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ABSTRACT. We give a criterion for a nef divisor D to be semi-ample
on a Calabi-Yau threefold X when D? =0 = c2(X)-D and ¢3(X) # 0.
As a direct consequence, we show that on such a variety X, if D is
strictly nef and v(D) # 1, then D is ample; we also show that if
there exists a Cariter divisor D # 0 in the boundary of the nef cone
of X, then X contains a rational curve when its topological Euler
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1 INTRODUCTION

From the point of view of the birational classification of algebraic varieties,
varieties with trivial canonical bundle and mild singularities (in short, K-trivial
varieties) are one of the fundamental building blocks. Hence, their study is
central to the understanding of the structure of algebraic varieties as a whole.
By a well-known result of Beauville and Bogomolov [Bea83], every smooth
variety with trivial canonical bundle can be decomposed, after a finite étale
cover, as a product of abelian, hyperkihler and Calabi—Yau manifolds. For
the purpose of this note, a smooth projective variety X with trivial canonical
bundle is Calabi—Yau if it is simply connected and H*(X,Ox) =0 for 0 < i <
dim X.

One of the central problems in modern birational geometry is the so-called
Abundance Conjecture, see [Koll3, §8.7].

CONJECTURE 1.1. Let (X, A) be a log canonical pair, where A is a Q-divisor.
If Kx + A is nef, then it is semi-ample.
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For K-trivial varieties, the above conjecture is expected to hold in even greater
generality, cf. [Koll5, Conjecture 51|, [LOP18, Section 4] and [LP20] for con-
ventions and a survey of several related conjectures.

CONJECTURE 1.2 (Semi-ampleness conjecture for K-trivial varieties). Let X be
a projective kit variety with Kx = 0. Assume that H*(X,0x) = 0. Let D be
a nef divisor on X. Then D is semi-ample.

The major difference between Conjecture 1.1 for a K-trivial variety and Con-
jecture 1.2 is that the divisor D, while nef, is not required to be effective.
The assumption that H'(X,Ox) = 0 implies that Pic’(X) is 0-dimensional,
which is a necessary condition, as otherwise there would be numerically triv-
ial line bundles that are non-torsion, although one can formulate a version of
the conjecture where semi-ampleness of D holds up to numerical equivalence,
cf. [LP20]. The condition is automatically satisfied for Calabi—Yau manifolds
and simple hyperkdhler manifolds. In the realm of simple hyperkdhler man-
ifolds, Conjecture 1.2 is equivalent to the so-called Strominger—Yau—Zaslow
(SYZ) conjecture, [Verl0, Conjecture 1.7].

While the Conjecture 1.1 is known to hold in a number of cases, e.g., it holds
for projective K-trivial threefolds, so that if D is an effective nef divisor then D
is semi-ample, cf. [KMM94, Corollary, p.100] or [Ogu93], Conjecture 1.2 is only
known to hold in full generality for K-trivial varieties of dimension at most 2.
In dimension 3 and higher, only very few cases of the conjecture have been
verified, cf. [Kol15,LOP1S|.

In this paper, we study some cases of Conjecture 1.2 together with some appli-
cations to other problems on Calabi—Yau threefolds.

The first result that we present is the following theorem quantifying precisely
the possible failure of the Conjecture 1.2 for a nef divisor of numerical dimen-
sion 2 on a Calabi-Yau threefold. We recall, for the reader, that a prime divi-
sor S is said to be orthogonal to a Cartier divisor D if D|g = 0; the numerical
dimension v(D) of a nef divisor D is v(D) := max{h € N | D" # 0}.

THEOREM 1.3 (=Theorem 4.2). Let X be a Calabi-Yau threefold and D a nef
divisor on X with v(D) = 2. Let S1,...,Sy be all the prime divisors on X
orthogonal to D. Let g; be the irregularity of a resolution of S; for each j. If

Cg(X) T
T #T*;gjv

then D is semi-ample.

Theorem 1.3 is a generalization of [LOP20, Theorem 8.5]. The important
improvement in this generalization is that we drop the positivity condi-
tions [LOP20, Theorem 8.5(i)-(ii)] that the authors were using to be able to
carry out certain cohomological computations. Instead, we obtain an uncon-
ditional statement, by showing that those conditions are not needed, via a
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Fujita-type vanishing trick, cf. § 3-4. The ideas and statements that appear
here and in [LOP20] are influenced by early work of Wilson on this topic,
cf. [Wil92, Wil94a).

Conjecture 1.2 is strictly intertwined with the existence of rational curves on K-
trivial varieties, a classically hard problem particularly on Calabi—Yau varieties.
This link is highlighted by the following conjecture due to Oguiso.

CONJECTURE 1.4 ([Ogu93, Conjecture, p.456]). Let X be a Calabi—Yau three-
fold. Assume that there exists a non-trivial Cartier divisor D contained in the
boundary of Nef(X). Then X contains a rational curve.

Indeed, it is not hard to show that if Conjecture 1.2 holds then also Oguiso’s
conjecture holds, as the litaka fibration of the divisor D will contain rational
curves in some fibers, cf. Lemma 2.5. By applying the techniques used for
Theorem 1.3, we are able to prove the following almost complete solution of
Conjecture 1.4, which also complements the main result of [DF14].

THEOREM 1.5 (=Theorem 6.3). Let X be a Calabi-Yau threefold. Assume
that there exists a non-trivial Cartier divisor D contained in the boundary of
Nef(X). If either c5(X) # 0 or the second Betti number bo(X) & {2,3,4},
then X contains a rational curve.

