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Degenerate stability of some Sobolev inequalities
Rupert L. Frank

Abstract. We show that on S!(1/+/d —2) x sd-1 (1) the conformally invariant Sobolev inequal-
ity holds with a remainder term that is the fourth power of the distance to the optimizers. The fourth
power is best possible. This is in contrast to the more usual vanishing to second order and is moti-
vated by work of Engelstein, Neumayer and Spolaor. A similar phenomenon arises for subcritical
Sobolev inequalities on S9. Our proof proceeds by an iterated Bianchi—Egnell strategy.

1. Introduction and main results

1.1. Motivation

In a fundamental paper, Bianchi and Egnell [4] answer a question by Brézis and Lieb [8]
and show that the Sobolev inequality on R? holds with a remainder term involving the
distance to the optimizers. More precisely, for some ¢z > 0 and all u € H'(R9),

V015 = Salulgya—a = ca jof, 19— QI M

Here S; denotes the optimal constant in the Sobolev inequality on R? and @ the set
of its optimizers. Importantly, the right-hand side in (1) involves the square of the dis-
tance to the set of optimizers, and simple examples show that this is best possible, in the
sense that the inequality does not hold with a right-hand side equal to a constant times
[Vul|37*infgeq |V — Q)% fora < 2.

In the last two decades there has been an abundance of stability results for various
functional inequalities. Examples include, for instance, isoperimetric inequalities [16,
21,26,31], L?-Sobolev inequalities [15,27,28,37], fractional Sobolev inequalities [11],
Gagliardo—Nirenberg inequalities [6], Brunn—Minkowski, concentration and rearrange-
ment inequalities [13,23-25, 30], eigenvalue inequalities [1, 7, 10, 33, 36], solutions to
elliptic equations with critical exponents [17, 18, 22], Young’s inequality [14] and the
Hausdorff—Young inequality [12]. Many of these works use strategies inspired by the
paper of Bianchi—Egnell and in essentially all works (exceptions being [23, 28] and one
version of a refined Holder inequality in [10]), the remainder term is quadratic in the
distance to the optimizers.
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Our work is motivated by the recent paper [20] of Engelstein, Neumayer and Spolaor
concerning a quantitative version of a Sobolev-type inequality in conformal geometry. We
recall that given a closed manifold M of dimension d > 3 and a class € of conformally
equivalent metrics, there is a constant Y (M, €) > —oo such that for all g € € and all
ue HY(M),

Eglu] = Y (M, '€)|lu||izd/(d—2)(M’vg)~
Here,

d—2

Sg[u] = [‘4(|Vgu|§ + 4(d—_1)Rgu2) dvg, 2)

with R, the scalar curvature of (M, g). The quantities (4(d — 1)/(d — 2))&¢[u] and
2d/(d-2)
L2d/(d—2)(M,vg)

ume, respectively, of the metric ut/ (d_z)g. The main result of [20] is that, if (M, €) is
not conformally equivalent to the round sphere, then there are constants ¢ > 0 and @ > 2,
depending on (M, €), such that forall 0 < u € H'(M),

|| have the geometric meaning of the total scalar curvature and the vol-

2 =0l
Eelu] — Y (M, \€)|lu|lL2d/(d—2)(M7Ug) >c Qlfelf(;z W
H1

Remarkably, while generically (in a sense made precise in [20]) one can take @ = 2, there
are examples in any dimension d > 3 where one needs to take some o > 4. The simplest

of these examples is

M =8 (=) xS D) 3)

with its standard product metric. Here, S”(r) C R"*! denotes the n-dimensional sphere
of radius r > 0.

The proof in [20] proceeds via a Lojasiewicz inequality and, as far as we see, does not
easily provide a specific value of « for a given (M, €). Therefore we think it is of interest
to determine the optimal « in example (3). It turns out that & = 4, so this provides one of
the few examples of a stability estimate with an optimal, nonquadratic remainder term.

We believe that the underlying phenomenon and our way of handling it is of some
interest even beyond the concrete example (3). The basic reason why there is no quadratic
stability is that the minimizer is degenerate in the sense that there is a zero mode of the
Hessian of the minimization problem that does not come from symmetries of the set of
minimizers. The reason why there is quartic stability is that a secondary nondegeneracy
condition is satisfied. We stress that this reason for degenerate stability is different from
that in the case of the L?-Sobolev inequality for 2 < p < d [28].

The way we deal with the zero mode of the Hessian and the secondary nondegeneracy
condition can be thought of as an iterated Bianchi—Egnell strategy. Namely, while Bianchi
and Egnell project on the nearest optimizer, we do the same, but then zoom further in
and project on the nearest zero-mode of the Hessian. This argument bears some vague
resemblance to how in [29] we handled an asymptotic minimization situation where the
expected leading term vanishes. We have not encountered this kind of argument in the
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context of stability of functional inequalities and we hope that it will be of use in related
problems.

The argument, except for the verification of the secondary nondegeneracy condition,
is of a general nature, but we refrain from trying to formulate it abstractly. Instead, we
illustrate it in three different circumstances of increasing technical difficulty.

1.2. Main results

We fix 2 < ¢ < oo and set

S = (zn)z.
q—2
Then, forallu € H'(R/7Z),

1 1 2/q
/ (') + Su?)dt > s(/ |u)4 dt) ) )
0 0

The constants in this inequality are optimal and equality holds if and only if u is constant.
These facts are well known and we provide references before Lemma 4.

The following theorem answers the stability question for this inequality involving the
H?! distance to the set of optimizers, that is, the set of constant functions.

Theorem 1. Let 2 < q < co. Then there is a constant c¢q > 0 such that for all u €

H'(R/Z),

2/ 1 /2+S _rl d 2 dt 2
/1((1/)2+Su2)dz—s(/1 | dz) ! - (fo () 1 (u — [y uds)”) ) |
’ 0 Jo ()2 + Su?) dt

Remarks. (a) Note that

[ 1 ()? + S(u— [} uds)?)dt = infeer [ (4 —c))? + S(u —¢)?) dt,
0

so the right-hand side in the theorem involves an H! distance of u to the set of
optimizers.

