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Abstract

This article deals with the variable coefficient thin obstacle problem in n + 1 dimensions. We address the regular free boundary
regularity, the behavior of the solution close to the free boundary and the optimal regularity of the solution in a low regularity
set-up.

We first discuss the case of zero obstacle and W1:? metrics with p € (n+1, 00]. In this framework, we prove the C Lo regularity

of the regular free boundary and derive the leading order asymptotic expansion of solutions at regular free boundary points. We

inf]_ntl 1
further show the optimal clmint1=57".3) regularity of solutions. New ingredients include the use of the Reifenberg flatness of the

regular free boundary, the construction of an (almost) optimal barrier function and the introduction of an appropriate splitting of
the solution. Important insights depend on the consideration of various intrinsic geometric structures.

Based on variations of the arguments in [18] and the present article, we then also discuss the case of non-zero and interior thin
obstacles. We obtain the optimal regularity of the solutions and the regularity of the regular free boundary for WP metrics and
W2:P obstacles with pen+1),00].
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1. Introduction

In this article we continue our discussion of the variable coefficient thin obstacle or Signorini problem in a low
regularity framework. Here our main objectives are an improved understanding of the (regular) free boundary, the
determination of the asymptotic behavior of solutions close to the (regular) free boundary and the derivation of optimal
regularity estimates for solutions. To achieve this in our low regularity set-up, we in particular introduce two key new
arguments: The identification of the regular free boundary as a Reifenberg flat set, which enables us to construct
(almost) optimally scaling barrier functions (cf. Section 3.1) and a “splitting technique” (cf. Proposition 3.10), which
allows us to deal with divergence form right hand sides and to identify the leading order contributions in the respective
equations.

Let us explain the precise set-up of our problem: We consider local minimizers of the constrained Dirichlet energy:

J(w)=/aij(8iw)(3jw)dx, (1)
B
where we use the Einstein summation convention and assume that
wek:={ve H (B v=>0o0nB| =B N{x,+1 =0}}.

Here, the metric a'/ : Bl+ — Rg;nx(ﬂﬁ) is a symmetric, uniformly elliptic tensor field which is W7, p € (n +

1, oo], regular and Bfr :={x € B| C R""!| x,,4.1 > 0} denotes the upper half-ball. On the upper half-ball it is possible
to consider arbitrary local variations of local minimizers. Hence, local minimizers solve an elliptic divergence form
equation in the upper half-ball, on this set they are “free”. However, on the codimension one surface By they obey the
convex constraint w > 0 which leads to complementary or Signorini boundary conditions. In this sense the obstacle is
“thin”.

In the sequel we are in particular interested in obtaining an improved understanding of the free boundary

Py =0 {x € Bi| w(x) > 0}.

This set (which for Lipschitz metrics a'/ is of Hausdorff dimension n — 1, cf. Remark 3.1) separates the contact set,
Ay := {x € Bj| w(x) = 0}, in which the solution coincides with the obstacle, from the positivity set, Q,, = {x €
B{| w(x) > 0}, in which the solution is “free”. Moreover, we seek to understand the structure of the solution close to
the free boundary.

Considering variations of local minimizers in the energy functional (1) leads to an equivalent formulation of the
local minimization problem (1) in the form of a variational inequality posed in the energy space K [28]: For a solution,
w € IC, of (1) we have

/aij (3;w)d; (v — w)dx > 0forall v e K.
B
If in addition w € H Z(Bfr ), this corresponds to an elliptic equation with complementary or Signorini boundary con-
ditions:
aia"/a,-w =0in Bfr,
w >0, —a”+1’j8jw >0, w(a”+1’jajw) =0on B].

2

Here the Signorini condition is derived from the pointwise inequality —a"*1/9 jw(v —w) > 0 on Bj which holds for
any v € K.

In the sequel we investigate the thin obstacle problem by studying solutions of (2). Moreover, we address variants
of it which involve inhomogeneities, non-flat obstacles and boundaries and non-flat interior obstacles.

1.1. Main results

In this article we first derive the C!' regularity of the so-called regular set of the free boundary in the presence of
WP metrics, a/, with p > n + 1. Moreover, in this framework we deduce a leading order asymptotic expansion of
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solutions to (2) with error estimates. Combining the regularity of the regular free boundary with the Carleman estimate
L,min{1-2+1 1y

from [18], we then show the optimal C p regularity of solutions with W17 metrics, a%/, for p > n + 1.

In addition to this, we also treat perturbations of the thin obstacle problem including non-flat free boundaries and
obstacles, as well as inhomogeneities in the equations and the interior thin obstacle problem.

In order to deduce these results, we rely on two main new ingredients: A “splitting argument” and the construction
of (almost) optimally scaling barrier functions. The latter builds on the identification of the regular free boundary as a
Reifenberg flat set.

In the following subsections we elaborate on these results, put them into the context of the literature on the thin
obstacle problem, and explain the main difficulties and the new arguments which are used to overcome these.

We first recall the main results from [18] on free boundary points: All free boundary points x € I'y, are classified
by their associated vanishing order k. (cf. Definition 4.1 in [18] and Proposition 4.1 in [18])

_ntl
ln(r 2 ||w||L2(A+2 (X)))
Ky := lim el ,
r—0 111(7')

for which the dichotomy «, = % or kx > 2 holds (cf. Corollary 4.2 in [18]). Here At (x) = (B (x) \ B-(x)) N R'_frl

r2r
is the half annulus centered at x with radius r. In particular this implies that the free boundary decomposes as

Ty =T3(w) U [ Te(w).

Kk>2

Here I'3/2(w) is the so-called regular free boundary which is given by all free boundary points x € I'y, with vanishing
order «x, = 3/2. The remaining set | J I, (w) consists of all free boundary points x € Iy, with a higher order of
Kk>2

vanishing, i.e. ky > 2. Moreover, the_map 'y 2 x > Ky is upper semi-continuous (cf. Proposition 4.2 in [18]). In
[18] we also proved that for each x € I'y, with k, < oo, there exists an L2-normalized blow-up sequence wy, v such
that the limit w, ¢ is a homogeneous global solution with homogeneity «, (cf. Proposition 4.6 in [18]). Furthermore,
if Kk, = %, the blow-up limit w, o is two-dimensional and (up to a rotation of coordinates) is equal to ¢, Re(x, +
ixn+l)3/2-

In the first part of the present paper, we study the regular free boundary I';/>(w), which is relatively open by
the upper semi-continuity of «,. Relying on comparison principles (cf. Proposition 3.17) combined with a splitting
technique for equations with divergence right hand sides (cf. Proposition 3.10), we obtain the C' regularity of the
regular free boundary I'3 2 (w):

Theorem 1. Let a¥ : B]+ — Rg%l)x(nﬂ) be a uniformly elliptic, symmetric WP, p € (n + 1, 00], tensor field.
Assume that w is a solution of the variable coefficient thin obstacle problem (2). For each xo € I'32(w), there exist a
parameter o € (0, 11, a radius p = p(xo, w) and a C*% function g : Bg(xo) — R such that (possibly after a rotation)

Ty N B (x0) = T3/2(w) N B),(x0) = {x] x, = g(x")} N B}, (x0).

We remark that we turn the usual order of the arguments around: Instead of first proving optimal regularity of the
solution, and then regularity of the (regular) free boundary (cf. [1,2,21]), we first prove regularity of the (regular)
free boundary, and then deduce optimal regularity of the solution. The regular free boundary is C'** under conditions

which do not imply C L3 regularity of the solution.

With the C!¢ regularity of the (regular) free boundary at hand, it then becomes possible to study the local behavior
of solutions around regular free boundary points. This is based on identifying the leading order in the asymptotics
of solutions of (2) at regular free boundary points in the presence of W!-? metrics with p € (n 4 1, 0o] (cf. Propo-
sition 4.6). As the asymptotics are complemented by a higher order error estimate, this allows us to obtain local
growth bounds. Then combining this with our Carleman estimate, we are able to obtain the C!-!/? optimal regularity
of solutions associated with W7 metrics for p € 2(n + 1), 0o]:
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Theorem 2 (Optimal regularity). Let a'/ Bfr — R%”“”*“ be a uniformly elliptic, symmetric WP, p € [2(n +

1), 00, tensor field. Assume that w is a solution of the variable coefficient thin obstacle problem (2). Then, there exists
a constant C > 0 depending only on ||a¥ ||W1,,,(Bl+), n, p such that

||w||cl,l/2(B?}2) = c ”w”LZ(Br) .

Finally, in the last part of the paper we prove that these results are not restricted to the flat thin obstacle problem,
i.e. the setting in which the obstacle is the zero function. We show that, on the contrary, it is possible to deal with
inhomogeneities, non-constant obstacles, non-flat boundaries and even non-flat interior obstacles (cf. Section 5). For
instance, we prove the following result for non-flat obstacles:

Theorem 3. Let a'/ : Bl"' — Rg’;;l)x("ﬂ) be a uniformly elliptic, symmetric WP, p € (2(n + 1), o0, tensor field.
Suppose that ¢ € Wz’p(Bi). Let w: Br — R be a solution of the thin obstacle problem

da’d;w=0in B},

w>g, —a"M9w >0, (w—e)@3jw)=0o0n Bj.

3)
Then, the following statements hold:

(1) The function w has the optimal Holder regularity:
we C1,1/2(B]+/2).

(ii) Assuming that 0 € I'32(w), there exist a radius p > 0, a parameter a € (0, 1] and a Ccle function g such that
(potentially after a rotation)

Ty N B, =T3,(w)N B, ={x| x, =g(x")} N By,

1.2. Literature and context

In the last years the thin obstacle problem and its variants have been a very active field of research. After the com-
plete characterization of the two-dimensional, constant coefficient thin obstacle problem by Lewy [19] and Richardson
[22] as well as impressive partial results on the general problem [10,16,27], a major new idea emerged only relatively
recently: In [1] and [2] Athanasopoulos, Caffarelli and Salsa introduced Almgren’s frequency function as a powerful
tool of obtaining optimal regularity estimates and the C' regularity of the free boundary for the constant coefficient
problem. Here « is some constant in (0, 1]. Later this was extended by [23] and [6] to the related obstacle problem for
the fractional Laplacian. Moreover, in a recent article [17] Koch, Petrosyan and Shi prove the analyticity of the regu-
lar free boundary for the constant coefficient operator by introducing a connection between the thin obstacle problem
and the Grushin Laplacian. Simultaneously, De Silva and Savin [7] obtained the C* regularity of the regular free
boundary by exploiting higher order boundary Harnack inequalities. This discussion of the regularity of the regular
free boundary is complemented by an article of Garofalo and Petrosyan [11] in which a monotonicity formula is used
to characterize the structure of the singular set of the thin obstacle problem.

While these results illustrate that there has been great progress in the constant coefficient thin obstacle problem,
less is known in the variable coefficient framework. Here the work of Uraltseva [27] has shown that it is possible
to obtain C-% Holder regularity of solutions of the thin obstacle problem in the presence of W7, p € (n + 1, ool,
metrics. In her result the Holder exponent is some value o € (0, 1/2] which depends on the ellipticity constants of the
coefficients and the value of p.

Only very recently, the variable coefficient problem has been further investigated: In [15] Guillen deals with the
problem in the context of Hélder regular C1¢, for some & € (0, 1), metrics. This is improved in an article by Garofalo
and Smit Vega Garcia [13] in which the authors derive the optimal regularity of solutions of the thin obstacle problem
in the presence of C%! metrics and C'-! obstacles. This argument is based on an extension of Almgren’s monotonicity
formula to the setting of low regularity metrics and obstacles. In a recent preprint [12] Garofalo, Petrosyan and Smit
Vega Garcia further build on this and deduce the C!:, for some « € (0, 1), regularity of the regular free boundary in
the presence of C%! metrics and C!! obstacles by proving an epiperimetric inequality.
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Complementing these results by relying on Carleman estimates instead of frequency formulae and working in
the setting of Sobolev metrics a’/ € W7, p e (n + 1, 00}, [18] provides an alternative proof of the almost optimal
regularity of solutions to (2). In the present article we extend these ideas, and, building on our previous work, prove
optimal regularity in the framework of W17, p € (n + 1, 0o], metrics as well as the C** regularity of the regular free
boundary.

1.3. Difficulties and strategy

As already in [ 18] the central difficulty with which we deal throughout the article is the low regularity of the metric.

Building on the results from [18], we analyze the (regular) free boundary (cf. Section 3). Traditionally, this is
studied by relying on comparison principles (cf. [21]): Differentiating the equation (2), an analysis of the equation for
the tangential derivatives allows to transfer positivity properties of derivatives of the blow-up solutions to the problem
at hand. This then permits to conclude the C-* regularity of the regular free boundary.

In a low regularity set-up this becomes more difficult: Still addressing the regularity of the regular free bound-
ary by differentiating the equation for w and working with comparison principles for tangential derivatives, we are
confronted with a situation in which potentially two derivatives fall on the metric a'/. Hence, in order to deal with
this without asking for additional regularity of the metric, we treat the corresponding terms (which potentially in-
volve two derivatives on the metric) as divergence form right hand sides of our equation (cf. the discussion below
Proposition 3.8). As a key new ingredient of pursuing the described comparison strategy also in the low regularity
situation, we exploit a “splitting technique”: We divide our solution into a “controlled error” which handles the low
regularity contributions originating from the metric, and a “main part” which captures the behavior of our solutions
(cf. Proposition 3.10). This allows us to argue along similar lines as in the literature.

Yet, we have to overcome a second difficulty: In order to provide a framework which also deals with non-flat
obstacles of low regularity, we have to work as close as possible to the scaling critical setting. Thus, instead of proving
linear non-degeneracy of the tangential derivatives, we prove a (nearly) square root non-degeneracy in appropriate
cones (cf. Proposition 3.17). In order to achieve this, we introduce a second main new ingredient and construct a new
barrier function which exploits the Reifenberg flatness of the free boundary (cf. Proposition 3.16).

In the second part of our argument, we return to the investigation of solutions of the thin obstacle problem (cf.
Section 4). Here we rely on the free boundary regularity which allows to improve the almost optimal growth estimates
which were previously obtained from the Carleman estimate (cf. Lemma 4.1 in [ 18] and Corollary 4.11).

We argue in two steps in which we combine local with global information: First we prove a local growth estimate
around regular free boundary points in which we obtain the optimal growth estimates. As these bounds however
rely on comparison arguments which depend on the free boundary itself, they are not uniform in the free boundary
points. By virtue of the C!'* regularity of the (regular) free boundary, these growth estimates can be obtained by
an asymptotic expansion of solutions around regular free boundary points. For the identification of the leading order
contribution of the expansion and of the corresponding higher order error estimates, we exploit our boundary Harnack
estimate in combination with the boundary regularity for W7 metrics with p € (n + 1, oo]. Here we exploit our main
new results on the free boundary regularity.

In the second step in our optimal regularity argument for W'? metrics with p > 2(n 4 1), we then combine the
optimal, but non-uniform local with optimal global information. For this we rely on Lemma 4.2 in [18] which allows
us to transfer the local into global information. This is the only point at which we directly return to the arguments
from [18].

Finally, in Section 5 we comment on the stability of the described methods by applying them to variants of the
thin obstacle problem. Using the scaling of the Carleman inequality, we first show that it is possible to deal with
inhomogeneities (cf. Section 5.1). This then immediately entails that all the previous results remain true for sufficiently
regular, non-constant obstacles, although we only require that they are W2” regular for some p > 2(n 4 1) (cf.
Section 5.2).

Concluding the section on variants of the thin obstacle problem, we discuss the setting of the interior thin obstacle
problem (cf. Section 5.4). Here we are confronted with additional difficulties, which arise due to a slightly modified
boundary condition (instead of a sign condition on the Neumann derivative, there is a sign condition on the fluxes
across the interior boundary). This leads to slight modifications in the derivation of the Carleman inequality from [18]
and yields leading order linear contributions in the asymptotics of the Neumann derivative (cf. Proposition 5.6).
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1.4. Organization of the paper

After briefly recalling auxiliary results, conventions and the notation from [18] in Section 2.2, we begin with the
analysis of the regular free boundary in Section 3. Here Proposition 3.10 is a crucial technical tool to overcome the
difficulties with the low regularity set up. In Section 3.2 we first prove the Lipschitz regularity of the regular free
boundary (cf. Proposition 3.8). This is based on the observation that the free boundary is Reifenberg flat, which we
exploit in Section 3.2.1, in order to construct an appropriate, sufficiently well scaling barrier function (cf. Proposi-
tion 3.16). In Section 3.3 we improve the Lipschitz regularity to gain C'** regularity (cf. Proposition 3.22).

In the second part of the paper we return to the study of solutions of (4): In Section 4 we identify the leading
order asymptotics of solutions of the thin obstacle problem (Proposition 4.3). This allows to derive growth bounds
(Corollary 4.9 and Corollary 4.11) as well as the optimal regularity of solutions of (2) (cf. Theorem 4). Finally, in the
last part of the article, in Section 5, we illustrate how the previous results can be transferred to variations of the thin
obstacle problem.

2. Preliminaries
In this section, we briefly explain our normalizations and notational conventions.
2.1. Auxiliary results

We start by recalling that, due to the discussion in Section 2.1 in [18], we may, without loss of generality, consider
solutions w of (2) with

(A0) ”1'1)”[‘2(31*(0)) =1,
(A1) al;_"“(x/, 0)=0onR"” x {0} fori =1,...,n,
(A2) a" is symmetric and uniformly elliptic with eigenvalues in the interval [1/2, 2].

In addition, we in the sequel also make the following hypotheses (where we either assume (A3) or (A3)):

(A3) a'/ e WIP(B;(0)) for some p € (n + 1, o0l
(A3) a'/ e WhP(B}H(0)) for some p € (2(n + 1), co],
(A4) aV(0) =Y.

These assumptions allow us to reduce (2) to

Biaijajw =0in Bl+,

w >0, —d41w >0, w(d+1w)=0on Bj.

“4)

Due to the H? estimates and the almost optimal regularity result of [18], it is possible to interpret (4) not only as a
variational inequality in the energy space H'! (BI"), but also to understand the equation and its boundary values in a
classical pointwise sense.

Let us comment on the conditions (A0)—(A4): We recall that it is always possible to achieve (AO) by a suitable
normalization. Condition (A1) is a consequence of an appropriate change of coordinates, cf. Uraltseva [27]. Also,
assumption (A2) and (A4) can always be achieved by an additional affine change of coordinates (and a rescaling) and
thus do not pose additional restrictions on our set-up.

Conditions (A3) and (A3’) are regularity assumptions which allow us to apply the results of [18]. Here condi-
tion (A3’) is slightly more restrictive. While this assumption is not needed in the case of flat obstacles, it becomes
necessary in our treatment of non-flat obstacles, as a consequence of our strategy of proof: We work on the level
of the differentiated equation. Moreover, we stress that the integrability assumption p > 2(n + 1) yields the embed-
ding W!? < C%1/2 which, by interior regularity, is needed (and might also suffice) to derive the (optimal) C!:1/2
regularity of solutions to the variable coefficient thin obstacle problem. Both conditions (A3) and (A3’) imply that
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y ’ . _ntl
la (x) —8Y| < Cp | Va" |x|1 v forall x € Bf'

LP(B))

by Morrey’s inequality.
2.2. Notation

We use the same notation as in [ 18], which we briefly recall in the sequel:

o RUM = (x e R™!| x,11 > 0}, RTM i= {x e R x4 < O).

e For points x € R**! we also use the notation x = (x’, x,41) or x = (x”, X, X,+1), if we want to emphasize the
roles of the respective lower dimensional coordinates.

e Let xo = (x),0) € R'_fr]. For the upper half-ball of radius r > 0 around x¢ we write B (xq) := {x € ]R'jfll lx —
Xxo| < r}; the projection onto the boundary of R’fl is respectively denoted by B/ (xq) := {x € R" x {0}] |x —
xo| < r}. If xo = (0,0) we also write B;" and B/. Analogous conventions are used for balls in the lower half
sphere: B (xo). Moreover, we use the notation B/ (xo) = {x € R"~! x {(x0),} x {0}| |x" — xy| < r}, where
x0 = (xg» (x0)n, 0), x = (x”, x, 0).

e Annuli around a point xo = (x(, 0) in the upper half-space with radii 0 < < R < 0o as well as their intersec-
tion with the boundary of R are denoted by A p(x0) := B (x0) \ B (x0) and A p(x0) := By (x0) \ B (x0)
respectively. For annuli around xp = (0,0) we also omit the center point. Furthermore, we set A, r(xp) :=
Al R(00) U A, g (x0).

e We use C,(e,) to denote an (n + 1)-dimensional cone with opening angle 7 and axis e,. Analogously, C;; (en)
refers to a flat (i.e. n-dimensional) cone on {x,; = 0} with opening angle 1 and axis e;,.

e For f:R"! — R weset V' f and V" f to denote the derivatives with respect to the x” and x” components of x.

e We use | - | to denote the standard Euclidean norm.

e Distances with respect to a Riemannian metric g (e.g. if they are induced by certain operators as in Section 3.4)
are denoted by d (-, -).

e disty (X, Y) :=max{supd(x,Y), supd(y, X)} denotes the Hausdorff distance of two subsets X and ¥ in R™.
xeX yeY

o letw: Bl+ — R be a solution of (4). Then
— Q= {x e R" x {0}] w(x) > 0} denotes the positivity set.
- Iy = 331 Q. 18 the free boundary.
- Ay = Bi \ Q is the coincidence set.

