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Abstract

Let £2 C R" be a bounded Lipschitz domain and consider the energy functional

Fplu, 2]:= p_1 /|VU(X)|de,
2

with p € ]1, ool over the space of measure preserving maps
Ap(2)={ue Wl’p((), R"): ulye =x, detVu=1ae.in 2}.

In this paper we introduce a class of maps referred to as generalised twists and examine them in connection with the Euler—Lagrange
equations associated with IF, over A, (§2). The main result is a surprising discrepancy between even and odd dimensions. Here we
show that in even dimensions the latter system of equations admit infinitely many smooth solutions, modulo isometries, amongst
such maps. In odd dimensions this number reduces to one. The result relies on a careful analysis of the full versus the restricted
Euler-Lagrange equations where a key ingredient is a necessary and sufficient condition for an associated vector field to be a
gradient.

© 2009 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Soit £2 C R un domaine de Lipschitz borné, on consideére la fonctionnelle d’énergie

Fylu 2= p ! [ |Vuel? ax,
2

ou p € ]1, ool sur I’espace de fonctions conservant la mesure
Ap(2)={ue Wl’p(Q, R"): ulye =x, detVu=1a.a. dans £2}.

On introduit une classe de fonctions appellée des torsions généralisée qui est examinée dans le cadre des équations d’Euler—
Lagrange associée a F, sur A, (£2). Le résultat principal est une surprenante différence de proprieté selon le parité de le
dimension n. On démontre que pour 7 pair, ces équations admettent une infinité de solutions régulieres qui sont des isometries, alors
qu’en dimension impaire la solution est unique. Le résultat repose sur une analyse minutieuse de la version complete des équations
d’Euler-Lagrange ou I’ingrédient clé est une condition nécessaire et suffisante pour qu’un champ vectoriel soit un gradient.

© 2009 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let £2 C R” be a bounded Lipschitz domain and consider the energy functional

Fplu, 2] :=/Fp(Vu(x))dx, (1.1)
2
with Fp,(§) = p~l€|7 and p €1, oo[ over the space of admissible maps
Ap(2):=f{ue W) P(2,R"): detVu=1ae.in 2}, (1.2)
where
WP (2.R") ={ue W'’ (2,R"): ulse = ¢},
and ¢ is the identity map.
In this paper we are concerned with the problem of extremising the energy functional (1.1) over the space (1.2)

and examining a class of maps of topological significance as solutions to the associated system of Euler—Lagrange
equations

divG,[x,Vu(x)]=0, xe£,

detVu(x) =1, X€E 2,

u(x) = p(x), X € dS2.
Here, we have that

Sylx, £] = F) (&) — p)E ™

= T,[x. £]6 7, (13)
for x € 2, § € R™" satisfying det§ = 1 and p a suitable Lagrange multiplier while
Tplx, E1=F,(5)§ —pxL (1.4)

A motivating source for this type of problem is nonlinear elasticity where (1.1) and (1.2) represent a simple model
of a homogeneous incompressible hyperelastic material and solutions to the above system of equations serve as the
corresponding equilibrium states (cf., e.g., Ball [1]).!

While the /inear map u = ¢ serves as the unique minimiser of I, over A, (£2) little is known about the structure
and features of the solution set to this system of Euler-Lagrange equations [e.g., multiplicity versus uniqueness,
existence of strong local minimisers, partial regularity, the nature and form of singularities, symmetries, etc. (see,
e.g., [2,3,6,8,9,12,14])].

In this article we contribute towards understanding aspects of these questions by way of presenting multiple so-
lutions to the above system of equations. Indeed we focus attention on the case where the domain £2 C R” is an
n-dimensional annulus, i.e., 2 = {x € R": a < |x| < b} with 0 < a < b < 00.2 We proceed by introducing a class of
maps, referred to as generalised twists, characterised and defined by

u=Q()x,

where Q € C([a, b],SO(n)) and r = |x|. To ensure admissibility, i.e., u € Ap(82) it suffices to impose a further
p-summability on Q :=dQ/dr along with Q(a) = Q(b) =1,,. Restricting the p-energy to the space of such rwists we
can write

E,[Q]:= pF,[Q(1)x, 2]
b
= /E(r, Qr"ldr

a

1 n the language of elasticity, the tensor fields (1.3) and (1.4) are referred to as the Piola—Kirchhoff and the Cauchy stress tensors respectively
and the Lagrange multiplier p is better known as the hydrostatic pressure.

2 Recall that for star-shaped domains and subject to /inear boundary conditions there is a uniqueness result associated with [sufficiently regular]
equilibrium states in both compressible and incompressible hyperelasticity. (See [8].)
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where the integrand itself is given through an integral over the unit sphere, i.e.,

r
2

E(r, &) ::/(n+r2|$9|2) dH"1(9).

sn—1

Here, the Euler—Lagrange equation can be shown to be the second order ordinary differential equation

d . . .

AT ECQQ - QE' (-, Q) ]} =0.

Now in order to characterise among solutions to the above equation, all those which grant a solution to the Euler—
Lagrange equations associated with IF, over .4,(£2) we are confronted with the of task of obtaining necessary and

sufficient conditions on the vector field

[Vul’Apu=Vs+ {rsAz — r’s(A6, AO),

1 d

rtdr

(r"t'sA) + Li(r”*‘smmz)ln}e

r=1 dr

with A=Q'Q and s = (n + r2|(‘)9|2)17772 for it to be a gradient, specifically, to coincide with Vp. This analysis
occupies a major part of the paper and is fully settled in Theorems 5.1 and 5.2.

The conclusion that the above analysis bares on to the original Euler—Lagrange equations turns to be a surprising
discrepancy between even and odd dimensions. Indeed it follows that in even dimensions the latter system of equations
admit infinitely many smooth solutions, modulo isometries, in the form of generalised twists whilst in odd dimensions
this number severely reduces to one.

2. Generalised twists

Definition 2.1 (Generalised twist). Let 2 = {x e R": a < |x| < b}. Amap u e C(£2, ) is a generalised twist if and
only if

u(x) = Q(r)x (2.1)
for some Q € C([a, b], SO(n)) and all x € 2 with r = |x|.*

3 Note that for the choice of £2 C R” an n-dimensional annulus the space of its continuous self-maps, that is,
AR)={p e C(2,2): p(x) =xforx e 92}

equipped with the topology of uniform convergence consist of infinitely many components for n = 2 and precisely two for n > 3. (See [13,15].)
Thus with regards to Ap, (£2) we distinguish the following two cases.

(1) When p > n taking advantage of the embedding A, (£2) C 2(§2) enables one to partition Ap(§2) into a corresponding collection of pairwise
disjoint sequentially weakly closed subsets on each of which minimising I, gives rise to a strong local minimiser (see [14]).

(2) When 1 < p < n the above argument encounters two serious obstacles, firstly, there is no embedding of A, (£2) into 21(£2), and secondly, the
determinant function fails to be sequentially weakly continuous.

Thus in case (2) the question of existence and multiplicity of strong local minimisers as well as solutions to the system of Euler-Lagrange
equations seem at large open. Luckily the approach developed in this paper overcomes this obstacle and leads to explicit constructions of infinitely
many smooth solutions to the later system of Euler—Lagrange equations for any p € ]1, oo[ when n is even. An interesting question is if the strong
local minimisers in case (1) (n being even) lie amongst this class of twist solutions. Equally interesting is a full characterisation of these minimisers
when n is odd. (See [11].)

