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Abstract
In this paper, we are concerned with peak solutions to the following one-dimensional Gierer—Meinhardt system with saturation:
A2
—+
H(l 4+« A?)
0=DH" — H+ A2, H>0, xe(-1,1),
A'(£1)=H'(£1) =0,

0=c2A" — A+ o, A>0, xe(=1,1),

where ¢, D > 0, k > 0, 0 > 0. The saturation effect of the activator is given by the parameter «. We will give a sufficient condition
of « for which point-condensation phenomena emerge. More precisely, for fixed D > 0, we will show that the Gierer—Meinhardt
system admits a peak solution when ¢ is sufficiently small under the assumption: x depends on &, namely, ¥k = «(¢), and there
exists a limit limg_, ¢ ke 2= ko for certain «g € [0, 00).
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1. Introduction

In this paper, we are concerned with the following system of ordinary differential equations:
A2

HO Ay

0=DH" — H+ A%, H>0, xe(-1,1),

Al(£1)=H'(+£1) =0,

0=¢’A" — A+ o, A>0, xe(=1,1),

(1
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where unknowns are A = A(x) and H = H(x). ¢ >0, D > 0, k > 0 and o > 0 are constants. This system arises as a
steady-state problem of the 1-dimensional Gierer—Meinhardt system with saturation which was proposed by A. Gierer
and H. Meinhardt [4]. The general Gierer—Meinhardt system is written by

AP

A=A — A4 —2
1=¢ tHeGtean TC

, A>0,xe82,t>0,

Ar
rthDAH—H—i—E, H>0 xe8,t>0, )
0A 0H
— = =0, x €082, t>0,
ov ov

A(x,0)=Ap(x), H(x,0)=Hp(x), xe$2,

where A = A(x,t) and H = H(x,t), T > 0, A is the Laplace operator in R¥, €2 is a bounded smooth domain in R",
v is the unit outer normal to d§2. The exponents satisfy the conditions p > 1, g, r >0,5s >20,and 0 < (p — 1)/q <
r/(s+1). The unknowns A(x, t) and H (x, t) represent the concentrations of an activator and an inhibitor, respectively,
at x € £2 and time ¢ > 0. Ag and Hy are their initial data. One of the parameters of (2), « stands for the degree of a
saturation effect to the reaction term of the activator. The term o > 0 is the source term. o represent the source rate
of the activator. This system expresses some models of biological pattern formation. It is known that (2) has various
kinds of striking solutions when ¢ is small and D is large. In particular, we are mainly interested in a solution such
that the activator A is concentrated at a finite number of points in £2. Such a solution is called a “peak solution”. Peak
solutions represent point-condensation phenomena of the activator. When x = 0 (no saturation case), a lot of methods
to construct peak solutions were established by many mathematicians. However, when « > 0, it is not trivial whether
a peak solution also exists or not. When « > 0 is fixed independently of ¢, due to the bistable nonlinearity, solutions
with transition layers may exist. Indeed, M. del Pino [3] showed the existence of solutions with multiple layers when
the domain 2 is a ball. See also [1,16,7].

We introduce the shadow system of (2). Dividing the second equation in (2) by D and taking the limit D — oo
formally, we have AH =0 in £2 and % =0 on 952. This means that H (x, t) does not depend on x, and hence we
can regard H (x,t) = &(t). Thus we have the following system which is called the shadow system of (2):

AP
A=e’AA—A+——— 40, A>0,xeR2,1>0,
£9(1 + K AP)
£ 1/<§+Ar)d £>0,1>0
T = —— — — X, >0, t>0,
el £ 3)
2
dA
=0, x€d2, t>0,
ov
A(x,0) = Ao (x), £(0) =&, xef.

For this shadow system, in the case (p, g, r,s) =(2,1,2,0),0 =0, « > 0, J. Wei and M. Winter [22] showed that the
shadow system (3) admits a stationary solution concentrating at one point of the boundary for sufficiently small ¢, and
the stability was studied. In [8], multi-boundary peak stationary solutions to (3) has been constructed for sufficiently
small ¢ in the case where 2 c RY is axially symmetric with respect to xy-axis, (p,q,r,s) =(2,1,2,0), 0 =0,
k > 0, N < 5. Moreover, multi-boundary peak stationary solutions to the original Gierer—-Meinhardt system (2) was
constructed near the solution to the shadow system (3) for sufficiently large D by using the implicit function theorem.
The result was extended to the case o > 0 in [10]. In [22,8,10], it was supposed that ¥ > 0 depends on ¢, namely
k = Kk (g), and there exists a limit ke ™2V — kg € [0, 00) as € — 0 for certain kg. This condition is called a “weak
saturation” condition. This condition gives one of the sufficient conditions for which peak solutions appear.

The method, namely, to find a stationary solution to (2) near the stationary solution to the shadow system (3) by
the implicit function theorem, is one of the methods to construct a solution to the Gierer—Meinhardt system (2), which
was developed from the work by W.-M. Ni and I. Takagi [14]. In general, the number D must be large enough in
the method. However, the following question arises, “for D > 0 given arbitrarily, does the Gierer—-Meinhardt system
(2) possess a peak solution under the weak saturation condition?”. The purpose of this paper is to construct a 1-peak
solution concentrating at x = 0 to the 1-dimensional Gierer—Meinhardt system (1) for any fixed finite D (which is
called the strong coupling case) under the weak saturation condition.
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We give remarks on other related results. For fixed k > 0, M. Mimura, M. Tabata and Y. Hosono [1] showed
the existence of interior transition layers by using the singular perturbation method in the case N = 1. Y. Nishiura
[15] showed that, for some 1-dimensional reaction—diffusion systems including the Gierer—Meinhardt system (2), the
bifurcating branch emanating from a uniform state continues to exist until it is connected to the singularly perturbed
solutions when one of the diffusion constants is sufficiently large. Multi-peak stationary solutions to (2) were first
constructed by I. Takagi [17] in the case k =0, N = 1. Moreover, its stability was discussed in [5]. In the case k =0
and N =1, J. Wei and M. Winter [23] studied the existence and stability of symmetric and asymmetric multi-peak
stationary solutions to (2), and they showed that multi-peak stationary solutions are generated by exactly two types of
peaks if the peaks are separated. In the case k = 0 and N = 2, multi-interior peak stationary solutions were constructed
and the stability was discussed in [19-21]. With respect to the stability analysis for the Gierer—Meinhardt system and
its shadow system, see [12,7,9], and the references therein. Some a priori estimate for a stationary solutions to (2)
were given in [6,2,13]. For other results related to the Gierer—Meinhardt system, see [11,18,24] and the references
therein.

Finally, we state remarks on our notation. For a domain §2 C R, we use standard Lebesgue spaces and Sobolev
spaces Lz(.Q), L°(2), H 2(.(2), and so on, with the usual norm. Throughout this paper, unless otherwise stated, we
use the symbols C, C’, C”, ¢, ¢/, ¢” as positive constants, but they need not have the same value in each situation.