In Section 7, we show also how the problem of the existence of rational curves
on Calabi—Yau threefolds is strictly intertwined with another important conjec-
ture regarding the birational structure and the mirror symmetry of Calabi—Yau
threefolds, the Kawamata—Morrison Conjecture. In this regard, we discuss also
how geometric and cohomological considerations inspired by the conjecture
could be used towards a definitive solution of Oguiso’s conjecture. A differ-
ent point of view on how to connect hyperbolicity problems with the Mirror
Symmetry viewpoint on Calabi-Yau threefolds can be found in [KV20].
Conjecture 1.2 is also intertwined with another conjecture due to Ser-
rano [Ser95]. A strictly nef divisor D on a normal variety X is a nef Cartier
divisor such that D - C' > 0 for any curve C on X. In [Ser95], Serrano conjec-
tured that by twisting a sufficiently large multiple of a strictly nef divisor with
the canonical bundle, one should obtain an ample divisor. On a Calabi—Yau
manifold, as the canonical bundle is trivial, Serrano’s conjecture just predicts
that strictly nef divisors should be ample, in agreement with Conjecture 1.2.
Here, we show an instance in which this principle holds on Calabi—Yau three-
folds.

THEOREM 1.6 (=Theorem 5.2). Let X be a Calabi-Yau threefold with
c3(X) # 0. Let D be a strictly nef divisor on X with v(D) # 1. Then D
18 ample.

The two results above are based on the solution of the following special case of
Conjecture 1.2 for Calabi-Yau threefolds, which can be seen as a corollary of
Theorem 1.3.
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THEOREM 1.7. Let X be a Calabi—Yau threefold with c3(X) # 0. Let D be a
nef divisor with D3 = 0 = c3(X) - D. Assume that there exists a very ample
line bundle H on X and a general member G € |H| of the linear system such
that D|q is ample. Then D is semi-ample.

It is not hard to see that if the conditions D? = 0 = ¢ (X)- D are not satisfied,
then D is semi-ample, cf. Lemma 2.2. Moreover, those implies that numerical
dimension of D is 2, i.e., (D) = 2. A weaker statement had been obtained
in [LOP20, Theorem 1.2]: in their statement, the authors used a strong posi-
tivity condition on a certain sheaf of 1-forms with poles along an ample divisor
and coefficients in D. Hence, we successfully remove their hypothesis from the
statement to obtain a more general result that allows us to obtain Theorems 1.5
and 1.6.

The main idea in the proof of Theorem 1.7 is to use the positivity condition
on the restriction of D to an element G € |H| together with Fujita’s vanishing
theorem 3.1 and the Hirzebruch—Riemann—Roch formula to produce sections
of the nef divisor D.

Finally, if a Calabi-Yau threefold X satisfies c3(X) = e(X) = 2(hM}(X) —
h?1(X)) = 0, then such a X would lie exactly on the axis of symmetry of the
famous “Zoo of Calabi—Yau threefolds”, cf. [KS00, Figure 1|. It is a folklore
conjecture, based on the knowledge of existing models acquired over the past
40 years, that all Hodge numbers of Calabi—Yau threefolds should lie inside
the cup shape appearing in [KS00, Figure 1]. One of the first sources for
this cornucopia of examples to be explored were smooth divisors in the anti-
canonical linear system of a 4-dimensional Q-factorial Gorenstein toric Fano
variety with terminal singularities. By Batyrev’s construction in [Bat94], this
class of toric Fano varieties are completely determined by reflexive polytopes
in dimension 4; Kreuzer and Skarke in [KS00] listed all elements in this class
of polytopes, by means of a computer-aided classification. As a result, we
now know that there are 30, 108 distinct Hodge diamonds for the 473.8 million
families of Calabi—Yau threefolds. Appearing in this list, there are just 136
pairs of Hodge numbers of Calabi-Yau threefolds X with hl'1(X) = h%1(X),
hence, ¢3(X) = 0. Thus, the condition that ¢3(X) = 0 appears relatively rarely
distributed within our current picture of the “Zoo of Calabi—Yau threefolds”.
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2 PRELIMINARIES

Throughout this paper, we work over the complex numbers field C. A scheme is
always assumed to be separated and of finite type over C. A wvariety is a reduced
and irreducible scheme. For notation and conventions, we refer to [KM98| and
[Laz04a, Laz04b].

As mentioned in the introduction, we define the numerical dimension v(D) of
a nef Q-divisor D as

v(D) := max{h € N| D" # 0}.

It is well-known that v(D) > 0, k(D) < v(D) < dim X and v(D) = dim X
if and only if D is big, see, for example, [Nak04]. By Kleiman’s Ampleness
Criterion, it is also well-known that

LEvMMA 2.1. If v(D) = dim X — 1, then DY™X=1. [ > 0 for any ample
divisor H on X.

2.1 CONES OF DIVISORS

We adopt the following notation to denote the various cones of divisors on a
variety X:

e N'(X)g denotes the Néron—Severi R-vector space on X, while N1 (X)g
denotes its dual, that is, the R-vector space of 1-cycle classes modulo
numerical equivalences.

e The effective cone Eff(X) C N}(X)g is the convex cone spanned by the
classes of all effective R-divisor classes on X.

e The pseudo-effective cone Eff(X) C N'(X)g is the closure of Eff(X). The
interior of Eff(X) is the convex cone of all big R-divisor classes.

e The nef cone Nef(X) C N'(X)g is the convex cone of all nef R-divisor
classes on X. The interior of Nef(X) is the convex cone of all ample
R-divisor classes.

e The effective nef cone Nef¢(X) is equal to Nef(X) N Eff(X). It is not
necessarily closed.

e The cone of effective curves NE(X) C Ny (X)g is the closure of the cone
spanned by effective 1-cycles with coefficients in R.
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It is well-known that Nef(X) C Eff(X) and Nef(X) is the dual cone of NE(X),
see [Laz04a, Chapter 1].

2.2 CALABI-YAU THREEFOLDS

We collect here a few basic results on Calabi—Yau threefolds that will be used
in the rest of the paper, cf. [LOP20]. In this subsection, X will denote a
Calabi—Yau threefold.

In this paper, we will use the Hirzebruch-Riemann-Roch formula on a Calabi-
Yau threefold X. If F is a vector bundle on X, then the Hirzebruch-Riemann—
Roch formula is as follows:

X(X, ]:) = %Cl(}—)CQ(X) + é(cl(]:)g — 301(]:)02(]:) + 303(.7:)) (2.1)

In particular, for a Cartier divisor D on X, (2.1) can be simplified to give

(2.2)

It is well-known that on X the second Chern class c2(X) has non-negative
intersection with nef divisors by the Miyaoka—Yau inequality [Miy87]; more-
over, c2(X) # 0, as otherwise X would be dominated by an abelian threefold,
cf. [GKP16].