Recall that a map 1 € A (£2) is a strong local minimiser of I, if and only if there exists § = §(11) > 0 such that F,[@, £2] < Fp[v, £2] for all
v e Ap(2) satisfying ||t — VHLI(_Q) <.

4 Whenn=2a generalised twist can be shown to take, in polar coordinates, the alternative form

(r,0) > (r,0 +g(r)) (2.2)

for a suitable g € C[a, b]. Maps of the type (2.2) frequently arise in the study of mapping class groups of surfaces and are better known as Dehn-
twists. In higher dimensions, by contrast, no such simple representation of (2.1) is feasible in generalised spherical coordinates, however, the
terminology here is suggested by analogy with (2.2) when n = 2.
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The continuous function Q in the above definition will be referred to as the twist path. When additionally Q(a) =
Q(b) we refer to Q as the twist loop.

Proposition 2.1. Let 2 = {x e R": a < |x| < b}. A generalised twist u lies in A, = A, (82) with p € [1, oo[ provided
that the following hold.

(1) Qe Whr([a,b],SO(n)),
) Q) =1,
3) Q) =1,.

Thus, in particular, when a generalised twist u lies in A, its corresponding twist path forms a loop in the pointed
space (SO(n), I,).

Proof. Assume that u is a generalised twist. Then u € A, (£2) if and only if the following hold.

(i) u=xonds2,
(ii)) detVu=1in £2, and,

Evidently (2) and (3) give (i). Moreover, a straight-forward calculation gives
Vu=Q+rQI®0
=Q(I, +rQ' Q¥ ®0) (2.3)
where r = |x|, § = x/|x| and Q :=dQ/dr. Hence in view of detQ = 1 we can write
det Vu = det(Q + rQ0 ® 0)
= det(I, +rQ' Q) ®46)
=1+r(Q'Q8,6)
=1+r(Q0,Q0) =1,

where in the last identity we have used the fact that (Q6, Q9) = |0 |2=1forall # € S"~! and so as a result

£100.00) = (Q0, Q9) + (Q0, Q0) = 0.
This therefore gives (ii). Finally, to justify (iii) we first note that
|Vul? = tr{[Vu][Vu]'}
=tr{(Q+rQ0 ®6)(Q +r0 ®Q8)}
=tr{L, +rQ0 ® Q6 +rQ6 ® Q6 + r*Q6 ® Qv}
=n+2r(Q0, Q0) +r*(Q8, Qb).
Therefore as a result of (Q6, Q0) = 0 for any p € [1, oo we have that
IVul? = (n+r21Q0P) 2.
Hence in view of |u| = r/{Q8, Q0) = r we can write

(2.4)

b
/|u|1’ + |Vul? :/ / {r? + (n +r2|Q9|2)g}r"_ld’H”_l(Q)dr,
2 a gn—1

and so referring to (1) the conclusion follows. O
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Proposition 2.2. Suppose that u is a generalised twist with the associated twist path Q € C2(la, b[, SO(n)). Then for
p €[1, oo[ we have that

Apu:=div(|Vu|’~?)Vu

1d
= Q[VS®9+ —(r"'sA) +rsA2]9,

mdr

. p—2
where A =Q'Q and s =s(r, ) := (n + r|A6)>) =

Proof. (1) (p =2) Referring to Definition 2.1 and using the notation u = (u1, uz, ..., u,) we can write with the aid
of (2.3) in Proposition 2.1 that

n

9 Ny
Auj = Z J:sz +r ZQnﬁkG/‘}
/ k=1

j=1

n n n
= Z{Qijej +0; ZQikaGj +r ZQikejekej

k=1 k=1

+ ZQik(Skj —0;01)0; + ZQika(l - 9j9j)]

k=1 k=1

=2ZQij9j +rZQi,-9j + =1 Qi

j=1
=(n+ 1)ZQ,k9k +rZQU
j=1
As this is true for 1 < i < n going back to the original vector notation and using the substitutions Q =0QA and

QO=0Q[A +A?] we have that

Au=[(n+1Q+rQJo
=Q[(n+ DA +rA +rA%)p
_ n+lA AZ 0
— Q[ A ]
which is the required result for p = 2. [Note that in this case s =s(r,0) = 1.]
(2) (p €[1, co]) According to definition we have that
Apu=div(|Vu|’72Vu)
=div(sVu) = VuVs + sAu.
Now a straight-forward differentiation gives
. p=2
Vs = V(n + r2|Q0|2) 2
p 2
=V(n+r 2|A9| )
:,B[rAtA—i—r (AG,AH)I”]Q, (2.5)
where B =B(,0,p) :=(p—2)(n+ r2|A9|2)pT_4. Thus we can write
Apu=VuVs+sAu
=QIL, +rA0 ® 0]Vs
+5Q[(n + DA +rA +rA*]o
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=QVs +rBQIA0 ® ][rA’A + r* (A0, A0)1, |0
+ SQ[(n +DA+rA+ rA2]9.
In order to further simplify the second term on the right in the last identity we first notice that

os 0 5 5
=—=— Af
S or 8r<n+r| |)

= B[rIA0* +r* (A0, AB)]

p—2
2

and consequently
rs,QAO =rpQ[r|A0)> + r* (A6, A9)]A0
=rpQIAY ® O1[rA’A + r* (A6, AO)L, ]0.
Therefore substituting back gives
Apu=Q[Vs®6 +rs.A+ (n+ 1)sA +rsA + rsA?]0
1 d
_ +1 2
_Q[Vs®0 + ’75(;’" sA) +rsA :|0
which is the required conclusion. O

Proposition 2.3. Suppose that u is a generalised twist with the associated twist path Q € C?(la, b[, SO(n)). Then for
p € [1, ool we have that

[Vu]' Apu=Vs+ {rsA2 — r’s(A6, AO),

1 d

rtdr

(r"t'sA) + Li(r"“smmz)ln}e (2.6)

rm=ldr
where A =Q'Q and s =s(r, 0) = (n + r2|A9|2)p772‘
Proof. In view of (2.3) we have that

[Vul' =[Q+rQI @61 = [Q +r0 ® Q9] =[I, + 0 ® AIIQ'.

Therefore by substituting for [Vu]’ and A ,u (from the previous proposition) we arrive at
[Vul'Apu=[I, +r0 ® Ad]

rtdr

1 d
x |:Vs ®6 + ——(r"HsA) +rsA2i|9

1 d
= [Vs R0+ —— (r"'HsA) + rsA2:|0
rn

dr

+ |:V<VS, A9) + <i(r"+1sA)e, A9> +r’s(A%0, Ae)}e.

dr

pn—1

However, in view of A being skew-symmetric it can be easily verified that (A6, A6) = 0 and in a similar way referring
to (2.5)

(Vs, A0) = (B[rA'A + r? (A0, AO)1, 10, A9)
= Br{(A%0,6) + (A6, A6)(A6,0)} =0.

Thus summarising, we have that
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1d
[Vu]'A,u=Vs+ {rsA2 +— ; (r"*15A)
r dr

1 |d
e <d—r(r”+lsA)9, A9>In }9

. 1 d
= Vs + 1rsA? — r’s(A0, AO)L, + — — (r"T'sA)
rdr

! i(r”+1s|A9|2)In}9.

r=1dr

The proof is thus complete. O
3. The p-energy restricted to the loop space

For a generalised twist u referring to (2.4) we have for any p € [1, oo[ that

b
. 2
/ [Vul? = f / (n+r21QO) 2" aH" (@) dr.
2 a gn—1
Motivated by the above representation in this section we introduce the energy functional
b

E,[Q]:= /E(r, Q) ar

where the integrand itself is given through the integral

E(r &) = /(n+r2|59|2)§dH"—1(9).
Sn—]

Associated with the energy functional [, and in line with Proposition 2.1 we introduce the space of admissible loops

£, ={Q=Q(): Qe W"”([a,b],SO()), Q(a) =Q(b) =1,}.

