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ABSTRACT. ~ The integral representation of the relaxed energies

FTP(y,Q) := inf {liminf F(Z,Un, Vuy) dz : u, € WHI(Q,RY),
Q

{u,,} n—oo

u, — u weakly in WhP(Q, Rd)},

FEP(u, ) := inf {liminf/ F(x,un, Vu,)dz : u, € W'll’q(Q,Rd),
Q

u, } n-—+00 oc
Uy — u weakly in WHP(Q, Rd)}
of a functional

E:u— / F(z,u,Vu)dz, u € WH(Q,R9),
Q
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310 I. FONSECA AND J. MALY

where 0 < F(z,(,&) < C(1+ (" + [£[?) and max{l Tt 1\*1}<

p < g, is studied. In particular, W'?-sequential weak lower semicontinuity
of E(-) is obtained in the case where F' = F(&) is a quasiconvex function
and p > g(N — 1)/N.

Key words: Quasiconvexity, relaxation.

RESUME. — On étudie la représentation intégrale d’énergies relaxées

FP (4, ) := inf {lim inf/ F(z,uy, V) dz : u, € VV“’(SZ,R“).
Q

{w,} | n—oo |

u, — u faible dans W'?(Q, Rd)},

FlP(y, ) := inf {liminf/ Flx,un, Vuy, ) de : u, € Wli(q(ﬁ RY),
Q

loc {un} oo

w, — u faible dans W' ¥ (Q, Rd)}

de la fonctionnelle

E:uw | F(z,u,Vu)dz, uwe WHi(Q,RY),

Q

ou 0 < Fz,(,8) <CL+ "+ )¢ )etmax{l rNJH,q = }<p§q.

En particulier, la W1P-semicontinuité inférieure séquentielle faible de E(-)
est obtenue dans le cas ol F' = F(£) est une fonction quasiconvexe et

p > q(N —1)/N.

1. INTRODUCTION

We study lower semicontinuity properties of a functional
(1.1) uw = / F(z,u,Vu)dz, uw € WHP(Q,RY),

where 2 ¢ RY is a bounded, open set and F' : @ x R¢ x MY — R is
a nonnegative Carathéodory function. Here, and in what follows, M<* ™
denotes the set of real-valued d x /N matrices.
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RELAXATION OF MULTIPLE INTEGRALS 311

We are interested in problems where there is lack of convexity, which
leads us to considering various types of relaxed energies. Let p, g € [1, >]
and let w € W ?(Q,R?). We introduce the functionals

FOP(y, Q) := inf {lim inf | F(x,u,, Vu,)dz:u, € Wl"’(Q,Rd),

w, n—oo o

u, — u weakly in WHP(Q, Rd)},

loc {un} N— 00

FlP(y,Q) = inf {lim inf/ F(2, U, Vuy,) da : u, € WHI(Q,RY),
Q
u, — u weakly in Wl’p(SZ,Rd)}.

The value of the functional %P may depend, in a rather complicated
way, on the values of p, ¢, and on the regularity properties of u. Consider
the example where N = d, F(x,(,&) = F(£) = |det£|. Notice that F'
is polyconvex, hence is quasiconvex (see the definitions below), and the
growth condition

0< F&) < [gY

is satisfied. It is well known that

(1.2) For(u, Q) > | |det Vu| do
JQ

if p,g > N ([2, 3, 7, 21]). Recently, (1.2) was shown to hold also for
g > N and p > N — 1 (see Celada and Dal Maso [6]; for related work, we
refer to [1, 8,9, 12, 15, 18]). If u € W1V (Q, R?), then we get equality in
(1.2), whereas for v ¢ WHN(Q,R?) it is difficult to describe F9P(u, )
(for partial results on this direction, see Remark 3.3 and [1, 11]). We obtain

(1.3) For(y, Q) = 0

if g <N (see (4, 14]) orif p < N — 1 (see [15] and [10]).

As usual, the relaxed energy is related to the quasiconvexification of F.
We recall that, when F'(z,n,&) = F(£), the quasiconvex envelope of F
is defined by (see [7, 22})

QF(€) := inf {/(O . F(€+ V() dz : p € C((0,1)V, Rd)}.

It is clear that QF < F, and F is said to be quasiconvex if QF = F.
Also, the polyconvex envelope, PF, of F is the supremum of all rank-one
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312 I. FONSECA AND }. MALY

affine functions bounded above by F. As it turns out, PF < QF and we
say that F is polyconvex when PF = F'

In this paper we will treat the case where ¢ is the growth exponent of £
and p < ¢. As a first step towards obtaining an integral representation for
FOP(u, ), we aim at identifying a lower bound for the relaxed energy,
precisely

(1.4) FO¥(u, Q) > / QF(Vu)dx,
Jo
assuming the growth condition

(1.5) 0 < P(E) <0+ [g).

In view of (1.4), we need to establish a lower semicontinuity result for
quasiconvex integrals (see Theorem 4.1), namely

(1.6) hminf | F(Vu,)dz > / F(Vu)dz

n—oe fo JQ

if uw € Wh(Q,RY), u,, € WH(QRY), u,, — u weakly in Whr(Q,RY)
and F is quasiconvex. It is well known that this inequality holds when
p > q (see [2, 4, 20, 21]). As indicated by (1.3), we remark that the
inequality (1.6) may no longer be valid if p < q.