LEMMA 2.2. Let X be a Calabi—Yau threefold. Let D be a nef Cartier divisor
on X. Then the following hold:

1. D is semi-ample if and only if k(D) > 0;
2. if v(D) =2 and c2(X) - D > 0, then D is semi-ample;
3. if v(D) =1 and c2(X) - D > 0, then D is semi-ample;

Proof. 1. This follows from the solution of Conjecture 1.1 for threefolds
[KMM94, KMMO04].

2. Using the Kawamata—Viehweg vanishing theorem and its generalization
[Laz04a, Example 4.3.7], if v(D) = 2 and ¢3(X) - D > 0, then (D) > 0
by (2.2). The conclusion follows from (1).

3. This is [Ogu93, Main Theorem].
(|

REMARK 2.3. In view of Lemma 2.2, the only case left to consider to prove
Conjecture 1.2 for Calabi-Yau threefolds is when (D) = —oco. As D is nef,
this immediately implies that we can assume D3 = 0.

In the proof of Theorems 1.7 and 1.3, we will use the following result taken
from [Wil94a, Proposition 3.1|, [LOP20, Proposition 3.4]. A generalization of
this result to higher dimensions appears in [LP18, Theorem 8.1].
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PROPOSITION 2.4. Let X be a Calabi—Yau threefold. Let D be a nef divisor
on X with k(D) = —oo. Then there exists a positive integer mg such that

H(X,Q% ® Ox(mD)) =0
for all |m| > mg and ¢ > 0.

The following two simple observations will play an important role in our discus-
sion of rational curves on a Calabi—Yau varieties. These results are immediate
consequences of standard birational geometry results.

LEMMA 2.5. Let X be a Calabi-Yau threefold. Let D be a semi-ample but not
ample divisor on X. Then, X contains a rational curve.

LEMMA 2.6. Let X be a kit projective variety with Kx = 0. Assume that X
does not contain rational curves. Then, Nef(X) = Eff (X).

In particular, Lemma 2.6 holds for a Calabi—Yau threefold.

2.3 NEF DIVISORS AND THEIR NULL LOCI
Let X be a normal projective variety and D a nef Cartier divisor. We study

the set Cp :=={C Cc X | D-C =0, dimC =1, C is irreducible}. We recall
here the following standard general observation.

LEMMA 2.7. Let X be a normal projective variety of dimension 3 and D a
nef Cartier divisor on X with v(D) = 2. Assume that the set Cp is at most
countable. Then for any very ample divisor H on X and for a very general
member G € |H|, D|¢g is ample.

Proof. The proof of [LOP20, Lemma 2.5(b)] applies in this context. O

COROLLARY 2.8. Let X be a normal projective variety of dimension 3 and D
a strictly nef divisor on X with v(D) = 2. Then for any very ample divisor H
on X and for any very general member G € |H|, D|g is ample.

Proof. The result follows immediately from Lemma 2.7 as Cp = () since D is
strictly nef. O

We will also use, particularly in § 6, the following result inspired by [LOP20,
Theorem 2.7].

LEMMA 2.9. Let X be a Calabi—Yau threefold and D a nef divisor on X with
v(D) = 2. Assume that X does not contain rational curves. Then exactly one
of the following conditions holds true:

1) through any point x € X there exists a curve Cy, with D - C, = 0; in
particular in this case D is semi-ample; or

2) the set Cp is at most countable.
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Proof. By the existence and properness of the Hilbert scheme, cf. [Kol96, Chap-
ter I], and the nefness of D, if through a general point € X there exists an
irreducible curve C, with D - C, = 0, then the same conclusion holds for any
point of X. In this case, D is semi-ample by [LOP20, Theorem 2.7(ii)].
Therefore, we can assume that through the general point of X there is no
curve C such that D -C = 0. By the structure of the Hilbert scheme, there are
at most countably many schemes T;, ¢ € I whose general points parametrize
irreducible curves C with D - C' = 0. If each T; is 0-dimensional then prop-
erty 2) in the statement of the lemma holds. Hence, we are left to consider the
case that at least one of the T;, say T7, contains a curve L such that curves
parametrized by L span an irreducible surface S covered by curves parametrized
by L. Then [LOP20, Theorem 2.7(i)] implies that D - S = 0. On the other
hand, we have the following claim.

CrAIM. The surface S is an ample divisor in X.

Proof of the claim. As X does not contain rational curves, Nef(X) = Eff(X),
by Lemma 2.6. Therefore, S is an effective nef divisor on X and S is semi-ample
by log abundance for threefolds. If S is not ample, then X must contain rational
curves, cf. Lemma 2.5, a contradiction to the assumptions of the lemma. [

Lemma 2.1 and the claim imply that D? - .S > 0, which provides the sought
contradiction. |

3 PROOF OF THEOREM 1.7

First let us recall Fujita’s vanishing theorem from [Fuj83a, Theorem (1)]
and [Fuj83b, (5.1) Theorem]|, see also [Laz04a, Theorem 1.4.35].

THEOREM 3.1 (Fujita’s vanishing theorem). Let X be a projective scheme.
Let F be a coherent sheaf and H an ample Cartier divisor on X. Then there
exists a positive integer to = to(F, H) such that

H(X,F®Ox(tH + D)) =0
for alli>0,t >ty and any nef Cartier divisor D on X.

We use Fujita’s vanishing theorem to derive the following vanishing result for a
general coherent sheaf, when we are in the presence of a nef divisor restricting
to an ample divisor along a hyperplane section.