This paper is composed as follows. In Section 2, we will state our main results, Theorem 1 and Theorem 2. In
Section 3, we will prepare some lemmas and state an outline of our construction of a solution. In Section 4, we will
give some estimates in order to prove the theorems. In Sections 5 and 6, we will give the proofs of Theorems 1 and 2.

2. Main results

We need some preliminaries to state our main results. We introduce a solution denoted by ws to the following
problem:

w' —w+ fs(w)=0, w>0, inR,
{w(O):malé(w(y), w(y) — 0as |y| — oo, “)
ye
v 5
fow) = 5. 5)

It is known that, there exists a constant &, > 0, the problem (4) has a unique solution wg for each § € [0, §,), and ws
is radially symmetric, namely, ws(y) = ws(—Yy), y € R. This fact was established in [22]. The number 4§, is given by

a
8y = sup{S > 0: there exists @ > 0 such that /(—t + f5(t))dt = 0}.
0
For fixed D > 0, let Gp(x, z) be Green’s function to

{DGxx(x,z)—G(x,z)z—SZ(x) in (—1, 1), ©)
Gy (£1,2)=0.
G p(x, z) can be written explicitly
{Sinhewcosh[é(ljtx)]cosh[@(l -2l -l<x<z,
Gp(x,2)= 0 (7
SRy cosh[6(1 — x)]cosh[0(1 +2)], z<x <],
where 0 := D~1/2. We put
1
odp = m (8)
Moreover, the non-smooth part of Gp(x, z) is given by
Ko(jx —zl) = —=e 9", ©)

2v/D
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Let Hp(x, z) be the regular part of Gp(x, z),
Gp(x,2)=Kp(lx —z|) — Hp(x, 2).

Hp(x, z) is C* in both x and z.

Next, we prepare a cut-off function. Let x € Cgo (R) be a function such that, 0 < x < 1, x(x) =0 for |x] < 1,
x(x) =1 for x| > 2. Let rg be a fixed constant such that 0 < ro < 1/2, for example, ro = 1/10. We will use a cut-off
function in the form x (rx—o). Note that X(%) =0 for |x| > 2rg.

We suppose the following assumption on the constant « in (1).

(A) k >0 depends on &, and there exists a limit

lim ke ™2 = ko (10)

e—0

for some kg € [0, 00).
Let us state our main results. We first state a result in the case o = 0.

Theorem 1. Let 0 = 0. Fix D > 0 arbitrarily. We suppose (A), and let the value KanD be sufficiently small. Then, for
sufficiently small ¢ > 0, (1) admits a 1-peak radially symmetric solution (A¢(x), He(x)) such that A;(x) concentrates
at x = 0. More precisely, there exists §; € [0, §;) for each ¢ sufficiently small such that §; — &9 as ¢ — 0 for some
8o € [0, §4) which is decided by ky and D and satisfies

2
«so([w?o(y)dy) = KD, (11)
R

and Ag takes the form:

1 X X X
Ag(x) = —2{051)11)55 <—>X(—) +8¢a(—)}, xe (1,1, (12)
& [ w3, € "o €

where ap is defined by (8), ws is the unique solution to (4), and ¢.(y) is a radially symmetric function on $2, :=

11
-, 5) such that

el 2, < € (13)
holds for some constant C > 0 independent of €. H has the following property:
1
H:(0)= ———(ap + O(e)) ase—0. (14)
& Jpwj,

Next, we state a result in the case o # 0.

Theorem 2. Let o > 0. We assume the same assumption on k as in Theorem 1. Then, (1) admits a radially symmetric
solution provided ¢ is sufficiently small. More precisely, if we fix & > 0 and y € (0, 1/2), there exists &€, > 0 such that,
Jorall ¢ € (0,&)) and o € (0,0), (1) admits a radially symmetric solution (A¢ (x), He o (x)), and A¢ o takes the
form:

1 X X X X
Aeo(x) = 7{a1)wag<—)x<—> +8¢s<_> + & de.o (—)} +o, xe(=1,1), (15)
& [gws, € 7o e e

where &; and ¢ are given in Theorem 1, and ¢. (y) is a radially symmetric function on §2, such that

1660l 20,y <& (16)

holds, and H, » satisfies
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1

Ef]R wi

as ¢ — 0, where O(¢g) and O (e") are independent of o.

H.(0) = (ap + O(e) + (7 +52) O0(e7)), 17)

Remark 3. The setting of the domain (—1, 1) is not essential. For given k € N, if we construct a 1-peak solution to (1)
on smaller domain in advance, then we can obtain a k-peak symmetric solution to (1) by reflections.

Remark 4. The assumption “K()Ol%) is sufficiently small” in Theorem 1 is due to some technical reason. See Remark 14

stated later.
3. Basic analysis and preliminaries

In this section, we prepare some lemmas to prove Theorem 1 and state the outline of our construction. We first
define some function spaces as follows:

LER) :={u € L*(R): u(x) =u(—x), x e R}, (18)

H?(R) := H*(R) N L2(R), (19)
and for a domain (—a, a), a € (0, 00),

Li(—a,a):={ue L*(—a,a): u(x) =u(—x), x € (—a,a)}, (20)

H?*(—a,a) := H*(—a,a) N L*(—a, a), (21)

H? (—a,a):={u e H}(—a,a): u'(xa) =0}. (22)

Because we will frequently use rescaling, we introduce the following notations.

Definition 5. Put 2, := (—é, %).

For a function u : (—1,1) = R, let u(y) :=u(ey), y € §2.
Inversely, for a function v : £2, — R, let v(x) := U(%), xe(—1,1).

3.1. Basic analysis
For the unique solution ws to (4), let us state some known facts. After that, we state some new lemmas.
Lemma 6. For each § € [0, éx), the unique radially symmetric solution ws has the following properties:

(1) ws € C*(R).
(ii) Let
42
Ls:=— — 1+ f{(ws) : H*(R) - L*(R),
dx?
where f3(ws) =2ws/(1 + 8w§). Then, Ker(Ls) = span{wy}.
(iii) If we restrict the domain to Dom(Lg) = Hr2 (R), then Lg has a bounded inverse L(;l : L%(R) — Hr2 (R).
@iv) Ifwe fix § € (0, 84), then there exist constants C, ¢ > 0 such that
d"w(;
dy"

holds for any § € [0, 5.

ws(y),

(y)‘ <Ce™ Pl yeR, n=1,2, (23)

Proof. (i)—(iii) have been proven in Lemma 2.2 of [22]. (iv) have been proven in Lemma 2.4 of [8]. O

We state continuity and differentiability of w; on §.
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Lemma 7. As a C'(R)-valued function of 8, ws satisfies the following:

(1) ws is continuous in § € [0, 84) with respect to the C L(R)-norm.
(i) wy is of class C((0, 8,), C' (R)).

Proof. This fact was proven in Lemma 2.3 of [22] (see also Lemma 2.3 of [8]). O

Let us denote the derivatives of ws in x and in § by wj(x) and dwy

T5 respectively. Next, we state some useful
formulae.

