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Abstract

In this paper we investigate the existence of non-topological solutions of the Chern—Simons Higgs model in R2. A long standing
problem for this equation is: Given N vortex points and B > 8 (N + 1), does there exist a non-topological solution in R? such that
the total magnetic flux is equal to §/2? In this paper, we prove the existence of such a solution if 8 ¢ {87 N k%l |k=2,..., N}
We apply the bubbling analysis and the Leray—Schauder degree theory to solve this problem.
© 2011 Elsevier Masson SAS. All rights reserved.

Résumé

L’objectif de cet article est de prouver 1’existence de solutions non-topologiques du modele de Chern—Simons Higgs dans R2.
Un probleme de longue date existe pour cette équation : Soit N points vortex et 8 > 87 (N + 1), existe-t-il une solution non-
topologique dans R2 telle que le flux magnétique total est égal a /2 ? Dans cet article, nous prouvons 1’existence d’une solution
pour B ¢ {87 N kle | k=2,..., N}. Nous appliquons I’analyse par bulles et la theorie de Leray—Schauder pour résoudre ce
probleme.
© 2011 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In the paper, we want to show the existence of non-topological multi-vortex solutions to the (2 + 1)-dimensional
relativistic Chern—Simons gauge field theory. The Chern—Simons gauge field theory is minimal self-dual model con-
taining the Chern—Simons term and was proposed independently by Hong et al. [11] and Jackiw and Weinberg [12]
to study the anyonic superconductivity. The Chern—Simons—Higgs Lagrangian density is given by

K — 1
£=ZE“VpFMUAp—i-DMd)D“(b—p|¢|2(1 — 1), (1.1)
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where A, (u =0, 1,2) is the gauge field on R3, Fu= %AV — B%AM is the curvature tensor, ¢ is the Higgs field
onR3 D, = % —iA, (i =+/—1) is the gauge covariant derivative associated with A, €,,,, is the skew symmetric
tensor with €p12 = 1 and the constant « is the coupling constant. When the energy for a pair (¢, A) is saturated, in

[11] and [12], the authors independently derived the following Bogomol’nyi type equations.
(D1+iD2)¢p =0, and (1.2)
2
Fio+ =191 (161* — 1) =0. (1.3)
K

Following Jaffe and Taubes [13], we can reduce the self-dual system (1.2) and (1.3) to a single elliptic equation of
second order as follows. Let py, ..., py be any set of points in R2. Introduce a real valued function u and 6 by

N
¢=e%(“+i9) and 9:22arg(z—pj), z=x1+ix;eClL
i=1

Then u satisfies
4 N
Au+K—2€“(1—e”)=4n ZB(z—pj) in R2, (1.4)
j=1

where §(z — p;) is the Dirac measure with the total mass at p;.

For the details of the derivation of Egs. (1.2)—(1.4) and recent developments of related subjects, we refer the readers
to Hong et al. [11], Jackiw and Weinberg [12], Dunne [10], Lee et al. [15,16], Caffarelli and Yang [2], Choe [7,8], Choe
and Kim [9], Lin and Yan [18], Spruck and Yang [21,22], Tarantello [23,24], Yang [25], Wang [26] and references
therein. Eq. (1.4) has recently attracted a lot of attention because it is closely related to the mean field equation of
Liouville type, see Nolasco and Tarantello [20], Chen and Lin [5] and Lin and Wang [17].

A solution u of Eq. (1.4) is called topological if u(x) — 0 as |x| — +o0, and is called non-topological if
u(x) — —oo as |x| — oo. For a given set {py, ..., py} of vortex points, the existence of topological solution had
been proved by Wang [26] long time ago. However, the existence problem of non-topological solutions is much more
subtle. When p; = --- = py, Chen et al. [6] proved that for a positive number g, there exists radially symmetric
solution u of (1.4) such that

iz/e”(l —e')dx=p
K J

holds if and only if 8 > 87 (1 + N).
Naturally, we will ask the question: Given any 8 > 8 (1 4+ N), does Eq. (1.4) possess a non-topological solution
u such that

iz/e”(l—e”)dxzﬁ?
K J

Note that by (1.3), the quantity g represents twice of the total magnetic flux:

/F]gd)(:%fe“(l—e”)dng. (1.5)
R2 R2

It was Chae and Imanuvilov [3] who obtained the first existence result of non-topological solutions. They solved
the problem by viewing Eq. (1.4) as a perturbation of the classical Liouville equation. Consequently, they could find
solutions such that the order parameter |¢| is very small, and S is very close to 8 (N + 1). On the other hand, Chan
et al. [4] could obtain non-topological solutions with 8 greater than 16;t N. The method of Chan et al. is to construct
solutions which bubble at each vortex point p;, therefore, in their theory the configuration of {p1, ..., py} must have
a symmetry. Those are only two existence results for multi-vortex non-topological solutions. At this moment, the
answer toward understanding the structure of non-topological solutions is far from complete. In the paper, we want to
answer the long standing open problem affirmatively.
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Theorem 1.1. Let py,..., py € R? be given. For any number B > 8w (N + 1) satisfying B ¢ {871NkkT1 | k =
2,3,..., N}, there exists a solution u of Eq. (1.4) satisfying

