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Abstract

We study the existence, uniqueness and boundary profile of nonnegative boundary blow-up solution to the cooperative system
Au=g(u—v) in £2,
Av= f(v—pBu) in$2,
U=v=00 on 082
in a smooth bounded domain of RV , where f, g are nondecreasing, nonnegative ¢! functions vanishing in (—o0, 0] and 8 > 0 is
a parameter.
© 2009 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

For a single equation of the form Au = f(u), f > 0, the existence of solutions which blow up at the boundary of a
smoothly bounded domain 2 is equivalent to a growth condition on f known as the Keller—Osserman condition (see
[15,17] as well as [9]):

oo
dt
—— <00,
F(t)
where F(1) = [y f(s)ds.
If in addition f is nondecreasing, some boundary blow-up solution (BBUS) is maximal: it dominates all other
solutions of the equation. In particular, interior uniform estimates can be derived for any solution of the original
equation, independently of its boundary values.
The current paper is an attempt at generalizing the above theory to autonomous systems of semilinear elliptic
equations. Since blow-up solutions are strongly related to the Maximum Principle, it is natural to consider the case

of cooperative systems first. Failing short of a theory for general cooperative systems (see Remark 2.4 for further
discussion), we study systems of the form
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Au=g(u—v) in £2,
Av= f(v—Bu) in$2, 2
U=v=00 on 052

where £2 is a smoothly bounded domain of Euclidean space, f, g are nondecreasing, nonnegative C! functions such
that f =g =0o0n R~ and 8 > 0 is a parameter. Solutions are sought in the class C?(£2) and the boundary condition
is to be understood as
lim u(x) = lim v(x) =400 forall xg € dS2.
xX—XxQ X—> X0

Boundary blow-up solutions of cooperative systems have been considered in [12] (with different nonlinearities
than the ones treated here) and some examples of competitive systems have already been studied in [10,11]. Boundary
blow-up solutions in different cooperative, competitive or predator—prey systems arise in problems with “refuge”, that
is, in nonhomogeneous systems where one of the coefficients vanishes on a subset of the domain, see [5,7,8,16]. For
yet another type of systems with large solutions, see [6].

We study existence, first order asymptotics and uniqueness of solutions of (2) respectively in Sections 2, 3, 4. In
Section 5, we study in more detail a list of relevant examples. Here is a summary of our main results.

Theorem 1.1. Let §2 denote a smoothly bounded domain of Euclidean space, f, g:R — R nondecreasing, nonneg-
ative C' functions such that f =g =0 on R~ and B > 0. There exists a solution of the system (2) if and only if the
following three conditions hold

o f satisfies the Keller—Osserman condition (1),
e g satisfies the Keller—Osserman condition (1),
e f<1.

The asymptotics of solutions is obtained at the price of a technical assumption on the nonlinearities commonly
found in the literature (see e.g. [1]). More precisely, let

v dt
¢(u>=/ ot

where
t
F(t):/f(s)ds.
0

We assume in what follows that f satisfies
limint 2440
t—00 (1)

>1 Vae(©,1). €))

Examples are given by f(u) = €* or f(u) =uP, p > 1. A counter-example is given by f(u) = u (In(1 + u))??, p> 1
ForO< B <1and B <6 <1, we let wg > 0 denote the minimal solution to

{ Awg = (5L wg) in 02, @
wy = 400 on 052

(see e.g. [9] for the notion of minimal blow-up solution). Then, we have the following result.
Theorem 1.2. Make the same assumptions as in Theorem 1.1. Assume in addition that f satisfies (3).

(a) If f is smaller than g at infinity in the sense that for any ¢ > 0,

fim 29—
t—+o0o g(et)

®)



J. Dadvila et al. / Ann. 1. H. Poincaré — AN 26 (2009) 1767-1791 1769

then for any solution (u, v) of the system (2)
lim — =1,  lim — =1, 6)
x—>082 W1 x—08 Wi

where w1 is the minimal nonnegative solution to (4) with 6 = 1.
(b) If f is of the order of g at infinity in the sense that for some 0y € (B, 1),

if0 € (B, 00), then hmlge% ,
if0 € 0. 1), then limsups S L= DD %

=400 f (O —B)I)
then for any solution (u, v) of the system (2)
1
im = lim — =1, (®)
x—>082 We, 6o x—>082 We,

where wg, is the minimal solution to (4) with 6 = 6.

Remark 1.3. Condition (7) looks rather unpleasant. Nevertheless, its validity can be easily checked on examples. If

e.g. f(t) = g(t) =t?, by the Intermediate Value Theorem there exists 6y € (8, 1) such that lim;_, 4~ 90% =

) (%O eg))l,, = 1. Since the quantity 0% is nonincreasing in 6, (7) follows. If f(t) = g(t) = €, then letting
60 = (1 + B)/2, we have lim,_, ;o0 0 $U=00. 9”) = 400 for 6 < ), while the limit is equal to 0 if § > 6. Observe that

yi(CE9D)
in this case, though (7) holds, there is no value of 6 for which the limit is equal to 1.

Remark 1.4. Note that when condition (5) holds, the first order asymptotics of both u and v is independent of the
nonlinearity g. The influence of g can be detected in the next terms of the asymptotic expansion of the solution. See
Example 1 in Section 5.

On the contrary, when condition (7) holds, f and g already interplay in the value of the constant 8y of the leading
asymptotics of u and v. See Example 2 in Section 5.

As a consequence of Theorem 1.2, we obtain under an extra convexity assumption:

Corollary 1.5. Make the same assumptions as in Theorem 1.1. Assume in addition that f satisfies (3) and either
condition (5) or (7) holds.

(a) If f and g are convex, then the system (2) has a unique solution.
(b) If 2 is a ball and @, %t) are nondecreasing in a neighborhood of 400, then the system (2) has a unique
solution.

Remark 1.6. Even in the case of the ball, we do not know whether uniqueness remains true under the sole assumption
that f and g are nondecreasing.

Notation. For functions m, n: [0, o0) — [0, 00) we say that m ~ n at infinity if
m(t
lim Q =1

t—o00 n(t)
and use similar notation when m, n are defined near ¢y and lim,_, ;, % =1.
2. Existence
The proof of the existence of solutions in Theorem 1.1 follows a standard scheme where one first solves the system

with a finite boundary condition m and then lets m — +o0c. The former step can be carried out in a more general
setting as described next. Consider the system
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Av=f(v,u) in£2, )

{Au:g(u,v) in £2,
U=V=00 onds2,

where f and g are two nonnegative C ! functions such that f(0,0) =g(0,0) =0 and dg/dv < 0, af/du < 0 (the system
is then called cooperative).

Proposition 2.1. Given m > 0 the system
Au=g(u,v) inS2,
Av="F(u,v) inS$2, (10)
U=v=m on 052

admits a unique minimal nonnegative solution (u, v).

In the previous statement minimality refers to the following property: take any open set w C £2 and i, v € C*(®)
satisfying
Au<g(u,v) ino,
Av <f(i,v) ino,
©>20,v>20 ino,
U>u, v=>v onoow.