Lemma 8. The following identities hold:

Lsws = fs(ws)ws — f5(ws), (24)
d
Ly =2 = £ (wy), (25)
<w5+28d—+ 1y w(;):w(;, (26)
dsé 2
dw
<wa + 235) = fs(ws). 27

Proof. These facts were proven in Lemma 2.3 of [22]. O
Lemma9. ws — b in C12OC (R) holds as § — &, where b > 0 is the second positive root of —t + f5, (1) =0, t e R.
Proof. This fact was proven in Lemma 2.3 of [22]. O

Lemma 10. For any § € (0, §,), it holds that

o0

i( / w3 (y) dy) > 0. (28)
ds

—00
Proof. This fact was proven in Lemma 2.6 of [22]. O

Lemma 11. For fixed 8 € (0, 8y), there exists constant C > 0 such that

5

HZ(JR)

holds for any 8 € (0, 5).

Proof. It is easy to see that La_l is bounded uniformly in § € [0, 3. By using (25) and Lemma 6(iv), we can estimate
by some constants C, C’ > 0 independent of § € [0, 3] as follows:

H dws

= |25 15 o) | oy < C1 17 o) | 2y < € (30)
H2(R)
Hence we complete the proof. O

Lemma 12.

(1) Foreaché$ €10,6y), if ¢ € H,Z(R) satisfies the following:
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¢”—¢-|—f5’(w5)¢—yf}§ 5 fs(ws) =0 inR, (€29
rRW
Jr w3
32
V#wag_}_%waﬁddugs 2
then ¢ = 0.
(i1) There exists 61 € (0, 8x) such that, for § € [0, 681), if p € Hr2 (R) satisfies the following:
¢/’—¢+f§(wa)¢—ywwa =0 iR, (33)
Jrws
y % fR ws (34)
Jw Ly (ws) fy(ws)
then ¢ = 0.

Before the proof, we state some remarks. Lemma 10 implies that fR W5 85 > 0 for any é € (0, §5). Hence, we first
notice that

fR wa
fR w; +28 [ ws ddujss

Secondly, we consider the value of fR L_l (ws) f5s(ws). By using (26) and integration by parts, we have

<1, 8€]0,8,). (35)

1
llm/ 5 (ws)fs(ws)—llm/<Wa(y)+28 > (y) + 3V wa(y)>fs(ws(y))

3 1 / 2
:/(wo(y)+ §y~w0(y)wo(y)) dy
R

1
_ / (wé 0 - ¢} (y)) dy
R

5
= 8/‘wg(y) dy > 0. (36)
R

Here, we note that § fR % fs(ws)dy — 0 as § — 0 by Lemma 11. Moreover, we see that

wf — wo +wj =0, /wowo—/wo / wy = /(w6)2+/w(2):/w8. 37)
R R R

Therefore, [p w3 > [ w. Thus we have

2 2
] lfR wj _ SfR ) (38)
fR Lg (ws) fs(ws) ls=0 EIR Wy 5
Proof. (i) By using (27), the equation (31) can be written as follows:
Lsp=vy Ja0s . ? )., = fR ‘“’5 Ly (fs(ws)).
Jrws AT

/‘wa¢=3/f}Q 8f</w§+28/ a%)
R RYS Mg R

Hence, fR ws¢ = 0 must be hold by (32). Thus we have Lsp =0, ¢ € Hr2 (R), and hence ¢ = 0 by Lemma 6(iii).



980 K. Morimoto / Ann. 1. H. Poincaré — AN 27 (2010) 973-995
(ii) Define §; by
81 = sup{8 € (0, 8,): /L;l(w(y)fg/(w‘y) > 0 for &' € (0, 5)}. (39)
R

This 81 is well defined by (36). Then we can prove by the same argument as in the proof of (i). O

Now, we define an operator £s on L*(R) with Dom(Ls) = H>(R) by

Lsp=¢" — o+ flunp— 222 W59 f ). (40)
Jrws

Its conjugate operator is given by

L3 =v" =¥ + fi(ws)y —2@%@;, ¥ € HX(R). (41)

R ™6
Let us define §, by
2
32:sup{8€(0, 81): _lwa‘S’ <2ford e (o,a)}, (42)
Jr Ly (ws) fy (ws)

where 41 is defined by (39). This 4, is well defined by (38).
Lemma 13. For the operators Ls and L%, and 8, defined above, there hold that

(i) Ker(Ls)N Hrz(R) = {0} for any § € [0, 6,),
(ii) Ker(L}) N H2(R) = {0} for any § € [0, ).

Proof. This lemma is a consequence of Lemma 12. 0O

Remark 14. We do not know whether Ker(L£5) N Hr2 (R) is trivial or not for & near . If Ker(£3) N Hr2 (R) = {0}

holds for all § € [0, §.), then we can remove the assumption “/cooczD is sufficiently small” in Theorem 1. However, it

seems to be a difficult problem.
3.2. Outline of our construction

We state an outline of our construction. We see by Lemmas 9-11 that there exists unique . € [0, §,) such that

2
55(/w§€) =K8_2Ol%) (43)
R

holds for each ¢ > 0. By the assumption (A), in the limit ¢ — 0, there hold that
2
8¢ — 8o, 30< / w§0> = Koa%, (44)
R

as ¢ — 0, for some &g € [0, §«). We assume henceforth that K()OlzD > 0 is small enough so that §y € [0, §2), where
87 is given by (42). Then we note that there exists 8 € (0, ) such that 8, € [0, 8] holds for all & > 0 sufficiently
small. Hence, we may assume that ¢ < f]R wi (y)dy < C holds for all ¢ sufficiently small, the constants ¢, C > 0 are
independent of ¢.

Put

1

Cpi= —————.
8f11{< wi

(45)
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We consider the following problem for a and h:

2
" —at——— 40, =0, a>0 xe(-1.1),
h(1 + 8;0"a?) 46)
Dh" —h + c.a® =0, h>0,xe(—1,1),
a'(£1) =h'(£1) =0,
where
o= 2. @7
Ce

If we obtain a solution to (46), then we obtain a solution to (1) by putting A(x) = c,a(x) and H (x) = c.h(x). For
Ue Hr%v (£2¢), let T[U] be a unique solution to the following problem for v:

" _ 2 — _
{Dv v+c.U 0, xe(—1,1), (48)
v'(£1) =0.
Here, the under-bar and over-bar notation is due to Definition 5. Moreover, we put
U*(y)
SWI(y) =U"(y) - Uy + - y € 82. (49)

TIUI;) (1 + 8:a,2U(y)

If we can find U € H,%U (£2;) such that, S[U] 4+ 0, =0, U > 0 in £2,, then we obtain a solution to (46) by putting
a(x) =U(x) and h(x) = T[U](x).
Here, we note that T[U] is written by using Green’s function as follows:

1
T[Q](x)=Ce/GD(x,Z)QZ(Z)dz, ye(-1.1), (50)
5

for U € L*(82;). In particular, T[U] is radially symmetric provided U is radially symmetric. Now, let us define an
approximate function w, as follows:

x x
we(x) := aDw5£<g)x<g>, (51)

where ap = G p(0,0)~!, ws, is the unique solution to (4) for § = §,, x is the cut-off function defined in the previous
section. We will first consider the case ¢ = 0 and prove Theorem 1 in Section 5. For the purpose, we will seek
Ue Hr%V(QS) such that S[U] =0, U > 0 in 2, in the form U (y) = w(y) + €¢ (y) for some ¢ € Hrz’v(.Qs). Next, we
will consider the case o # 0 in Section 6. Note that (o, =)o /c, < Coe holds for some constant C > 0 independent
of ¢ sufficiently small. Therefore, we can prove Theorem 2 by a perturbation argument.