(b) The right-hand side is the fourth power of the distance to the set of optimizers. In
Remark 7 we show that the power 4 is best possible.

(c) Justlike in the proof of the Bianchi—Egnell inequality (1) in [4], we will argue by
compactness and do not get a computable value of c.

Our second result is a higher-dimensional version of Theorem 1. Let d > 2 and 2 <
g <2d/(d —2). Then, forallu € H'(S%),

d d 2/a
u2) do > —5_|s4|1-2/a (/ u|? dw) . (5)
2 q -2 sd

[, (v +
s4 q-
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The constants in this inequality are optimal and equality holds if and only if u is constant.
We provide references for these facts before Lemma 12. Here is the analogue of Theorem 1
for this inequality.

Theorem 2. Letd > 2 and?2 < q < 2d/(d — 2). Then there is a constant cq 4 > 0 such
that for allu € H'(S%),

d d 2/q
/ (|Vu|2+ 2u2) da)——2|Sd|1_2/q(/ |u|? da))
sd q— q— sd

(de(|Vu|2 (= |89 fa u dw) )dw)2
fgd(lvulz + quu )dw .

Remarks. The same remarks (a), (b) and (c) on Theorem 1 are relevant here, too. Opti-
mality is proved in Remark 15.

> Cd g

Our third and final result concerns example (3). In this case it is known, and implicitly
contained in Schoen’s work [38] (see Lemma 8 below), that for all u € H'! (M),

(d-2)/d
SngY([ |u|2d/‘d—2>dvg) ,
M

with optimal constant

(d —2)2( 27 |Sd_1|)2/d (d - 2)
4 \Jd-2

Moreover, equality is attained if and only if u is a constant. Here & is as in (2) and we
note that Rg = (d — 1)(d — 2). Our stability result reads as follows.

Y =

————(Volg (M))*/.

Theorem 3. Let d > 3 and let M = Sl(«/T) x S=Y(1) with its standard product
metric. Then there is a constant cqg > 0 such that for allu € H' (M),

Eglul =Y (/ |u|24/(d=2) dvg)(d_z)/d > cq (B[ = (Volg M) [y v dvg])z'
M Eglul
Remarks. The same remarks (a), (b) and (c) on Theorem 1 are relevant here. In particular,
since R, is a positive constant, ¢ [u] is equivalent to ||u ||f1,1 and the infimum of &4[u —
¢] over all ¢ € R is attained for u = (Volg(M))™! J3s u dvg. Optimality is proved in
Remark 11.

The remainder of this paper consists of three sections, devoted to the proofs of Theo-
rems 1, 3 and 2, respectively. We will provide all the details in the first case and focus on
the additional difficulties in the second and third cases.

2. Proof of Theorem 1

In this section we prove degenerate stability for the family of one-dimensional Sobolev
inequalities. The basic idea of the proof will be an iterated Bianchi—Egnell strategy. We
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will work throughout in the real Hilbert space H!(IR/Z) with the inner product derived

from the norm
1 1/2
] := ( [ e+ s dt) . ©)
0

This norm depends through S on the fixed parameter 2 < g < co. We abbreviate

1
ﬁ:z/ udt
0

and we denote the L?-norm on R/Z by |[u||,.

Inequality (4) appears in an equivalent form involving an ultraspherical operator in the
work of Bakry and Emery [2, pp. 204-205]. Earlier, [32, Appendix B] (see also [5, Corol-
lary 6.2]) considered the Euler—Lagrange equation of the higher-dimensional analogue of
(4). Their argument, which works and, in fact, simplifies in the one-dimensional context,
shows that equality holds only for constants; see also [19]. Inequality (4) also appears in
[3, Theorem 4], where it is deduced from [34], and an inspection of its proof again shows
that equality holds only for constants.

Lemma 4. Let (u,) C HY(R/Z) be a sequence with ||u,||*> = S and ||lun|l; — 1. Then,
along a subsequence,
Up = An(1 4+ 1rp),

where A, € R, 1, € HY(R/Z) and, fora o € {+1,-1},
1
An =0, ||l = O, / rndt = 0. @)
0

Proof. Since (uy) is bounded in H'(R/Z), it is bounded in C'/2(R/Z) and is therefore
equicontinuous. Thus, after passing to a subsequence, (u,) converges weakly in H! and
uniformly to a function v € H'(R/Z). By lower semicontinuity, we have |u||*> < S and,
by uniform convergence, ||u||; = limy— o0 ||t4n || = 1. Thus, necessarily, ||[u||*> = S and u,
converges strongly in H ' (R /Z) to u. Moreover, u is a minimizer in the Sobolev inequality
and therefore, by the above discussion, u is constant. Since |u|; = 1, we have u = o for
ao € {+1,—1}. We now set

_ U
A =iy, Tpi=——1
Un
By the above-mentioned convergence properties, A, — o and r, — 0in H!. ]

In what follows an important role is played by the function
g(t) := cos(2mt)

and its translates. The reason for this is that g is a zero mode of the Hessian of the mini-
mization problem.
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Lemma 5. Let (u,) C H'(R/Z) be a sequence with ||u,|*> = S and

lunl® = Sllunllg

llun — a1

)
Then, along a subsequence,

Un = An(1 + pn(g(-—1a) + Rn)).
where Ay, jin € R, t, e R/Z, R, € HY(R/Z) and, forao € {+1,—1},

An =0, pn—0, |[Ryl =0

and
1 1 1
/ R, dt = / Ry cos2m(t —ty)dt = / Ry sin2n(t —t,)dt = 0.
0 0 0

Proof. Since ||uy, — il,||?> = infeer ||un — c||* < ||un||?> = S, assumption (8) implies that
lun |l — 1. Therefore the previous lemma is applicable and, along a subsequence, we can
decompose u, = A, (1 + r,) as described there.

