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The inhomogeneous boundary Harnack principle for fully
nonlinear and p-Laplace equations

Mark Allen, Dennis Kriventsov, and Henrik Shahgholian

Abstract. We prove a boundary Harnack principle in Lipschitz domains with small constant for
fully nonlinear and p-Laplace-type equations with a right-hand side, as well as for the Laplace equa-
tion on nontangentially accessible domains under extra conditions. The approach is completely new
and gives a systematic approach for proving similar results for a variety of equations and geometries.

1. Introduction

This work is intended as a sequel to [3] by the first and third authors, where a boundary
Harnack principle (BHP) was established for the Laplace equation with right-hand side in
Lipschitz domains (with small Lipschitz norm). Here we extend the result to the case of
fully nonlinear as well as p-Laplace equations. The novel and very simple approach intro-
duced here also allows us to consider nontangentially accessible (NTA) domains when
there is an assumed lower bound on the growth of the solution from the boundary.

In lay terms, the main result in [3] states that (up to a multiplicative constant) a positive
harmonic function can dominate a superharmonic function close to a boundary point x°
of a domain D C R” (n > 2), so long as both functions have zero boundary values in a
small neighborhood of x°. Throughout the paper we assume all domains are in R” with
n > 2. See below Theorem 1.1 for an exact formulation of the general case in this paper.

The BHP with right-hand side can be used to prove the regularity of free boundaries,
for the obstacle problem (see [3]), and the thin obstacle problem (see [12]). Therefore,
further study and generalization of the BHP with right-hand side should be emphasized to
allow applications to more complicated free boundary problems. This work aims to make
progress in this direction.

The reader may find it useful to read the longer introduction and applications men-
tioned in [3], which we have chosen not to repeat here. Since then there has been some
further research on this topic, including [13], as well as [12] which we learned about in
the final stages of preparation of this work. The approach taken here is rather different and
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allows treatment of very general configurations (see Theorem 2.2); however, our results
do not entirely overlap with the above-mentioned references.
Our main results in this paper are the following theorems:

Theorem 1.1. Let Q2 be a Lipschitz domain with Lipschitz constant L and assume 0 € 92.
Let u,v > 0withu = v = 0o0ndQ N By and assume u(e,/2) = v(e,/2) = 1. Assume
the fully nonlinear operator F satisfies the structural conditions (3.1) and (3.2). There
exist constants C, e, > 0 (depending on dimension and the ellipticity constants A, A of
F) such that if L < n and

—1 < F(D*u,Vu), F(D?*v,Vv) <,

then

u

For the p-Laplacian (defined in Section 4) we obtain a similar result for supersolu-
tions:

Theorem 1.2. Let Q2 be a Lipschitz domain with Lipschitz constant L and assume 0 €
Q. Let u,v > 0 withu = v = 0 on Q2 N By and assume u(e,/2) = v(e,/2) = 1. If
1 < p < o0, then there exist constants C, 1 > 0 (depending on dimension and p) such that
if L <nand

—1 < Apv, Apu <0,

then

u

The main ingredients in applying our method are the following:

(A) aboundary Harnack principle for solutions (to the homogeneous equation, with
no right-hand side);

(B) an appropriate lower bound on the growth of u, v from the boundary;
(C) acomparison principle for sub- and supersolutions;
(D) solvability of the Dirichlet problem (with continuous data).

Our theorems require a Lipschitz boundary for (A) and (B). However, for operators
such as the Laplacian A, one has a boundary Harnack principle for NTA domains [9].
Furthermore, for many free boundary problems a lower bound on the growth from the
free boundary is often obtained directly (using competitors, barriers, or other techniques).
In those cases (B) may be difficult or impossible to verify in general, but will be already
available for the specific functions being considered. To handle this situation, one may
apply our method on NTA domains and obtain the following conditional theorem, which
appears useful in practice:

Theorem 1.3. Let Q2 be an NTA domain with 0 € 0K2, and assume that for some x% e Q we
have u(x®) = v(x®) = landu,v > Owithu = v =00n9dQ N By. If for some 0 < B <2
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and some ¢ > 0 one has

u(x), v(x) > c(dist(x, 89))’3

then there exists a constant Cy (depending on B, the NTA constants, and dist(x°, 0B;))
such that if
—1 < Au,Av <1,

then .
—<Cy in2N Bl/2-
u

Unlike in Theorems 1.1 and 1.2, we do not assume that Au < ¢ small here, nor that
the domain is somehow flat: the growth bound is all that is required, though it does carry
some indirect implications about the geometry of 92 and Au.

2. A metatheorem

Let Hg be a family of operators mapping C(Q) x C(9Q2) — C(RQ) forany Q € Q with O
a collection of open sets. The map H should be thought of as a solution operator, mapping
boundary data and right-hand sides to solutions of an elliptic PDE. Fix a particular open
set U € Q.Let V C C(U) consist of some subset of functions u > 0 with Hy [ f,u] = u
on U for some f (generally this may be interpreted as positive functions with f bounded
by 1, but only some specific properties below will be relevant; in fact, neither u > 0 nor
Hy | f,u] = u are used explicitly in the proof below). Assume the following properties for
Hq,V,U, Q:

(P1) Localization: For every r > 0 and x € U, there is a set Ux,, € Q such that

Uy, C Byr(x)and U N B, (x) = Uyxr N Br(x).

(P2) Homogeneity: Hg[0,0] = 0 for every Q € Q.

(P3) Solvability: If 2 € Q, then Hg[f, g] = g on 02 for any g € C(92).

(P4) Extension: If @ C Q' are in Q, then Hq[ fa, Ho'[f. gllae] = Ha[f, gl on Q.

(P5) Comparison:' If f; > f> and g1 < g2, then Hg[f1.g1] < Hal /2. &2l.
(P6) Approximation: For any set Q = Uy, from (P1) with r < %, X € By N U,
and u € V, we have |u — Hg[0, u]| < C;r¢ for some ¢ > 1 on .