4. Basic estimates
In this section, we show some basic estimates.
Lemma 15. There exists ¢ > 0 such that T[w.](x) > c1, x € (—1, 1), for all ¢ sufficiently small.

Proof.
1

Tlwel(x) = ce / Gp(x, D)w?(z) dx
5
1

=ac, / Gp(x, Dw} (E)X2<£> dz
& ro

—1
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1/¢
&
= a%sce / Gp(x, sz)wi (z))(2 <%z) dz

—1/e

1/¢
2
o 0 €
>_D w2 (x| =z )dz
= 7 Se
ws sinh(20) / ro
fR Se Ve
o

/ w(%o(z) dz+o(1),

. ozzD 0
- fz wgo sinh(26)

as ¢ — 0, where o(1) is uniform in x € (—1, 1). This estimate completes the proof. O
Next, we show the following elementary inequality.

Lemma 16. For the non-smooth part Kp(|x — z|) of Gp(x, 2), the following estimate holds:

|Kp(Ixl) — Kp(ly)| < %{J—lﬁ(lm —yl|)+ %(\%)z(mz - |y|2)}.

Proof. This lemma is easily verified by (9) and the following elementary inequality:
1
P=xl<e ™<= al+ Sl
Thus, we omit the details. O

Lemma 17. For w, defined by (51), it holds that

T{w:](0) =ap + O(e),

as € — 0.

Proof. Note that

1 1/¢
2 0‘%) 2 2f €
TWH«»=C{/GD«L@wﬂﬁdZ=jGw2 / GD@@@w&&b<<zf>dL
21 R0y

and the following inequality holds:
1/e

/GD(O,sz)wi(z)dzé/GD(O,sz)wi(z)x2<%z)dz< / GD(O,sz)wfg(z)dz.

|z\<%0 —1/e |Z\<2'J
The left-hand side of (54) is written as follows:
(Lh.s.) = Gp(0,0) / w; (2)dz + / {Gp(0,22) = Gp(0,0)}wi (2)dz=1+1I.
lz]<"2 lzl<22
Moreover, noting ozBl = Gp(0,0), we can estimate by Lemma 6(iv) so that

I:agl{/wi(z)dz— f wi(z)dz}:aglfwi(z)dz-i—e.s.t.,
R R

o
|Z\>?

(52)

(53)

(54)

(55)
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where “e.s.t.” means “exponentially small term”. Next, we can estimate by Lemma 16 and the mean value theorem as
follows:

|| < [ |Kp(elzl) — KpO)|ws. (2)dz + [ |Hp(0,£2) — Hp(0,0)|wj (2)dz

ro ro
lel<% o<

<C / elzlwy (x)dz
lz|<2
< Cle.

2|Z|2

Here, we note that, < elz|rg for |z| < ro/e, fR |z|w§£ (z) dz is bounded uniformly in ¢ sufficiently small since

we may assume 8, € [0, §] and we can apply Lemma 6(iv). Hence

(l.h.s. of (54)) = aBl / ws, + O(¢). (56)
R
We can see that the right-hand side of (54) have the same behavior as (56). Thus we have

T[ _ a2D —1 2 _
we](0) = ap | w5 (2)dz+ O0(e) | =ap + O(e).
R

/]R wi

Thus we complete the proof. 0O

Lemma 18. For some constant C > 0, the following estimate holds:
| TTwel(ey) — T{w:1(0)| < C(elyl +¢), v € 2, (57)

for all e sufficiently small.

Proof.
1

Tlwe)(ey) — TTwe](0) = s f{GDosy, = Gp(0, 2))wl(2) dz
—1

1/e
2
= aDz /{GD(W@Z)—GD(O’SZ)}w?(Z)xz(iz>dz
waag_l/ : 1o
1/e
_ % K K 2 (2 N4
_wage {{ pely —zl) - D(8|Z|)}w5€(Z)X %Z z
1/e
— /{HD(c‘?y,SZ)—HD(O,SZ)}U)(%E(Z)X2<;—OZ>dz:|.
—1/e

Now, by Lemma 16, and noting ¢|z| < 1 for |z| < 1/¢, the following estimate holds:
|Kp(ely —zl) — Kp(elzl)| < Clellyl — Iy —zl| + & (Iy — 2> + [z17)) < C'e(Iyl + [zI).  y.z € 2.
for some C, C’ > 0 independent of ¢, y and z. Moreover, we can estimate by the Maclaurin expansion as follows:

|Hp(ey, e2) — Hp(0,e2)| < C"e(Iyl + 1zl), .z € 2,

for some C” > 0 independent of ¢, y and z. Thus we have
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1/e
2
| T[wel(ey) — T[we1(0) <5fa5,z (C'+cC") / (Iyl+1zl)wi. @) dz < C"(elyl + ), ¥ € 82,
R Y5, i/

for some C” > 0 independent of ¢ and y. Thus we complete the proof. O

Lemma 19. There exists C1 > 0 such that

ISt 2, < Cre (58)
for all ¢ sufficiently small.

Proof. It is easily to see that Aw, — W, = — f5, (ws, )ap +e€.s.t. in L2(3’28) as ¢ — 0. Hence,
ZHE))
S[wel(y) = — f5. (ws,)ap + == o —— fest.
’ TTwel(y) 1+ 822 ()
2,2 20¢€
1 apws (M x“(-y)
= —fs5. (ws, )t p + =—— b 852 2”08 S.t.
T{w:](y) 1 +53w,;5()’)x (%y)
_ O‘%) -
= —f5,(ws,)ap + fs. (ws,) +es.t. in L7(82).
TTw,]
By Lemma 17, we have
o? ap ap ap
— fs. (s )ap + === fs, (ws,) = f5, (ws,)x {_1+ T a0y }
Jor (e Ja + 2or= o (e ) = o, (wa Jern Tw©) ' Tlwel(y) Tlwel(0)
ap
= 0] T 0)—T .
Js. (wsa)otp{ (e) + T[wg](ey)T[wg](O)( [we](0) [wa](sy))}
Moreover, by Lemma 18, the following estimate holds:
4

2 Ws, 2
| fo. (s, ) (TTwel©) = Tlwele) | 120, = / m(T[wa](O)—T[wa](sy)) dy
£2¢ ¢

< C/w?g(y)(8|y| +8)2dy < C'e?,
2

for some constants C, C’ > 0 independent of ¢ sufficiently small. From these estimates and by Lemma 15, we have a
conclusion. 0O

Next, we give the derivatives of T and S. The proofs of Lemmas 20, 21 below are uninteresting calculation. So we
give their proofs in Appendix A.