We now expand the terms in the Sobolev inequality to “quadratic order”. We use the
fact that, uniformly for € R,

1 .
u+rw:1+qr+5ﬂq—nﬂ+00wm&ﬂ+ww>

Thus,
1 .
nl? = 12017 (1 4+ g7 + 5q(q = DrZ + O™ + |, |9))

and
! ' 2 min{3,q}
lnllg = 1An ] (1 + 540 - 1)/0 redi + O(|ra |3 )).
(Here we used the facts that r, has mean value zero and that ||r,||; — 0.) Thus,
1 .
lunllz = Aﬁ(l +@-1 / radt + (9<||rn||2““{3=q}>).
0
On the other hand, again by the mean value zero property,
lunll? = A2(S + [I7a ).

Putting this together, we obtain

1
lunll® = Slunlla = A2 ( /0 ((rp)* = S(g = 2r2)dt + O(|ra ||;“"{3’q}>). 9)
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Since ||uy — ity ]|?> = A2 |7, ||, the expansion (9) shows that assumption (8) is equiva-
lent to .
Jo ((rp)> = S(g —2)ry) dt

7112

The kernel of the quadratic form in the numerator is spanned by g(¢) = cos 2wt and
sin 27r¢. On the orthogonal complement of this kernel and the negative direction corre-
sponding to constants, the quadratic form is equivalent to || - ||2. Thus, if we define

— 0.

1 1
ay = 2/ rpcos2ntdt, P, := 2/ rpsin2mt dt,
0 0

and s, by
rn = @y cos2mt + By sin2wt + sy,
then
1 1 1
/ Sy dt :f Sy cos 2wt dt =/ Spsin2wtdt =0
0 0 0
and
2 1 2 2 2 2 ||Sn||2
Il = 5@ + $)ag + B) + all? and 5 =0
n
We set

Sn
Un = a2+ B2, R, = ——.
Y Vo + B

The fact that ||r,|| — O implies u, — 0 and the fact that |s,||/||r»|| — O implies
| R, || — 0. Finally, we choose t,, € R/Z such that

on cos2mt + L

o + B Vi + By

and obtain the claimed decomposition. ]

sin2mt = cos2n(t —ty) = g(t —t)

Lemma 6. Let (u,) C HY(R/Z) be a sequence with ||u,|*> = S and ||uy|q — 1. Then

liming a2 = ST l3) _ (g +2)(q —2)

10
"o P A TYoRy (10)

The key point of this lemma is that the right-hand side of (10) is strictly positive. While
the precise value of the constant is not important for the proof of Theorem 1, we will show
in Remark 7 that it is best possible.

Proof of Lemma 6. Step 1. We pass to a subsequence along which the liminf in (10) is
realized. By Lemma 4 and its proof, ||u, — it, || — 0. Therefore, if liminf, oo (||us || —
Slun ||Z)/||u,, — i, ||? > 0, then the left-hand side of (10) is equal to +oo. Thus, in the
following we assume that lim infy, o0 ([|1n |2 — S || s ||§)/||un — i, || =0.

By Lemma 5, after passing to a subsequence, we can write

Up = )Ln(l + un(g(-— 1) + Rn))v
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where A,, iy, t, and R, are as in that lemma. By translation invariance, we may also
assume that ¢, = 0.

Step 2. We now expand the terms in the Sobolev inequality to “quartic order”. We use the
fact that for all T € [1/2,3/2], say,

1 1
I+t =14gr+ 74— D" + 2ql¢ = (g =2)7°
1
+ 574 = D@ =2 =3 + 0().
Since ., (g + R,) tends to zero in H'(R/Z) and therefore in L°°, for all sufficiently large

n, we have |1, (g + R,)| < 1/2 and therefore the above bound is applicable. Recalling
the orthogonality conditions, we obtain

1 1 !
lunlld = |An|q(1 + 540 = D813 + 1 RalB) + 390 = Dig =21 / g*Ry di
0
1
+ 33900 = D =20 = Dl + Ol IR+ sl )
Here we estimated, using the Schwarz inequality,

1
u;‘,/o &R dt| = Ol | Rul2 + ]9,

Consequently,
a2 = lﬁ(l + (g —Dua(lgl3 + IRa113) + (¢ — (g — 2p; [01 g*Rydt
+ 5@~ Dl = DMg - Iuilgld - 3@~ 2@~ DPuilel
+ Ol IR + 1))
On the other hand, because of the orthogonality conditions,
lunl® = A5 (S + 13 lgll” + pal Rall?).

Putting this together, we obtain

A2 (> = Slluall?)
— 2 2 2
= u,(llgll" =S —Dlgl)

1
; uﬁ(annz =S = DR B =St~ Da—Dpen | &R, dz)

| 1
+ un (ZS(q —2)(g - D?|gl5 - 5@ =Dl -2)q - 3)||g||3)
+ Ol | Rl + |12n]?)-
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1 1 1
/ grdt = -, / gtdt =
0 2 0

we can simplify this expansion to
22 (Nunll? = Slually)
1
= /Li(lan I> = S(q = DIRalz = S(g = 1)(g = 2)itn /0 g’ Ry dl)

4@+ 1Dg—-1(@q-2)
+ Uy D)

Step 3. It remains to get a lower bound on the term that is quadratic plus linear in R,,. We
expand R, into a Fourier series,

Using

S+ O(pn*I1Rul® + 140 ]).-

Ry(t) = Y _(ag cos2mkt + by sin2mk1).
k=2

(For notational simplicity, we do not reflect the dependence of the a; and by on n.) Note
that by the orthogonality conditions there are no terms involving ag, a; or b;. We have

e 1

! 1
/(R;)Zdtz-Z(znk)z(a,erb,i) and /g2R,,dt=_
0 2

k=2 0

Therefore,
1
| Rall? = (g = D[ Rall2 = Sq — 1)(q — Dt [0 &Ry dt — Clitn] | Ru?