(1)

Then,
u<u, v<v Iino.

To solve the system with finite boundary values we use sub and supersolutions. A convenient reference for mono-
tone methods for equations and systems is [18].

Proof. Choose a > 0, b > 0 sufficiently large such that the functions

ur>gu,v) —au, v f(u,v)—>bv aredecreasingforO<u,v<m. (12)
Define
ug=0, vo=0 (13)

and fork > 1

Aup — aup = gQ(Ug—1, Vg—1) — aug—1 in £2,

Avg — bvg =f(ug—1, vg—1) —bvg—1  in £, (14)
Uy =vr=m on d52.
We claim that

O<Lup_ 1 <ur<m 1in$2
and
Oy <y <m in £2.
Indeed, the property is straightforward if kK = 1. Take k > 2 and assume by induction that ux_p < ug—1, vg—2 < Vr—1
in 2. Then,
Aug —uk—1) — aug — uk—1) = 9(k—1, Vk—1) — 9(Ug—2, Vk—2) — a(ug—1 — ug-2)
S 9@k—1, Vk-2) — 9(Uk—2, Vk—2) — a(ug—1 — ug—2)
<0 in$
and hence uy — ur—1 > 0 in £2. The remaining inequalities are obtained similarly. In particular, the limits

u= lim ug, v= lim vy
k—o00 k— 00
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exist, solve (10) and satisfy
Ousm, 0<v<m inS2.

Let us show now that the solution constructed in this way does not depend on a, b as long as these parameters
satisfy (12). For this we argue as follows: suppose that u, v are constructed using a, b and i, v are constructed with a,
b satisfying (12). Let ug, vx denote the sequences defined by (13), (14). Arguing by induction we see that if & > uy_1,
U > vg_1 then

A —ug) —a(u —ug) =9, v) — g(uk—1, vk—1) — a(tl — ug—1)
<9, vg—1) — 9(ug—1, Vg—1) — a(li — ug—1)
<0
and then & — u; > 0 in £2. Note that u + g(u, v) — au and v + f(u, v) — bv are monotone in the appropriate regions
because u, v and u, v are between 0 and m. Similarly, v — v;y > 0 in §2 and thus # > u, ¥ > v in §2. By symmetry we
obtain the converse inequality and we deduce that it = u, v = v.

Minimality. Let w C §2 be open and u, v € C(w) satisfy (11). Choose a, b large enough so that g(u, v) — au is
decreasing in u and f(u, v) — bv is decreasing in v for all u, v in the range O < u, v < M with M > m, M > maxg u
and M > maxg v.

Consider ug, vy defined by (13), (14). Now we show that u > uy, v > v in  for all k. By induction, if & > uj_1,
U > vr_1 in w then

A( —ug) —a(u —up) <9, v) — g(ug—1, ve—1) — a(@ — ug—1)
<9, ve—1) — 9ug—1, Vk—1) —a(u — ug_1)
<0 inw

andhencet —up >0inw. O

Proof of Theorem 1.1. Necessary conditions. Suppose that (u, v) is a solution to (2) and for given y > 0 set w =
min(yu, v). Let x4 denote the characteristic function of a set A. By Kato’s inequality (see [14]),
Aw < VAMX[yu<v] + AvX[yu>v]
=ygu — V) X[yu<v] + f (0 = BU) X[yusv]

< Vg((l - V)M)X[yu<v] + f<<1 - g)v))([yu>v]

1—
= Vg< Y Y w)X[yu<v] + f((l - §>W>X[yu>v]
gmax<yg<1_—yw>, f((l — é)w)) =:hi(w).
14 14

Hence w is a supersolution to the single equation Au = hj(u) in §2 with u = 400 on 9S2. Therefore this problem
admits a solution and hence /71 must satisfy the Keller—Osserman condition (1) (see e.g. [9]). Choosing y = I implies
that f satisfies (1) and B < 1. Then, choosing y = 8 < 1 implies that g satisfies (1).

Sufficient conditions. Consider the minimal solution (u,,, v,,) to the truncated problem

Au=gu—v) in £2,
{Av:f(u—ﬁv) in £2, (15)
U=v=m on 02
where m > 0. Such a solution can easily be constructed by the method of sub and supersolutions, see Proposition 2.1.
Let y € (8, 1) and set
Wy, = Max(y s, Up)-

Then,
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Awm 2 yAumX[Vum>Um] + Avmx[yum<vm]
=ygum — Um)X[yum>vm] + f(om — ,Bum)X[yum<vm]

1 B
S () PR P

= ha(wp),

where hy(w) = min(yg(FTV w), f((1 — g)w)). Since h, satisfies (1) and is nondecreasing, the boundary blow up
equation Aw = hy(w) in £2, w = 400 on 32 has a maximal solution w (obtained e.g. as the limit of (w,), where
wy, denotes the minimal blow-up solution on a subdomain £2,, € £2 with Un £2,, = §2). By comparison, w,, < w in §2
for all m > 0. Hence (u,,), (v,) remain bounded on compact sets of 2 as m — 00, and by standard elliptic estimates
they converge- up to a subsequence — in Clzoc(.Q) to a solution of (2). O

Remark 2.2. The proof of Theorem 1.1 implies that whenever solutions exist, one of them is minimal in the class of
nonnegative solutions. Moreover this solution (u, v) satisfies

Bu<Lv<u inf2. (16)

Indeed let us show that the minimal nonnegative solution (u,,, v,,) to (15) satisfies v,, < u,, in £2. For this let us recall
that u, = limMg— o0 Um k» Um = liMg—s 00 Uk Where u,, k, vm k are defined recursively by (14) starting with the trivial
solutions, with g(u, v) = g(u — v) and f(u, v) = f(v — Bu). We chose a = b large so that (12) is satisfied. We claim
that vy, x < U k. Proceeding inductively, assume vy, k—1 < U k—1. Then

A — atm = 8Umk—1 — Vm k—1) — AU k—1 — U k—1) — QU k—1 K< —AVUp —1
while

AV — aVp k = f(Um k=1 — Bbm k—1) — QU k—1 = —AVp k—1.

By the maximum principle u,, x > v,k in §2. For the other inequality in (16) we may proceed similarly, but this time
it is convenient to work with i, x, U,y x defined by (14) but with the boundary conditions #,, y = m and vy, x = Bm
on 052. The limit of i, x, Um k as k — 400 and then as m — 400 is the minimal nonnegative solution to the system,
as can be seen by comparison.

Remark 2.3. For a general system (9) the same proof as that of Theorem 1.1 yields the following necessary condition
for existence:

Vy >0 max(yg(ﬂ, w),f(ﬂ, w)) satisfies (1). (17
14 14

Similarly the next condition is sufficient for existence

3y > 0 such that min<yg<g, w),f(g, w)) satisfies (1). (18)
14 14
However, these conditions are not equivalent in general, see Example 3.