'Tt is possible to replace this assumption with a homogeneous minimum principle: if g > 0, then
Hg[0, g] > 0, though without the full comparison principle some of the remarks and typical applications
will not follow. In cases where lower-order terms interfere with the comparison principle, it may still be
possible to apply the results here by treating the lower-order terms as an inhomogeneity instead. For exam-
ple, when studying Au = —Au for A > 0, our theorem will apply if one first shows u is bounded, and then
sets Au = f = —Au, with f € [-C, 0]. Here Hg should be set to the solution to the Laplace equation,
not to the eigenvalue problem.
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(P7) Harnack: For any u € V and B,,(x) C U,

sup u < Cy[ inf u + 1].
By (x) Br(x)

(P8) Boundary Harnack: For any a € dU and Q = U, from (P1), let uy, u, satisfy
Hgq[0,u1] = uy and Hg|0, u3] = u,. Assume, moreover, that uy, u, > 0 on Q
and uq,uy = 0on dU N B,(a). Then

v(x) ©
forany x,y € U N Byz(a).

Ix—ylc‘)@

(60

In addition, we will use the following concept of a 1-sided NTA (or uniform) domain:

Definition 2.1. A domain Q C R” is a 1-sided NTA domain (with constant K) if it satisfies
the following two conditions:

(D1) For every x € 02 and 0 < r < diam(£2), there exists a ball B, /x(y) C 2N
By (x).
(D2) For every x,y € Q, there is a curve y: [0, 1] — Q with y(0) = x, y(1) = y,

I(y ([0, 1])) = K|x — y|, and min{/(y ([0, 2])). [(y([t. 1]))} = Kd(y (1), 0<2) for
all ¢ € [0, 1]. Here [ denotes length.

Our main theorem can now be phrased as follows:

Theorem 2.2. Let Q, Hg, V, and U satisfy (P1)—(P8), assume that U is a 1-sided NTA
domain with constant K, and 0 € 0U. Then there is a constant c« = c«(n, K) such that
the following holds: let uy,uy € V withu; >0on U N By, u; =00ndU N By (i =1,2),
and assume that for some B € (0, ), u; satisfies the growth condition

ui(x) > C4dP(x,0U N By) Vx e U. 2.1)

In addition, assume that u1(x°) = 1 for some x° € B, (0) with d(x°,0U) > c2. Then

u

-1 <c,

Uz
on B., N U. The constant Cy depends only on n, K, C1, Ca, C3, Cy, ¢, B (where Cy, Cy,
Cs, and ¢ are constants from (P6)—(P8)).

Remark 2.3. While U being a 1-sided NTA domain suffices for our argument, verifying
property (P3), and possibly (P1), will often require making stronger assumptions. For the
Laplace equation, 2-sided NTA domains (where the complement of U also satisfies (D1))
do have these properties, and in particular (P1) may be found in [9]. If one is working on
Lipschitz graph domains Dy, , as we do below, some of the details here can be simplified,
and the Uy, can simply be chosen to be U N B,(x). It is worth noting, however, that
(P8) does hold on 1-sided NTA domains at least for the Laplace equation [1], and this is
roughly the most general class of domains on which it might be expected to hold [2].
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Remark 2.4. Although we only assume that 11 (x®) = 1 in the above theorem, the lower
bound (2.1) automatically implies that 15 (x®) > ¢, while an upper bound for u, is unnec-
essary. An abstract argument shows that for uq, (2.1) may be replaced with a growth
condition on the corresponding homogeneous equation, up to increasing the radii slightly:
first, if u; = Hy|[ fi, u;], let w = Hy, [min{ f1, 0}, u] and use the comparison principle
to ensure u; < w. Thus it suffices to prove w < Cxu,. Then set h = H[0, u1]: this has
h < w, so a growth estimate for & implies the same for w. Growth estimates for solutions
to the homogeneous equation are equivalent to one another, from (P8); therefore in some
cases (e.g. f> > 0) this estimate on #; may be redundant or easily obtainable. On the other
hand, an inspection of the proof shows that if f, = 0 (and if f, < 0, after applying the
comparison principle), then (2.1) for u, may be replaced with the condition u,(x%) > 1:
the approximating function v, is equal to u5,, so (2.2) below is automatic.

Proof of Theorem 2.2. Let {rx }32, be a decreasing sequence of numbers ry < %rk_l to

2
be determined below, with ro = %, and

A ={xelUn B, ne1 ik < d(x,0U) <rg—}, k=1,
with Ag = {x € U N By, :d(x,0U) > ro}; the constant c,« will be chosen below in terms
of only n and the NTA constant Kof U. Let
My = sup
A U2
as u, v are continuous and positive, we have M} < oo, for each k. Our main goal is to
estimate Mj, in terms of M), _;, but we first consider M.

Applying (D2), if ¢4 is sufficiently small in terms of the NTA constant K, any x, y €
B., N'U may be connected by a curve as described there which is contained in By».
Furthermore, from (D1) for any x € dU, and every r < 1, there is a ball B,/x(y) C
U N By(x); so long as ¢4 < B, ¢, /2(y) has the same property. We now fix ¢, so that
these properties hold.

To estimate M, we first observe that by the lower bound assumption (2.1) we have
up > C on Ag. On the other hand, we know that u;(x%) = 1, that x° € 4y and from
the NTA property, any other point x € Ao may be connected to x° via a path in By, of
bounded length. Furthermore, from (D2), if z lies on this path, then d(z, dU) >
min{|x® — z|,|x — z|}/ K. Without loss of generality, assume |x® — z| < |x — z|. From the
triangle inequality, we obtain ro < d(x°,0U) < |x° —z| +d(z,0U) < (K + 1)d(z,dU).
Therefore, the path stays a distance at least ¢ = ro/(K + 1) from the boundary dU . This
path may be covered by finitely many balls of radius ¢/2, and applying the Harnack prin-
ciple (P7) to each ball consecutively gives that u; (x) is bounded. Taking the supremum,
we see that My is bounded in terms of K and the constant C, in (P7).

Now take any point x € Ak, and let y € U with |y — x| < rg_;. Use the NTA property
tofindaball B, (z) CU N By, /2¢,(y); then we have that d(z,dU) > ri_y, while

Fk—
Sl e et
2c4

L
2K

Tk—1 Fk—2
<cs+
C* C*

Iz < fz =yl + 1y —x[+|x] <
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if k > 2, using here that rp_; < rk_z. If k = 1, then using ry = ¢2/2 gives

1 1
+r—°§(—+c—*+1+—)c*§2c*

2] <
e T N4 2 2

instead. Consider the line segment connecting the points z and y: all points on this line
segment must lie inside B cut T2 and By, | /2¢,(y) as well, as both endpoints do and
balls are convex. As d(y, dU) = 0,d(z,0U) > rr_1, and the distance is continuous, we
may find some z! on the line segment such that d(z', 0U) = ri_,. In particular, the two
important properties are that z! € A;_;, while x,z! € By, /20, (9).