Our primary objective here is to obtain the Euler-Lagrange equation associated with the energy functional E, over
the space of loops &, In doing so the following observation will prove useful.

Proposition 3.1. Let Q € SO(n) and R € M, ;. Then the followings are equivalent:

(1) RQ' + QR =0,
(2) R=(F —F")Q for some F € M, .

Moreover, F in (2) is unique if it is assumed skew-symmetric, i.e., F' = —F.

Proof. The implication (2) = (1) follows from a direct verification. For the reverse implication it suffices to assume
F' 4 F =0 and then take 2F =RQ’. O

Proposition 3.2. Let p € [1, oo. Then the Euler-Lagrange equation associated with E, over &, takes the form

d . .
d—r{r”_l [E: (. QQ' — QEL(r,Q)]} =0. 3.1)

Proof. Fix Q € W!?([a, b], SO(n)) and pick a variation H € Ci°([a, b], M, x). For & € R put Q. = Q + ¢H. Then,

Q:Q. =[Q+¢H][Q + cHJ
=1, +¢[HQ' + QH'] + ¢’HH'.
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Hence for Q, to take values on SO(n) to the first order it suffices to have
HQ' +QH' =

on [a, b]. In view of Proposition 3.1 this is equivalent to assuming that for some F € C(‘)’O ([a, b], M, x5) the variation
H has the form

H=(F-F)Q.
With this assumption in place we examine the vanishing of the first derivative of the energy, i.e., that indeed
d
0=—E
Je [Q:] -

e=0

b
= i/E(r, Q)" ldr
de
a

b

_ a n—1
—t/{aEO‘QQ 49, } dr

/{ag rQ: [(F_FI)Q‘F(F—FI)Q]}rn—Idr

=1+1IL

e=0

We now proceed by evaluating each term separately. Indeed, with regards to the first term we have that

1:/ %(r,Q):(F—F’)Q}r"_Idr
:/ %(r, Q)Q’ : (F—F')}rn_ldr

[ 2l meon] e e

Note that in the third line we have used integration by parts which together with the boundary conditions F(a) =
F(b) = 0 gives

n la t. t b
0= as( L, QQ": (F—F)a

b
=/ _g( ,Q)Q": (F—¥F)dr

a

b
dnlE tl.(w_ Rt
+/w{ SU@Q]@ F) dr.

a

On the other hand for the second term a direct verification reveals that

b
II_/{ 5 r,Q): (F—F’)Q}r”‘ldr
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2/ / p(n+r21Q01) T (Q6. (F — F)Q8)"* dr =0

a gn—1

as a result of the pointwise identity (QQ, (F—-F' )QG) = 0. Thus, summarising, we have that

b
_ _d n— l8 t. _ Rt _
2l Beoa) e ol

As this is true for every F € Cgo [a, b], M, %) it follows that the skew-symmetric part of the tensor field in the
brackets in the equation above is zero. This gives the required conclusion. O

d
Ep[Q:]

Proposition 3.3. The Euler—Lagrange equation associated with E, over £,, can be alternatively expressed as

b
ff“j—r(r”“sA)}e, (F—Ff)9>dH"—1(9)dr=o
a gn—1

for all F € C°(a, bl Myxn) where A= Q'Q and s = (n + r2[A92) 7",

Proof. Referring to the proof of Proposition 3.2 and making the substitutions described above for A and s we can
write

d
0= %E[)[Qa]

b

_/{—g(r Q: (F—F’)Q}r"‘ldr

a

=1
e=0

b
//p(r"“sAe, (F —¥)0)dH"~' 0)dr

a §n—1

// <{ (" A)}G’(F_Ft)9>d7'l"_l(9)dr

a §n—1

which is the required conclusion. O

Any twist loop forming a solution to the Euler-Lagrange equation associated with [E,, over £, (as described in the
above proposition) will be referred to as a p-stationary loop.

Remark 3.1. In view of Proposition 3.3 a sufficient condition for an admissible loop Q € £, to be p-stationary is the
stronger condition

d n+1

— sA) =0. 3.2
dr (r ) (3:2)
Interestingly for p = 2 the latter is equivalent to the Euler—Lagrange equation described in Proposition 3.3 (see [10]).
However, in general, i.e., for p # 2, this need not be the case as in the original Euler—Lagrange equation the function s
depends on both r and 6.3

5 In fact, if, s were to be independent of 6 then the Euler-Lagrange equation described in Proposition 3.3 could be easily shown to be equivalent
to (3.2).
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4. Minimising p-stationary loops

Consider as in the previous section for p € [1, oo[ the energy functional

b

E,[Q] = / E(r, Q)" dr,

a

with the integrand

E(r &) = / (n+r2g0P) E arn= (),
sn—1
over the space of admissible loops
& ={Q=Q(): Qe W"([a, 5] S0()). Q@) = Q) =1,}.

According to an elementary version of Sobolev embedding theorem any Q € &, has a continuous representative (again
denoted Q). Thus each such Q represents an element of the fundamental group 7{[SO(n)] which is denoted by ]QJ.
As is well known (see, e.g., [4])

~|Z whenn=2,
g [SO(n)] = {Zz when n > 3,

and so these facts combined enable one to introduce the following partitioning of the loop space &,.

(1) (n =2) for each m € Z put

cm[gp] = {Qegp: ]Q[=m} 4.1)
As a result the latter are pairwise disjoint and that
&= eml&pl.
meZ
(2) (n = 3) foreach « € Z, = {0, 1} put
«wl€p]:={Qe&p: 1Q=a}. 4.2)
As a result, again, the latter are pairwise disjoint and that
&= cal&pl.
OtEZZ

When p > 1 an application of the direct methods of the calculus of variations to the energy functional E,, together
with the observation that the homotopy classes ¢.[£,] C £, are sequentially weakly closed gives the existence of
[multiple] minimising p-stationary loops.®

The only missing ingredient in this regard is the following statement implying the coercivity of E,, over £,.

Proposition 4.1. Let p € [1, 0o[. Then there exists ¢ = c(n, p) > 0 such that

/ FO1? dH"(6) > c|F|”.
Snfl

for every F € M, .

6 The sequential weak closedness of the homotopy classes c.[Ep] is a result of SO(n) having a tubular neighbourhood that projects back onto
itself and this in turn follows from SO(n) being a smooth compact manifold.
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Proof. Fix F € M, ,. Then the non-negative symmetric matrix F'F is orthogonally diagonalisable, that is, F'F =
P'DP where D = diag(A1[F'F], ..., A,[F'F]) and P € O(n). As a result for € S"~! we can write

|Fo| = |(F9,F9)|% = |(F’F0,9)|% = (P’DP9,9)|% = |<DP9,P9)|%.

Setting w := P@ and noting that O(n) acts as the group of isometries on S"~!, an application of Jensen’s inequality
followed by Holder inequality [on finite sequences] gives

{ ][ |F9|”dH”_1(9)}F> ][ |FO|dH"~1(6)
Snfl _

f{ZA [F'Fw? (9)} dH"1(0)

sn—1

«/—ZA [F'F] ][|w,(9)|dH” 1®)

>ﬁ{j§xj[F F]} =%|F|.