%/e”(l—e”)dx:ﬁ.
K J

We sketch our idea to prove Theorem 1.1. In Section 4, we consider the deformation of Eq. (1.4):

N
4 . 5
Au—}—K—ze”(l —e”):4n288pj in R,
) 7=l (1.6)
— “(1—e")dx =
K2/e ( e ) x=p8
R2
where ¢ € [0, 1]. For ¢ = 1, (1.6) is the same equation as (1.4), and ¢ =0, (1.6) is reduced to
4
Au + ﬁe”(l —e”) =47 Ny,
4 . (1.7)
— 1 —¢")dx =
KZ/e ( e) x=p
RZ

where 0 is the origin in R2. The major work in this paper is to establish the uniform bound of any solution u (x) of
(1.6). This apriori estimate is surprising because in most nonlinear problems, the collapsing of vortices would cause
the bubbling phenomenon.

After establishing the apriori bounds, we will apply the classical Leray—Schauder degree theory to solve Eq. (1.4).
Note that for any radial solution u(z) for (1.7), z = x1 + ix2, ug(z) = u(e'?z) is also a solution, and the orbit {ug(z)},
6 € [0,2n], is S', whose Euler characteristic vanishes. Thus the contribution of each orbit to the topological degree
is 0. Hence due to a result of Wang [27], we conclude that the computation of the degree for Eq. (1.7) is reduced to
those radially symmetric solution of (1.7). By the result for radial solution of Eq. (1.7) in [4], the topological degree
for Eq. (1.7), thus for (1.4) also, is equal to —1. Then Theorem 1.1 follows immediately.

2. Preliminaries

Without loss of generality, we may assume that k2 = 4 in (1.4) and (1.6) in the sequel. Now suppose u is a solution
of (1.6). Then it is easy to see that

u(x)=—2aln|x|+ O0(1) as|x|— +oo, 2.1

where
B
=——N. 2.2

* 4 @2)
Applying the maximum principle to Eq. (1.6), we have u(x) < 0, Vx € R, Write

u(x) =vx) + fe(x), (2.3)
where fp(x) = Z?’zl In|x — 8pj|2. Then v(x) satisfies

Av + eV t/e (1 — e”+f€) =0. (2.4)

Lemma 2.1. Let u be a solution of (1.6). Then u satisfies
N
/e”(Z—e“)dx:4n(a2—N2)—4n Zspj~Vv(8pj), (2.5)
R2 Jj=1

where v=u — fe.
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Proof. In terms of v, (2.4) becomes
—Av = —e”(e” — 1).
Multiplying the above by x - V(v + f) and integrating over §2 = Bg, we have

/(%(x V)| Vo2 = (x - Vo)(v - vm) do — /(x -V fo)Avdx
2

082

= /(x . v)(e” — %ezu> do — /(Ze” — ezu)dx.
a2 2

Here v = x/|x|. Since v(x) = —2(«¢ + N) In|x| + O(1) near oo,

LHS = —47n (e 4+ N)? — /ZZx Vin|x —epj| Avdx +o(1)
j=1
N
= —dm(a+ N)> +87N(a +N) — Zz/gp,- -Vin|x —epj| Avdx + o(1)
=l o
as R — oco. By the repeated use of the integration by parts and the fact that In |x — ¢p;| is the Green function,

/epj-V1n|x—epj|Avdx

e ([ oo 2
_rlg%[</ f )pl |X—8P1|2 Ve ( vV ePj Ix—spj|2 v

3B, (ep)) 92 3B, (ep))
X —&p; X —&p;
= lim —8pj-(7%)2v~Vv+v-V<spj~(—pj)2>v:|+o(l)
r—0 |x —epjl |x —epjl
0B, (ep;)

=—2mepj-Vv(ep;) +o(l).

Then we have the desired estimates. O
The following corollary is an immediate consequence of Lemma 2.1.

Corollary 2.2. Let u be a solution of (1.6). Then u satisfies

N
/e“dx =4m(a+ N)@—N—1)—4x > ep;-V(u— fo)(ep)).
j=1

RZ

N
/ezudx =4n(a¢+ N)(« — N —2) —4x Zspj -V(u— fo)epj).
R2 Jj=1

We recall some useful results on radially symmetric solutions of (1.7) with k2 = 4. If N = 0 then every solution
of (1.7) is called a O-vortex solution, and after a translation this solution must be radially symmetric. Also, u is
a decreasing function of |x| [21]. More generally, when N > 0, there exists a unique radially symmetric solution
of (1.7) if and only if 8 > 87 (N + 1) (see [4]). Actually, there exists a 1-parameter family of radially symmetric

solution u(r; s) of (1.7) which satisfies

1 . .