1 o 1
=5 2 (@7k)* = S(q = 2))(@f + b)) = S(g = D(g = 2); 1na2

k=2
C o0
- Elm Y (@rk)* + S)(ag +bp)
k=2
q-—2 1
k=2

oo

— C|ptn] Z(kz + _>(ak + bk))

2225 (- ctml(e+ q;z))a; 1 )
+ (3= Clmal(4+ —=5))13
¢ 3 (@@= 0= Clunl(i2 + )i +19).

k=3
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Since p, — 0, we have for n large enough, uniformly in k > 2,
1
k2 —1) — C|M,,|(k2 + —) > 0.
q—2
Under this assumption and abbreviating

1
Pn = 3_C|Mn|<4+ _) >0,
q-—2

we can bound

1
H&W—S@—DMQE—S@—D@—%MZ;wah—ﬂmMmmz

-2 —1
2 157 (e = T pnan)
q-2 g—1 \2 (@-1?% ,
(o ) - )
2 P (a2 4o, M 16p2 n
(q—1)*q—-2) , (g—1D*q—-2) , 3
> M7 ) M7 g M7 M7 O .
= 320m My % My + (len]?)

To summarize, we have shown that
A2 (lunll® = Slunll?)

(@+Dg—-Dq—-2 (q—-1D*@q-2)
> Sui( —
32 96
(g +2)(g—1D(q—2)
= su; i + Oal).
On the other hand, we have, by the orthogonality conditions,

)+ Onal®)

pho @l 4 s 4 o).
"= gl IR~ (g = 1252

Inserting this into the previous bound, we get the claimed asymptotic inequality. ]

Remark 7. The bound in Lemma 6 is best possible, both with respect to the power 4 and
with respect to the constant on the right-hand side. Indeed, it is saturated as ¢ — 0 for
ug = 1 + eg + &*h with h(t) := ((¢ — 1)/12) cos 4xt. In the notation of the previous
proof, this corresponds to , = ¢ and R, = &(h + o(1)). The function % is chosen in such
a way that the square that is completed in the previous proof (Step 3) vanishes to leading
order.

We are finally in position to prove our first main result.

Proof of Theorem 1. We argue by contradiction and assume that for some fixed 2 < g <
00, no such ¢, > 0 exists. Then there is a sequence (u,) C H'(R/Z) such that

lwn |1 (lnll? = SllunllZ)

— — 0. (11
lun — tn]l*

By homogeneity we may assume that [|u, [|> = S, which implies [|u|; < 1.
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Using |u, — it,||?> = inf, |u, — c||? < |un||?> = S we obtain

Un|2(Junl? = S |unll?
I ll2en 1= (ll2en | llunllz) >1iminf(1—||un||§).
n—>oo

n—>00 lun — ||

Combining this with (11), we deduce that ||u,|; — 1. Therefore, Lemma 6 is applicable
and yields (10), which contradicts (11). [

Let us briefly review the previous proof and emphasize its main aspects. Lemma 4
is a standard ingredient in a Bianchi—Egnell-type proof. It decomposes a sequence as an
optimizer plus a small remainder. Lemma 5 is an iteration of this, where now the remainder
rp is decomposed as a main term, namely a zero mode, plus a secondary remainder R;.
The proof again follows the Bianchi—Egnell strategy of expanding to second order, but the
crucial difference now is that the linear operator that appears has a kernel that is not due to
symmetries of the set of optimizers. In Lemma 6 we expand the “energy” to fourth order.
The key step is the completion of the square, which determines the leading order of the
remainder R, in terms of the zero mode. This is the function / in Remark 7. The problem-
specific aspect of this proof is that to order u2, the “energy gain” by introducing R,,
namely, S(g — 1)2(g —2)/96, is strictly smaller than the “energy loss” due to the presence
of g, namely, S(¢ + 1)(¢ — 1)(g — 2)/32. We think of this as a secondary nondegeneracy
condition. By the validity of the Sobolev inequality, we know that the gain is not larger
than the loss. Since it is strictly smaller, we obtain a stability inequality with a quartic
remainder. If the secondary nondegeneracy condition would not be satisfied and we had
equality, we could try to iterate again and to expand further. From this point of view the
Lojasiewicz inequality in [20] says that this procedure stops after finitely many iterations.

3. Proof of Theorem 3

For d > 3 we consider the manifold

M =S (=) xS W)

with its standard metric. Since Rg = (d — 1)(d — 2), we have

2n/«/d—2 au 2 (d_2)2
2._ _ ou 2 2
Wi s= et = [ [ (] Vs + ) dwas

We will abbreviate ¢ = 2d/(d — 2) and denote the LY (M, dvg)-norm by ||ul|4.
We intentionally use the same symbols || - || and || - ||; as in the previous section. We
hope that this underlines the common features of the proofs, rather than creates confusion.

Lemma 8. Let (u,) C H' (M) be a sequence with ||u,||> =Y and |lun|q — 1. Then,
along a subsequence,
Up = An(1 +14)
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where Ay, € R, 1, € HY (M) and, fora o € {+1,—1},
An = o (Volg (M)~ |Ir, || = 0, / rndvg = 0.
M

This lemma can essentially be considered as known. Let us show how it can be
deduced from results in the literature.

Proof of Lemma 8. We get an upper bound on the Yamabe constant by taking a constant
trial function. The resulting upper bound is strictly smaller than the Sobolev constant
on the sphere or equivalently on R?, namely S, in (1). Consequently, Lions’s theorem
[35, Theorem 4.1] is applicable and yields relative compactness in H ' (M) of minimizing
sequences. (Note the typo in the statement in [35, Theorem 4.1]: the relative compactness
requires a strict “binding” inequality.) In particular, there is a minimizer. By general argu-
ments, any minimizer is either nonnegative or nonpositive. Without loss of generality, we
can restrict ourselves to nonnegative minimizers.

