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Holder regularity for stochastic processes with bounded
and measurable increments

Angel Arroyo, Pablo Blanc, and Mikko Parviainen

Abstract. We obtain an asymptotic Holder estimate for expectations of a quite general class of
discrete stochastic processes. Such expectations can also be described as solutions to a dynamic
programming principle or as solutions to discretized PDEs. The result, which is also generalized to
functions satisfying Pucci-type inequalities for discrete extremal operators, is a counterpart to the
Krylov—Safonov regularity result in PDEs. However, the discrete step size € has some crucial effects
compared to the PDE setting. The proof combines analytic and probabilistic arguments.

1. Introduction

The celebrated Krylov—Safonov [15] Holder estimate is one of the key results in the theory
of nondivergence-form elliptic partial differential equations with bounded and measurable
coefficients. The result, in addition to being important in its own right, also gives a flexible
tool in higher regularity and existence theory due to its very general assumptions on the
coefficients.

In this paper we study regularity of expectation of a quite general class of discrete
stochastic processes or, equivalently, functions satisfying the dynamic programming prin-
ciple (DPP)

u(x) =a/RN u(x + ez)dvy(z) + b |/B( )u(y)dy+82f(x), (1.1)

|B
where f is a Borel measurable bounded function, v, is a symmetric probability measure
for each x with supportin By, A >1,e>0,andae + 8 =1, >0, > 0. From a
stochastic point of view, our processes are generalizations of the random walk where the
next step in the process is taken according to a probability measure that is a combination
of vy and the uniform distribution on B,(x) as described by the DPP (more details are
given in Sections 2.1 and 2.3).

It is important to notice that v, can vary quite freely from point to point. Under con-
tinuity or other assumptions not satisfied in our case, related results have been studied for
example in [7, 18,21].

2020 Mathematics Subject Classification. Primary 35B65; Secondary 35J15, 60H30, 60J10, 91AS50.
Keywords. Dynamic programming principle, local Holder estimates, stochastic process, equations in
nondivergence form, p-harmonious, p-Laplace, tug-of-war games.


https://creativecommons.org/licenses/by/4.0/

A. Arroyo, P. Blanc, and M. Parviainen 216

The first of the two main results in this article is a Holder estimate in the discrete setup
without any further continuity assumption on the measures vy.

Theorem 1.1. There exists g9 > 0 such that if u is a function satisfying (1.1) in B with
& < &R, then

lu(x) —u(z)| < %(21;5 |u| + R2||f||oo)(|x —z|Y + &%)

for every x,z € BR, where C > 0 and y > 0 are constants independent of .

The role of the discrete processes we study can be compared to the role of linear
uniformly elliptic partial differential equations with bounded and measurable coefficients
in the theory of PDEs.

The regularity techniques in PDEs (see [9, 15]) or in the nonlocal setting (see [7, 13])
utilize, heuristically speaking, the fact that there is information available in all scales. We
also refer to [11,31] for similar results regarding nonlocal operators with nonsymmetric
kernels. For a discrete process, the step size sets a natural limit for the scale, and this
limitation has some crucial effects. Indeed, the value can even be discontinuous, and our
estimates are asymptotic. Such estimates suffice in many applications, for example in
passing to the limit with solutions to discretized PDEs or stochastic processes. Similar
results have been obtained on a grid in the context of difference equations with random
coefficients in [17]. See also [19], where regularity estimates for difference equations
arising from random walks are obtained using probabilistic techniques.

The proof uses a stochastic approach akin to the original proof of Krylov and Safonov
in [15] with some crucial differences. The first observation, as suggested above, is that
the function u in (1.1) can be presented as an expectation. The key estimate is then The-
orem 5.7 stating that we can reach any set of positive measure with a positive probability
before exiting a bigger cube. With this result at our disposal, the De Giorgi oscillation esti-
mate, Lemma 5.8, follows in a straightforward manner. Indeed, we can reach a level set
with a positive probability and use this in estimating the oscillation. The Holder estimate,
Theorem 1.1, then follows by the De Giorgi oscillation lemma after a finite iteration.

The proof of Theorem 5.7 is nonstandard. In the proof we would like to construct a set
of cubes which is large enough and such that the set we want to reach has a high enough
density in the cubes. Both conditions, however, cannot always be satisfied simultaneously
in our setting. As suggested above, both the PDE and nonlocal techniques utilize the infor-
mation in all scales. Concretely, a rescaling argument is used in those proofs in arbitrary
small cubes. In contrast, in our case the step size ¢ determines the limit for the scale. If
we simply drop all the cubes to smaller than of scale ¢ in the usual Calderén—Zygmund
decomposition, we have no control on the size of the error. Therefore, the cubes of scale
& need to be taken into account separately both in the decomposition lemma, Lemma 5.4,
and in the proof of the key intermediate result, Theorem 5.7.