Next we fix Uy, s with s > r" L to be chosen below, and use (P1) and (P3) to find vy, v,
which satisty Hy, [0, u;] = v; (recall that this is analogous to solving the homogeneous
equation on Uy, ; with boundary data given by u;). Note that by comparison (P5), with the
function 0, and homogeneity (P2), we have v; > 0 on Uy, 5. There are two main estimates
we need for u; and v;. The first is from (P6): we have that |v; — u;| < CiséonU N Bs(y).
We may further combine it with the assumed growth estimate (2.1) to arrive at

C:s¢
|u; —v;| < C1st <u; 1Sﬂ 2.2)
C4rk
on Bs(y) N (Ag U Ag—1), which may be rephrased as
§¢ $t
(1 _ C—)ui < < (1 +cl )ui, 2.3)
rP b
k k
so after dividing
s¢ s¢
(1—C—)v,- <u; < (1+C—)v,~ 2.4)
B B
k k

on this region, so long as r,f is much larger than s, which we will ensure below.

On the other hand, we may apply (P8), the homogeneous boundary Harnack principle,
to v;. We apply it specifically with 7 = s,a = y, x = x,and y = z!, to get
1 ro
01(x) < va(x) 2E )(1 +C k—l). 2.5)
va(z1) s¢

Now, z! € A;_1, so there we may argue as follows, using (2.3) and (2.4):

vi(z!) (1+Cs§)2u1(21)

va(zh) ~ B ux(zt) ~

(1+c )Mk_l.
Tk k

In the second inequality above we have used that s¢/ r,‘f will be small once s and ry are
appropriately chosen. The above inequality along with (2.5) gives

v1(x) (

o2 (r) = )Mk—l»

rk
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and finally using (2.2) again but this time at x,

uy(x) s \2v1(x) st Te-1
<(1+C— <(1+C—+C M.
uz(x) — ( * r,f) va(x) ~ ( - rf T ) k-

This entire construction can be done at any x € Ag, so taking the supremum gives

¢ o
§ k-1
My < <1 + C_ﬁ + C—a)Mk—l.
r S
k
Now we must choose s and r in an appropriate manner; we have already required
that s < r,f, re—1 < 8, and ryp < rr—y/4. To proceed, select a y > 1 such that Sy < ¢,
and set ry = r,z_l. This immediately implies that rp < r’iT“. Next, choose a 0 < 1 with
(o> By,andsets =r]_, = r,f /7 this has the other two necessary properties. With these

choices, our recurrence relation may be rewritten as
My < (1 +Crfl ooy, .

Asrg < %rk—l, e < ro47%, we will have

o0
M < (14 C4F) My < [0+ C4) M.

i=1
This infinite product is finite, giving My < CM, for all k. As the union of the A; exhausts
B., N U, we have shown that

u
sup Ll < CM,.
B.,NU U2

This completes the proof. u

Proof of Theorem 1.3. Set U = €2, Q the collection of (2-sided, as in Remark 2.3) NTA
domains with constant at most K, and Hy, [/, g] the Perron solution to the Laplace
equation on Uy ». Set V = {u € C(U) :u >0, |Au| < A on U}, with A to be determined
in terms of ¢, and the given constants only. Then (P1), (P3), and (P8) follow from [9]
as long as K is taken to be a sufficiently large multiple of the NTA constant of €2, while
(P2), (P4), (P5), and (P7) are classical. The approximation property (P6) follows from
an elementary barrier argument (as in Lemma 3.3 below). After applying the Harnack
inequality repeatedly, we have
C>u,v>c

on U N By N{d(x,dU) > c2}. For any x! a point in B, (x) a distance at least ¢ from
aU , if we define the functions u = u(-)/u(x'), us = v(-)/v(x') on B;(x), then |Au;| <
max{#xl), ﬁl)} <L

Applying Theorem 2.2 to uy, u on By (x) for every x € dU N B; gives

u
sup - <C,
BiNUN{z:d(z,0U)<cx} V

which implies the conclusion. ]
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3. Fully nonlinear equations

Let S(n) be the set of symmetric n X n matrices, A > A > 0 and M > 0 be constants, and
Py PI‘\" ;, the extremal Pucci operators defined by

PR =2) e+AY e PLRI=AY e+r) e

e;i>0 e; <0 e;>0 e; <0

where e; are the eigenvalues of R.

As our method requires that the boundary Harnack principle already holds for solu-
tions to the homogeneous equation, we will require the same structural conditions for fully
nonlinear equations as required in [6] where a boundary Harnack principle without right-
hand side is shown. We therefore assume that F : S(n) x R” — R (the nonlinear operator
in our equation F(D?u, Vu) = f) satisfies

Py (R=S)=M|p—q| < F(R,p)—F(S.q) < P{,(R=S)+M|p—gq| (3.1)

for R, S € S(n) and p,q € R”.
We also assume that F is positively homogeneous of degree 1, i.e.

F(yR,yp) = yF(R,p) forally >0, ReS(n), peR” (3.2)

We follow [5,6] when we write F(D?u, Vu) < (>) f in the viscosity sense for a con-
tinuous function f. The key property of viscosity solutions is the following comparison-
type fact: if F(D?u, Vu) > f and F(D?v, Vv) < g on a domain 2, in the viscosity
sense, then Py ; (D?(v —u)) — M|Vv — Vu| < g — f in the viscosity sense on 2. The
proof is straightforward if one of v, u is C? from the definitions and (3.1), but the general
case may be derived from [5].

We recall the following notation from [3] for Lipschitz domains. We consider Lips-
chitz domains Dy, g where

Dp.g = {(x".xn) € Br : xp > g(x)},
and g is a Lipschitz function with constant at most L, thatis, |g(x") — g(»")| < L|x" — y'|.
We will assume g(0) = 0, and will write Dy, o if R = co.
3.1. Approximation and homogeneous boundary Harnack

We need the following classical boundary Harnack principle, which is [6, Lemma 2.4]:

Lemma 3.1. Let F(D?u,Vu) = F(D?v,Vv) = 0in Dp 1 (in the viscosity sense), with
u,v>0,andu =v =00n0Dy 1 N B34 Ifu(e,/2) = v(en/2) = 1, then there exists
C(A, A, M, L,n) such that

<C inDyp 5.