—u"(r;s) — —u'(r;s) = e“(r’s)(l — e”(r’s)), r>0,
r

u(r;s)=2NlInr +s+o(l) nearr=0.
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There exists a number s, € R such that u(r; s) is a non-topological solution if and only if s < s, and

B(s) = / "I (1 — ")) dx (2.6)
R2

is a well-defined continuously differentiable function on (—o0, sx). It is proved in [4] that B(-) is monotonically
increasing on (—o0, s,). Moreover, B(s) tends to oo as s 7 sy, and B(s) — 8w (N + 1) as s — —oo. It is obvious that
s« =0if N =0.

Lemma 2.3. Let u be a non-topological solution of (1.6) with B fixed. There exists a constant v = v(max|p;|) > 0
such that u < —v in R?.

Proof. We know thatu < 0. So, u — f;, < —fe, <C, on 0B, ={x | |x| =r} for any r > max; |p;| + 1.

Suppose now that there exist a sequence of solutions u,, := u,, and a sequence of points {x,} such that u, (x,) — 0.
Since wy :=uy(x) — fe,(x) < Cp on 0B, r > max; |p;| + 1, and w, satisfies Aw, + 1 > 0 in B,, by the maximum
principle, we have w,(x) < C; in B,. Thus if |x, — &,pj| — 0 for some j € {1,2,..., N}, then u, (x,) = w,(x,) +
fe, (xp) = —o0, which yields a contradiction. Hence we must have

liminfdist(x,, {g.pj | j=1,...,N}) > C >0.

n—oo

We claim that |x,,| — oo. Indeed, if there exists a bounded subsequence of {x,}, then, by the locally uniform Holder
estimate of u, outside p;’s, u, must converge locally uniformly to a function u* < 0 up to subsequences. But then u*
must be a solution of (1.6) having zero as a maximum, which contradicts the strong maximum principle. This proves
our claim.

Now, choose a number sy < 0 such that Bo(sg) > = 4n (e + N), where Bo(-) is B(:) in (2.6) for the 0-vortex
solution. Since |x,| — oo and u,(x,) — 0, there exists a sequence {y,} such that |y,| > |x,| and u,(y,) = so. This
holds true because u,(x) — —o0 as |x| = o0.

Let u,,(x) = u, (x + yy) for |x| < |ynl/2. i, satisfies

N
—Aiiy =" (1 — &™) =Y " 4m8e,p;y,-
j=1

Then, along a subsequence, i1, converges in Clz()c (R?) to iz < 0 with #(0) = sp < 0, satisfying Au + él(l—e")y=0
in R%, and

/eﬁ(l —e")dx < liminff e (1—e")dx = .
n—oQ
R2 R2

Since u is a 0-vortex non-topological solution of (1.7), it is radially symmetric [21]. Since M, := maxp> it > u(0) = so,

B < Bo(s0) < fo(M.) =/e“(1 — Y dx < B
RZ

which leads to a contradiction and the lemma is proved. O

Now, let ¢(r; 5) = %u(r; s) for s < s,. We borrow the following lemma for ¢(r; s) from [4].

Lemma 2.4. ¢(-; s) has only one zero in Ry = (0, 00) and lim,_, ‘pl(;;rs) = —cq for some constant cy = co(s) > 0.

Lemma 2.4 will be used in the calculation of degree in the final section.
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3. Boundedness of solutions

In this section, we show that the solutions of the problem (1.6) are uniformly bounded by the blow-up analysis if
B>8x(N+1)and B # 87IN% for any integer k =2, ..., N. In what follows we always assume that N > 1. Recall
that

N
fe(x) = Zln|x — SP./'|2 with0 < e < 1.
j=1

Theorem 3.1. Let py, ..., py € R% B> 8w (N + 1) and B ¢ {SNNk%] |k=2,..., N}, and u be a solution of (1.6).
Then, for each compact subset K, there exists a constant C = C(8, N, max; |p;|, K) independent of & such that

lu — fellLox) < C. (3.1)

We will show Theorem 3.1 by contradiction. Since u(x) < 0 in R2, (1.6) can be rewritten as

Au(x)+dx)u(x) =0

inRz\{pl,...,pN},where |d(x)| = |%| < C. Thus for any compact set K C Rz\{pl, ..., PN}, by the Harnack

u
inequality, there exists a constant C(K) > 0 such that

sup|u(x)| < Cinf|u(x)|.
K K

Therefore, if there exists a sequence u, := u,, of solutions which do not satisfy (3.1), then u, — —oo uniformly on
each compact subset. We will show that {u,} exhibits a specific concentration near co, which leads to a contradiction.
In what follows, u,, is assumed to satisfy u, (x) = —2«In|x| + O(1) near oo, where « is given in (2.2). We start with
the following lemma.