- Ts3(w) := {x € Tylky = %} c I'y is the regular set or the regular free boundary. Here k, :=
2
_ntl
G 2wl 24+ )
lim sup ) rr is the vanishing order of w at x.
r—0
e As in [18] we use the notation w,(x) := —; Hw(”) to denote the L2 normalized rescaling of w at zero.
ro2 ”w”LZ(B,*)
Analogously we consider the L?-normalized blow-ups at arbitrary free boundary points xo € I'y: Wy, r (X) 1=
w(xg+7rx)
=S :
2 T FEPE
o We set w3 2(x) :=c, Re(x, + ixn+1)3/2, where ¢, is chosen such that ||w3/2 “LZ(B"') =1.
1
e In the following we often use the abbreviation £ := (2./n) ! as well as ¢, := || Va'l || LP(By)

e Weuse Lo =a'/9;; and L = 9;a"/3; to denote the non-divergence and divergence form operators involved.

e We reserve the parameter € > 0 to quantify the Reifenberg flatness of a domain I' C R” x {0}, as well as the
parameter € to measure the closeness of a solution of (4) to the L? normalized model solution w3 2(x).

e We use the notation A < B to denote that there exists an only dimension dependent constant such that A < CB.
Similar conventions are used for 2.
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3. Regularity of the regular free boundary

In this section we deduce the C% regularity of the regular part of the free boundary for solutions of the thin
obstacle problem (4) and thus provide the proof of Theorem 1.
We recall that it is possible to classify free boundary points by their vanishing order x (Section 4 of [18]):

Fy=T3w) U [ JTe(w),

Kk>2

where [y (w) :={x € Fw| kx = k}. The set 1"% (w) is referred to as the regular set of w or the regular free boundary
of w. A corresponding point x € I"; (w) is called regular.

Although we are mainly interested in the regular free boundary, in passing, we make the following observation on
the Hausdorff-dimension of the (whole) free boundary:

Remark 3.1 (Hausdorff dimension of T',,). We claim that, if the obstacle is zero and the metric a’/ is Lipschitz
continuous, the Hausdorff-dimension of the (whole) free boundary is less than or equal to n — 1. Indeed, this follows
as in Lemma 4.1 and Theorem 8.10 in [26]. Similarly as in these results, we prove a slightly stronger statement: We
show that

H'(SyNBy) =0foralls >n—1,

where Sy, :={x € B1+| w(x) = |Vw(x)| =0} in particular contains ['y,.

We only provide a sketch of the proof here and refer to [26] and [24], Chapter 3.3 for the details. As in [26] we
argue in two steps and first show that if ¢ € C1 for some « > 0 is a solution of the constant coefficient thin obstacle
problem, then the Hausdorff dimension of the associated free boundary S, N By is less than or equal to n — 1.

The argument for this follows by contradiction: Assuming that the statement of the claim were wrong, there existed
s > n — 1 such that

H*(S, N B]) > 0.

By density arguments for the Hausdorff measure (cf. [8], Chapter 2.3, Theorem 2.7) there exists a point z € S, N B}
such that

0, (S, 2) :=lim sgp P s (Sy N B;, (2)) >0,
p—

o o

where for A C B| we have j,(A) := inf 2:1 p; and A C Ul B[’)j (yj) and y; € Bj. Hence there exists a sequence
j= Jj=

o > 0 with o; — 0 such that

lim oy (S, N B (2)) > 0.
O’_/-)O J J

¢(z+0;x)
1

e withx € B__, results in
=

Rescaling the function by setting ¢ (x) := o~ (1=12))
J

o; " e ”L2<Bjj @

liminf ps (S, N B_{) > 0.
j—0 /
By compactness (cf. [26,21]) we have that along a subsequence
@y — ¥ in CL (B,

where ¥ € C1'* N W22 is a homogeneous solution with degree larger than or equal to 1 4« and it is normalized such
that ||1/f||L2(B1+) = 1. Moreover, as in [26]

ws(Sy N B)) > 0.
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We now repeat the outlined argument with v instead of ¢. This yields a function vrq with s (Sy, N B_{) >0,0e Sy,
and ¥; being invariant under composition with translations in the direction Az for all A € R. Indeed, the last point
follows from the observation that Ny, (0) = Ny, (z), where

o [ IDY1(»)Idy
B (x)

I lnn)lPdy

3B, (x)

Ny, (x) := lim
p—0

denotes the frequency function (cf. [26], Section 2 and [21], Chapter 9 for the existence of this limit and its properties).
We also note that this is well-defined for x € Sy, and not only for x € I'y, . Similarly as in Remark 2.4 (2) in [26] this
implies that for the homogeneous function vy it holds ¥{ (x + Az) = ¥ (x) for all x € RT’I. Arguing inductively and
carrying out the argument a further n — 1 times (which is possible by our contradiction argument), we end up with
a function ¥, (x1, ..., Xp41) = f(xn+1) which only depends on the x,1-variable and is non-trivial. As it is however
also harmonic and satisfies v, (0) = |V, (0)| = 0, this yields a contradiction and hence results in our claim.

In a second step, the more general case of a solution w to the variable coefficient problem (4) with Lipschitz
coefficients a'/ is treated. Here the claim is that also in this situation the Hausdorff-dimension of S,, N Bi 2 is less
than or equal to n — 1, i.e. for all s > n — 1 it holds H* (S, N B{/z) = 0. Again this argument follows by contradiction
assuming the claim on the Hausdorff dimension were wrong. Then however blow-up argument (in combination with
compactness, which holds in the setting of Lipschitz coefficients, cf. for instance [26]) reduces the situation to that of
a non-trivial solution to the constant coefficient problem with Hausdorff dimension larger than n — 1. This however is
in contradiction with our first claim.

Returning to our main problem, in the following we study the regularity properties of the regular free boundary
F% (w). This is divided into several steps: In Section 3.1 we begin by proving that the regular free boundary is a
relatively open set of the free boundary and that, due to the good compactness properties of blow-up solutions, it is
Reifenberg flat. Then in the following Section 3.2 we deduce its Lipschitz regularity. Our argument for this strongly
relies on the boundary’s Reifenberg flatness, as this allows to construct (nearly) optimally scaling lower barrier func-
tions. In Section 3.3 we exploit the Lipschitz regularity to infer the C regularity of the regular free boundary. Here
we argue via a Carleson and a boundary Harnack estimate. Last but not least, in Section 3.4 we provide the proof of
one of our most central technical tools, the splitting technique which is stated in Proposition 3.10.

3.1. Reifenberg flatness

We begin the investigation of the regular set by showing that it is a relatively open subset of I'y,:
Proposition 3.2 (Relative openness of I'32(w)). Let a' BlJr — RE’;;”X(”“’ be a uniformly elliptic WP tensor
field with p € (n + 1, 00]. Let w be a solution of (4) in B]+. Then I'32(w) is a relatively open subset of I',.

Proof. By Proposition 4.2 in [18] the mapping I"y, > x — ky is upper semi-continuous. Therefore, the preimage of
the set of free boundary points with x, < 2 is relatively open. Due to the classification of the possible homogeneous
solutions and due to the regularity of general solutions, «, < 2 already implies that «, = % (cf. Proposition 4.6 in [ 18]).
Hence, we infer that I' 3 (w) is a relatively open set of the free boundary. O

In order to study the regular set in greater detail, we recall a strong compactness result for > normalized blow-ups
of solutions of (4). In contrast to the setting of free boundary points of higher vanishing order, it is possible to show
that at regular free boundary points any blow-up is a 3/2-homogeneous global solution.

For convenience of notation, in the sequel we set

w3,2(x) :=cyp Re(x, + ixn+1)3/2 for x € B, ®)

where ¢, > 0 is an only dimension dependent constant, which is chosen such that || w32 || 12 =1.

(B))
Using this convention, we formulate the L? normalized blow-up result at regular free boundary points:
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Lemma 3.3. Let a'/ : Bf — Rg;l)x('ﬁl) be a uniformly elliptic W'P tensor field with p € (n + 1, 00). Let w be

a solution of (4) in BfL. Consider xo € T'32(w) N Bi/z and wy x, (x) := _%WII(XOHHX) . Then for any sequence
g 2Bt gy
{rj}jen with rj — O there exists a subsequence {r j };eN and a matrix Q € SO(n + 1) such that
Wy, 1o (X) = w3/2(Qx) in C' (B),). (6)

Proof. The proof of (6) relies on an argument by Andersson [3] and reduces the problem to Benedicks’s theorem [4].
For completeness we give a brief sketch of it.
To this end, we first note that by Proposition 4.4 in [ 18] there exists a subsequence {rj, }xen such that

. 1
Wr), xg = Wo In C (Bf}z).

Here wy is a global solution of the constant coefficient thin obstacle problem with [Jwgl| ;2 (B = 1. By Remark 17
in [18] we further infer that wo grows of a rate R“ with k € (1, 2) at infinity. Analogously, any tangential derivative
d.wo, with e € §” N BY, has at most a growth rate of R~ with k € (1, 2) at infinity.

Next we show that there exists Q € SO(n + 1) such that wo(x) = w3,2(Qx). Indeed, due to the at most R<1,
k € (1,2), growth at infinity of d,wq, the Friedland—Hayman inequality [9] (see also Lemma 5.1 in [3]), yields that
for any tangential vector e € S" N Bj the directional derivative d,wq has a fixed sign in R'f]. Thus, arguing as in
Proposition 9.9 in [21], we have that wg only depends on two variables, which, up to a rotation Q, can be written as
wo(Xn, Xn41)- As a consequence of the sign condition on 9, wo (without loss of generality we assume 9,,wg > 0), the
fact that 9,41 w(0) = 0 (due to the C! convergence), and the growth rate at infinity, the coincidence set Ag of wy is
the n-dimensional half-plane Ao = {x, <0, x,4-1 = 0}. Due to the Signorini condition, after an even reflection about
Xn+1, Opwo solves

Adywo=0in R"1\ Ag, d,wo=0o0n Ag, d,wo > 0in R\ Aq.
Applying Benedicks’s theorem (cf. Proposition 1 in [3] and also [4]) to 9, wg (or a Liouville type theorem for harmonic
functions after opening up the domain), we have that up to a multiplicative constant 8,wo(x) = Re(x, + i|x,41])"/ 2,
A similar argument applied to 9,4+1wg yields 9,+1wo(x) = Im(x, + ix,,+1)1/ 2 in Bl+. Hence, necessarily wo(x) =
cnRe(x, +ixpy1)?? = w3/2(x) in Br (where we used that ||w0||L2(Bl+) = ||w3/2”L2(Bl+) =1). O

Keeping this compactness result in the back of our minds, we proceed by showing that the regular free boundary is
Reifenberg flat. For this we first recall the following definition (cf. [5,20]), which allows us to infer our first regularity
result, Proposition 3.5, for the free boundary.

Definition 3.4 (Reifenberg flatness). A locally compact set I' C R™ is (8, R) Reifenberg flat if for every xg € I' and
every r € (0, R] there is a hyperplane L(r, xo) containing xo such that

L distzr (' 1 B, (x0), L(r x0) 1 By (x0)) <6, ™
-

where distg (X, Y) := max{supd(x, Y), supd(y, X)} denotes the Hausdorff distance of two subsets X and Y in R".
xeX yeY

Recalling the convention from (5), we have the following regularity result:

Proposition 3.5. Let av . BlJr — Rg’;;@l)x("H) be a uniformly elliptic WI*P(BIJ“) tensor field with p € (n + 1, o]

which satisfies (Al), (A2) and (A4). Let w be a solution of (4) in B{". Then for each € > 0 there exists § > 0 such that
if

@ [w—wsp ||C1(B1+) =4

(i) ”"ij — 84 ”LwBl*) =4,

then for each xo € Ty, N Bi/z and each radius r € (0, 1/2), there is a rotation S = S(r, xo) € SO(n + 1) such that
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[wr.xo (x) — w3/2(SX)HC1(BI+/2) <e. 8)

In particular; if § is chosen sufficiently small, then T, N Bi/Z =T3pw)N Bi/Z'

Proof. We argue in two steps. First, we derive a non-degeneracy condition at free boundary points, which is crucial in
order tF) obtain good compactness properties. This first step also immediately implies that I'3 2 (w) N By n= Iy N B 2
Then, in the second step, we argue that (8) holds.

Step 1: Compactness. We begin by proving the following claim:

Claim. Assume that the conditions of Proposition 3.5 are satisfied. Then for each A > 0, if § = §(n, p, A) is chosen
sufficiently small, for all » € (0, 1/2) and for all xg € ', N Bi /20 We have that

_ngl 1 3.,
r 2wl gy = 577

9

We prove the claim as a consequence of the closeness assumption (i) to the model solution and of Corollary 3.1 in
[18] for a suitable choice of t.

L+4
Consider R := (48)ﬁ with 0 < § < (%) L Then, by the triangle inequality and by condition (i), we have that
for any xg € 'y, N B{/z

lwllzzat oy = 10372l 2t o =8 2 Twsrzl 2 01 =8
forall r € [R, 1). Here Xo € I'y), 2N Bi 2 denotes a point such that |xg — xo| < & (which exists by our assumption (i)).
By virtue of the scaling of w3> at free boundary points and by the choice of R, we thus infer that for all r € [R, 1/2)

_ntl
r 7wl gt gy Z 57

This shows (9) for all r € [R, 1/2).
P Al g yp))~In0)

We now argue that (9) is also true for r € (0, R): Let r € (0, R) and 7 = TregT )
2

the constant in Corollary 3.1 in [18]). Applying Corollary 3.1 in [18] at the scales , R and 1/2 (where R is defined
as above) yields:

[SI[%)

(10)

(where cg is

e‘[¢(1n R)Rfl | lan—z ”w”Lz(AJE’ZR(XO)) <C(n, p) (e‘f¢(1nr)r*1 ||w||L2(Br+(X0)) + e‘f¢(1n(1/4)) ||w||L2(31+/2(X0)))
<C(n, p).
Here the last line follows from the definition of 7. As a result,

”w”Lz(AJlS,zR(XO)) <Cn, p)e PR RIIn R

Combining this with (10) and that o) =—(1+ CO%)I —Co (1 +In(—1t) + O(%)) as t — —oo0, we infer that for our
choice of R = (48)75

| QT xy Crao
SR <wll2as gy = CO1 PRYFOD TR R In RIZHT.

Hence, using that cp, T <1

r  Ceo n+4 In(C(n,p)) In(InR|)
l+col+ =9 ) rq1< - -
(+CO2+|lnR|>T+ =7 In(R) n(R)

which, by plugging in the expression for t, can be rewritten as

R — (lwl )
n(fjw
(1+co%)|InR] L2(B] (x0))

n+4 _ In(C (n, p)) _ 4ln |In(R)| Cco In(r)
2 In(R) In(R) 1+co%|InR| ’

>
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Thus, a sufficiently small choice of R (and thus § depending on A) then yields (9). Recalling that r € (0, R) was
chosen arbitrarily and combining the just derived estimate with (10), finally yields the full non-degeneracy condition
(9) (i.e. for the full range of radii r € (0, 1/2)) and hence concludes the proof of the claim.

As a direct consequence of the claim, we note that any free boundary point xo € I'y, N B} s has vanishing order

at most % + A. By choosing A < %, we infer that ky, € [0, 2). By Proposition 4.6 in [18] this implies that x, = 3/2.
Therefore, 'y, N Bi/2 =T3(w)N Bi/2.

Step 2: Proof of (8). We argue by contradiction. Suppose that (8) were wrong. Then there existed a parameter
€0 > 0, a sequence 8; — 0 and a sequence, w*, of solutions to the thin obstacle problem with associated metrics a,'(] ,
ie.

o ke +
8,ak djw" =0in B,
wk >0, —8n+1wk >0, wk8n+1wk =0on B,

as well as a sequence of radii r; € (0, 1/2) and a sequence of points x; € I',x N B} 2 such that

@ lw* —wspller g < b

(11) ”a]l(j - 8” ”LOO(BlJr) =< (Ska

but for all § € SO(n + 1)

> €. 11
cl(Biﬂ)_eo an

[0k, 1 () = wa(8)|

We can also assume that ' x N Bi/z 3 X, —> X0 € Ty N B{/z and that ry — rg.
We now show how the compactness statement of step 1 yields a contradiction to our assumption (11). For this we
consider the L2 normalized rescalings, wf +(x), of w at a free boundary point X € I' ,x N Bj 2 As the conditions of the
claim from step 1 are satisfied at any free boundary point x € I« N By 20 the doubling property (cf. Proposition 4.3

in [18]) is satisfied uniformly in the choice of the free boundary point x € I',x and in the sequence w*. Hence, consid-
ering the sequences ry, x; from above, entails that on the one hand wfk’ X (x) is bounded in H' (Bfr). Therefore, up to

a subsequence it converges strongly in Lz(Bfr) to a limit wo(x) € H? (Bf) with ||w0||L2(BI+) = 1. By the L?_cle

estimates this also entails that w’,‘k X (x) = wo in C! (Bl+/2). On the other hand, we recall the C! convergence

wk (x) — w32 (x), (12)

which follows from (i). We now distinguish two cases:

Case 1: rg > 0. In this case we observe that due to (12)

32
wk (o 4 rex) — w3,2(xg +rox) = ro/ w3/2(x),
n+1

n+1 3/2
Tk

—ry Hw3/2HL2(B,.{)(x0>) =ry

w|

L2(B5 (x1))

where in the last line we used the L? normalization of w3 ,2 and that w3, is homogeneous of degree 3/2.

Consequently, wfk’ X (x) > w32(x)in C l(Bf;z), which is a contradiction to (11).

Case 2: ro = 0. In this case we note that, since wk is a solution of the thin obstacle problem, the same is true for
wfk,xk (x). Moreover, by assumption (ii) a,ij — 8%, which implies that wq(x) is a nontrivial global solution of

the constant coefficient thin obstacle problem which satisfies [|wgl|; 2 (BH = 1. By (9) and the uniform upper

growth estimate of Lemma 4.1 in [18], the growth of wq at infinity is of the rate R* with « € (1, 2). Thus,

by the proof of Lemma 3.3, wo(x) = w3,2(Sx) for some rotation § € SO(n + 1). This yields a contradiction

to (11).

Combining the previous two cases shows (8). O
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Proposition 3.5 immediately entails the following Corollary:

Corollary 3.6. Let a'/ : BI" — Rg;l)x("ﬂ) be a uniformly elliptic Wl'p(Br) tensor field with p € (n 4+ 1, co] which
satisfies (Al), (A2) and (A4). Let w be a solution of (4) in Bl+. For each € > 0 there exists § > 0 such that if

@ [w—wsp ||c1(Bl+) =4

(ii) H"” -8 ”Lw(Bf) =4

then the free boundary ', N By P is (e, 1/2) Reifenberg flat.