To complete the proof of the lemma, we need to show that the only minimizers are
constants. We consider the Euler—Lagrange equation satisfied by a minimizer and follow
Schoen [38]. By the maximum principle, any nonnegative, nontrivial solution of the Euler—
Lagrange equation is positive. Then, as shown in [9] using the moving plane method, any
positive solution depends only on the variable s. Now, an ODE analysis shows that the
only positive solutions are constants. It is at this last step that the value 1/+/'d — 2 of the
radius of the sphere enters. ]

Compared to the previous section, we slightly change the definition of g. Now it
denotes the function, depending only on the coordinate s in the first factor of M,

g(s) :=cos(vd —25).
Lemma 9. Let (u,) C H'(M) be a sequence with ||u,||*> =Y and

l[unll® =¥ [l 13

llun — ity |I?

Then, along a subsequence,
Up = /\n(1 + pn(g(-—sn) + Rn))v
where Ay, iy € R, s, € R/(J%Z), R, € H' (M) and, forao € {+1,-1},
An = o (Volg (M))™V4 11, -0, |R,| =0

and

/Rndvng Rncosvd—2(s—sn)dvg=/ R, sinvd —2(s —s,) dvg = 0.
M M M
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Proof. The proof of this lemma is essentially the same as that of Lemma 5. The relevant
quadratic form is now

d —2)?
/ (|Vgr|§, + %rz) dvg —(qg— I)Y(Volg(M))—1+2/q/ 2 dvg
M M
= / (IVgrl2 = (d —2)r*)dv,.
M
Its kernel is spanned by g(s) = cos(v/d — 2s) and sin(+/d — 25). Therefore we can argue
as before. .

Lemma 10. Let (u,) C H'(M) be a sequence with ||u,||> =Y and ||\uy|q — 1. Then

o NualPAuall® = Ylluall)) (g +2)(g —2)
lim inf — =
n—00 un — ity || 12(g — 1)

Proof. Step 1. The proof for d = 3, 4 follows exactly the lines of that of Lemma 6.
Indeed, in these dimensions one has ¢ = 2d/(d — 2) > 4 and therefore one can expand
|u,|? to fourth order even without using the L°° convergence in Lemma 6. For d > 4,
however, one has ¢ = 2d/(d — 2) < 4 and therefore the quartic expansion of |u,|? is
problematic. To overcome this issue, we first decompose u, as in Lemma 9 and then we
further decompose

Ry =S, + T, withS,(s):= |Sd_1|_1/ Ru(s, ®) do.
§d-1
The function T}, has the property that for any function ¢ of s alone,

/ ()T, dvg = 0. (12)
M

By orthogonality,
IR 11 = 11Sall? + 1T 11?,

s0 || Ry || — O implies ||.S, || — O and consequently S, — 0 in L°. This will allow us to
argue for S, like we did in the proof of Lemma 6. But first we need to get rid of the term
T,, and we do this by a spectral gap estimate.

Step 2. Let us set (assuming without loss of generality that s, = 0)
Up =ty + Agpn Ty withiiy = A, (1 + wn(g + Sn)).
Then, by a quadratic estimate as in the proofs of Lemmas 5 and 9,

- 1 - g
lualy = il + 5ata = 03203 [ fialo 72 dvy

+ O (Al n " DN T, 7).
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Note that the term linear in T}, cancels by (12) with ¢ = |ii,|9~2ii,. We also used the fact
that | 7, |l; < |Tx]l = 0. Consequently,

lenlly = Ninll3 + (@ = DAZ 12 420, [M [0n|72T;7 dvg
+ O3 "D Ty ).

In order to simplify the term quadratic in 7, we need some rough expansions of .
Using ||g + Sullg < 1 one finds without much effort that

[An] ™ itnll§ = Volg (M) + O] pnl)

and
|An| 792 /M |iin|?72T,} dvg = /M T2 dvg + O(pa ™™ 472 T, )12).

Thus,
llinll ;972 / |iix |92 T2 dvg = (Volg (M))~112/4 / T2 dv,
M M
+ O n ™™ 12T 15).
On the other hand, because of the orthogonality conditions,
lunll® = il + A7 p I Tl (13)
Putting this together, we obtain
A2 (unl? = Ylluall3) = A2l 1> = Y [ld@nll7)

+ Mﬁ(IITnII2 — (g — DY (Volg (M)~ +2/4 /M T} dvg + @(Iunlmi“{l"’_Z}llTn||§))~

Just like in the proof of Lemma 9, the term quadratic in 7}, involves the operator —A, —
(d — 2). Since, by (12), T, is orthogonal to its kernel, which is spanned by g(s) =
cos(~/d — 2s) and sin(~/d — 25), and to its negative spectral subspace, which is spanned
by the constant function, we have

ITall? = (g — DY (Volg (M))1+2/4 /M T2 dvg 2 | Tl

with an implicit constant depending only on d. Thus, if # is large enough, the error term
O (| pn|minit-a=2}| T, I7) can be absorbed and we conclude that

2 2 -2 -2
unll™ =Y llunlly = llinll” =Y [l
Moreover, we note that

— 12 ~ = 112 2,2 2
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Since
lin — il = Appa (Il + 18217 = A5 uallg ).

and || T, ||*> — 0, we conclude that
ltn = it 1> = it — @[> (1 + 0(1)).
Finally, by (13), ||un|| > |2, |- To summarize, we have shown that

lunlUlunll? = Y unlly)  Niial* (il = Y linll3)
>

(1 +o(1)).

lln — wn|* i — 12n |1*

(With more effort one can show that the o(1) error on the right-hand side is not necessary,
but we will not need this.)

Step 3. From this point on, the proof is exactly the same as that of Lemma 6. In fact,
one does not even have to redo that argument; one can simply argue by scaling. Note

that ii,, are functions depending only on the variable s € S!( J;j)' If we set u,(s) =

vp(s+/d —2/(27)), then vy, is one-periodic and

litn >l = Y linllg) — Noall®Ulonll® = Sllvally)

i — || lvn — vnll*

where on the right-hand side || - || stands for the norm (6) of functions in H!(R/Z) with
S = (2m)?/(q — 2). The claimed bound now follows from that in Lemma 6. |

Remark 11. The bound in Lemma 10 is best possible, both with respect to the power 4
and with respect to the constant on the right-hand side. This follows from Remark 7 by
the same scaling as at the end of the previous proof.