Lemma 3.2. Let x,, be a maximum point of uy. Then, |x,| — 00 as n — 00 and u,(x,) > —C uniformly for some
constant C > Q.
Proof. Suppose that |x,| is bounded up to subsequences. Then, u, (x,) — —oo since u,, — —oo locally. Now, we let

) () =y (0 /se) —InsZ, vy =iy — fe-

1

Sp = e7
Then i, < iin(spx,) =0 in R2, and

—Avy, = eV fsnen (1 _ s}%ev""'/&nan),

Clearly, v, (x) = (ity — fs,e,)(X) < = f5,6, (x) < C for x| = max; |p;|+ 1. Also, since the right-hand side of the above
equation is bounded, v, < C on Bg(0) for R = max; |p;| + 1. Thus, we have v, < C in R2 for some constant C.
Then it follows that

—2NIns, — fan (xp) = _fsns,z ($nXn) = vp(spx,) < C.

Since s, — 0, it follows that f;, (x,) — +00 as n — oo, which yields a contradiction. Therefore |x, | = oo.
Next, since u, converge locally uniformly to —oo, Green’s representation formula for {u,} implies that
V(up — fe,) >0in C 110 C(R2). Then by (2.2), Corollary 2.2 and the above convergence, we have

4n(a+N)(a—N—2)+0(l)=/e2”" dx ge“n(mfe“n dx
R2 R2
=" (47 (@ + N)(@ — N — 1) + o(1)).

Since & > N + 2, u, (x,) is bounded from below uniformly. O
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From now on, we let
2
Wp(x) =up(x/ry) —Inry, rp=1/|x,] =0,

where x,, is a maximum point of u,, as before. Then w,, satisfies

N

—Aw, =e" (1 —rpe") = > 4md, e, inR%. (3.2)
j=1

Note that r,&, pj — 0 as n — +o00. By Lemma 2.3, the Brezis—Merle type alternatives for {wy} in [9] are still valid

in any open set D satisfying D € R?\{0}. Since wj,(r,x,) — 0o by Lemma 3.2, {w,} has a blow-up point g on the

unit circle, namely, there exists a sequence {y, ,} such that y, , — ¢ and w;,(y4,,) — 0o. Thus, {w,} satisfies the

blow up case in the alternatives: along a subsequence, there exists a non-empty finite set S of nonzero points such that

w, — —oo uniformly on each K € R?\(S U {0}) and

ew”(l — r,few") — ZZan(Sq,
qeS

onany D € R%\{0} with S C D in the distribution sense.
For any ¢ € S, let d be small, and

1
My, = > / e (1 —rle™)dx.
Ba(q)

Clearly M, , — M,. By Pohozaev’s identity, we have

/ e dx = My(M, —2) +o(1), / re*™n dx =t My(My; —4) + o(1). (3.3)
Ba(q) Ba(q)

Indeed, multiplying by (x — g) - Vw, both sides of (3.2) and integrating over B;(g), we can repeat the Pohozaev
argument as in Lemma 2.1. Therefore M, > 4 for all ¢ € S. Then we have |S| < (o« + N)/2. Furthermore, we can
prove that all M,’s are the same in the following lemma.

Lemma 3.3. Let {w,, } and M, as before. Then M, = M, for all p,q € S. Moreover max|x_q|<q Wn(x) +1n r,% >—C
uniformly for any small constant d > 0.

Proof. Choose a small constant d > 0 such that Ba;(¢) N (SU{0}) = {q} for any g € S. Due to Green’s representation

formula for w,, the local estimates for periodic blow-up solutions of the Chern—Simons Higgs equation in [7] are still

valid. Actually, following the proof of existence of profiles for the mean field equation [1], we obtain

My n
2

in |x — g,| < d for some constant C. Here wy,(g,) = maxy_q|<q Wy (x) — 00 with g, € By(g). Clearly g, — q.
We claim that

Wy (X) — Wy (gn) + In(1 + " |x —g,|*)| < C (3.4)

wa(gn) =—Inrg + 0(1) if My > 4.

Indeed, we note that w,, + In r,% < 0in R2. Then our claim is an immediate consequence of the following inequality.

ma(lx)[r,%ew"] / endx > / r,%ezw" dx =nMy(My; —4) +o(1).
Ba(q
Ba(q) Ba(q)

We now prove that M, are all the same. For this purpose, we suppose that M, > M, for some p,q € S. Choose
two points x € 9By (p) and y € dB;(q), respectively. It also follows from Green’s representation formula for w,, that
there exists a constant C such that |w, (x) — w,(y)| < C. Since M, > 4, we have w,(p,) = —lnr,% + O(1), where
Pn is a maximum point of w,, in By (p). Since w, (g,) < —In r,f, it follows from (3.4) that
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My.n
= ( >wn(p,,) - (1 > )wn(qn) +0(1)
(1 ””) (—Inr?) - <1 —~ M;’")(—lnrf) +C
_1