Hence the conclusion follows with the choice of

R— =

c=aln'" an_ mln { ][ 01 dH"~ 1(6’)} 1_7a)n>0. ]

sn—1

Proposition 4.2. Let p € [1, 0o[. Then there exists d = d(n, p, §2) > 0 such that
E,[Q1>dlQlf ,
forallQe&,.

Proof. In view of Proposition 4.1 it is enough to note that for Q € £, we can write

b
EP[Q]:/ [ (n+r2|Q9|2)§rn—1 d'Hn_l(G)dr

a gn-—1

b
>/ f rPtNQoIP dH T O) dr

a gn—1
b

>c/rp+"*1|Q|Pdr,

a

and so the conclusion follows by an application of Poincaré inequality. O
Theorem 4.1. Let p € |1, oo[. Then the following hold.

(1) (n=2) for each m € Z there exists Qp, € ¢,u[E,] such that

Ep[Qm]z inf Ep,

CmlCp
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(2) (n = 3) for each a € Z there exists Qq € ¢o[Ep] such that

E = inf E,.
p[Qa] Cal{:gp] p

In either case the resulting minimisers satisfy the corresponding Euler—Lagrange equations (3.1).

We return to the question of existence of multiple p-stationary loops having specific relevance to the original
energy functional IF, over the space A, towards the end of the paper. Before this, however, we pause to discuss in
detail the implications that the original Euler-Lagrange equations [see Definition 5.1 below] will exert upon the twist
loop associated with a generalised twist.

5. Generalised twists as classical solutions

The aim of this section is to give a complete characterisation of all those p-stationary loops Q € £, whose resulting
generalised twist

u=Q(r)x

furnishes a solution to the Euler—Lagrange equations associated with the energy functional IF, over the space A . To
this end we begin by clarifying the notion of a [classical] solution.

Definition 5.1 (Classical solution). A pair (u, p) is said to be a classical solution to the Euler—Lagrange equations
associated with the energy functional (1.1) and subject to the constraint (1.2) if and only if

(1) ue C3(£2,R")NC(L2,R"Y),

(2) peCl(2)NC(£2), and

3) (u, p) satisfy the system of equations
[cof Vux)] ' A u(x) = Vp(x), x€ £,
detVu(x) =1, Xxe 2,
u(x) =x, x€ds2.

7

In view of Proposition 2.3 the task outlined at the start of this section amounts to verifying that under what addi-
tional conditions would the vector field described by the expression on the right in (2.6) be a gradient. The answer to
this question is given by the following two theorems.

Theorem 5.1. Let 2 = {x € R": a < |x| < b} and consider the vector field v € C'(2,R") defined in spherical

coordinates through

1 d 1 d
+1 +1 2

T prrsay 4 L isiag) )In}e

where r € la,b[, 0 € S*™!, A=A(@r) € C'(la, b[, M, ) is skew-symmetric and

v= {rsA2 —r’s(A6, AO)L, +

s = s(r,0)
2a02)\
=: (n+r |AO] ) 2 (5.1)
with p € [1, ool. Then the following are equivalent.

(1) visa gradient,
(2) A? = —o1, for some o € C'la, b[ with o >0 and

di (r"t'sA) = 0. (5.2)
;

7 Note that Apu:= div(|Vu|P~2Vu).



M.S. Shahrokhi-Dehkordi, A. Taheri/Ann. I. H. Poincaré — AN 26 (2009) 1897-1924 1909

Proof. (2) = (1) Assuming A to be skew-symmetric and A> = —o1,, it follows that

s:(n+r2|A0|2)p772

p—2
2

~ (r=rw%0.6)

= (n + orz) 2
and so in particular s = s(r). Now referring to (5.2) we can write
1/d
0=—(—(r"""sA)0, A0

rt\dr

= (n + 1)s|AO)? + rs,|AO|*> + rs(A0, AB)
1 d .

= ——(r"'s|A0)%) — rs(A0, A). (5.3)

rtdr

As a result the vector field v can be simplified and hence re-written in the form
p=2
v=rsA%0 =—(n+or?) 7 ob.

—2
Denoting now by F a suitable primitive of f(r) :=—(n + arz)pTcr it is evident that
v=VF

and so v is a gradient. This gives (1).
(1) = (2) For the sake of clarity and convenience we break this part into fwo steps. In the first step we establish (5.2)
and in the second one the particular diagonal form of A28

Step 1. [Justification of (5.2)] We begin by extracting a gradient out of v and hence re-writting it in the form

1 d n+1 1 d n+1 2
v:Vt+{r—nd—r(r sA)+ﬂjE(r S|AO|7)I, 16 (5.4)
where t = —p~!(n + r2|A0|?) 7.
To the vector field v = (vy, ..., v,) we now assign the differential 1-form w = vidx; + - - - + v,dx;,. Then in view
of v being a gradient, for any closed path y € CL([0, 271, S*~1) it must be that

0=

ry
2
=/(v(ry(t)),ry/(t)>dt
0
2w
1 d[ . ,
= <E[f S(r,y(t>)A}y(t),ry (t)>dt
1 2w d
o / <d—r[r"“s(r, y(r))|Ay(r>|2}y<t), ry’(r)>dr
0
1 T d
= r_n/<d_r[rn+ls(r’V(l‘))A]V(f),VV/(l‘)>dt, (5.5)
0

8 Thus it is important to note that in the first rwo steps the function s depends on both » and 8!
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where in concluding the last line we have used the pointwise identity {y, y’) = 0 which holds as a result of y taking
values on S"~! and consequently implying that

2

d
0= / <d_r[r"“s(n y(r))IAm)Iz}ym, ry/(r)>dt
0

2

d
:/d—r[r"“s(r, y0)|Ay O]y @), y'0))dt.
0

Anticipating on (5.2) we first note that in view of A being skew-symmetric it can be orthogonally diagonalised,
)
ie.,
A =PDP, (5.6)
where P=P(r) € SO(n) and D =D(r) € M, , is in special block diagonal form, i.e.,

M) (n=2k)

D =diag(d1J,d2], ..., diJ),
2) (n =2k + 1)

D =diag(d|J,d2J, ..., diJ, 0),

with {xd1i, dyi, ..., £dyi} or {£dii, £d>i, ..., £dii, 0} denoting the eigen-values of the skew-symmetric matrix A
[as well as D] respectively.'?
With the aid of (5.6) and for the sake of convenience we now introduce the skew-symmetric matrix

d
F=F(0):=P o (r"t'sA)P. (5.7)
r

Then a straight-forward differentiation shows that

F=P dd—r(r”HsA)P
=P'{r"[(n+ Ds+rs JA+r"TsA}P
=P'{r"[(n+ Ds+rs, |PDP' +r"t!sA P
=r"[(n+ Ds+rs,]D+r""'sP'AP. (5.8)
Evidently establishing (5.2) is equivalent to showing that
F(r,0)=0 (5.9

forall r € la, b[ and all 6 € S"~!.
On the other hand for each fixed r € la, b[ setting w :=P'y [also a closed path in cl(0,2x1,S" Hlin (5.5) we
have that expressed as

2

9 At this stage the reader is encouraged to consult Appendix A at the end of the paper where some notation as well as basic properties related to
the matrix exponential as a mapping between the space of skew-symmetric matrices and the special orthogonal group is discussed.
10" we emphasise that nowhere in this proof have we assumed continuity or differentiability on P =P(r) or D = D(r) with respect to r. These in
general need not even be true! [See, e.g., [7].]
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2
= /(Fa),a)’)dt
0

where in the above s = s(r, Pw) and F = F(r, Pw). Thus the necessary condition (5.5) can be equivalently expressed
as
2w

/(F(r, Pw)w,w’)dt =0 (5.10)
0

for every closed path w € cl([0, 271, S" 1.
With this introduction the conclusion in Step 1 now amounts to proving the implication

(5.10)0 = (5.9).

