Ann. Inst. H. Poincaré © 2022 Association Publications de 1I’Institut Henri Poincaré
Anal. Non Linéaire 39 (2022), 1319-1367 Published by EMS Press
DOI 10.4171/AIHPC/32 This work is licensed under a CC BY 4.0 license

Interacting helical traveling waves for the
Gross—Pitaevskii equation

Juan Davila, Manuel del Pino, Maria Medina, and Rémy Rodiac

Abstract. We consider the three-dimensional Gross—Pitaevskii equation
i3y + Ay + (1 —|y>)y =0 fory:RxR3 - C

and construct traveling wave solutions to this equation. These are solutions of the form v (¢, x) =
u(x1,x2,x3 — Ct) with a velocity C of order ¢|log ¢| for a small parameter ¢ > 0. We build two
different types of solutions. For the first type, the functions u have a zero-set (vortex set) close
to a union of n helices for n > 2 and near these helices u has degree 1. For the second type, the
functions u have a vortex filament of degree —1 near the vertical axis e3 and n > 4 vortex filaments
of degree +1 near helices whose axis is e3. In both cases the helices are at a distance of order
1/(e4/[loge]) from the axis and are solutions to the Klein-Majda—Damodaran system, supposed
to describe the evolution of nearly parallel vortex filaments in ideal fluids. Analogous solutions
have been constructed recently by the authors for the stationary Gross—Pitaevskii equation, namely
the Ginzburg-Landau equation. To prove the existence of these solutions we use the Lyapunov—
Schmidt method and a subtle separation between even and odd Fourier modes of the error of a
suitable approximation.

1. Introduction

The aim of this paper is to construct solutions to the Gross—Pitaevskii equation
iy +AY + (1= |y =0 inRxR3, (1.1

for ¥: R x R3 — C. This equation appears in Bose-Einstein condensates theory, nonlinear
optics and superfluidity. At least formally, it possesses two important conserved quantities:
the energy

) =5 [ [venr + 30 - wenrr] o

and the momentum

P = [ v Vv ax,
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where (-, -) denotes the scalar product in R? ~ C. In this paper we are interested in special
solutions called traveling wave solutions. They take the form

V(t,x) = u(xy, x2,x3 — Ct), (1.2)

where u: R? — R,C € R is a constant to be determined and x = (x1,x2,x3) € R3.If v
is defined by (1.2) and solves (1.1) then u satisfies

iCoxu = Au+ (1 —|ul®)u inR3, (1.3)

Traveling wave solutions to (1.1) of finite energy are thought to play an important role
in the long time behavior of solutions; see e.g. [29, 30]. Equation (1.1) is well posed in
various spaces [0, 19,20, 23,43], and in particular we remark that solutions to (1.1) exist
for all time for initial data in the energy space [21,22]. In this article we will construct
infinite energy solutions. To find solutions to (1.3) it is convenient to introduce a small
parameter ¢ > 0 and use the scaling u¢(x) = u(%). We are interested in solutions with
small velocity, namely, we expect the velocity to be of order C = C, = ¢|log ¢| and thus
we set

C = C, ;= celloge| (1.4)

for a fixed ¢ € R. Hence u, is a solution to
ice?|loge|dxue = &2 Aug + (1 — |ug|*)u,  inR>. (1.5)

The motivation for constructing our solutions originates in the study of the following
scaled Gross—Pitaevskii equation:

ie*|logeld, v + 2AY + (1 —|Y[H)y =0 inR x Q, (1.6)

where © is an open subset of R3. Roughly speaking, for initial data whose Jacobian
concentrates near some one-dimensional curve as ¢ — 0, the solution (¢, -) will also
concentrate near some one-dimensional curve that will evolve through the binormal cur-
vature flow; see e.g. [25,27]. For smooth curves parametrized by arc length y(¢, s), the
evolution through binormal curvature flow can be written as

d;y = 05y A 8?57/.

For less regular curves, one can also interpret this flow in a weak sense (see [26]). Exam-
ples of special solutions to the binormal curvature flow are a straight line not depending
on time, a translating circle and a translating-rotating helix. In each of these examples
there exists an associated family of solutions to (1.1). For the stationary straight line, the
associated solution is the standard Ginzburg—Landau vortex of degree 1 in the plane, i.e.,
the solution to

Aw+ (1 —|w®w =0 inR2 (1.7)

which can be written as w(z) = p(r)e'? for some nonnegative real function p with p(0) =
0 and p(+o0) = 1. This can be viewed as a stationary solution to (1.1) in R® which is
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independent of the variable x3. We refer to [7, 8, 24] for more information on w and to
[38—40] for its uniqueness properties. Solutions to (1.1) associated to a translating cir-
cle are traveling wave solutions with small speed (1.4) exhibiting a vortex ring. They are
finite energy solutions and were constructed by variational methods in [5, 9]. Later on,
traveling wave solutions to a similar equation with a vortex ring, the Schrodinger map
equation, were constructed by a perturbation method in [33]; see also [34,41]. We refer
to [1-4, 11-13,35,37] for more on finite energy solutions. Associated to the helix, there
exist infinite energy solutions to (1.1). They are also traveling wave solutions with small
speed, which were constructed by Chiron in [10], by using variational methods. The cor-
responding traveling single-helix solutions to the Schrodinger map equation were proved
to exist by Wei—Yang in [42], where the authors raise the open problem of the existence
of solutions with a vortex set of multiple helices. One of the purposes of this article is to
answer this question for the Gross—Pitaevskii equation.

Once we know that the straight filament is a solution to (1.1), one can also look for
solutions to the GP-equation whose vortex set consists of multiple, almost straight, parallel
filaments. In this case, it is believed that the motion of these n > 2 filaments is governed
by the Klein—-Majda—Damodaran system:

—10; fx(t,2) — 02z fie (1, 2) — sz dx /- sz =0, k=1,...,n, (1.8)
|/ = fil
J#k
where z is the third coordinate in R3 and d;, i = 1,...,n represent the topological degree

around the filament. This system was derived in [32] in the context of fluid mechanics
and studied in [31]. The Euler equation and the Gross—Pitaevskii equation are thought to
share many common properties, in particular with respect to the behavior of their vor-
tex filaments. Recently, Jerrard—Smets in [28] provided the first rigorous justification of
the appearance of the Klein—-Majda—Damodaran system as a limiting problem for vortex
filaments of the Gross—Pitaevskii solutions. More precisely, they proved that for well-
prepared initial data, the vortex set of solutions to (1.1) converges, as & — 0, towards n
almost parallel filament solutions to the Klein—-Majda—Damodaran system. In this work,
only degree d; = +1 was considered. This follows an earlier work on the interaction of
vortex filaments for the Ginzburg-Landau equation by Contreras—Jerrard [14].

The result in [28] is based on variational arguments, and therefore only finite energy
solutions are considered in cylindrical domains of the form w x R, where w C R? is
bounded, with periodicity in the third variable. The finite energy condition is not a natu-
ral hypothesis for nearly parallel vortex filaments in the entire space, since the standard
Ginzburg—Landau vortex of degree 1 has infinite energy in R2.

In this paper we consider an important family of explicit solutions of system (1.8)
given by rotating and translating helices of degree 1. More precisely, for n > 2 we consider
the solution to (1.8) given by

21(k Dr A n—1

felt.z) = de'E e , k=1,...,n, ford :=

,wherev < 1. (1.9)
-V
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The curves in R3 described by z + (fx(t. z), z) are helices arranged with polygonal
symmetry.

Our goal in this paper is to construct a family of solutions to (1.5) whose vortex set
is close, as & tends to zero, to the helices (1.9). The solutions we construct look like a
product of standard vortices of degree 1, i.e., the solution to (1.7), centered at f (¢, z), in
the planes perpendicular to the vertical axis e3. The solutions we construct are periodic in
t and z, just as the helices (1.9). In addition, we obtain a refined asymptotic description of
the solution, not available in [28].

We denote by (7, 8, x3) the usual cylindrical coordinates.

Theorem 1. For each n > 2 and for every —oo < ¢ < 1, there exists g9 > 0 such that for
every 0 < & < gg there exists ug which solves (1.3) with C = ce|log g|. The solution u,
can be written as

n

ug(r,0,x3) = l—[ w(reie - dgei€x362ik”/”) + @e,

k=1
with
M
l@ellLee < ——  for some constant M > 0,
|log ]
and dy := —2— with d, = % + 0g(1).

&4/ |loge|
Remark 1.1. The corresponding solutions to (1.1) given by Theorem 1 are
n

Iﬂg(t,x) — 1_[ w(reiQ _ dseiS(X3—c8|log8|t)62ikﬂ/n) + ¢s(X1,X2,X3 . C£‘|10g8|[).
k=1

Furthermore, thanks to the symmetries of equation (1.3) we can see that for all constant
400 > ¢ > —1 there exists a solution 7. to (1.3) with C = —cel|loge]| if € is small enough.
This solution can be written as
n
e 0.x3) = [| w(re® — dpe %2k 4 G,
k=1

with

[PellLe < for some constant M > 0,

~ |loge

d . —1
dyi= ——— withds = | —— + 04(1).
e+/|loge| l+¢

Our result extends the pioneering work of Chiron [10] to the case of two or more
interacting helical filaments. In [10], a solution with a single helicoidal vortex filament
was built by a subtle constrained minimization procedure.

and
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We can also consider the solution to (1.8), which consists of # + 1, with n > 3, helices
of degree 1 rotating around a straight filament of degree —1:

do=—1,  dp=+1, k=1,....n+1,

2i(k=1)7

fott,z) =z, felt.z) =de'C™e it | k=1,....n+1,

ford := ,/%=2 where v < 1.

Theorem 2. For each n > 3 and for —oo < ¢ < 1, there exists ¢g > 0 such that for every
0 < € < g there exists ug which solves (1.3) with C = cel|log g|. The solution u, can be
written as

n+1
ug(r,0,x3) = w(reie) 1_[ w(reie - dgei€x362i(k_l)”/(”+l)) + @e, (1.10)
k=1
with
M
lgellLe < ——  for some constant M > 0, (1.11)
|log ]
and dg := de_ \ith de = /=2 + 0,(1).
1—c €

&4/ loge|

Linking with fluid mechanics, we point out that helical solutions to the Euler equations
have been built recently in [16]. The solutions constructed in Theorems 1 and 2 are coun-
terparts of solutions with helical interacting vortex filaments constructed in [15] for the
Ginzburg-Landau equation. Indeed, our strategy is to look for a solution of (1.5) which,
at main order, resembles

n

ua(r.6.x3) = [ w(feie - dseixae”k”/") (1.12)
&
k=1
for Theorem 1 and
ro n+1 o ) )
ug(r,0,x3) = w(—e’0> w(—e’e - dge’“ez’(k_l)”/("H)) (1.13)
€ €
k=1

for Theorem 2. Although these approximations do not fully possess helical symmetry,
we can show that e "3uq4(r, 0, x3) are screw symmetric. Since the Gross—Pitaevskii
equation is invariant by screw symmetry, we can take advantage of this fact to reduce the
problem to a two-dimensional problem.