Theorem 3 follows from Lemma 10 in the same way as Theorem 1 follows from
Lemma 6. We omit the details.

4. Proof of Theorem 2

We fix d > 2and 2 < g < 2d/(d — 2) and abbreviate, in this section,

d
2._ 2 2
lu]| := [Sd(|Vu| + q—2u )da)

Y = L|Sd|‘—2/4.
q—2

and

Moreover, ||u||; will denote the L9-norm on S? and it = |S?|™! Jsaudw.
Let us briefly comment on the history of inequality (5). By symmetric decreasing
rearrangement, it suffices to prove the inequality for functions that depend only on wg 41
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and the resulting inequality was shown in the work of Bakry and Emery [2, pp. 204-205].
As mentioned before Lemma 4, the inequality appears explicitly in the work of Bidaut-
Véron and Véron [5, Corollary 6.2], who also show that equality holds only for constants.
Their work builds upon [32, Appendix B]. In addition, like (4), inequality (5) appears in
[3, Theorem 4], from which one can also deduce the cases of equality.

Lemma 12. Let (u,) C H'(S?) be a sequence with ||u,||> = Y and lunllg = 1. Then,
along a subsequence,
Up = An(1 4+ 1),

where Ay € R, 1, € H'(S?) and, fora o € {+1,—1},
An = oSV || = 0, / rmdo = 0.
sd

Proof. The argument is the same as in the proof of Lemma 4, except that one replaces
Arzela—Ascoli’s compactness theorem by Rellich’s. We omit the details. ]

Lemma 13. Ler (u,) C H'(S%) be a sequence with ||u,||> = Y and

llunll® =¥ [l 13

l[un — itn |12
Then, along a subsequence,
un = An(1 4+ pn(en - @ + Rn)),
where Ay, in € R, e, € sS4, R, € H'\(M) and, fora o € {+1,—1),
An = o[SUTVE py >0, [[Ral| > 0

and, forall j = 1,...,d + 1,

R,dw = R,w; dw = 0.
N N !

Proof. The proof of this lemma is essentially the same as those of Lemmas 5 and 9. The
relevant quadratic form is now

d d
/ <|Vr|2+—r2) da)—(q—l)—/ rzda)z/ (|Vr|2—dr2)da).
sd q-—2 q—2Jsd sd

The kernel of this quadratic form is spanned by spherical harmonics of degree 1, that is,
by w1, ...,w4+1. Therefore we can argue as before. ]

Lemma 14. Let (u,) C H'(S%) be a sequence with |u,|*> = Y and lunllg = 1. Then

it ln 1> (lun > = Y unll?) _ @+ 1D(g—2)(2d —q(d —2))
n—>00 lun — ity |4 T 2d+2)d+3)g-1

(14)
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Note that the expression on the right-hand side is positive since ¢ < 2d/(d — 2). Its
vanishing for ¢ = 2d/(d — 2) if d > 3 is consistent with the fact that in the Bianchi—
Egnell inequality (1) (and in its equivalent sphere version), one takes the infimum over the
(d + 2)-dimensional manifold of optimizers, whereas for ¢ < 2d/(d — 2) we are taking
the infimum only over the one-dimensional set of constants. Note also that the constant in
(14) coincides with the corresponding expression in Lemma 6 for d = 1.

Proof of Lemma 14. Step 1. The proof is similar to those of Lemmas 6 and 14. As in
those proofs we can pass to a subsequence along which the liminf in (14) is realized and
we may assume that lim inf,, oo (||t ||* — Y || 1y, ||§)/||un — i, ||? =0.

By Lemma 13, after passing to a subsequence and after a rotation, we can write

Up = Ap(1 + wn(g + Ry)), (15)

where A, 1, and R, are as in that lemma and g(w) = ®wg41.

Step 2. We now restrict ourselves to the simpler case where d = 2,3 and 4 < g <
2d/(d —2). Then we can expand |1 + 7|4 to fourth order in 7 and obtain as in the proof
of Lemma 6, recalling the orthogonality conditions,

lunlld = |An|‘1(|8d| + %q(q — Dpn(lgl3 + [Ral3)
+ %q(q -D(g-2u, / ¢’ Ry dw
»
+ 520~ Dlg ~ 2~ I lsl
Ol IRl + |un|5)).
Consequently,
)2 = Aﬁ|§d|2/4(1 + (g = D2l (lgl3 + [ Ral3)
+a=0G-2515 " [ 2 Rido
+ (0= Dlg -2~ s sl
— 1@ =2~ 107d1s! gl
+ Ol IRalP + |un|5)).
On the other hand, because of the orthogonality conditions,

d
lunll? = 23 (51591 + #2817 + 31 Ral?).
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Putting this together, we obtain

. d(g - 1)
2 2 2 2 2 2
A2l = ¥ ) = 13 (el = == lg13)

dig—1)
+MiQ|Rn||2 - jHRnH% —d(g = Dptn /sd &Ry a’a))

d d
4= _ 21qd |—1 4 7 _ _ 4
+Mn(4(61 DS llgllz 12(qr D(q 3)||gll4)
+ (9(|/’Ln|3”Rn”2 + |/'Ln|5)-

Using

1 1
— | |VglPdw = 2do = ——|S?|,
d/Sdlgl w /Sdg 0= IS

3
4d — Sd,
/Sdg @ (d+1)(d+3)| |

(16)

we can simplify this expansion to

- dig—1)
A (> =Y lunlg) = Mﬁ(IIRnII2 -7

4 dlg—1(g+d)
"2(d + 1)2(d + 3)

IRs13 = dtq = D [, 6% Redo)

+p ST+ O(unlPIIRall* + |1nl).