SN
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In our situation, it will be more convenient to apply the following slight variation of
Lemma 3.1.

Lemma 3.2. Let F(D?u,Vu) = F(D?v, Vv) = 0 (in the viscosity sense) in Dy 1, with
u,v>0,andu =v=00n0dDy; N By, IFu(x®) = v(x% =1 for some x° € Dy 172,
then there exists C(A,A, M, L,n) such thatu/v < C in Dy, 1/».

Proof. We apply Lemma 3.1 to v, % in place of u, v, where

_ . ux) PRI C))
T e M T Yen/2)

and obtain

v(x) _ v(x)ulen/2) _ ulen/2)
i(x)  u(x)vien/2)  vien/2)

Now apply Lemma 3.1 again to #%, ¥ in the opposite order to get that for any y € Dy 12,

oo B0 _u0)ven/2) ug) 1
“50) T v ulen/d) v €

This concludes the proof. ]

C=

We will also need the following lemma.

Lemma 3.3. Let v satisfy —1 < F(D?v,Vv) < lin Dy, R (in the viscosity sense), where
R < 1. Ifv=h+ w where w solves

F(D?>w,Vw) =0 in Dy R,
{ w="v on dDy, R,
then there exists a constant C = C(n, A, A, M) such that
|| < CR.
Proof. From earlier remarks we have that 7 = v — w satisfies
Py, (D*h)—=M|Vh| <1, —1< P, (D*h)+ M|Vh| (3.3)

in the viscosity sense.
Assume first that R < A—A’,’,: we use

2
R2 |x|2
6= R (1)
(x) An R?
as an explicit barrier on Bgr. We have

MR
Py, (D*G)+ M|VG| = -2 + 2F <-1
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Since h = 0 on dD g and G > O there, using the comparison principle with the right-
hand-side inequality in (3.3) we obtain that h < G < CR?.
On the other hand, if R > ;—A’fl we may use a barrier of the form
G(X) — e2S _eS(X1+1)
where § > 0. Then G > O on Dy ;, and
P (D*G) + MIVG| = SO TV[-82A + SM] < S[-SA + M] < —1,

for S large enough. This gives # < G < e?5 < CR? on Dy g after applying the compar-
ison principle for C = C(n, A, M).

The opposite inequality follows by considering —/ instead, using the other viscosity
inequality. ]

3.2. Growth estimates

Lemma 3.4. There is a number ¢ = e(n, A, A, M) > 0 such that for every n < no(n, A,
A, M), ifu>0o0n D, u(e,/2) > 1, u=00ndDr ;N By,

—1 < F(D*u,Vu) <¢
in the viscosity sense, and L < n, then
u(x) = cx(xn — 1)
on Dy 116 for acx = cx(n, A, A, M) (which does not depend on 1).

Proof. We will show this using an explicit estimate with a barrier. The barrier argument
proceeds in two steps, but they use the same function.
Set ¢(x) = |x|7¢. Direct computation shows that for ¢ sufficiently large in terms of
M, A, and A, we have
Py (D) — M|Vg| = 1
for |x| < 1. Fix ¢ to be such a value, this implies that F(D?¢, V¢) > 1.
From the Krylov—Safonov Harnack inequality, we have that

inf u>c sup u—Ck>>c
By (en/z) By (en /2)

for a small ¥k K %, ¢ depending only on the ellipticity constants. Consider the barrier
function _
P(x —en/2) —(3/8)71
k=9 —(3/8)71

defined on the annulus A = B3/g(e,/2) \ Bi(es/2). On the outer boundary, we have
h = 0, while on the inner boundary, 7 = ¢ < u. On A we have

h(x) =c

F(D*h,Vh) = P; ,(D*h) — M|Vh| > =e1(n, A, A, M).

Cc
k=4 —(3/8)74
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So long as & < &1 (and ng is small enough so that A C Dy, 1), we may apply the comparison
principle to 4 and u to obtain u > & on A. In particular, take any point y a distance at most
3—12 from a point z on the region D = {(x', x5) : |x, — %| <1 x< 1—10}; then

poe/2d<ly 2tz = () + () =5 <
—e -z z—e — - — — < -.
yoen/ s =1 ne =75 4 16/ =32 "%
Hence u > h > cq at any such point. To summarize, at any x € D, u > co on By/32(x).
Now we apply a similar argument around any x € D with x, = %, except slightly
more carefully. Fix 1, and note that Dy, 1,16 contains the large region Bj/16 N {x, > n}.
Define r = % — 1, the annulus Ay = B,(x) \ B L@ contained within this region, and the
barrier function B
Py —x)— ()™

(1/32)74 = (r)~4
defined on A,. As before, i, = 0 on the outer boundary, /&, = ¢o < u on the inner bound-
ary, and

hx(y) = Co

F(D2hy,Vhy) > <o <0

= W3 — ()4 - (/324 e2(n, A, A, M).

If ¢ < &5 (which does not depend on 1), we have u > &, on A,. Using the explicit form
of hy,
u(x', 1) = hy (X', 1) = e1[r = (xp = )] = 1t = 1]

fort € (n, % - %), where ¢ can be taken independent of 7.
1

: 1 1
So far, we have shown that for any x’ with |x’| < ¢z and any 7 € (1, 7 — 35).

u(x’,t) > c1t — 7).

For t < 7, this inequality remains true automatically. In particular, this means that it holds
forall (x’,t) € Dy 1,16, giving the conclusion. ]

Lemma 3.5. Let B € (1,2). Then there are constants €, 1 > 0 such that ifu > 0 on Dy, 1,
u(e,/2) > 1, u=00n0dDr 1 N By,

—1< F(Dzu,Vu) <eg
in the viscosity sense, and L < n, then
u(x) > c1d?(x,dDL )

fOFX € DL,1/64'

Proof. We begin by ensuring that 7, ¢ are small enough and applying Lemma 3.4 to learn
that

U(x) > caln — 1] = %*xn (3.4)
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solong as x, > 2nand x € Dy 1/16. Fix apoint x € dDy, 1 N By /64, and define

ulx +r1y)

u(y) = ———o
)

where r; = 64n. We claim that on Bj, u; satisfies all of the assumptions of Lemma 3.4
(using D ’L’l = (Dr.1 — x)/r1). Indeed, most of the assumptions follow immediately: u; >
Oon D’L’1 and vanishes on the graphical boundary, has 11 (e, /2) = 1 by construction, and
Di’l has Lipschitz constant bounded by L < 7. The main assumption we must check is
that it satisfies the relevant differential inequalities. For this, rescaling gives that (for an F
which satisfies the same properties as F)