In order to construct our solutions via a perturbative approach and a Lyapunov—
Schmidt argument, the strategy is the following: we first compute the error of our approx-
imation, then we develop a linear theory for a suitable projected problem and we use
a fixed point argument. Finally, we adjust the parameter d, to find an actual solution to
(1.1). Here a major difficulty appears: the error contains terms of order O(|loge|™!) which
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are orthogonal to the kernel of the linearized operator. Hence the vortex-location adjust-
ment, which arises by multiplying the equation by the kernel of the linearized operator
and integrating by parts, takes place at order O(e+/|log ¢|). This is much smaller than the
size of the nonlinear terms which, in concordance with the size of the error, is of order
O(|log e|~2). To be able to conclude we need to use a careful decomposition of the pertur-
bation in “even” and “odd” Fourier modes and to show that this decomposition is respected
by the nonlinearity of the equation. The even part of the decomposition will be of order
O(|log e|™1), whereas the odd part will be of order O(e+/|log ¢|). By symmetry, the even
part and the nonlinearity applied to this even part are orthogonal to the kernel and thus do
not play any role in the reduction argument. The same difficulty arises in [15] where, for
pedagogical purposes, only the case of two vortices was considered. In the present article
we treat in detail the general case of n vortices. A novelty of this work compared to [15]
is that the traveling wave effect makes the problem more delicate since the remote regime
changes substantially. The derivation of the reduced equations is more subtle for the same
reason. The analogy discovered here may be regarded as a three-dimensional parallel to
that between stationary Ginzburg—Landau vortices and Gross—Pitaevskii “vortex pairs”
[6,11,36], where substantial technical work is needed to handle the traveling wave effect.
More precisely, we have to deal with the new term i C dx,u in the Gross—Pitaevskii equa-
tion. We check that the new error created by this term when applied to the ansatz is small
enough, has sufficient decay and the same is true for its even and odd parts. We also prove
that we can obtain good linear estimates for the linearized Gross—Pitaevskii operator.

The paper is organized as follows. In Section 2 we explain the use of the screw-
symmetric invariance of equation (1.3) and the approximation to reduce the problem
to a two-dimensional problem. Then we look for a solution to (1.3) under an additive-
multiplicative perturbation of our approximation. This is nowadays usual in equations
with complex-valued unknowns presenting a vortex structure (this special form of the
perturbation was first devised in [18]). In Section 3 we compute the error of the approxi-
mation and estimate its size and decay properties. We also consider the size of the “odd”
and “even” Fourier modes separately. Section 4 is devoted to the analysis of the linearized
projected problem and the nonlinear projected problem. Here we use elliptic estimates and
the Fredholm alternative for the linearized problem and the Banach fixed point theorem
for the nonlinear problem. In Section 5 we study the reduced problem, i.e., we justify
that we can cancel the Lyapunov—Schmidt coefficients arising in the previous section. The
reduced problem is solved by a continuity argument.

2. Formulation of the problem

2.1. Reduction to a two-dimensional problem

As a first step to prove our theorems we will reduce the problem to a two-dimensional one
by using a screw or helicoidal symmetry. For convenience, we use cylindrical coordinates,
ie., (r,0,x3) € RT x R x R and we consider 2m-periodic functions in 6.
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Definition 1. We say that a function u is screw symmetric if
u(r,0 + h,x3 +h) = u(r,0,x3)
for any & € R. Equivalently,
u(r,0,x3) =u(r,0 —x3,0) =: U(r, 0 — x3).

Writing the standard vortex of degree 1 in polar coordinates, i.e., w(re'?) = p(r)e'?,
we can see that the approximations u, defined in (1.12) and (1.13) satisfy

ug(r,0,x3) = ™3 uy(r,0 — x3,0).

That is, uy is not screw symmetric but i 4 (r, 0, x3) := e_i"x3ud(r, 6, x3) is, which sug-
gests looking for solutions u of (1.5) in the form

u(r.60.x3) = " 2U(r.0 — x3),
where U:RT x R is a 27r-periodic function in the second variable. Denoting U = U(r, s),
this corresponds to asking U to be a solution of
2( a2 1 1., 2 : 2
e (a,,U + =0, U + 03U + 0,U = 2ind,U —n U)
—icllogel|e?*(inU —3,U) + (1 — |[UPP)U =0,

or, in rescaled coordinates, to finding a solution V(r, s) := U(er, s) to the equation

1 1
7,V + =8,V + 582,V + &85,V —2indsV —n’V)
r r
—icllogele®(inV —dsV)+ (1= V)V =0 2.1
inRt x R.
From now on we will work in the plane R2, and we will use the notation z = x; +
ix, = re'S. We denote by A the Laplace operator in two dimensions, meaning

1 1
A=0d , +0%,, =0, + ~0r + —92

x1X1 2 0ss
and then equation (2.1) can be written as
AV + 292,V —2ind,V —n?V)
—iclloge|e?(inV — V) + (1 —|V[>)V =0 inR2. (2.2)
In the new coordinates we will write the approximation in general form as

nt

Vaz) = [Jwe—-&) [0 -&). (2.3)
k=1

j=1
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withn =:nt —n~. For Theorem 1 we will take nt =n,n~ =0 and §]+ = d, e2im-D/n
whereas for Theorem 2 we will take nT =n + 1, n~ = 1, Sj+ = d e2m(=D/(n+1) gpq
& = 0. Here
d
dy ' = ——— (2.4)

8\/|10g8|’

for some new parameter c?s = 0(1).

2.2. Additive-multiplicative perturbation

Let us define the solution operator
Sw):=Av+ SZ(B?SU —2nidgv —n?v) —icllogele?(inv — d5v) + (1 — [v|*)v, (2.5)
so that the equation to be solved can be written as
S(v) = 0. 2.6)

Recall the notation z = re’ = x; +ixz and A = 92 . + 02, . Notice that when using
the coordinates (x1, x3), equation (2.6) is posed in R2, while if we use polar coordinates
(r, s), the domain for (2.6) is r > 0, s € R with periodicity.

Following del Pino—Kowalczyk—Musso [18], we look for a solution to (2.6) of the
form

v=nVy(1+iy) + 1 —n)Ve'?, 2.7)

where V; is the ansatz (2.3) and ¥ is the new unknown. The cut-off function 7 in (2.7) is
defined as

Nz =Y mlz—§&D+ Y mdz—&D, zeC=R> (2.8)
k=1

j=1
and n1: R — [0, 1] is a smooth cut-off function such that
n()=1fort <1 and n(t) =0 fort > 2. 2.9

The reason for the form of the perturbation term in (2.7) is the same as in [18]. On one
hand, the nonlinear terms behave better for the norms that we consider when using the
multiplicative ansatz, but near the vortices, an additive ansatz is better since it allows the
position of the vortex to be adjusted.

We would like to rewrite (2.6) into an equation in ¥ of the form

L) =—E+N({),

where £° is a linear operator, E is the error of the approximation and N (1) groups the
nonlinear terms. However, we expect ¢ := i V; ¢ to be a smooth function which does not
necessarily vanish near the vortices. Hence ¥ = —i¢/V is not a distribution in general
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(although it is a function in C®(R? \ {£;, &, }) itis not an L (R?) function). Thus the

loc
global problem we want to solve will take a separate form near the vortices and far away

from them. Given two real numbers a, b, with a < b, we define the set
Bl = Ujmrmtlz e Cra<|z—§ | < bl}}
U{Uker,n{z€Cra<|z—£| < b}
and B® := BY.

Lemma 2.1. Let ¢ € €% (R?). Then there exists a small c%nstant po > 0 such that, if
¢l Loor2) < po. the function v = n(Vg + ¢) + (1 —n)Vge e is a solution of S(v) = 0,
where S is defined by (2.5) if and only if ¢ satisfies

nLo(¢) + (1 —=n)iVaL'(y) = —E + N(¢). (2.10)

where Y = % and

Lo(¢) := A + &2 (05,¢ — 2nidsp — n’@)

—icllogele®(ing — ds¢) + (1 —|Val*)p —2Re(Vad)Va. (2.11)

L'(Y) = Ay + 2%‘1w 20|V Im(y) + az(afsw + 23;? gy — 2in8S1p)
+ iclloge|e®d,y, (2.12)
E:=S(Vy), (2.13)

N(@) := —(1 = n)iVali (V¥)? +ie2(@59)? — i |Va > (e 2™ — 1 4 2Im(y))]
— M(¢), (2.14)

where M () is a smooth function of ¢ which is a sum of terms that are at least quadratic,
localized in the area n # 0. Furthermore, M(¢) is a sum of analytic functions of ¢ multi-
plied by cut-off functions and

IM($)| < Cll¢lIg 52 (2.15)
if |V@llLee + |@llLee < Co for Co small enough. Finally, if ¢ = iVa,
Lo(@) =iVaL'(y) +iEy inR*\{E". &, j=1,....nT, k=1,....n7}. (2.16)

Remark 2.1. In the lemma above and in its proof below, the function ¥ = % is used
only in the zones where (1 — 1) does not vanish, i.e., only far from the vortices. In these
zones, ' is a distribution because ¢ is a distribution in R? by assumption, and Vy is a

smooth function which does not vanish far from the vortices.

Proof of Lemma 2.1. We follow [13, Lemma 2.7]. We start by proving (2.16). This can be
seen in the following computation, valid in the sense of distributions, far away from the
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vortices:

Lo(iVay) = AiVay) + (1 = [Va )i Vay)
+ &2[02,(iVay) — 2nid5(iVay) —n*(iVay)]
—iclloge|e?[in(iVay) — 05 (i Va¥)] — 2Re(i V¥ Va)Va
= i[AVy + (92, Va — 2nid5(Vy) — n*Vy) —icllogele®(inVy — 05Va) ¥
L%

v, s
iV [Aw + ZT:IW + sz(afsw +2 Vdd Ay — 2nas¢)

+ ic|10g8|82831p]
+ (1= [Val)iVay) +2[Val? Im(¥) Va
=iEy +iVyL'(¥).
Now we decompose
S(v) = So(v) + S1(v),

with

So(@) := Av + (1 = [v]P)v,
o(v) 22( I!) o o 2.17)
S1(v) := &°(05,v —2nidsv —n-v) —icl|logele“(inv — d,sv).

For the rest of the proof we set
= Va(l+iy —e¥) in{(1—n) 0}
Since v = n(Vy + ¢) + (1 — n)Vze'V with ¢ = iV, we have

Av = n(AV4 + Ag) + (1 = AVze'V) +2Vn[VVy +iV(Vay) — V(Vae'V))
+ An(Vg + iVay — Vge'V)
= n(AVg + Ap) + (1 — D) (AVze'Y + VaAe'V) + 2V, V()
4+ 2VnVe 4+ Ant
= n(AVg + Ap) + (1 — n)(AVze'V + V(i Ay — (V)2)e'V +2iVV,;Vye'V)
+2VyVE + AL,
By using that far from the vortices, A¢p = A V) =i AVgy +iVa Ay 4+ 2iVVyVy,
we can write
Av =+ (1 =) AVy + Ap) + (1 = eV [-Va(Vi)? — i AVgy]
+2VyVE + AL, (2.18)

We then set A := V; 4+ ¢ and B := Vye'V (B is defined far from the vortices), thus
v=mnA+ (1—n)B and

(I—|Pv=>1-InA+A-nBI*)(nd+ (1 —nB)
= [1-7n*|A]*> — (1 —n)?*B|* —2n(1 — n) Re(AB)]|(nA + (1 — ) B).
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We want to make the terms (1 — |A|?)A + (1 — n)(1 — | B|?) B appear. Hence we write

(1= P = (1 = [AP) A + 1411 = 1P)[AP* = (1 = n)?[ B> —2n(1 — n)Re(4B)]
+(1-n(1~|B*)B
+(L=mB[(1 = (1= n?)BI> - ?|A]> = 2n(1 — n) Re(AB)].