Step 3. It remains to get a lower bound on the term that is quadratic plus linear in R,,. We
expand R, into spherical harmonics,

00
Rn(t) = ZZ“Z,mYZ,m.

(=2 m

Here, for each £, (Y; ,)m is an L2(S%)-orthonormal basis of (real) spherical harmon-
ics of degree £. The index m runs through a finite set whose cardinality depends on £,
but which will not be important for us. The only thing we will use is that the space of
spherical harmonics of degree 0 is spanned by constant functions and that of degree 1 by
WD1yee, Wd41-

For notational simplicity, we do not reflect the dependence of the ay ,,, on n. Note that
by the orthogonality conditions there are no terms involving £ = 0 and £ = 1. We have

o0 o0
/Sd|VRn|2dw=ZZE(€+d—l)a%’m and /Sd RﬁdszZazm.
(=2 m {=2 m

Moreover, since a)ﬁ 41— 1/(d + 1) is a spherical harmonic of degree 2 and since, by (16),

1 \2 2d
2 - 4 d
/Sd (wd“ d—l—l) do (al+1)2(al+3)IS .
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we can assume, without loss of generality, that

(d+1)2(d+3)( 5 1 )

Y20@) = 24|59]  \Yd+1T gy

Thus, since R, = 0,

1 2d|S4|
2R d =/ 2 V\Rodw= | —22>1
/Sdg R (‘“d+1 d+1> @ d+1)2d +3)"?°

Therefore,

dg—1)
| Rall2 = d(q — 1t / Ry deo — Cljun] | Rul?
(g—2) sd

e N / 2d|S4|
= ;;(5(5 +d—1)—d)ag,, —dlg—1u, maz,o

—C|;Ln|ZZ(€(f+d—l)+ qd_

(=2 m

1RAlI” ~

2
z)af,m

- ((d +2- C|y,,,|<2(d +1)+ qdj))aio

/ 2d|Sd|
—d(qg — Dpn maz,o

£ Y (2= Clunl (26 + 1) + =) )a2,,

q-—2
m#2
> d
(l+d—1)—d—Clua|(et+d -1+ —))d2, ).
+£;(( +d—1)—d = Clyun| (£ + 1>+q_2))ae,m)

Since u,, — 0, we have for n large enough, uniformly in £ > 2,

d
£(€+d—1)—d—C|p,n|(€(€+d—1)-|—qj)>0.

Under this assumption and abbreviating

d
pni=d +2—C|M,,|<2(d )+ qu> >0,

we can bound

dig—1)
=Dy Ral2 — diq - Dy / ¢ R d — Cljun] | Rul?
(g —2) sd

[ 2d|s9)
> 2 _dg—1 sl el R
= pnlz —d(g —Dpin @+ 12 +3)"2°

IRall> —




R. L. Frank 1478

B dig—1) 2d|S9| 2
=on{(eno =S50 e )

L dg-1? 2dist
402 d+D2d+3)"
__d’g-1D>  2disY

4o (d+ )2 131
_d*(q—1)? 2d|S9|
T 4d+2) (d+1)2d +3)
To summarize, we have shown that
_ dig—1)(g+d d3(g —1)?
K2l = Vhunld) = 1 (5 s ~ s e
+ O(|pnl®)
_4d(@—1D(2d —(d -2)q)
~ M@ D +2)d +3)

On the other hand, we have, by the orthogonality conditions and (16),

4 ||un—mt||4 (d+1)2 — 4

My = = l[un — ]I (1 + o(1)).
"Rl +IRaD? @ -2yt

Inserting this into the previous bound, we get the claimed asymptotic inequality. This
completes the proof in the case 4 < g < 2d/(d —2).

1+ O(ual).

S| + O(|pnl®).

Step 4. In the remainder of the proof we deal with the technical problems arising in the
case where g < 4. Just like in the proof of Lemma 10, the problem is the expansion of
|1 + 7|4 to fourth order in 7, for which we need u, (g + Ry) to tend to zero in L°°. While
this may, in general, not be the case, in the proof of Lemma 10 we got around this problem
by noting that the L°° convergence holds for the spherical mean and the remainder can be
controlled by a spectral gap estimate.

In the present situation we will try to adapt the same proof and also argue by inte-
grating out variables, but the new difficulty will be that the resulting one-dimensional
function does not converge in L* uniformly over its interval of definition. This problem
can be overcome by dealing with the boundary and the bulk separately.

To be more specific, consider u, as in (15) and then further decompose

Ry =S, + T, with Sy(wg4q) =[S /d 1 Ry(V1 =3, 0. 0441)d0.

gd—
In words, S, is obtained from R, by averaging over the spheres {((1—-w3 )'/?0.wq41) €
S? : 9 € S?1} orthogonal to the ey q-axis, parametrized by their height wg41. The
function 7, has the property that for any function ¢ of ws 4+ alone,

/ o(@a41)Ty do> = 0. (17
Sd
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By orthogonality,
IR = 11Sall + 1T,

0 || Ry || — O implies ||S, || — 0. The difficulty compared to the proof of Lemma 10 is
that this does not imply that || S, [|coc — 0. To be more explicit,

T
d
IS ll* = IS‘HI/ ((80(Sn(cos 6)))* + —=— Sy (cos 6)? ) sin~" 6.6
0 q-—2

and we note that the weight sin?"19 degenerates at the boundary. Before dealing with this
problem, we get rid of the term 7}, essentially in the same way as in the proof of Lemma
10.