2 2

! < F(D%uy,Vuy) < i

_ - o 3.5
u(x + =72y — u(x+%)€ (3.5)

so we must show that u(x + =7%) > r12. Note that x + r1/2e, has nth component larger
than 21, so by (3.4),

rién Cx r Cx (11 ry Cx
> X 2)s A4 ) X
”<x+ 2 )— 2(x"+2)— 2(32+2)— gt

So long as ¢« /8 > 64n this is larger than r12, so we may proceed so long as 7 is chosen
small enough.
Applying Lemma 3.4 to u; gives that

c
w1 (y) = v
for y, > 2n, which translates to

u(x +252) ¢,
—2 > 2 (t—x
Z ¢ —xn)
fort € (x, + 2nr1, x, + r1). Note that from our choices, x,, + r; > 2.
We may continue to apply Lemma 3.4 to uy around x, with ry = 64nr;_1,in a similar

manner, and we claim that this gives

U 1) = (= xa)

, Cx\ K Cx
u @)z (3) S —x)
ont € (x, + 211y, X + ri). Let us verify this claim by induction on k, with the k = 1 case
already complete. As before we must ensure that uy satisfies the differential inequalities,
which follows from
k—1
u(x + rkze") > (%) %*%k > (64n)*ryc = rf:

we are using here that r /2 € (2nri_1, rr—1) by construction and the inductive hypothesis.
After applying the lemma and scaling back, we obtain for ¢t € (x, + 2nrg, x, + ry) that

Cx u(x + rken) Cx\ K Cx
u(x’,r) > ?(f —?Cn)T2 > (g) ?(f — Xpn),
as claimed.
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Now fix ¢t € (x,,27), and find the largest k for which ¢ € (x,, 4+ 2nrg, X, + rg). As
these intervals cover (x,, 27) this is well defined, and as rx = (641)*, we have

< log(t — xz)

<k+1.
log 64n +

Using this with our estimate on u,

cx\k e , /
u(x'. 1) > (g) S =) = et =)™ =) 2 (= ),

where ¢, ¢’ only depend on ¢, and explicit numbers. Select  small enough that 1 —

¢'/logn < B.
Finally, we observe that if ¢ > 27, then from our very first estimate

Cx Cx
ulx', 1) > =t > —( — x,),
( )_2 _4( n)

as |x,| < n from the Lipschitz nature of Dy ;. For any point z = (x/,7) as above,
d(z,0Dp1) < (t — xp) (as (¥, x,) € 0D 1), so this reads

u(x’,1) > cdP((x', 1), d0Dr 1)
for (x', 1) € Dp 1/64- "

Proof of Theorem 1.1. We write Q2 = Dy i, as above. Set U = Dy, 1, Q to be the collec-
tion of all sets of the form U N B,(x), and Hynp, (x)[f. g] the Perron solution operator,
mapping right-hand side f and boundary data g to the unique viscosity solution. Then
properties (P1), (P2), and (P4) are immediate, while (P3) and (P5) follow from the viscos-
ity comparison principle (see [6]). Set V = {u € C(U) cu >0, —A < F(D?>u,Vu) <
A on U} with constant A to be chosen; then (P6) follows from Lemma 3.3. Finally, (P7)
is the Krylov—Safonov Harnack inequality, while (P8) may be found in [6, Lemma 2.4],
combined with Lemma 3.2 above.

Fix B € (1,2) and apply Lemma 3.5 to u and v, selecting 5, ¢ sufficiently small. This
gives

u(x),v(x) > cd? (x,9U N By)

on By, N U. This gives that if x0 = cxen/4, u(x%),v(x% > c. On the other hand, apply-
ing the Harnack inequality on a region bounded away from dU and containing e, /2, x°
gives that u(x?), v(x?) < C. The functions 1 (x) = u(x)/u(x®) and u(x) = v(x)/v(x°)
solve —C < F(D?u;,Vu;) < C,soin particular in V if A is chosen appropriately. Apply-
ing Theorem 2.2 gives

U
<C sup — <C.
B, 2NU U2

sup
UﬂBc*/z

SRS

The statement as written (on U N By ;) then follows after a standard covering argu-
ment. "
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4. p-Laplacian boundary Harnack

We now demonstrate the versatility of this approach by showing the same result for the
p-Laplacian (1 < p < 0o) defined through div(|Vu|?~2Vu). The analogue of Lemma 3.2
(the boundary Harnack principle for the p-Laplace with right-hand side zero) is proven
in [11]. We will also need the analogues of Lemmas 3.3 and 3.5 for the p-Laplacian.
The analogue of Lemma 3.5 is proven in the same manner for the p-Laplacian. However,
proving Lemma 3.3 for the p-Laplacian is more difficult: to see why, note that a difference
u — v of two solutions to the (inhomogeneous) p-Laplacian does not satisfy a PDE of
the same type; rather, at best it satisfies a kind of linearized equation with coefficients
dependent on Vu and Vv. Our approach here will be to establish bounds on these gradients
and then work with this linearized equation.

4.1. Growth estimates
Lemma 4.1. Let 8 € (1,2). Then there are constants &, > 0 such that ifu > 0 on Dr 1,
u(e,/2) > 1, u =00ndDr 1 N By,
-1 <Apu <e,

and L < n, then

u(x) = e1d? (x,0DL.1)
fOi"X S DL,1/64~
Proof. The proof follows that of Lemma 3.5 with minor modifications, which we explain
here. First, in the proof of Lemma 3.4 we used a barrier function ¢(x) = |x|~¢ which was

a subsolution to the equation on B \ {0}. For large values of ¢ (depending on p), this also
has A,u > 1. Indeed, the p-Laplacian is given by
\Y v
¢ ® , ¢ :I D2¢,
Vol

where Tr is the trace operator. The matrix in square brackets is independent of the form of

Ap = |VulP 2T 1 + (p - 2)

¢ for any radial, radially decreasing function, and at the point re,, the ij th entry is given by