Lemma 20. If we regard T as a mapping form L*(—1,1) into L>°(—1,1), then T is Fréchet differentiable on
L%(—1, 1), and its derivative at u € L*(—1, 1) is given by

1

T'[ulp = 2c; / Gp(x, Du@¢p(@)dz, ¢eL*(—1,1). (59)
-1
Moreover, for some constant C > 0 independent of ¢ sufficiently small, the following estimates hold:
2
| Tl + 1] = Tl = Tl | oo,y < ClAIT2 g, (60)
| TTulh] ., < Cllull 2o IRl 22, (61)

forany u, h € L*(£2,).
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For t > 0, we define a ball in H2(§2,) as follows:
B (W,) := {u € H*($2,): |we — ull g2, < T} (62)
Let us fix T > 0 so that
1

holds for all u € B; (w,) and ¢ sufficiently small, where ¢ is a constant given in Lemma 15.

Lemma 21. For all ¢ sufficiently small, S : H2(2,) — L%*($2,) is Fréchet differentiable on B, (W), and its derivative
at u € By (wy) is given by
2ug u*(T'[ulp)

Tlu] Tl ’ H?(82:). 64
TTul(1 +8sapy’u®)?  TTul(1 + 8eop u?) ¢ € H(S2) (64)

S'Tulp=¢" — ¢+

Moreover, the following estimates hold: for u € By (wg), ¢ € HZ(.Qg) and h € HZ(SZS), ”h”HZ(.Qg) <1,

| St + 1 = Stul = S'wlh 12 g, < C(IA12 g, + MA@ ] 2(g,)) (65)
|8l +h1p — S'Tuld | 12 g, < C(IAN 20, + Rl (20) 9]l 202, (66)
where C > 0 is independent of u, ¢, h and ¢ sufficiently small.

Remark 22. For the estimate (66), we note that the term ¢ vanishes in S'[u + h]¢ — S'[u]¢. Actually, (66) also holds
for ¢ € L2(£2;).

5. Construction of a solution for o =0

In this section, we construct the 1-peak solution to (1) in the case o = 0 and prove Theorem 1. Therefore, we
always assume o = 0 throughout this section. Our construction is based on the argument due to the contraction
mapping principle, which was used in [14,23,8], and so on.

Now we define an operator Ls on L%(£2,) with Dom(is) = Hr%v (£2¢) by

[ 2, 72 (TTur 19
Lep:=S'Tlp=¢"— ¢+ - e W (T [we19)

— SR o (67)
TTwel(1 4 8.0 w22 Tlwel2(1 + 8.0 w2)

Then its conjugate operator I:Z is given by Dom(lN,j) = HfU(Qs) and

Liy=v" -y + —— 2WeY — —~ (T/[ws][ ey — Dwg. (68)
TTwe](1 4 8c0 W) Tlwe (1 4 S0 w?)

The most important thing for our construction is the invertibility of L. We will notice that the limits of L, and I:;“ as
¢ — Oare Ly, and £ in some sense.

Proposition 23. There exist ¢y > 0 and ) > 0 such that, for ¢ € (0, &g), the following inequality holds:
Lol 20 = Ml irig,y ¢ € HE(20). (69)
In particular, if 8o given in (44) is small so that 8¢ € [0, §2), then
Ran(L,) = L2(82.), (70)
holds for ¢ € (0, &9), and hence, ie : Hrz)v (£2,) —> LE(.QE) has a bounded inverse Z;l.
Before the proof, we make sure of the following extension and embedding lemmas on 2, and a priori elliptic

estimate. Although they are elementary and well-known facts, we need to state their e-dependence clearly because
our domain £2, depends on €. So, we give their proofs in Appendix A for the completeness.



986 K. Morimoto / Ann. 1. H. Poincaré — AN 27 (2010) 973-995

Lemma 24 (Extension lemma). For fixed € > 0, there exists an extension operator E from Hr2 (£2,) into H,Z(R), and
there exists C > 0 depending only on € such that, for all ¢ € (0, &),

| Eull oy < Cllull e,y € HA(R). an

Lemma 25 (Embedding lemma). For fixed € > 0, there exists C > 0 depending only on & such that, for all ¢ € (0, €),

lull ooy < Cllullpgag,),  u € H(2e). (72)
Lemma 26 (A priori elliptic estimate). For fixed & > 0 and f € L*(82,), let € € (0,&) and u € HVZ(.QS) satisfy the
following equation:

—u"+u=f in$2. (73)
Then, the following estimate holds:

lull g2, < CIf L2, (74)
the constant C > 0 is independent of u, f and € € (0, £).

Proof of Proposition 23. We first prove (69). Let the contrary be true. Then there exist {¢,},2 | and ¢, € H,%v (82¢,)
such that
g, — 0, L — 0, asn— oo,
n l 8,1¢n||L2(_Q€n) (75)
||¢n||H2(_Q€n)=1, n=12....

Then, each ¢, can be extended to an element of H,2 (R) by the extension lemma. For simplicity, let us denote the
extended function E¢, by ¢, again. Note that [|¢, || z2g) < M holds for some constant M > 0 independent of n.
Hence, we can pick up a subsequence (we denote the subsequence by {¢,} simply), such that,

¢n— ¢ in H*(R), (76)
¢n— ¢ in L} (R)and L.(R), (a7

as n — oo, for some ¢ € H2(R), where “—” means the weak-limit. Let us denote &;, and §2;, corresponding to &,
by 8, and £2,,, respectively. Recall that §,, — §p as n — oco. We claim that:

Claim. For any ¢ € Cg°(R), it holds that
(Le,®n. @) 1202, = Loy 912wy (1 — 00). (78)
Indeed, let K := supp(¢p) for ¢ € C°(R). We may assume £2,, O K considering n is large enough. Then,
200, fup ws, (T"Twe, Ign)¢

K/T[wgn](uana,;zwgnﬂ K/T[wgn]2(1+5na,;2wgn)'

(I:s,l¢n»‘ﬂ)L2(Q")=/¢Z‘P—/¢n¢+
K K

Let us consider each term. We first notice that

/¢,’{¢—/¢n¢—>/(¢”—¢)cp (n — o).
K K K

Recall we, (y) = apws, (y)x(f—(’;y). For each y € K, we have

2We, (V)n ()@ () C 2apws, MXGEN(e(y)
Tlwe, 1) (1 + 8,0 7W2 ()2 Tlwe, 1eay)(1+ 8wi () x2 (22 ))?