=M, q.n — p11)(_lnr)+c—> —0Q,

1-—

W (X) = wn(y)

2

which yields a contradiction. Therefore M, = M, forall p,q € S.
Finally, we show M, > 4 for all ¢ € S. Let x,, be a maximum point of u, in R2. Since the limit points of x,, /| x|
belong to S, it is enough to show

n—o0

liminf / et (l - ”") dx > 8w (3.5)

|x—x,|<R

for some large enough R > 0. Actually, since u, (x,) is bounded from below, it follows from Harnack’s inequality that
{u,} is bounded in L*°(B,(x,)) for any r > 0. Along a subsequence, u, (x + x,) converges in CIZOC(RZ) to a 0-vortex
non-topological solution V of (1.7). Then (3.5) immediately follows from the fact that [¢" (1 — ") LI(R2) > 87
[4,6,21]. This finishes the proof. O

In what follows, we let M denote the mass at ¢ € S instead of M, . In the following two lemmas, we show that
concentration may occur only for special values of «. In particular, the following lemma implies that the origin is not
a blow-up point for {w,}.

Lemma 3.4. For each constant 0 < s < minges |q|, we have

lim e (1 —rle"™)dx =0, (3.6)
lx|<s
and w,, — —oo uniformly on Bs(0). Moreover, |S| =2 and M =4N /(|S| — 1).

Proof. Let s < min,cs |g| be a small positive number. We first show (3.6). To see this, we argue by contradiction and
suppose that, along a subsequence,

. 1 2
My = nlingo Zew” (1—rpe”)dx > 0.
lx|<s

Let&, = w, — f,s,. Note that §, — —oc uniformly on any compact subset of R2\ (S U{0}). By Eq. (3.2), Green’s
representation formula for &, implies that

£1(x) —by —> —Moln|x| = Y " MIn|x —q| in Cj,.(R*\ (SU{0}))
qesS

for some real sequence b, — —o0. The Pohozaev-type identity shows that

1
/ <—(x W)|VE P = (x- VE) (v - V&z)) do

/(x l))( _ n 2w">d0—/(26w” _rr%ean)dx_/x.Vfrnsn(e _r262w,l)dx
2 2

where £2 is an open set with smooth boundary. To simplify the notations, we let
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1 2
I, = E(x WV "= (x - V&) (v - V§,) | do,
FY?;
J, = /x -V froe. (ew” - rfezw") dx.
Q
If we take 2 = {x | |x| < s}, then we obtain that

I, = - M +o(1)

as n — 0o. Moreover
N 2rpeppi- (X —rp&np;)
J”=4nNM0+/Z ey ”2" J (e“’” —rnzezw”)dx—i—o(l)
— |Xx — rnenpjl
2 J=1
N 2e,pi - (x —&ypi)
=4 NMy+ / Z nPj ij (e — e*n) dx + o(1)
1 |x — &, pjl
lx|<s/ra 1=
=4a NMy+ o(1)

as n — oo. Therefore we obtain that

—MZ +o(1) = —dx My — / r2e?"n dx — 4w N My + o(1).

[x|<s
In particular My >4 +4N.
Next, we take £2 = | J, s Br(¢) with small enough r > 0. Note that
Mx —q) Mox Mx —p)
VE,(X) > VE(X) =——— + VH,(x), VH(x)=-—17— Y ————
lx —ql |x] |x — pl
peS\{q}

uniformly on any compact subset of £2 \ S. Denoting x = ¢ + rv on |x — g| =r, we have V& = —%v + VH,; on

|x —q|=r.Asn — oo,

I, — Z f (%(x'V)|V$|2_(x.V§)(voV§)) do

9€8 |x—q|=r
M2 M
= Z —E+7q-VHq(x) do
9€S |x—g|=r

= —n|SIM? —2x|S|MMy — 22 M* Y Y &_f) +00)
q€S peS\iq} 19 = Pl
—|SIM(ISIM +2Mp) + O(r).

Moreover, it follows from (3.3) that
/(Ze“’” — r,%ezw") dx = / r,%ezw” dx + / 2(ew" — r,%ezw")dx
2 2

2
= Z / re®"n dx + 47 |S|M + o(1)
€8 v—g|<r
=n|SIM(M —4) +47|S|M + o(1).
Finally we obtain that
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N
2rn8npj'(x_rn8npj) 22
I =4nN|S|M+Z/ PR (" — r2e2") dx + o(1)
J=1g !

=4n N|S|M + o(1).
Then we conclude that
4N:2M0+M(|S|—1)>8+8N+M(|S|—l), (3.7

which leads to a contradiction. Therefore (3.6) is proved. By letting My = 0 in (3.7), we conclude that 4N =
M(S|—1).