LEMMA 3.2. Let X be a projective scheme. Let F be a torsion-free coherent
sheaf, H a very ample Cartier divisor and D a nef Cartier divisor on X.
Assume that there exists a very general member G € |H| of the linear system
such that D|g is ample. Then there exists a positive integer mq such that

H (X, F®Ox(mD))=0

for all i > 2 and m > my.
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Proof. By Fujita’s vanishing theorem, we know that there exists tg = to(F, H)
such that

HY (X, F® Ox(tH +mD)) =0 (3.1)

for all4 > 0, m > 0 and t > tg. Moreover, we can assume that D|g is ample
for a general G’ € |toH|. In fact, since D|¢g is ample, D is also ample when
restricted to the non-reduced scheme associated to tgG € |toH| by [Laz04a,
Proposition 1.2.16]. Since being ample is an open property along the fibers of
a proper morphism, see [Laz04a, Theorem 1.2.17], the claim follows.

Let us consider the following short exact sequence

0= FR0x(mD) = FR0x(mD+G') = G®Oc ((mD+G)|g) =0,

where G == F/F®Ox(—G’). The exactness on the left follows from the
torsion-freeness assumption for F. The vanishing in (3.1) implies that

HY(G',G ® O ((mD + @)|e)) = H (X, F© Ox (mD))

for all ¢ > 1 and m > 0. Since D|g is ample, by Serre’s vanishing theorem
there exists a positive integer mg such that

Hi(GI, g ® (’)G/((mD + GI)|G/)) = 0
for all i > 1 and m > mg, thus concluding the proof of the lemma. O

REMARK 3.3. When X is a Calabi—Yau manifold of dimension n and F is its
cotangent bundle, we can give a quick alternative proof of the vanishing result
in Lemma 3.2 without referring to Fujita’s vanishing theorem.

In fact, let 7: Y := P(Q4) — X be the projection morphism such that
.0y (1) = QL. Note that Oy (1) is m-ample. Therefore, there exists a fixed
integer t; such that Oy (1) ® Oy (tn*H) is ample for all ¢ > ¢;. Equivalently,
for such ¢, G; := QL @ Ox(tH) is ample. Hence,

H{(X,wx ® G ®detG; @ Ox(D')) =0 (3.2)

for all ¢ > 1 and any nef divisor D’ by [LOP20, Lemma 2.11]. By assumption,
det Q% ~ wx ~ Ox. Therefore, det G; ~ det Q% ® Ox(ntH) ~ Ox(ntH).
Taking ¢ = (n + 1)¢1, it follows from (3.2) that

HY (X, Q% @ Ox(tH + D)) = H(X,wx ® G;, @ det G;, ® Ox(D')) =0

for all 7 > 1 and any nef divisor D’. Taking D' = D + (¢t —t)H then completes
the argument.

Proof of Theorem 1.7. Let us assume by contradiction that D is not semi-
ample. Then, by [LOP20, Proposition 2.2(iv)] and Serre duality, for all s € Z,

X(X, Q% ® Ox(sD)) = (—1)¢ 03(2X>, for ¢ =1,2. (3.3)
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The assumption in the statement of the theorem implies that there exists a
positive integer sg such that for any s > sg

HY(X,Q% ® Ox(sD)) =0, fori>2, ¢=1,2, (3.4)

by Lemma 3.2. Hence, Proposition 2.4 and (3.4) imply that for any s > sg, we
can rewrite (3.3) in the following ways

703(2X) = X(X, Qﬁ( X Ox(SD)) = —hl(X7 Qﬁ( ®Ox(SD)) <0,
# = x(X, 0% ® Ox(sD)) = —h'(X, 0% ® Ox(sD)) < 0.

These two inequalities together imply that c3(X) = 0, which gives the desired
contradiction. O

REMARK 3.4. Let X be a Calabi—Yau threefold and let F be the cotangent
bundle of X. The result of Theorem 1.7 was implicitly claimed by Wilson in
the proof of [Wil94a, Theorem 2.3]. As the proof of Wilson’s claim is sketched
loosely, Lazié—Oguiso—Peternell tried to reprove this result in [LOP20], but
ended up needing to add the extra assumption (i) in [LOP20, Proposition 5.2]
to obtain the desired statement. Our result shows that this assumption is
indeed not necessary.

4 PROOF OF THEOREM 1.3

In this section, we aim to prove Theorem 1.3. The variety X will be a Calabi-
Yau threefold and D will be a nef divisor of numerical dimension 2 on X. Let
us recall that a prime divisor S C X is orthogonal to D if S-D = 0, or,
equivalently, D|g = 0.

A birational morphism ¢: X — Z is said to be a good Calabi—Yau model for a
nef divisor D provided that, cf. [LOP20, Definition 8.2],

e 7 is a Q-factorial K-trivial threefold with canonical singularities;

e the exceptional locus of ¢ contains all and only the divisors orthogonal
to D; and

e D~ ¢* Dy, for some Cartier divisor M on Z.

In the following theorem, we recall the existence of good Calabi—Yau models
ofr nef divisors, proven in [LOP20, Theorem 8.3], together with some of its
immediate consequences.

THEOREM 4.1. Let X be a Calabi—Yau threefold. Let D be a nef Cartier divisor
on X and let Sy,...,S, be the prime divisors orthogonal to D on X. Then,
the following hold:
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1. there exists a smooth Calabi-Yau threefold X' and an isomoprhism in
codimension one a: X --+ X' such that D' := a,. D is nef and X' admits
a good Calabi-Yau model ¢': X' — Z for D’';

2. the orthogonal divisors for D' on X' are given by the strict transforms
S1,..., 8 of S1,...,S, on X'. Moreover, forallj € {1,...,r} the irrequ-

T
larity g; of a resolution of S; coincide with the irregularity of a resolution

of S%.

3. D and D’ are crepant birational: if

Y
q
p
X——-2--5>X

is any common projective resolution of indeterminacies for o, then p*D =
* /.
q D’

4. D is semi-ample if and only if D' is semi-ample; and,
5. c3(X) = e3(X).

Proof. 1. This is [LOP20, Theorem 8.3]. Let us recall that « is con-
structed a = v~ o B, where 8: X --» X' is a minimal model for the
(Kx +€e(30i_;5:)-MMP on X, for 0 < e < 1 and v: X’ — X" is the
terminalization of (X”,0) and D’ = v*8,.D.