20 PP _
7 (0t 0wl ()2 = f3,(Ws)d (NP (»),
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as n — oo. By applying Lebesgue’s convergence theorem, we can see that

2We, Py / ,
— ——— — [ f5,(Ws)pp (n — 00).
/T[wan](l+5naD2w§n)2 J %ot

Next, for each y € K, let

1

(T'Twe, 1gn) () = 2, / Gp(eny, 2w, (z)dm(gi) dz

-1

1/¢n
Z(XI)
> Gp(eny, endws, () x| —2 |Pn(2)dz
Jrws, ;
/&n
1/en
2(1[)
= 3 Gp(eny, Ows, (2) x| —2 |Pn(2) dz
fR ws, ;
- /En
1/en
e
+ / [Gp(eny.n2) — Gp(eny. 0)]ws, (2)x (£z>¢n(z) dz}.
_1/8)1
We notice that
1/¢én
2(11) 2
3 Gp(eny, Ows, (x| —z2 |pn(2)dz > — [ ws ()P (2)dz
f]R Ws, fR W,
—1/e, R
as n — oo for each y € K. By the same estimate as was used in the proof of Lemma 18, the following estimate holds:
1/en
2ap &n
> [Gp(eny. €n2) — Gp(eny, 0)ws, @) x| —z |pn(2) dz
Jrws, i "o
—1/e,

< CSnf(|y| 1 12l ws, (2)|¢a ()] d
2,

< Cen(lyl- llws, l22(2,) + lzws, ||L2(Qn))||¢n||L2(Qn)
<

for some constants C, C’ > 0 independent of n. Hence, for each y € K, it holds that

fR Wsy¢
f]R w(%()

Noting (79), we can see by Lebesgue’s convergence theorem that

(T"[we, 1) (y) = 2 (n — 00). (79)

/ w2 (T'[we, 1pn)e

50¢/
J m%uana,;zwgnﬁ fR fso(Ws)e  (n— 00).

By these observations, the claim is verified.
On the other hand, we notice that

|(I:e,,¢n, < ||l~45,1¢n||L2(9n)||<P||L2(Q,,) -0 (30)
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as n — oo for any ¢ € Cgo (R). Combining (78) and (80), we have

(Lsy®, 9) 2wy =0 forany ¢ € Cg°(R). (81)

Therefore, L5, =0, ¢ € Hr2 (R). Thus we conclude ¢ = 0 by Lemma 13.
Next, we claim that:

Claim.

Il g2, — O asn— oo. (82)

Indeed, by Lemma 26, we have
2, fn w2, (T"[we, 1¢n)

16nl2cc, <c{ui nlizo, +H_ - +H_ ) }
" D T T 10+ 80070202 12020y | T, P+ 80022 ) L 1202)
= C(I + I +III). (83)

By (75), I — 0 as n — oo. Moreover, by the exponentially decay estimate of Lemma 6(iv) and the fact ¢, - ¢ =0
in L% (R) and L? (R), we can see that II, IIl — 0 as n — 00.

loc loc

However, (82) contradicts ||¢y || HA(Q,) = 1. Thus (69) is verified.
Next, we show (70). We note that (69) implies the range of L, is closed. Hence, by a general theory of the functional
analysis, Ran(ig) = L%(.Qg) if and only if i: is one to one. However, by the same argument as was used in the proof

of (69), we can show that I:j is one to one for sufficiently small ¢ under the assumption where §, — g € [0, 67) as
& — 0. Therefore, we omit the details. O

At last, we construct a solution to (1) and complete the proof of Theorem 1. Let us find ¢ € HEU(QS) such that
S[w. + e¢] = 0 for sufficiently small . Note that it is equivalent to the following: for ¢ € va (£2¢),
S[we +e¢9] =0,
(Ze(gd))) = S'[wel(e¢) = —S[we + e¢] + S'[We](ed),
eLe¢p = —Slwe] — (S[we +e¢] — Slw,] — S'[wel(e9)),
1 S
¢ = —{=L'[Stwe]] - Ly '[S[We + 2] — Shie] = §'[Welep)]} =: Me(@).
Hence, we only need to find a fixed point ¢ of M,. Define
2C, }

(84)

B = {qbe v(826): 10l 2 < ——

where C1 and X are constants given in Lemma 19 and Proposition 23, respectively. Let us show that M, is a contraction
mapping on B when ¢ is sufficiently small.

Proposition 27. There exists €1 > 0 such that, for ¢ € (0, e1), M is a contraction mapping on B.

Proof. For ¢ € B, note that M. (¢) € Hr%v(.Qg). Moreover, by Lemma 19, (65) and (72), we can estimate as follows:

1
|Me@) | o,y < ST 2, + | STe + e8] = S[We] = S'[Wel (D) | 12, )

A
1
< g_A{CIS +Ce (II¢|IL2(9 s 1l @ollel 2 2,)) }
1
X{Cl‘f‘cé‘”(ﬁ”fﬂ(g)}
1 Ci+C’
— 8— ,
)» 1
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where C,C’ > 0 are independent of ¢ sufficiently small. Hence, if ¢ is small so that ¢ < A2/(8C;C’), then
| Me (D)l 22, <2 ‘ for ¢ € B. Therefore, M, is a mapping form B into itself for sufficiently small €.
For ¢1, ¢ € B, by (65), (66) and (72), we can estimate as follows:

— ||S[ws +ed1] = S[iwe + en] — S'[Wel(ed1) + S'[Wel(42) || 2,

7 {[1S[@e + ez + e(¢1 — ¢2)] — S[We + e¢2] = S'[We + el (e(d1 — 62)) | 12,
+e|| S'We + el (91 — d2) — S'TWel (@1 — D) 12, }

< Coronr 2 2 _
X A{S llé1 ¢2||H2(QE) + e o2l g2, It ¢2||H2(Q€)}
< Celigr — P2l 2o,

where C, C’ > 0 are independent of ¢ sufficiently small. Therefore, M, is a contraction mapping on B provided ¢ is
small enough. O

Proof of Theorem 1. By Proposition 27, M, has a unique fixed point in B if ¢ is sufficiently small. Let ¢ € B be the
fixed point. Then ¢, satisfies S[w; + e¢.] = 0. As we stated in Section 3.2, by putting A (x) := cs (we(X) + £ds(x))
and H.(x) :=c.T[we + €¢¢](x), we obtain a solution to (1). We can see that this (Ag, H,) satisfies (12)—(14). Thus
we complete the proof. O

6. Construction of a solution for o > 0

In this section, we construct a solution to (1) in the case o > 0 and prove Theorem 2. Let us treat o as a parameter.
To lead precise estimates, we fix & > 0 arbitrarily, and we will consider o € (0, 7). Let ¢, € B be a unique fixed point
of M, given in the proof of Theorem 1. Put

Ue(y) :=we(y) +6Pe, ¥y E L2, (85)
and we define an operator L, on L2(£2;) with Dom(L,) = HZ,(£2) by

Leg :=S'[Us +0elp, ¢ €Dom(Le). (86)
We note that

2
o, €0 [gws (y)dy
o¢ll g2 = o |1 g2 = = = < Ci/eo
loell g2,y = oe Il g2, N NS Ve

holds for some constant C > 0 independent of ¢ sufficiently small. Thus, we may assume U, + o, € B;(w,) for
sufficiently small ¢ and o € (0, o). Then we have the following proposition.