8ij + 8in8jn(p — 2). Computing D¢ at this point, one may check that this is a diagonal

matrix in the e; basis with 9;;¢p = —qr=472 fori < n and 9,,¢ = q(g — 2)r 472, This

gives that at re,,,

Vo @ Vo
Vo[>

for all ¢ sufficiently large enough. On the other hand, |V¢| = gr =471, so

Apd = cqlq —=2)r 12 qr=0711P 72 = cqP 7N (g — 2)rTUHFHPTREHDL,

Tr[] +(p—-2) ]D2¢ > c(p.n)q(g —2)r 472

As p > 1, the exponent in square brackets ¢ +2 + (p —2)(¢ + 1) > 1, so
App > cq? N (qg—2r ' > 1

so long as g is chosen large enough in terms of ¢ and p.
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The only other modification needed is in (3.5) in the proof of Lemma 3.5, where we
rescale ug (y) = u(x + rgy)/u(x + rre,/2) and compute the PDE. Here our equation is
different, but we still have

p

,
Apie(¥) = o (A (x4 i),

p

which implies —1 < Apup < e solong as u(x + reen/2) > r/ ', This may be ensured

by replacing the condition c«/8 > 64n with c,/8 > (64r))ﬁ on 7. L]

We have an elementary Harnack principle at the boundary:

Lemma 4.2. Assume L < W%O' Letu > 0 on Dy, and satisfy —1 < Apu < 1. Assume,
moreover, that u = 0 on dDp 1 N By, the graph part of the boundary, and u(e,/2) = 1.

Then there is a constant C = C(n, p) such that

sup u < C.
Dpa/2
Proof. The proof is standard, and we follow the outline in [4, Theorem 11.5], highlight-
ing the differences for including a right-hand side. The first tool is the interior Harnack
inequality (see for instance [8, Theorem 7.10])

supu < Ci(inf u + Cor")
Br/2 Br/2

for some positive constants Cy, Cs, y; as long as B, C Dy, ;. From utilizing the interior
Harnack inequality on a chain of balls, one obtains for a large enough y, > 0 that

u(x) <57 whenever d(x,0Dr 1) > s and x € By4. 4.1

The second main tool follows from extending u to be zero on B; \ Dy, and noting that
u is then a subsolution on all of By to Apw(x) = f(x)1p,,(x). Applying the oscillation
decay estimate for subsolutions ([8, Chapter 7]) leads to

supu < pusupu + C3r”? 4.2)
Br/2 B,
for constants 0 < u < 1 and C3, y3 > 0. We now let M = supg, , u: we will show that
if M is chosen large enough, then supp, s = +00, contradicting that u is continuous.

We first choose M large enough so that M — C3r?* > M(1 + w)/2. This in turn would
imply that if supp_ LU Z M , then by (4.2) we have

supu > i sup u. 4.3)
B, " B,

Weset T := (1 4+ )/ (2u) > 1. Now let M = u(x°), and y° € dD ; such that x’ = y* for
1 <i<n—1.From(4.1) we have M = u(x°) <d(x°,dDy ;)72 sothatd(x°,dDy ;) <
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M ~/72_Utilizing the Lipschitz constant L we have do := |x° — y°| < C;d(x°,dDp 1) <
Ci1M~'/72_ Applying (4.3) we have SUpg,,, U = u(x!) > TM. Next we define y! in a
similar way as y° was defined, and apply the same reasoning as before, so that by (4.1)
we have dy := |x! — y!| < C;(TM)~"/72. Applying (4.3) we obtain u(x2) > T2M.
Repeating the process inductively, we get a sequence of points x* satisfying

O u@)=TkM,

(i) |k =k < CTkm),

(i) |x* —xk1 < 4C(TFM)"V 72,
Choosing M large enough, we have by (iii) that Y32 | |x* — x¥~1| < 1/16, so that each
xk e Bj/4. From (i) it then follows that supg, ¥ = 100 which contradicts that u is
continuous on compact subsets of Bj. ]

We use the following Liouville-type result.

Lemmad4.3. [fu,v>0andu, v satisfy Apu, Apv =00n D o, withu,v =00n 0Dy o,
then u = cv for some constant c.

Proof. We assume that u, v are both not identically zero. We use the classical boundary
Harnack principle from [10] to show that u /v is uniformly Holder continuous up to the
boundary on any compact subset of R”. We normalize u so that limy_,¢ u(x)/v(x) = 1,
and let x0 ¢ Dr - The rescaled functions

u(Rx) __ V(Rx)
u(Ren)” % u(Rey)

ur(x) ;=

are also p-harmonic. Furthermore, we have that limy_,¢ ug(x)/vgr(x) = 1, and that
uR/vgr is Holder continuous on Dy, » with norms independent of R. Then by continu-
ity of the quotient, for any ¢ > 0 there exists R large enough, so that
0/R 01\ 8
ur(x"/R)  ug(0) < C(M) e
vR(x%/R)  vR(0) R

‘We note that
ur(x®/R) _ u(x%) v(Re,)

vR(x°/R)  v(x°) u(Rey)’
and therefore limg_, oo v(Rey,)/u(Re,) = u(x?)/v(x%), and this limit is independent of

0. so u(x)/v(x) is constant. Combining with the normalization u(0)/v(0) =
1, we conclude u = v. n

the chosen x

As a consequence, on Dy o, = R” we have u = ¢(x,)+ in the configuration above.
We will exploit this fact below and later.
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Lemma 4.4. Let 8 € (0, 1). Then there is a constant 1 > 0 such that if u > 0 on Dy ;,
u(e,/2) =1, u=00n0dDr; N By,

—1<Apu<I,

and L < n, then
u(x) < C1dP (x,9Dp 12 N By)

forx € DL,1/64'

Proof. We start by considering the solution wy, to

prL =—1 in ‘€sz,
wr = ¢ on d€, »,

where €1 » :={(x",x,) € Bz | x, > —L|x’|}. Here ¢ is a continuous function with ¢ (x) =
0 for x,, = —L|x’| and ¢(x) = x, — L for x,, > —L|x'| where L = /4L2/(L2 4 1). As
in the proof of Lemma 4.2, by extending wy, to be zero on B, \ €r, », we have that wy, is
a subsolution, and we can therefore apply the 1-sided oscillation decay estimate to obtain
that wy, is Holder continuous of order « up to the boundary.