The proof of Theorem 5.7 is based on the e-version of the Alexandrov—Bakelman—
Pucci (ABP) estimate with bounded and measurable right-hand side, Theorem 4.7.
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However, the classical proof of the ABP estimate using the change of variables formula
for integrals to obtain a quantity that can be estimated by the PDE does not seem directly
applicable here. Instead, we adapt the nonlocal approach of Caffarelli and Silvestre [7]. A
second remark is that we directly apply the ABP estimate with a discontinuous right-hand
side, which is chosen to be a characteristic function of a level set. In this case, the stan-
dard ABP estimate having the L" -norm on the right-hand side is false (Example 4.6), and
therefore the statement of Theorem 4.7 is weaker, but sufficient for our purposes.

Our study is partly motivated by the aim of developing stochastic methods in con-
nection with the p-Laplace equation and other nonlinear PDEs; see Example 2.4 and
Remark 7.6. The Holder estimate, Theorem 1.1, can be generalized to functions merely
satisfying the Pucci-type inequalities

u(x) <o sup u(x +ez) +u(x —ez) n i

ZEB) 2 |Be| B:(x)

() > o inf u(x +ez) +u(x —ez) B

ZEBA 2 |Bg| Bs(x)

u(y)dy + 2 f(x).  (1.2)

u(y)dy —&*[ f(x)|,  (1.3)

later modified and shortened to the forms
Eiu=—|f]. Eiu<|f].
This is our second main result.
Theorem 1.2. There exists 9 > 0 such that if u is a function satisfying (1.2) and (1.3) for
every x € Byg with e < ggR, then

C
) = u(2)] = o (Sup ul + B2 f o ) = 217 + )

for every x,z € Br, where C > 0 and y > 0 are constants independent of .

We refer the reader to Section 7 and in particular to Theorem 7.3 for a more detailed
description.

2. Preliminaries

As above,let A > 1, >0, 8 € (0,1] and @ = 1 — B. Every constant may depend on A,
o, B and the dimension N . If a constant depends on other parameters we denote it.

Throughout this paper & C R¥ denotes a bounded domain and, further, B, (x) = {y €
RV : |x — y| < r}as well as B, = B,(0). We construct an extended domain containing
all balls Bp.(x) with x € Q as follows:

Qps = {x € R" : dist(x, 2) < Ae}.
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We follow the convention

/u(x)dx = /]RN u(x)dx and ]{lu(x)dx = |7{|/Au(x)dx.

1/N
1 v = ( [ reor dx)

1fllze@) = sup |-

Further,

and

When no confusion arises we simply denote these as || - ||; and || - || o, respectively.
For each x = (x1,...,x,) € RY and r > 0, we define O, (x) as the open cube of side
length r and center x with faces parallel to the coordinate hyperplanes. More precisely,

0,(x):={yeRN :|y;—xi|<r/2,i=1,...,n}.
In addition, if @ = Q,(x) and £ > 0, for simplicity we denote £Q = Qy, (x).

2.1. Dynamic programming principle and difference operators

We consider M(Bp) the set of symmetric unit Radon measures with support in B, and
v:RY — M(By) such that

xi—>/u(x+z)dvx(z) 2.1

defines a Borel measurable function for every u: RY — R Borel measurable. Then for
each x € RY we have a measure v, with support in B such that

Vx(E) = vx(=E)

for every measurable set £ C RY.

It is worth remarking that hypothesis (2.1) on Borel measurability holds, for example,
when the v, are the pushforward of a given probability measure 1 in R . More precisely,
if there exists a Borel measurable function #: RY x RY — B such that

vy = h(x, )#u
for each x, then
v(x) = /u(x + 2) dvx(z2)
= /u(x + h(x,y)) du(y)

is measurable by Fubini’s theorem.
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For each ¢ > 0 we consider a generalized random walk starting at xo € €2. Given the
value of xg, the next position of the process x4 is determine as follows. A biased coin is
tossed. If we get heads (probability «), a vector z is chosen according to vy, and we have
Xp+1 = Xk + £z. If we get tails (probability B), x4 is distributed uniformly in the ball
Be(xx). More details are given in Section 2.3. Denote by t the exit time from the domain,
that is,

T =min{n € N : x,, & Q}.

Given a Borel measurable bounded function g: RY \ @ — R, we can define
u(xo) := E*[g(x)],

where E*0 stands for the expectation with respect to the process. We will prove in Sec-
tion 3 that u: RV — R satisfies the homogenous DPP given by

u(x) = a / u(x + e2) dv(2) + ﬁ]i )y

for x € , and u(x) = g(x) for x & Q. Moreover, u is the unique bounded function that
satisfies the DPP.