ProposilA:ion 28. There exists &y > 0 depending on & such that, for ¢ € (0, &) and o € (0,7), f,g has a bounded
inverse L' L2(2,) — Hr%v (£2¢), and the following estimate holds:

o 2
1250 2y < 10122y & € L2(R20), (87)
where A is a constant given in Proposition 23.

Proof. Let ¢ € L%(.Qa) be given. For ¢ € Hr%v(ﬂg), the following equations are equivalent:
isl// = ¢7
Ley — (L — Ley) = ¢,
=Ky =y — L Ley — Ley) =L '9. (88)



990 K. Morimoto / Ann. 1. H. Poincaré — AN 27 (2010) 973-995

Noting Zgw — 1:81// = S'[welyY — S'[Ue + o], we can regard K, is a mapping from L%(.Qs) into itself. We can
estimate so that

1 - N
1KV ll2(,) < IKeV 2@ < TILeV = Lev N2,
1 _ _
=7 |81 + ede + 0¥ — S'TWe ¥ | 12,

C
< x(”g% + 0ell 12, + 1eds +0cll L) 1V 1120,

<C'e+ Ve ¥,
by Lemma 21, where C’ > 0 is independent of o € (0, &) and . Therefore, || K, ”LE(QS)—>L3(95) < 1/2 holds provided

¢ is small enough. Hence, by the Neumann series theory, (I — K L%(.Qg) — L}(.Qg) exists. Thus, we have
V= — K,)"'¢ = L.¢. Moreover, from (88), we have y € Hr%v (£2¢) and the estimate:
-~ 1 1
1Vl < WKV 2y + 1LV | yoa,) < W 2@ + 5 19120,)-
Hence, 1| g2(q,) < 219l 12(o,) follows. O
We put
B:={¢ e H: (2:): 9l p2e,) <T).

and fix y € (0, 1/2) arbitrarily. Let us find ¢ € B such that S [Ue + 0c + €Y ¢] + 0. = 0. We note that this is equivalent
to the following:

_8V£s¢ = S[Ua +0e + 8y¢] — S[Ue 4 0¢] = S'[Ue +08](8y¢) + S[Ue + 0c] + 0%,
= _iig_l(S[Us +0e + 8y¢] — S[U; + 0] — S'[U +0£](5y¢) + S[Ue + 0] +U£) =: M ().
134

Proposition 29. For & and y, there exists & > 0 such that, for ¢ € (0, &) and o € (0,6), M, is a contraction
mapping from B into itself.

Proof. By Proposition 28, we have

2
[Meo D] 1120,y < 5 {IS[Ue + 00 + 7 0] = STU + 001 = S'TU: + 0617 ) [ 12,
+[[SWe + el 12, + e 1202 }
2
= M(I + I+ III).
Moreover, by Lemmas 21, 25, we can see that the following estimates hold: for ¢ € I§

1 <2Ce™ Bl g, < 2CP T,

(82¢)
I < ||S[U8 + 68] - S[UE] - S/[UE]US ||L2(.Qg) + || S/[UE]US ||L2(.Q£) g C/\/E(EZ + 5)7
i< c’eo,

the constants C, C’, C"” > 0 are independent of o € (0, &) and ¢ sufficiently small. Thus we have
[Me.o @] y2(q,, < C"'(F +7) max{e 277, &7}

for some constant C"” > 0 independent of o and ¢ sufficiently small. Hence, || M, o (¢)|| H2(2,) <0 holds forall ¢ € B
and o € (0, o) provided ¢ is small enough.
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Let ¢1, ¢ € B. Then, by the same argument as was used in the proof of Proposition 27, we can see that

|Me,o (@1) = Mo (92| o ., < CTEY D1 — B2l 22,

holds for some constant C > 0 independent of o and ¢ sufficiently small. Hence, there exists &; > 0, M., is a
contraction mapping on B for e € (0, &) and o € (0, 7). Thus we complete the proof. O

Proof of Theorem 2. By Proposition 29, M, , has a unique fixed point in Bifeis sufficiently small. Let ¢ 5 € B
be the fixed point. Then ¢, satisfies S[w; + ¢ + 0 + €V P ] = 0. As we stated in Section 3.2, by putting

Ago(x) 1= ce(we(x)+ EQe (x) + o, +87’¢8 o) and H; o (x) :==c. T w, + £pe +0p + 8V¢£ & ](x), we obtain a solution
to (1). We can easily see that this (Ago, HS o) satisfies (15)—(17). Thus we complete the proof. O

Appendix A
In this section, we give the proofs of Lemmas 20, 21, 24, 25 26. We first prove Lemmas 24, 25, 26.

Proof of Lemma 24. In general, HZ(R)—extensions denoted by E1u and Eyv of u € H?(0, 00) and v € H?(—00, 0)
are given by

u(x), x >0, 3v(—x) —2v(—2x), x>0,
Eju(x) = Eru(x) =
3u(—x) —2u(—2x), x <0, u(x), x <0,
respectively, and
||E1M||H2(R) Cliull g2, ) ||E2U||H2(R) C||U||H2( 00,0)° (39)

hold for some C > 0 independent of u and v. By translation, we see that there exists H 2(R)-extensions denoted by
Equ and Eyv of u € Hz(—%, o0)and v € Hz(—oo, l). Because translation does not change the H?%-norm,

VB vl < Cltll a1 oy 1E20l ey < Clloll gz _og 1), (90)

hold for the same constant C as that in (89). Now, let ¢ € C*°(R) be a function such that, 0 < ¢ < 1, ¢(x) =1 for
x < —3, ¢(x)=0for x > 7. Moreover, we take ¢ so that

l—p)=¢(—x), xeR, 1)
holds. We define ¢, (x) := ¢(ex). Then, for fixed € > 0, we note that the estimates

sup|e, (x)|, sup|e/(x)| <M, e€(0,%), (92)
xeR xeR
hold for some constant M > 0 depending only on ¢ and independent of ¢ € (0, &). For u € H,Z(QE), if we regard
(peu)(x) =0 for x € [—é, 00), then @ u € H2(—%, o0). Note that ||gogu||Hz(_é’oo) < C’||u||Hz(Q€) holds for all € €
(0, %) by (92). We extend g u by E1, Ei(psu) € H*(R). Similarly, we can regard (1 — g.)u € H>(—00, 1), and
Eg((l — @u) € H?%(R). Define Eu := El(%u) + 15"2((1 — @¢)u). Then, this E is a desired extension operator from

Hrz(.Qg) into Hrz(]R). Indeed, we can easily see that Eu gives the H 2(R)-extension of u. Moreover, Eu is radially
symmetric by our construction. Note the estimate

[Eull g2y < “El(%”)“ e [ E2((1 o)) | H2(R)
<C{lIgeull ot o) + 0= g0l o oo 1)} <2CC Null g, -
Thus we complete the proof. O
Proof of Lemma 25. Let E be the extension operator given by Lemma 24. By Morrey’s inequality, we have

lullLoo(2.) = 1 EullLo(2e) < 1 EullLoor) < C””E””HZ(R) < CC””””HZ(_Qg)'
The constants C, C” > 0 are independent of ¢ € (0,2). O
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Proof of Lemma 26. We first note that

