it is adjoint. By [13,
Theorem 26.14] and [13, 29.22, page 404], G-torsors correspond to isomorphism
classes of central simple algebras of degree 2n with symplectic involution (A, 7).
By Lemma 4.3 after passing to a field extension we may choose (A, 7) with 7
anisotropic. Then for any parabolic P C G the twisted flag variety (G/P)
has no k-point since it parametrises flags of 7-isotropic ideals of A by [15, 5.24,
page 53]. Therefore [v] is anisotropic by Lemma 2.2. O

The next proposition finishes the case of groups of type C,,.
PROPOSITION 5.7. If G is strongly isotropic then G = Sp,,.

Proof. By Lemma 5.6 and [13, Theorem 26.14], G is the symplectic group of
some central simple algebra A with a symplectic involution ¢. Since all sym-
plectic involutions on M, (k) are isomorphic it suffices to check A must be split.
Assume the contrary: A is not split. Let G = GSp(A, o) be the group of sym-
plectic similitudes. Since G is the derived group of G it suffices to prove G is
not strongly isotropic by Proposition 3.7. G-torsors correspond to conjugacy
classes of symplectic involutions on A (see [13, 29.23]). By Lemma 4.3 after ex-
tending scalars to a field extension K we may assume there exists an anisotropic
symplectic involution 7 on A. Let [y] € H(K, G) be a torsor corresponding
to 7. For any parabolic P C G the twisted flag variety ,(G/P) = ,(G/PNG)
has no K-point since it parametrises flags of 7-isotropic ideals of A by [15,
5.24, page 53]. This contradicts our assumption that G is strongly isotropic by
Lemma 2.2 and therefore we conclude A must be split. O
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5.3 TYPE Ds

Let G be a simple group of type Ds. If G = Spin(g) for some regular 10-
dimensional quadratic form with trivial discriminant and split Clifford algebra
then G is strongly isotropic by Theorem 2.1 because G is a strong inner form
of Spinyy (see [22, page 140, II1.3.2 Example b]). It remains to prove that
if G is strongly isotropic then G = Spin(gq) for some 10-dimensional quadratic
form with trivial discriminant and split Clifford algebra. Let ¢ be a (regular)
quadratic form. Torsors [y] € H'(k,SO(q)) correspond to quadratic forms ¢’
with the same discriminant as g, see [13, 29.29]. The group SO(q) is isotropic
if and only if ¢ is isotropic if and only if SO(g) has a parabolic which is the
stabilizer of a one dimensional completely isotropic subspace of kdm(@) [15,
5.49).

LEMMA 5.8. Let q be an isotropic quadratic form. A torsor [y] € H(k,SO(q))
corresponding to a quadratic form q' is isotropic if and only if ¢’ is isotropic.

Proof. Since q is isotropic, SO(g) has a parabolic P which is the stabilizer of
a one dimensional completely isotropic subspace of k4™(@) By Lemma 2.2 [4]
is isotropic if and only if , SO(g) = SO(¢’) has a parabolic of the same type
as P if and only if SO(q’) is isotropic. Therefore by the remark preceding the
lemma [7] is isotropic if and only if ¢’ is isotropic. O

LEMMA 5.9. If G is not simply connected then it is not strongly isotropic.

Proof. As in the proof of Lemma 5.1 by extending scalars to the algebraic clo-
sure we may assume G is split and v/—1 € k. In that case if G is not simply con-
nected it is covered by SO(qo) where g is a 10-dimensional hyperbolic quadratic
form. By Corollary 3.2 it suffices to show SO(go) admits anisotropic torsors.
Since v/—1 € k, by Lemma 4.1 there exists a 10-dimensional anisotropic form ¢
with trivial discriminant over a field extension k C K. Since disc(qo) = 1, ¢
corresponds to an anisotropic torsor in H'(k,SO(qo)) by Lemma 5.8. O

The next proposition finishes the case of type D5 and therefore the proof of
Theorem 1.3.

PROPOSITION 5.10. If G is strongly isotropic then G = Spin(q) for some regu-
lar ten dimensional quadratic form with trivial discriminant and split Clifford
algebra.

Proof. By [13, Theorem 26.15] and Lemma 5.9 G is isomorphic to Spin(A4, o)
for some central simple algebra with orthogonal involution over k. Denote by C'
the Clifford algebra of (A, o) as defined in [13, Section 8.B] and let Z = Z(C).
We need to show A and C are split and disc(o) = 1. We break the proof into
three steps.