We factorize (1 — n) and write

(1= v*)v =n(1 =[A)A+ (1 -1 —|B|*)B
+n(1=m[(1 +nAJA — (1 —n)A|B|]> —2nARe(AB)]
+n(1=m[2—nB|BI> = nB|A]> = 2(1 — n)BRe(4B)]
= (1 =44+ 1 -1 —-|B*)B
+n(1 —n)[A|A]* + 2B|B|* — A|B|* — 2B Re(AB)
+ n(A|A]> — B|B|* + A|B|* — B|A]?
—2ARe(AB) + 2BRe(AB))]
= (1 —[A)A + (1 —=n)(1 = |B*)B + n(1 — n)[Fi(4, B) + nF»(4, B)],
where F(A, B), F»(A, B) are real analytic functions of A and B and vanish for A = B.
Since, in the zone where n(1 — 1) is nonzero, A — B = { we can write
(1=[oPP)v =01 —|AP)A+ A -n( - |B*)B
+1(1=n)[LG1(9) + CHi(P) + n(§G2(9) + (Ha ()],
where Gy, G,, Hy, H, are real analytic functions of ¢ satisfying |H; ()|, |G;(¢)| <

C(1 + |p| + |e?]),i = 1,2, where C > 0 is a universal constant. Since 4 = V; + ¢ we
have

(A= AP)A=1=Va+ ) (Vi + ¢)
= (1= |Val> = 1¢|* = 2Re(Va)(Va + ¢)
= (1= |Val)Va —2Re(Vap)Va + (1 = [ValP)¢ — 191> (Va + ¢)
—2Re(Vi9)¢. (2.19)

We also have, when (1 — 1) # 0, B = Vze'V and
(1—|B»)B = (1—|Vze'V|»)Vye'?
= (1—|Vg[Pe V) Ve’V
= (1= [Val)VaeV +2|V4)? Im(y) Vae'?
Vg PVael Y (@) 1 4 2 1Im(y))
= VaeV[(1 = [Val?) + 21Va* Im(y)
—ValP (2™ —1 4 21m(y))]. (2.20)
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We use relations (2.19) and (2.20), along with 2|V, |2 Im(y) = —2Re(Vz¢), to obtain

(1= =0+ =)A= |Vi*)Va—2Re(Vap)Va + (1 — [V [*)$]
— (191 (Va + ¢) + 2Re(Va¢)¢)
+ (L=eV [[VaPVa(e ™% — 1 4+ 2Im(y)) — (1 — |V41*)¢]
+ (1 = [G1(¢) + LHi(9) + n((G2 () + LHa(9))]- (2.21)
We add (2.18) and (2.21) to see that
So(v) = (n+ (1 —ne'?)
x[(AVg + (1= ValP)Va) + Ap —2Re(Vap)Va + (1 — [Va ") ]
— (91> (Va + ¢) + 2Re(Va¢)9)
+ (A —n)iVye'?
<[00 = Sy =iV R~ 1 2m() - (1= Vo ]
+ (1 = [LG1(¢) + LHi () + n(EGa(¢) + LHa ()]
+2VnVE + Ant. (2.22)
Similarly, we compute
S1(v) = n[S1(Va) + S1(@)] + (1 — ) S1(Vae')
+ (8283577 —26%nidgn + icllogele?dsn) V(i +1—e'V)
+ 262 0mds (I Vay + Va — Vae'?)
= n[S1(Va) + S1(¢)]
+ (1= e [$10Va)

85 Vd
|Z

+in(EZa§sw+2 Bsw—ZinBSw+ic|10g£|528s1ﬁ)
+ ingzi(aswf]
+ (e202,n — 26%nidyn + iclloge|e?d;n)¢ + 2625105 L.
By using that, away from the vortices,

S1(P) = S1(iVay)

,V,
= iSIVa) + iVa (220 +2%

d ds¥ —2indsy + icllog 8|€2351//>,
Vi

we obtain

Si(w) = (n+ (1= me)[S1(Va) + S1(9)]
+ (1= me'V[iVaie*(s9)* — iS1(Va)¥)]
+ (6202, — 26%ni gy + i c|log ;) + 262 0,1ds L. (2.23)
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Putting together (2.23) and (2.22) we deduce that S(v) = 0 if and only if
(1 + (1= meM)[S(Va) + Ad + S1(¢) — 2Re(Vad)Va + (1 = |Val|*)¢]
—1[lp1>(Va + ) +2Re(Vag)¢]

(1= miVae™ [i (V)2 + 12 @59 = Va2 2P~ 1+ 21m(y)) - S(Vvdd)W]
+n(1=[(G1($) + LH1(p) + n((Ga(9) + {Ha ()]

+ (An+ 202, —2&%nidgn + ic|10g8|8285n)§

+26%05105¢ +2VyVE = 0. (2.24)

We then divide the previous equation by 1 + (1 — n)e’¥. This term does not vanish if
iVa ¥ || Loor2) is small enough. Indeed, n + (1 — ne¥ =14+ (1 —n)e'¥ —1) and

wherever 1 # 1, V; is a smooth function which does not vanish. Hence || < % <

Cll¢llLoo®zy With ¢ = iVgyr. Thus (1 — )|’V — 1| < C(1 = )[¥| < Cllp |l Lo®2).-
We observe that
(1- n)ei‘” eV —1
=1-n+n1-n

n+ 1 —mev N+ (1—meV’
Thus, (2.24) becomes
. n 2 7
E+ Lo(p)— (1 =n)iS(Va)y — m(w (Va + ¢) +2Re(Va9)9)
+ (L= n)iVali(V)? +ie*@59)* — [Va (e 2™ — 1+ 2Im(y))]
+ Mi(¢) =0, (2.25)
with E defined by (2.13), Lo defined in (2.11) and
eV —1 . - .
Mi(¢) :=n(1 - ﬁ)m{—lS(Vd)T/f + iVa[i (V) +ie?(0s9)?
— [ValP (€™ —1 4+ 2Im(y))]}
n(1—n)

T (e [S01@) + THI@) + n(6G2(9) + LHa(4))]

N An + €292 — 2&%nidsn + icllogele?dsn . 2VnVE + 2e23s‘r78s§
n+ 1 —mnev n+ (1 —mne
We note that M (¢) is nonzero only when 7(1 — 1) # 0. Furthermore, we can check that
My(@)] = CIY 11 g2, = ClONZ (g
Now we use (2.16) and we obtain that S(v) = 0 if and only if
E +nLo(#) + (1 —n)iVaL'(y)
+ (1= miVali(VP)? +ie2@0s9)> = Va2 (72 — 1 + 21Im(y))]

n 2 — _
o a e 8 Va +9) +2Re(Vag)g) + M(@) = 0. (2.26)
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Noticing that
n B (1—me¥ (- n) 1=V
n+(—ne? g+ d-pev T TV A e
we write

E 4+ nLo(¢p) + (1 —n)iVaL'(y)
+ (1= iVa[i(V)? +ie?@s9)? — Va2 (e 2™ — 1 4+ 2Im(y))]

+n(I¢1*(Va + @) + 2Re(Vad)p) + M1 () + Ma(¢p) =0, (2.27)
where
My (¢) :==n(1 - )i(lqﬁlz(V + @) + 2Re(Vi9)9)

The same arguments used for M;(¢p) show that M5 (¢) is nonzero only when 1 <7 <2
and when n # 0 and

Hence, by defining M (¢p) := M1(¢) + M>(¢) and
N@) := (1= n)iVa[i(V¥)? +i2@s9)* — [Va* (e 2™P) — 1 + 2Im(y))] + M(9),

we obtain that S(v) = O if and only if E + nLo(¢p) + (1 — n)iVy L' () — N(¢) = 0 with
N satisfying the desired properties. |

From the previous lemma, the problem we need to solve is
nLo(iVay) + (1 —n)iVyL'(y) = —E + N(¥) inRT xR. (2.28)

With some abuse of notation we call

L) 1= nLoGVay) + (1 —MiVaLl' (). ¥ = % (2.29)

2.3. Another form of the equation near each vortex

In order to analyze the equation near each vortex, it will be useful to write it in a translated
variable. Namely, we define

. §]+ forj =1,...,n",
7 E,401:=0 ifn~ =1 (i.e., the case of Theorem 2).

We recall that d is given by (2.4). Denote Z := z — §; and the function ¢; (Z) through the
relation

¢ (@) =iw@)Y(2). [Z] <d;. (2.30)
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That is,
Va(z)

w(z —§)

Hence, in the translated variable the unknown (2.7) becomes, in |Z| < d,

iVa(@)Y(z) = ¢j(Z)a;(z), wherea;(z) 1=

¢j (2 i(Z
v(2) = ;) (W@ + ;) + (1= mEE)[er® —1 - %D

We recall from (2.13) that £ = S(Vy). For ¢;, ¥ linked through formula (2.30) we define

Lo(Vay)(z)  E(2)
6@ V@)

$; (2), (2.31)

Li($)(E) = iw@L'W)E+§) =

_ Lo(¢;(D)a;(2)) _ E(2)
a;(z) Va(z)

¢;(2)

with L defined by (2.11).
Let us also define

SH(V):= %V + %a,v + rizassv + &2(0%,V —2nidsV —n?V)
+ice?|loge|(dsV —inV),
S3(V) =02,V + ;a,v + rizamv + &2(0%,V —2nidsV) + ice*|log e|ds V.
Notice that
E(z) = Sa(ajw) + (1 — |w]?|e; [P wey,

where we assume o; and w are evaluated at z and Z respectively. Thus, using the equation
satisfied by w,

E =wS> () + (1 — |w|2|aj|2)ozjw +2Vo;Vw + 28283aj83w +a;S3(w)
= wS3(a;) —n?e*wa; + c|logele?najw + (1 — |w|?|oj|*)ajw + 2Ve; Vw
+ 262050 05w + a; [e2(02,w — 2ni dsw) + ice*|log e|dsw — (1 — [w|*)w].
This allows us to conclude that
L (¢5) = Lo(¢y) + €285y — 2inds¢; —n’¢y) + icllogele® (9s¢; — ings;)
+2(1 — |oj|*) Re(@;)w

B ( Va; Vw 4 2g2 ds0j Osw g (02w —2nidsw) N ics2|loga|8sw
o w o;
2.2 2 Va, 2050
— 1262 4 ne?|log 8|)¢,’ +2-Yvg +2:25% 5 0. (2.32)
’ o o ’

Let us point out that, for |Z| < d,

laj (2)] =1+ Oc(e*|logel), Va;(Z) = Oc(ey/|loge|), Aa; = Oc(*|loge]). (2.33)

With this in mind, we can see that the linear operator L]"’- is a small perturbation of L.
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2.4. Symmetry assumptions on the perturbation

Writing z = x; +ix; = re's it can be seen that Vy satisfies
— 2im
Va(x1,—x2) = Vg(x1,x2) and Vg(ent z) = V4(2).