”u”Hl(_QS) < “f”LZ(_QE) (93)

holds. This can be easily confirmed by multiplying (73) by u and integrating over 2. For fixed ¢ € (0, %), let g1, ¢ €
C§° (R) be functions such that

1, |x+1]<c, 1, |x—1]<c,
0, |x+1|>2c, 0, |x—1|>2c.
Define ¢g(x) :=1 — (p1(x) + ¢2(x)) for x € (—1, 1). Let

<ﬂ1(x)={ §02(x)={

gai-(x) =gj(ex), j=0,1,2.

n &

d A
Then, note that IW(/,){(x)l, j=0,1,2,n=1,2, are bounded uniformly with respect to ¢ € (0, €). Now, (pgu solves the
following equation:

—(gu)" + (p6u) = —(¢0) "u = 2(05) ' + 05f =15 in 2. 94)
Note that [|ggll 2(0,) < Cll fllL2(g,) holds for some constant C > 0 independent of ¢ € (0, €) by (93). We extend ¢gu

and gg as 0 in R\ £2,. Then gpju € H 2(R) and g € L%(R) satisfy the same equation as that in (94) over R. Thus, by
using a priori estimate of solutions for elliptic equations in whole space, we have

”9"8””1112(98) = ”‘»0(6)””112(11@) < C/“gg ||L2(]R) SCCNf N2y 95)

for some constant C" > 0. Next, we consider ¢u. We extend ¢{u = 0 for x > % Then pju € H 2(—%, o0). Moreover,
we extend it to H2(R)-function by reflection (this extension is possible since u satisfies u’ (—%) =0). Then we notice

that ¢} satisfies
" " / .

—(pfu)” — (pfu) =—(¢}) u—2(¢]) u' +¢{ f inR. (96)
Hence, by the same argument as was used for <p8u,.we have [pfull y2(g,) < C”| fll 2(q,) for some constant C” > 0
independent of ¢ € (0, £). We can estimate for 5u in the same way. Thus we have

el 22,y < 052 ] 2o,y + 19010 2, + 1930 2,y < C7IF N2, o7

for some constant C”” > 0 independent of u, f and ¢ € (0,2). O

Proof of Lemma 20. It is easily to see that the Fréchet derivative of T at u € L?>(—1, 1) is given by T’[u] of (59).
Hence, we only show the inequalities (60) and (61). Noting that ¢ < Gp(x,z) < C, x,z € (—1, 1), holds for some
C, ¢ > 0, we can estimate as follows:

1 1/e

T+ R — Tal() — (TTalh) 0)] =< f Goley. @) de| = - f Gy, e)h*(2) dz
5 R0 116
<CNhla g, V€ 2
and
1 1/¢
(T) )| = 26| [ Gotey. utehdz S | 6oy cam@ned:
-1 fR wse —1/e

< C/”u”Lz(_QE)||h||L2(QS)v y € 2,

for any u, h € L?(£2,), where C’ > 0 is independent of ¢ sufficiently small. Thus we complete the proof. 0O
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Proof of Lemma 21. Let us show the inequalities (65) and (66). We first note that [lu||L=(s,), [l#ll2(g,) < Cr holds
for any u € B;(w,), where C; > 0 is some constant independent of u# and ¢ sufficiently small. For simplicity of
notation, we put

)

8e(t) 1= (98)

1+ 8eap1?

Letu € Br (W), h € H*(2e), |h]l 2(q,) < 1, and

geuth)  gew) geh  (Ilulh)ge(u)
Tlu+hl Tlul Tlul Tlul?

{ge(u+h) — ge(u) — g'(w)h}

Slu+h] — S[u] — S'[ulh =

T Tlut4]

1 _awmm}
Tlu+hl Tl Tl

1 1
! h ——————
+&W){Tm+h] T@J
=[1+11+111.

+ gs(”){

Note that
1

/{g;(u+th) —g;(u)}dt -h

0

|ge(u + 1) — ge(u) — gL (u)h| = < M)

holds for some constant M > 0 independent of ¢ sufficiently small. By this,

1
2
|uhmm<c</%ﬁ < Cllhlize@n 1Al 2 g,
£2¢

holds for some constant C > 0 independent of ¢ sufficiently small. Next, let

g:(u) 2 7
Hz?ifaﬁiUM]—TM+MNM+TM+MUMMH
_ 8e(u)
" Tlu+hiTul
Note that
H 8s(u)
Tlu + h1T[u]

[T1u){T ] — Tlu+ k] + (T'lulh)} — (T'[ulh){Tu + k] — Tlul}].

SN ] e
o @,

are bounded independently of u and ¢ sufficiently small. Hence, by applying (60) and (61), we can estimate so that
11 2y < C' AN g

for some constant C’ > 0O independent of ¢ sufficiently small. By the same estimate, we have |II]|| 12(2) S
"

C"lhI g,
Letu € Br (W), h € H*(2), ||hll g2,y K 1. ¢ € H*(£2;), and

for some constant C” > 0 independent of ¢ sufficiently small. By these estimates, we obtain (65).

Sl + Rl = Sl 2,

H(gg(u +h) gé(u)> n (T'[u + hlg) ) (T'[ulg)
Tlu+hl Tlul ATET TTul

ge(u)

L2(£2)
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(8e(u + 1) — ge(w))

H (ggw +h) ggw)) 5 ’ (T'lu + h1g)
Tlu+hl T/ e, | Tlu+haP
(T'lu+hlp)  (T'[ulp)
gl ( Tw+h? TP )
=IV+V4 VI

L2($2)

+

L2(82)

Let us estimate each term. By applying Lemma 20 and the mean value theorem,
<||¢||L2(9£)H82(u+h){%—;} + ’ :
Tlu+hl Tlulllieg) [Tl
< Clipll 2@ | TTu+ 21 = TTul| oo g, + | g0 + 1) = gL | oo g,
< CNPll2ge,) (171200, + 1hlLe2,))

{gh(u+h)—gi(w)} }
L>®(£2)

VSC|TTu+h19| oo |86 +h) = ge @] 20 < ClIPl 20, 1] L2(2,)

<C|(TTu+ k1) TTul — (T'1ulg) Tlu + A1 || o o,
< C{ ”T/[” + 4] ¢||L°°(_Q) ”T [ul’ — TTu + AT ’|L°°(Q )

+ | Tl + AP oo | T + 216 = Tl | )}
< CNBll2 @ 1h ]l L2002,

hold for some constants C, C’ > 0 independent of ¢ sufficiently small. Here, we used the fact that we may assume
there exists a constant M’ > 0 independent of ¢ such that

I Tl oo oy I T T+ B o,y < M
holds as long as u € By (w,) and ||h]| y2(g,) < 1. Indeed, for example,

1

| T[ul(x)| = ce fGD(x,zmz(z)dz =

Tw /GD(x,sz)u2(z)dz SCC%.
R Ws,

By these estimates, we complete the proof. O
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