Step 5. Let us set
Un = Up + Anpin T,  with i, = A, (1 + wn(g + Sn)).
Then by an expansion to second order, similarly as before,
A2 (Ul 1 = Y Nunl13) = A% (itn | = ¥ lliinll3)

12 (ITI2 = g = DY [ 12 do s+ 0002 T 1)

Just like in the proof of Lemma 13, the term quadratic in 7}, involves the operator
—Aga — d. The kernel of this operator is spanned by wi, ..., ®wz4+; and its negative
spectral subspace is spanned by constants. We claim that 7}, is orthogonal to all these
functions. For constants and wg 4 this follows from (17), and for wy, ..., ®g it follows
from the fact that both R,, and S,, are orthogonal to these. As a consequence of the orthog-
onality relations, we have

ITl? = (g = DYIS/209 [ T2 dw 2 T

with an implicit constant depending only on d. Thus, if # is large enough, the error term
O (| pn|mini-a=23 T, ||Z) can be absorbed and we conclude that

2 2 ~ 2 ~ 2
lunll® = Yllunlly = loiall™ = Y lltinllg.
Continuing to argue as in the proof of Lemma 10 we arrive at

et 2 (2 |12 = Y unllg) Nt Il |1 = Y lln113)

— — — (1 +o(1)).
llun — tn||* ltin — tip ||*
This accomplishes our goal of removing the term 75,.

Step 6. It remains to deal with the failure of L convergence of S;. We first assume that
d > 2 to present the argument in the cleanest way. Then, for any function v € H'(S%)
that depends only on wg 41,

[v(w)] <8(w) @272 ||y ||, where §(w):= dist(w, {(0, ...,0,+1),(0,...,0,—1)}). (18)
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This follows, for instance, from the well-known inequality, valid for all radial we H! RY),

lw(x)| S |x[7922|Vw],.
Indeed, in obvious notation,

o] oo [ele) 1/2
/ w/(s)ds| < (/ s_d+1ds/ (w'(5))2s%7! ds) .

This implies (18) either by a localization argument or by stereographic projection.

As a consequence of (18), there is a constant C > 0, depending only on d, such that if
8(®) = Clun]?’@=2 then |pn(g(w) + Sp(w))| < 1/2. (Here we also used ||g + Su || <
1.) Thus, if we set

lw(r)| =

€= {we S §(w) < Clua? @2},

then, by the same arguments as in the proof of Lemma 6,
An|7? in|? do = 1 Su) + 2qlq - D2 Sn)*)d
[Anl |tin|? do> = +qpn(g + Sn) + 59(q = D (g + Sp)” ) do
sd\e sd\e 2
1
[ (fata= D=2 +36°0)
Sd\‘(‘f 6
1
+ 574 = (g =2 - Iuig*) do

+ O P12 112 + |1tn])-

On the other hand, in € we expand to second order,
Y 1 2 2
Aal™ [ liinl deo = | (14 qpn(g + Sn) + 59(a = Di(g + $0)?) doo
€ € 2
+ (9(|un|mi“{3’q} L1+ S0 do -+ gt [ g+ 5,1 dw).

Let us bound the remainder term. We let 1 < p <2* =2d/(d — 2). (We will later choose
p =min{3,¢} and p = ¢.) Using the fact that g is bounded and that H ! embeds into L,
we obtain

al” | |g+sn|1’dws|un|1’(/ 7 do+ | |sn|1’dw)
€ € €

< pal? (€] + [€1@=P27|Is,)15.)
~ 1P+ a1 S 15
>

Here we used | €| ~ |1, |° . A similar argument shows that

1 1
fe(gq(q —1)(q —2)u)(g> +38%Sn) + 539 =g =2)(q - 3)M3g4) do

= O(palP™ + T2 Snll2»).
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To summarize, we have
[ 1
il [ttt do = [ (14 quate + S0 + 300 — D2 + 5,?) do
€ €
1
+ [ (gq(q —1)(q —2)up(g> +38%Sy)
€

1
+ 540 = (g —2)(g —Iujg*) do
+ O(sn ™™D PSP 1S 120).

Adding this to the expansion on S¢ \ € and using the orthogonality conditions, we finally
obtain

e 1
[An|™lin |17 = IS9| + Eq(q — D2 (lgl3 + 1513)
1 — (g -2)u> 28, d
+2q(q Wg =2y, | & Sndow

Sd

1
+ 574 = Dla = 2)(q = iz lg3
+ O(pnlPISnl? + [tn 2 1S 53T 4 (| + [ [Pin20342T),

Here we slightly simplified the error terms, using |wn|?>T2 | Sull2x < |unl?1SnlI? +
|n ' 122 and 1 +2-2* > 5.

The upshot is that we have almost the same bound as in the case g > 4, except that the
remainder |1, | | Ry ||? there is now replaced by |t |2 |Su 12 + |ttn|? 1Sy ||‘2“i“{3"1} and the
remainder |1, |° there is now replaced by || + |, |™"343+2% These replacements,
however, do not affect the proof. Indeed, the only thing that was important about the first
remainder was that it was o(112)|| R, ||* and about the second remainder that it was o ().
This is satisfied in the present case and therefore one can proceed in the same way as
before.

Step 7. Finally, we briefly address the necessary changes for d = 2. In this case, inequal-
ity (18) holds only with §(w)™® for arbitrarily small & > 0, but not with @ = 0. Moreover,
H'! is embedded into L" for arbitrarily large r < oo, but not for r = oo = 2*. Thus, if
one follows the above proof, these two issues imply that the remainder estimates in the
expansion of ||, || become worse by a factor |w,|™¢ for arbitrarily small & > 0. This,
however, is still enough to conclude the proof along the same lines. ]

Remark 15. The bound in Lemma 14 is best possible, both with respect to the power 4
and with respect to the constant on the right-hand side. Indeed, it is saturated as ¢ — 0
forug = 1 + eg + &2h with h(wg11) := (d(qg — 1)/ 2(d + 2)))(w§+1 —1/(d +1)).In
the notation of the previous proof, this corresponds to ;e = ¢ and R, = €(h + 0(1)). The
function 4 is chosen in such a way that the square that is completed in the previous proof
(Step 3) vanishes to leading order.
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Theorem 2 follows from Lemma 14 in the same way as Theorem 1 follows from

Lemma 6. We omit the details.
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