2. As at each step of the (Kx +¢(3>";_; S;))-MMP constructing 3, the curves
contracted have intersection 0 with the strict transform of D, then D =
B*B.D. Since B, Y.;_, S; = 0, then X" does not contain any orthogonal
surfaces for D” and the exceptional divisor of «y is given by the sum of
the Si. As D' =~*3,D, then the conclusion follows.

3. Since
D =a«, D =~*B,D, and D= p*B.D,
the conclusion follows immediately from the commutativity of the dia-
gram (4.1)
4. This follows immediately from (3).

5. As X and X’ are isomorphic in codimension one, their Hodge numbers
coincide, cf. [Bat99]; in particular, c3(X) = c3(X').
O

In view of Theorem 4.1, in order to prove Theorem 1.3, we can substitute X
(resp. D) with X’ (resp. D’) and assume that X is endowed with a good
Calabi—Yau model ¢: X — Z for D. Thus, it suffices to prove the following
theorem.
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THEOREM 4.2. Let X be a Calabi—Yau threefold and D a nef divisor on X with
v(D) = 2, such that there exists a birational morphism ¢: X — Z which is a
good Calabi-Yau model for D. Let Sy,...,S, be all the prime divisors on X
orthogonal to D. Let g; be the irregularity of a resolution of S; for each j. If

c3(X) -
T #T*;gjv

then D is semi-ample.

In order to prove Theorem 4.2, we will need the following generalization
of [LOP20, Proposition 8.13]. Let us recall that since ¢ is a good Calabi—Yau
model for D, we can assume, by definition of such model, that D ~ ¢*D .

LEMMA 4.3. Notation as in Theorem 4.2. Fix a resolution 7: Y — X such
that the exceptional set of the morphism w:Y — Z where m :== ¢orT, is a
stmple normal crossings divisor E = 2;21 E; on'Y. Suppose that D is not
semi-ample. Then

HY(Y,Qy (log E) ® *Oz(mDz)) =0
for any ¢ > 0 and m > 0,

Proof. As showed in [LOP20, Proposition 8.13], it suffices to prove the following
vanishings:

(i) H' (2,9} @ Oz(mDz)) = H3(2,0) © 0z(mDy)) = 0 for any m < 0,
(i) x(z, Q[Zl] ® Oz(mDz)) = 0 for all integers m,

(iii) H9(Z, Q[Zl]®OZ(mDZ)) = 0 for all ¢ and all integers m such that |m| > 0,
and

(iv) Rim.Q (logE) =0 fori=1,2.

We only sketch the proof of (i) and (ii), since the proof of the other two is
exactly the same as that in [LOP20, Lemma 8.10 and Proposition 8.13] and
does not use the extra hypotheses in the statement of the proposition. Let us
recall that

0 (log E) ~ Q¥ and  ¢,0% ~ Q! (4.2)
for 0 < p < 3, as in [LOP20, Equation (37)].

(i) As Kz ~ 0, by Serre duality, it follows that for any m € Z,
HY (2,90 @ 0,(mDy)) ~ H?(2,92 ® 07(~mDy)).
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Proposition 4.4 and Lemma 3.2 imply that
H*(Z,92 ® 04(mDy)) =0, ¥m > 0. (4.3)
Hence, the first part of (i) follows by combining these two observations.
The second vanishing claimed in (i) follows instead from the following

isomorphisms

H (2,9} © 07(mDy))

o~ Hom(Q[Zl] ® Oz(mDyz),0z) [by Serre duality]
~ H°(7,92 © 07(-mDy)) [since Kz ~ 0]
~ H'(X,0% ® Ox(—mD)) =0 [by (4.2)]
= 0. [by Proposition 2.4]

(ii) By the same proof as [LOP20, Proposition 8.13, (iii)], we obtain that
X(Z, Q[Zl] ® OZ(mDZ)) is independent of m.

By Proposition 2.4 and (4.2), H°(Z, Q[Zl] ® Oz(mDgz)) = 0, for all
|m| > 0. Moreover, by Proposition 4.4 and Lemma 3.2, for all m > 0,

H (2,09 © 0,(mDy)) =0, i=2,3, j=1,2. (4.4)
Hence, (4.4) and Serre duality, together with (i), imply that

<0 form >0,

2,08 @ 0z (mD
X( z z(m Z>) >0 form <0,

which concludes the proof.
O

Proof of Theorem 4.2. With the mnotation introduced above, the proof
of [LOP20, Theorem 8.5] applies almost verbatim after replacing [LOP20, The-
orem 8.13] with our Lemma 4.3. O

In the proof of Lemma 4.3, we used the following result.

PROPOSITION 4.4. Let X be a Calabi—Yau threefold. Let D be a nef divisor
of numerical dimension 2 on X which is not semi-ample. Assume that there
exists a good Calabi—Yau model ¢: X — Z for D. Let Dy be a Q-Cartier
divisor on Z such that D ~qg ¢*Dyz. Let Hz be a very ample divisor on Z.
Then for a very general G € |Hz|, Dz|q is ample.

DOCUMENTA MATHEMATICA 27 (2022) 1581-1604



1594 H. Liu, R. SvALDI

Proof. We give a proof by contradiction.

Assume that for all G € |Hz|, Dz|g is not ample. By Lemma 2.1, D% -G > 0.
Hence, by the Nakai-Moishezon criterion, for any G € |Hyz| there exists a curve
Cg C G such that Dz - Cg = 0. In particular, as the Hilbert scheme of Z with
respect to the polarizaton given by Hz has countably many components, there
exists a family C of curves that have intersection 0 with Dz on Z, such that
the dimension of C is > 2. Let

Se = U0cz.
cecC

Then dim S¢ > 2.

If S¢ = Z, we show that D is semi-ample, which prompts the desired contra-
diction. Indeed, by taking the strict transform Cx of the general curve C' € C
on X, it follows that X itself is covered by curves having intersection 0 with D
and we can apply then [LOP20, Theorem 2.7(ii)] to prove that D is semi-ample.
The strict transform Cx of the general element C' € C exists, since C covers Z
and so C'x is not contained in the exceptional locus of ¢.