1. Assume the Brauer class [C] is not in the cyclic group generated by
[Az]. By extending scalars to a field extension k& C K we may split A
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without splitting C' by Amitsur’s Theorem (see [10, Theorem 5.4.1]). The
involution on A is adjoint to some 10-dimensional quadratic form ¢g. By
functoriality of the Clifford algebra and [13, Proposition 8.8] the even
part of the Clifford algebra of ¢ is isomorphic to Ck and thus is not split.
Therefore by Proposition 4.6 after possibly enlarging K there exists an
anisotropic 10-dimensional form ¢’ with the same Witt invariant and
discriminant as ¢q. Let [y] € H'(K,SO0(q)) be the anisotropic torsor
corresponding to ¢’. By [22, page 140 ,IT1.3.2 Example b], [v] lies in
the image of the natural map H'(K,Spin(q)) — H'(K,SO(q)). This
contradicts our assumption that G is strongly isotropic.

2. Therefore [C] is in the cyclic group generated by the Brauer class [Az].
For some n € N we have [C] = n[Az]. By [13, Theorem 9.12], C ® C' is
Brauer equivalent to Az. Therefore:

2n[Az] = 2[C] = [AzZ].
Since A has exponent two it follows that Az is split. Therefore

If Z = k x k then A is split and disc(o) is a square by [13, Theorem 8.10].
We assume this is not the case (i.e. Z = k(y/disc(0)) is a quadratic field
extension of k) and reach a contradiction.

3. Let K = k(SB(A)) be the function field of the Severi-Brauer variety of A.
Since SB(A) is absolutely irreducible, k is integrablly closed in K and
disc(o) is not a square in K. Therefore by extending scalars to K we may
assume A is split without loss of generality. Then G is the spin group of
some 10-dimensional quadratic form ¢ with non-trivial discriminant since
disc(g) = disc(o). The even part of the Clifford algebra C(q) is split since
it is isomorphic to C. Therefore by [14, Theorem 2.5, Chapter V], C(q)z
is split. We see that C(q)z is Brauer equivalent to a quaternion algebra
(a,disc(o))y for some a € k by [14, Theorem 4.1, Chapter III]. By Propo-
sition 4.7 there exists an anisotropic 10-dimensional quadratic form ¢’
over a field extension k£ C K with the same Witt invariant and discrimi-
nant as ¢. Let [y] € H'(K,SO(q)) be the anisotropic torsor corresponding
to ¢’. By Lemma 5.8 [v] is anisotropic. By [22, II1.3.2.b, page 140], [7]
lies in the image of the natural map H'(K,Spin(q)) — H'(K,SO(q)).
This contradicts our assumption that G is strongly isotropic.

O

6 A PARTIAL CLASSIFICATION OF STRONGLY ISOTROPIC SEMISIMPLE GROUPS

Let G be a semisimple group over k. When G splits as a direct product of sim-
ple groups, we can use Theorem 1.3 and Lemma 3.9 to check if G is strongly
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isotropic. However in general G is only isogenous to a product of simple groups
and as we have seen, strong isotropy is not preserved by isogenies. Conse-
quently, applying Theorem 1.3 to check if G is strongly isotropic requires a
more careful analysis. In this section we carry out this analysis under certain
restrictions on the root system of GG. In the next section we prove another
partial classification result which illustrates the difficulties that arise when we
lift these restrictions. Our goal is to prove Theorem 1.4 which we now restate
for the readers convenience.

THEOREM 6.1. Let G be a semisimple group over a field k with char(k) # 2.
Assume for any simple factor of G of type A,_1 the integer n is squarefree.
Then G is strongly isotropic if and only if it admits a simple strongly isotropic
quotient.

If G admits a simple strongly isotropic quotient then it is strongly isotropic by
Corollary 3.2. For the rest of this section we assume G is a strongly isotropic
group which satisfies the hypothesis of Theorem 1.4 and prove that it admits
a simple strongly isotropic quotient. Let 7 : G — G be the universal cover
of G. Write G = [, Gi for some simply connected simple groups Gi,...,G,
and denote by Z = kerﬂ' the fundamental group of G. Note that Z may not be
reduced. We denote the projection onto the i-th coordinate from G by p;. By
Lemma 3.5 G admits reduction of structure to some maximal parabolic P C G.
Since 7 is central, [4, Theorem V.22.6] implies P = 7(P) for some maximal
parabolic of G. By Lemma 3.9 we may assume without loss of generality that
P is of the form:

P=DP xGyx---xG,, where P is a maximal proper parabolic of G;.