These symmetries are compatible with the solution operator S defined in (3.1): if
S(V)=0and U(z) := V(—x1, x2), then S(U) = 0, and the same happens for U(z) :=
V(x1,—x2). Thus we look for a solution V satisfying

V(x1,—x2) = V(x1.x2),  Vlent z) = V(2).

which is equivalent to requiring

Y1 —x2) = —P(x1.X2).  Ylent z) = Y (2). (2.34)

3. Error estimates

The aim of this section is to compute the error of the approximation V; given by (2.3).
With this purpose, we divide the solution operator S given in (2.5) into three parts:

1 1
Sa(V) = (af,v + =0V + 53 V) L=V,

28

Sp(V) := 2(32,V — 2indsV —nV), 3.1
Sc(V) := —ic|loge|e?(inV — dsV).

Notice that S, corresponds to the solution operator for the Ginzburg—Landau equation in
two dimensions. Likewise, S; represents the effect of the symmetry of the construction
and S, the effect of working with a traveling wave in the Gross—Pitaevskii equation.

For simplicity we denote

w'(2) = wz—§N). w/(2):=w(—§).
wk(z) = wz—£), w()=wE-§),

i.e., we use the letters i, j for the vortex with degree +1 and k, [/ for the vortex of
degree —1.

We will expand the error terms for the general case of V; given in (2.3), so that they
can be used for other constructions with a different number of filaments. Nevertheless,
the estimates proved in the lemmas of this section correspond to the cases n~ = 0 (see
Theorem 1) andn™ = 1, §; = 0 (Theorem 2).
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3.1. Size of the error S, (Vy)
Computing the gradient of the approximation
nt n- n- nt
V=Y vu' [Jw [To*+ ) va* []o' []w'.
i=1 jEi k=1 k=1 I#k  i=1

we deduce

Vy = (niAw"]_[wf +§:Zwivw’ I1 w'”) ﬁwk

i=1 JF# i=1j#i m#i,j k=1
nt n—
+23 > vw'var [Jw/ []o*
i=1k=1 A I#k
n- nt
+(ka1—[ S Y vatval ] @ )Hw
k=1 1k k=11%#k me#k,l i=

Thus we can write

S0 S pa e

i=1 k=1 i= 1];&1
Vw Vw Vw Vik
Ly Ve 253 =)
k=11#k i=1k=1

Recalling that w solves (1.7) we find

Sa(Va) = Vd{ =Y =)= (- P)
i=1 k=1

+(1-

nt n~
[TITw'a"

)+ Ly

i=lk=1 i=1j#i
+ - .
Vw Vw — — V! Vigk
+ Z P DD w—ﬁ} (3.2)
k=11#k i=1k=1
We will use polar coordinates centered at £, &  » namely
z— §]-+ = rjeief, z—§& = ree'%. (3.3)

Hence we can write
J — +y Noili — . ,00;
w _w(Z_Sj ) = p(rj)e'™ = pje'™,

B(z = &) = plri)e % = pre™'%.

S
|
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We have
io— i0i( Pj Jo— it . Pj
wi, =e ,@cos@,-—z:sm@,- , wy, = €'V (p) sinb; +17C050j ,
JPk ; ]Pk (34
wle — ¢ M0k </Ok cos Oy + i — sin 9k> wfgz = ¢ itk (p;c sin 0y — i == cos Gk)-
Tk Tk
Hence
wl wl = ei(9i+9z){p pj cos B cos O — pj—pllsmé? sin 6;
Ty
P} p1 P} p;
—i(j— cos 0 sin 0 + L sin 0 cos 91)}
ry rj
wl wl = ei(ngrel){p}p} sin 6; sin 6 — Pi pll cos ; cos 6
Ty
0 p1 /
+z(— sin 6; cos 6; + ﬂsmGl cos 0; )}
ry rj
and
vw! Vw/  piei 1 ! P;
: . :(ll )cos(9—9)+ (p, ——)sm(Q—@)
wt o w/ pip;  Tilj pirj  Pjri

Vik vio! / 1
St =(ka’ —) cos (B — ) — i (L P _ Pl LLY sin(6 — 0.
w* w Pk P1 r PkTk  PITk

On the other hand,

wi ok = ek){p P}, cos 6; cos O +

o Wy, X sin 6 sin Ok

rifg

’ ’o

+ i(pipk cos 0; sin O — PiPi cos 0 sin 9,-)},
143 ri

Pi Pk

Tilk

cos 6; cos Oy

| = i (6; 6, e .
WS, Wy, = 'O k){pipk sin 6; sin O +

/ / .
—i(pipk sin 6; cos 0 — PiPi sin 6 cos Hi)},

Tk i

Vw! Vigk . (/O;p;c

! / o
i +—) cos(6 — i) +i (L + p—") sin(6 — 6;).
whw Pi Pk rilk Pilk PkTi

Therefore, we can write the error as

Suv) = a - S - i) - Z(l Wi -[TTeef 69
i=1 i=1k=1
PP Pr PN
+ZZ($—E> cos(6; _0)+l(p,rj _T]Vz) sin(6; — 6;)

i=1j#i
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+ Z Z(pkpl )cos(Gk —6) —l( P _ Pt )SIH(Qk —6r)

= ll;ék PLPL  TkTI PkT1  PITk

— (0} P o
+2ZZ( iPk )cos(e ek)+z( i +—")sin(9k—e,-)}.

i1y PiPk rz k Pilk  Pkti

Let us define the total number of filaments as
N:=nt4+n",

and for simplicity denote

_ e . +
=& forj=1,...,n",
Ey =0 ifn— =1,
and rje’% :=re’s —&;, j =1,..., N.Notice that N will be n* and n* + 1 for Theorem

1 and Theorem 2 respectively.

Lemma 3.1. Let us denote E, == S,(Vy), with S, and V; defined in (3.1) and (2.3)
respectively. There exists C > 0 such that

| EallLo(r, <3y < Cev/|logel,
IVEa|Lo(r;<3) < Cey/|logel,

Writing Eq = iVg R, = iVg(R) + iR2), in the region ﬂ;y:l{rj > 2} we have

N N
| 1
Rl < 3 Ve g gty o oy evilose]
j=1

J j=1 J

forallj =1,...,N. (3.7)

(3.8)

)

N
vr2 <y evlioeel

J

N
e+/|loge|
Rl=<C) ==
i—1 J

Furthermore,

N I
|R2|<CZ( llog efe)” |VR2|<CZ(8 llog ))” forall0 <o <1,

1+r 2 i iz 1—I—rj3 o
in ﬂjvzl{rj > 2}.
Proof. Suppose n~ = 0. By symmetry it suffices to work in the angular sector
0 = {Z eC:z=reé, r>0,s¢ [—n—+, n%]} (3.9)

where we have

rj > dg sinnl+ > Ce+/|loge| forall j # 1.
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To estimate the error near the vortex £ we use expression (3.2) and the fact that from
Lemma A.1 we know

1
+O0(r; 4) and 0 = = + O(rj_4) for j # 1.
J

pj =1~ o 2
Far away from the vortex &1, i.e., in {r; > 2} N ©y, we use (3.5) and Lemma A.l again.
Note that to estimate the imaginary part R2 the dominant terms are of the form 1/(ry7;)
for r; # 1. Since r; > r; we can say that

1 (8\/|10g8|)0.

=

1

=

rirg T oryor? rie
The estimates for the gradient follow in the same way. The case n~ = 1 analogously
follows by dividing the space into the regions closer to every vortex. ]

3.2. Size of the error Sy (Vy)

We first note that
n
Vi < Osw;
7ain D
d i=1 j
N
8§sVd_n2:8§sw Za Uk Zzaw,aw, ZZBwkawz
Vi w; Wy Wy

8s wk

) (3.10)
k=1

j=1 J k=1 J=114#j k=11#k
AR Osw; 8 wk
2 Rkt R\ 3.11

and

dswj = (357 p; +1pjds 0,)e'%,
02wy = (92,770} + (9s7)?p] + 20571 p}00; + ip; 02,6 — p; (356;)%)e™® .

Thus we find, after reorganizing the terms,

Sp(Va) 2 Fj zpk
82Vd Zassj +(85 J) _+;assrkpk+(8r)

nt n- 2 nt n-
- (Zasej - Z asek) + 2n(Zas0j -y axek) -
= — = =
nt n~

+223r13rj—+223rk8r1 +ZZar,ark

Jj=1l=j k=11#k J=1k=1
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j=1
n- ,0/ n- nt

+ Zzasrk—k(ZaSG, — > 056 —n)}
k=1 PEN TS j=1

We compute the derivative with respect to the variables (r, s) of r;, 6}, rg, 6. Note that

+i{Za Za 9k+z_jzasrj /(Za 0 — Za ek—n)

rjeief = re's §+ (re'=%) |§j+|)ei“’f,

(3.12)
and hence
rP=r’— 2r(g | cos(s — ¢)) + |§j-+|2,
rjcos(0; — ;) =rcos(s — ;) — |§l+|,
rjsin(f; — @) = rsin(s — @;).
With the help of these relations we arrive at
dsr; = |€; | sin(8; — ¢;),
+)2
2y = |§j+| cos(0; —¢;) + —— cos*(0; — ¢;),
J
+
; (3.13)
0s0; =1+ i| cos(0; — ;).
Tj
+ 2 +2
92,0 ——E n(0; — ;) — |€ | sin(6; — ¢;) cos(6; — ;).
rj j
Analogous expressions hold for &, . Using the factn = nt —n~ we observe that
nt n- 2 nt n-
—(Z 056 — Y asek) + 2n(Z 056; — > asek) —n?
j=1 k=1 Jj=1 k=1
gy 16 | 2
= - Z ——cos(0; —¢;) — Z cos(br —r) ), (3.14)
n r] 143
Jj=1 k=1
nt n~ 7| nt |§-+
Zafﬁj — Z 32,6, = (Z 2k sin(Or — gx) — Z - sin(f; — (p,))
i=1 k=1 k=1 'k j=t 7
€+|2
—ZZ sin(f; — ¢;) cos(8; — ¢;)
j=1 'J
& 17
+2 Z >— sin(Ox — ¢x) cos(Ox — @), (3.15)
k=1 Tk
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> 0560 — Za 6 —n _Z E’ lcos(e Z cos(@k—<pk) (3.16)
=1

We can now estimate the size of this part of the error by taking

~

d .
|E+|:d€:m foralllfj §n+,

g =2in(j ~D/n. l&1=0. ¢ =0.