Proof. We regard I', N By pasa subset of R” x {0}. By Proposition 3.5, we have that for each r € (0, 1/2) and
xoelyN Bi/z’ there exists S(r, xg) € SO(n + 1) with

lwaxg,r (S(r, x0)x) — w3/2(x)||cl(3?') <e. (13)

Consider L(r, x9) := {xo + x € R" x {0}| x - (S(r, x0)e,,) = 0}. Due to (13), we obtain that
1
—disty (I'y N By (x0), L(r, x0) N By (x0)) <€,
,

which shows the (e, 1/2) Reifenberg flatness of ", N Bi - 0

By using an L? normalized blow-up, this can be transferred to obtain the Reifenberg flatness of the regular free
boundary of a general solution of the thin obstacle problem (which does not necessarily satisfy the closeness assump-
tion (1)):

Corollary 3.7 (Reifenberg flatness of I'; j2(w) ). Let ai Bf' — Rgﬁ)x("ﬁ) be a uniformly elliptic WP tensor field
with p € (n 4+ 1, 00]. Let w be a solution of (4) in BT. For any € > 0 and any K € I'3j2(w), there exists a radius
ro=ro(e, K,w) € (0, 1), such that '3 ;2(w) N K is (€, ro)-Reifenberg flat.

Proof. Step 1: Uniformity in compact sets. As in Proposition 3.5, the Corollary reduces to showing the following
claim:

Claim. Leta”/ : B — RE’;ZZI)X(”H) be a uniformly elliptic W17 tensor field with p € (n+ 1, oo]. Let w be a solution
of (4) in Bl+. Then, for any € > 0 and K & I'3/2(w), there exists ro = ro(€, w, K) such that for any xo € K and r <ry,
there is a matrix S = S(r, xg) € SO(n + 1) such that

lwxg,r (Sx) — w3/2(x)||c1(31+) <€, (14)

where w3/2(x) is as above.

In order to infer the claim, we argue by contradiction and assume that the statement were wrong. Then there were
an € > 0, a sequence r; with ry — 0 and a sequence x; with x; € K such that for all S € SO(n + 1)

lwy,,r, (Sx) — wg/z(x)”C.(BlJr) >¢ forall k e N.

By compactness of K we may assume that x; — x. However, by compactness (which for variable centers we infer
from a combination of Proposition 4.3 in [18] and Corollary 4.1 in [18]) of the sequence wy, ,, and by Lemma 3.3,
we obtain a subsequence, which we do not relabel, and a rotation S such that

lwaxy,r (X) — w3/2(Sx)”C1(BI+) — 0.

Step 2: Conclusion. By rescaling with the radius ro = ro(e, K, w), it is possible to reduce the claim of Corollary 3.7
to the setting of Corollary 3.6. O
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3.2. Lipschitz regularity

In this section we present a first improvement of the regularity of the regular free boundary.
In the sequel we will always assume that O € I',. Moreover, we will use the notation

w3/2(x) 1= ¢y Re(xy + ixy1)Y/2,

to denote our model solution. Here ¢, > 0 is a normalization constant such that [[w3/2[ 2 B = 1. Keeping this
convention in the back of our minds, we prove the Lipschitz regularity of the regular free boundary:

Proposition 3.8 (Lipschitz regularity). Let a'/ BlJr — RSEI)X("H) be a tensor field which satisfies (Al), (A2), (A3),
(A4). Let w be a solution of (4) in Bl+. Assume that for some small positive constants €y and c4

(1) ”w — w32 “C](31+) = €0,

(ii) Ve | o, < o

Then if €y and c, depending on n, p are chosen sufficiently small, there exists a Lipschitz function g : B 2= R such
that (possibly after a rotation)

Tw N By ={x, =g(x")|x" € B ).

Moreover, there is a large constant C=Cn, p), such that ||V//g||L°°(B;//2) < C max{eq, Cx}.

We remark that in addition to the results from Proposition 3.8, we actually show that g — and hence the regular free
boundary —is C'! (BY /) regular (cf. Remark 3.20).

In order to prove the Lipschitz regularity of the free boundary, we deduce positivity of the directional derivatives
in a cone of tangential directions (cf. Proposition 3.17). To achieve this, we use a comparison argument, which is
standard in the constant coefficient case. We start by considering the equation for v := d.w, where e € §" N B] is
a tangential direction. From the H? estimate of w (cf. [28]), v € H 1(B]Jr ). By differentiating the equation of w, we
obtain the equation of v in Bl+ N {xp+1 > 0}:

da¥9;v=08F in B N{x,41 >0}, where F' = —(3.a")d;w.

Compared with the constant coefficient situation, the fact that the coefficients of our equation are not better than
WP regular, leads to a divergence right hand side with F’ € L. This causes difficulties in applying the comparison
argument directly. To resolve this difficulty we use an appropriate decomposition to split the solution v into an “error
term” v; (cf. equation (17)), which deals with the divergence term F ! and into a “main term” vy (cf. equation (18)),
which captures the behavior of the respective solutions.

Remark 3.9 (Reflection and extension). As it proves convenient to work on the whole ball instead of only on the upper
half ball (for instance for applying interior elliptic regularity theory), we reflect the metric a'/ to B[ by setting
al (X xpp) =aV (X, —xpp1), i j=1,....n,
" xpgn) = =@ (X —xag1), j=1,..m, (15)
a" TG ) =@ T, ),
for (x’, x,41) € B, . We reflect w to B, by defining w(x’, x,41) = w(x’, —x,41). Here we use the same notation to
denote the functions after refection. Due to the off-diagonal assumption (A1), the reflected coefficient matrix a%/ is

in W!-P(By). Since 8,1 1w =0in B] \ Ay, we have w € C"1/279(B; \ A,) N H*(B; \ Ay), where § € (0,1) is an
arbitrarily small constant, and v = d,w satisfies

3a’djv=09;F in Bj\ Ay, F =—(3.a")d;w, (16)

v=0o0nAy.
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As we are mainly interested in the local properties of solutions and of the (regular) free boundary and in order to
avoid technical issues on the boundary 8 B; N A,,, we will often consider (16) as an equation in the whole space R+
We simply extend @'/ to R"*! such that the extended coefficients remain Sobolev regular, a'/ € W,>” (R"*+1), with
equivalent ellipticity constants and with || Va'/ ||, p(re+1y at Most twice as large as it had originally been. Moreover, we

extend F' to R"*! by multiplying by the characteristic function x .- With a slight abuse of the notation, we denote
the set A,, N B} by A,. In the sequel, whenever the equations are written in the whole space, we will always have
this extension procedure in mind, even though we may not refer to it explicitly.

In order to deal with the L? divergence form right hand side in (16), we decompose v = v{ + vy with

daVd;v) — K dist(x, [yy) 2oy = & FT in R"™T1\ A,

(17)
vy =00n Ay,
where K is a large constant. Then v, := v — v; solves
9ad;vy = —K dist(x, ['y) vy in R™ 1\ A, 1s)

vy =00n Ay.

Intuitively, we expect that v; is a “controlled error” (cf. the bounds in Proposition 3.10) and that v, determines the
behavior of our solution v.

That this is indeed the case and that vy can be treated as a “controlled error” is a consequence of the following
more general result which will be proved in Section 3.4:

Proposition 3.10. Let A and T be closed, non-empty sets in R* x {0} with ' = dA. Let a'/ : R"T! — RS;;I)X("H)
be a bounded, measurable, uniformly elliptic tensor field whose eigenvalues are in [1/2,2]. For K > 0 consider the
equation

daVd;u — K dist(x, 1) u=9; F' + g in R"\ A, 19
u=0on A,

with F' e LR, i e {1,...,n + 1} and dist(x,T)g € L>(R"*1). Then there exists a unique solution u with
Vu € L2(R™), dist(x, T)"lu € L2(R™) and u(x) =0 on A for H" a.e. x. Under the above conditions, if we
additionally assume that for some o >0 and p € (n + 1, 00]

Fidist(x,[)™® e LP(R"Y), i e(l,...,n+1},
n+l
gdist(x, 1)\ =7 77 e LP2RM),

then there exist ¢ = c(n) large and Co = Co(n, p), such that for K = c(n)(o + 1),

n+1 .
()] < Codist(r, T)! =5+ (H Fi dist(-, ) ~°

dist(-, 1) =% —°
LP(R"+1)+”g ISt(" ) ”LP/Z(R’HI) .

Moreover, u vanishes continuously as x approaches A.

Remark 3.11. With slight modifications of the function spaces, the statement of Proposition 3.10 remains true for
o <0.

Remark 3.12. If in addition a’/ € W!?(B]") with p € (n + 1, 00), it is possible to make the vanishing order of u
towards A more explicit (cf. Remark 3.27 after the proof of Proposition 3.10). More precisely, for p € (n + 1, co) we
have

+1

()] < CodistCr, 1) distr, A)1 ™" (H Fi dist(-, )~

di r 1—%7:7
LP(R"+1) + ||g ISt(', ) ||L])/2(Rn+l) .
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Although we postpone the proof of Proposition 3.10 to the end of this section, we will in the sequel frequently
apply it, for instance with A = A and I' =T'y,.

The remainder of the proof of Proposition 3.8 is organized as follows: Working in the framework of general
(e, 1)-Reifenberg flat sets A and I', in Section 3.2.1 we first construct a lower barrier function (Proposition 3.16)
which serves as the basis for the then following comparison argument. Here we deduce an (almost) optimal non-
degeneracy condition in cones for elliptic equations with controlled inhomogeneities in domains with Reifenberg slit
(Proposition 3.17). In Section 3.2.2 this is then applied to prove the Lipschitz regularity of the (regular) free boundary
for the thin obstacle problem (Proposition 3.8).

3.2.1. Construction of a barrier function and a comparison argument

In this section we first construct a barrier function for the slit domain with Reifenberg flat slit (cf. Proposition 3.16).
This is crucial for the then following comparison argument which allows us to work with essentially critically scaling
bounds.

In the whole subsection, we work under the following assumption:

Assumption 3.13. We consider a closed set A C R" x {0} with boundary T" := Orn <0y A. We assume that 0 € I and
that ' N By is (€, 1)-Reifenberg flat. Here € > 0 is a fixed small constant.

We start by considering a Whitney decomposition, {Q;};en, of By \ T, i.e. {Q;} is a collection of dyadic cubes
Q; with disjoint interiors that cover B; \ I' such that:

(W1) diam(Q;) <dist(Q;, ' N By) <4diam(Q;).

(W2) If Q1 and Q> touch, then (1/4)diam(Q») < diam(Q1) < 4diam(Q>).

(W3) There are at most (12)**! cubes in {Q 7} which touch a given cube Q € {Q;} (cf. Chapter VI [25] for the
existence of such cubes).

Moreover, as A, I' C R" x {0}, it is further possible to choose the Whitney cubes symmetric with respect to the plane
{Xn+1=0}.

For each Whitney cube Q; with center x; and diameter r;, let x; € I' be a (not necessarily unique) point such
that dist(X;, I') = [X; — x;|. Using this point, we associate a rotation S; to each Whitney cube Q; by choosing one
of the (not necessarily unique) rotations S(64r;, x;) which are defined by the property that S(64r;, x;)e, determines
the normal of the plane L (647, x;) in the Reifenberg condition (7) with § = € for some € < 1. We define v; := Sje,,
which we refer to as the approximate normal at x; in Beay; (x;) associated with Q ;. Note that v; € §" N {x,41 = 0},
as we interpret I as a subset of R" x {0}.

We observe that the approximate normals only vary slowly on neighboring Whitney cubes:

Lemma 3.14. Let A, T be as in Assumption 3.13. Let {Q j} be a Whitney decomposition of Bi \ " and let Q j, O be
neighboring Whitney cubes. Let v; and vy be the associated approximate normals defined above. Then

[vi — | < Ce.
Proof. Let X; and X; be the centers of the Whitney cubes Q; and Qy respectively, and let x;, x; € 'y, be (not

necessarily unique) points which realize the distance of %;, X to I'y,. Let r; be the diameter of Q ;. By using (W1)
and (W2), it is immediate to check that

0<|xj— x| <32r;.

Let §; = S(64r;,x;) and let v; = S;e, be as above. Let L; = {x e R" x {0} x - v; =0} be an (n — 1)-dimensional
hyperplane in R” x {0}. Then condition (7) in Definition 3.4 gives that

disty Ty N Bear; (x5), x; + Lj N Bear; (x)) < Cer;.
Similarly at x; we have

distg (I'y N Bear, (xk), Xk + L N Beay, (xx)) < Cery.
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Comparing the above two inequalities and using the triangle inequality for disty, we deduce

[vi —v | <Ce. O

With this auxiliary result at hand, we construct a first barrier function for the divergence form operator L = 9;a%/ 0j
with a'/ satisfying the assumptions (A2), (A3), (A4). The idea is first to locally construct subsolutions in each Whitney
cube Q; and then to patch them together by a partition of unity. The patched function remains a subsolution as the
approximate normals vary slowly due to Lemma 3.14. In order to implement this idea, in a first step, we view the
operator L as a perturbation of the non-divergence form operator Lg := a'/ ; - Then in the second step we use the
splitting technique from Proposition 3.10 to derive a barrier for the full operator L.

In order to simplify notation, we introduce the following parameters as abbreviations:

Notation 3.15. We abbreviate by setting

o com Ve,

o Uy:=Q%/n)" L
Using this notation we proceed with the barrier construction.

Proposition 3.16 (Barrier function). Let A, T, € be as in Assumption 3.13 and let ¢y, £o be as in Notation 3.15.
Then for any s € (0,1/2), if € = €(n,s) and cx = c«(n, p, s) are chosen sufficiently small, there exists a function
hy : By — R such that

(1) Lhg (x) > c,dist(x, F)_%+% in By \ A for some cg > 0,
(ii) Ay (x) = c, dist(x, I‘)%+% on By N {x| dist(x, A) > o dist(x, ')},
3 _n+l
(iii) Ay (x) > —c,dist(x, )2 7 in Byand h (x) =0o0n A.
Proof. Step 1: Barrier for Lo. Let n; be a partition of unity associated to the Whitney decomposition of By \ I'

from above, i.e. the functions n; satisfy 0 <#n; <1, 7n; =1 on %Qj and 5; =0 for all x € Qy if Oy ¢ N(Qj) —
{Qil| Q; touches Q;}. We consider

h™(x) =Y mx)vg (),

keN

where v, is constructed as follows: We first define an affine transformation, Ty, associated with each Whitney
cube Q. More precisely, we set Ty (x) := Rg B, l()c — xr), where as before x; denotes a point on I' N By which

realizes the distance of the center x; of Qf to I' N By, BkBli = (a' (xz)), and Ry € SO(n + 1) is defined such that
Ry B,’{vk = C1 ke, and RkBlienH = C2.ken+1. Here vg is the associated approximate normal which was defined be-

fore and described in Lemma 3.14. The constants ¢k, 2.k with ¢1k,C2k € (%, «/E) only depend on the ellipticity
constants of a'/. Next, for s € (0, 1) we consider

v (@) = w1200, X D', w1200, Xag1) =Re(x, +ilxaa )
A direct computation leads to

Av™(x) =s(1+5) (2 +x2 )72 (wip) ™'

3.5
>s(1+s5)(x} +x2 )55

Then we define

v, (x) :=v (Trx).

We observe that by definition
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Te(x) - en = (0 —x0) v, Th(x) - eny1 = (X — Xk) - eni- (20)

Thus, v, (x) = (Re(El_’}c(x — Xi) - Vg + i|E£,1(x — Xk) - €nt1 |)%)1+5. By using the computation for Av™(x), one can
check that v, satisfies
ij - 2 2y—343
a’ (xi) vy (x) = s(1+ ) (T (x) - €n)” + (T (x) - €ng1)7) 474
in R™\ {x,41 =0, (x —xz) - v <0},
v (x) =00n {xp41 =0, (x —x) - vxr <0}.

Due to the (e, 1)-Reifenberg condition on I', the definition (20) and due to the property (W2), there exists an absolute
constant ¢ € (0, 1) such that

.. _3.s
all (x)dijv; (1) = es(L+8)r 22, rp =diam(Qy)

for each x € supp(nx). By (W1) and (W2) this can further be rewritten as
a' (x)d;j v (x) = es(1+ ) dist(x, I)~3%3,  x esupp(n). 1)

We compute Lo(}_; nkv, ), which is
Lo meve) =Y _a (x)dy i) + > (@ (x) = a'l (xi)) 3y (i)
k k k
=Y @ 0)dv O me + (@ () dmi) vy
k k

+2) a )oimkd v + Y (@ (x) — @'l (x))dj (nevy ).
k k

Given any x € By \ T', there is a unique Qy such that x € Q. By definition of our partition of unity, n; # 0 in Qy iff
Q; € N(Qy). Using (21) and (W2) we thus deduce (with a possibly different c)

3.5
—2t3

> (@ ()3 v ()me(x) = es(1+ $)r,
k

This will be the main contribution in Lok ™. In order to see this, we now estimate the error terms: For any x € Qy,

> (@ () dme () (x)
k
=Y [a" (x) — a” (x0)19me () () + Y @ () () (x)
k k

=Y la" () — a¥ (x)1dme (v () + Y a (x)dijmi () [y (x) — v ()]
k k

34 _34s n 1
sC(n)(c*rZ 7 ey, *) y=1- ; :

where in the second equality we used at (xg)aij(zk n(x) =, at (x¢)9;jnk(x) = 0. In the third inequality we
applied Lemma 3.14 and noted that for x € supp(n¢) and Qx € N'(Qy),

1+s

[vg () = vy ()] = [v™ (Te(x)) — v~ (Te(x))| < C maxfesr) , €}r,” . (22)

Indeed, this follows, since |Tx(x) — Tj(x)| < max{c*rg, €lrg.
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Similarly, by using ", @'/ (x)d;ni(x) =0 for all j € {1,...,n + 1} as well as Lemma 3.14, we infer that

> a (x)dimkd, v
k
=D _la¥ (x) — @' (x)19imk ()9 v () + Y @' (xe)dmi ()90 (x) = 90, (x)]
k k

3.8 3.5
y—3+3 —2t2
<C(n) (c*re +er, .

Analogous to the estimate from before we used that

s—1
[0jv, (x) —0jv, (x)| =[djv™ (Tkx) — ;v (Tgx)| Smax{c*rg,e}rzz

in the last inequality. Finally,

g i, B y—34
> (@ (x) — a¥ (x))dij (v, () < Clm)car)
k

[STE

Combining all the previous estimates, if € = €(n, s) and ¢, = c(n, s) are small enough, we have for some c¢; > 0

Loh™(x) > ¢, dist(x, [)~3F3 (23)

Next we show that A~ = 0 on A. By construction we directly note that A~ =0 on A \ I". Due to the continuity of
h~ and due to the fact that I’ = d A, this then also holds on I".

Step 2: Perturbation. We now modify ™, so as to become a barrier for the full operator L. For this we note that
G = xp,(8;a")d;h~ satisfies the bound

1G @) dist(r, T) 2 [ o sty < Clm)es,
since

18;h(x)| < C(n)dist(x, T)" 2 for all x € By \ A.
Let g(x) be the solution of

Lq(x) — K dist(x, ) "2q(x) = —G(x) in R"" 1\ A,

g(x)=0o0nA,
for some large constant K = K (n). Then, by Proposition 3.10 there exists a constant Co(n, p) such that
3 _n+l
lg(x)| < Cocy dist(x, )2 7, (24)

and g vanishes continuously up to A. Let

hy (x):=h"(x) +q(x).
Thus, for ¢, = c«(n, p, s) small, we have
L(hy) = Loh™ + (8;a")3;h~ + K dist(x, ) g — (3;a")d;h~

n+l

s _ 1
> ¢, dist(x, T) 273 — CoKey dist(x, )27
1 . _§+£
> Ecsdlst(x,F) 277,

Moreover, we note that for each k with supp(nz) N {dist(x, A) > €odist(x, ")} # @ and for each x € supp(nx) N
{dist(x, A) > £odist(x, I')}, we have that v, (x) > ¢, dist(x, F)%+%. Using the definition of 2~ and the estimate (24)
for g (x) (as well as a sufficiently small choice of c,), we therefore arrive at

hy (x) > ¢, dist(x, F)%+% for x € By N {dist(x, A) > £pdist(x, ")}, O (25)
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Using the previously constructed barrier function, we proceed by deducing a central non-degeneracy condition
(in cones) for solutions of elliptic equations with controlled inhomogeneities in domains with Reifenberg slits. This
corresponds to a comparison principle for solutions to divergence form, elliptic equations with rough metrics and
divergence form right hand sides in domains with Reifenberg slits.