The study of lower semicontinuity properties for (1.1) when p < ¢
finds its motivation on questions in nonlinear elasticity. As an example,
in the case where F is the polyconvex function F(§) := |detf], the
condition p < N plays a fundamental role in the study of cavitation, as
it allows deformations to be discontinuous (see [3]). It can be shown that,
within the class of polyconvex energy densities, and under suitable structure
conditions, if u,, € WIN(Q,RY) converges to u € WP(Q,RY) weakly
in WbP, then

lim inf/ F(Vu,)dx > / F(Vu)dzx
e Ja JG

prov1ded p > N — 1. This result was first found by Marcellini [19] for
P> wNri +1, then extended by Dacorogna and Marcellini [8] for p > N — 1.
The borderline case p = N -1 was considered in [15] with a partial success,
and completely established by Acerbi, Dal Maso and Sbordone [1], [9].
Improvements are due to Gangbo [13] and Celada and Dal Maso [6]. An
elementary approach has been found by Fusco and Hutchinson [12].
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RELAXATION OF MULTIPLE INTEGRALS 313

The quasiconvex case is more general. Under the growth condition
(1.5), and some additional structure conditions, the lower semicontinuity
property was proved by Marcellini [19] for p > ¢ NLH by Carbone and
De Arcangelis [5] in some further special cases, by Fonseca and Marcellini
[11] for p > ¢ — 1. Recently, Maly [17] extended the later result to the
borderline case p = ¢ — 1. Notice that all the above mentioned results need
some additional assumptions. Our approach allows to eliminate additional
assumptions if the growth is (1.5) and p > q”—_—l and it is based on a
method presented by Maly in [16], where lower semicontinuity is shown
to hold in the context of W1P-weak convergence of C'-functions.

Further, we investigate the dependence of F%¥(u,U) and F(u,U) on

loc
the open subsets U C €. We assume that

(1.7) < F(.C,8) < COH IS+ [€l).

We prove that if p > max ¢~ 7%;{} and if F4P(u,Q)) < oc, then

there exists a finite, nonnegative, Radon measure ; such that
(1.8) FP(u,U) = p(U)
at least for open sets U C € with u(9U) = 0. In addition, we can show that

(1.9) FL(u,U) = MU)

holds for all open sets U C €, where A is some finite, nonnegative,
Radon measure. The representation formula (1.8) may fail if p < qJ—VN;l,
as illustrated by an example provided by Celada and Dal Maso [6]: if
F(&) :=¢|7"! + |det €| and if p = N — 1, then F9P(u,-) is not even
subadditive (see Remark 3.3 (i)).

If F is independent of x and (, then the lower semicontinuity result (1.6)
implies the estimate i, > QF(Vu)LYN for the absolutely continuous part,
a» Of p. Actually, in all known examples the equality p, = QF(Vu)LN
holds.

This paper is organized as follows:

In Section 2 we construct a linear operator Tu from W1* into W1»
which conserves boundary values and improves integrability of « and V.
Namely, the W'9-norm of Tu is estimated in terms of a special maximal
function if p > q]-V~A_,—1. We use this trace-preserving operator to “connect”
two functions across a thin transition layer and to estimate the increase of
the energy. We remark that the standard way to perform this connection, by
means of convex combinations using cut-off functions, would not achieve
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314 . FONSECA AND }. MALY

a comparable result, namely an arbitrarily small increase of the energy on
an arbitrarily thin transition layer, since the admissible sequences may not
remain bounded in W14 (), RY).

In Section 3 we prove that 7\/*(u, -) is a Radon measure and we obtain
a representation of F7*(u, -) by means of a Radon measure 4, in the sense
described above (see (1.8), (1.9)). Moreover, we show that (1.8) holds for
all open sets U C () provided there exists a Radon measure v such that

(1.10) FOP(u, U) <pv(U)

for all open subset U C (2. In Remark 3.3 we provide a couple of examples
to illustrate the sharpness of these results.

In Section 4 we establish that (1.1) is lower semicontinuous in W!'#-
weak if F' is quasiconvex (see Theorem 4.1). This enables us to obtain a
lower bound for F9?(u,U),

Fop(y, U) > / QF(Vu(x))dz.
JU

In particular, when (1.10) holds then the absolutely continuous part of p
with respect to LV, p,, satisfies

pal(z) > QF (Vu(x))

for £V ae. x € . Here, and in what follows, £V denotes the N-
dimensional Lebesgue measure. If, in addition, v € W1(Q, R?), then we
obtain the usual relaxation result,

FOP(y,U) = / QF(Vu(z))dx.
Ju

The extension of this lower semicontinuity result to more general energy
density functions F' = F(x,(.£) is addressed in Remark 4.3 and
Example 4.4.

2. TRACE-PRESERVING OPERATORS

Throughout this section we consider fixed exponents r, ¢ > 1, and

N -1 N—l}

P> max{l, Tm, q——-jv—
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RELAXATION OF MULTIPLE INTEGRALS 315

Further, let € C2°(Q) be a nonnegative function, and [t1, t2] C (0, ||n]]oc).
Suppose that 0 < |[Vn| < A on {t; < 7 < t3}. Given a subinterval
(a,b) C (t1,t2), we write Z! = {a < 7 < b}.

In the sequel we will need an operator on W1?(2) which improves
the integrability properties of a function and its gradient in Z°, while
conserving the function values elsewhere.

Fix tg € (#1,t2) and consider the level set I'y, := {n = to}. There exists
a diffeomorphism @, of I';, x [t1,#2] onto sz such that

(I)t[) (Z, to) =z
(2.1)
(@, (2.1)) =t

for all z € T'y,,t € [t1,t2]. Precisely, given z € 'y it suffices to consider
the flow h, verifying

dh., Vn(h(t))

e [Vn(h())P?
hz(t(]) =z

and set @, (z,t) := h,(t). The mapping P, satisfies the bi-Lipschitz
condition and the jacobians of @, and <I>t_01 are bounded. Also, using
®,, and by virtue of the Sobolev imbedding theorem on smooth N — 1-
dimensional manifolds, one can show that if v is a smooth function
then

1/r
(2.2) (/ wdHN—l)
{n=to}

1/8
< C(/ (Jv}? + |Vol?) dHN“1> )
{n=to}

where 1 < 3, and either 3 > N -1 or r < %%, and C =
C(N’ [31l’.7n’t17t2)' ‘

2.1. LEMMA. — Consider s € (t1,t3) and p > 0 such that (s — p, s + p] C
(t1,t2). Let f be a nonnegative measurable function on ). Then

( f) dy) dHY"Y(2) < CpN‘l/ Fly)dy
{n s} B(z %) Jz:te
where C = C(N,n,t;,t2).

Vol. 14, n° 3-1997.



316 I. FONSECA AND J. MALY

Proof. — It can be seen easily that if z € I', then B(z. %) ¢ Z7/.