This will be established below in a componentwise fashion. Note that in view of the skew-symmetry of F it suffices to
justify the latter in the form F, (r,0) =0 only when 1 < p < g <n.
Indeed consider a parameterised family of closed paths p € C*([0, 2], S"~!) given by

p:00,27]3t > p(1) €S CcR” (5.11)
with
01 =sintsin¢, sin¢sz ---sin¢, 1,

02 = COStSing, sin¢g3---sing,_1,
p3=cosgysings---sing,—i,

Pn—1 = COS Pp_2Siny 1,

Pn =COSPy_1,
where ¢; € [0, 7] for all 2 < j <n — 1. For fixed 1 < p < g <n we introduce the matrix I"P? as that obtained by
simultaneously interchanging the first and pth and the second and gth rows of I,,, i.e.,

e, ifj=1,
e1 ifj=p,
Fl’qej: ey @fj:Z,
ey ifj=gq,

e; otherwise,

where {e1, 2, ..., e, } denotes the standard basis of R". In view of I'?? € O(n) setting w = I'P4p it is clear that w is
a closed path in C*®([0, 2], S~ 1).

Claim 1. For any skew-symmetric matrix ¥ € M, x,, and o = I'P1p as above we have that
2
/(Fa)(t), o' (1)) dt =27 (pf + p3)F pg.
0

The proof of this claim follows by direct verification noting that here o'(¢r) = I'?1p'(t) = I'P1(p2, —p1, 0, ..., 0).
We now proceed by substituting w as described above into (5.10) and then considering the following two distinct
cases.
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M (p=2j—1,qg=2j forsome 1 < j < k =[n/2]) In this case by utilising the special block diagonal form of D
a straight-forward calculation shows that

s=s(r,Pu(1))
= (n—r*(D*w (), a)(z)))'%2
= (n—r*}D*Ir"p (), 1"1"1,o(t)))p7_2
p=2

= (n+r’[dip, +dip;+--+dj(p; +03)+]) 2

is indeed independent of the t variable [as p]2 + ,0% does not depend on ¢]. Hence the same is true of F(r, Pw) and so
referring to (5.10) and utilising Claim 1 we can write

2

0= /(F(r, Pw)w,w’)dt
0
2

= /(F(r, PP p(0)) TP p(1), TP p'(1))dt
0
=27 (07 + p3)F pq (r, Pw)
which in turn for ,012 + ,o% #0 gives!!
Fp,(r,Pw) =0. (5.12)

Now to get (5.9) for the latter choice of p, ¢ pick 6 € S"~! and set o = [I"P4]'P'6. Then o € S"~! and thus can be
written in generalised spherical coordinates as

o] =sing; singy sings - - - sin ¢y, 1,
o) =CoS¢y singy singz - --sing,_1,
o3 =CoS¢gr sings3 - --sing, 1,

Qp—1 = COS Py—2 SinPy—1,

Op = COSPp_1,
where ¢ € [0,27] and ¢; € [0, 7] for all 2 < j < n — 1. Considering now the closed path p in (5.11) for the latter
choice of parameters ¢, ..., ¢p,—1 a straight-forward calculation gives

2

P
s(r,0) = (n+r? |AG| )

p—
2

n+r2|Dquoz|

N

)
n+r2Dredp?) T

= P
p=2
(n +r |APa)| ) 2
=s(r, Pw)
and so referring to (5.12) for ,012 + ,022 # (0 we obtain
Fpg(r,0) =Fp,(r,Pw) =0

as required.

11 Note that (p%+p2 l_[2</<n 1 sin ¢/ dndsopl+p2—0<:> Z3</<n =1 = ¢; €{0, 7} for some 2 < j <n — 1. This set is
a copy of "3 lying in " 1.
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(2) (p, g not as in (1)) Unlike the case with (1) here s depends explicitly on the t variable [yet in a specific manner
(see below)] whilst D, = 0 as can be verified by inspecting its block diagonal representation.
Now referring, again, to (5.10) and noting that the pth and gth components of @’ are given by a)’p = p| = p2 and

a)(’] = pé = —p1 [with all the remaining derivatives vanishing] we can write using F = F(r, Pw)
2
0= /(Fa), ') dt
0

7{2F,w1w +ZF]wj ]

2

n n
:f{(FMP% - qup%) + 2 Z Fpjwj—p1 Z Fyjoj } dt
o j=1 j=1
i#4q J#p
=T+ 11— IIL (5.13)

In order to evaluate the above terms we first observe that here s takes the form
s = s(r, Po (1))

= (n — rz(Dza)(t), w(t))) =
-2

= (n— DI P p(r), TP p(n)) T

p—2

= (n+r? [dl,op—i-dz,oq—l— - dipt+- ~I—d§,02 )7
::5(sin2t,cos t). 5.14)

Returning to (5.13) we have that

2w n
II:prZijwjdl
o /=l

J#q

/pzz[P’ (r"t'sA )P:| wjdt

pJ
j #q
2

- d
= Z |:Pld—r<rn+l{[pzsd[}A)P:| wj,
j=1 0 pi

i#4q
and in a similar way

2 n

111:[,)1 > Fyjow;dt

0 j=1
J#p

/,01 Z[Pt (r"tsA )P] wjdt

qj
Jsﬁp
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2

- d
= Z [PtE(FnJrl{/p]Sdt}A)P} wj,
Jj=1 0 qj

J#p
where in concluding the /ast line in both equalities we have used the fact that the only components of @ depending
explicitly on the ¢ variable are w, = p1 and w, = p, where in each case one is excluded from the summation sign and
the other has a zero coefficient in view of the skew-symmetry of the matrix preceding it.
However in view of the specific manner in which s depends on ¢ [see (5.14)] it follows that both integrals vanish
and so as a result II = IIT = 0.2 Hence returning to (5.13) and utilising the skew-symmetry on F and (5.8) we can
write

2w
I:/(qup§ ~Fyppi)d
0
2
Z/(P%‘FP%)FM dt
0
21
_ +10,.2 0 2\ [p! A
_/r" (o7 + p3)s[P AP]pq dt
0
2w
:r"“(,olz+,0§){fsdt}[P’AP]pq =0.
0

Thus as s > 0 for ,of + ,o% # 0 it follows that [P’AP],,q = 0. Since for the latter range of p, g we have that D, =0
referring to (5.8) it immediately that F,, = 0.

Hence summarising we have shown that in both cases (1) and (2) for fixed r € Ja, b[ we have F,(r, -) = 0 outside
a copy of S"~3. By continuity of F pq (7, ) on S~ this gives (5.9) and as a result (5.2). The proof of Step 1 is therefore
complete.