For convenience of notation, we change the geometry slightly, i.e. in the following we use cylinders instead of
balls: For r, £ > 0 and xo € R" x {0}, B/ (x0) x (—¢, £) := {(x', xp41) € R**!| |x’ — x| <7 xpq1l < £).

Proposition 3.17. Let A, T, € be as in Assumption 3.13. Assume that cy, £y are as in Notation 3.15. Suppose that
ue H'(B] x (-1,1)) NC(B] x (—1, 1)) solves
dadju=>8F +g +ginB; x (—=1,1)\ A, u=0o0nA,

and that the following conditions are satisfied:

(i) The metric a'/ satisfies the assumptions (Al), (A2), (A3), (A4) and for some constants 8y € (0, 1), o > "%1 — %
and § > 0,
n+1
3 Hdist(~ r)y=°Fi + Hdist(~ B A
i—1 ’ LP(B]x(~1,1)) ' 81 LP/2(B)x(~1,1))
i=
3 -
dist(-, ) 3% H <3
+ H ist(-, ) 82 L®(B{x(-1,1))
(i) u>1on By x[=1, 11N {lxp41] > £o}.
(i) u > —27% in B} x (—Lo, €o).
Then, if €, S, ¢y are sufficiently small depending on n, p, 8y, o, there exists a constant ¢, > 0 such that
e 1 1
u(x) > ¢, dist(x, T)2+3, & = min{8, S "t (26)
forall x € (Bi/2 x (—=1/2,1/2)) N {x|dist(x, A) > £odist(x, ")}, and
_ntl
u(x) > —cp dist(x, T)' =7 7 27)

forall x € B} ), x (—1/2,1/2).

Remark 3.18. By a scaling argument, Proposition 3.17 remains true, if condition (iii) is replaced by u > ¢y on B{ x
[—1, 11N {]xn+1] = £o} for some ¢ > O (and if the remaining constants in Proposition 3.17 are rescaled appropriately).

Remark 3.19. The parameter o > % — % quantifies the necessary decay conditions on the inhomogeneities F',
ief{l,...,n+ 1}, g1, g2 in dependence on the integrability of these quantities (measured in terms of p). In the
application to the thin obstacle problem, the corresponding inhomogeneities satisfy these decay assumptions, if either

e p >n+ 1 and no obstacle is present,
e or p > 2(n+ 1) in which case an arbitrary W?? obstacle is allowed.

More precisely, in the setting of the thin obstacle problem, we apply Proposition 3.17 to the tangential derivatives
d.w, which satisfy the divergence form equation
dadju=28F, where F' = (3,a")d;w+ d.(a"d;¢),

with metric a”/ € WP and obstacle ¢ e WZ2P. We note that on the one hand by Lemma 4.3 in [18], the first term in
F' satisfies

dist(x, ['y) ™2 In(dist(x, T')) "2 (ea™)d;w € LP.

On the other hand, the second term 9, (a%/ 3 i¢) € L, which originates from a potentially non-vanishing obstacle (cf.
Section 5.2), does not carry any additional decay. However,
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elfpe(n+1,2(n+1)], then o > % — % > 0, i.e. decay on Fiis required. The assumption (i) from Proposi-

tion 3.17 on F! is thus in general only satisfied if we set ¢ = 0.

o If pe 2(n+ 1), 0], we have % — % < 0. Hence, we do not need any additional decay on F’. In this case

Proposition 3.17 applies for any ¢ € W27,

Proof. In order to prove the result, we consider an appropriate comparison function. For xg € Bi /2 % (—£p, £p), we
set s = € (where € is the constant from (26)) and consider

h(x) = u(x) + x" — (x0)'|* = 278h; (x) — 2nx2, .
A direct computation shows that 4 satisfies
dad;h =g + g2,
where
Z1=0iF + g1 +2(x; — (x0)))@;a") — 4n(x,41)(3ja" ),
=g —278%a"d;h] + 24" — dna" T
We split h = h| + hy, where
daa;hy — K dist(x, T)2hy = g in R"™ 1\ A,

hi=0o0nA.
By Proposition 3.10, there exists Co = Co(n, p) such that
- n+1
[h1(x)] < Colcs + 8) dist(x, F)l_'_tw- (28)

Now we consider /7. Recalling the definition of £(, we have that

_ 1
hy>1—Colcs +8) — 278 —2n€d > 5 on By x (o),
4

1 _
hy>-278% ¢ ¢~ Colex +8) — 278 — 2063 > 278 on 9By x (—Lo, £o).
1

We fu_rther recall thatu =hy =h; =0on A. Thus, i, >0 on A.
If § and c, are chosen sufficiently small, 4, satisfies

3ad;hy = g — K dist(x, )%y
- _1_n+tl 3.s
< (3 4 o) CoK dist(x, T) "'~ 17 _ 278 dist(x, T)~2+3
+2a" — 4na" T 4§ dist(x, 1")7%%0
<0 in (B} x (=L, £0)) \ A,
7

where we used the smallness of § and the definition of s in terms of €. Hence, by the comparison principle, 15 > 0 in
B, x (—£g, £y). Combining this with the estimate (28) gives
7

h(x) > —Co(cx + ) dist(x, 1) =7 % in B/% x (=L, £o).
In particular,

h(x0) > —Colcs + 3) distro, T) "7 .
Rewriting this in terms of u5, yields

u(xg) > —Co(cy + 8) dist(xo, F)l_%'m +278h (x0).

Using the growth properties of the barrier function 4 (cf. Proposition 3.16) and by choosing c,, & sufficiently small
in dependence of n, p and §p, implies the estimates (26) and (27) in B i 2 X (=4, £o). Finally, the full non-degeneracy
in Bi/z x (—1/2,1/2) N {x|dist(x, A) > Lo dist(x, ')} follows from our assumption (ii) in combination with the fact
that0el. O
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3.2.2. Proof of Proposition 3.8
With the aid of Proposition 3.17 we can now prove the Lipschitz (and C!) regularity of the regular set of the free
boundary. We only sketch the proof as there are no real modifications with respect to the one in [21]:

Proof of Proposition 3.8. By choosing €p and c, sufficiently small and by invoking Proposition 3.5, we may assume
that '), N Bi/z is (€, 1/2) Reifenberg flat. Using this and the CI(BIF) closeness of w to w32, we apply Proposi-
tion 3.17. In order to satisfy its assumptions, we transfer positivity from d,w3/2 to d.w, where e € sl x {0} is a
tangential direction. We consider £ = (2*/n) ! as in Proposition 3.17. Then for any 5 > 0 and any tangential vector
e € {x € "N B}| x, > n|x"|}, the function w3, satisfies:

dewsn(x) > 0if x € By,
P ’ 1 2\—1/2,1/2 if
w3 2(xX", Xp1) Z cun(1+n07) " 74y"" > 0if x € By N {|xp+1]| = Lo}
Moreover, 0, w solves
3;(aVd;8,w) =8 F in Bj\ Ay, F' =—(3,a")d;w.

By Lemma 4.3 in [18], || dist(-, Fw)_% In(dist(x, I'y,)) 2 F" llLrB,) < C(n, p)ci. Hence, by Proposition 3.17 (applied
witho = % — 1, where p is an arbitrarily small but fixed constant), if €y and ¢, are chosen sufficiently small depending
on n, p, i, then there exists a positive constant ¢, , such that

Bew(x) > ey pdist(x, Ty) 272 >0 (29)

for all x € B2 N {x|dist(x, Ay) > €odist(x,Ty,)} and e € {x € §" N B{|x, > nlx"|}. Here n > C max{eg, ¢y} for
a large enough positive constant C = C(n, p) and € = o + % - %. Moreover, Proposition 3.17 also implies the

n+1
global lower bound d,w(x) > — dist(x, Fw)l_l_t'w in By2. As d,w =0 on A, and as 2, is covered by the set
{x|dist(x, Ay) > £odist(x, I'y)} (on which the bound (29) holds), we deduce that d,w > 0 in Bi /20 with strict posi-
tivity in B{/z N {x|dist(x, Ay) > £odist(x, I"y)}. As a consequence (cf. [21]),

{w(_x/’ O) > 0} n Bi/2 — {xn > g(x//)| x// c Bi//2}’

where g is a Lipschitz continuous function with IIV”g||L°°(B;//2) < Cmax{ep, ¢x}. O

Remark 3.20. If we return to an arbitrary solution w of (4), we can even conclude the C! regularity of the free
boundary from the previously given argument. Indeed, after rescaling, it is always possible to satisfy the closeness
assumption (i) in Proposition 3.8 with an arbitrarily small parameter €g. Hence, we can infer that for each 1 > 0 there

exists p; > 0 such that H V'g H Loo(8),) < 7. This yields that g is differentiable at O, or in other words, the tangent plane

of I'32(w) exists at the origin. The same holds true at other regular free boundary points. Moreover, from (29) it is
not hard to see that the tangent plane varies continuously in a neighborhood of the origin. Hence, we indeed obtain
that I'3 2 (w) N B, is not only Lipschitz but C 1 regular.

Remark 3.21. At this stage and with these (comparison) techniques we do not know how to further estimate the
modulus of continuity. Heuristically, the improvement comes from the fact that the convergence to the homogeneous
solution is much faster than the compactness arguments suggest, once the solution is close to the homogeneous solu-
tion in the sense of Proposition 3.5. Thus, in the next section we use a boundary Harnack inequality to overcome this
difficulty.

3.3. CY* regularity

In this section we improve the regularity of the (regular) free boundary to obtain its C1¢ regularity for some
ae(0,1]:
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Proposition 3.22. Let a'/ be a uniformly elliptic Wl’p(BlJr), p € (n+ 1,00), tensor field with a'/ (0) = 8. Assume
that the conditions (i) and (ii) of Proposition 3.8 are satisfied with the same constants €y and cy. Then if €y, c4 are
sufficiently small depending on n, p, there exists « = a(n, p) € (0,1 — %] such that g € C1¢ (Bi//4). Moreover,

||V”g||co,a(31//4) < C(n, p) max{eg, cx}.
We remark that Theorem 1 is an immediate consequence of Proposition 3.22:

Proof that Proposition 3.22 implies Theorem 1. As a result of the analysis in [18], we may assume that for an
appropriate sequence of radii »; > 0, r; — 0, the (L?)-rescalings, W (x) 1= — mw(rkx) , converge to a global
et Il

solution wq in C zlég (R’fl) for some o € (0, 1/2), where after a possible rotation of coordinates
) 3
wo(x) = w32(x) = cy Re(x, +ixpq1)2.

For each k, wy, is a solution of (4) in Br; 1 with metric ;] , where a7 (x) = a'/ (ryx), with rescaled free boundary Ty, -
A direct calculation shows that
. —ntl .
IVar ey =r, 7 Va7 llLrcs,)-
Thus, for ry, small enough, assumptions (i), (ii) in Proposition 3.8 are satisfied for Wy, - Thus, Proposition 3.8 implies
that erko N By 2 is a Lipschitz graph with sufficiently small Lipschitz constant. Hence, Proposition 3.22 is applicable

to wy, . Rescaling back to w yields Theorem 1. O

The improvement from Lipschitz to C® regularity of the regular free boundary is achieved with the aid of a
boundary Harnack inequality (cf. Theorem 7 in [2]) applied to tangential derivatives v = d,w in the slit domain
By \ Ay . Here we follow the ideas of [6] by making use of the non-degeneracy condition of the solution. In this
context, we have to be slightly more careful, as our inhomogeneity is in divergence form. Consequently, we rely on
the decomposition, v = v| 4 v, which we introduced above (cf. Proposition 3.10). Another difficulty, which we have
to overcome, is the fact that we may not assume that v is positive in the whole domain B \ Ay : On the one hand it
satisfies (by Proposition 3.17)

v(x) > codist(x, Ty)2 2 in {x € By| dist(x, Ay) = Lodist(x, Ty},
for £y = (24\/5)_l and € = min{§g, 0 + % — %}, while on the other hand in the complement we only have

_ntl .
v(x) > —cy dist(x, l"w)1 7 T in B;.

Here o > 2L — % is the same constant as in Proposition 3.17 (i).

Despite these additional difficulties, it is possible to adapt the general strategy of [6]: Working in the framework
of general elliptic equations with controlled inhomogeneities in domains with Lipschitz slits, in Section 3.3.1 we
first prove a Carleson estimate (Lemma 3.24) which is adapted to our setting. Then we continue with an appropriate
boundary Harnack inequality (Lemma 3.25). In Section 3.3.2 we finally apply these results in the setting of the thin
obstacle problem and hence infer the desired regularity result of Proposition 3.22.

3.3.1. Carleson and boundary Harnack estimates
In the sequel, we work in the slightly more general set-up of elliptic equations with controlled inhomogeneities in
domains with Lipschitz slits. Hence, in this section we make the following assumptions:

Assumption 3.23. Ler g : R"~! — R be a Lipschitz function with Lipschitz constant € > 0 and g(0) = 0. Then we
consider

A= {x, < g(x")} CR" x {0},

= {x, =g(x")} CR" x {0}.
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We remark that the Lipschitz regularity of I' in particular implies its (e, 1)-Reifenberg flatness. Moreover, in our
set-up, the smallness assumption on the Lipschitz constant of g does not pose restrictions and can always be achieved
by choosing the constants €, ¢, sufficiently small in Proposition 3.8.

As in the previous Section 3, we use the abbreviations from Notation 3.15, i.e. we again set £o := (2*/n) ! and
cx:=|Va'|, , for notational convenience.

In this framework we derive the following Carleson estimate:

Lemma 3.24 (Carleson estimate). Let A, T, € satisfy Assumption 3.23. Suppose that u € C(B1) N H'(By \ A) solves
3adju=>8F +g +ginB \A, u=0o0nA,

where we assume that condition (i) from Proposition 3.17 and the following non-degeneracy assumption holds: For
o, € as in Proposition 3.17 we have

u(x) > dist(x, T)2+% in {x € By| dist(x, A) > £odist(x, )}, o
n+l

u(x) > —distCe, 1) 75 7 in By,
Then if § = 8(n, p, 80) and € = €(n, p, 8) are small enough, there exists C = C(n, p, €) such that

sup u < Cu(Q +rey),
B.(Q)

forall Q e’ N Bi/z andr € (0, 1/4).

Proof. Let Qe I'N Bi/z and r € (0, 1/4). Let u™ be the solution of

daVd;u* =0in By (Q) \ A,
u* = max{u, 0} on 9(By-(Q) \ A).
Then on B, (Q) \ A Theorem 7 of [2] implies that there exists C = C(n, €) such that
u*(x) < Cu™(Q +rey).

We transfer this estimate to u# by exploiting a comparison argument which makes use of the non-degeneracy of u. We
consider

h(x) 1= u*(x) — u(x) — hy (x) +8r2+3,
where £ is the barrier function from Proposition 3.16 and s = €. For & we obtain
0ia" 9jh = —0; F' — g1 — g2 — 9ia” 9;hy  in By, (Q)\ A,
h = 4r02 o d(Byr(Q) \ A),

_ntl
where in the second inequality we have used |u* — u| = max{—u, 0} < P17 T on d(B2-(Q) \ A). In order to
estimate u, we use the splitting technique again. With a slight abuse of notation we write A = A N By, (Q) for
simplicity. We decompose & = h + hy, where k1 solves

dad;hy — K dist(x, T)2hy = —3; F' — g1 in By \ A,
hi=0o0n A.

Then by Proposition 3.10,

S n+l
11 ()] < Cn, p)ddist(x, ) =5+
For § = 3(n. p) sufficiently small, hy = 0 on 9(B2-(Q) \ A). In By (Q) \ A, for § = 3(n. p. 80) sufficiently small,
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3;ad;hy = —K dist(x, T)"2hy — g2 — 8;a”d;h;
< KC(n, p)§dist(r, 1) ™"% +° 4 3 dist(x, [)~ 3 +%
— (&) dist(x, [) "2 +¢
<o0.
Thus, by the comparison principle we have h; > 0 in B, (Q). Hence, we obtain

1

PES
h(x)>—r 7 "7 forany x € By (Q) \ A.

Combining this with the choice of s yields
u* —u> —Crtiin By (Q) \ A,
for some absolute constant C. Similarly, we deduce u — u* > —Cr%+% in By (Q) \ A. As aresult, for x € B, (Q),
ulx) <u*(x)+ Crit+s
1, €
<Cu*(Q+re,)+Crztz
< Cu(Q +rey) + Crits + crits
<3Cu(Q +rep),

where in the last line we used the non-degeneracy of u. 0O

With this preparation, we come to the boundary Harnack inequality. Let A and I" be as in Assumption 3.23. We
now in addition choose 6 = 6 (n, €) € (0, 27) such that for any xg € I’

x0+ Cpylen) C {x e R" x {0} dist(x, A) > €odist(x, )}.
Here Cj(e,) is a cone in R” x {0} with opening angle 6 and £ is as in Notation 3.15.
Lemma 3.25 (Boundary Harnack). Let A, T, € satisfy Assumption 3.23. Suppose that uy,us € C(B1) N H'(By \ A)
solve

8iaij8ju1=8iFi+g1+g2inB1\A, uy=0on A,

Jadjur = F + g1 + g in BI\A, ur=0o0nA,

where

e the coefficients a'/ and inhomogeneities satisfy the condition (i) from Proposition 3.17 with the same constants o
and 8,
e both functions uy, uy satisfy the non-degeneracy condition (30) of Lemma 3.24 with the same constant €.

Then, if €, 8 and cy are sufficiently small depending on n, p and 8, there exists a constant sy = so(n, p, €, o) > 0,
such that

wGe) @) _ juzen) U
— in

' = =3 X0+ Cy(en)) N Bipa.
Oul(%en) up(x) OM](%e,,) (xo +Cg(en)) N Bij2

Xo€B1 2N
Moreover, uy/uy extends to a function which is Holder continuous on T' N B} /4 More precisely, there exist constants
a€(0,1]and C >0 with C < so_l — 8o which only depend on n, p and €, o such that for all xo € I' N Bi/4

1
u2(§en)

1
ul(jen

lx — x|, x € Byjalxo) N (xo +Chen)).

175 1753
—(X)——(XO)‘ <C
u u
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Proof. We only prove the Holder continuity at xo = 0. The estimate at the remaining points follows analogously.

Step 1: Boundedness of the quotient. Without loss of generality we may assume that u (%”) = ug(%") = 1. Then
the Carleson estimate (Lemma 3.24) and the non-degeneracy assumptions on u1, up imply that for all § > 0

ui(x) < Cin By,

1,¢
ur(x) > €§+2 for all x with |x,+1] > £o.
Therefore, Proposition 3.17 implies that there exists so € (0, 1) (depending only on the admissible quantities) such
that
uy —sou; >0in {x € B%| dist(x, A) > £odist(x, I")}.

Hence, in particular,
uz(x)
up(x)

Exchanging the role of u; and u,, we have

>so forallx € {x € B%| dist(x, A) > £odist(x, I')}.

uy —soupy >0in {x € B%| dist(x, A) > £odist(x, I')}.