Remark 2.4. For general cooperative systems the problem with finite boundary values (10) is always solvable and
generates an increasing sequence of approximate solutions (u,,, v, )men. Going back to (9), obtaining a sharp exis-
tence criterion similar to the Keller—Osserman condition (1) is equivalent to characterizing the nonlinearities for which
(Um, Vm)meN remains bounded on compact subsets of £2. Such a result seems out of reach for general cooperative sys-
tems. Still, it would be interesting to answer the following question: assume (9) admits a solution for any domain of
the form 2 = (—R, R), R > 0. Is it true that (2) is solvable in any smoothly bounded domain £2 C RN, N >2?
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3. Asymptotics

Under the hypotheses on f stated in Theorem 1.1 and the Keller—Osserman condition (1) the problem
Au= f(u) inS2, u=+4+00 onas2 (19)

admits a minimal solution # and a maximal solution U. The maximal solution can be constructed as the limit U =
lims_.o us where us is the minimal solution of (19) in the domain 25 = { x € £2: dist(x, 352) > §}.

The next lemma is well known. It asserts that under hypothesis (3) all solutions to (19) have the same first order
boundary behavior, see for instance [1,2] or [3].

Lemma 3.1. Let 2 be a bounded smooth domain in RN . Assume f satisfies (3). Then for any solution u of (19) we
have

. u(x)
lim =1,
x—032 Y (d(x))

where W = ¢~ and ¢ is the function appearing in (3).

Lemma 3.2. Suppose f ~ g at infinity and that f satisfies (3). Let u be any solution to (19) and v any solution to (19)
with nonlinearity replaced by g. Then

Proof. Let G(¢) = fé g(s)ds, ¢pg(u) = fuoo «/Zth—(t)’ Ve = ¢g_1. Let ¢ and ¥y denote the corresponding functions

associated to f. By Lemma 3.1 it suffices to prove that
8
im vr® =1.
8—0 Yg(8)
Since f ~ g at infinity we also have F' ~ G at infinity and therefore ¢y ~ ¢, at infinity. It follows from this and
the fact that ¢ ¢ satisfies the condition (3) that ¢, satisfies this condition too.
Let m > 1. Condition (3) on ¢, implies that there exists 7 > 1 and 8y > 0 such that

Yo (8) <myrg(nd) V0 <8 < dp. (20)
Since ¢y ~ ¢, at infinity we have
8

§=0 ¢ (Y5 (8))
Hence taking 6; > 0 small,
8 <ngg(Vr(®) <8o Y0 <8 <38.

Since v, is nonincreasing we deduce

Vg (8) =Yg (e (¥ (8))) VO<8 <8
and by (20)

1
Ye®) > —yy(6) V0<5<d.

It follows that

limsup —— <
50 Yg(d)

The corresponding inequality for the liminf is proved by reversing the roles of /¢ and ,. O



1774 J. Ddvila et al. / Ann. I. H. Poincaré — AN 26 (2009) 1767-1791

The next lemma asserts that under the condition (3) the boundary behavior of solutions to (19) depends continu-
ously on multiplicative perturbations of the nonlinearity.
Lemma 3.3. Assume f satisfies (3). Given y > 0 let u,, denote any solution of
Auy, = f(yuy) inS2, uy, =+00 onods2.
Then

lim sup lim sup X < 1 <liminfliminf iy
y—>1 x—302 Ul y—=>1 x—02 u

Proof. Given y > 0 let f, () = f(yu), F,(t) = [y f,(s)ds = %F(yt), ¢y ) = [ \/% = ﬁd)(yu) and

¥, = (¢,)~". Note that ¥, (8) = %w(ﬁs).
By Lemma 3.1 it is enough to establish

8 8
lim sup lim sup vy @) < 1 <liminfliminf vy @)
y—1 50 Y y—=1 =0 ¥ (3)

Let m > 1 and 89 > 0, n > 1 be such that (20) holds. Then if ,/y < n it follows that

1 m m
;¢(3) < ;1/;(778) < ;w(ﬁ(S) =my,(§) V0 <d <o

and therefore

8 1
M >— ¥Y0<y< nz.
§—0 Y () ym
As m > 1 is arbitrary we deduce
8
liminfliminf 22 > 1
y=1 >0 ¥(d)

Similarly, let m > 1 and §p > 0, > 1 such that (20) holds. If ,/y > % we have

1 1 m
8 =— H < =Y (/)< =¥
¥y (8) VW(«/?) VW( /m) ylﬂ()

for § > 0 small and therefore

8 1
hmsupwgﬂ y}—z.
s—0 V(@) vy n
Hence
)
lim sup lim sup ¥y @) <1

vl 50 W)

Proof of Theorem 1.2, part (a). Let («, v) be any solution to (2) and w be the minimal nonnegative solution to (4)
with 6 = 1. For simplicity we write w = wy. First we note that we have

w<LY < U, 2n
Indeed for the minimal solution (u, v), we always have u > v by (16). Consequently,

Av=f(v—pu) < f((1-Pv)
so v is a supersolution of (4) and since w is the minimal nonnegative solution it follows that w < v. Let

zp = max(Ou, v),
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where
B<6<1.

By Kato’s inequality we have
Azg 2 ho(2)

with hg given by

ho(w) =min<9g<10%9 w), f(%w))

Let wyg be the minimal solution to (4) and Wy be the maximal solution to

1775

(22)

Awg = hg(wg) in £2, Wp =-+00 onds2.
Then zg < Wy in £2. Note that under condition (5), we have hg(w) = f (% w) for large w. It follows from Lemma 3.2
that
lim — =1
x—082 Wy

and therefore

. 260
limsup — < 1
x—02 Wo

for any 6 € (8, 1). It follows from the previous inequality that

. 0 _ .. 20 .. we _ .. We
limsup — < limsup — limsup — < limsup —.
x—aR W x—032 Wo x—a W x—32 W

Letting now 6 — 1 and using Lemma 3.3 we deduce that

. . 26
limsuplimsup — < 1.
6—>1 x—a2 W

This together with (21) yields the conclusion. O

Proof of Theorem 1.2, part (b). We use Kato’s inequality with
zo = max(Ou, v),

where
B <0 <.

We have

Azp 2 ho(2)

with hg given by (22). By assumption (7), given ¢ > 0, hg(t) > (1 —¢) f (%t) for ¢ large. In particular, there exists

a neighborhood V of 92, V C £2 such that

9 —
Az > (1 —€)f< 5 ﬂZe)
Let w, ¢ denote the maximal solution of

Awep=(1—8) f(FLweg) iV,
We,p = +00 ondV.