Step 2. [AZ = —o1,] Here we establish the remaining part of (2) namely that A? = —¢1, for some o € Clla, b[
with o > 0. To this end, we first observe that by utilising (5.2) the vector field v can be considerably simplified and
re-written in the form [as in (5.3)]

v =rsA%0.
Now for v = (v1, va, ..., v,) to be a gradient it is necessary that the differential 1-form w = vy dx; + --- + v, dx, be
closed. In other words dw = 0 which in turn amounts to

vy vy _

ax, dx,

forall 1 < p,g <n. Setting F = A2 we have that
vy as

@ = rE[FQ]q + rS[FQ]qep + Squ

12 1t can be easily shown that as a result of periodicity the following identities hold:
27
/s(sin2 t, cos? t) sintdt =0,

2
/5(51[121, cos? t) costdt =0.
0
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and in a similar way
vy _ rﬁ[Fe] + rs[F01,6, + sF .
ox, ox, p rYq pq
Thus in view of the symmetry of F for the latter range of p, ¢ we have that
dv,  dvp
Cox,  oxg
as as . .
=r—1I[F0l, — r—[F0], + rs{[FO @ 0]y, — [FO ® 01,4 }.
0xp 0xg

Alternatively using fensor notation this can be simplified in the form
0=Vs®F6 —F6 ® Vs
+5(0 @F0 —¥0 ®6)
= %ﬂﬂ(i«*e, 0)(FO ® 0 — 6 @ F0)
+5(0 QF0 —Fo ®06) (5.15)

where in concluding the second identity we have used

Vs= V(n +r2|A9|2)#

p=2

=V(n—r*(Fo,0)) 2

1 .
=-8 |:5r2(F9, L, + rF}G,

P

with 8 = B(r,0, p) :=(p —2)(n — r2(F9, 0))74. Next a straight-forward calculation using (5.2) gives

. 1 s
1«*:-2(’“r +S—>F. (5.16)

r S

Therefore substituting this into (5.15) results in
1 .
0= 5/3r2(F9, 0)(FO ® 0 — 0 Q F0)
—s(FO®6 — 6 @ Fo)

_ {2(” +tl S—’) (s - %,Brz(FQ,O))}(FQ ® 6 — 6 ® Fo)

r S
=y x(FOR0—0xF0) (5.17)
where for the sake of convenience we have introduced
y =y 6,p)
1 1
:;2<"+ +S—’>(s——ﬂr2(Fe,9>>. (5.18)
r S 2

Claim 2. Let p € [1,00[. Theny =y (r,0, p) > O forall r € la,b[ and 6 € S"~ .

The proof of this claim follows by direct verification. Indeed here a straight-forward differentiation gives
as a 2 oy 252
=—=— Af|7) 2
S ar Br(n+r| l)
0
= (n —r*(F6,6))

r

p=2

w01+ 5r74k0.0
= —p|r(F6.0) + S (F0.0) |.
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Now eliminating the term (FQ, 0) in the above expression with the aid of (5.16) results in
nrpBs(F6, 0)
s—r2B(F6,6)"

S, =

(See below for a justification that s — r28(F9, 6) # 0.) Hence referring to (5.18) we can write

y = 2(" 1, S—’) (s - lﬁrz(Fe,e))
r S 2

_ (n+1)s—r2p(F6,0) )
T T (s— r2B(F6,0)) (25— r"p(F6.6))
I

=: — x IIL.
I

We now proceed by evaluating each term separately. Indeed with regards to the first term we have that

I=(n+ )s—r’B(Fo,0)
= (n—rX(F0.0)) T [n(n +1) — (n+ p — Dr2(F0, 0)]

and in a similar way

IL=r(s —r’B(F0,0))

=r(n—r2(F0,0))'T [n— (p— r(F0,6)]

and
I = (25 — r2B(F0,6))
= (n—r2(F0,0))'T [20 — pr?(F6,6)].

Now in view of —(F0,0) = (A’A0,0) = |AG|*> >0 for all r € |a, b[ and 6 € S"~! along with p € [1, oof it follows
that all the terms I, IT and III are strictly positive. As a result

y >0 (5.19)

and so the claim is justified.
Now returning to the identity (5.17) it follows as a result of (5.19) that necessarily

FOR0—0F)=0 (5.20)

forall r € Ja, b[ and 6 € S*~!. The conclusion in Step 2 is now an immediate result of the following statement.
Claim 3. Let F € M, .. Then (5.20) holds for all § € S"~! if and only if there exists —o € R such that F = —c'1,.

For a proof of Claim 3 we refer the interested reader to Proposition 7.1 in [10]. Finally o € Cla,b[and o >0 are
consequences of the representation above and the hypothesis of the theorem. With this the proof of Theorem 5.1 is
complete. O

Theorem 5.2. Let 2 = {x € R": a < |x| < b} and consider the vector field v as defined in Theorem 5.1. Then the
following are equivalent.

(1) vis a gradient,
(2) A =l for some u € Cla, b[ with w =0, JeM,y, skew-symmetric with J2=-1, and

j—r(r"Hs,u) =0 (5.21)

-2
in ]a, b[ Here s = (n +r2/L2)pT.
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Proof. (2) = (1) The argument here is similar to that in Theorem 5.1 and so will be abbreviated.

(1) = (2) Let v be a gradient. Then according to (2) in Theorem 5.1, A> = —o1,, for some o € C!(Ja, b[) with
o >0andso A =./0J where J = J(r) and J? = —1,,. The aim is to show that J is independent of r.13 To this end we
proceed as follows. Indeed according to (2) in Theorem 5.1,

£ (71sa) =0,
;

Integrating the above equation gives i tIgA = & for some constant & € M, ,,. Moreover,
—(r"*1s)’0L, = ("*'sA)’ = £2 (5.22)

giving (r"*1s)>0 = ¢ for some non-negative constant c. Thus either o = 0 in which case A =0 on ]a, b[ and so the
choice p = 0 gives the conclusion or else o > 0 on ]a, b[ and so setting

J: :
=7

we have as a result of (5.22) that J* = —I,,. Furthermore setting

3

it follows that & € C'la, b[, u*> = o and by substitution A = nJ. As a result p also satisfies (5.21). The proof of the
theorem is thus complete. O

Remark 5.1. Referring to the above proof it follows from r"*1sy = ¢ on ]a, b[ that when p > 1 the function s
remains bounded on Ja, b|.

Theorem 5.3. Let 2 = {x e R": a < |x| < b} andu € A, with p € |1, oo[ be a generalised twist whose corresponding
twist loop Q € C%(Ja, b[, SO(n)). Then the following are equivalent.

(1) wis a classical solution to the Euler-Lagrange equations associated with ¥, over A,
(2) depending on whether n is even or odd we have that
(2a) (n = 2k) there exist g = g(r) € Cla, b] N\ C%la, b[ with g(a), g(b) € 2n7Z and P € O(n) such that

Q=Pdiag(R(g). ... R(9))P"
whilst g is a solution on la, b[ to
p—2

di{r”H(n-i—ng/z)_g/} =0 (5.23)
-

or

(2b) (n =2k + 1) necessarilyn =x on £2.
Proof. (1) = (2) Letu = Q(r)x be a classical solution to the stated Euler-Lagrange equations. Then setting A = Q' Q
an application of Proposition 2.3 in conjunction with Theorem 5.2 gives

d
o Q=nQJ (5.24)
.

where € Cla, b[ satisfies (5.21) and J? = —I,. Moreover either =0 orelse 4 > 0 and bounded on ]a, b[. (See
Remark 5.1.) We now consider the cases (2a) and (2b) separately.