If Se € Z, let S’ be an irreducible component of Sec. Then, it follows
from [LOP20, Theorem 2.7(i)] that

’ _ ro_ =1
v D=0, =g, 5. :
S%-D =0, whereSy :=¢, S (4.5)

This prompts the desired contradiction, since (4.5) implies that S% would have
to be contracted by ¢, by definition of a good Calabi—Yau model. O

5 STRICTLY NEF DIVISORS

Let us recall that a strictly nef divisor D on a normal variety X is a nef Cartier
divisor such that D - C' > 0 for any curve C' on X. In general, a strictly nef
divisor D is not necessarily ample, as shown by many classical example, e.g.,
the examples of Mumford and Ramanujam, see [Har70, appendix to Chapter IJ.
On the other hand, given a strictly nef divisor D on a projective variety X, the
ampleness of D is implied by D being semi-ample, as then strict nefness of D
forces the litaka fibration 7: X — Z of D to be finite.

While, as we have just discussed, we cannot expect strictly nef divisors to
always be ample, the situation is expected to improve if we allow twisting
with the canonical bundle, as it is often the case when working with positivity
properties in algebraic geometry. In this context, Serrano [Ser95] proposed
the following conjecture that aims to bound the distance between ample and
strictly nef divisors once we allow such twisting. This conjecture can be also
thought as a weak analogue of Fujita’s Conjectures, cf. [Laz04a, § 10.4.A], for
strictly nef divisors.

CONJECTURE 5.1. Let X be a projective manifold of dimension n and D a
strictly nef divisor on X. Then Kx +tD is ample for any real numbert > n+1.
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In [Ser95], Serrano showed that Conjecture 5.1 holds in dimension 2, and that
in dimension 3 the only unknown cases are the following two:

(i) X is a Calabi—Yau threefold and c2(X) - D = 0, and

(ii) k(Kx) = —o0, and either the irregularity ¢(X) < 1 or else ¢(X) = 2 and
X(Ox) =0.

A decade later, Campana—Chen—Peternell [CCP08] ruled out the latter case
and proved some partial results for projective manifolds of dimension higher
than 3. When X is a Calabi—Yau threefold and D is a strictly nef divisor, by
Lemma 2.2, we can assume that k(D) = —oo and ¢2(X) - D = 0, which in turn
implies that D3 =0 and 1 < v(D) < 2.

The results proven in the previous sections allow us to prove that Serrano’s
conjecture holds on a Calabi-Yau threefold if we assume that the numerical
dimension v(D) of the strictly nef divisor D is # 1, when c¢3(X) # 0.

THEOREM 5.2. Let X be a Calabi—Yau threefold with c3(X) # 0. Let D be a
strictly nef divisor on X with v(D) # 1. Then D is ample.

Proof. The result follows at once from Corollary 2.8 and Theorem 1.7. |

In the case v(D) = 1, instead, it is possible to prove the following result,
valid for Calabi—Yau varieties of any dimension > 3, which is a special case
of [LP18, Theorem 6.5].

THEOREM 5.3. Let X be a Calabi-Yau manifold of dimension n > 3 and D
a nef divisor on X with v(D) = 1. Assume that there is a singular hermi-

tian metric h on Ox (D) with a semipositive curvature current such that the
multiplier ideal sheaf Z(h) C Ox. Then k(D) > 0.

Note that for a pseudo-effective Cartier divisor D, thus including the case
where D is nef, we can always find a singular hermitian metric h on Ox (D)
with a semipositive curvature current, cf. [Dem92]. In general, it is rather
hard to determine whether the multiplier ideal sheaf Z(h) of the metric h is
contained in Ox strictly or not.

COROLLARY 5.4. Let X be a Calabi—Yau threefold and D a strictly nef divisor
on X. If there is a singular metric h on Ox (D) with semipositive curvature
current such that Z(h) C Ox, then v(D) # 1.

We conclude this section with a final remark on the case v(D) = 1.

REMARK 5.5. Let X be a Calabi—Yau threefold and D a strictly nef divisor
on X with (D) = 1. Then X cannot contain any del Pezzo, K3 or abelian
surfaces.

Indeed, if S C X is a del Pezzo surface, then D|g is semi-ample by the
basepoint-free theorem. As D|g must also be strictly nef, D|g is ample which
contradicts the assumption that v(D) = 1. It is well-known that, on abelian
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and K3 surfaces strictly nef divisors are semi-ample, hence ample; thus, the
same argument as in the del Pezzo case shows that such types of surfaces cannot
be contained in X.

As a consequence of this simple observation, the existence of a strictly nef
divisor D with v(D) = 1 implies that there cannot possibly exist morphisms
¢: X — Y such that:

e ¢ is a birational morphism contracting a del Pezzo surface to a point; or
e ¢ is a morphism whose generic fibre is an abelian or K3 surface.

In particular, there is no nef effective divisor £ on X such that v(F) = 1:
indeed, E would then be semi-ample and its Iitaka fibration would give a fi-
bration in abelian/K3 surfaces, cf. the proof of Lemma 2.5.

Conversely, if there is a contraction ¢ of X as above, then there is no strictly
nef divisor of numerical dimension 1 on X. This type of observation will also
be used in the analysis of the existence of rational curves in the next section.

6 EXISTENCE OF RATIONAL CURVES

Another classical problem in the study of K-trivial varieties is to determine
whether or not they contain rational curves. Existence of rational curves is fully
established only in dimension 2 thanks to Bogomolov and Mumford [MMS83],
while only partial results are known in dimension 3 and higher, as we dis-
cuss below. Even though it is widely believed that every Calabi—Yau manifold
should contain rational curves, already in the threefold case this appears to be
a very difficult problem.

In his study of the birational structure of Calabi—Yau threefolds, Oguiso pro-
posed Conjecture 1.4 which is a weakened version of the classical question on
the existence of rational curves. We recall it here for the reader’s convenience.