Then, z9 < wep in V. By Lemma 3.3

. . We. 0
limsup limsup hutla <1,
£—0,0—>6) x—d32 W

(23)
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where w is the minimal solution of (4) with 6 = 6. Thus,

lim sup lim sup @ <L (24)
0—0) x—d W

Let 6 € (6p, 1) and zZgp = min(Qu, v). Then, as before, Zg > We o Where now w, g is the minimal solution of
. 0—B ~ .
Awsp=(1—¢)f(—5weg) InV,

IZ)E,G =400 on E).Q,
Wep =T ondV \ a2

and T > 0 is a fixed small constant. Using Lemma 3.3 one proves that

liminf liminf =22 > 1, (25)
0,050 x—02 W
whence
. 28
liminfliminf — > 1. (26)

0—60) x—082 W

Collecting (24) and (26), the theorem is proved. O
4. Uniqueness

In this section, we prove Corollary 1.5, which states the uniqueness of the solutions of (2) provided that f, g are
nondecreasing, nonnegative C! functions such that f = g =0 on R~ that satisfy (3), that either condition (5) or (7)
holds, and that

(a) either f, g are convex functions;
(b) or £2 is a ball and @, @ nondecreasing in a neighborhood of +o00, and f, g nondecreasing everywhere.

We begin with the proof of the uniqueness result assuming that f, g are convex functions.

Proof of Corollary 1.5, part (a). Let ¢ > 0. Consider (#, v) the minimal BBUS solution and (u1, v{) another solution
to (2). Actually, by (6) or (8) we have that (1 + &)u > u; > u, (1 + €)v > v; = v in a neighborhood of 9£2.
Therefore, since by convexity @, %t) are increasing functions ((1 + &)u, (1 4 ¢)v) is a supersolution of (2):
All+)u<g((l+8)u—1+¢e)v) in £2,
A(l+e)v < f(1+e)v— B +8e)u) in L2,
(I4+8)u=0+e)v=0c0 on 052.

Therefore, w :=u; — (1 + &)u, z := vy — (1 4+ &)v satisfy w < 0, z < 0 in a neighborhood of 952, and

Aw—g'EDw+¢g'(61)z>0 in 2,
Az — f(E)z+ Bf (E)w =0 in £,

for some &1 > 0, & > 0. Since g'(£1) >0, f/(&) >0 and (—1 + B) f/(£2) < 0 we can apply the maximum principle
for cooperative systems (see for example Appendix A of this paper or [19], Theorem 3.15 and its following remark)
to conclude that w < 0 and z < 0 in £2. Letting ¢ — 0, we obtain the desired inequality. O

We now prove the uniqueness result relaxing the hypotheses on f, g if §2 is a ball. This result compares with the
uniqueness result in [9]. We begin with a lemma concerning the boundary behavior of the minimal solution (u, v) of
our problem, and that is interesting in itself, since it is true for general domains and gives some insight of the boundary
behavior of solutions.
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Lemma 4.1. Let u, v denote the minimal boundary blow-up solution of (2). Then,

11;519(u(x) —v(x)) = o0, 27)
1ir519(v(x) — ﬁu(x)) = +00. (28)

Proof. We establish (27), the other limit being similar. Fix A > 0. Consider the problem

AMA,m = g(“A,m - UA,m)» (29)
AUA,m = f(UA,m - ,BMA,m)’ (30)
Uam=m+A, va,=m onos2. 31D

For a given A > 0, if m is large enough then (m + A, m) is a supersolution to this problem and by the classical
iterative method described in Proposition 2.1, we can construct a solution to this approximated problem. As we did in
the proof of Theorem 1.1, (4, va,,) converges to the minimal BBUS solution when m — +oo.

In addition, we have that

A(uA,m - UA,m) < g(uA,m - UA,m)’ (32)

UAm —VAam=A onas2. (33)
Therefore u 4, — va,» 1S a supersolution to a single equation problem. Set w4 for the solution to

Awg =g(wy) 1in $2, (34)

wpg=A onds2. 35

Therefore, everywhere in £2

wa(X) Sugmx) —vamx). (36)
We now let m — +00, then A — 400 that leads to
w(x) <ux) —v(x), (37)

where w is the minimal BBUS solution to (34). O
We now complete the proof of the uniqueness result.

Proof of Corollary 1.5, part (b). To fix ideas, assume that £2 is the unit ball. Consider (#, v) the minimal solution to
(2) and (u1, v1) the maximal solution (obtained as the limit (11, v1) = lims—_o(us, vs) where (us, vs) is the minimal
solution in the ball with radius 1 — §). Then it suffices to show that u = 1 and v = v;. It is worth to observe that u,
v, u1, vy are radial functions.

Consider r € (0, 1). Let §2, be the ball of radius r. Then for each x € £2, there exist &£, &’ € R such that

Ay —u) =g —vp) —glu —v) =g E)ur —u) — g’ ) (v —v), (38)
A —v) = f(v1 — Bur) — f(v = Bu) = f'(EN (w1 —v) = Bf' E) w1 — ). (39)
By the maximum principle for cooperative systems, we have

sup(ur — u) < max (1 (r) — u(r), vi () — v(r)),

r

sup(vi — v) <max(u(r) —u(r), vi(r) — v(r)).

r

This ensures that the function
r— M(r) .= max(ul(r) —u(r),vi(r) — v(r))

is nondecreasing in (0, 1).
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Assume that
u(0) <u1(0) or v(0) <wv(0) (40)

for if u(0) = u1(0) and v (0) = v(0) by uniqueness for the system of ODEs we would have u = u| and v = v; in
(0, 1) and the proof is over.

By Lemma 4.1 there is Rg such that min(z — v, v — Bu)(¢) > a for all t > Ry, where a is such that both @, @
nondecreasing for > a.

We argue in a slightly different way in the following cases:

there exists r € (Rg, 1) such that u1(r) — u(r) > v1(r) — v(r), 41

there exists r € (Rg, 1) such that u;(r) —u(r) < vi(r) —v(r), 42)

u(r)y—u(@r)=vi(r) —v@r) forallr e (Rp,1). (43)
To begin with we assume that (41) holds. In this case choose R| € (R, 1) such that

ui(Ry) —u(Ry) > vi(R1) — v(Ry). (44)
Define

w:=u;— (1+e&)u, z:=v1— (1 +e)
and take ¢ > 0 small enough such that

w(R1) > z(Ry)
and by (40)

w(R;) >0 or z(R;y)>0.

Thus in particular w(R1) > 0. We choose r; > R close to 1, such that w(r;) < 0 and z(r,) < 0. This is possible by
(6) or (8).
In the annulus {r: R; <r <r,} we then have
{ A((1+e)u—up) <g((1+8)u — (14 )v) — g(uy —vy),
A((1+ev—v) < f((A+e)v—BU+e)u) — f(vr — Bui).
Therefore, (w, z) satisfy in the annulus

Aw —g'(EDw + g (E1)z >0,
Az~ f'(E)z+ Bf (E)w > 0.
By the maximum principle in the annulus R; < r < r, we have
max(w, z) < max(w(R1), z(R1)) = w(Ry)
and hence
up(r) = (A +eu@r) <ur(Ry) — (1 +e)u(Ry).

Note that as ¢ — 0, r, can be taken to approach 1. We then let ¢ — 0 to obtain u(r) — u(r) <u;(R;) — u(Ry) for
R <r < 1. By continuity M (r) = u1(r) — u(r) in some interval around R;. Since r — M (r) is nondecreasing we
deduce that M (r) = A = const in some interval of the form [R, R| + o] with ¢ > 0. From Eq. (38) we also have
g1 —v1) = g(u — v) in that interval. But g(¢) is strictly increasing for t > a and u(r) —v(r) Z a, u1(r) —vi(r) 2> a
for r > Ry if we choose Ry close enough to 1. Hence vi — v = A = const in [R1, R 4+ o]. This contradicts (44).