Let G; = G1/p1(Z) and denote by 7, the canonical _projection G — G1,
P, = m(P). We denote by G; the adjoint group of G; for all i. Our goal
is to prove that G is strongly isotropic. The following lemma connects our
assumptions to Theorem 1.3.

LEMMA 6.2. Let U € H'(Ko,G) be a versal torsor over a field extension
k C Ko. Since G admits reduction of structure to P, .U = [y1] for some
[v1] € HY (Ko, P1) by Corollary 3.2. The group -, G1 is strongly isotropic.

Proof. For all i > 2 denote by [v;] the image of U under the natural map
HY (Ko, G) — H'(Ky,G;). Let Ky C K be a field extension. By [22, Propo-
sition 1.35], G admits reduction of structure to ,P. Corollary 3.2 implies
.G admits reduction of structure to P and so H (K,,P) - H'(K,,G) is
surJectwe Since these cohomology sets split as products:

HY(K,,P)= HY(K, ., P) x H H(K,.,G))
1=2,.
HY(K,,G) = H H(K,.,G)),

i=1,.

We conclude that H'(K, ., P1) — Hl(K, 4, G1) is surjective. O
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Fix U, Ko, [11] as in the statement of Lemma 6.3 for the rest of this section.
Using Lemma 6.2 and our classification of strongly isotropic simply groups we
will deduce that certain invariants of [y1] vanish. The invariants we use are
called normalized Brauer invariants. Let A be an algebraic group over k. De-
note by H!(x, A) the functor taking a field extension k¥ C K to the pointed
set HY(K,A). A normalized Brauer invariant of A-torsors is a morphism of
functors between H!(x, A) and the Brauer group functor K + Br(K). The
adjective "normalized” refers to the functor preserving the pointed set struc-
ture. From now on all invariants are assumed to be normalized. The set of
Brauer invariants of A-torsors is denoted Inv(A,Br). It comes with a natu-
ral abelian group structure of pointwise multiplication in the Brauer group.
Any morphism of algebraic groups f : A — B induces a homomorphism
f# : Inv(B,Br) — Inv(A, Br) given by precomposition with the induced func-
tor f. : H'(x,A) — Hl(x,B). The following fact makes Brauer invariants
useful for studying the relationship between G-torsors and G1-torsors.

LEMMA 6.3. The induced homomorphism on Brauer invariants ﬂ#

Inv(Gy,Br) — Inv(G, Br) is injective.

Proof. Let Z*, p1(Z)* be the group of characters defined over k of Z and p;(2)
respectively. By [13, Example 31.20] we have a commutative diagram (see also
[3, Theorem 2.4], [20, Proposition 6.10] for more details):

Z* ——2% & Tnv(G,Br)

b

p(2) —1 Inv(Gy, Br)

Here f is the pull back map induced from p; which is injective since p1|; : Z —

p1(Z) is surjective. Since ag and ag, are isomorphisms it follows that F# is

injective. O

The following lemma follows directly from [3, Theorem 2.2] and the proof of
[10, Lemma 5.4.6]. Recall U € H'(Ky, G) denotes a versal G-torsor.

LEMMA 6.4. The evaluation homomorphism 0 : Inv(G,Br) — Br(Ky), f —
f(Ko)(U) is injective.

We now have all the ingredients needed to finish the proof of Theorem 1.4.
PROPOSITION 6.5. The group G is strongly isotropic.

Proof. We proceed by separating into cases according to the type of G;. In each
case we characterize isotropy of torsors in H' (K, G) by the vanishing of certain
Brauer invariants and prove that these invariants vanish on Ad,(H'(K,G1))
using strong isotropy of 'Ylél and Lemma 6.3. Using Corollary 3.4, we con-
clude G is strongly isotropic.
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e Type C,: Since G is strongly isotropic, Theorem 1.3 implies it is isomor-
phic to Sp,,,. By [13, 29.22] torsors [y] € HY(K,G1) classify central simple
algebras of degree 2n with symplectic involution (A, o) and 7(?1 is isomor-
phic to the symplectic group of (A,c). Let f € Inv(G1,Br) be defined
by f(K)([7]) = [A]. By Theorem 1.3, for any [y] € H'(K,G7) we have
F(K)([7]) = 0 if and only if ,G; is strongly isotropic if and only if [y] is
split. Since -, G is strongly isotropic Lemma 6.4 implies (Ad oy )#(f) = 0.
Therefore by Lemma 6.3 Ad#(f) = 0 and so G, is strongly isotropic by
Corollary 3.4.