Now fix B € (0, 1). We wish to first prove that wy (te,) < Mt# for small enough L.
Suppose this is not true; then there exists Ly — 0 and #x — 0, such that wz, (txe,/2) >
2P wr, (txe,). By rescaling with wx = wr, (txx)/wk (txen/2), we have that wy (e, /2) =
I and [Apwy| < Ct,f_’gl where B is the exponent from Lemma 4.1. Choosing L small
enough we have that p > ;. Using Cow» » as a universal barrier at the boundary, we have
that wy — w with w > 0, A,w = 01in {x, > 0}, w = 0 on {x, = 0}, w(e,) = 1, and
w(e,/2) = 2. From Lemma 4.3 we have that w = 2x,5, but this contradicts the fact
that w(e,) < 2P Thus, there is an n1 > 0 such that if L < ny, then our claim for wy, is
true.

We now choose 1 = 1 /2. By employing Lemma 4.2, we have that u < C'wy,, (x + z)
on Dy, ;/, atevery point of dDy ;/>. The conclusion then follows from the Holder growth
of wy,. |

4.2. Derivative lower bounds

Theorem 4.5. There exist constants C, e, n,r > 0 depending only on n and p such that if
L <,
—1<Apu=<e onDp,,

u=0 on dDr » N By,
u(e,) =1,
u>0 in Dy 2,
then
1 u(x) u(x)

- < |V <C——-"— h B,.
C d(x.9D1a) = [Vu(x)| < d(x,9D1 ) whenever x € B,
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Proof. Suppose by way of contradiction that the theorem is not true. Then there exist u,
ka,z, e satisfying the assumptions with g — 0 and x¥ € B, and satisfying either

ug (x*)
d(xk, 8D’L‘k’2)'

1 k
V() < 2O ) = €

4.4
~ Cd(xk,9Df, ) @9

Apply Lemma 4.1 to uy to obtain (for some ¢ > 0)
cdP(z,0Df, ;) < u(2)

on B3, for a B > 1 to be chosen. Set yk = (- gr(xp)) € BDI’fk ,» the projection of
x* onto the graphical part of the boundary of D’Ifk , and s = |xk — y¥| < . We rescale
with .
_o o ue (0 A sex)
Up(x) 1= ——————.
up(y* + sken)

Note that y* + spe, = x¥.

Let us verify the differential inequalities satisfied by u: if Ay = (2s0)”

———kZ then
ul ' (yk+sien)

—Ar < Aptix < Ageg

on ﬁlzk,l/Sk = (ka,2 —y5)/sk N Bj/s, . We claim that Ay — 0. Indeed,

(2se)*? p—Bi(p—1)
A= 5o = CTk ’
k

which converges to 0 so long as 8; < p/(p — 1).
Next, fix any large R. We have tiy > 0 and g (e,) = 1 by construction. Applying
Lemma 4.4 a finite number of times to i on progressively larger balls which exhaust

k .
D Le.R» WE obtain

i (z) < C(R)d(2,8Df, ) 4.5)
for a fixed B, < 1. Meanwhile, on any U = Bg N {x, > &}, which lies entirely inside
ka sk for k large, from standard interior C Le ostimates we have

ikl cre@w) < C.

We may extract a subsequence along which iy converges in C 1% (U for every set U to a
limiting function u > 0 on R’}.. From (4.5), we have that u is continuous up to {x, = 0}
and vanishes along that set. The PDE passes to the limit to give A,u = 0. We also have
u(e,) =1, and

Vg (x%)

ug (xk)
meaning that |Vu(e,)| ¢ [%, C]. Applying Lemma 4.3, however, gives that u(x) = x,
(using u(e,) = 1 here), so this is impossible. |

= Viig(en) — Vu(en),
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4.3. The approximation lemma

Lemma 4.6. Let u be an H{ function on Dy, 1, L < 1, which satisfies

10’

f AVu - V¢ < ¢
DL,I DL,l

for all nonnegative ¢ € CO1 (DpL,1), where A is a measurable matrix-valued function with
Ad(x,dDp N B)I < A<A7'd™*(x,dDr 1 N By)1.
Then if ¢ < g9 small enough, we have

supu < C(A).
Dy,

Proof. Letuy = (u — Ix)+, where {I} is a strictly increasing sequence of real numbers.
A straightforward approximation argument shows that u; may be used as test functions,

ie.
/Ad£|Vuk|2 < /AVM-Vuk < /uk, (4.6)

where d(x) = d(x,0Dr,; N B1). Applying the Holder inequality,

(1-a)
/|Vuk|2a /|V”k|2adw (/d |Vuk|2) (/ dSOl/(O! 1)()6)) .

For any o < 1, we may choose ¢ small enough that the rightmost factor is bounded. Now
from the Sobolev embedding,

1
2
el g, = CUFeliae = ([ aeiou)

Choose a < 1 so the exponent g := nzf‘z”a > 2. Applying (4.6) to the right-hand side and
raising to the gth power,

q/2 q/2
[usz([d’?WukF) §C(/uk) .

In particular, applying Holder’s inequality to the right-hand side and dividing gives

/ ul < C. 4.7

Alternatively, we can obtain the recursion formula

/ </ < ! / 9 < c / " (4.8)
u u _— u _ u . .
AR T il (Y AR Vel B N (A AR VE R W A
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Next, select [ = 2k for any K > 2, choosing m so that 2" < K < 2m+1 and then
combining (4.7) and (4.8) gives

C a2 ¢
/(”_K)+ = /(u_zm)+ = /um = W(/”ml) = Ka-1' 4.9)

Now we make a different selection of Ij: Iy = K + 1 — 2% with K > 2 large. From

(4.8),
q/2
/uk+1 < CZk(q_l)(f uk) .

If [‘uo < & for some § depending on C and ¢ here, the sequence { | Uk fpe, converges to
0, which would give that u < K + 1. Using (4.9), though,

C
[uo= -5 = o =9

if K is chosen large enough in terms of C and g. Thus for a large enough K, u < K + 1,
which implies the conclusion. |

Lemma 4.7. There exist constants 1), €, r small such that if L <n,u >0on Dp ;,u =0
on dDp 1 N By, u(e1/2) =1, and —Ag < Apu < Ape on Dy, for some Ay < 1, the
following holds: if w satisfies

{ Apw =0 onDyp,,

w=u ondDr, ,,
then |w —u| < CAy.

Proof. Setd(x) = d(x,dDr 1 N By) below. Let f solve the following PDE:

Apf=-1 onDp;,
f=u ondDy, ;.