A similar argument rules out the case (42) and therefore we are in the situation (43). The previous argument with
R replaced by Ry then yields

max(w, z) < max(w(Ro), z(Ro)), Ro<r <re,
which implies

i (r) — (1 +&)u(r) <max(u1(Ro) — (1+&)u(Ro), vi(Ro) — (1 +&)v(Ro))
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for Rg <r < r,. Letting ¢ — 0 we have
M@r)=ui(r) —u(r) < M(Rp), Ro<r<l,

and since M is nondecreasing we conclude that M is constant in [R, 1). Thus #; —u = A and v; — v = p are constant
in [Ro, 1). Going back to the system we then have in the annulus Ry <r < 1

0=A(u; —u)=gu; —vi) — glu—v),
0=A@ —v)=f( —Bu)) — f(v—Pu).

Since f, g are strictly increasing functions in the appropriate range we then have u; — vy =u — v and v; — Bu; =
v—Buin Ry <r < 1. Hence A = u = 0 and therefore u; — u =0 and vi — v =0 in [0, 1). This completes the
proof. 0O

5. Examples

Example 1. The first example falls in case (a) of Theorem 1.2.

Au=e""v—1 ing2,
Av=(v—Bu)’ in$2, (45)
U=V=00 on ds2,

where p>1,0< 8 < 1.
By Theorems 1.1, 1.2 and Corollary 1.5, problem (45) has a unique solution (u, v), which we know the leading

order asymptotics of. We investigate here how the first equation affects the next terms in the asymptotic expansions
of u, v. We do this for simplicity in the case p > 3.

Proposition 5.1. Assume 0 < 8 < 1 and p > 3. Let d denote the function distance to the boundary. Then the unique
solution (u, v) of (45) has the behavior

u=cd “+ejlogd+ fi +O(d8),
v=cd™® +€210gd+f2+0(d8)

where ¢ > 0 is suitably small and the constants are uniquely determined by the equations

2
o= —-, (46)
p—1
A=pPcP ' =a(@+1), (47)
el —er=—o —2, er — Be; =0, (48)
e-f']—fz — CO[(O[ + 1)’ CO[(O[ + l)p—{f:g)f; = —e). (49)

Proof. The argument relies on constructing a sub- and a supersolution having a suitable boundary behavior. The
reader is invited to check that the sub- and the supersolution that we construct depend continuously on £2: this means
that if a comparison principle is available (for systems with standard boundary conditions), then the solution (u, v) of
(45) can be compared e.g. on an increasing sequence of domains £2,, € 2 with the supersolution i,,, v, blowing-up
on 0§2,. Letting n — oo and checking that u, (x), v, (x) converge pointwise to the supersolution &, v blowing-up on
d52, we obtain the desired inequality: u < u, v < v. A similar approximation by outer domains enables us to compare
(u, v) with a given subsolution.

We finally note that the standard comparlson prln(:lple for systems can be used, since for g(u, v) = e*~Y, f(u,v) =
(v—Bu)? we have 2 ™ + ag >0, gf <0 and = a_ > O < 0. So it remains to construct the sub- and supersolution
of (45). Let § > 0 be small and define Us = {x € 2: d(x) < 8}.

We use as a supersolution

i=cd “+ejlogd+ fi+g1d® and v=cd *+eylogd + fo+ god®
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where 0 < ¢ <« and g1, g2 > 0 are to be fixed later on.
In Us we have

Ai=cal@+1)d %2 —eid?—gie(1 —e)d* > —cad * 'Ad + e;d ' Ad + g1ed* ' Ad,
AV =ca(a+ 1)d 2 —erd > — gre(1 — )d* > — cad ™ 'Ad + exd ' Ad + gred* ' Ad

and

"7V = caa + 1)d ¥ 281784

=ca(a+ 1)d™ 2 + cala + Dd @2 (e&17824" 1),
We take g1, g2 of the form

g1 =tay, g =tay
where t > 1 and aq, ap > 0 are fixed such that

Bai <ap <ay.

Using convexity

"V > caloa+ 1)d "2 + cala + 1)(a) — ap)td® %2
and hence
Ait — ("7 —1) < —ca(a + D(ar —a)td* ™2+ Cd™ "' + C1d*™% in Us

where C depends only on p, 8, £2, a; and as.
Again, using convexity
(@ — Bi)? > cala+ a2 + cata + Dp 2P 42 4 coo + 1)p 2P,
(I=pB) (I=pB)

Since p > 3 we have « € (0, 1). Hence, using (49) we find

de2.

ap — Bay
(1—p)c

Then there is § > 0 such that i, v is a supersolution of the system in the set Us = {x € £2: d(x) < §} forany ¢ > 1.
Having fixed § we now select ¢ large such that

AD — (0 — Bin)? < —ca(a+1)p 1d*72 + Ctd*~ ' +Cd=*"' inU;.

uz>u and v>=v ond(x)=>54.

It follows by comparison that u < u# and v < v in Uy.
The construction of a subsolution u, v is similar. We take

u=cd *+elogd+ fi —ajtd® and v=cd ®+elogd+ fr —artd®
where 0 < ¢ < «, a; > 0, ap > 0 are chosen such that

Bay <ax <ap
and ¢ > 0 is to be fixed later on. Let us introduce

o =ay— Ba; > 0.

Later on we will need o to be small.
Let § > 0 be small and Us = {x € £2: d(x) < §}. Recall that the unique solution u, v to (45) satisfies u > 0, v > 0.
We take C large so that if

t=C87%¢ 50)
then

u<0 and v<O0 atd(x)=35.
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We have in Us

Av=ca(a+ 1)d 2 —erd 2+ arte(1 —e)d* % — cad ' Ad + exd ™' Ad — arted® ' Ad.
Given £ > 0 there is A > 0 such that
(1+h)? <1+ ph+ Ah?> V—1<h<L.