Hence, using the change of variables y = ®,(z.#) and (2.1), we obtain

| ( [ i dy)dH“'*(z)
J{n=s} \/B(z,%)
s+p g .
< C/ (/ (/ fod,(a,t) dHN—l(o—)> dt)dH““l(z)
JTs \JSs—p {OEFg:I(I’S(U‘l)—fbﬁ(z,s)[<%}
. s+p .
= c/ </ (/ fo®,(o,1) dH"\"l(z)) dt)dH‘\”“(n)
JOs \ds—p Szl | Py (a,8)—P(z.8)]< £}

< 0/ HN! ({z € Py (0. 1)~ (2,8)] < ﬁ})
ST x(s—p,s+p) ‘ A
x fod,(o,t)dHN (o,t)

< CﬂN_l/ T dy.
Jzsto

P

since, due to the Lipschitz continuity of the mapping ® ',

aN-? ({z €| ®.(0,t) — Py(z,8)] < %}) < OpNL

2.2. LEMMA. — Let 1 < a < b < to. There exists a linear operator
T:-W1e(Q) — WLP(Q) such that Tu = w on Q\ Z°, and

a’

(2.3) ||T“”W1-q(zg) + [T L™ (Z8)
<C(b—a)( sup (t— a)*l/p"“”v\rl,p(zfl)
t€(a,b)

+ sup (b— f)_l/PH“HWl-p(zb))-
te(a,b) .

where C = C(N,p,q,7,1m,t1,t2) and 7 = 7(N,p,q,7) > 0.

Proof. — Set

Tu(z) = 7[ w(z + 0(x)y) dy,
J B(0.1)
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RELAXATION OF MULTIPLE INTEGRALS 317

where ]
6(z) : = oA max{0, min{n(z) — a,b — n(z)}}
( 0 if n(z)>»b
b—mlz) . atb
) A if — < n(z) < b
n(zr)~a .. a+b
) <
YR if a<n(z)< 5
L0 if n(z) <a.

It is clear that Tu(x) = = if x ¢ Z°, and

a’

Tu :]Z u(z)dz
B(z,0(x))

for v € Z° Let ¢ := 2% and denote

fl

My = sup (t — a)‘l/ || dy.
te(ab) zt

M= sup (=)™ [ (Jul + (Val) dy
Z

te(a,b)

4
«

Assume, first, that u is smooth and fix o > p. If p € (0,3(b — a)) and if

z € {n = a+ 2p}, then 6(z) = £ and B(z,0(z)) C Z::Igp. Thus,

Puz) < Go (/B |u(y)] dy) )

(z, %)

o

éCﬂ”N“ﬂN”(l_%)</ u(y)f? dy)P
JB(z,%)

a1
<Cp™ (/ u(y)P dy) (/ lu(y)[” dy>.
Jzitie B(=,%)

atp

Using Lemma 2.1, we obtain

(2.4) |Tu|*(2) dHN"1(2)
J{n=a+20}
N 51
<Cpv ( / lu{y) ¥ dy)
Jozty

<[ ([ wpdy)arie)
J{n=a+2p} \J B(z,%)

Vol. 14, n® 3-1997.



318 1. FONSECA AND I. MALY

~— |

< C‘/)“NT (/ [u(y) [ (l;t/) p ! (/ [uly)” (l']/)
Sz Szt
= Cp N (/ lu(y)| dy)
S zatie

atp

By virtue of the co-area formula and (2.4) for & = g, and since [Vn]| is
bounded away from zero, we obtain

Lo
/ I Tuf?(x dT<0/ (/ Tl (z) AN (2 )) dp
. 4] - {7]:(1+2p}

.i(b——(l) Ng ) %
<o [T (] war i) do
Jo . ij:/’f”

The latter inequality has been proven for smooth functions u. Using a
standard approximation argument, together with Fatou’s Lemma, it can be
seen easily that it is still valid for any u € LP(§2). In addition, and since

/ Ju(@)l? dz < CMop,
Zoter

a+p
we have
q '%(b“u) Ng 4
(2.5) / |Tu|?(x) dx < CM{ / p~ T TN dp
Jo

< CME(b-a)i™,

here
W N-1 N
T = ——— o —.

P q
By means of an entirely similar argument we conclude that

/Zb Tult(2) dz < OMg (b= a)™™.

Now we obtain estimates on the gradient of 7'u. We have

OTu ou o9
o) =f  (Gete+oow £ 2 o s o))

j=1
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RELAXATION OF MULTIPLE INTEGRALS 319
and thus
(2.6) [VTu| < CT|Vul.

It follows that the L7 estimate (2.5) holds also for derivatives, so that

NTrlly o zny < O~ a)” ( sup (6= @)™l iz
) t€(a

+ sup (b—1t) -~ Il -0 p<zh)>
te(a,b)

Note, however, that the right hand side of the above inequality may not
be finite. Next, using the co-area formula, (2.4) with & = p, and (2.6), we
obtain, for smooth functions wu,

(2.7)
/ (|TulP +|VTul?) dy

%(l)—a) o
< C’/ </ |Tu|”(z)+|VTu|”(z)dHNVl(z)>dp
{n=a+2p}
4(b a)
<c ( / ,)—1(|,u,(y>|p+|v“(y)|p>dy) ”

a+%

¢ A o ( / :m ( /{ PP dHN‘l(z)> dt> dp
:cglf(A;ﬂ}(/Zf“—m5;5%umap++vU@npmp)dHN—%@>df

<c / ()l + [Vu(y)P) dy.