From the maximum principle, f > u and f > w. In particular, C > f(e;/2) > 1, with
the upper bound from the Harnack inequality, so applying Lemma 4.4 to f/ f(e1/2) gives

u(x), w(x) < f(x) < CdPr(x)

on Dy 1/64 for B1 < 1 fixed.

Apply Lemmas 4.1 and 4.5 to u for 8, > 1 fixed, choosing 1 and ¢ so the assumptions
are satisfied regardless of Ag. Set r to the smaller of the r in Theorem 4.5 and 1/64; then
we have

cd®(x) < u(x)

and

u(x)
d(x)’

[Vu(x)| ~



Inhomogeneous boundary Harnack principle for fully nonlinear and p-Laplace equations 153

SO
cdB(x) < |[Vux)| < CdPr1(x)

for x € Dy ;. Now, take any x € Dy , and By(x)/2(x): on this ball, we may apply either
the boundary or interior form of the C1** estimate for p-harmonic functions [7] to give
that ,

max{d 7-1 (x), SUPB, (/2 w}

d(x)

[Vw(x)| < C < CdP ().

Next, set )
a(x) =/ [Vu(x)t + Vw(x)(1 —1)|P 2 dt.
0

The quantities Vu, Vw are locally bounded on the set Dy, , so when p > 2 this is well
defined on this region. When p < 2, note that Vu # 0, and so the integrand is an integrable
function regardless of the value of Vw, meaning a is still well defined. In a similar vein,
we estimate a from above and below. If p > 2, then

a(x) < C[[Vu)[?? + [Vw(x)[P7?] < cdP=DP=2) < ca~

so long as fB; is chosen large enough relative to «, which will be determined below. When
p < 2, the same computation instead gives

a(@) = [IVu()| + Vo) )7 2 ed #0022 cq®.
On the other hand, we have
[Vu(x)t + Vw(x)(1 —1¢)| = ¢|Vu| -1 —t)|Vw| > %|Vu|
fort > % if [Vw| < |Vu|. If instead |Vw| > |Vu|, we get
[Vu(x)t + Vw(x)(1—1)| > (1 —1t)|Vw| —t|Vu| > %le > iWul
fort < %. In either case this holds on an interval of length %, soif p > 2,
a(x) = c|VulP72 > ¢d D0 (x) > cd%(x)
if B, is small enough. Finally, for p < 2 one may check that
/01 [Vu(x)t + Vw(x)(1 —1)|P72dt < C|Vu|P™2 < CdB~DP=2 < cq—@

by directly computing the integral. To summarize, we have shown that

cd® <a(x) <= Cd™“.
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Now consider the matrix
aij(x) = /01 [Vu(x)t + Vw(x)(1 — )P 2mi; dt,
where
(it + wi (1 — 1)t + w;(l —1))

[Vu(x)t + Vw(x)(1 —1)|?
For any fixed 7 and & € R”, the sum mj  &;£; is

mi; = 8;j +(p—2)

(V@t +w(d —1).6)]?

Lee g2 -
my&i§j = [E1°+ (p 2)|Vu(x)tJrVw(x)(l—t)IZ’

so we have (p — DIE]> <mj;§:&; <[€]* for 1 < p <2,and [§]> < m £:&; < (p— DIE]?
for p>2.NowletAl =p—1forl < p<2andA~! = p—1for2 < p < oo. Using this,

1
ajj (X)§i§; =/0 [Vu @)t + Vw () (1 =017 mi;5&; dt = a(x)AlE,

and similarly a;; (x) < A71|€]%a(x).
The point of this a;; is that, if F(z) = |z|P2z,

F;(Vu) — F;(Vw) = /01 0 F(Vu(x)t + Vw(x)(1 — 1)) dt = a;j (x)(uj — wy).
Setting i = u — w, we have shown that
Apu — Apw = div[F(Vu) — F(Vw)] = 0;(a;;h;)
on Dy , (in the distributional sense). In particular,

—Ao < 0;i(a;jh;) < Ay

from the equations on u and w. Apply Lemma 4.6 to £ hgo ) using our bounds on ¢;; and
choosing « small enough, to get that

|h| < CAo
on Dy, ;. This completes the argument. [

We may reformulate this approximation lemma in a more helpful way:

Lemma 4.8. For every o > 0, there exist constants 1, €, ro small such that if L <n,u >0
onDp 1, u=00n0dDr1 N By, u(e1/2) =1, and -1 < Apu < e on Dy 1, the following
holds: if w satisfies

{ Apw =0 onDp,,

w=u on dDy, ,,

withr < rg, then |w —u| < Cr?=,
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Proof. First, apply Lemma 4.1 to u to obtain that cd ? (x) < u(x) for a § to be determined
shortly on Dy ,,. Set

ST u(sen/2)’
where s = rr—l, where we set r; to be the r in Lemma 4.7’s conclusion and ask that ro < rlz.
Set wi(y) = uzgy/)z) Let us check the equation satisfied by u; on D} , (the rescaled
domain):

p
mApu(y/S) 1= AoApu(y/s).

We wish to arrange to have Ay < 1. This may be done, as

Apui(y) = ”

uP(se,/2) > csP~DB > s”_%,

where we choose § sufficiently close to 1, and then ry small enough so as to have s <rg/r;
absorb the constant. Apply Lemma 4.7 to deduce that

which scales back to
§P

|u — LU| < CAou(sen/2) < Cm

As before, we may estimate
uP=2(se,/2) > csPDB > pgp—2ta
by choosing f close to 1, so that
lu—w| < Cs?>% < Cr?e. n

Proof of Theorem 1.2. We apply Theorem 2.2 with H the solution mapping for the p-
Laplacian, U our Lipschitz graph domain Dy 1, Uy, = U N B,(x), and V the set of all
uwithu >0on U, u =0o0ndU, u(e,/2) =1, and —1 < Apu < ¢ for & small. Then
all of the properties (P1)—(P5) and (P7)—(P8) follow in a standard way. For property (P6),
we apply Lemma 4.8 to u € V' to see that at least it is valid when centered at x = 0 and
r < rg. For r > rg, the property is automatic from the bound in Lemma 4.2 instead. For
other x € U N By /3, it then follows from a simple translation argument.

Lemma 4.1 ensures that the growth assumptions on u, v hold, so we may apply Theo-
rem 2.2 tou,v € V. The rest follows as in the proof of Theorem 1.3 or 1.1. [
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