Next, we show that w,, — —oo uniformly on B;(0). It follows from Lemma 3.2, (3.4) and Green’s representation
formula for w, that, for |x| <s/r,,

[yl
lx — ¥l

1
un(x):fgn(x)—kcn—}—g/ln eun(l_eun)dy
R2

1
= fe,(x) +Cp + =— / In ] e (1—e")dy+ o).
2r lx —yl

YIS/

Standard argument ([1]) shows that
un(x) = fe,(x) —Cp =o0()Inr, + O(1) for x| < s/rp.

Then it follows from (3.4) that C, = (M +2N +o(1)) Inr, + O(1), and consequently, w, (x) = f¢, (x) + (M —2+
o(1))Inr, + O(1) for |x| < s. This completes the proof of Lemma 3.4. O

Lemma 3.5. For any constant R > maxes |q|, w, — —00 uniformly for |x| > R, and

lim e (1 —rye)dx =0. (3.8)

n—00
Ix|=R

Moreover (|S| + )M = 4a.

Proof. Let
¢on(x) = wy (x/|x[?) — 2o Inx].
Choose a constant R > (mingcs lgD~L. Then ¢, satisfies
—Agy = X[ (1 —rp|x[™e)  for |x| <R, (3.9)

and ¢, — —oo uniformly on any closed subset of RZ\ (5 U {0}), where we set S= {q/191? | ¢ € S}. Each ¢, is of
class C? in a neighborhood of the origin.

We now show that ¢, — —oo uniformly on any compact subset of R> \ S. Choose a number 0 < s <
(max,es lg [)~!. We argue by contradiction and suppose that there exists a subsequence still denoted by {¢,} such that
SUP| <5 ¥n (x) is bounded below. Elliptic estimates show that sup, < ¢n(x) — 0o. Otherwise, along a subsequence,
the right-hand side of (3.9) would be uniformly bounded on Bs(0). Since ¢, (x) — —oo uniformly for |x| = s, we
would have SUP|y|<s Pn (x) = —o0, which yields a contradiction.

We claim that

liminf / x| (1 — r2|x[* e ) dx > 87 (3.10)

n—00
lx|<s

under the assumption that SUP|y|<s Pn (x) = oo. To see this, we choose a point y, € Bs(0) such that ¢,(y,) =
SUP| <5 ¥n (X). It is obvious that |y,| — 0. Choose a number #, such that
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@n(yn) + 2o —2)Int, =0.

Along a subsequence, we have two cases:

Case 1. If |y,|/t, is bounded above, then we consider the function

On(x) = @u(tax) — @(yn) for x| <s/ty.

Note that @, (x) < @, (yn/t,) =0 for |x| < s/t,. Then elliptic estimates show that, along a subsequence, ¢,, converges
in Clzo . (R?) to a solution @ of

—AG=x]?*?  inR%, |x[**7e? € L'(R?).

Consequently we find that

liminf/ |x|2“—4e%(1—r3|x|2“e%)dx>/|x|2“—4e¢dx=8n(a—1).

n— 00
By (0) R2

Case 2. If |y, |/t, — oo then we consider the function

@ (x) = wy (x/1ynl) = In|yal*. (G.11)

Then w,, satisfies
N
— Wy, 2 2wy, . 2
—Aw, =" (1= r7lyal?e™) = > 478y, 5,1c,p;, in R
j=1

Since W, (yu/1ynl) = ¢©n(yn) + Qo — 2) In|y,| — o0, along a subsequence, {w,} has a blow-up point g, on the unit
circle. Consequently we have

1iminff(—A<pn)dx>1iminf / e (1 —rklynl?e™) dx > 87
n—>oo n—>0oo
B;(0) B (g4)

for any small constant > 0. This proves (3.10).
Without loss of generality we may assume that
lim |2 (1 — rZ|x[* e dx =2 My, M > 4.
Ix|<s

Then the local estimates for {w,,} show that

x 24 (1 — r2|x[*¥e#n) — 2 M8 po + Z 2 M3,

qeS

in the distribution sense. Green’s representation formula for ¢,, implies that

Pn(x) = ¢y > —MiIn|x| = Y Mln|x — p|

peS

in Cllac (R2\ (SU{0})) for some real sequence ¢, — —o0. We repeat the calculations used in the proof of Lemma 3.4.
The Pohozaev-type identity implies that

/((x Vo) (v-Ve,) — %(x : v)|wn|2) do +ay,

082

=Qa—2) / x| *e#n dx — Qo — 1) / r2|x 4420 dx (3.12)
2 2
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where a, — 0, and 2 = U,, <$ Br(p). Here r > 0 is a small number. Note that

/ X244 dx = f eV dy =m|SIM(M —2) +o(1),
2 fos
/r,%|x|4°‘*4e2% dx = / r2e®n dy = m|SIM(M —4) +o(1),
2 fos
where we set 2 = {y|y/ly|> € £2}. As n — 00, we obtain from (3.12) that
7|SPM? 4+ 27 |SIMiM + O(r) = 7 |S|M(—M + 4a).
Letting r — 0, we find that
2My + (IS +1)M = 4a. (3.13)

Recall that @, (yn) = sup),<; ¢ (x) and |y,| < s. It follows from (3.13) that ¢, (y») + (2o — 2) In|y,| — co. Then
we consider the function w,, given in (3.11). Along a subsequence, w, has finitely many nonzero blow-up points as
we mentioned above.