A

A similar bound holds for
/ (ITv|P + |VTv|?) dy.
Jzp

It is easy to see that Tw is weakly differentiable on {2 (and thus, by
the above estimates, Tu € W'P(2) and (2.7) holds with Z¢ and Z°
replaced by Q) if « is smooth enough. If v € WHP(Q) and if {u,} is a
sequence of smooth functions converging to v in W1P(Q), then clearly
Tun(:r) — Tu( ) for all z € Q, while, by (2.7), {Tu,} is bounded in
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320 1. FONSECA AND J. MALY

W1r(Q). Thus, a subsequence of {Tu,} converges weakly in W'*(Q)
to v and by (2.7) we have

JLure + ey < [ g+ V)

Q Jo

and we conclude that T is a linear continuous map from W'?(Q) into
W1P(Q). It remains to prove the L”-estimate. Fix 2 > 1 such that

(2.8) 1 1 < 1 < i 1 1+ 1
. - — ———— < =< ming —, =+ ——».
p r(N-1) g~ pr N-1

Given a smooth function u, by (2.2), by (2.4) with « = 3, and by (2.6),

we have
3/r
(/ |Tu|"(2) dHN_l(z)>
J{n=a+2p}

<C / (ITul(2) + [V Tul(2)) dHY ' (2)
{n=a+2p}

P

N3 T
< ([ utol + (Dt ay)
. Z§+}p

hence, just as in the proof of (2.5), we obtain

boa

4 _ Ny  T(N-1) P
[rorse [T (L vur ) .
Jze 0 Szl

Using a density argument we conclude that this inequality is still valid for
u € WHP(Q), from which we obtain

sopabee) e,
/ (Tu|"(z)de < CMY / p S S dp
JZc

J0
< OMP(b—a)'™,
where 75 := 1 — (N — 1)(; — §) > 0. This concludes the proof.

2.3. ELEMENTARY LEMMA. — Let 4 be a continuous nondecreasing function
on an interval [a,b], a < b. There exist o' € [a,a + %(b — a)],
Ve [b - %(b — a),b], such that a < o’ < b < b, and

P(t) —pla) _ () — '@D(a)ﬁ

t—a b—a

<3

(2.9)

$() = 0t) _ 0lb) — la)
b —t - b—a
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RELAXATION OF MULTIPLE INTEGRALS 321

for all t € (a',V).

Proof. — Without loss of generality, we may assume that a = 0, ¥(a) = 0.
Let o’ be a point of [0,b] where

attains its maximum and let & be a point of [0,b] where ¢ attains its
minimum. It is clear that formulas (2.9) hold. To show that o’ < &, it
suffices to remark that ©(0) = 0, while (t) < 0 whenever ¢ > 2. Indeed,
as v is nondecreasing, 3t¢—(blﬁ > (b) > ¥(t). In a similar way, one can
show that ¥ > b — %b.

24. LEMMA. — Let V. CC Q and W C §) be open sets, = VU W,
v € Whi(V) and w € WH4(W). Let m € N. There exist a function
z € W5U(Q) and open sets V! € V and W' C W, such that V'UW' = Q,
z=wvon Q\W', z = won Q\V’,

(2.10) LYV NnW < Cm™!

and

(2.11)
ll2]

Lr(viawny T ||Z||W1~q(wm1//)

S (e

{/Vl.p(‘/mw,') + 7””/“7 - UHL"(V(\VV)) 3

where C = C(p,q,7,V,W) and 7 = 7(N,p,q,7) > 0.
Proof. — Let n € C°(2) be such that
(2.12) n=0 onQ\V and n=1 onQ\W
By Sard’s Lemma, the image of the set of all critical points of 7 is
a closed set of measure zero; hence, there is an nondegenerate interval
[a,b] C (0,1) \ n({Vn = 0}). Choose m € N and define
[i=14 Vol +{Vwl’ + |v|P + |wf + mP|w — v]?.

Since {a <7 < b} C VNW, we may find & € {1,...,m} such that

m Jyvaw

1
(2.13) / fdo < — fdx,
J{ap <n<by}

Vol. 14, n® 3-1997.



322 I. FONSECA AND J. MALY

(
1423 T

= [ _sar

we find [a’, ] C [a, by] such that b — o’ > é—(bk ~ ag), and

where a; ;= a + (k=D){b=a) by = a+ Mbza) Using Lemma 2.3, with

. . P
/ Jfdr <3 a, / fdzx,
{a'<n<t} V—a, {a' <n<b’}

b -t

/ fdr <3 - / fdx
{t<n<t'} V—a, {a'<n<b’'}

for all ¢ € (a/,0'). Set

(2.14)

Vi=Qn{n>ad}, W:=Qn{n<b},

v, on {n >0},
n— a4 (b —
(n—a )bll ir fl, n)w in {0’ < < V).

w. on {n <d'}.

U =

By (2.12), it is clear that V' ¢ V, W' Cc W, and V' U W’ = Q. Also,
(2.10) holds because | V7| is bounded away from zero on {a < n < b} and
b —a < % A direct computation shows that

[ul? +|Vul? <Cf

on {a’ < n < b} Using (2.13), (2.14) and Lemma 2.2, we find a function
zeWiP(Q)suchthat z=u=wvon{n>b} =Q\W', z=u=won
{n <ad'} =0\V" and (2.11) is satisfied.

3. THE RELAXED ENERGY: DEPENDENCE ON THE DOMAIN

Let 1 be a Radon measure on (2. We say that u (strongly) represents
FP(y,-) if

uw(U) = FEP(u,U)
for all open sets U C ). We say that 1 weakly represents F4%(u,-) if

p(U) < FOP(u,U) < p(U)

Annales de Ulnstitut Henrt Poincaré - Analyse non linéaire



RELAXATION OF MULTIPLE INTEGRALS 323

for all open sets U C 2. Strong and weak measure representations for
FoP(u,-) are defined in an similar way. In this section we will study

measure representation properties of the relaxed functional F”(u, ) for a
functional (1.1) satisfying (1.7). We show that if

r.q 2 p,

(3.1) S N -1 N1
e I 7
P max '7N+7‘q N ,

then F2¥(u,-) can be represented by a Radon measure and F9P(u,-) is
weakly represented (see Theorems 3.1, 3.2). We characterize the case where
strong measure representation for F9? (v, -) occurs. We include an example
of weak measure representation which is not strong and an example which
illustrates that measure representation properties may fail altogether if the
condition (3.1) is violated.

First we state the main results which will be proved later in this section.