Moreover, given the running payoff f: Q2 — R, a Borel measurable bounded function,
we can define

-1
) = B[ 3 () + 2060 |
i=0
In Section 3 we prove that u is the unique bounded function that satisfies the DPP

u(x) = ozfu(x + ez)dvy(2) +,3]{9( )u(y) dy + &% f(x) (2.2)

for x € Q and u(x) = g(x) for x & Q. For clarity, let us emphasize that (2.2) is what we
call the DPP in this paper. This also motivates the following definitions.

Definition 2.1. We say that a bounded Borel measurable function u is a subsolution to
the DPP if it satisfies

u(x) foz/u(x +e2) dv(2) +ﬁ]i( )u(y)dy + &2 f(x)

in Q. Analogously, we say that u is a supersolution if the reverse inequality holds. If the
equality holds, we say that it is a solution to the DPP.

If we rearrange the terms in the DPP, we may alternatively use notation that is closer
to difference methods.

Definition 2.2. Given a Borel measurable bounded function u: RY — R, we define
Lou:RY - R as

1
Lou(x) = g—z(a / u(x + 62) dvs (2) + ﬁ]i 0y u(x)).

With this notation, u is a subsolution (supersolution) if and only if £,u + f > 0 (< 0).
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By defining §u(x, y) := u(x + y) + u(x — y) — 2u(x) and recalling the symmetry
condition on v, we can rewrite

Leu(x) = %(a/&t(x,sz) dvy(z) + ,6]{; Su(x,ey) dy). 2.3)

Our theorems actually hold for functions merely satisfying Pucci-type inequalities.
For expositional clarity we leave this to Section 7.
2.2. Examples

In this section we present some recent examples and applications. The list is by no means
exhaustive, and further examples could be obtained by discretizing partial differential
operators with bounded and measurable coefficients.

Example 2.3 (Convergence to the solution of the PDE). Let ¢ € C2(Q2). We can use
the second-order Taylor expansion of ¢ to obtain an asymptotic expansion for £.¢(x).
Indeed, observe that

8¢(x,ey) = 2 Tr{D>p(x) -y ® y} + 0(¢?)

holds as ¢ — 0 for every y € By, where a ® b stands for the tensor product of vectors
a,b € R”, that is, the matrix with entries (a;b;);;. Hence, by the linearity of the trace,

£Legp(x)

%Tr{ngb(x) . (a/z ® zdvy(z) + ﬁ]{el y® ydy)} + 0(%)

%Tr{Dz(p(x).(a/z ® zdvy(z) + N'izl)} + 0(£°).

On the other hand, since every measure vy € M (B ) defines a matrix

B

A(x) = %/z ® zdvy(z) + ml,

we get
lim £e¢(x) = Tr{D?$ (x) - A(X)},

which is a linear second-order partial differential operator. Furthermore, for 8 € (0, 1], the
operator is uniformly elliptic: given £ € RV \ {0},
B

(4068 = 5 [ 8P du@) + 5516,

and estimating the integral we have

B _ (AW £E) _on> B
2(N +2) — HE - 2 2(N +2)




Holder regularity with bounded and measurable increments 221

It also holds, using Theorem 1.1 (cf. [26, Theorem 4.9]), that under suitable regularity
assumptions, the solutions u, := u to the DPP converge to a viscosity solution v € C(£2)
of

Tr{D?v(x) - A(x)} = f(x),

ase — 0.
Similar convergence results also hold in the following examples.

Example 2.4 (p-Laplacian). In [22, Section 3.2], the following process that is covered by
Theorem 1.1 was considered. Let u be a p-harmonic (with 2 < p < oo) function whose
gradient vanishes at most at a finite number of points. When at x € 2 such that Vu(x) # 0,
we define a probability measure

1-8
= $ I 8 u(x 5 u(x 9
ot = Loy 5 gty i)
where £p, () denotes the uniform probability distribution in Bg(x) C RY and 8 the
Dirac measure at x. Then we choose the next point according to the probability measure

) Mx if [Vu(x)| > 0 and
T\ Eaw i IVu()| =0,

There is a classical well-known connection between Brownian motion and the Laplace
equation. This example is related to so-called tug-of-war games introduced in Peres,
Schramm, Sheffield and Wilson [27] in connection with the infinity Laplace operator.
Similarly, a connection exists between the p-Laplacian, 1 < p < oo, and different vari-
ants of tug-of-war games with noise [20,26,28].

There are several regularity methods devised for tug-of-war games with noise: the
above papers contain a global approach, and a local approach is developed in [24] as well
as [23]. However, none of these methods seem to directly apply to the present situation.
Moreover, later we prove Theorem 7.3 which applies to solutions of the DPP associated
to tug-of-war games with noise and the p-Laplacian; see Remark 7.6.