Step 2: Iteration argument. We only prove the Holder regularity at xo = 0.
We show that there exist ai, by depending on sg and n, p, € such that

(@) so<ar<1=<bg fsal and by —ai < C/L’l‘ for some ;| € (2_%, 1),
(B) there exists us € [2’5, w1l with by — ay > Cug for some constant C > 4,
(y) on By—« NCj(e,) we have aruy <us < biuy.
We argue by induction and define
b 27 x) —up(27x)

ur 27 %) — agur 27Fx)
, Walx) =
br — ay by — ax

ﬁ)l(x) =

As W1 (x) 4+ Wa(x) = u1(27%x), we may without loss of generality assume that 11)1(%”) > %ul(%%). Dividing by

Z_ke,, .
u1(=5=*) and setting

wi(x) ur(27*x)
W0 3= o )= e
ui( 2”) up( zn)

we obtain that
en _ ey
2 —)>u(—)=1.
w1(2)_u(2)

Seeking to apply step 1, we have to show that 2w and u satisfy its assumptions, i.e. the bounds on the associated
inhomogeneity and the non-degeneracy. For this we observe:

e The inhomogeneity associated with 2w satisfies the bounds from Lemma 3.24. Indeed, w; solves

al 8w =8;H' + G1+ G in B \ Ay,

where
, 2~k .. .
Hi(x)= — [F’ Q2 *x) — i F! (Z_kx)] ,
(bx — ap)ur (=2)
2—2/(
Gi(x) = (81070 g1 270,

(b — ap)ur (35<2)
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2k
Gr(x) =

— 82270 —arg2270) |,
(b — a)ur (2 ;e”) [ ]

alf () =l 2 7¥),

A —k
Az—kZZTkZ{XGB”Z .XEA},
r —k
Fz—k=2Tk={x€Bl|2 XGF}.

Since dist(x, I'y—«) = 2K dist(2~*x, I"), we estimate

Hdist(~, Ty ) H

n+l
n Hdist(~, r,o' =% G

LP(By) LP/2(By)

yH0-5o) } |
R IESIY (IdistC, Y F (g, 4 + aul distC T~ FllLoca, o)
k —au1(—

. 1=ntl 5 . 1okl
+ I dist(-. )~ 7 7 g ||LP/2(BH) +ag| dist(-, )" P Ugl||Lp/2(BH)>
9—k(3+80)
—x
(b — apur (>5)
1

S 2~k
(br — ap)ui (=)

25 .27 kG+O < 5.

+ |dist, Ty 0G|

. 380~ . 3_
(IdistC, 1270 g2 | Low g,y + axll distC, )2 gall e, )

L(By)

871

€2y

. i - 2 ey —k+D(3+5) -
Here we used the non-degeneracy assumption (30) in the form u( )=>2 272 (for which we recall

2

that € = min{o + % —ntl

can be estimated similarly.

,80}) as well as the condition (B), i.e. up > 273 . The inhomogeneity associated with i

e 2w and u satisfy the non-degeneracy assumption. As 2wj(e,/2) > 1 and u(e,/2) = 1, Harnack’s inequality in
the domain By N {x| dist(x, Ap,—«) > £odist(x, I';-«)} combined with Proposition 3.17 (after a rescaling which
only depends on n) implies that there exists ¢y = co(n, p) such that the non-degeneracy condition (30) is satisfied

for 2w and u:

2w (x), it(x) = codist(x, [, ¢) 2+
in {(x € By| dist(x, Ays) > Lo dist(x, Tye)),

i : —ntl
2wy (x), u(x) > —codist(x, [y«) 7

in {x € By| dist(x, Ay—t) < £odist(x, T,—)}.

We remark that the constant ¢y can be chosen in the same way in each iteration step.

Therefore, step 1 implies (with a possibly different sy but with the same parameter dependence)

2
=20 > goin {x € By o] dist(x, Ayi) > Lodist(x, Tooi)}.
u

Rescaling back and using the scale invariance of C;(e,), we infer

Uz —aiuy 50 . ,
— > —1in By ﬂC €n).
(e —apur = 2 " P NGolen)

Therefore,

(@ + 3 (b — ap)ur <2 = by in By 1Ch(en).

Thus, we define ax41 := ax + %"(bk — ay) and by 1 := by. These satisfy
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50
byl —aky1 = (1 — 5) (b — ag).

Let 4y =1— % and up = 1 — 3 with so chosen so small that 1 — 3 > 25 In particular this yields

_ s0\k
b1 — axs1] < Clsy ! = s0) (1 - 5) .

Thus, the conditions in () and (8) are satisfies which concludes the proof of the desired estimate. 0O

3.3.2. Proof of Proposition 3.22
Proof of Proposition 3.22. The proof is standard (cf. Theorem 6.9 of [21]). We only give a brief sketch of it and
indicate the main modifications. The idea is to apply the boundary Harnack inequality (Lemma 3.25) to the tangential
derivatives d,w, e € C;] (en). This gives the uniform (in i) C La regularity of level sets {w = h} with small # > 0. Then
the uniform convergence of the level sets as 4 — 0 allows to deduce the C!-* regularity of the zero level set, which is
the free boundary I'y,.

We consider tangential derivatives v := d,w with e € {x € S" N Bi |xn > n|x"|}. Here n = C(n, p) max{eg, cx} is
the same constant as in (29). Using the off-diagonal assumption (A1) and extending v to the whole ball B; as described
in Remark 3.9, we note that it solves

dia’djv=298;F in B\ Ay,
v=00nB|NAy.
By Lemma 4.3 in [ 18], || dist(-, [) ™~ In(dist(-, [y)) 2 F! llLr (B < C(n, p)cs.

Moreover, by (29), v satisfies the non-degeneracy conditions in Lemma 3.25 (after passing to the normalized func-
tion %,,)' Thus, for €y and c, sufficiently small, the boundary Harnack inequality (Lemma 3.25) yields the existence

of constants o € (0, 1), 9 =60(n, p) and C = C(n, p) such that for all x5 € ', N Bi/4 and e € Cg(en),

0 0 0,
2 () — 22 (x0)| < € max{eq. e} S (en/2)]x — x0*,
0w J,w J,w
x € (x0 +Chlen)) N B 1 (x0)- (32)

Here n = n(n, p) > 0 is fixed such that d.w > ¢, , > 0 on By N {|x,11]| = £o = (24ﬁ)_1} for each ¢ € C,/q(en). The
dependence of max{e, c,} is a consequence of the maximum principle and the closeness assumption of w to the model
solution w3/2: More precisely, using that [[w — w321 Bf) = €0 and invoking the triangle inequality results in

2¢0m?
1 _’(_)772 = —Z_SM()G() in Bj.

Since d,w > ¢ > 0 on B1 N {|x,+1| > £o}, there exists a constant M} = M1 (n, p) with M€y < 1 such that

O0pW — 0w > —2€0 —

pw — dew + Mi€gd,w > Moeg on By N {|x, 1] = Lo}

~ . Ohw—0.w+Miegdyw
Let v := T Meot Mo

satisfies

, Where M, is a positive constant which will be determined later. Then the function v

3a’3;0=9;F in By \ Ay, v=0o0nB]NA,
The equations for d,w and d,w further imply that
. _1 . 2 i 1
| dist(-, 1) "2 In(distC 7o) > o) < 7
2

By the comparison principle (cf. Proposition 3.17), if M, is sufficiently large depending on n, p, and moreover
My, M satisfy Mac, < Mi€p < 1 (which can be achieved by choosing € small), then ¥ > 0in By N {dist(x, Ay) >
Lo dist(x, I')}. This implies that d.w < (1+ M1€0)d,w in By N{dist(x, Ay) > €odist(x, I')}. Similarly, one can show
that (1 — M1€0)3,w < d,w for a possibly different, but universal constant M. This bounds the quantity s - so from
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Step 1 of the proof of the boundary Harnack inequality (cf. Lemma 3.25), i.e. 54 '~ 5 < €0, which yields the desired
smallness result.

Fore; € " N B} with j € {1,...,n — 1}, we write ¢; = c1e + c2e, for some e €, (e,) and thus obtain
ij ajw a
— ) - (x0)| < Cmax{ep, cs}lx — x0[”. (33)
Jpw Jyw

We claim that (32) and (33) imply the desired C1¢ regularity of the free boundary and give the desired explicit
bound for the Holder constant of g. Indeed, heuristically this follows from the identity

" 9w
9jg(x") =— , (34
Bn w «”,g(x"),0)
and the fact that % BI\Ay is Holder continuous up to I'y,. Rigorously, we have to justify that the derivative of g

exists and satisfies the claimed identity. In fact, since 9, w > 0 in Bi \ Ay, for & > 0 small, the level sets {w = h}N Bi
are given as graphs x, = g (x”), where {g;},>0 is an increasing sequence in & which, by (32), is uniformly bounded
in C! (BY). Thus, g5 converges uniformly to g as & goes to zero by Dini’s theorem. Next we notice that

3jw

9. m_ _
ign(x”) Do

(", 8n(x"),0)

ajw ij

Therefore, by (32),
a .
0;gn(x") — (— fw)
an " ,gn(x"),0) 8nw
<Clgn(x") —gx")|*.

Since the sequence gj converges to g uniformly, we infer

" ajw
djgn(x") — <— )

Oy w

dyw

(x",8(x"),0) (x”,8(x"),0)

—0ash— 0.

L=(B")
2

(x”,8(x"),0)

Therefore, by the fundamental theorem of calculus, the partial derivatives of g exist and they satisfy the identity (34).
Moreover, by (32) we have 9 g € cor, N B{/4). This finishes the proof of Proposition 3.22. O

Remark 3.26. Under the conditions of Proposition 3.22, the C** norm of g is bounded by a constant, which only
depends on n and p. Indeed, by Proposition 3.8 and (33) (and by g(0) = 0) we have that

IV&licrasy, = €, p)maxieo, cx}.

Moreover, the proof of Lemma 3.25 and the proof of Proposition 3.22 show that in this case the Holder exponent
a € (0, 1) only depends on n and p (if €q, ¢, are chosen sufficiently small in dependence of 7, p).

3.4. Proof of Proposition 3.10

Last but not least, we come to the proof of Proposition 3.10. For convenience, we introduce the following notation

d(x) :=dist(x,I').

The proof of Proposition 3.10 is a consequence of weighted energy estimates (with weights which are naturally
induced by the symbol of the operator) and local pointwise estimates.

Proof. Step 1: Existence and uniqueness. We define a Hilbert space H in which we solve an appropriate weak formu-
lation of our problem. Let u, v € C§° (R"*1\ A). Consider the following inner product
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(- )7 s CP R\ A) x CPR™\ A) — R,

(u,v)y = / Vu-Vudx + / d(x)_zuvdx forall u,v e H.
R+l Rn+l1
Using this, we define our Hilbert space # as the closure of C{° R\ A) with respect to |lu ”%—L = (u,u)y:

(RIEN

H = CZ R\ A)

On ‘H the bilinear form associated with the equation (19),

B(u,v) = / adudjv+ K / d(x)"2uv, u,veH,
Rn+1 Rnr+l1
is bounded and coercive, thus by the Lax—Milgram theorem a unique solution exists in 7. This proves the first part of

Proposition 3.10.

Step 2: Weighted energy estimate. Let g be the intrinsic metric determined by the symbol d (x)?|£|? in the cotangent
or by the symbol d(x)~2|£|? in the tangent space, i.e.

s w)=dx) v-w, v,weT (R"T\T), xe R"TI\T.

The distance function associated with g is given by

dz(x1,x2) = irclf/d(x(s))_lds, (35)
C

where the infimum is taken over all rectifiable curves C in R"*!\ I joining two points x1, xo € R"*!\ T parametrized
by arc length. We note that dz (-, -) is finite on each connected component of R*I\T. Let f:R"™'\TI" > R be a
Lipschitz function w.r.t. the intrinsic metric dg. It is not hard to see that f is Lipschitz w.r.t. dg if and only if it is
locally Lipschitz w.r.t. the Euclidean distance and it satisfies

|V f(x)| <Cd(x)~! forae. x e R"™ 1\ T.

We decompose the open set R”*!\ T" into Whitney cubes {Q ;j} with respect to the Euclidean distance in RN T
(cf. Section 3.2.1 for the definition of a Whitney decomposition). Without loss of generality, we may assume that
the decomposition is symmetric with respect to the x,1 variable. Indeed, the symmetry assumption can always be
realized as I' € R" x {0}.

We now make the following claim:

Claim. For any & > 0, there exists s = s(n, &) > 0 sufficiently large, such that for any compact subset W ¢ R*t1\ T
we have

o0
D o lldFe W ooy < C(m) dist(W, T) ™ (36)
j=1

We postpone the proof of the claim to step 4 and continue the proof of Proposition 3.10.
Let ¢ be a Lipschitz function w.r.t. the intrinsic distance dz and assume that |¢ (x)| < «|Ind(x)| for some « > 0.

Consider i := ¢®u. Then (in a distributional sense) i is a solution of
0i(a 3;i8) — (dip)a"l 3t — 3 (a"i1d;9) + (i) (3;p)a" it — Kd i a7
=0 (e?F') — (3;)e? F' + % 3.

We insert e %W ag a test function into the divergence form of (37), where s = s(n, ) is the constant from the
claim and W ¢ R\ T is a given set. Note that e=5%™-W)j is a function in . Indeed, using the definition of ,
Holder’s inequality and the statement of the claim yields
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||d_1€_Sd§(x’W) K—le—sdg(x,W)

ﬁ”L2(Rn+l) < ”d_ M|IL2(R)1+1)

Dol e EE W gy | sup lld T ull 2
J O{Qk}k
< C)dist(W, T) ™ |~ ull 2y,
Similarly it is possible to estimate V(e *%®*%)7) As a consequence of the admissibility of e *%®W)j as a test
function, we infer that if K = K (||¢|| Co 1, n) is large (where || - || ~0.1 denotes the Lipschitz semi-norm with respect to

IIC
the metric dz), then there exists C > 0 dependlng on the elhptlclty constants and dimension # such that:
le™ %MVl 2 gy + K /20ld ™ eS| o ga)
<C (||e*“fé<x’w>e¢ F'll 2oy + ||e*“dé<x»W>e¢dg||Lz(Rn+l)) )
This can be written in terms of u as
le %W e Tu| 2 @uiry + e EE W el d ™|l 2 gasy
= C (e B We ) o gy + lle ™5 Weldg | 2 gy ) (38)

Step 3: Local pointwise estimate: Consider a given point X € R*t\ T and let Q € {Q;} be the Whitney cube
which contains x. Let

d:=d).

By the weak maximum principle (cf. Theorems 8.15 and 8.17 in [14]) as well as by the properties (W1) and (W2)
from the definition of a Whitney decomposition (cf. Section 3.2.1), there exists C = C(n, p) such that

@) =€ (475 ullagy +d' T IF ey + 37 Il nory)) (39)

where NV, o is the union of all the Whitney cubes which touch Q. Recalling the assumptions on F' and g and using the
properties (W1), (W2), we have
IF e vy S ||d—“F" Lo gnenyd”, (40)

n+l

el o—1
I8llLrro,) S a7 gl pn ey d” TP @1

To estimate d’(”+1)/2||u||Lz(NQ), we seek to apply (38) with W = NQ and

¢(x)=—kInd(x), k=m+1) (l — %) + 0.

The Lipschitz constant (w.r.t. dz) of ¢ is bounded by ¢, (o + 1). Thus, by taking K = C(o + 1) with C = C(n) large,
we have (38). We notice that from the properties (W1) and (W2) for Whitney cubes as well as (38),

o+1—
T ||”||L2(N )R <d’ 0 ld™* u”LZ(NQ)

AT a e N (42)

A7 (N e N P gy + T N D g gany)
Due to Holder’s inequality, property (W2) and due to the definition of «

ld™F'll 2000 SN F' ll ppniy 1d ™ TN 2p.
(@) P(R1+1) L5 ()
< ”d_UFl”LP(]RnH),

1d™ gl 20n S 1A' ™7 " gllpngnt),
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for any Q' € {Q}. Thus, combining this estimate with (36) (applied with ¥ = 0) leads to
”d—Ke*Sdg(x,NQ)Fi ”LZ(]RVH~1) < Z Hefsdg(X,NQ) H sup ”d—K Fi ||L2(Q’)
» L@ g'efg;)
j J (43)
< CEId™ F'll ppgo+1y-
Analogously, we infer

_ —sdz (0, N5 1— -
@ Flemsde Q)gIILz(Rn+1)§C(n)IId 7 gl gy

Combining (39)—(41), (42) and (43), yields a constant Co = Co(n, p) such that
+1

N Ao 41—l —o i 1—ntl_
(@) < Cod” =% (||d TF | pocneny + 1d 7 "g||L,,/2(Rn+1)).

Step 4: Proof of the claim. Without loss of generality, we only prove the claim for W = N (0). Let N :=
{Q;] Q;j touches N (0)} be the set of all Whitney cubes which touch A'(Q). In general, for k > 2 let N} denote
all Whitney cubes which touch at least one of the Whitney cubes in N;_;. Hence Ny /' {Q;}. It is immediate from
property (W3) for Whitney cubes that:

() Let 1N, denote the number of the Whitney cubes contained in A. Define Ny = 0. Then #N; — N1 <
(A2)kn+D > 1.

Moreover, from (35), property (W1) for Whitney cubes and an induction argument, it is not hard to see that:

(B) Forany x € Q; € Ni, k > 2 we have dg(x,/\/'(Q)) > 4%.

Let ry be the minimal sidelength of Q;j € N/ (Q). Note that by (W1) and (W2) we have rg < dist(\V 5, I'). Combining
(a) and (B), we obtain

. X,

ke —sdz (N
Y d e BN g
=1

o
B L —k, \—k ), —sdz (0N
SR @ TN Y Y @R e N g
k=2 Q;eNi\Ni—1

e _ sk=1)

R A A O D D AT P
k=2

< C(mry",

if s = s(n, k) is chosen to be sufficiently large.

Step 5: Continuous realization of the boundary data. In order to obtain the continuous attainment of the boundary
data, we observe that any point x € A lies in an associated Whitney cube Q. Since the Whitney decomposition is
considered with respect to I', the cube Q does not intersect I'. As I' = d A, this implies that Q N (R” x {0}) C A.
Moreover, the same is true for all neighboring Whitney cubes A (Q). Hence, we find a ball By which contains Q
such that

a,-a"-"a,-u — d(x)_zu = BiF[ +gin By,
u=0on Bg N(R" x {0}).

In particular, this implies that the boundary data of u are attained continuously in Q (cf. [14], Corollary 8.28). As this
holds for any point x € A, it proves the desired continuous attainment of the boundary data. O
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Remark 3.27. In order to deduce the improved behavior close to A from Remark 3.12, we argue by elliptic regularity
and a scaling argument. In the case of a point xo € By with d(xp) ~ 1 but dist(xg, A) < ¢, (wWhere ¢, is a dimensional
constant less than 1/2) we have the bound

_ 1=
||M||W1’p(31/2(x0)) <C(ld UF"LP(R"+1) +ld Jg||Lp/2(Rn+l))~

By the Sobolev embedding theorem and the fact that u vanishes on A, this implies that
141

— 1— _n+l . 11
lu(xo)| < Cld™° Fllppgn+1y + lld T gllLpr2gn+1y) dist(xo, A) 7 .

The general case follows by rescaling to the set-up with d(xg) ~ 1.
4. Optimal regularity and homogeneity of blow-up solutions

In this section we return to the study of solutions of the thin obstacle problem (4) and present some consequences
of the C1* regularity of the free boundary. Here our main result is an optimal regularity result for solutions of (4), cf.
Theorem 4, and a leading order asymptotic expansion of the solution at free boundary points, cf. Proposition 4.6.

In the sequel, we assume that the metric a' satisfies the assumptions (A1), (A2), (A3), (A4). Moreover, the metric
a'l and the solution w are extended to B in the same way as in Remark 3.9. In this section we mainly work with the
equation of d;w in our C12 slit domain. For j €{1,...,n}, 9;w satisfies (16) in By \ I'y,. For j =n + 1, we extend
w to By by setting w(x’, x,41) = —w(x’, —x,41). Then 3, 1w € CO1/2=8(B1\ Q) N H'(By \ Q) for any § > 0,
as w = 0 on ,,. Moreover, it solves the divergence form equation

dia’djv=29;F in By \ Qy, where F' = —(8,11a")d;w,
v=00n Q.