We find
Se(Va) sm(9 ®j)
= 0; — Sy — %)
&2Vy ellog 8|1/2 Z( cos( @) = rj )
d—82 i(p—},sinz(ﬂ—go-){—(i—L)cos (9'—<p-))
&2|log ¢ el R ripj rj /

1 .
—2i - sin(8; — ¢;) cos(8; — (pj)i|

j

a'A2 cos(6; goj)cos(é?l 1)
25y e

2|log €| iy

B A Aty
pj i

J=11#]
27 17 sin(6 <Pj)COS(91—<ﬂ1)P}}

+2iZZ poes

Lemma 3.2. Let us denote Ey, = Sp(Vy), with Sp and V; defined in (3.1) and (2.3)
respectively. There exists C > 0 such that

(3.17)

C .
IEpllLoer;<3) < Toge]’ IVEp|Looqrj<3) < Toge| forj=1,...,N.

| )

Furthermore, writing Ep = iVaRp =iVy (Ré + iRZ), in the region ﬂ;vzl{rj > 2} we
have

|log€|j=1 r; el i
N N
C 1 1
|R}| < Y . IVRY| < 2—3
|10gs|j:1 r; log |]:1 r;
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Proof. Applying the properties of p; stated in Lemma A.1 to the identity (3.17) it easily
follows that

C
Epllroo0 < —) E
IEslL <3 = o] VEp| Lo (n<3)—-“0g8

Thanks to Lemma A.1, to prove the estimates far from the vortices the only difficult term is

sin(6 — ¢;)
1/2 Z ri

|log € |
Notice that in the region 3 < r; < 2/(e|log &|'/?) we directly obtain

|A < ¢ L
|10g8|1—}-rj2

Finally, in the case r; > 2/(¢|log £|'/?) we use the fact r sin(s — ¢;) = r; sin(8; — ¢;) to
write

- e L 5 s -

and the result follows by expanding

roo1 2 de d?
— = - — —————=¢os(s — ¢; 0(—‘9),
r7 o rZelloge|l/? (s =)+ r3
and noticing that
nt
Zsin(s —@;) =0,
j=1
since & j+ are the jth roots of unity. ]

3.3. Size of the error S.(Vy)

Using the equality in (3.10) we deduce

+ - -

Se(Va) < 3srjp} < Srkpk i
- 056, — Y 056k —n ). (3.18
in082|]0g5| Z . +Z Z P sk —n ( )

j=1 Pj k=1

and applying (3.13) we get

Sc(Vd)
iVjce?|logg|

nt / n- ,
. pj o P
=Y _IEsin(6; — )L + Y l& | sin(B — pp) =

. (Z 1§ 1 cos(8; —¢j) Z || cos(6) — gok)). 519)

i T
j=1 J k=1 k
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Lemma 3.3. Let us denote E. := S.(Vy), with S and V; defined in (3.1) and (2.3)
respectively. There exists C > 0 such that

[ EcllLoeq<3) < Cey/[logel,
||VEC||L°°(rj<3) < Cey/|logel,

Furthermore, writing E. = iVgR, = iVg(R! + iR?), in the region ﬂj-vzl{rj > 2} we
have

forevery j =1,...,N.

|R!| < Ce/|loge] Z = I[VR!| < Ce/lloge| Z = (3.20)

j=1 Ty j=1 Tj
|R?| < Ce+/|loge] Z— |[VR?| < Cey/|loge] Z s (3.21)
j=1 ] j=1 ]

We also have

N
|R?| < C(e+/|loge)’ Z = IVR2| < C(e |1ogg)"zr — (3.22)

j=1 / j=1

forevery0 <o < 1.

Proof. The estimates for E. near the vortices and (3.20) follow straightforwardly from
(3.19) and Lemma A.1. To see (3.22) we divide the analysis into two regions. Assume
rp=min{r; : [ =1,....,nT}1f2 < r; <2/(¢ellog g]'/2), from (3.19) we obtain

(8|10g8|”2)"
2 o
J

|R?| < forevery 0 <o < 1.

If rj > 2/(ellog €|'/?), using that r cos(s — @;j) = rjcos(6; — ¢;) and proceeding as in
the proof of Lemma 3.2 we conclude

(8|10g8|1/2)“

|R2|<—_ S forevery 0 <o < 1.
I
J
The estimate for the gradient follows analogously. ]
We define o
Rei= ——, (3.23)
e|loge|

with ap > 0 a constant to be determined later. Note that |log R.| = |loge|(1 4+ 0(1)) and
R, « d. We also define the norm

N
Irllex =D I Vahlica, <3)

j=1

N -1 N -1
+ sup [|Re(h>|(zr,.—2+ez) +|Im(h>|(2r;2+°+gv 2) ]

rj>2 - _
1<j<N =1 J=1
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N -1
+ sup [Re(h)]a,glz/z(z)( 2 sjrz—“)
2<|z—&j|<2R; j=1

1<j<N
N —1
+  sup [Im(h)]a,B,@(Dz—éjl‘”") : (3.24)
2<|z—&;|<2R; ji=1
1<j=N

where r; = |z = &;|, || fllcepy = | fllcox(py and

W O =)
p D=0

[flap = — (3.25)
x,yeD |)C - y|
x#y
k .
1 llckapy := Y ID? fliLew) + [D* fla.p- (3.26)
j=0

This norm will be the appropriate setting on the right-hand side of the problem in order
to prove the invertibility result stated in Proposition 4.1. Its precise form is determined by
the decay of the error terms, as we identified in Lemmas 3.1, 3.2 and 3.3. Putting these
together we can summarize the size of the error of the approximation measured in this
norm in the following result.

Proposition 3.1. Consider R defined as S(Vz) = iViR, with S and V; given by (3.1)
and (2.3) respectively. Then

R < —.
IRllee = o

3.4. Decomposition of the error

Recall the notation in polar coordinates z — £ = r;e'% , with £ defined in (3.6). We can

decompose a function % satisfying h(z) = —h(z) in Fourier series in 0; as
0 .
h=>Y o, (3.27)
k=0

KET (1, 6;) = K57 (rp) sin(k6)) + ih57 (rj) cos(k6,). W7 (). W5 (rj) € R,
and define

Wl = "o el =y Rk

k even k odd
Let RR; denote the reflection across the line Re(z) = Re(§;). We have

Rjz =2Re(§;) —Re(z) + i Im(2). (3.28)
Then h¢/ and h®/ have the symmetries

W (Rjz) = hod (2), W (Rjz) = —hed (2),
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and we can equivalently define
ho(2) = 3[h(z) + h(R;2)], b (2) = 3[h(z) = h(R;2)]. (3.29)

It is convenient to consider a global function 2° defined as follows: we introduce cut-off
functions 7n; g as

n.r(2) == m (lz SJ'), (3.30)

where 771: R — [0, 1] is a smooth function such that n;(¢) = 1 for¢t < 1 and n;(¢) = 0 for
t > 2. Consider R, given in (3.23), and 9 > 0 a small fixed constant so that R, < %ds.
For any s1: C — C we define

N
=Y mirh®. h®i=h—h°. (3.31)

We introduce the new semi-norm

N N -1
|hlgg == IVahlcoaq,<ay + sup [IRe(h)I(Z"j_l)
ot 2<rj<R; j=1

1<j<N

N -1
+|1m<h)|(zr;l+ff) ] 632

j=1
with 0 < a, 0 < 1 constants to be chosen later. This semi-norm is devoted to identifying
some elements of the error with less decay but smaller size than the general term measured
in the norm || - ||. This observation will allow us to obtained a more refined a priori estimate
(see Proposition 4.2), which will be a key point in the fixed point argument performed in
Proposition 4.3.

Lemma 3.4. Let V; be given by (2.3) and denote S(V;) = E = iVi R. Then we can write
R=R°+ R, R°=R°+R°
with R° defined as in (3.31) and R°(R;jz) = R°(z) in Uj; Brp, (EJTF),

~ C
[R|lsx < Cev/llogel,  [|R®[lx + [|R®[laxe <

&
Viloge|’ - = |logel|’

Proof. From Proposition 3.1 we immediately obtain

|R|y < C

IR [l + 1R [lax <

~ lloge|’

Forevery j € {1,...,n"} we define

—~d,e Zsm(el p)  2d? Zsmwl ¢1) cos(t — 1)

|logs|1/2 llog e] 4 rf

d? cos?(6; — ¢r) cos(6; — 1) cos(Or — @)
] +2
i |10g8|{2 ZZ Tk }

rf I=1 ke

RjZ
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and, according to (3.29) and (3.31),

| S ~ < .
R = J[Rj(2) + Rj(R;2)l.  R%:= /;nj,ReR””,
with 75, g, given in (3.30) and R, in (3.23).
We can check that |R%/ |gs < Ce+/[log e|. This is because, when looking at the vortex
Jj.r1 = 0(1/(ey/|logel)) for I # j. Thus
n+ n+

|R0|:m< max ||n,Re||LooZ|R”’|m<Z|R”’f|un<
j=1 j=1

Ce
loge|

Now we define R° := R° — R°. We recall that R® = (S“(VdHS’;%"HSC(Vd))O. It follows
from Lemmas 3.1 and 3.3 that

H (Sa(Vd) + Sp(Va) )"
iVy
On the other hand, using (3.17), we find that

Cey/|loge].

k%

(Bliy e

sin(0x — @x) cos(6; — @1)
—zm{uo zz k
=1/=1

PkT1

.[uogswz Z cos(ek — %)

d2 nJr p//
( —k sm2(0k — o) + W 0052(9k — %k)

[log ¢

nt sin(Ox — @) sin(0; — 1)} !

2. Pk P '
k=11#k

From the last expression we can obtain that

< Ce+/|loge|.

k%

() -k

In order to see this we use that, for j fixed, expressions of the type
7 /

p—sm2(9 —(p,)—}—p—cos 6; — ;)
Pj TjPj

do not appear in the odd decomposition, whereas for k # j a similar expression with j
replaced by k has the desired size since r, > C(g+/|loge|)™!. This concludes the proof.
(]
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Lemma 3.5. Let V; be the approximation given by (2.3), and Sy and S, the operators
defined at (3.1). Then, for every 1 < j < nt, we have

Sp(Va) _ d wizxz(rjei(gj_wj)) dee w){l(rjei(gj_wj)) o
Vi  |loge| wl (rjel =) llog & wi (rj el @—e)) B

Se(Va) _ . » wi, (e )
= TARIC=DN G]!
Vy fedaellogel w/ (rje' =) o

with
Re/ wl, ., (rje" @) (rj e O = 0, (3.33)
B(§,R:)

and

Re/ wj(rjei(ef_“’f))Gl{w,f; (rjei(ef_“’f)) = 0<L>,
B(E.R,) 1

V|loge|

Re/ wj(r]~e"(9"‘_"’-"))Gg15){1 (rjei(ef_"’-")) = O(L>
B(£,R:)

v/ [log e

Proof. Let us fix j, 1 < j <n™. Using Lemma A.l, from expression (3.17) we can
identify the principal terms and write

Sp(Va) _ de [P}’ 2 Pj >
= — sin“ (6 —(p)+(———)cos O —¢j)
Va lloge| L p; T N 2 SR
p;
+ 2i (—J - —2) sin(6; — ¢;) cos(6; — (pj)]
rjpj
dee P sin(6; — ¢;) -
————| L cos(f; — -——]—i—G’,
|10g8|1/2[r]- (0 —¢j) —i v
which is the same as
Sp(Va) _ de whe(ye'®700) - dee wh (5O
Va lloge| wJ(r;el®—%)) /|loge| w/ (rje' =) b-
Likewise, from (3.19) we can divide

SV R /. 1 j
M = icd.e /|logs|<& sin(6; — ¢;) +i—cos(8; — @j)) + G/
Vv, Pj T

~ wj r~ei(9j_¢j) .
=icdge/ |loge|M + G/.

w/ (r/ gi(gj_q’j))

Finally, (3.33) holds using the formulae for w){l, w){zxz, the evenness of cosine and the
oddness of sine. [ ]
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4. A projected problem

For the sake of simplicity, in this section we will restrict ourselves to the case of Theo-
rem 1, thatis, nt = n and n~ = 0. The case of Theorem 2 follows with straightforward
adaptations.