3.1. THEOREM. — Let F’ be a Carathéodory function satisfying (1.7) and let
p.q,r verify (3.1), u € WIP(Q,RY). If P (u, Q) < oo, then there exists a

nonnegative, finite Radon measure A on §) which represents Fl'¥ (u, Q).

3.2. THEOREM. — Let I be a Carathéodory function satisfying (1.7) and let
p,q,7 verify (3.1), u € WHP(Q, [Rd_)-. If FOP(u, Q) < oc then there exists a

nonnegative, Radon measure p on §) which weakly represents F4P (u, Q).

3.3. REMARK. — (1) The latter result is sharp, in that we may find p = qi”f—l-
and v € WP (2, R?) such that F¢P(u,-) cannot be weakly represented by
a measure. Indeed, let B stand for the unit ball in RY, let g=d=N,
r=p=N-1 ulz) = |JT| and

F(&) =[]V + | det .

Then v € Wh*(B,RY) for all s < N, in particular for s = p,
pr— FOP(u, pB) — / F(Vu)dx
JpB
is of order p at 0, whereas
FiP(u, B\ pB) — / F(Vu)dx = 0.
B\pB

Hence, F9P(u,-) cannot be additive. The same argument works here also
for 77 (w, -). This example is essentially due to Acerbi and Dal Maso [1].
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(ii) In (i) the additivity property failed due to the fact that p < gt \ . Now
we will see that, in spite of requiring p > ¢~¥=L the measure representation
may not be strong. Let ¢ = d = N and u(x ) = | |, but now p > N — 1
(which is the case in which Theorems 3.1 and 3.2 are valid), and

F(&) :=|det&].

Let p := LYN(B) &y be the £V (B)-multiple of the Dirac measure at 0.
Then (see [11], Theorem 4.1),

(3.2) FéiP(u,U) = p(U)
if p(oU) =0.1fU = {x € B : x; > 0}, then we have
Frr(u,U) = w(U) < p(U)

(this can be seen using the approximation u,(r) = u,(T + %el)). In the
case where U := B\ {0}, we have

(3.3) Fr#(u,U) = y(B) = u(T) > ().

as each v € WH¢(U,R?) is also in W14( B, R¢) (the point 0 is a removable
singularity). Clearly, F%?(u, -) cannot be a measure since in this case, and
by (3.2), it would have to be the measure p, contradicting (3.3).

Theorem 3.1 ensures that a similar example does not exist for the relaxed
energy FP (u, -)-situation; notice that it may happen that v € W,29(U, R?)
and v ¢ Wif(B,Hd).

(iii) If U CcC V C §, then, obviously,

Froc (w.U) < F¥(u,U) < Fi(u, V).

Hence, if the measures p and A from Theorems 3.1 and 3.2 exist, then

= pu|Q.

3.4. LEMMA. — Let F' be a Carathéodory function satisfying (1.7), and let
p,q,7 verify (3.1). Let V, W C Q be open sets, V CC Qand A =V UW,
and let w € WHP(Q,R?). Then

FOP(u, Q) < FOP(u, V) + FOP(u, W).

Proof. — Choose € > 0. We find open sets V' C V and W' C W such
that @ = V'UW’ and V' N W’ C VNW. Using the definition of relaxation
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and Rellich’s compact imbedding theorem, we find v, € W14(V,R?) and
w, € WH4(W,R%) such that

v, — u weakly in WHP(V,R?),
1

H'Un - u”LP(V’ﬂVV’) S 'ﬁ,

/ F(x,v,,Vu,)de < FPP(u,V) +e,
v

w, — u weakly in W'P(W,R?),

1
[l — “”Lr(vmwr) < n

/ F(z,wn, Vwy,)dr < FPP(u, W) +e.
w

By virtue of Lemma 2.4, we may find open sets V,, c V/, W,, ¢ W/, and
functions z,, € W11(2,R?), such that V,, UW,, = €0, 2, = v, on Q\ W,,,
zn = Wy, on @\ V,, and, by (1.7),

/ F(z,2,,Vz,)dz <C (14 |zn|" + |V2a|?) dz
VW, SVaow,

< Cn7?7,

LYWV, nW,) <

519

where 7 is as in Lemma 2.4. It follows that
/ F(z,2,,V2z,)dx S/ F(z,v,,Vu,)dx
Ja v
+ / F(x,w,, Vw,)dz + Cn~"F7;
Jw
hence

lim inf / F(z,2,,Vz,)de < FPP(u, V) + FOP(u, W) + 2e.
Ja

n—oo
It remains to prove that z,, — u weakly in W1P(Q). It is easy to check that
the sequence is bounded in W1?(Q, R?). Furthermore, taking into account
that £LV(V,, N W,,) — 0 and Rellich’s compact imbedding theorem, we see

that each subsequence of z, contains a sub-subsequence converging to «
a.e. It follows that z,, — w which concludes the proof.

3.5. REMARK. — A similar assertions holds for F'* (v, -), with essentially
the same proof.
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Proof of Theorem 3.2. — We write
FU) = Fr(u U).
First we assume that the coercivity assumption
(3.4) F(a.C.€) 2 e(|C)" + Je)
is satisfied. Let u,, € W¢(Q,R?) be a minimizing sequence such that

4y, — u weakly in Wl-P(Q’Rd)’ and

Lim / F(x, u,, Vu,)dr = F(Q).
0

n -

Passing to a subsequence, if necesssary, there exists a nonnegative Radon
measure p on {2 such that

w*- lim F(Vu,) LV |Q = p

n—oo

(weak* convergence in measures on Q). In particular, we have
(3.5) () = F(Q)

and for every open set V C Q1

(3.6) F(V) < lim inf/ Flz,u,. Vu,)dr < /I/(V).

n—oc ‘,

Conversely, let V' C €2 be an open set and fix ¢ > 0. We find an open
set Z CC V such that

(V) —p(2) <e.
Then, using Lemma 3.4, (3.5), (3.6), we have
w(V) < pl(Z)+e = p( @)= p(\Z)+e < F(Q)=F(Q\ZF)+¢ < F(V)+e.
Letting ¢ — 0 we obtain
u(V) < F(V).