On the other hand, the proof of Lemma 3.4 implies that

o(l) = / ew"(l—"3|yn|2€w")dx= / ew"(l—r,%ew")dy22n|S|M
lx|<d [YI<d/|ynl

for any small number d > 0, which yields a contradiction.
Therefore we conclude that ¢,, — —oo uniformly on B, (0), and (3.8) holds. Letting M| = 0 in (3.13), we find that
(SI+ DM =4a. O

We are now in a position to prove Theorem 3.1. In Lemmas 3.4 and 3.5, we have proved that if u,, — —oo uniformly
on any bounded set then

/e“"(l —e")dx = Z / e (1 —=rke")dx +o(1)

R2 9€S |x—q|<d
4|S|N o) 4|Se o)
= o0 = [ .
1S| — 1 IS| + 1

In particular &« € {N(k + 1)/(k — 1) | k =2,..., N} since « > N + 2. Then Theorem 3.1 immediately follows
from (2.2).

To apply the degree theory to the problem (1.6), the first step is to determine an appropriate space in which we
should seek the solution v, (see below). To this aim we introduce the following space:

2
v
D= v:}Rz—HR‘ V|2 =/ szdx+f—dx<w}.
{ ol = [ 1Vl TR
R2 R2
D is clearly a Hilbert space, and every v € D satisfies
1/ < vt esac (3.14)
n| ——5dx<—|Vv v . .
(1 + |x|2)2 167 L?
R2
Here,
1
=
mJ (14 ]x]?)?
R2

The above inequality is obtained by pulling back the Moser-Trudinger inequality on S? through the stereographic
projection (see for example [14]). Now let u, be a solution of (1.6) with 2 = 4. Recall that « is given in (2.2). We set
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Ve =ue, —hy, where ho(x) = fe(x) — (N —i—a)ln(l + |x|2). (3.15)
Then, from (3.14) and the maximum principle, we can see v, € D and it satisfies
Av, + ev5+hg(1 _ evﬁ—he) =g, (3.16)
_ 4(N+aw)
where g(x) = D)

Theorem 3.6. Let v, be given in (3.15). Under the assumptions of Theorem 3.1, we have
Vel poo(r2y < C (3.17)

for some constant C independent of €. Consequently, {v.} is bounded uniformly in D.

Proof. {v.} is bounded in L;’fc(R2) by Theorem 3.1. So, we need to prove that {v.} is bounded in L*°(|x| > 1).
Consider the function

-1
() = us(x/IxP) =2alnlxl.  Ix| < Ro:= (1+max|p;l) .

It follows from Theorem 3.1 that {&,} is bounded in L{°.(Bg,(0) \ {0}).

loc
We now show that {&,} is bounded from above in Bg,(0). We argue by contradiction and suppose that there is a

sequence &, := &, such that &, (z,) = max)x|<Rr, &x (x) — oo with |z,| < Ry. Clearly |z,| — 0 and
— A&, =[x 8 (1 — |x|*e)  for |x| < Ro.

Therefore, the origin is a blow-up point for {£,} in this case.

We claim that &, (z,) + 2o — 2) In|z,| — o0. Indeed, if along a subsequence &,(z,) + Qo — 2)In|z,| < C, then
we consider the scaled function &, (t,x + z,) — &,(zn), Where 1, satisfies &,(z,) + (2o — 2)In#, = 0. Then the proof
of Lemma 3.5 implies that

87 (o — 1) < liminf / |22 %8 (1 — |x[*e™) dx < 4m(a + N),
n— o0
lx|<Ro

which contradicts the assumption & > N + 2. This proves our claim.
We let i1, (x) = ug, (x/|zn]) — 21n|z,| for x € R2. Since i1, (zn/|zn|) = &1 (z4) + Qo — 2)In|z,| — 00, along a
subsequence, {i,} has a nonzero blow-up point on the unit circle. Then the proof of Lemma 3.4 implies that

/ eﬁ"(l — Iznlze[’”)dx = / en (1 —e"n)dy=o0(1)
lx|<d IyI<d/lznl

for any small constant d > 0. However, by Theorem 3.1, u,, is locally uniformly bounded outside the vortex points.
Therefore we conclude that {£;} is bounded from above uniformly. Elliptic estimates and Theorem 3.1 further show
that {£;} is also bounded from below uniformly. Therefore (3.17) is proved.