Our main results rely on identifying the asymptotic behavior of solutions, cf. Lemma 4.2 and Propositions 4.3 and
4.6, for which we invoke the C'¢ regularity of the regular free boundary. This then implies the optimal local growth
behavior (cf. Corollaries 4.9, 4.11) which in combination with our Carleman estimate from [18] yields the optimal
regularity of solutions.

This section is organized as follows: We first deduce the behavior of general solutions of the Dirichlet problem
in slit domains with C'¢ slits in Section 4.1. Then in Section 4.2 we apply these results to solutions of the thin
obstacle problem, which yields the optimal local non-degeneracy and local growth estimates as well as a leading
order asymptotic expansion in appropriate cones. In Section 4.3 the local results are then improved to global estimates
and the optimal regularity result. Finally, in Section 4.4 we prove uniform lower bounds for a suitably normalized
solution of the variable coefficient thin obstacle problem at regular free boundary points.

4.1. Asymptotics and growth estimates

In this subsection we exploit the C1 regularity of the free boundary, in order to obtain a leading order asymptotic
expansion of solutions of elliptic equations with controlled inhomogeneities in C!+ slit domains (Proposition 4.3).
This expansion holds in appropriate cones. Using the asymptotic behavior, we then immediately obtain (local) growth
estimates in the form of a Hopf principle (Corollary 4.4) and the optimal upper growth bounds (Corollary 4.5). Our
approach relies on applying the boundary Harnack estimate to a given solution and a model function, which we
construct in Lemma 4.2.

In the whole of this section, we work under the following assumptions:

Assumption 4.1. We assume that A and T are closed subsets of R" x {0} with
A={x,<g(x")}, T ={x,=gx")},

*(R"~1) for some a € (0, 1] and g(0) = 0.

where g € Cll(;c

As in the previous section, we use the abbreviation L for the operator L = 9;a"/d;, and L for Ly = a'/ 812] Again

we use the abbreviations from Notation 3.15 and set £( := (24\/71)_1 and ¢, := || Va' ||LP(BI).
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Under these assumptions we now refine the estimates from the barrier construction from Proposition 3.16 in Sec-
tion 3, in order to identify the leading order contribution in the solutions to our equations close to free boundary
points.

Lemma 4.2. Let A, T" and g satisfy the conditions in Assumption 4.1 and let £y, c4 be as in Notation 3.15. There exists
a function hg : B1 — R such that

(i) ho=0o0n Bi\ A and ho=0o0n A,
(i) ho(x) > cpdist(x, )2 in By N {dist(x, A) > €odist(x, ")},
(i) Lho = g1 + g2, where g1 and g» satisfy

. 1
[l dist(-, )2 g1 llLr(By) < Cncx,

n+1

. 3 —min{a,1—-
|| dist(-, )2 ~minte =5, }g2||L°°(B|) =Cu (C* + ||V”g||C°>“(B{/)) :

Proof. As the proof follows along the lines of Proposition 3.16, we only indicate the main differences.
Similarly as in our previous construction, we consider

v0(x) 1= w12 (s g 1),

and define v,? (x) by composition with the change of coordinates 7 as in Proposition 3.16. Using these building blocks,
we define /g in analogy to Proposition 3.16, i.e. for an appropriate partition of unity, nx, we set:

ho(x) =Y mvg(x).
k

By construction h satisfies (i)—(ii).

To show (iii), we first notice that Lhy = (Z)iaij)(ajho) + Loho := g1 + g2. The bound for g; follows immediately
by noting that |Vhg(x)| < C, dist(x, I)~!/2. In order to bound g», we compute Lg(ho) similarly as in step 1 of
Proposition 3.16. Combining the fact that for each k, at (xk)0; v,?(x) =0in R"H! \ {xn+1 =0, (x —xg) - v <0}, with
the properties of the Whitney decomposition leads to

> @ (o)d;j v () (x) =0'in By \ A.
k

We proceed with the estimate for the error contributions: Let v; and v, denote the normals of A at x; € I and x; € T.
Here xx, x; € I' N By are the projection points of two centers, Xx and X¢, of neighboring Whitney cubes, Qy and Qy.
For these normals we infer v — ve| < ||V 8llcoa( B;/)rg‘. Thus, defining y :=1 — "’%1 and following the computation

in Proposition 3.16, we have that for all x € Qy,

ij 0 _%‘H’ 1" —%+a
Y@ ) m)vx) < Con) (exry 2 + 1V gll oy, :
k

y 34 iy

> " al (a)dmed v < C(n) (c*r[ IV gl oy “),
k

3

D (@ () —a” ()3 (v () < Cmery *
k

+y

Thus, the bound for g, follows. O

We continue by deriving the boundary asymptotic behavior of solutions u to general divergence form equations in
slit domains with C1¢ slit. The main tool is our boundary Harnack inequality (Lemma 3.25).

Proposition 4.3. Let A, I and g be as in Assumption 4.1. Suppose that u € C(B1) N H L(B)) is a solution of
da’dju=>8F +g in B\ A, u=0onA. (44)

Further assume that ", F', g\ and u satisfy the assumptions from Proposition 3.17.
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If ¢y, 8 and ||V”g||coa(B//) are sufficiently small depending on n, p and «, then there exists a constant f €
(0, min{c, 1 — "+1 H, a cYB(rnB /z)ﬁmctlon b:T — R, b >0, such that for all xo e ' N B 1/4 and x € By/4(xo)

Vyy - (X — X0) Xnt1 )

(Vxg - A(XO)Uxo)1/2 " (am it (xg))1/2

u(x) —b(XO)w1/2<

(45)
1
S C (C* + ” V//g”Co,a(Bi//z)) |)C - X0|7+’B.

Here vy, is the outer unit normal of A at xo € I', g denotes the parametrization of I and A(x) = (@' (x)).
Proof. We seek to apply the boundary Harnack inequality (Lemma 3.25) to the pair u, ko (with §o = min{e, 1 — % b,

where hg is the function from Lemma 4.2. By Lemma 4.2, h¢ satisfies the conditions in Lemma 3.25. Moreover, we
note that by Proposition 3.17

u(x) > ¢y dist(x, T)2T2 in By o N {dist(x, A) > £o dist(x, )}, (46)
and
u(x) > —dist(x, [)2 € in By . (47)
Here e =0 + 5 — % and o is the constant from Proposition 3.17. Hence, by the boundary Harnack inequality we
have that
u(en/2) < ulx) _ .~ u(en/2) 48)

O hotens2) = o)~ hotens2)’

for x € B,y N {dist(x, A) > £odist(x, ')} and for some 59 = so(n, p, IIV”gIICo,a(Bi/)). Moreover, :(&)) is Holder

continuous in Cy(I' N Bi/4) upto ' N Bi/4. More precisely, for each xg € ' N Bi/4, the limit of ;,‘((x)) as x — xq,
x € xg + Cg(ep), exists. Denoting it by b(xg), gives

u(x) u(en/2)
ho(x) ho(en/2)
where C = C(n, p), for some B € (0, 1). By (46), Lemma 4.2 (iii) for #¢ and by the fact that g € che (Bi/), we have
u(en/2)/ ho(en/2) > ¢, > 0. Combining this with the lower bound in (48) implies that b(xg) > 0.

We now extend this to the whole neighborhood Bj,4(x) instead of only considering the cones xo + Cq (e,): Using
(47) on all scales and arguing as in the proof of Lemma 3.25, we obtain for x € By,4(x0)

Ix —xol?, x € (xo+Colen)) N Bip, (49)

—b(xp)| =C

u(x) — b(xg)ho(x) > —Clx — xolmin{%"’g’%"’ﬁ},
u(x) — b(xo)ho(x) < Clx — x| MM +E 3+,
Consequently, for § = min{B, €},
1) = b(x0)ho(x)] < Clx — x| 2+ for x € B1/4(x0). (50)

Next we show that for each xg € I' N B| /4

1 +minfa,1- 251}
lho(x) — wi2(Tyyx)| < C (c* +|V'g ||Ca(Bi//2)) Ix —xo[2TMM T x € By, (51)
where Ty, is defined as the following afﬁne transformation in R" 1 Tyy(x) =Ry, B;) (x —Xxp), where By, X = A(xg)
and Ry, € SO(n + 1) is such that R,cO Yo Vxo = Cl,xp€n» Ry, one,H_l = C2,xy€n+1- A direct computation leads to

(Cl xo) = (Rxo xvao) (Rxo XOUXO) = Vxg - A(XO)VXO,
(@2.x0)" = (Ruy Bl ent1) - (Rey Bl ens1) = a" 1"+ (xg).

In order to show (51), we note that by a similar estimate as (22) with s = 0, we deduce
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Ly mi 1—ntl
[wi/2(Tiex) = wi2(Teyx)| < € (c* +| V”gnca(gm . (52)

for all x € Q € N'(Qy). Instead of Lemma 3.14, we use
"
|Vk - vxo' = c “V g”CO,a(Bi//z) |Xk - x0|aa

in this context (we recall that vy is the normal of I' at x;, where x; € I realizes the distance of the center X; of Q
toI).
Thus, by using the properties (W1)—(W3) of the Whitney decomposition, we have

ho(x) = w1y (TegX) | < Y melwi 2 (Tex) — wiya(Tegx))|
k

n+l

=C (C* +[V'e ||ca(B;f/2>) I — g 2 minke 1=

Writing Ty, out explicitly, we therefore obtain

Vxo * (x — x0) Xn+1 >‘

(Vxy - A(x0) Vi) 127 (@ T 1+ (x0)) /2

ho(x) —wiy2 <

_ntl
o)

1 .
7 _ 7 tmin{a,
<C <c* + ”V g”CQ(B{,/2)> |x — xo|
Using the above asymptotics of A in (50), we arrive at the desired result. O

The above asymptotic estimate leads to two immediate corollaries: On the one hand, it yields a Hopf principle and
on the other hand, if combined with an interior elliptic estimate, it results in an upper growth bound.

Corollary 4.4. Assume that the conditions of Proposition 4.3 are satisfied and that 0 € T. Then, if ¢y, 8 and
(v” gll o B are sufficiently small depending on n, p and «, there is a dimensional constant c,, > 0 such that

u(x) > ¢, dist(x, I')?

orx € B, x (—1/2,1/2) N {x] dist(x, A) > €odist(x, T)}.
1/2

Corollary 4.5. Assume that the conditions of Proposition 4.3 are satisfied. If ¢y, 8 and |V” 8llcoa( By) are sufficiently
small depending on n, p and «, then there exists a constant C = C(n, p) > 0 such that for all x € B
)] < € Modist(x, )2,

where Mo := supp, |u|.
4.2. Local 3/2-growth estimate, asymptotics and blow-up uniqueness

In this section we transfer the results from the previous section into the setting of the thin obstacle problem. Hence,
this yields leading order asymptotics in appropriate cones, a Hopf principle and an optimal local growth estimate. Last
but not least, we explain how the asymptotics and the growth estimates can be used to derive the uniqueness of the
3/2-homogeneous blow-ups.

We begin by transferring the general results of Section 4.1 to the setting of solutions of the thin obstacle problem:

Proposition 4.6 (First order asymptotics). Let w be a solution of (4) satisfying (A0), (Al), (A2), (A3), (A4). Assume
that for some small positive constants €y and cy

() ”w — w32 Hcl(B]Jr) =< €0,

(i1) ”Vaij ||L17(Bl+) = Cx.
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Then if €9 and c, are chosen sufficiently small depending on n, p, there exists a function b, : I'y N By — R, b, € C 0.0

for some o € (0,1 — %

that for all xo € 'y, N By 2, we have the following asymptotic expansion for d,w, e € =1 x {0}

1, (where o can be chosen the same as the Holder regularity of Ty, in Proposition 3.22), such

(x —xp) - Vxq Xn+1
b —-b ,
Ew(x) e(XO)wl/Z <(vx0 . A(xo)ux())l/z (an+1’n+1(x0))1/2
< C(n, p) max{eg, cy} dist(x, Fw)%”‘, x € Bi/a(x0). (53)

Here vy, is the outer unit normal of Ay, at xo and A(xp) = (@ (xp)).
Before coming to the proof of this result, we make the following observations:

Remark 4.7.

(1) Similarly as in (53), it is possible to obtain an asymptotic expansion for d,jw: There exists a function b, 41 €
CY%(T,,), such that for xg € T'y, N Bi/z and x € B1/4(x0)

_ (x —x0)-v Xnai
Onr1w(x) —bn+1(XO)W1/2( al nt )

(Vxg - A(XO)VX())I/2 " (am it (xg))1/2

< C(n, p) max{eg, ¢} dist(x, [y)2 ™,

where w1 ,2(x) = —Im(x, + ixp1)1/2.

(i1) Later, we will see that b, and b, satisfy the following relation (cf. (57) and (58) in Corollary 4.8): There exists
a C%® function a : Ty, N B2 — R, a > 0, such that

_ 3 a(x)(e - vy)
2 (Vg - A(xo) V) V2

a(xop)
(an+1,n+1(xO))l/2 .

be(xo)

3
bpy1(x0) = 2

Proof of Proposition 4.6. The proof of Proposition 4.6 follows immediately from Proposition 4.3. More precisely,
we first note that, by Proposition 3.22 if ¢, €p are sufficiently small depending on n, p, then (up to a rotation)

Ty N By ={x, =g&x")}N By,
where g € C1-¢, llgllere S max{cy, €0} and « only depends on n and p. Let v = d,w and recall from the proof of
Proposition 3.8 that it satisfies the following divergence form equation in By \ Ay,

da’djv=98F, F' =—(9,a")d;w,
with || dist(-, Fw)_% In(dist(-, ['y)) "2 F! LBy < C(n, p)cy (cf. Lemma 4.3 in [18]). Moreover, d,w satisfies the as-
sumptions of Proposition 4.3 if e is in a sufficiently large cone of directions, i.e. e € C;] (en) with n > 0 sufficiently

small. Thus applying Proposition 4.3 we obtain the desired result. Note that the exponent & € (0, 1 — “£1] can be cho-
sen to have the same value as the Holder regularity exponent of 'y, in Proposition 3.22, since both of these come from
the boundary Harnack inequality (Lemma 3.25). The result for general directions e follows from Remark 4.7 (ii). O

As a corollary of the asymptotic expansion for Vw, it is now possible to obtain the asymptotic expansion for w via
integration along appropriate contours:

Corollary 4.8. Under the assumptions of Proposition 4.6, there exists a Holder continuous function a : T'y, —> R,
a > 0, such that for xo € 'y, N Bi/z and all x € By4(xo) with x — xo € span{vy,, e, 1}

w(x) —a(xp)w (x = X0) - vy ntl
2N oy - A ) V2 (@ 10+ (x0)) 12
< C(n, p) max{eo, cs} dist(x, [y) 372 (54)

Here vy is the outer unit normal of Ay, at xo and A(xg) = (@ (xp)).
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3/2

In particular, w(xg 4+ rx)/r>'< has a unique blow-up limit as r — 0.

Proof. The asymptotic expansion of w follows from the asymptotics for Oy, W, Ip1w and an integration along an
appropriate path in the plane spanned by vy, e,41. Given xg € I'y,, we write

X = Xg + vy, + 12e,41 for all x € span{vy,, e,41}.
In particular, f; = (x — x0) - vy, and o = (X — X0) - €41 = Xn4+1. We consider the restriction, w, of w onto the
two-dimensional plane spanned by vy, and e, 1, i.e.

w(t, 1) 1= w(xo + 11Vxy + L2€p41)-
Then,

O w(t1, 12) = By, w(xo + 11y, + 12€n41),

8lzﬁ)(tlv t2) = 8en+1 w(x() + tlvxo + 12€n+1)-

From the asymptotics derived in Proposition 4.6, we obtain

I w(t, ) = bvxowl/Z(Cfltl» ¢ 'n)+ g1t n), 55)

Oy W(t1, 12) = b1 2(cy ' 11, ¢5 ' 02) + g2(11, 1),

Here

lg1(t1, ), 1g2(t1, )| < C(n, p) max{eg, cx}(|11]"/*F* 4 |12]/3T)

and b, = beO (x0), bp+1 = by+1(x0). The constants ¢y, ¢, are (for fixed xp) defined as

Vx
1 1

1= (v - Ao)vyy)?, 2= (@ (xp)) 2.

Since %(u)l/z, wi,2) = Vw3 2, we can rewrite (55) as

~ by, e -1, 1
3IIW(t1,t2)=TazIW3/2(Cl t,c; )+ g1t t2),
(56)
2by1102

o w(tr, ) = 3z2w3/2(61_1t1 , cz_ltz) + g2(t1, 12).

Since

/a,, Wy, = / 3y, Wd;, ¢ for any ¢ € C2(R?),

R2 R2
we have
2bvx C1 2by+102 _ _ -
( 30 - ”3 )/w3/2(61ltl,Cz1t2)3,21t2¢=/g(t1,t2)3,21t2¢-
R2 R2
Here
1 %)
g(tl,tz)=§1(t1,t2)—£’2(t1,t2)=—/gl(s,tz)ds—l-/gz(tl,S)dS-
0 0

A direct computation then gives
8(t1. 12)| < C(n, pymax{eo, c,} (11 P27 + |11 [12]2H 4 [ |1 [V/20 4 11 P12H9),
which is of higher (than 3/2) order in (¢1, t2). Thus necessarily we have

byx()cl = bn+1C2. (57)
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Now let £(s) be the path from (0, 0) to (t1, 12): £(s) = (#15, t25), s € [0, 1], and let Z(s) = (cfltls, cgltzs). Then

2bpy1c2 d ~
— [4
3 ds w3,2(£(s))

%ﬁ)(ﬁ(s))— 5C(n,p)max{eo,c*}|g(s)|l/2+a.

Integrating from O to 1 leads to

- 2bpy12 _ _
(11, 12) = 5wy 1.6y )| < Cln. pymaxfeo, e} (02 4 |24,
Finally defining
2b
a(xg) i= M7 (58)

3

and recalling the explicit expression of ¢; and ¢; yields the asymptotics (54) for w.
The fact that a > 0 follows from Corollary 4.9. O

From Proposition 4.6 and Remark 4.7 (i), we immediately obtain the following lower and upper bounds on the
growth rate of d,w away from the regular free boundary:

Corollary 4.9 (Lower bound). Under the assumptions of Proposition 4.6 there exist a constant cy = co(n, p) > 0 and
a radius ro = ro(n, p) such that

dew(x) > codist(x, Fw)%, xefxe B]";2| dist(x, Ay) > £odist(x, T'y)},

forany e € {x € "~ x {0}| x,, = S |x"|}.

Remark 4.10. A uniform lower bound may not hold for d.w in a full neighborhood of the origin. However, after
subtracting an “error term” or under higher regularity assumptions on the metric a'/, it is possible to obtain a uniform
lower bound in a full neighborhood of the origin (cf. Section 4.4).

Corollary 4.11 (Upper bound). Under the assumptions of Proposition 4.6 there exist a constant C = C(n, p) and a
radius ro =ro(n, p) € (0, 1) such that for each xo € I'y, N By2

sup IVw| < Cr'2, 0<r<r. (59)

B (x0)

Remark 4.12. The above upper bound holds for solutions which are sufficiently close to w32 (cf. assumption (i) of
Proposition 4.6). In the next section we will remove this assumption and show a uniform upper bound for solutions w
with ||w||L2(Bl+) =1 (cf. (60)).