Using this inequality with

p B ot
A=pec’ " a=pp

we find
(v — Bu)? <cala+ 1)d %2 + ca(a + l)p{f%g)fidfz + co(a + l)pﬁd‘?f2
H=BA ot .5\
+A(C0{(Ol+1)pmd +Ca(a+1)pmd ) s

provided that 4 € [—1, £]. This condition is indeed satisfied if we take £ > 0 large but fixed and then § > 0 small, since
t is given by (50). It follows that in Uy

Av— (v —Bu)’ > —Cd %' — Cetd® ™' + Ctod* > — ACd* 2 — ACo?12d*T22,
By taking o > 0 sufficiently small and then § > 0 small we finally obtain
Av—(v—puw)? >0 inUj.
Now let us verify that Au — e%~% > 0 in Us. It will then follow that (i, v) is a subsolution of (45). First we have
A =cale+1)d 2 —erd > +ayte(l1 —)d* > —cad * 'Ad + e;d ' Ad — ayted® "' Ad
In addition
el = ca(a + 1)d "2 4 cala + 1)d 72 (e~ @ mad” _q),

If y > 0 is sufficiently small then
1
e <1+yx for—— <x<0.
2y
Therefore

MU L cala+ 1)d™ 2 — yea(o + Dd* ™ %(a) — an)t

in Us provided that
e 1 :
(a1 —ax)td®* < — in Us. (51)
2y

To this end we choose y = k6% with ¥ > 0 small. Recalling that ¢ is given by (50) we see that (51) is satisfied in Us.
It then follows that

Au— (Y1) >—Cd™? = Ctd*™ ' + Ctyd™***~? in U;
and so

Au— (7Y =1)>0 inUs

if we fix § > O sufficiently small. By comparison we deduce thatu > u and v > vin Us. O
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Example 2. Our second example falls in case (b) of Theorem 1.2. Let & > 0, 8 > 0 and consider
Au=e""% in 2,
Av=e""P" ingQ, (52)
u=v=-400 onaf2.

We shall see that the constants involved in the leading asymptotics of the solution (u#, v) depend on both nonlinearities
f and g. We also compute the next term in the asymptotics of (#, v) and we observe that it is independent of the
geometry of 042.

Existence of solutions for the system (52) does not follow directly from Theorem 1.1, since the nonlinearities
g =exp and f = exp do not vanish at 0. To obtain the existence we thus need to construct a suitable subsolution.

Proposition 5.2. The system (52) has a solution if and only if af < 1. Moreover if af < 1 then (52) has a unique
solution (u, v) and it satisfies

u=—cylogd+e +o0(l), v=-—cylogd+ey+o(l) asx— 382 53)
where

d(x) =dist(x, 0§2)

and
1 1
=210 o FP (54)
1 —ap 1 —ap
1 — —
o — ogci alogcz’ =logcz ﬂlogcl. (55)
1—ap 1 —af

Proof. Regarding the existence part we let the reader check that Theorem 1.1 still holds when f, g do not vanish
at (0, 0), provided there exists a bounded subsolution of the problem. We construct such a subsolution for (52) as
follows. Take K > 0 large so that

IX?P—K<0 Vxef

and choose y > 0 such that

l >y > B.

o
Let

u=A(x>-K), v=Ay(x’-K)
with A > 1 such that Ay > 1. Then

Au=2NA2>1, Av=2NAy > 1,
and

exp(u — av) = exp(A(jx|> — K)(1 —ay)) <1
since |x|? — K <0and 1 —ay > 0. Similarly

exp(u — fu) = exp(A(x|* = K)(y — §)) < 1.

The fact that ¢ < 1 is a necessary and sufficient condition for existence follows from the above discussion,
Theorem 1.1 and the change of unknown &t = u, v = av.

For the rest of the proof we assume that ¢ < 1. Regarding the asymptotic behavior of solutions, first we establish
that any solution (u, v) to (52) satisfies (53). For this purpose we first construct appropriate sub- and supersolutions.
For § > 0 define

Us = {x € £2: dx) <8}.
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Let 89 > 0 be a small fixed number. Then there is d smooth in £ such that d > 0 in £2 and

d=d inUs,.
Let 0 < o < 1 and w be the solution to
{ —Aw = d~a—2 in £2, (56)
w=0 on d52.

Using comparison with appropriate powers of d one can obtain
a1d’° <w<apd® in2 (57)

for some constants aj, ay > 0. See also Gilbarg, Trudinger [13] Theorem 4.9 and Exercise 4.6.
Step 1. For appropriate choices of y € («, 1/8) and K >0

g:—cllogcz—}-ﬂ—wa, y:—czlogcf—i-ez—Kw, (58)
form a subsolution of (67), where the constants c1, c2, €1, e2 are given by (54), (55). Indeed,

Au=cd 2|Vd)? —cid 'Ad + yKd° 2,
while

4T — ¢ d e YT OKw,

Therefore

Au— e = c1d2(|Vd ) — e~ V=KV _GAd) +yKd® 2. (59)
Using the inequality

e*fgl—% Yo<r<1 (60)
and (57) we have

1 ~
—em kw5 1y 30— a)a Kd°
whenever
o < R .
(y —)a2K
This holds in Us if § > 0 is small and
Y S
(y —a)az
We note that from the start y can be chosen close to « so that

c1+||c?Ac?||Loo< 1 61
min(l,y) (¥ —@a’

We now decrease § > 0 further to achieve |V¢7 | =11in Us and

3l1Ad| 1
(y —ay
With § > 0 now being fixed we choose K such that

<er+ |dAd| L. (62)

dAd|| [ 1
w—”L < KS§° < —. (63)
min(1, y) (y —)az

Then in Us we have by (59), (60)

- 1 - - -
Au — e % > cld"_z(g(y —a)a K — dl_”Ad> + yKd°_2 >0
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by (62) and (63). In £2 \ Us
Ay — et % > —c1d P —cd 'Ad + yK&”_2 >0

thanks to (63). Similar calculations imply that Av — e?~#% > 0 in 2.
Step 2. Let (u, v) denote the subsolution (58). Then for any solution (u, v) of (52) we have

uzu, v>uv in £2. (64)

To prove this statement, for ¢ > 0 small consider the domain 2, = £2 U {x € RV: dist(x, 3£2) < ¢}. Using Step 1,
we can construct a subsolution (u., v.) to (52) in the domain £2,. Note that u,, v, depend continuously on ¢ for ¢ > 0
small. Substituting u by Au (for a given A > 0) in the system (52), we obtain the equivalent form

Au=g;(u,v) in$2,

Av =", (u,v) 1in 2, (65)
U=V=00 on 052
where g; (1, v) = %e““”, fo(u, v) = e’ P Note that BB% =10, % = —% < 0and aa% + a(% =1- % Similarly

% =120, % =—pAr<0and %—i—% = 1—BA.Since af < 1itis possible to choose A > 0 such that ‘%‘—i—% >0
and % + % > 0. With these conditions the maximum principle holds for the system (65) and since u, — u — —o0,

Ve — UV — —00 as x — 352 we deduce
u>u, and v=>v, inS2.