e Type Ds: Since Gy is strongly isotropic, Theorem 1.3 implies it is isomorphic
to Spin(g) for some 10-dimensional quadratic form ¢ with trivial discrimi-
nant and split Clifford algebra. By [13, page 409] torsors [y] € H'(K,G)
classify central simple algebras of degree 10 with orthogonal involution (A4, o)
such that disc(c) = 1. By [13, Theorem 26.15] ,G; is isomorphic to the spin
group of (A, ). Let f,ct € Inv(Gy,Br) be defined by

FE)(]) = [Al, e (K)(0]) = C(4,0),

where C1(A,0) are the components of the Clifford algebra of A (see [13,
Theorem 8.10] for the relevant definitions). By Theorem 1.3, since -, Gy is
strongly isotropic Lemma 6.4 implies

(Adom)*(f) = (Adom)#(cs) = 0.
Therefore by Lemma 6.3
Ad#(f) = Ad¥(cs) = 0.

In particular torsors in Ad.(H'(K,G1)) correspond to pairs (A,o) =
(Mio(K), 04) where o, is adjoint to a 10-dimensional quadratic form ¢ with
trivial discriminant and split Clifford algebra. By [14, Proposition 2.8] such
quadratic forms are always isotropic. Therefore (1 is strongly isotropic by
Corollary 3.4 and Lemma 5.8.

e Type A,_1: Since G is strongly isotropic, Theorem 1.3 implies it is iso-
morphic to SL,,(D) for some central division algebra D with m # 1 and
mind(D) = n. By assumption m and ind(D) are squarefree and coprime.
Torsors [y] € H' (K, G1) classify central simple algebras A with deg(A) = n.
For any prime divisor p of n define a Brauer invariant of G;-torsors:

Fo(K)(I]) = ([A] = [D])™/7.

By Lemma 5.4 [y] is isotropic if and only if there exists a prime divisor p
of m such that f,(K)([y]) = 0. m1,.(U) = [11] is isotropic by Corollary 3.2.
Therefore Lemma 6.4 implies that for some prime divisor of m we have
(Adom;)#(f,) = 0 and by Lemma 6.3 Ad¥(f,) = 0. We conclude that G,
is strongly isotropic by Corollary 3.4.

O
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REMARK 6.6. Note that when Gy is of type D5, C, or Ap_1 with p prime,
our arguments imply Gy = G or equivalently pi(Z) = {1}. This follows from
Theorem 1.3 since any proper simple quotient of G; admits anisotropic torsors.

7 STRONGLY ISOTROPIC SEMISIMPLE GROUPS OF TYPE A

The next theorem gives another partial classification of strongly isotropic
semisimple groups. We consider groups which are of ”opposite” type to the
groups covered by the previous theorem. We allow only factors of type A, and
without any restriction on n. The complexities that arise when considering fac-
tors of type A,,—1 with n not squarefree are illustrated well by the complicated
divisibility criterion we obtain. To make the computations easier we work with
products of copies of GL,, instead of SL,,. Proposition 3.7 shows this makes
no difference as far as strong isotropy is concerned. Let ni,...,n, be positive
integers and let C' C G, be a algebraic subgroup. Define:

Ge = (GLy, X -+- x GL,,)/C.

We denote by S¢ the derived subgroup of G¢. There is a canonical isomor-
phism:

Sc = (SLp, X -+ x SLy, ) /C N (fony X -+ X pn,.)-
Identify the group of characters (G!,)* with Z". Let M C Z" be the submodule
of all characters vanishing on C. By [7, Theorem A.1] for any field extension
k C K, H'(K,G¢) is in bijection with the following set of isomorphism classes
of r-tuples of central simple algebras over K:

{44 | Forall 1 < j <r: deg(Aj):nj}
Lo B0 Ror all (ky, ... k) € Moo Y k;[A;] =0

We will show how to determine if S¢ is strongly isotropic using M. We will
need the existence of ”sufficiently independent” central simple algebras. This
is the content of the next lemma.