4.3. Optimal regularity of the solution

In this section we exploit the comparison arguments from the previous section in combination with the Carle-
man estimates from [ 18], to obtain the optimal regularity of solutions to the thin obstacle problem with coefficients
a'’l € WhP with p € (n + 1, oo]. In comparison to the results of Proposition 4.8 in [18] our main improvement here
is a uniform, optimal upper growth bound without losses (cf. (60)). This then allows us to remove the logarithmic
losses from the regularity estimates from Proposition 4.8 in [ 18] (which were exemplified in the non-uniform constant
C(y) > 0 and the only C!-1/2=€ regularity of solutions to the variable coefficient problem in Proposition 4.8 in [18])
and to obtain the following optimal regularity estimates:

Theorem 4. Let w be a solution of (4) in BlJr which satisfies the normalization condition (A0) and let a'’/ : BIJr —

Ré’;;l)x("ﬂ) be a WP tensor field with p € (n + 1, oo] satisfying (Al), (A2), (A3) and (A4). Then the following
statements hold:
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Va'l ||L,,(Bl)), such that

(i) There exist a constant C = C(n, p) and a radius Ry = Ry(n, p, |

sup |w| < Cr*'? forany r € (0, Ry) and xo € Ty, N B, (60)
By (x0) 2

il pem+1,2(n+ 1)], it holds that w e C* with y = 1 — ===. Moreover, there exists a constant
(i) 1 (n + 1,2(n + 1)], it holds th Ch7 (B, with 1 — =5 M h '
C=Cn,p, ||aij ||W1»P(Bl+)) (which remains bounded as y /' 1/2) such that

IVwx!) = Vvwx?)| < C|x! —sz’forallxl,x2 e Bfr/z.
(i) If p e [2(n + 1), 00], then w € Cl’%(B?}z). More precisely, there exists a constant C = C(n, p, ||a"/ ||W|,,,(Bl+))
such that
Vwx") = Vw@?)| < Clx' = x*|'2 forall x', x* € Bf),.
Proof. We will only show the growth estimate from part (i). With (60) at hand, arguing similarly as for Proposition 4.8
in [18], we then obtain the corresponding optimal regularity results (ii) and (iii).

By Lemma 4.1 in [18] and by the gap of the vanishing order (i.e. either ky, = 3/2 or ky, > 2), it suffices to show
(60) for xg € T'32(w) N Bi 2 For simplicity we assume that O € I'3 2 (w) and show the growth estimate (60) at xo = 0.

Step 1: Suppose that w is a solution to the thin obstacle problem which satisfies the assumptions (A0), (A1), (A2),
(A4) with a metric a'/ € Wl’f"(Bf) for some p > po, po € (n + 1, 00). Suppose that 0 € I'3 /2 (w). We will show that
for any § > 0, there exists a constant € = €(n, p, po, §) > 0, such that if

@) lla — 8" ||L00(Bl+) <€,

.. 3
@) ||x-Vw — Ew”Lz(AT/Z,l) <e,

then there exists a nontrivial 3/2-homogeneous global solution wq such that [|w — wol| -1 (B3 <6é.

Suppose that this were wrong, then there existed a parameter é9 > 0, a sequence €, — 0 and a sequence, wy, of
solutions to the thin obstacle problem

dia) 3w =0'in By,
wi >0, —p41wk >0, wrdyyiwr =0o0n By,
which satisfy the assumptions (A0), (A1), (A2), (A3), (A4), such that
(6] a,ij S Wl’p(Bf') for some p > pg with pg as above, i.e. pg € (n + 1, oo] and pg being independent of &,
(ii) ”a]lcj — 8% ||Loo(31+) = &,
(iii) |lx - Vg — %“’k”LZ(AT/z,l) < €,
but [lwx — wollcr B > §¢ for any nontrivial 3/2-homogeneous global solution wy.
By the fundamental theorem of calculus, there exists an absolute constant C > 0 with
32, —3/2
lwiell 2ga, ) < Clwelaat, o+ Clxlx - Vx> w2y
=< C”wk”Lz(AT/ZJ/x) + Cek”wk”LZ(Bl*)
= C||wk||L2(B7+/8) + CEk”wk”LZ(A;f/&l) + C5k||wk||L2(B7+/8)~
Hence, if ¢, > 0 is sufficiently small, then
llwi ”LZ(A;—/SJ) <2C||wg ||L2(B7+/8)a

which implies that
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L= llwell sy < C + Dlwel 2, 1)
By the interior H' estimate and by Proposition 4.8 in [18], wy is uniformly bounded in H' (B7+/8) and CI*VO(B;F/S) for
some Yo = yo(n, po) > 0. Thus, up to a subsequence

wy — w weakly in H' (B;F/S),

wy — w strongly in L2(B74}8),

wy = W in Cj,. (B o),
where w (by the contradiction assumption (i)) solves the constant coefficient thin obstacle problem

AD =0in By,

w>0, —9,41w >0, wd,4+jw=0on Bf,/g.
Furthermore, by the contradiction assumption (ii), w is homogeneous of degree 3/2 in B7+/8. By analyticity, w is a
3/2-homogeneous global solution in R"*!. Moreover, by (61) and by the strong convergence in LZ(B;;S),

10l 25,5 = RC+ D7,

thus w is nontrivial. Therefore, we have found a nontrivial 3/2-homogeneous global solution w such that (up to a
subsequence) ||wi — LD||C1(B3+/4) — 0 as k — oo. This is a contradiction.

Step 2: We show that there exists € = €(n, p), such that if for some r € (0, Ry) with Ry = Ro(n, p, || Va'/ IIL,,(B]+))

3
eV = Swlli2ay, ) = €lwliay), 62)
then there exist constants o = uo(n, p) € (0, 1) and C; = C(n, p) > 1 such that
_3 _ntl 3
lw)| < Cir=2r™ 2 ||wll 125+ x| for x € B .

For this we first notice that (62) can be rewritten in terms of L2 normalized rescalings

w(rx)
wy(¥) 1= —7 : (63)
roz ”w”LZ(B,*)
to yield
3
lx - Vw, — Ewran(AT/Z-]) < e for some r € (0, Ry). (64)

Here w, is a solution to the thin obstacle problem with coefficients a,’ (x) := a’/ (rx), which satisfy |Va, ||, ,» B =
1ol ij
r VAl o)
Secondly, by Proposition 3.22 in Section 3, there exist constants €y = €g(n, p) and ¢, = c«(n, p), which are less
than some universal constant, such that if [|w, — w32 || cl( 3;4) < €9 with w32(x) = ¢y Re(xy +ix, Jrl)3/2 (possibly
after a rotation) and ||Vaij I » ( 33/4) < ¢4, then the free boundary of w, is a cle graph in B{ 2 Moreover, its Ccle

Holder norm is uniformly bounded, depending only on n, p. The Holder exponent, o, only depends on n, p (cf.
Remark 3.26). Thus, by Corollary 4.11, there exist constants wo and C| depending on n, p, such that

|lwy (x)| < Ci|x|>/* for any x € B} .
Scaling back then yields

3 n+1 3
lw)| < Cir~2r~ "% wll 2z 212 forany x € B . (65)

To complete the proof of step 2, we apply step 1 to w, with § = €. This determines the parameter € = €(n, p) (if
Ro = Ro(n, p, ||Va'/ ||Lp(Bl+)) is chosen such that || Va,’ ”LP(BD < cx(n, p) for any r € (0, Ro]).
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Step 3: Fix € > 0 as in step 2. Let r; € (0, Ro] be the largest radius such that (62) holds (we remark that the
existence of an r > 0 such that (62) is satisfied, follows from the fact that the L? rescaling has a 3/2 homogeneous
blow-up along a certain subsequence, cf. Proposition 4.5 in [18]). Then for any r € [rq, Ro],

lx - Vw — 3/2w||L2<Ar/2’r) > E”w”LZ(Aj/Z_,)' (66)

In this regime we discuss two cases:

§+ﬁ+§ 3
e Case I: ||w||L2(B;q) <r12 T2 In this case
3 -
ron ”w”Lz(B,fq)frl'

Thus, by (65) in step 2, there exists C = C(n, p, ||[Va'/||z») such that

+

lw(x)| < Cr|x[*? for any x € B} . .

Recalling the parameter dependence of 1, we obtain
3., €
lw(x)| < Clx|>*2 forany x € AT . (67)
For any r € (71, Rp), we then use Corollary 3.1 in [18] (note that this estimate has a logarithmic loss so that it is
necessary to use the slightly improved estimate (67) in the application of the Carleman inequality; alternatively
it would have been possible to use the Carleman estimate from Lemma 3.2 in [18], for instance in the version of
Remark 10 in [18] which does not need the e-improvement). Thus, we obtain

3 ntl . ..
w2z, ) < Crit 2 with C=Cn, p, [Va"||Lr)

forall r € (r1, Rop).
3yntl €
e Case 2: ||w||L2(B+) > r12+ > 2 1n this case statement (i) from Lemma 4.2 in [ 18] (with the two radii ; and Ry)
r
would either imply that r; is bounded from below, i.e. r; > C, for some constant C > 0 which only depends on

n, p, | \ or it would imply a contradiction to the maximal choice of 7.

e

In summary, we either have a uniform lower bound for r; (depending only on n, p, ‘
growth estimate (60) holds for all r € (0, Rp).

Combining steps 1-3, we have thus obtained a radius Ry = Ro(n, p, Vall || L ») and a constant C = C(n, p) such
that supp |w| < Cr3/% for any r € (0, Ro). This, together with Proposition 4.8 in [18], completes the proof of Theo-
rem4. O

Va'l || I ») or we obtain that the

4.4. Improved lower bounds

In this section we improve our lower bounds from Corollary 4.9 by making them uniform: While in general a
uniform version of Corollary 4.9 does not hold for the full function w, after a suitable splitting, it is possible to
show that the leading order term satisfies a uniform lower bound. More precisely, let a’/ : Bl+ — R§,’;j,”x("+” be a

uniformly elliptic wlp, p € (n+ 1, 00], metric, let f € L"(Bl+ ) and let w be a solution of
3;a’d;w= fin By,
o= fin )
Or1w <0, w>0, wd1jw=0in By,

satisfying the normalization conditions (A0)—(A4) from Section 2 and conditions (i), (ii) from Proposition 4.6.
As in Remark 3.9, we extend w, the metric a'/ as well as f from BIJr to By \ A, and further to R”*!. We now split
w into two components

w=u-+u,

where it solves
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a' ;i — dist(x, Ty) "% = f — (3;a7)d;w in R"T'\ Ay, d=00nA,, (69)
and the function u solves

a3 ju = —dist(x, Ty) 2 in R"™™\ Ay, u=00nAy. (70)
As explained in the passage following Remark 3.9 in Section 3.2 the intuition is that i is a “controlled error” and that u

_ntl
captures the essential behavior of w. Moreover, as we will see later, u is cr= (K) regular for any K € R"T1\ T,,.

Lemma 4.13 (Positivity). Let f € L”(BI"), a'l e Wh-P with p € 2(n + 1), o], and u, w be as above. Then we have
_n+l
that u € cr=% (K)Nn Cl’% (B1)2) for any K @ By \ T'y. Moreover, for e € C’,’7 (en), 0.u satisfies the lower bound

Oeu(x) > cdist(x, Ay)dist(x, l"w)_%, c>0.

Remark 4.14.If f =0, the statement of Lemma 4.13 can be improved to hold for metrics a’/ € W7 with p €
(n+1, c0].

Proof. Let i be defined as in (69). By the refined estimate from Remark 3.12, we infer that

1+1

[ (x)] < cyedist(x, Ay)dist(x, Fw)l_'P . (71)

_ntl . ~ . . .
Moreover, combined with the ch= regularity of # away from I'y,, we obtain the up to I'y, regularity of i, i.e.

_n+l ~ . . .. .
iectl™% (B1) and ||u||C1 | n+l 5 < Ccy. Thus, applying the classical elliptic estimates to u away from I'y,, we
’ P
1

_ntl
deduce thatu € C*'~ 7 (K) for any K € By \ I'y . Recalling the decay estimate of w (cf. Theorem 4) and combining
it with the estimate (71) for u, yields that u = w — u satisfies

lu(x)] < Codist(x, Ty)2. (72)

This together with the W3-P interior estimate gives that u € Cl’%(Bl). Next we show the lower bound of d,u. This

follows from an application of the comparison principle from Proposition 3.17. First we note that at By N {|x,+1| = €0},
1

where £g = T > 0, d.u is non-degenerate in the sense that
deu(x) = cp dist(x, T')?, e €Chlen). (73)

Indeed, for x € By N {|x,+1| = €o} we have dist(x, I'y,) ~ dist(x, A), where by (71) the function 0, satisfies
1

10,11 (x)| < ¢y dist(x, Ty) ™7 (74)

On the other side, the asymptotics from Proposition 4.6 yield that d.w(x) > cdist()c,Fw)l/2 for x € Bi N
{lxn+1] = €o}. As p > 2(n + 1), dist(x, I',)'/2 dominates and thus d,u inherits the lower bound of d,w on
x € By N{lxu+1] = Lo}.

Next we consider the equation of d.u (in non-divergence form):

a3 deu = —(3.a')d;ju — 3, (dist(x, T'yy) ~2i0)
= H+3G'.
The functions H, G' satisfy
dist(x, T)2 H € L (B)),
dist(x, rw)"Tfle e L®(B)).

Here the first estimate follows from the W!? regularity of a’/ and the pointwise interior estimates for 9; ju; the
second estimate is a direct consequence of the previously derived bound (71) for . Furthermore, in B; we have
Oelt = JpW — deli > —cy. Thus, the assumptions of Proposition 3.17 are satisfied (note that Proposition 3.17 also holds
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for non-divergence form equation) and we obtain the desired lower bound for d,u in the region {x € Bj| dist(x, I'y) ~
dist(x, Ay)}.

In the end we remark that this lower bound holds in the whole ball. Indeed, this follows once more from a compar-
ison argument: Let & = cghg + ho, where hj is the barrier function from Proposition 3.16 and hg is the barrier from
Lemma 4.2. Choosing s = s(«, n, p) appropriately yields that / satisfies the conditions (i) and (ii) of Proposition 3.17.
Moreover, by using an up to A, estimate for g (x) as well as the fact that 41y dominates 4, (for an appropriately chosen
constant ¢), we obtain

h(x) > cdist(x, Ay) dist(x, Fw)_%. (75)
Relying on the test function

w(x) 1= deu(x) + |x" = (xo)' > = 27 h(x) — 2nxp
and introducing a similar splitting as in Proposition 3.17 then yields

n+1
Oeu(x) > ch(x) — cy dist(x, Ay)dist(x, Fw)_l_t.

The second term on the RHS originates from the estimate of the auxiliary function #; (from a similar splitting as in the
proof of Proposition 3.17), where we have exploited the Lipschitz regularity of G’ away from I',, (indeed, without this
observation, the error estimate would not suffice to absorb the error contribution, cf. Remark 4.15 below). Recalling
the lower bound for % (cf. (75)) implies the desired lower bound for d.u. O

Remark 4.15. We note that without the Lipschitz regularity of G?, we would only have had error estimates of the
form

) |_nkl _nl ol
Oeu(x) > ch(x) — cydist(x, Ay) @ dist(x,Ty) » " 4

for an arbitrary value g € (n 41, 00). Clearly, this would not have sufficed for our absorption argument. Thus, the key
improvement here consists in the observation that G’ is actually a Lipschitz function away from I'y,. As the estimates,
which yield the improved bounds in Proposition 3.10, are interior estimates around A, this regularity away from I'y,
suffices for our purposes.

Assuming more regularity on the metric, the lower bound from Lemma 4.13 can be further improved:

Lemma 4.16 (Positivity’). Let a' - B]+ — Rg’,};l)x(nﬂ) be a tensor field that satisfies the normalization conditions
(Al)—(A4) from Section 2, condition (ii) from Proposition 4.6 and in addition is clry regular for some y € (0, 1). Let
w: Bl+ — R be a solution of the thin obstacle problem with metric a'/ and assume that it satisfies the normalizations
(A0) from Section 2 and (i) from Proposition 4.6. Then there exists n = n(n) > 0 such that for e € C,; (en)

dew(x) > cdist(x, Ay) dist(x, Fw)_%. (76)

Proof. We only sketch the proof here. For each x¢ € B]J’/2 we consider
u(x) i= dew(x) + [x' — (x0)'|* — 2 8h(x) — 2nx2 .,
where £ is as in the proof of Lemma 4.13. Next we split u = u + us, where u solves
diad;uy — K dist(x, Ty) "2u; = & F' + g,
where F' = —8eaij8jw, g=2(x; — (xo),-)a,»a"f — 4nxn+18ja”+1’j,
with K = K (n) sufficiently large. Hence, u; solves
dadjuy = § — K dist(x, ['y) "2uy,
where § = —2738;a"/ ;1 + 24" — 4na" 1L,

We apply Proposition 3.10 to u1. Since @’/ € C¥ and w € C"1/2, we have dist(x, I',,) "/2F € L and g € L*. By
Remark 3.12, for any s € (n + 1, 00)
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Jur ()] < Codist(x, Ay) dist(x, Ty) ™" 2.
(77

P 1 _1 . _ntl 1
(I distC, T) 2 s gy + g distC, ) =5 73 )
For u, we apply a comparison argument. By the argument from the proof of Proposition 3.17 we obtain that u > 0.
Thus u = u| + up > u;. Evaluating at xq yields that d,w(xg) > Z_Sh(xo) —u1(xp). Since xg is arbitrary in Bl—?z and
by using the bound from (77) for u, we infer that

Bew(x) > 27 3h(x) —u1(x) > 278h(x) — e dist(x, Ay). (78)

Here we have used that s > 2(n + 1) can be chosen to be sufficiently large and || Da'/ ||~ < c4. Recalling the estimate
for i in (75), we obtain the desired estimate for d,w in (76). O

Remark 4.17. We emphasize that without an additional splitting step, we cannot hope for an analogous result for a
whp, p € (2(n+ 1), 00], metric a. This is due to the fact that by Remark 3.12 for u; we only have

n+l1
1 (x)] < Codist(x, Aw)' ~"7 dist(x, [y)?-
i 1. _1 . _nt+l 1
: (”Fl dist(-, T'w) ™ 2 [l Lo re+1y + g dist(-, Fw)l ro2 ||Lp/2(Rn+l))
. ]—ntl | 1
Segdist(x, Ay) P dist(x, Ty)2.

_ntl - ;
The bound by dist(x, Aw)1 »  is optimal in general, due to the divergence right hand side 9; F* with F' € L?. Thus,
the resulting bound cannot be absorbed into 4™ in the estimate (78).

5. Perturbations

In this section we consider variants of the variable coefficient thin obstacle problem. Examples are settings in which
the obstacle (cf. Section 5.2) or the underlying manifold (cf. Section 5.3) is not flat. Moreover, it is also possible to
deal with interior thin obstacles (cf. Section 5.4) and inhomogeneities in the equations (cf. Section 5.1). We show
that under suitable conditions on the metric and obstacles, it is possible to recover the regularity results from the flat
setting. Instead of repeating all the necessary arguments, we only point out the main difficulties and differences with
respect to the flat problem which was discussed in [ 18] and Sections 3—4 of the present article.

While treating the cases of inhomogeneities, non-flat obstacles and boundaries and interior obstacles separately in
order to stress the essential aspects of the respective situation, we emphasize that it is possible to combine these results
into a setting involving several/all of these features, e.g. a non-flat obstacle and a non-flat hypersurface.

5.1. Inhomogeneities

Exploiting the scaling of the Carleman inequality, it is possible to deal with inhomogeneous thin obstacle problems
along similar lines as in Sections 2—4 in [18] and Sections 3—4 in this paper. Here the main observation is that both
for the Carleman estimate and the comparison arguments in Sections 3 and 4 the inhomogeneity is a “lower order”
contribution.

Proposition 5.1 (Inhomogeneous thin obstacle problem). Let a'/ : Br — ROFDX(+D pe ¢ Wl"’(BT), pe@n+
1, ool, metric satisfying (Al), (A2), (A4). Suppose that f € Lq(BlJr) for some g € (n + 1, 00]. Assume that w €
H! (Bl"') is an L?* normalized solution to the thin obstacle problem

da’djw= fin B},

. . (79)
w>0, —a"" 9w >0, w@ " 9;w)=0in By.