Letting ¢ — 0, we obtain (64).
Step 3. Following the same argument as in the two previous steps one can show that for appropriate choices of
y>0and K >0

ﬁ:—cllogc?—i—el—i—wa, D:—czlogc?+ez+Kw,

where w is the solution of (56), is a supersolution of (67), and for any solution u, v of (67) we have

u<u and v<v inS2. (66)

Step 4. Let uj, v;, i = 1,2, be two solutions to (52). Then u; = uy and v; = vy. Indeed u; /A, v; are also solutions
to (65). Moreover by (64) and (66) and the fact that w(x) — 0 as x — 052 we have that (u; — u3)/A — 0 and
v] —v2 — 0 as x — 9£2. By the maximum principle for (65) we conclude that u; =us and vi = v,. O

Example 3. Our next system is not of the form (2). It demonstrates how our technique can still be used in more general
settings. It also provides an example where conditions (17) and (18) in Remark 2.3 are not equivalent. Consider
p,q,r,s >0 and the system

P
Au="7
Av=Z—s in £2, 67)
u>0 v>0 1in$2,

U=v=-400 on d52.

in £2,

Proposition 5.3. Problem (67) has a solution if and only if

p>1, r>1 and (p—1)(r—1)>gs. (68)
Moreover, under condition (68) the system has a unique solution and it satisfies
U= cldﬂ’(l + 0(1)) and v= czdﬁ(l + 0(1)) asx — 052 (69)
where
=2 r—1+gq ’ n—2 p—1+s (70)
(p=D@ =1 —sq (p=D@r =1 —sq

and cy, ¢y are given by
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Cip—l)(r—l)—qs _ (V(V + 1))r—1()h()L + 1))4’ 71
Cgp—l)(r—l)—qs _ ()/()/ + 1))5()»()\‘ + 1))17—1. (72)

Remark 5.4. Let m = ;’ Iﬁj . Observe the following distinction between the balanced system (m = 1) and the case

m>1
e balanced system: introduce n =r — s = p — ¢, then problem (67) reads also
Au= ()" in £,
Av= ()" ing,
u>0, v>0 in$2,

U=v=-+00 on d52.

Consider z the BBUS for the single equation Az = z". Then (z, z) is the BBUS for the balanced system.
e unbalanced system: perform the change of variable w = u™. Then

q q
w _ p=1 w
Awz(—) w7 =(=) ",
v v
N
v
Av = <—> V",
w

withn=r—<=1-¢g+ pT_l. Observe that n =1 + % > 1. Let again z denote the BBUS for the
single equation Az = 7", then using an ordering lemma (see Lemma 5.5 below), we have

(73)

u" <v<z.

Before proving Proposition 5.3 we need to establish some preliminary results. The first one is the following com-
parison lemma.

Lemma 5.5. Let uj, v € Cz(.Q), ui, vy > 0in §2, be a subsolution to (67).
Similarly, let (uy, v2) be a supersolution to (67) and assume

limsup =L <1 and limsup -t < 1. (74)
x—0R U2 x—02 U2
If p,q,r,s > 0 satisfy (68) then

up<upy and vi<vy inS2. (75)

Proof. Consider i1; =logu;, v; =logv;. Then i1, Uy satisfy
Adly + |Vii |2 = e~ D=4 jp @
{ ADy + V|2 = er=DUi=siip @
and i, vy satisfy the corresponding reversed inequalities. It is convenient to introduce one more change of variables:
AU; =u; and V; = v; where A is such that
r—1 q

> A > . (76)
s p—1

Then
{ AUy + AVU > > gu (U1, V1) in 2,
AVI+|VVI? > 65U, V1) inR
where g, (1, v) = %e(p’l)“’q“, fi(u, v) = e —Dv=shu

The inequalities (75) are equivalent to Uy < Uz and Vi < V> in £2. Suppose that one of these inequalities fail. We
deal first with the case sup (U1 — Uz) = supo (Vi — V2). Then sup, (U — Uz) > 0 and, since limsup, _, 5o (U1 —

(77)
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U>) < 0 by (74), there is xo € £2 where U; — U, attains its maximum. Then VU] (xg) = VUa(xg) and AUj(x9) —
AU (x0) < 0. Using the first inequality in (77) — and its analogue for U, — we obtain for some 11, 72 > 0
2 2
0> A(Ur = U2)(x0) + A(| VU1 (x0)|” = [VU2(x0)|")
> 5. (U1(x0), Vi(x0)) — g2 (U2(x0), Va(x0))

0 , 0 ,
_ gx(g; n2) (U (x0) — Un(xo)) + gx(gll) m2)

Since 22UL12) < () and Vi (xg) — Va(x0) < supg (V1 — V2) < U (xg) — Ua(xg) we deduce

(Vi(x0) — Va(x0)).

8 5 8 )
0> 9011, m2) 99, (m.m2) (U1 (x0) — Ua(x0)). (78)
du v
But
0 , Gl , —1)p—
gx(gl n) gx(;n 12) = (M(p — 1) — q)elP=Dm=am = ¢
u v

by (76). This gives a contradiction with (78).
The remaining case, that is when sup, (U — Uz) < sup (V) — V2), is analogous so we skip it. O

Proposition 5.3 will be obtained through a blow-up argument, using an idea from [4]. We start out by study-
ing the associated limiting problem. We write x € RY as x = (x1,x’) with x; € R and x’ € RV~ Let RY =
{(x1,x): x1 > 0}

Proposition 5.6. Assume condition (68) and let y, A, c1, c3 be defined by (70)—(72). Suppose u,v € C Z(Rﬂ\_’ ), u,v>0
solve (67) in Rﬁ and satisfy

1 _ _ 1
=X V'<u< Cx, Y and —xl_)‘ <v < Cxl_’\ (79)
C C

for some C > 0. Then u = clx;y and v = czxf)‘.

Proof. We start proving that u < c1x; Y in Rﬁ . Let 0 > O satisfy

-1
1 o2 (80)
r—1 K
For t > 0 set
u; = tclxl_y, v = t”cle_)‘

and note that for ¢ > 1 the pair (u,, v;) is a supersolution of (67) in R_IX . Let
to=1inf{r > 1: u <u; and v < v inRi’}.
Note that by (79) t¢ is well defined and
u<u, and v<v, inRY. (81)

We wish to show that 7y < 1. Assume by contradiction that 7y > 1. Let t, be a sequence such that ¢, — #y and for
each n, either u < u;, fails or v < vy, does. At least one of these inequalities has to fail for infinitely many #’s, and we
work out the details in the former case. Passing to a subsequence if necessary there are x,, such that

u(xp) > ug, (xp). (82)
We write x, = (x] 5, x,,) and define r,, = x1 ,, and the functions

un (V) =ryu(ray +0,x))), v (») =rpv(ray + (0, x})).
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Then u,, v, also satisfy the bounds (79). By standard elliptic estimates, up to a new subsequence u, — u™ and
v, — v* uniformly on compact sets of Rﬁ_’ and (u*, v*) is a solution to (67) in R_’X and satisfies (79). From (81) we
find

u* <uy and v <y, in Rﬁ (83)
and (82) implies that
u*(er) = ug(er).
This yields Au*(e1) < Auy,(e1). On the other hand, since #p > 1 we have Au,, < uf:)/v,% in all of Rf. Hence
u*(e1)? ug (e1)?
v*(e1)? Vg (€1)?

which leads to v*(e1) > vy, (e1), contradicting (83). O

= Au*(e1) < Aug(er) <

Proof of Proposition 5.3. Step 1. Here we show that (68) is necessary for existence. Consider «, 8 € (0, 1). Suppose
that (u, v) is a solution of (67) and define

w :min(u“, v’s).