Now, we remove the assumption (3.4). By the above part of the proof,
and for every ¢ > 0, we obtain a measure . representing the relaxation
F. of the functional

/ (F(x,u.Vu) + elul’ + e[VulP) da.
)
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Since _
1() = Fo () < F(Q) 4 esup||un|jwrr < C,

we may select €, — 0 such that the subsequence ., converges weak*
in the sense of measures to a finite, nonnegative, Radon measure p. Let
U c 9 be open. Then, obviously,

FU) < u(0),
and passing to the weak* limit,
FU) < w(O).
Conversely, given ¢’ > 0, there exists a sequence v,, such that v,, — u
weakly in W'P(U) and
/ﬁ F(z,v,,Vv,)de < F(U) + €.
Ju
Then, for & large enough, we have

/ (F(x,vn,an) + ex|vn|P + skIan|p) dr < F(U) + 2¢,
JU

thus
pe, (U) < F(U) + 2¢”.

Passing to the weak* limit and letting ¢/ — 0 we conclude the proof.
We show that (1.10) is a necessary and sufficient condition for strong
representation. This will be a consequence of the following lemma.

3.6. LEMMA. — Let F' be a Carathéodory function satisfying (1.7) and let
p,q,r verify (3.1), u E_Wl’p(ﬂ, R®). Let U be an open subset of Q. If i is
a Radon measure on ) weakly representing F9P(u,-) then

w(U) = FP(u,U),
provided
(3.7) i%f{]-'q"’(u,U \K) : K cU is compact} = 0.

Proof. — We need to establish the inequality F%P(u,U) < u(U). Fix
€ > 0 and, by virtue of (3.7), let K C U be a compact set such that

Fer(u, U\ K) < e.

Vol. 14, n°® 3-1997.



328 1. FONSECA AND J. MALY

Choosing an open set W such that K C W CC U, by Lemma 3.4 we have

FOP(u,U) < FOP(u, W)+ F4P(u, U\ K)
< FOP(u, W) + ¢

S W)+«
< u(U) +e,

and this concludes the proof.

3.7. COROLLARY. — Let F' be a Carathéodory function satisfying (1.7) and
let p,q,7 verify (3.1), u € WHP(Q,R?). If p is a finite Radon measure on
Q weakly representing FP(u,-), then u represents FP(u,-) if and only
if (1.10) is satisfied.

Proof. — If (1.10) is satisfied, then clearly (3.7) holds for any open
set U C €. Thus, by Lemma 3.6, u represents F9?(u,-). The converse
implication is trivial,

3.8. REMARK. — If u € W14(Q,R%), then the hypotheses of Corollary 3.7
are fulfilled by setting

v(U) :=/UF(a;,u,Vu)da:.

As we will see in Corollary 4.5, in this case, and if F' does not depend on
z and ¢, we have u = QF(Vu)LY, and, in particular,

FP(u, ) = / QF(Vu)dz.
Q
We conclude this section proving that 727 (u, 1) admits always a measure

loc
representation.

Proof of Theorem 3.1. — Assume, in addition, that the coercivity
condition (3.4) is satisfied. As in the proof of Theorem 3.2, we find a
Radon measure A on § such that

MU) < Fg2(u, U) < MU)

for every open set U C 2. Given an open set U C {2, we are going to
show that

MU) > FLP(u,U).

loc

Consider an increasin_g sequence of open, bounded, smooth sets U, cC U,
h € N, such that U, C Uy for all A and U = |J,, Us. By the
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definition of relaxed energy, for A~ > 3 there exists a sequence upn €
WUy, \ Up—2,R?) such that

loc

Uppn — U weakly in Wl’p(Uh \Uh_z, Rd),

k)

and
(38) / F(.’E, Uh,ns V’U,h,n) < f‘lqo’f(’ul, U, \Uh—Z) + 2_h.
Up\Uh—2

Fix positive integers oy, to be determined later in the proof, and after
extracting a subsequence from wuy, ,, (still denoted by uy ), we may assume
that up,, — w ae. in Uy \ Up—2 and

n—oo

|[wh,n — U”Lp(uh\ﬁh_2) < 2_h—na;1'

We make use of Lemma 2.4 to connect up ,, t0 up4q, across Up \ Us_;.
There exist open sets V,' ,V,7,  such that Vi C Up \Un_z, V;5y, C
Uns1 \Un-1, U1 \ U2 =V, UV, L,

LYV, Vi) < Ch2 o,

and there exist functions 2z, € W“’(U;H.lm \Tjh_l,Rd) such that

Zhn = Uh.n in (Uh\—[jh—ﬂ\Vh_ﬂ,n, Zpn = Uh4in in (Uh+1\—(jh—1)\v;j:n’
and

/+ F(z,2pn,Vzpn)d
Vh,anh+1,’rL

<C / (14 |zan]” + |V2rnl?) dz
v onv-

h,n h+1,n
< Chay, TP27P7 (040,

where 7 is as in Lemma 2.4 and C}, depends on h. Now we specify the
choice of ay, so that a;, "/C), < 1. Let 2z, € Wo9(Q\ Uy, R?) be given by
Zp = Zp,n ON Vh_*,_nth_-Fl,n’ Zp = Up4+1,n ON (Uh+1\Uh—l)\(vh_{,—nuvh_-fﬁ,n)'
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Fix £k € N, £ > 2. We have
/ F(x,2,,Vz,)dx
JONU,

o0
< / F(x,z,,Vz,)dr
h=k41 7 Ur\Un-1

o0

< Z / _ F(zoupgra.Vuggr,) de
Unt1\Un—1

h=k+1

—l—/ F(:I:,uh,n,Vu;m)drzr+/ Fla, 2,0V, ) da
U oA

— g
r\UR -1 ST

< Z (RF TP (u, Uppr \Up—y) + 27" + Z 2797 et h)

h=k+1 h=k+1

< Y AWnsz \Upma) + 27571 g 027040
h=k+1

< GAU \ Up_y) + 27K+ 4 ggmam (nth),

Due to (3.4), (3.8), and since F'¥(u. Q) < o, the sequence z,, is bounded

loc

in Whe(U \ gk) and, as in Lemma 3.4, we show that z, — u weakly
in Wi»(U \ Uy). We infer that

FEP U\ TR < 6AMU\ Up—y) + €275+

loc

Hence, (3.7) is verified and, by virtue of Lemma 3.6, we conclude that

AU) = FEP(u.U).

loc

Now, using the same argument as in the proof of Theorem 3.2, we remove
the additional assumption (3.4).