LEMMA 7.1. Let k be a field. For any natural numbers r,ny,...,n, there exists
a field extension k C K and central division algebras A1, ..., A, over K such
that deg(A;) = n; and for any integers ky, ..., ky:

ind(z kilA;1) = H m

Proof. Consider G = x7_; PGL,; as an algebraic group over k. Let U =
(U1,...,U;) be a versal torsor in H'(K,G) = xj_;H'(K,PGLy,) for some
field extension k C K. For all 1 < j <, let A; be the central simple algebra
of degree n; corresponding to U; as in [13, 29.10]. By [19, Theorem 5.5] and
[10, Proposition 4.5.8], for any integers ki, ..., k, we have:

deg(A . nj
exp Zk |mdzk |chd (deg(A k ) _lzlgcd(n;,kj)'
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Therefore it suffices to prove:
s
kA =] ——.
eXP(zj: i145]) 1:[ ged(n, k;)
For all 1 < j < r we define a Brauer invariant f; as follows. For any field
extension & C L and torsor [y] € H'(L,G) corresponding to an r-tuple of
central simple algebras (B, ..., B,) we define:

fi(L)()) = [Bj] € Br(L).

By [13, Example 31.21] (see also [3, Theorem 2.4], [20, Proposition 6.10] for
more details), we have an isomorphism between the group of characters of the
fundamental group of G and Inv(G,Br). Using this isomorphism, one easily
checks the following morphism is an isomorphism:

F:@Z/n;Z — nv(G,Br), (k1,....k) =Y kif.
j J

J

By Lemma 6.4 the order of F(k1, ...,k )(U) = >_, k;[A;] in Br(K) is the same
as the order of (ki,..., k) in @, Z/n;Z which is [, m by elementary
group theory. O

We can now obtain a concrete criterion for strong isotropy of S¢ in terms
of C. The proof is inspired by the construction of “generic” algebras in [12,
Definition 4.4].

THEOREM 7.2. The group Sc is strongly isotropic if and only if for some 1 <
J <r there exists (k1,...,k,) € Mc such that:

() : g/

nj H Ns
ged(1 + kj,ny) oy ged(ks,ng)

Proof. By Proposition 3.7 it suffices to show G¢ is strongly isotropic if and only
if for some 1 < j < r there exists (k1,...,k-) € Mc such that (k) is satisfied.
For any (k1,...,k,) € Mc and tuple of algebras (Aq, ..., A,) corresponding to
a torsor in H'(K, G¢) we have by [19, Theorem 5.5]:

ind([4,]) = ind ([4;] + Eks[As]) | scd(1+ kyomy) g ged(ks,ns)”

Therefore if (%) holds for some (k1,...,k,) € Mc then A; is not a division
algebra and G¢ is strongly isotropic by Lemma 5.4 and Corollary 3.4. We
assume (x) does not hold for any (ki,...,k.) € M¢c and show G¢ is not
strongly isotropic. By Lemma 7.1 after extending scalars we may choose a tuple
(Aq,...,A;) of central division algebras such that for any integers ki, ...k,
we have: "

. J
lnd(; kJ[AJ]) - H ng(?’L], kg) .

J
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Choose a basis {(ki1,-..,kir)}i=1,...da for Mc and denote by Y; the Severi-
Brauer variety of A?k“ R ® A?k” forall 1 <i<d. Weput K = k(Y7 x
- x Yy) and B; = (A;)k for all j. Since k(Y) splits AP*" @ ... @ A®kir for
all i, the tuple (Bj,...,B,) corresponds to a torsor in H'(K,G¢). By [21,
Theorem 2.3] we have:

ind((B]) = ged{ind ([A;]+ Do 3 kislAd]) |

ai,...,aqg€ZL
= o xed_ {ind (4] + S klAD}

n N
= ged { J }
(k1o eryeMe  ged(1 + kj,nj) }7:[] ged(ks, ns)
Since (*) does not hold for any (k1,...,k,) € M¢ it follows that B, is a division
algebra for all j and so the torsor corresponding to (Bj, ..., B;) is anisotropic
by Lemma 5.4 and Corollary 3.4. O

It is easy to use Theorem 7.2 to construct examples showing Theorem 1.4 fails
without restrictions on the root system of G.

EXAMPLE 7.3. Let A : G,, — G2, be the diagonal embedding and let p be a
prime . Define G¢ = GL, x GL,2 /C where C' = A(G,,). We have (ki,kz) =
(1,—-1) € M¢ and:
n2 ni _ P’ p
ged(1 + ko, no) ged(ki,n1)  ged(0, p2) ged(1, p

)P

Therefore S¢ = SL,, x SLy2 /A(py) is strongly isotropic by Theorem 7.2. Since
SLy, x SLy2 /A(pp) admits no strongly isotropic simple quotients this shows
Theorem 1.4 fails without the restrictions on the root system.
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