(2a) (n = 2k) Let g € C[a, b] N C?]a, b[ be a primitive of y satisfying g(a) € 2nZ. (The continuity of g on [a, b]
follows from g being monotone and g’ = 1 being bounded on ]a, b[.) Next, a straight-forward calculation gives

13 Note that in general there is no uniqueness or even finiteness associated with the choice of a square root of a matrix! Thus an argument purely
based on continuity would not yield the aforementioned claim and it is crucial to additionally utilise (5.2).
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[N}

p—

s=(n+r*|A0)%)
p=2
=(n+r’g'?1J01%) 2
p=2
= (n + rzg/z) 2.
Thus in view of (5.21) g satisfies (5.23) on ]a, b[. An application of Tonelli and Hilbert—Weierstrass differentiability
theorems (see, e.g., [5, pp. 57-61]) now gives g € C?%[a, b] and so in particular u € C'a, b]."*
With this introduction now put C = gJ. Then A = ¢’J = uJ. In particular A and C commute and so we have that
d
—eC=eCA=g'¢C) = peC).
dr
Thus ¢ is a solution to (5.24). Moreover by bringing C into a block diagonal form we can write C = gPJ, P’ where
P € O(n) and J,, = diag(J», ..., J2). As aresult

!
oC — o8PIP

= Png"Pt
=Pdiag(R(g), ... R(g))P".

Since g(a) € 2n7Z the above shows that eC|r=a = Q(a) =1, and so by uniqueness of solutions to initial values
problems Q = € on [a, b]. Since Q(b) =1, it follows in a similar way that g(b) € 2nZ.

(2b) (n = 2k + 1) Here in view of the skew-symmetry of Q' Q pre-multiplying (5.24) by Q' and then taking
determinants from both sides, © = 0 and so Q =0on Ja, b[. As Q(a) = Q(b) =1, this gives Q =1, on [a, b] and so
u=xon £2.

(2) = (1) For the case (2b) this is trivial and for (2a) it is enough to note that for such u, (5.23) is equivalent
to(5.2). O

6. A characterisation of all twist solutions

In Section 4 we proved the existence of multiple p-stationary loops by directly minimising the energy functional E,
over the homotopy classes ¢,[£,] of the loop space £,. By contrast in this section we focus on the Euler-Lagrange
equation itself and present a class of p-stationary loops that in turn will prove fruitful in discussing the existence of
multiple solutions to the Euler-Lagrange equations associated with the energy functional IF, over the space A,,.

To this end we consider the case of even dimensions (n = 2k) and for p € [1, oo[ and m € N set

gn =Gh(a,b):={g=g(r) e W'P(a,b): g(a)=0, g(b)=2mm}. (6.1)
Now for g € G and P € O(n) set
Q =Pdiag(R(g). ..., R(g))P". (6.2)

It is then evident that the path Q so defined forms an admissible loop, i.e., lies in £,. It is thus natural to set

b
Gplel ::]Ep[Q]=/ / (n+r2|Q9|2)§r"*1dH"*‘(9)dr
a gn—1
b
=na)n/(n+r2g/2)%r”_ldr. (6.3)

An application of the direct methods of the calculus of variations and standard regularity theory (see, e.g.,
[5, pp. 57-61]) leads us to the following statement.

14" As will be seen in the next section (5.23) is the Euler—Lagrange equation corresponding to the energy functional G over the space g;f [see
(6.1), (6.3)]. In particular it follows that g € C*°[a, b].
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Theorem 6.1. Let p € |1, oo[ and consider the energy functional G, over the space Q;’f. Then for each m € N there
exists a unique g = g(r;m,a,b) € g,’;’ such that

Gplgl =infG,.
gy
Moreover g(r; m, a, b) satisfies the corresponding Euler—Lagrange equation

d p=2
5{rn+1(n+r2g/2)1’2 g/}=0 (6.4)

on la, b[. Additionally g € C*[a, b].

Remark 6.1. The Euler-Lagrange equation (6.4) for g is equivalent to Eq. (3.2) for the twist loop Q defined
through (6.2) and implies the Euler-Lagrange equation (3.2) [or alternatively that given in Proposition 3.3 for

A = Q'Q]. Hence for every P € O(n) and every m € Z the corresponding Q given by (6.2) with g = g(r; m, a, b) is
a p-stationary loop.

Theorem 6.2. Let 2 = {x e R": a < [X| < b}. Consider the energy functional ¥, with p € |1, ool over the space A,,.
Then the set S of all generalised twist solutions to the corresponding Euler—Lagrange equations can be characterised
as follows.

(1) (n=2k) G is infinite and any generalised twist w € S can be described as
u=rQ(r;a,b,m)o
= rPdiag(R(g), ..., R(g))(r)P'0
where P € O(n) and g € C*°|a, b] satisfies

-2
P2 ’

d
E{r"“(n—l—rzg’z) g}:O

with g(a), g(b) € 27,
(2) (n=2k+ 1) G consists of the single map u =Xx.

Proof. This is an immediate consequence of Theorems 5.3 and 6.1. O

Remark 6.2. Is it possible to consider generalised twists u whose twist loop lies in other spaces [than SO(n) already
considered] with the hope of finding new classes of classical solutions to the Euler—Lagrange equations associated
with the energy functional IF, over A,?
Motivated by the requirement det Vu = 1 on such maps the choice of loops in SL(n) D SO(n) seems a natural

one."> However it turns out that the choice SO(n) is no less general than SL(n)!
Claim. Let 2 = {x e R": a < |x| < b}. For p € [1, 0o consider the map u € C (82, §2) defined via

u=F(r)x
where r = |x| and F € WP ([a, b], SL(n)). Then

uecA,(2) = FeW""(la,b],SOMm)).

Proof. A straight-forward calculation as in the proof of Proposition 2.1 gives

Vu=F+rFo®0
=F(, +rF'Fo ®0).

15 Recall that for every non-negative integer n we have that

SL(n) =SL(R, n) := {F € M, (R): detF = 1}.
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Hence in view of detF = 1 we can write

det Vu = det(F + rF9 ® 0)
=det(I, + rF'Fo ®06)
=1+r(F'F0,0).

Evidently u € A, (£2) provided that
(i) u=xonads2,

(i) detVu=1in £, and
(111) ”u“Wl,p(_Q) < OoQ.

Now again referring to the proof of Proposition 2.1 we have that
(i) <= Fa)=F0b)=I,,
whilst
(i) < (F'F9,0)=0 foralldeS"' <= FF+FF'=0.
However, anticipating on the latter, we can write
F'F+FF'=0 <= F+FFF'=0
< FF +FF =0

d .
= d—r(FF)_O.

This together with (i) and the continuity of F on [a, b] gives FF' =1,, and so the conclusion follows. 0O
7. Limiting behaviour of the generalised twists as the inner hole shrinks to a point

In this section we consider the case where b = 1 and a = ¢ > 0 with the aim of discussing the /imiting properties
of the generalised twists from Theorem 6.2 as ¢ |, 0. This is particularly interesting since in the limit (the punctured
ball) all components of the function space collapse to a single one and so it is important to have a clear understanding
as to how the twist solutions and their energies [for each fixed integer m] behave.'®

To this end, let £2, := {x e R": ¢ < [x| < 1} where n =2k and for each m € Z let u, € A, denote the generalised
twist from (1) in Theorem 6.2, that is, with the notation x = r6,

u. =rQ(r;e,1,m)o
= rP,[diag(R(ge), ..., R(gs)) |PLO

where P, € O(n) and g.(r) = g(r; &, 1, m).

In order to make the study of the limiting properties of u, more tractable, we fix the domain to be the unit ball and
extend each map by identity off §2,. [In what follows, unless otherwise stated, we speak of u, in this extended sense.]
Thus, here, we have that

u:(r,0) — (r, Gg(r)e) (7.1)
where

Ge(r) = P [diag(R(ge). - ... R(g:)) [P,

16 In the case of a punctured disk, say, £2 = B\{0}, for any pair of maps ¢, ¢ € A := {¢ € C(2, 2): ¢ = ¢ on 32 = {0} U B}, the continuous
path [0, 1] > ¢+ ¢ := (1 — 1) + t¢1 lies within A and joins ¢ to ¢1. Therefore, here, 2 consists of a single component only! [Compare this
with the discussion in the footnote at the end of Section 1.]