CONJECTURE 6.1. Let X be a Calabi—Yau threefold. Assume that there exists
a non-trivial Cartier divisor D contained in the boundary of Nef(X). Then X
contains a rational curve.

The existence of a divisor D satisfying the hypotheses of Conjecture 6.1 is a
rather strong assumption. First of all, it requires that by(X) > 1. It also im-
plies that the boundary of the nef cone contains rational points other than the
origin. The lack of rational points in the boundary of the nef cone is a rather
typical situation if we do not assume that m (X) = {1} or h'(X,0x) = 0 for
0 < i < dim X. For example, the nef cone of an abelian variety contains non-
zero rational points if and only if it admits a morphism to a lower dimensional
abelian variety; in [Ogul4], Oguiso has constructed examples of hyperkdhler
manifolds and of Calabi—Yau threefolds of Picard number 2 whose nef cones
do not contain rational points other than zero in the boundary. Nonethe-
less, abelian varieties do not contain rational curves, while Verbitsky proved
in [Verl5] that hyperkihler manifolds are not Kobayashi hyperbolic provided
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that their second Betti number is > 3. Moreover, the analogous of Conjec-
ture 6.1 is expected to hold also for hyperkdhler manifolds.

In a fundamental series of works [Wil89, Wil92, Wil93|, Wilson studied the
structure of the nef cone of a Calabi—Yau threefold. In particular, he showed
that if bo(X) is sufficiently big (b2(X) > 13), then there always exists a bi-
rational morphism f: X — Y. In particular, this forces the existence of a
non-zero rational point in the boundary of the nef cone of X. Moreover, as
already mentioned in Lemma 2.5, the exceptional locus of f is uniruled, so
that rational curves exist in X. Thus, to solve Conjecture 6.1, we just need to
focus on Calabi—Yau varieties of low Picard rank, that is, of small second Betti
number. Building on the seminal works of Wilson, Diverio-Ferretti proved the
following result in [DF14, Theorem 1.2] which partially solves Conjecture 6.1.

THEOREM 6.2. Let X be a Calabi—Yau threefold. Assume that there exists
a non-trivial Cartier divisor D contained in the boundary of Nef(X) and
ba(X) > 5. Then X contains a rational curve.

We briefly explain some of the arguments contained in the proof of the above
theorem.

By contradiction, if there is no rational curve on X, we can assume that
Nef(X) = Eff(X) and D® = 0 = c2(X) - D, cf. the proof of Lemma 2.5
and Lemma 2.6; thus, we can assume that the cohomology class of D lies on
the intersection between the cubic hypersurface

W :={T € H*(X,R) | T =0} C H*(X,R) (6.1)
and the hyperplane
co(X)t = {H € H*(X,R) | c2(X) - H = 0}. (6.2)

In this case, the Hirzebruch-Riemann-Roch formula in (2.2) implies that for
allme Z,
x(X,O0x(mD)) =0.

It is then not clear in general how to produce sections in any of the linear
systems |mD|. Let W C P(H?(X,R)) be the projectivization of W. If D? =0,
then the point pp associated to D in P(H?(X,R)) is a singular point of W.
Hence, either W is the union of a hyperplane and a conic both defined over Q
and their intersection contains the rational point pp, or W is irreducible. In the
latter case, in turn, projecting from pp to a hyperplane in P(H?(X,R)), then
either W is a rational variety over Q or W is a cone over a cubic hypersurface in
P22 with vertex in pp. This last case cannot happen, as a simple computation
shows that it would imply that the numerical dimension of D is 0. As a
consequence of the above discussion, W contains a dense set of points defined
over Q. As Nef(X) C W, then X carries an elliptic fibration. By Lemma 2.5, X
contains a rational curve.
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When v(D) = 2, in [DF14], the authors carefully analyze the configuration
of W and c¢» (X)L, together with results of Wilson, to conclude the proof of
Theorem 6.2.

We show that when c3(X) # 0 it is actually possible to fully prove Oguiso’s
conjecture. We use the results of § 3 to show that under these assumptions
the divisor D contained in the boundary of the nef cone will be semi-ample.
Hence, by Lemma 2.5, X will then contain a rational curve.

THEOREM 6.3. Let X be a Calabi—Yau threefold. Assume that there exists a
non-trivial Cartier divisor D contained in the boundary of Nef(X). Then, X
contains a rational curve provided that either cs(X) # 0 or the second Betti
number ba(X) # 2,3, 4.

Proof. By contradiction, we assume that X does not contain rational curves.
We distinguish two cases.

CASE 1. We assume that c3(X) # 0.

By the above discussion, we can assume that co(X)-D = D3 =0# D% If X
does not contain any rational curve, then by Lemma 2.9 the set Cp is at most
countable. Hence, Lemma 2.7 and Theorem 1.7 imply that D is semi-ample,
which prompts a contradiction by Lemma 2.5.

CASE 2. We assume that c3(X) =0 and b2(X) # 2,3, 4.

The result follows from Theorem 6.2. |

The material in the next section contains some considerations about possible

strategies to prove the missing cases.

7 KAWAMATA-MORRISON CONJECTURE

In the final section we explain how Conjecture 6.1 is closely intertwined with
another important conjecture regarding Calabi—Yau manifolds, the so-called
Kawamata—Morrison Cone Conjecture, [Mor93, Kaw97].

CONJECTURE 7.1 (Kawamata—Morrison Cone Conjecture). Let X be a Calabi-
Yau manifold and Aut(X) the group of automorphisms of X. There exists a
rational polyhedral cone 11 which is a fundamental domain for the action of
Aut(X) on Nef®(X), in the sense that

a) Nef®(X) = Ugeans(x) 9715 and
b) Int IINInt g*II = @ unless g* = Idn1(x).

Moreover, the number of Aut(X)-equivalence classes of faces of the cone
Nef®(X/Y) corresponding to birational contractions or fiber space structures
is finite.