Then,

a—l+p q B=1+4r

Aw<aw™ @ w Pxpe s+ BW F w™ e xpes 6

Hence the function

a—l+p

B=l+r s
w = max(w o

%,w B E)

must satisfy the Keller—Osserman condition (1). Therefore for any «, 8 € (0, 1)
p—1 « o N
—>— or —> .
q B B r—1
This implies (68).
Step 2. Condition (68) is sufficient for the existence of a solution.
First we show that there exists a subsolution u, v > 0 of (67). Consider
u=a(lx*+1),  v=b(Ix?+1).

a
Then Au > u? /v? if

2N >a”'p™7A  where A =sup(|x|*+1)""7 (84)
Q

and similarly, in order that Av > v" /u’ it is sufficient that
r—s

2N >ab" " 'B, B= sup(|)c|2 + 1)
Q

Setting a® = b"~! B/(2N) and inserting in (84) shows that it is enough that
(ZN)[?—1+S 2 b(]’—l)(r—l)—qs B[J—l AS,
which can be achieved for small b > 0 thanks to the condition (p — 1)(r — 1) — gs > 0.

Consider now the minimal solution (u,,, v,,) to the truncated problem (10) with g(u, v) = u? /v?, f(u,v) =v" /u®
where m > 0, which existence is guaranteed by Proposition 2.1. Let «, 8 > 1 be such that

-1 o o s
P >— and — >

q B B r—1
which is possible thanks to (68). Now let

(85)

Wy = max (u, v,ﬁ)
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Then by Kato’s inequality and since o, § > 1

a—l+p _% —ﬂ_fi-w _5
Awpy Z awy © Wy Xlue <vf] T Bwm Wi Ko >ph] = h(wp,)

where
a—I+p

. B=ldr s
h(w) =min(aw @

%,IBw B Ot).

But thanks to (85) we have ﬂlj — 4 > 1and B214 5 > 1, which implies that & satisfies the Keller—Osserman
condition (1). Hence the problem Aw = h(w) in §2 has a solution w with w = oo on 9§2. It follows that w,, < w,
which shows that u,, and v, remain bounded on compact sets of §2, and in a standard way one obtains a solution
to (67).

From now on we assume that (68) holds.

Step 3. For any solution (u, v) of (67) we have

1 - . .
Ed”gungV and Ed <v<Cd in 2 (86)

for some constant C > 0.
We lett > 1 and o > 0 such that (80) holds. Let 0 < ¢ < min(y, 1) and define

i=t(c1d™ —kid*"), =1 (cod " —kod® ")

where y, A, c1, ¢y are defined by (70)-(72) and k1, k> > 0 will be specified later on. Let 6 > 0 be small such that in
Us ={x € 2: d(x) <8}, d is smooth and |Vd| = 1. Then, in Uy,

1 —e)(y—e 41 _
Adi = tery(1 +y)d_2_7’|:1 L gnd o Y= e ED g klyigd”gAd].
I+y ay(d+y) cay(d+y)

By choosing & such that
a1y
(y =&y —e+1

ki = 2||Ad|| L

and § < 1 such that
1
SIIAd ||~ < =
lAd] L >

we have

Ai <tery(1+y)d=27"  in Us.

Additionally,
uP _ p=oqp—ag—2—y L —k1d*/c)”
v b (1 —kad® /c2)1
Therefore
i’ 1 —kid®/c1)?
Au — Lf_le1)/(l+J/)d727V l—tp*“”‘f—( 1d”/en) .
v4 (1— kzd's/cz)q
Since p — 1 — og > 0 thanks to (80) we may fix 7o > 1 and find a uniform § small such that for all 7 > #(:
P
Au—— <0 in Us.
v4

Similarly
n

v
Av—— <0 inUs
uS
for all ¢ > #y. By decreasing § we also can achieve

inf u(x)>0 and inf v(x) > 0.
d(x)=5

()=
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Now we take #y large enough such that 4 > u and v > v on {x € £2: d(x) = 4}. By Lemma 5.5, we deduce that u < u
and v < v in Us which implies the upper bounds in (86). The lower bounds are obtained similarly.
Step 4. Any solution (u, v) of (67) satisfies the boundary behavior (69).
Let x, € £2 be such that x, — xo € d§2. Without loss of generality we may assume that v(xg) = —e;. Let
r, =d(x,) and X, € 052 be the point on 32 closest to x;,.
Define
un(¥) =y u(raX +%,),  va(x) =ry0(rx + ).

Then (u,, v,) solves (67) in 2, = (2 — X,)/ry. As n — 00, §2,, approaches the half space R‘}\',. Moreover, letting
dy(x) = dist(x, 952,,) we have d,,(x) = d(r,x)/r,. Using this and (86)

1 _ 1

Ed,, Y'<u, <Cd,” and Ed;* <v, <Cd* in £2,.
Using standard elliptic estimates and the above inequalities, up to a subsequence, u, — u*, v, — v* uniformly on
compact sets of Rﬁ where (u*, v*) is a solution to (67) in Rﬁ satisfying

1 _ _ 1
—x; " <u*<Cx;” and —xfk <v* g foA in Rf.
C C
By Proposition 5.6 we have u* = clxl_y and v* = cle_’\. Hence
d(xn)" u(x,) = un((xn - )2,1)/7',,) — u*(er).

It follows that lim,,—, o0 d (x,) u(x,) = c1. Similarly lim,,_, d(x) v (x,) = ca.

Step 5. From Step 4 and Lemma 5.5 we deduce that (67) has a unique solution, which satisfies (69). 0O
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Appendix A. Maximum principle for cooperative systems

Let £2 € RY be a bounded open set and consider the linear system
Au > ajju+apv in 2,
Av > ayiu +axpv in 2. 87)
We assume that a;; € L°°(£2) satisfy
, a;2<0in £,
, az1 <0in £2.

a1 +ap 20

a1 +axn =0

Theorem A.1. Suppose u, v € C2(£2) N C(2) satisfy (87) and
us<M, v<M onof2

where M > 0. Then

us<M, v<M inS2.

Proof. First we assume M =0. Let ¢ > 0 and

i =u+ e, D =v+ ge™
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where A > 0 is a large constant. Then

Au>ajju+apv+ A% = aji +apv + e (A2 —ap — a12) > aju+apv
in £2 if A is taken large, and similarly

AV > ax i + axv.

Moreover 1 < ¢K and v < ¢K on 952 where

K = max e,

082
We claim that

u<eK and v<eK inS$2.

Suppose that the conclusion fails and that maxs # > ¢K and maxg u > maxg v. Let xo € §2 be a point where &
attains its maximum. Then

0> Au(xo) > aiji(xo) + aipv(xo) = (an +az)u(xo) =0
which is impossible. Thus we have

max (u + ee*") < eK, max (v + ge*1) < eK.
2 7]

Letting € — 0 we obtain

maxu <0, maxv < 0.
2

Q
Now we assume M > 0. Considert =u — M, v =v — M. Then
Ad 2 anu +anv=ani+and+ M(ai +an) > ani + apv
by the assumptions M > 0, a11 + a2 = 0. Similarly
AV 2 ax1i 4 ax?.
Applying the previous case we deduce & < 0 and v < M which yields

u<M and v<M inS2. O
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