The final goal of this section is to prove existence of a solution to the projected problem

e _ . n’ Iijxl(Z—é'jJr)
L) =-E+N@)+ lVd;{cj iw(z—§")
; —&F
JgX].wXZ(Z Ej } in R2,
(= &) . @.1)
_ _ . . Pz +§)
Re/]R2 ADjwy, = Re/ﬂ;2 Xpjwx, =0 with ¢;(z) = lw(z)m,
j=1,....,n",

¢ satisfies (2.34),

where £? is defined in (2.29) and N is defined in (2.14) and

+
|z| lz =&
x(z) = n1(7>, xj(2) = n1<T’>,
with 71 a smooth cut-off function such that n; () = 1ift < land n;(¢) = 0ifzr > 2.
To do so, we will start by considering a linear projected version. Indeed, given a func-
tion / satisfying the symmetries (2.34) and with an appropriate decay, our first aim is to
solve the linear equation

. M pwn =D pwn (- &)
LE(p) = iVyh+iV, ! J 2 J
(p) = iVyh+i d;{c] oG —5h) e R

_ _ _ Pz + )
- - () = () E TS ) 4
Re]B(o,4)X¢ijl Re /13(0’4))(¢ij2 0 with ¢;(2) zw(z)in(Z +€j+),

} in R?,

¢ satisfies the symmetry (2.34).

We remark that the elements wy,, wy,, iw are the basis of the kernel of the linearized
Ginzburg-Landau operator around the standard vortex w in a natural energy space; cf.
[17]. A priori we should also add the projections on the elements iy, w(z — & ]7") and
require an orthogonality condition with respect to i y; w(z — & j+). However, thanks to the
symmetry assumptions (2.34), the orthogonality condition with respect to iw(z — & ]T") is
automatically satisfied. Furthermore, also thanks to these symmetry assumptions and to
the symmetry of the operator £°, we can see that the projections onto i yjw(z — & 17") are
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equal to zero. Indeed, if

1 XJ wx, (2 — Sl+) 2 Xi Wx, (2 — EJ

ot
L) = iVah +iVa ) fc] - 2 L+t
,=1{ iz —&) iw(z— &) |
since £°(¢)(Z) = £4(¢)(z) and x;(Z) = x;(z) we find that
nt nt
Y@ == cx@)
j=1 j=1
and then c = 0 for all j =1,...,n%. Next we notice that, by (2.34), the Lyapunov—

Schmidt coefﬁc:1ents c 2 1<j 5 nt are all related and we can work with only one
coefficient.

Lemma 4.1. Let ¢ be a solution to

LW (2 = 5+) Cz)(jwn(z_gf)}
zw(z—E;L) / iw(z—éjr) '

£5(p) = iVgh +iVy Z{

with ¢ = iV and | Y|« < +00 and assume that W and h satisfy (2.34). Then all the

; 1.2, ] 1
coefficients ¢j, cj can be expressed in terms of ¢y only.

Proof. Since V; (eil%z) = V;(z), and the cut-off function 7 defined in (2.8) also satisfies
this property, it can be seen that

EE[p(ent 2)] = L5(p) (e ).

Indeed, we can write £%(¢) = nLo(¢p) + (1 —n)iVyz L' (), with ¢ = iVzy, Lo defined

by (2.11) and L’ defined in (2.12). For the Laplacian part in the operators Lo and L’ it is

well known. The other terms involve the 1dent1ty operator or are differential operators in

the angular variable s. Multiplying by e i3 the variable z amounts to making a translation

in the s variable, and hence the differential operators in s respect the symmetry.
Furthermore, noticing that

en+z—E+ (z — +1)e%

we have w(e%,z - SI'") —ent w(z — j+—1) and, using formulae (3.4),

2im

wx1(€"+2—§+) =er

(coS(ZZ)wxl(z —&h - sin(z—’i)wxz(z ~&)),
wxz(er - g;r) =o' (Sin(li—z)wxl(z - f;';'_l) + cos(i—i)wm(z - S;’_l)),
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2in
where the indices are taken modulo nt — 1. Since ¥ (e »* z) = v(z), we must have

+ 2iz + 2z +
< Iijxl(e”JrZ_Ej)_'_ 2)(ij2(en+z—§-‘j)}
; c*

Z{CJ

=1 iw(eiijﬂz—éf) ! iw(e%fz —§]-+)
nt . _ gt . —_ gt

_ Z{C} X_/.wxl(z E, ) +c]2x].wx2(2 E, )} @3
) iw(z &)

and this implies that

cos(2%)  sin(3)) (¢} _ ¢l
—sin(2F)  cos(3%) ¢t ct .

Hence all the coefficients can be expressed in terms of ¢], ¢7. But now we can use the
symmetry with respect to the horizontal axis. It can be seen that

£5(¢)(2) = £°(¢)(2).

and thus, since ¢ (Z) = ¢(z), we have

+ — —
S HwnG—E) L pwn(E—§)
Z Cj iw(z_gg-+) +Cj iw(z_é-i-)
j=1 J J
+ — —
“ 1 X Wxy (z - SJ+) 2 XjWxs (z - SJ+)
=29 e ey 9 e g
j=1 J J
Using that wy, (Z) = Wy, (z) and Wy, (Z) = —Wx, (2), we conclude that necessarily ¢ = 0.
Thus all the coefficients can be expressed in terms of ¢ only. ]

Remark 4.1. For Theorem 2 we also need to consider the vortex of degree —1 at the
origin, corresponding to the case n~ = 1 and &, = 0. That is, the right-hand side of (4.2)
has to be modified to

inh+in|:C?wal(Z) oxwxz(z)

iw(z) 2 jw(z)
2 KW (2 — £ zx./wxz@—é,*)H
+;{C' G-t 7w

As in the previous case, if ¥ satisfies (2.34) it follows that ¢ }, cf can be expressed in terms
2im
of ¢! only. By using the symmetry v (e »+ z) = /(z) we can also see that ¢? = ¢J = 0.

Recall the notation given in (3.6). Writing ¢: C — C as ¥ = 1 + iy, we define,
given o, 0 € (0, 1),

N
1l =D IVa¥llczag;<s) + 1¥1llix + [V2ll2.x.

j=1
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where
N N -1 1
Wille =3 1W1lliog,on +  sup |w1|(Zr;1) + sup (L1091 ]+ 10:911)
j=1 2<rj<2 j=1 r>11¢
1<j<N
N ~1
+  sup |D2w1|(zrj_2)
2<rj<R; j=1
1<j<N
N -1
+ sup [Dzl/fl]a,Bz/z(Z)(Z |Z _€j|_2_a) s
2<|z—&j|<R¢ j=1
1<j=<N
N -1 N —1
[Wallzw = sup |wz|(Zr;2+° T eH) + sup |w2|(2r;2+")
rj>2 j=1 2<rj<2 j=1
1=j=N 1<j<N
1 1 N —1
+sup( g el + g uval) +sup D2yl 30r2)
o1 g2—0 r gl—o s 2<r, <R, ; J
° 1<j<N
N —1
+  sup [Dzl/fz]a,Bz/z(z)(Z |z - €j|_2+“) :
2<‘Z—§j|<R£ j=1
1<j=<N
We also recall the definition of the norm || - ||«« given in (3.24). Indeed, given a control
on the right-hand side measured with || - ||««, the norm || - ||« provides the best decay we

can expect for the solution i (for both real and imaginary parts) and its derivatives, as the
following proposition states. Thus we can establish the following invertibility result for
problem (4.2).

Proposition 4.1. If h satisfies (2.34) and ||h||«x < +00 then for ¢ > 0 sufficiently small
there exists a unique solution ¢ = T,(iVzh) to (4.2) with |||« < 0o, where ¢ = iVy.
Furthermore, there exists a constant C > 0 depending only on o, 0 € (0, 1) such that this
solution satisfies

[V« = CllAl .

The proof can be found in Section 4.1. This result allows us to solve a nonlinear pro-
jected problem, following the usual scheme of the Lyapunov—Schmidt reduction methods.
However, the a priori estimate in Proposition 4.1 is not enough to solve the reduced prob-
lem. More precisely, due to the large size of the error of the approximation in the norm
| - |l+% (which is of order |log e|~!; see Proposition (3.1)), a fixed point argument would
give a ¥ too large, making it impossible to choose the parameter dAE so that the Lyapunov—
Schmidt coefficient cll in (4.2) vanishes.

To overcome this difficulty we will need more accurate a priori estimates, relying on
the symmetries of the error and the function ¥ . Indeed, the largest part of the error can
be seen to be orthogonal to the kernel (see Lemma 3.5) and it will not play a role in the
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reduction step, which allows us to refine the estimates according to its symmetry, in the
spirit of Lemma 3.4.

Let us consider ¥: C — C and the relation z = p; el 4+ g 7. We can decompose ¥ in
Fourier series in 6; as in (3.27) and define

yo = Yoy gl = Yy

k even k odd

The idea behind making this decomposition is that 1€/ is large but orthogonal to the
kernel near &; by symmetry, while ¥/ is not orthogonal but small. With RR; given in
(3.28), we have

YOI (Rj2) = YT (2). Y (Ryz) =~ (o).

and we can equivalently define

v () = @) + v (Rio)). v () = L) —v(R;2)]. (4.4)

Let R, and n; r be from (3.23) and (3.30). We consider a global function y° defined as

N
P BUTAES 2
j=1
which represents the odd part of i around each vortex £;, localized with a cut-off function,
and corresponds to the small part of .
This part arises from terms in the error R° that are small, but decay slowly, so we need
to estimate it in norms that allow for growth up to a certain distance. Namely,

N

Vg = D llogel " [Vavllcrae, <3y + [Wiles + [V2lia,
j=1

where

N -1 N -1
Wil = sup. [I%I(erlog(ZRs/rj)) +1vunl( 1og<2Rs/r,->) }
<rj< & - =1

=1 =
1<j<N / J

(4.6)

N -1
ala = sup [val+ 19w (X0 o g rn )| @
12N /=t

with o € (0, 1). The norm | - |4 is built in correspondence with the norm | - |g4 which
estimates the odd part of the error of the ansatz. With the help of this norm we can establish
precise estimates on the odd part of .
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Proposition 4.2. Suppose that h satisfies the symmetries (2.34) and ||h||x« < 00. Suppose
furthermore that h° defined by (3.31) is decomposed as h°® = h° + h°® where |h°|gy < o0
and h°, h° satisfy

ho(Rjz) = ho(z). h°(Rjz) = ho(z)., |z—&j|<Re. j=1,....N,

and have support in ij:l Byr,(&)). Let us write Y = ¢ + vy with ¥ defined by (4.5).
Then there exists C > 0 such that ¥° can be decomposed as y° = Iﬁ" + ¥°, with each
Sfunction supported in Uj-vzl By r, (§j) and satisfying

1901y < C(1R%1g + ev/Tlog el (17° [lan + I1h = %[lxx)),  (4.8)
1791l < ClR® [las, (4.9
190 + 11921 < € (1llx + 1% |sx + 17 ] 4s)

and

VOR2) = ¥°(2), YRz =v°(), lz—&|<Re, j=1,....N.