Notice that v, € D satisfies (3.16). Multiplying by v, both sides of (3.16) and using integration by parts after
integration, we have || Vug| ;2 < C uniformly, which completes the proof. O

4. Existence

Due to Theorem 3.6, we can calculate the Leray—Schauder degree for the problem (1.6) as follows. Let u(r) be the
unique radially symmetric solution of (1.7). Recall that u(r) = —2a Inr 4+ O (1) near oo, where « is given in (2.2).
Choose a constant C, such that

Pp— Ca
RRTEYEE

We define amap 7, : D — D by
T.(v) = (—A+0)"! (e”hé‘(l — e“+h€) +ov—2g),
where o (x) = Co (1 4 |x]3)72, and ke (x) = fo(x) — (N 4+ ) In(1 + |x|?).

+eu(r)(1 _ ze“(’)) >0 forr>0.
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It is obvious that T, : D — D is compact, and there exists a constant R > 0 such that every zero of I — T; is
contained in a ball 2 :={v € D | ||v|lp < R} due to Theorem 3.6. Then the degree deg(I — T¢, £2g,0) is well
defined. Moreover, I — T, is a continuous homotopy with respect to €, and it preserves the degree by Theorem 3.6.

Now, we calculate the Leray—Schauder degree of I — Tp. It is well known that non-radial solutions of
(I —Tp)(v) =0, if they exist, do not affect the calculation of deg(/ — Tp, 2g, 0). See [27] and references therein. Then
it is enough to calculate the index of I — Ty at v(r) = u(r) — ho(r) in the subspace of radially symmetric functions
in D.

Lemma 4.1. If I — Ty is restricted to the subspace of radially symmetric functions in D then the index of I — Ty at
v(r)is —1.

Proof. Recall that Q(r) = o (r) + ¢*® (1 — 2¢*™)) > 0 for r > 0, where u(r) = v(r) + ho(r) and DTo(v(r))w =
(—A +0)"1(Q@r)w) for w € D. Let A be the set of real eigenvalues of DTy(v(r)) bigger than 1. We are interested
in the radially symmetric eigenfunctions corresponding to A € A. If A is an eigenvalue of DT (v(r)), and & =&(r) is
an eigenfunction corresponding to A, then & satisfies

1 1—2
¢ -t = (1 —2e)e + —— Q. (4.1)

Without loss of generality, we may assume that £(0) = 1. Otherwise, by the uniqueness for the initial value problem
of (4.1), £ = 0 identically. As before, let ¢ (r) be the solution of the linearized equation

1
—¢" — ¢ =" (1 =2¢"")p forr >0, e(0)=1. (4.2)
,
Recall that ¢ has only one zero, and lim,_, o, % = —c for some number ¢ > 0.

First, we claim that A = 1 cannot be an eigenvalue for a radially symmetric eigenfunction. Indeed, otherwise, &(r)
and ¢(r) would satisfy the same equation and & (0) = ¢(0), £’(0) = ¢’(0) = 0. Therefore, again by the uniqueness, we
have & = ¢ ¢ D, which yields a contradiction.

Second, we claim A # (. Indeed, if we put ¢, the positive part of ¢ into the energy

oo

E() = /(r(g’)2 —re"(1—2¢")E%) dr,
0

then we have E(p*) = 0, which means that E has negative minimum in D and consequently A # § since A = 1 is
not an eigenvalue of DT (v(r)).

Third, A = {A}. Moreover, up to a multiplicative constant, there exists only one radial eigenfunction corresponding
to A € A. To see this, we argue by contradiction. Suppose there exists a sign-changing eigenfunction corresponding
to A € A. We denote it by & and let a > 0 be the first zero of £. We may assume that £ > 0 on (0, a). We also let
b > 0 be the unique zero of ¢(r). Then the comparison theorem to (4.1) and (4.2) implies that a > b. Indeed if a < b,
integration by parts would give

‘ 1—A
0< —aé'(a)p(a) = / TQ(r)S(r)go(r)r dr <0,
0

which yields a contradiction. The comparison theorem also shows that £ has only one zero. Otherwise, & would have
the second zero ¢ > a. Then integration by parts and Hopf lemma would give

c

1-2
0 < at'(@)p(a) — ct'(O)p(c) = / 5 2EWe(rrdr <0,

a

which leads to a contradiction.
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It is easy to check that (r&")’ < O for r sufficiently large. Since & € D, we have r&’(r) — 0, and £(r) converges to
a non-positive constant as » — co. Therefore r&’(r) = O (r~2) near co. Since a > b, integration by parts shows that

[e¢]

1—A
0 <a&'(a)p(a) < / TQ(r)E(r)go(r)r dr <0,

which yields a contradiction again. Therefore, by orthogonality, A = {A} for some A > 1, and the sum of the algebraic
multiplicities of A is equal to 1.
As a conclusion, the index of I — Ty at v(r) is —1[19]. O

In conclusion, we have deg(! — T, 2g,0) = deg(I — Tp, $2g, 0) = —1, which implies that / — 77 has a zero in
£2r C D. Theorem 1.1 is proved.
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