M.S. Shahrokhi-Dehkordi, A. Taheri/Ann. I. H. Poincaré — AN 26 (2009) 1897-1924 1921

and

<
(=1, s
glr;ie,1,m), e<r<l

In discussing the limiting properties of u, it is convenient to introduce a so-called comparison map. Indeed, fix
m € Z and consider the generalised twist

Ve:(r,0) —~ (r, H, (r)@) (7.2)
where

H, (r) = P;[diag(R(h,), ..., R(h,))|P.

and
0, re(0,e),
he(r):=q2mm(; —1), re(s2e),
2m, re2e,1).

Proposition 7.1. Let p € 11, oo[. The family of generalised twists (v¢) enjoys the followings properties.

1) v, - xin WP (B, R™),
(2) v¢ — x uniformly on B.

Proof. (1) Using (7.2) and a straight-forward calculation we have that

P S
0
B

= / Vv — 117 <277 / IVvel? +[117.
BZ&\Bs ]325\]39

Furthermore, referring to Proposition 2.1 [see (2.4)] we can write

2¢e
. )4
/ Ival”=/ / (n+r2H01%) 2" aH" @) dr
Boe \Be & gn—1
2e
)4
:nwn/(n—i—rzh;z)zr"_ldr
&€

P
2

<y (2" = 1)e"[n + 42m7)?] (7.3)
The above estimates when combined give (1) as a result of Poincaré inequality.
(2) By direct verification we have that
Ve — x> = [rHc(10 — r6]|”
= r2[P, diag(R(he), ..., R(he))PLO — 0|
= r2|P, (diag(R(e), ..., R(h)) — 1L,)PLo[°
=r?|(diag(R(he), ..., R(he)) — L) e |2 (we :=PLO)
1, )

=3 IR(he) —L|". (7.4)

However a straight-forward calculation gives

h
IR(ze) — L|* = 4(1 — cos he) = 8sin’ 75
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Thus combining the above and referring to the definition of /. we arrive at the bound

h
sup |[ve — X| = sup 2r|sin £ < 4,
B 2

[e,2¢e]

which gives the required conclusion. 0O

Let p €11, 00 and fix m € Z. Then g., h, € Q,’f (e, 1) [see (6.1)] and so according to the minimising property of g,
we have that

1 1 1 1
Fylue, Bl= —E,[G:]=—-G,[g:]1< —Gplh] = —E,[H, ] =F,[v., B]. 7.5
plu ] p p[Gel p plgel » plhel » p[He] plv 1 (7.5)

This in conjunction with (1) in Proposition 7.1 implies the boundedness of (u;) in wLP (B, R") and so as a result (u)
admits a weakly convergent subsequence. Indeed more is true!

Theorem 7.1. Let 2. := {x e R": ¢ < |X| < 1}. For p € ]1, oo[ and m € Z let (ug).~q denote the family of generalised
twists as in (7.1). Then,

1) u, > xin W-P(B,RY),
(2) ug — X uniformly in B.17

Proof. (1) Fix m € Z and let v, be as in (7.2). Then referring to (7.5) it follows that by passing to a subsequence
(not re-labeled) u; — u in W17 (B, R"). Appealing to the sequential weak lower semicontintuity of F p and (1) in
Proposition 7.1 we can write

Fplx, B] <Fplu,B] < lin{‘iélfIE‘p[ug,]B%]
&€

<limsupFj[u,, B]
e\0
<limF,[ve, B] =F,[x, B].
e\

This in view of the strict convexity of ), (on WLP) gives u = x. As a result of the uniform convexity of the p-norm
(p > 1) the aforementioned weak convergence can now be improved to strong convergence and this gives (1).

(2) By (1) we can assume without loss of generality that u, — x £"-a.e. in £2. To justify the uniform convergence
in (2) let g; be as that described in (7.1) and fix o € (0, 1). Then we claim that g — 2mm uniformly on [o, 1]. Indeed,
(u,) bounded in W17 (B, R") gives (ug) bounded in wlrp (B\IB%U, R") and so referring to (2.4) and using a calculation
similar to that in (7.3) we have (g.) bounded in WP (q, 1). Hence, there exists f=fo€ WP (o, 1) so that passing
to a subsequence (not re-labeled)

g — f in Wh? (0, 1),
g — f in L*[o, 1],
f() =2mm.

In addition referring again to (7.1) we can assume in view of OQ(n) being compact, that by passing to a further
subsequence (again, not re-labeled) P, — P for some P € O(n). Hence for £"-a.e. X € £2 we can write

lim u, (x) = lim r G, (r)0
e\0 e\0
= ;1{% rP; diag(R(ge). ..., R(g:))PLO

= rPdiag(R(f), ..., R(/))P'6 =r

=X,

17 Note that here both convergences are in reference to the entire sequence and not merely a subsequence as was implied in discussing the weak
convergence prior to the proposition. The argument is standard and will be abbreviated.
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giving R(f) =1 and in turn that f = 2w n(r) for some n(r) € Z. The continuity of f along with f(1) = 2mm now
gives f =2mm on [o, 1] justifying the assertion. Next, arguing as in (7.4) we can write

e — x> = |rG.(r)6 — ro|’
= 2r2(1 — COS g¢)
=472 sin® &.
2
Thus, to conclude [2] fix 8 > 0 and first take o € (0,27 '8] and then &g such that |sin(27!g.)| <27!8 on [0, 1] for
& < g9. Then supp |u; — x| < max(20, ) = .18 o
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Appendix A

Recall from linear algebra that all eigen-values of a [real] skew-symmetric matrix have zero real parts. Hence they
either appear as purely imaginary conjugate pairs or zero. In particular when n is odd there is necessarily a zero eigen-
value. Thus distinguishing between the cases when n is even and odd respectively we can bring every skew-symmetric
matrix to a block diagonal form. Let

J:=[_01 (1)}

Proposition A.1. Let A € M, ,, be skew-symmetric. Then there exist P € SO(n) and (: j)];: | C R such that'®

1) (1 =2k)

A =P diag(h1J, 22J, ..., )P,
Q) (n=2k+1)

A =P diag(\J, 22J, ..., A, O)P.

Proof. Indeed, here, A is normal [i.e., it commutes with its transpose A’ = —A] and so the conclusion follows from
the well-known spectral theorem. O

With the aid of the above representation evaluating the exponential function for skew-symmetric matrices becomes
remarkably convenient. Let

—sins coSs

R(s) .= [

coss  sins ]

Proposition A.2. Let A € M, ,, be skew-symmetric. Then using the notation in Proposition A.1 we have that

1) (n=2k)
' = P' diag(R(sA1), R(sA2), . .., R(sip))P,

18 The uniform convergence in (2) above looks at first counter-intuitive, as, how can ug and x be uniformly close when ug twists m times while
the limit x none? Indeed a careful consideration reveals that the latter twists occur at a distance ¢ from the origin and within a layer of thickness
O (e) and this is in no conflict with the stated uniform convergence!

19 Indeed by allowing P € O(n) we can additionally arrange for the sequence (A j)]j‘. _1 to be non-negative.
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2) m=2k+1)
' = P' diag(R(sA1), R(sA2), . .., R(sig), 1)P.

Proof. A straight-forward calculation gives

=1
et = Z ES"J” =R(s).
n=0

The conclusion now follows by noting that e = FOP_piDp o
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