4.1. First a priori estimate and proof of Proposition 4.1

In this section, our aim is to solve the linear projected problem (4.2). We first obtain a
priori estimates and then use these estimates and the Fredholm alternative to obtain the
solution. We first deal with the following problem:

£5(p) = iVzh inR?,

— . o eE+ED)
RC/B(M) 1wy, =0, with¢;(z) = zw(z)—in(Z +]é§,-+),1 =1,...,n", 4.10)

Y= i satisfies the symmetry (2.34).
l Vd

Lemma 4.2. There exists a constant C > 0 such that for all ¢ sufficiently small and any

solution ¢ = iVar of (4.10) with ||V ||« < oo one has

[V« = CllAl . (4.11)

Proof of Lemma 4.2 . The proof follows as in [15, Lemma 5.1] by using barrier argu-
ments, so we will only highlight the differences.

Near the vortices the argument remains essentially the same, as a consequence of
Lemma A.2. Far from them, in the region ﬂ;’:l{rj > 2}, the function ¢ = 1 + iy
solves
sV

. 0
—21|Vd|21//2+828?sw+82(2 v
d

VV,V
h=AI//+2$—I//

—2in)asw

+ice?|loge|ds,
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and thus we only need to deal with the new term
ice?|loge|ds .

It can be seen that, for R large and some 1 < j < N,

o / 1 -
[ce2llog el | = CR™ +67) (=5 +6°7 ) [¥ 10,
J

o "_ 1
lce2llog e[d, | = C'™" + R7 ™) (o )I¥alla,e0.
I + &
forsome 0 <o’ <o < 1,0 <o” <1, where
N N —1
Willwo = S IWilsgyen + sup |w1|(2r;1)
j=1 2<rj<2 j=1
1<j=<N
|
+ sup (=10, v1] + 185y ).
r>% €
N -1 N —1
[l = sup |w2|(Zr;2+”) + sup |w2|(2,j—z+g)
rj.>2 j=1 2<rj<% j=1
1=j=N 1<j<N
+ sup (720, 1| + 7Oy |),
r>1

for some 0 < o < 1. Thus the result follows by comparison arguments choosing respec-
tively the barriers

n91 —~ "__
(Bl = M191 (7T — T), M] = C(”/’l”**’o + 81 o =+ R° 1 + ”lr//l”Lm(BR@j)))’
1 _ e ’
By = M2<r2—" + &* "), My = C(|hllex,0 + R7 + &7 + [V2llLeoBrig )

J
with C a large fixed constant and

N N -1
llex0 := D I VahllLooer;<3) +  sup IRe(h)I(Z i+ 82)
7= 1w =t
N -1
+ |1m(h)|(2r;2+" - 82—0) ,
j=1
for0 <o < 1. [ ]

Proof of Proposition 4.1. The result follows as a consequence of the Riesz representa-
tion theorem and the Fredholm alternative proceeding as in [15, Proposition 5.1], that is,
rewriting the problem as

(9. 9] — (k(x),p) = (s.9) forallg e #,
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where J is the Hilbert space

H = {¢ = iVay € Hy(Bu(0),C); Re [ 4 xPjwx, =0, j =1,....n7,
¥ satisfies (2.34)},

for M > 10|&;|, equipped with the inner product

(6. ¢] 1= Re / (67 + 2isddip).

5

Here ¢;(z) :=iw(z)¥(z + &) and §;(2) := nl(@). Using (2.31), (k(x)¢, ), (s,-)

correspond to the linear forms

(k(x)p, @) := g2 Re/

(ni¢dsp —n*¢pp) —2Re / Re(@Va)Vaip
B(0,M) B(0,M)

+ Re /B(O,M) [(n — l)Vﬁd +(1- |Vd|2)]¢¢

+ ce?|log ¢ Re/ (ingp — pdsp),
B(0,M)

. . ot wxl(Z_Ej))—
= h X T ey
(s, @) Re/B(O’M)( +1Vd;c.1)(.l iwz—§) @

defined on J¢.
The rest of the proof follows as in [15, Proposition 5.1]. [
4.2. Second a priori estimate and proof of Proposition 4.2

Lemma 4.3. Let o € (0,1), o0 € (0, 1). Then there exists a constant C > 0 such that for
all ¢ sufficiently small and any solution ¢ of (4.10) with ¢ = iVyy and |||« < oo one
has

[¥lg < C(|hlgy + e/ [log e[| ]|xx)- (4.12)

Proof. The result follows as a consequence of Lemma 4.2 and a barrier argument. Indeed,
writing Y = V1 + iy, it can be checked that, forsome 1 < j < N,

C
ee?llog el yn] < —log( 2 )il
T

and consequently, proceeding as in [15, Lemma 5.2],
V| < B,
with

i);zi

)(|‘/’1|ﬁ, ||W2||L°°(rj=Ro))’

c 2R
h o0 —1
5 (g0 + V2l -r.) + — log(= Togd
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with Ro > 0 a large fixed constant, | |y ; defined in (4.6) and, denoting & = hy + ih»,

ol N -1 N -1
Hleeo = D IVahliwe; <o+ sup [Ihli(erl) +|h2I(er1+a) }
Jj=1 j=1

; <r;j<R
=1 j<Ke
/ 1<j<N

0 < 0 < 1. Therefore,

|ce®[log e|ds 2| < 2,
rj|loge|

and the result follows as a straightforward adaptation of [15, Lemma 5.2]. [

Before proving Proposition 4.2 we consider the solution constructed in Proposition 4. 1
when the right-hand side has symmetries. More precisely, let us consider the local sym-
metry condition

W(Rjz) = —h(z), |z—&|<2Re, j=1,...,N, (4.13)
where R; was defined in (3.28).
Lemma 4.4. Suppose that h satisfies the symmetries (2.34) and (4.13). We assume that
([l < 00

Then there exist ¥*, ¥* such that W = % with ¢ the solution to (4.2) and |||« < oo
can be written as Y = ¥* + y* with the estimates

1l + 197 e < CllR ek

[¥*1g < Cev/[logel[[]|ax-

Moreover, (V*,¥*) define linear operators of h, ¥* has its support in U;VZI Bg, (&) and
satisfies

Y (Rjz) = —y5(2), |z—&|<Re, 1=j<N. (4.14)

Proof. The proof follows analogously to [15, Lemma 5.3] by splitting &£° into a part &£ j
that preserves the symmetry (4.14) and a remainder term £ j» forevery I < j < N.
Indeed, we consider the linear operators

Vuw(z —§)Vy
w(z — &)
+ &2 [dfafj,}. ¥ sin®(0; — @)

Ly ()= Ay +2 —2i|w(z — &) Im(¥)

2020V 20,
+ dZ cos(6; — ;) sin(6; _(/)j)( it 9;1//>
rj rj
d2 d2
+ 85]0]1//(1 + r_gcosz(ej — (pj)) —+ arjl//r_; 0052(9]‘ _ g0])
J
2

d; .
— 20,y 5 sin(6; — ) cos(6; — )]
J
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and
, Vw(z — &)V .
L =230 VR i — e )Py Im)
© w(z—§)
I#j
. ds
4 g2 [2d883,9,1ﬂ sin(6; — ;) + 28(3/9/1//— cos(0; — ¢;)
T
de .
+ 07, Yrde cos(0; — @) — g, ¥ sin(6; — ¢ )
J
2
+ 82( %Vd _ yni + icsllogel)
d
. d
X [3,}. Ydgsin(0; — ;) + (1 + —8 cos(0; — ‘/’J‘)>89j¢’]'
Tj
We also define

Los,j(¢) == iVaLs ;(¥) +i(E — E°)Y,
Lo,r,j($) = Lo(¢) — Lo.s,j (¢)
where E° is defined analogously to (4.5). We then set

£5;(®) = nLos; (@) + (L =)iVaLy ;(¥), ¢ =iVay,
22 () 1= L£5(9) — £5 (9.

The rest of the proof follows as in [15, Lemma 5.3] by applying Proposition 4.1 and
Lemma 4.3. u

As a consequence of these results we can conclude the statement of Proposition 4.2.

Proof of Proposition 4.2. The result follows by putting together Proposition 4.1 and Lem-
mas 4.3 and 4.4. ]

Once we have established the solvability and the a priori estimates for the projected
linear problem (4.2) we can handle the nonlinear case (4.1).

Proposition 4.3. There exists a constant C > 0 depending only on 0 < «,0 < 1, such that
for all ¢ sufficiently small there exists a unique e such that ¢, = i Vg is the solution of
(4.1) satisfying

[Well« < .
[log &

Furthermore, V. is a continuous function of the parameter d,:=¢ |log e|d,
[Ygly < Cev/llogel. (4.15)

where ¢ is defined according to (4.5).
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The existence of a solution is obtained by combining the linear theory with a fixed
point argument performed in a precise set determined by the size of the error term R and
the a priori estimates on the symmetric and nonsymmetric part of the solution. Notice
that the nonlinear term N (/) is exactly the same as in the case of the Ginzburg-Landau
equation in [15]. Thus, by applying Propositions 4.1 and 4.2 and Lemma 3.4 the result
follows exactly as in [15, Proposition 6.1] so we omit the proof.

5. Solving the reduced problem: Proofs of Theorems 1 and 2

The function v, with ¢, = i V3, the solution of (4.1) found in Proposition 4.3, depends
continuously on dy = ey |log e|d,. We want to find d, such that the Lyapunov—Schmidt
coefficient in (4.1) satisfies c; = ¢ (c?s) =0.

By symmetry we work only in the sector

©p:={zeC z=re, r>0, s¢€ [—n%n%]}
In the previous section we found v, such that

Wy, (2)

i wl(z)

[£5(de) + E — N(@e)](z + &) = c1iVa(z + E) x(2) in ©. (5.1

We recall that R is defined in (3.23) and thus satisfies that R, = 0.((¢/|loge|)~!) but
|log R¢| ~ |log e[, and we set

e Re[ K, |2 = Re/ Hlws, 2.
B(0,R,) B(0,4)

s

and we remark that, thanks to the decay of wy,, this quantity is of order 1. We multiply

Va(z+E]

equation (5.1) by < 6) ) Wy, (z) and we observe that

+
(M‘z —140(?) inO,. (5.2)

w(z)
We find that

_ Vai(z + §1+) +\—
C10x = Re/B(O’RS) TS E(z 4§ )wx, (2)

+Re f YaC+ & go4)(c + 651, 2)
BO,R) W(2)

7 +
“Re / YaC 450 ng)z + £ )i (2) + ().
BO,R,)  W(z)
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We observe that

Va(z + &)
w(z)

7 +

£ + ) = I G )+ inEpa G + D
_ Vaz +EDP

lw(z)|?

v, +
# FCEED gz 1 g
w(z)

Va(z + &)

w(z)
with L{ defined in (2.31) and ¢; defined in (2.30). Integrating by parts we find

iw(z)L' (Ye)(z + &)

= L{(¢1) + iMEY:)(z + &) + 0(),

Re/ Li(d’l)wm = Re[ (Li _LO)(¢1)wx1 +Re/ LO(¢1)wx1
B(0,R;) B(0,R;) B

Re)

~ Re / (L5 = Lo) (@)D,
B(0,R;)

ad)l — aw)q 2
R —_ — 0 1 ,
* e/{;B(O,RS)< v n = 1 dv )+ (Zllog )

with Lg given in (2.11). Using (2.32) and (2.33) we can estimate

Ce
< Cey/|logel[|y]l« =

Re f (LS — o)1),
B(0,R,)

and, by Lemma A.1,

a¢1 — aw)ﬂ
R Wy, — <
e/aB(o’Rg)( al) Wi ¢1 31) )

Ce
<

= VJloge|

Therefore,

(5.3)

Re/ Li (¢l)wx1
B(0,R;)

and we also have

Va(z + &) . e €
———L%(¢ x = 0| —7—
Re/B(o,RE) w(z) (@)l +51)w O<\/ |10g8|)

since |Ev,| < Ce/+/|log ¢|. Now we estimate the inner product of wy, and the nonlinear
term. We use Lemma 2.1 to write

1. +

- / YaC 450 ngo)c + &)y, (2)
BO,R)  W(z)

1. +

- / YaC 450 prgo)c + &), (2)
B(0,2)\B(©,1) W(z)

Valx + EDP2

— 4\ =
" /J;(O,Rg)\B(O,l) s lw(z)? (I =N W) (z + &)Wy, (2),
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where
N@W) =i(V)? + e2(0s9)% + i (e 2™ — 1 4 21m(y)).