3.9. REmArk. — The growth condition (1.7) can be further weakened. The
constant 1 may be replaced by an integrable function. If p > N — 1, then,
in view of the Sobolev imbedding theorem, the function z in Lemma 2.4
is bounded. In this case, it is enough to assume, instead of (1.7), that

0 < F(r,¢.8) < e(lch(1 + 1§]%)

for some increasing function c.
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4. THE RELAXED ENERGY: A LOWER BOUND

4.1. THEOREM. — Suppose that ¢ > 1 and p > q(N — 1)/N. Let F be
a quasiconvex function on MY satisfying (1.5). Let u € WIP(£2,R),
th, € WH(Q.RY), u,, — u in WHP(Q,RY). Then

liminf/ F(Vu,)dz 2/ F(Vu)dx.
)

n—o0 Sz
Proof. — The proof will be carried out in two steps.

Step 1. — Suppose that Q@ = B = B(0,1) and w is linear, u(z) = &u
for £, € MY In view of Rellich’s compact imbedding theorem, passing
to a subsequence we may assume that

|, — u||p <n L

Let R < 1, and set p := 3£ We apply Lemma 2.4 t0 v := u,, w := u,
V = pB and W = B\ RB to obtain functions z, € W'¢(B,R?%) and
open sets V,, CC V and W,, C W such that V,, UW,, = B, z,, = u,, on
B\W,, z, = uon B\V, and

C(R)

LYV, nW,) < 2
Ve

/ Vz|? de < C(R)n=",
4V, N1,

7 > 0. Since z, —u € Wy''(B,R%), due to the growth condition (1.5) it is
legitimate to test the quasiconvexity of F' with z,, and we obtain

/ F(Vu)dx < / F(Vz,)dz.

B B

It follows that
/ F(Vu)dx — / F(Vu,)de < / F(Vz,) ~ F(Vu,) dx
JB JB

J B

= / (F(Vu) — F(Vu,)) dr + / (F(Vz,) — F(Vu,)) dx
J B\V, VN,

§/ F(Vu) dz:+/ F(Vz,)dx
I,

Jv,.nw,

< C(ﬁN(B \ Vo) + / (14 |Vz,|7) d.«;;)
SV, W,

< C(LN(B\RB)+ C(R)n™")
<C(A-R)+C(R)yn™7.
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To conclude, it suffices to let first n — oo and then B — 1.

Step 2. — Let u € WIP(Q,RY), u,, € WH4(Q,RY), u,, — u weakly in
WLr(Q,RY). Without loss of generality, we may assume that

n

sup/ F(Vu,)dr < oc.
Q

Passing, if necessary, to a subsequence, we obtain the existence of finite,
Radon, nonnegative measures p and v such that

liminf [ F(Vu,)dz = lim /F(Vun)dm
Q

n—oo o) n—o0

and :
p=w"- lim F(Vu,) Ly,

v=w"- lim |Vu,|? cV.
00
We are going to show that

(4.1) i ABE0E))

By IV (Blag, e = 1Y)

holds true for almost every =, € ). Assuming that (4.1) is verified, for
any p € C.(0), 0 < ¢ < 1, we have

lim [ F(Vu,)dz > lim /wF(Vun)d:L'
Q

N300 Q 00

:/(pd,u
Jo
dy
Z/{;ﬂmdl'
2/(,0F(Vu)dat.
Q

It suffices to let ¢ to converge increasingly to 1 and to apply Lebesgue’s
monotone convergence theorem, to conclude that

lim /F(Vun)darz F(Vu)dz.
Q

n—oo (2

It remains to prove (4.1). To this end, we consider x; € ) such that

(4.2) —@—(330) = lim Bz, 2)) exists and is finite,
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(4.3) LN —— (o) = m %?EP’—E% exists and is finite
e—» .’L‘O, 3
and
44 lim 2 |u() - u(ze) — Vulzo)(y — o)| dy = 0.

e—0t £ B(x,e)

We select e, — 0% such that u(0B(zg,ex)) = 0,v(0B(zo,ex)) = 0. It is
well known that conditions (4.2), (4.3) and (4.4) are satisfied by all points
1o € €2, except maybe on a set of £V measure zero. Then

w(B(xo,er)) -
lim ———2"%7_ = lim lim F(Vu,(z)) dz
k—o00 [:N(B(.’L‘g,fik)) k—o0 n—o0 B(zo.2x) ( ( ))

= lim lm F(Vu, (y)) dy,

k— oo n—oo B(0,1)

where
Un (2o + exy) — (o)

€k

Un, k() =

Then u,, € WH4(B(0,1),R%),

klin;o hm lltn e = woll g1 (0,1 = O

and

lim sup lim sup ||V, klle(B) (:vo) < o0,

k=00 n—oo - dLN

where uo(z) := Vu(zo)z. Hence, we may extract a subsequence vy = Un, k
such that (passing, if necessary, to a subsequence) v, — wug weakly in
WbP(B(0,1),R?%), and

—— (@) = hm F(Vue(y)) dy.
From Step 1, we deduce that
e (0) = 1 F(Vuuly)) dy = F(Vu(xo)).
= i v, ulLxr
dLN o ko] 5oy k Y 0

This shows (4.1), and thus it concludes the proof.
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4.2. COROLLARY. —~ Suppose that ¢ > 1 and p > q(N — 1)/N. Let F be a
function on MY satisfving (1.5), and let v. € W12, RY). Then

Frr)z [ QF(Tud.

JQ

Proof. — Since 0 < QF(£) < F(&), it follows that QF satisfies the
growth condition (1.5), i.e.