Then, the following statements hold:

(1) The solution w has the following growth estimate: There exists C > 0 such that
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dist(x, Ty)>™ "0 (In(distCr, Tw)))?  ifn+1<gq <20+ 1),

|w(x>|sC{~ .t : .
dist(x, I'y) 2 (In(dist(x, T'y))) ifg=2(n+1).

The constant C > 0 depends on n, p, q, | fllze, IVa" ||, IIwIILz(Br).
11 additiona yaue ’ an S with p € n + 1), ool, then w has the optimal Holder regu-
(i) If additionally a'/ € W'-P(B}") and f € LP (B with Q2+ 1), 00], th has th | Hold

larity:

we CH2(BY,).

(iii) Under the same assumptions on a'/ and f as in (ii) and assuming that 0 € T'3 s2(w), there exist a radius p =
p(w, f) >0, a parameter a € (0, 1] and a C% function g such that (potentially after a rotation)

T3/2(w) N B) = {x = (", x4, 0)| xu = g(x") for x" € B).

Remark 5.2. Since w solves a linear elliptic equation away from the free boundary, we can obtain an interior regularity
result for w by combining the growth estimate (i) with a local gradient estimate. The proof is standard (see e.g.
Proposition 4.8 in [18]) and yields

IVw(x) — Vw(y)|

_n+l .
C@lx—yI'" T m2(x—y)) ifn+l<g<20m+1), ¢<p,
_ntl
Sy Cp,lx—yl' T ifn+l<p<qg<2m+1),
Clx — y|2 n(lx — y)) if min{p, g} > 2(n + 1),

forall x,y e B1+/2' We have

C(g) > +ooasg \(Oand C(p,q) — +oo0as g \( p-

Proof. We only point out the main differences with respect to the previously presented arguments for f = 0.

Step 1: Modifications in the Carleman estimate and in the proof of Proposition 4.5 in [18]. As f € L9 for some
g € (n+ 1, 0], Uraltseva’s cla regularity result remains valid [28]. Furthermore, we remark that it is still possible
to carry out Uraltseva’s change of coordinates (cf. Proposition 2.1 in [18] and [27]), which transforms the variable
coefficient problem into a new variable coefficient thin obstacle problem with an off-diagonal property as in (A1)
on B|. Here, if f is the original inhomogeneity, the inhomogeneity of the transformed equation is given by fiy =
F )| det(DT (x)|~1 | x=T-1(y)- Consequently, f inherits the L? (and W1-7) regularity from f. For convenience of
notation, in the sequel we suppress the tildas.

The preceding discussion now allows us to prove the Carleman estimate along the same lines as in Section 3 in [18].
The only necessary modification is to incorporate a further right hand side contribution:

(1 + 1n(|x|)2)*%Vw‘

1
+12

$r.—1 2\—4
e x| (I +In(x])7) 2w Lt

3
T2

L2(A} ) (80)

<Cn)cy! (T2C(a"/)

er¢|x|y_lw‘

L2(A%,) + ”ew|x|f“L2(A;,)> ’

1

where y :=1 — % and

a (x) — 8
[x]¥

+ sup H x|~V Va'/
p<F=r/2

C(aij ) = sup .
A;r Ln+l1 (A;:ZF)

We estimate the additional term coming from the inhomogeneity for parameters 7 € [1, HCT#/Z], where 19 = ko + %

with kg > 0:
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le™ 11 2y, S0 Iagar €7 1x] ”L%(A;,,)

‘|x|*fo+l‘

< ||f||L‘1(Bl+) 2 (81)

La72(A} )
n+1

S llpasy) @0 =0, =2~ — Ko.

Hence, the contribution originating from the inhomogeneity f in the Carleman inequality can be regarded as a “sub-
critical” contribution (in the sense that § > 0) for the above range of 7 if ko <2 — ntl Analogous to the Carleman

estimate, Corollary 3.1 in [ 18] remains valid, if the contribution originating from f is included on the right hand side:
3 _ b —
T2(1+ [In(rp) )l er M2y lwll2ar ,, oy

+ 7 max{in(ra/r) " In(r/r2) e P wll a0

(82)

1¢(n(ry)) . —1
<C(e r ||w||L2(Aj1,2,1(xo))

+ en;3<1n<r3>)r3—1 | TUn(xD) || £

w + + ‘ :
w2t ,, con L2(A] . (xo>>)

Step 2: Modifications in Section 4 in [18]. Estimate (82) combined with the boundedness of (81), immediately

allows us to infer the analogue of Proposition 4.1 in [18] if k, <2 — ”qil. Moreover, arguing by contradiction, we

also obtain that if k, > 2 — ”qil, then not only

1/2
In[ f w?
Al 1
lim sup 2 22—n+ ,
r—0 ln(r) q
but also
1/2
In| f w?
Al 1
liminf —— "2 st L
r—0 In(r) q

Similarly, the doubling property (cf. Proposition 4.3 in [18]), the blow-up result (cf. Proposition 4.4 in [18]) and
the lower semi-continuity statement (cf. Proposition 4.2 in [18]) remain valid at points of vanishing order less than
2— ”qil Also the growth Lemma 4.1 in [18] remains valid for all xo € ", withkx =2 — "qil:

: _n+l
sup Jw| < Cr™™ 025 Ingry 2, (83)
B (x0)

where C = C(n, p, | Va'/ ||LP(BI+) Al agsr)-

Apart from these results, we also obtain the existence of homogeneous blow-up limits at free boundary points
with vanishing order less than 2 — 241l n fact, this is again a consequence of the boundedness of the contributions
originating from f in the Carleman estimate.

Therefore, by Proposition 4.4 in [18] and Proposition 4.5 in [18], at each x € I'y, with k, <2 — ntl

T there exists

an L? normalized blow-up sequence centered at x, whose limit is a nontrivial homogeneous global solution (to the
constant coefficient thin obstacle problem) with homogeneity equal to k. Then by the classification of the homoge-
neous global solutions (Proposition 4.6 in [18]) on the one hand, we obtain that there is no free boundary point with
Ky <2 — "qil if g € (n+1,2(n + 1)). Hence, (83) turns into:

2kl 2
sup |w|<Cr” 7 [In(r)|, (34)

B} (xo)
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for all xg € I'y,. On the other hand, k, > % if g € [2(n 4 1), oo]. Combining this information with the uniform upper
growth estimate (Lemma 4.1 in [18]) results in

n+l
S Crr T (nr?  ifge 41,20+ 1))

3 2 . re (07 1/2)7 (85)
B} (x) Crz(lnr) ifg €[2(n+ 1), 00]
where the constant C > 0 depends on || Va'/ ”LP’ np 1 f e

Step 3: Modifications in Sections 3 and 4. In order to deduce the regularity of the free boundary and to obtain the
optimal regularity of w, we argue along the lines of Sections 3 and 4. Here we interpret the inhomogeneity in the
equation for the derivative as a divergence right hand side:

8;a” 8;9,w = 3; F' in By \ A,
dew=01n A,
where foralli € {1,...,n+ 1}
Fli=—(3.a")djw+e f e Ll (B). (86)
Thus, (potentially) after a rescaling which only depends on ||Vaij || Lr(By) and | fllzr(p,), we may assume that the
inhomogeneity is small. Therefore, all the results in Sections 3 and 4 are valid. O

5.2. Non-flat obstacles

In this section we present the main ideas of dealing with non-flat obstacles. Due to our almost scaling critical lower
bound in Proposition 3.17, we are able to deal with the non-flat obstacle problem involving metrics a’/ € W7 (By)
and obstacles ¢ € W2P(B)) with p € 2(n+ 1), oo]. We however stress that the analogues of [18] are valid under the
even weaker integrability assumption p > n + 1.

Proposition 5.3 (Non-flat obstacles). Let a'/ - Bf — RUAD*"D be a WP metric with p € (n + 1, 00] satisfying

(Al), (A2), (A4). Suppose that ¢ € Wz”’(Bi). Let w: Br — R be a solution of the thin obstacle problem
da"d;w=0in B},
n+l,j n+l,j ’ 87)
w>@, —a djw >0, (w—9e)(a djw)=0on Bj.

Then, the following statements hold:

(i) The solution w has the following growth estimate: There exists C > 0 such that

dist(x, Fw)zf%(ln(dist(x, Tw))? ifn+1l<p<2m+1),

lwx)[<C 3
dist(x, ') 2 (In(dist(x, 'y)))? ifp=2m+1).

The constant C > 0 depends on n, p, ”(p||W2'P(B|+) ,ail, ||w||L2(B,+)‘

(i) If additionally a'/ € WP (By) and ¢ € Wz’p(Bi) with p € (2(n + 1), oo], then the solution w has the optimal
Holder regularity:

w e cl*l/z(Bf;z).

(iii) Under the conditions in (ii) and assuming that 0 € I'3 2 (w), there exist a radius p > 0, a parameter a € (0, 1]
and a CY¥ function g such that (potentially after a rotation)

T3(w) N B, = {x = (x", xn,0)| x, = g(x") for x" € B}.

Remark 5.4. We remark that as in Proposition 5.3 the estimate in (i) immediately entails a corresponding regularity
result (cf. Remark 5.2).
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We prove this result by reducing to the setting of flat obstacles.

Proof. Step 1: Recovery of flat boundary conditions. We first carry out Uraltseva’s change of coordinates [27]. Then
in order to recover flat boundary conditions, we introduce a function v : Bl+ — R with v = w — ¢. This then leads to
an inhomogeneous thin obstacle problem with a flat obstacle:

da’9;v= fin B,

/ (88)
v>0, —0,41v >0, v91v=00n By,

with f = —9;a 9 i = —(8;a')d i — a'y; - In recovering the results from the flat obstacle setting, the main diffi-
culties arise from the error contributions which result from the inhomogeneity. In order to derive (i), we hence argue
that the assumptions of Section 5.1 are satisfied. In order to obtain (ii) and (iii) we interpret the error as a divergence
form right hand side and argue as in Sections 3—4.

Step 2: Bounding the inhomogeneity. Due to our assumptions on f and a'/ and by Sobolev/Morrey embedding, the
metric and the inhomogeneity have the right integrability. Indeed, in the setting of (i) we have

e d;a € LP(B),da" € L(B}"),
e J;jp € LP(B)), dj0 € L™(B)).

Hence, f € L? (BI") which allows us to invoke the results from Section 5.1. This then yields the growth estimate
stated in (i).

Step 3: Argument for (ii) and (iii). We argue as in step 3 in Section 5.1. In order to obtain the results (ii) and (iii),
we consider the equation for tangential derivatives of v (after carrying out an odd reflection as described in (15)):

3aY 9,0 = —0;((3.a")djv) + 8. f in By \ A,

(89)
d,v=01n A.
We interpret the right hand side of (89) as a divergence form contribution with
Fli=—@.aYojv+ef ie(l,...,n+1}. (90)

The regularity of the metric and obstacle, a'l e wh-P(By), (NS Wz’p(Bi) with p € (2(n + 1), oo], entail that
F' e LP(By).

Moreover, by an appropriate scaling argument (which only depends on ”Vaij H Lr(B)) and [l¢|ly2.p Bi))’ we may

assume that || F! H Lr(By) is small. Hence, all the results in Sections 3—4 remain valid. This then yields the desired
results of (ii) and (iii). O

5.3. Non-flat boundaries

In this section we very briefly comment on the situation with non-flat boundaries. In this context we have the
following result:

Proposition 5.5 (Non-flat boundaries). Let @ C R"*! be a bounded open subset, whose boundary contains the
W2P hypersurface M. Let a'l : Q — Rg;l)x("H) be a uniformly elliptic, symmetric tensor field of class WP (),
p € (n+ 1,00]. Assume that w : Q U M — R is a solution of the thin obstacle problem with zero obstacle on the
hypersurface M:

da’d;w=0inQ,
w >0, v,-aijajw >0, w(viaijajw) =0on M,

where v : M — R"t1 denotes the outer unit normal field on M. Then, the following statements hold:
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_ntl

T QUM if peRn+1),00], then w e

)

(1) (Optimal regularity) If p € (n + 1,2(n + 1)), then w € C
2 Qum.

loc
(ii) Assuming that 0 € I'3 2(w), there exist a radius p > 0 and a parameter o € (0, 1 — %] such that I'3 ;2 (w) N B,

loc

is an (n — 1)-dimensional C** submanifold.

Proof. The statement can be immediately reduced to the setting of the usual thin obstacle problem by carrying out
a change of coordinates (cf. Proposition 2.1 in [18] and [27]) that flattens the free boundary. As the hypersurface
M is W>? regular, this change of coordinates followed by an application of Uraltseva’s change of coordinates from
Proposition 2.1 in [18], then implies the integrability and differentiability properties (A1), (A2), (A3), (A4). This
allows to carry out the analysis from [18] and Sections 3—4 of the present article. O

5.4. Interior thin obstacles

Finally, we comment on the necessary modification steps in obtaining analogous results for interior thin obstacles.
In this direction we have:

Proposition 5.6 (Interior thin obstacles). Let a/ : By — Rg’yl};l)x("H) be a uniformly elliptic, symmetric tensor field

of class WP with p € (n + 1, o0, satisfying (Al), (A2), (A3) and (A4). Assume that w : B| — R is a solution of the
interior thin obstacle problem with zero obstacle on Bj:

a"djw=0in int B;f Uint B, ,
w >0, [0p41w] >0, w[d4+1w]=0o0n Bj.

Here [0, 1w] := (3,,+1w)+ — (Op1w)~ and (8,,_Hw)jE denotes the one-sided trace of the fluxes on Bi. More pre-
cisely, for H" a.e. x € B} we have

O EF@) = Hm dypw(y).
y—=>x,£yp41>0

Then, the following statements hold:

n+l

" (Bf UBy); if pe 2n+1),00], then w €

)

(i) (Optimal regularity) If p € (n + 1,2(n + 1)], then w € C
cLl2 (B UBY).

loc
(ii) Assuming that O € I'32(w), there exist a radius p > 0, a parameter a € (0,1 —

that (potentially after a rotation)

loc

%] and a C"* function g such

T32w) N B, = {x = (x", x,,0)| x, = g(x") for x" € B}}.

(iii) There exist functions a, b: [32(w)N By — Rwitha € CO’“(F3/2(w) NB,2) and becC St T'32(w)NBy)2)
for some a > 0 (where a can be chosen as in (ii)), such that: for each xo € I'3;2(w) N By /4,
— Foreacheec S"' x {0} and x € B, 4(x0),

3 a(xp)(e- vyy) ( (x — x0) - Vxy Xnt1 )‘

8 - S )
e w(x) (on 'A(xO)on)l/z (an+l,n+1(x0))l/2

wi/2
2 (v - Alxo)vgg) 2/
< C(n, p) max{eq, ¢} dist(x, [y)2 7.
— For x € By4(xp),
dnp1w(x) — b(x0)

3 a(xo) P (x —x0) - vy, Xnt1
2@ ) 2\ (- AGo)vag) V2 (@105 (1)) 172

< C(n, p) max{eo, cx} dist(x, [y)2*7 .
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— For x € B, 4(xo) and x — xq € span{vy,, €41},

(x — Xx0) - Vx, Xn+1
(s - AG0) ) 2" @+ 11+ (x0)) 172

w(x) — b(x0)Xp11 — alxo) w3 (

. 3.5
< C(n, p) max{eg, ¢4} dist(x, [y,) 277,

Here wy/2(x) =Re(x, + ixn+1)1/2, wi2(x) = —Im(x, + ix,,_H)l/z, w3,2(x) = Re(x, + ix,,+1)3/2. Moreover,
7 =minfa, 3 — "5} and A(x) = (a” (x0).

Remark 5.7. As the proof of Proposition 5.6 shows, the function b can be identified explicitly as b(xp) =
(On+1w) T (x0), where xg € T'3/2(w) N B, )a.

Remark 5.8. Similarly as in Sections 5.1-5.3, our results generalize to non-flat W27 obstacles ¢, non-flat W27
manifolds M and L? inhomogeneities f, where p > 2(n + 1).

Proof. As in the previous sections, we only comment on the main changes. In the first step we derive an analogue
of the Carleman inequality (7) in [18]. Since an essential ingredient in the proof of the Carleman estimate was the
vanishing of the boundary contributions due to the complementary boundary conditions, slight changes are necessary
at this point. As w satisfies an elliptic equation in both the upper and the lower half planes, we carry out the Carleman
conjugation procedure in both half-balls separately. On each of these we obtain boundary contributions which do not
necessarily vanish. However, adding the contributions originating from the lower and upper half-balls allows us to
exploit the complementary boundary conditions for the interior thin obstacle problem. Hence, we obtain the vanishing
of all involved boundary contributions. The Carleman estimate then reads:

T3 (1 o)) e PO o
+rmax{inGa/r) " I3 /r) " e D i on
(

; -1
< C@ M w24, 4, oy

+ enﬁ(ln(rs)),; T x| £

1
lwll 2204, 50y (o) +

)’
L? (Arl \2r3 (x0))

where A, r,(xo) denotes the full annulus around the point xo € Bi.

In deriving the analogues of the statements of Section 4 in [18], we modify the definition of the blow-up sequences
slightly: Indeed, we note that if w(x) is a solution of the interior thin obstacle problem, then w € Cl’o‘(Bl+ U B|") for
some « > 0 (cf. p. 207 in [28]). Then for

b(xo):=  lim  dupiw(y),

Y>X0, Ynt1>
the function
Ui (6) := w(x) = b(x0) X1, 92)
solves
dia"djvy, = f in By 2,
Vxy = 0, [84103] = 0, vy [dn10x,] =0 0n B .
Here f(x) := —(8;a"7)(x)b(xp) € LP(By) by the regularity and integrability assumptions on ¢’/ and the C“"(B?}z)

regularity of w (cf. [28]). Therefore, for any free boundary point xo € I'y, N By > the modified functions vy, (x) now
satisfy

Uxy (X0) = 0 = [Vy, (x0) |- 93)

Here, by approaching x = xo from the interior of €2,,, we observed that [9,,+1w](xp) = 0, which yields the second
equality in (93).
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Analogously, we consider the following blow-ups around the point x¢, which are based on v,, instead of on w:

Uy (X0 +7X)
Uxg.r (X) 1= —5

2 il 2B, (xo))

In the case of the interior thin obstacle problem this replaces the blow-up functions defined in Section 2.2. Arguing
on the level of vy, and vy, - and using the observations from Section 5.1, all the results from Section 4 in [18] follow.
In particular (93) ensures that the discussion of the vanishing order in Proposition 4.6 in [18] remains valid.

Further relying on the functions vy, we derive the analogues of the results from Sections 3—4 for vy, by arguing
along the same lines as for the boundary thin obstacle problem (in this context, we remark that since solutions are, by
definition of the interior obstacle problem, already defined in the whole ball, it is not necessary to carry out reflection
arguments). Hence, all the properties from these sections are valid on the level of vy,. These can then be directly
transferred to the original function w. Due to the presence of the normalizing factor I;(xo)xnﬂ this changes the
asymptotic expansion of d,,w with respect to the one derived in Remark 4.7 by the constant term b(xo). Using the

C% regularity of @ and the triangle inequality, we infer from the asymptotics of 8,4 w that b € C 0’%+"‘(F3 2(w) N
B, /2). Indeed, for xo,x; € I'32(w) N By/2, we fix a point x € B, with dist(x, I'y) ~ |xo — x1|. By the triangle
inequality we have

~ ~ . 1.5
Ib(x0) — b(x1)| < |Gy (x) — Gy, (x)| + C(n, p) max{eo, c;}dist(x, [y)2 77,
where for £ € I'32(w) N By 2,

3 a(§) P ( (x—8)-ve Xn+1 )
2 (@ ENT2Z 2 (0 AE) )12 (@t (E)1/2 )

Ge(x) =

By using the C%¢ regularity of a, the ellipticity and regularity of A = (a'/), the C'* regularity of I's ,2(w), as well
as the relation dist(x, I'y) ~ |xo — x|, we have

Gy (6) = Gy ()] S g — x4 277
This proves the C* 2+ regularity of b. The remaining observations follow along similar lines as in Sections 3—4. O
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