We use the orthogonality of the Fourier modes to write

Re | N W)z + £,
B(0,R)\B(0,1)
—Re [ T, (N (§)°
B(0,R)\B(0,1)
_ . ip . 0 i . 0
= Re] lp(p cos s — — sin s) [(N(We))] + i (N (¥e)S]
B(0,R.)\B(0,1) r

2
-/ (o0’ cos (N (¥e))3 — E- (N (Y sins).
B(0,R:)\B(0,1) r
Using that
N VD3] = IV We)les < CIVE W25 + [WEE < Cellogel /2,

|(<N(¢fs))‘1)| < C<|(I//8)2l|ﬂ(:58)1”* + |(1/f531—|:t|}|’(2‘€z)2”* i |(Wal):_|ﬂ}|’(2’fz)z|n)

e|loge|~1/2
1+4r20

)

we obtain
Ce

Viloge|
By using that M(¢,) is at least quadratic and is a sum of analytic terms (multiplied by
cut-off functions) in ¢, and V¢, we can use a parity argument analogous to the previous

Re / 0N W)z + EN Ty, | < (5.4)
B(0,R.)\B(0,1)

one to conclude that
M(ge)° = M(97) + OV «|¥ely)

and thus

17 +
’Re/ VaC+ 80 Niooz + ENWx, (2)] < ClYENxl¥2ls <
B(0,R;)

w(z)

loge|

It remains to estimate the term relative to the error. In order to do that we write £ =
iV R, thus

17 +
/ YaC 80 b 4 ey, (o) = / ()R + £, (2)(1 + O(E)).
BO,R)  W(z) B(0,R,)

We set
B, := Re/ iw(z)Ry(z + Ef)@xl,
B(0,R;)

By = Re/ iw(z)Ry(z + £ )by, (5.5)
B(0,R,

B, = Re/ iw(z)Re(z + &)y, ,
B(0.R:)
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where we recall that S (V) = iVy Ry, Sp(Vg) = iVi Ry, Sc(Vy) = iV R, were given
by (3.1).

Proof of Theorem 1. Assume n™ =n > 2and n~ = 0 in (2.3). From Lemma 3.5 we find
that

6288 €
= %f Re e, 2+ 0 ).
V|loge| BOR) v/ |log¢|

where we used that ¢; = 0. We set

1 /27{ /Rg p2 Sin2 s 4 d
= T drds,
llogel Jo Jo r

and we recall that [log R,| is of the same order as |log | and does not depend on d,. Thus,
using the fact that lim,_, y o p(r) = 1 we can see that

ay =1 + 0.(1). (5.6)
Therefore we conclude that

By, = dymey/ [loge| + 0.(g+/|log€]). 5.7

On the other hand, from (3.5) we deduce that in B(0, R;) there holds

2
) Zﬂ—lw’l )+ZZV'”I W} Wy,

J=11#j

Sa(Va)wy, = Vd{(l -

v 1V
_2VdZ d w' Wy + O(e?|loge)

J#1
1 /
- 21/,,,2[(""’1 ——)cos(e1 0;) +i ( PP )sm(GI — 9 )]
i£1 p1p; Tl pirj - pjrn
(,01 cos 01 + lm> —i0
r
+ O(e?[loge]).
Thus we find
P1P1
B, =-2 / ! (cos(91 —6;)cos 01 + sin(f; — 6;) sin 91) + O(£|loge|)
j#1 {ri<R¢} rirj
cos 6
— —22/ PPLEOSYi L 6 (e2log ).
{ri<Re} rirj

J#1
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To compute the last term we observe that, since Ry = 0,(—~—), inside the ball
&4/ loge|
{r1 < R¢} we have

cos; |Re(¢;" — &)
j & - &2

dg(l —cos(2n(j — 1)/n))

(1 4+ 0g(1)) forevery j # 1,

- 2d2(1 —cos(2n(j — 1)/n)) (14 0+(1))
1
=24 (1 + 0s(1)),

where we have used that £, = dge2'U=D7/n Hence,

n

cos 6; 27 Re
/ Lphpy dry dB; = (n—1)(@1 —i—os(l))/ oy p1 dry.
= ri<Rs Tj 2d; 0

Noticing that fORg pip1 drp = %(pf(Rg) —p1(0) = % + 0.(1) we conclude that

n

cos 0;
2/ Lpip1 dry 6y =
r1<Rs

an—1
rj de

(I + 0s(1)),
j=2

and thus

n—1
B, = — g e+/|loge|m + oe(e+/|loge)). (5.8)

&

For the last term in the error we have

_ A ° 0 .cos(B; — @)
Re(2) iy, (z — £) = cdee/Jloge] Z(sm(ej - <p,~)p—f_ +i #)
j=1 !

T

01 sin 64 )e_iel.

X (,o’l cos by +i
1

Thus, by using that ¢; = 0, we find

/
B. = —cd:c+/|log 8|/ M(sin2 01 + cos? 6;) + O(e*[loge|*/?)
|

P11<Re 1
A Re
= —cdge+/|log 8|27‘L’/ Pl (r)p1(r1) dry + O(?|log e|*/?).
0
Therefore, since
R 1, 2 1 2
| p1(r))p1(ry) dry = E(P (Re) — p~(0)) = 3 + O(e"|logel),

we find

B, = —ca?es\/ |log e|m + 0.(e+/|logel). (5.9)
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Hence, we conclude that

C1Cx = 8\/|10g8|(—2—0 + dlcis) + 0:(e+/|loge|),
&
with
ap:=m—Dn, a:=1-c)m, (5.10)

which is positive since we assumed ¢ < 1. Let us point out that in this expression,
0s(g4/|log g|) is a continuous function of the parameter d .

. . . 5 _ -1
By applying the intermediate value theorem we can find dj near ./ Z—‘l’ = /= such
that
c1 = c1(do) =0,

and therefore, for such a c?o we conclude that V; + ¢ is a solution of (2.1). ]

Proof of Theorem 2. Assume nt =n + 1 and n~ = 1 in (2.3), with &7 = 0. The result
follows analogously to the case of Theorem 1. Indeed, estimates (5.3) and (5.4) hold
straightforwardly, so we only have to estimate the projection of the error term. Let us
define B,, Bp and B, as in (5.5). Since |§; | = O the terms B and B, are estimated
exactly as in the proof of Theorem 1, to get

By = dAgms\/|loge| + 0c(e+/|loge|),
B, = —cﬁg\/|loge|ﬂ + oc(e+/|logel).

To estimate B, we see that in this case

_ Py 1 0 o\
Sa(Va)wy, =2Vy Z[( LA —) cos(0y —0;) +i (L — —]> sin(fy — 9]’)]
i1 P1P; rirj P1rj P71
i .
X (p'l cos 0 + iw)eﬂe‘
r1
pip 1 N AW
+ 2Vd[(— + —> cos(fy —0) +i (— + —) sin(8 — 91)]
pP1p rnr p1r pri

p1 sin 6

X (,o/1 cos 0y +1i -

)e—i"l + O(e2|loge)),

and thus

B, =2 / PIPL (cos(By — 0;) cos By + sin(f) — ;) sin ;)
{r1<Rs} rlrj

J#1
P1P1 : - 2
+2 —(cos(¢91 — 0)cos By + sin(f; — 0) sin 91) + O(e”|loge|)
{ri<R;} T’
P p1 cos b; pyp1cos 5
=—2Z/ —+2/ L+ O(e?|logel),
{r1<Re} rlrj {ri<R¢} rr

J#1
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which implies
Y 9 / 9
B, =2 / P1P1COS ) dr; d9; + 2/ P1p1COS T dry d6,
21 I ri<Re} rj {ri<Re} r

+ O(&[logel)
a
= —8\/|10g8|d70 + 0,(e/|log ),
t

with
&0 = n+—3. (511)

Therefore, .
a N
c1c+ = &4/ |log 8|(—d70 + aldg) + 0s(e+/|loge|),
&€

with a; defined in (5.10), and the result follows as in the previous case. More precisely,

n+—3
1—c

such thatc; = 0.
[ ]

thanks to the intermediate value theorem we find 0?8 near ./ i—‘; =

A. The standard vortex and its linearized operator

The building block used to construct our solutions to equation (2.1) is the standard vortex
of degree 1 in R2, which we denote w. It satisfies

Aw+ (1 —|w*w =0 inR?,
and can be written as
w(xy, xz) = p(r)eie where x; = rcosf, x, = rsiné.
Here p is the unique solution of

" P/ p 2 :
- £ 1 — =0 0’ ,
o+ ; 2 —I—( ,O),O 1n( OO) ( .1)

p(07) =0, p(4o0) =1
see [8,24]. In this section we collect useful properties of p.
Lemma A.1. Let p be the unique solution of (A.1). Then
(1) p(0) =0, p'(0) >0,0< p(r) <1and p'(r) > 0forallr > 0;
2) p(ry=1- 217 + O(r%)for large r;
() p(r) = ar — 2+ O(r%) for r close 10 0 for some o > 0;
@) if wedefine T(r) := p'(r) — f then T(0) = 0and T(r) < 0in (0, +00);
(5) p'(r) = 5 + 0(G%), p"(r) = O(5) for large r.

For the proof of this lemma we refer to [8,24].
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An object of special importance to construct our solution is the linearized Ginzburg—
Landau operator around w, defined by

L(¢) := A¢p + (1 —|w|*)¢ — 2Re(wp)w.

This operator does have a kernel, as the following result states.

Lemma A.2. Suppose that ¢ € L>®(R?) satisfies L(¢) = 0 in R? and the symmetry
¢ (Z) = ¢(2) holds. Assume furthermore that when we write ¢ = iwy and = Vi + iy
with Y1, Y2 € R we have

Vil + A+ zDIVY| = C, ol + [V <

< .zl > 1.
1+ |z|

Then

$p=c Wi,
for some real constant c;.

Lemma A.3. Suppose that ¢ € L2 (R?) satisfies L(¢p) = 0 in R? and the symmetry
¢ (2) = ¢(2). Assume furthermore that when we write ¢ = iwy and ¥ = Y1 + iy, with
Y1, Y2 € R we have

C
Wil + (4 [2DIVYn] = CA +1zD% Y2l + Vil =< T
z|

.zl > 1,

for some o < 3. Then
¢ = crwx,

for some real constant c.

The proofs of these results can be found in [15, Lemmas 7.1 and 7.2].
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