0<QF(§) <O+ [|€7).
Hence, if v, € WH9(Q,R?) and if u,, — u« weakly in W1?(Q,R?), then
by Theorem 4.1

lim inf / F(Vu,)dz > liminf / QF (Vu,)dr
Q Jo

> / QF(Vu)dx.
JQ
Taking the infimum over all such sequences we obtain

FrP(u) > [ QF(Vu)dx
Ja
as required.

4.3. REMArRk. ~ It is easy to verify that the blow-up argument of
Theorem 4.1, Step 2, can be used to prove that
(4.5) FOP(u, ) Z/QF(x,u, Vu)dr,
Q

in the case where F(x,(,€) = a(z)g(£), o is nonnegative, continuous,
and g satisfies (1.5). The generalization of (4.5) to more general energy
density functions F' = F(x,(,€) can be obtained under some smallness
assumptions on

'F(‘T7C~£) - F('/I’Jvclﬁf)i'

However, these conditions are far from being ‘natural’. By analogy with the
case where p > ¢, we consider to be ‘natural’ those conditions of the form

|F(z,(,€) - F(o', (&) <w(lz - 2|+ ¢~ CDIL + |€19),

where w is a bounded modulus of continuity. The latter ensures (4.5) if
P 2q
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We recall that Gangbo {13] proved that lower semicontinuity holds when
d=N=g¢q,p>N-1, F(,(,§) = a(z,{)g(z,€), a is continuous,
nonnegative and bounded away from zero, g is continuous, and g(z,-)
is a polyconvex function for all x € . In that same paper, Gangbo
used heavily the fact that d = N, without which lower semicontinuity
may fail (see Example 4.4). In addition, he showed that the continuity
of the integrand function is an important feature. Indeed, he exhibited an
example where F(x,€) = xx(z) det &, xx is the characteristic function
of a compact set K, and where, given N — 1 < p < N,

U+—>/ | det Vu|dz
JK

is lower semicontinuous in W?(Q, RY) if and only if LY (0K) = 0.

4.4. ExampLE. — This example is similar to examples by Ball and Murat
[4] and Maly [15].

Here () denotes the cube (—1,1) in RY, and N -1 < p < N.
Let u, : @ — RYN*! be a 2/n-periodic function, given by u,(z) :=
(onllz))z, n(|z]) if € [-1/n,1/n]V, where

1, r> n~h
on(r) =< 1/(nr), n7 % <r<nt
nk’l, r>n"k,
and
17 r Z ,n/—k’-!—l
Inr
Po(r) = b+ —, nF<r<p k)
Inn
r < n=k.

The integer k is fixed so that {u,} remains bounded in W1P(Q) RN +1),
precisely (k — 1){(N — p) > N. Then wu,, are Lipschitz-continuous, and
Up, — u = (z,1) in WHP(Q, RN+,
Now, define F' : RV x MWVFUXN [0 40c) by
F(C,8) = b(Cvy1)|det(& )i j=1,.. N

with Lt 32

+ 3t
b(t) i = ————.
*) 1+ ¢2

As it turns out,

/ F(u, Vu)dz = 2V b(1) > 2V b(1) + an (h(0) — b(1))

TN~ 4+ 00

= liminf/ F(uy,,Vu,)dz,
Jo
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where «y denotes the volume of the unit ball in R". Note that
a(() := b({v+1) is continuous, bounded away from zero, and

[F(¢.&) = F(C & Sw([C= DI+ ™).
where w is a bounded modulus of continuity. It is well know that the latter

condition provides W (£, RV+1) weak lower semicontinuity.

4.5. COROLLARY. — Suppose that ¢ > 1 and p > q(N — 1)/N. Let F be a
function on MY satisfyving (1.5), and let v € WH(Q.RY). Then

Fr (4, Q) = / QF(Vu) dax.
Ja

Proof. - Since u. € W14(2,R?) and (1.5) holds, the standard relaxation
results apply (see [2. 7]). Thus, we may find a sequence of functions
u, € W4, R%) such that

lim /F(V’u,,,)d:l:ﬁ: / QF(Vu) du.
Q Ja

T X5

and so
FoP(,82) < / QF(Vu)da.
JQ

which, together with Corollary 4.2, yields the desired representation.

4.6. REMaRrK. — Notice that if QF is convex, i.e. QF = F** where F™**
denotes the lower convex envelope of F, then

For(y,U) = / QF(Vu)dr,

for every u € WH?(§2, R4), for every p > 1, and every open set {/ CC 2.
The result is trivial in the case where p > ¢, since the standard relaxation
theorems can be applied (see [7]).
Suppose now that p < q. If the sequence {u, } C W¢(2, R?) converges
to u € WHP(Q,RY) in Whl.weak, since F** is convex we have

lim F(Vu,)dr > lim /ﬁ** Vu,)

TL— OO0 ] n—oc

F**(Vu) dr.
Jo
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Conversely, consider a smooth kernel w > 0 in R with support on B(0,1),
Jaw w(z)dz = 1, and given k € N we set wy(z) := kN w(kx). For each
k € N select a sequence vg, € WH4(U,R%) such that

Vg — wi*uin WH(U,R?) weak
Tn—00

and

lim / F(Vug,)dx = / QF(V(wy xu))dz.
Ju U

n-—>o0

As p < g we may extract a diagonal subsequence uy := Uk n(x) Such that

1
lur — wi * ullyyi, < 7
/ F(Vug)dr — | QF(V(wg *u))dz| < %
JuU Ju

Therefore u, — « in WH?(U,R?), and

FP(y,U) <lim inf/ F(Vuyg)dz
U

k—oo

= li]gn inf/ QF (V(wy * u))dz.
— 00 U
However, since QF is convex and as the measure ;*, given by

(s ) 1= /L wi(z = y)e(y) dy,

is a probability measure, using Jensen’s inequality we have

k—oo

lim infL QF (V(wg xu))dx = h,f’l,i‘gf g QF ((p*, Vu))da
<timinf [ (14 QF(Vuyie
_ /b QF(Vu(z))dr.

We conclude that

F4P(u,U) = /U QF(Vu)dax.

Vol. 14, n® 3-1997.
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