There is an analogous version of the conjecture involving the birational au-
tomorphism groups and its action on the cone of effective movable divisors
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of X. There is now a fairly extensive literature on the Cone conjecture; for
the case of Calabi—Yau threefolds that we treat here, the most relevant papers
are [LP13,LOP18, FHS21].

The above conjecture predicts that if Aut(X) is finite then the cone on which
that group acts should be rational polyhedral. It follows that, if Nef(X) is
polyhedral, then those divisors contained in the facets of 9 Nef(X) not con-
tained in the hyperplane co(X)% are semi-ample (but not ample). In that
case, X will contain rational curves, by Lemma 2.5. Moreover, assuming Con-
jecture 7.1 holds, Conjecture 6.1 holds in some of the cases that are not covered
by Theorem 6.3, as we proceed to explain now.

We follow the notation introduced in the previous section.

PROPOSITION 7.2. Let X be a Calabi-Yau threefold. Assume that Congjec-
ture 7.1 holds true. Assume that ba(X) # 3,4 and that W is not the union
of the hyperplane P = c2(X)* and a quadric Q of rank ba(X) which does not
contain any rational points. Then Conjecture 6.1 holds.

Proof. We may assume, by contradiction, that X does not contain rational
curves and proceed to a case by case analysis. Thus, by Lemmata 2.5 and 2.6,
Nef(X) = Eff(X), the boundary of Nef(X) is contained in W and it does
not contain any semi-ample divisor D ¢ 0. Let D be a non-zero Cartier
divisor contained in the boundary of Nef(X); thus, D3 = 0 = c2(X) - D. By
abusing notation, we will use D to denote also the rational point in P(H?(X,R))
associated to it, so that D € w.

CASE ba(X) = 2. The hypersurface W C H?(X,R) is a union of three lines,
11,15, 13; one of the lines, say I; is generated by the class of D, as D3 = 0; hence
ca(X )L = [y, while the other two lines, [lo,l3, are defined over a quadratic
extension of Q and are conjugated under the Zs-action of Galois group. As
the matrix M, corresponding to the action of an element of g € Aut(X) on
N!(X)g is defined over the integers, and [; is an eigenspace of eigenvalue 1, then
M, must be the identity as it has to preserve Nef(X). Hence, Conjecture 7.1
implies that Nef(X) is polyhedral, which then implies O Nef(X) ¢ W.

CASE by(X) = 3. Then the possible configurations for the pair (W, co(X)4),
excluding the one in the statement of the proposition, are the following:

1. W is the union of three distinct lines Hy, Hy, H3, while co(X)* is a line;

2. W is the union of a line P and a conic C, and co(X)* is a line. If the
rank of C' is maximal, then C' contains rational points;

3. Wis geometrically irreducible and co(X)* is a line L.

We will show that, in all these cases, the boundary of Nef(X) must contain
a semi-ample but not ample divisor. In case (1) either the three hyperplanes
H,, Hy, H3, are all defined over Q and so the boundary of Nef(X) contains a nef
divisor E with ¢2(X) - E > 0; or, up to relabeling the H;, H; is defined over Q
and H,, Hs are defined over a real quadratic extension of Q and are conjugated
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under the Zg-action of the Galois group. In this case, either Hy # ca(X)™,
so that, again, H; will contain a nef and semi-ample divisor, or the point
pr = Hy N Hs is defined over Q and it corresponds to projectivization of a nef
divisor F' with c2(X) - F > 0, and again we can conclude as above.

In case (2), the boundary of the nef cone is contained in W, hence either P
is tangent to C' and the nef cone is contained in the oval given by the interior
of C, or the nef cone is contained in one of the subsets in which the line P
partitions the oval given by the interior of C. In the former case, then PNC is
a rational point, hence C' is rational over Q and we are done. In the latter case,
if c(X )t # P then P will contain rational points corresponding to semi-ample
divisors. Hence, we can assume that co(X)* = P. Moreover, if C' has maximal
rank and contains a rational point, then we can conclude as above. While, if
rank C' = 2 then C is a cone and its vertex corresponds to a nef divisor D’
with D? =0 # ca(X) - D. Hence D' is semi-ample.

In case (3), as W is geometrically irreducible, it follows immediately that the
action of Aut(X) on the second cohomology embeds in the automorphisms

of the pair (W,CQ(X)#ZW«), that are finite, as W is a cubic hypersurface and

we are furthermore fixing the linear section co(X)*; hence, the finiteness of
the representation of the automorphisms of X on N'(X)g implies that the nef
cone of X is rational polyhedral and in particular there are semi-ample but not
ample divisors on X.

CASE ba(X) = 4. Since we are assuming that the only semi-ample divisors on X
are the ample ones and that c2(X) is not strictly positive on Nef(X)\ {0}, then
[Wil94b, Proposition 2.1] implies that W= QU P C P}, where Q is a rank 4
quadric with no rational points and P = co(X)*. O

To conclude, let us explain how Conjecture 7.1 is also connected to the question
of whether or not Calabi—Yau threefolds are Kobayashi hyperbolic.

By [Bro78], a compact complex space is Kobayashi hyperbolic if and only if
it does not contain any non-constant holomorphic curve f: C — X. A now
classical conjecture of Kobayashi predicts that if a smooth projective variety is
Kobayashi hyperbolic then the canonical class K x is ample on X. In particular,
according to this conjecture, no Calabi—Yau manifold is Kobayashi hyperbolic.
Kobayashi conjecture is known to hold for smooth projective surfaces. In di-
mension 3, the only missing case for the verification of the conjecture is that of
Calabi—Yau threefold, see [Div12] for more details about the state of the art.
It is not hard to see that if Conjecture 6.1 holds then also Kobayashi con-
jecture holds in dimension 3. Even though we are not able to show that if
Conjecture 7.1 holds then also Conjecture 6.1 holds, it is still possible to show
that X is indeed not Kobayashi hyperbolic at least when by > 2.

PRrROPOSITION 7.3. [Divl2, Proposition] Assume that Conjecture 7.1 holds.

Then the Kobayashi conjecture holds true in dimension 3, except possibly if
there exists a Calabi—Yau threefold of Picard number one which is hyperbolic.
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