Example 2.5 (Ellipsoid process). A particular case of the stochastic process considered
in this paper is the so-called ellipsoid process (see [2]). This process arises when v, is the
uniform probability measure on E, \ Bj, where E denotes an ellipsoid centered at the
origin such that By C E; C Bx. Then

AN Bi| _ AN E

avy(A) + B

|Bl| |Ex|
for every measurable set A C RV, o = % and § = %. Hence, replacing this in

(2.2) with f = 0 we get that the expectation related to the ellipsoid process satisfies the
DPP

u(x) =]{E u(x +ey)dy.
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An asymptotic Holder estimate was obtained in [2] under certain assumptions on the ellip-
ticity ratio of the ellipsoids. Now Theorem 1.1 implies the Holder estimate for » without
any additional assumptions and thus improves the result in [2]. Such a mean value property
over ellipsoids has been studied by Pucci and Talenti in connection with smooth solutions
to PDEs in [29].

2.3. Stochastic process

Next we define the stochastic process related to the DPP (2.2). Let xo € 2 be the initial
position of the process. We equip RY with the natural topology, and the o-algebra B of
the Borel measurable sets. We consider along with the positions of the process the results
of the coin tosses, so our process is defined in the product space

H® = {xo} x {0, 1} x RV) x ({0, 1} x RY) x ---.

For w = (x9, (¢1,Xx1), (c2,x2)...) € H®®, we define the result of the kth toss € (w) = cx
and the coordinate processes X (w) = xg. If €1 = 0 (probability o), the next position of
the process Xy is distributed according to vy, . And for €1y = 1 (probability 8), Xi 4
is uniformly distributed in B, (xg). That is, we have the following transition probabilities:

A—

ozvxk( Sxk) ifc =0,

w(xo, (c1,X1)s. .., (Ck, Xk), {c} X A) = 14N Ba(xp)|
| Be|

ife =1,

where A € 8.
Let {F }x denote the filtration of g-algebras ¥y C F1 C - -- defined as follows: ¥ is
the product o-algebra generated by cylinder sets of the form

{xo} X Ay X -+ x A x RV xRN x ...

with 4; € ({0, 1}) x B. We have that € and X are Fi-measurable random variables.
By the Kolmogorov extension theorem, the transition probabilities determine a unique
probability measure P*0 in H * relative to the o-algebra Foo = o (|J; Fx). We denote by
[E¥0 the corresponding expectation.

We consider 7 the exit time from the domain, that is t = min{n € N : X,, & Q}. We
define T4 as the hitting time for A and t4 the exit time, that is,

Ty =min{k e N: X; € A} and 14 = min{k € N : X & A4}.

2.4. Stochastic estimates

In this section we establish some estimates related to T and other stochastic results. We
will prove that E*0[z] is of order 1/¢2. Moreover, we will prove that the second moment
of £27 is bounded. We start with a rough estimate needed as a first step.
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Lemma 2.6. The process leaves the domain almost surely and moreover
E*[z] < 400
for every x¢ € Q.
Proof. We fix x¢ € Q. We will prove that there exist A < 1 and n € N such that
P*( >n+klt>k)<A 2.4)

for every k € N and x € Q. Then inductively P*(r > nk) < A* and we get

oo oo n—1 e’} e’}
E®[r] =) PO >i)=)»_ > P¥(r>j+nk)<n) P(r>nk)<n) Ak
i=0 k=0,j=0 k=0 k=0

which is finite.
Thus, it remains to prove (2.4). We choose n such that n§ > diam Q. We consider
the event E of n steps after the kth one to be uniformly distributed, and where the first

coordinate increases at least % That is,
E={ck+1 =+ =Cggn =1land w1 (x; —xj—1) > &/2fori =k +1,...,k + n},

where 1 denotes the projection to the first coordinate. Observe that

P)CO(E) _ (,BHX cm(x) >¢/2} N Bs|)n -0
| Be|
is independent of k.
Assuming E we have |xg1, — Xxx| > n3, hence since n5 > diam €, it must be the
case that T < n + k. Therefore (2.4) holds for A = 1 — P*(E) < 1. |

Now we construct two sequences of random variables. They will allow us to obtain
bounds for the growth of the expected value of the square of the distance from the starting
point xg.

Lemma 2.7. The sequence of random variables {| Xy — xo|?> — Cke?}y is a supermartin-
gale for C = aA* + B f5 |x|*>dx.
Proof. Observe that
B0 — 3P IF)@) = [ b+ ez—xoP dug @48 f x—xoldx
B (xi)

By the symmetry of vy, and the ball B, we can write

|xx + &z — xo|? + |xx — &z — xo/?
2
|k + x — xo| + [k — x — xo|?
dx.

B[ Xt - xoP5i]0) = [ dvn, (2)

+8

B, 2
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Employing the parallelogram law we get
B Xt = xo170@) = o [ i = ol + Joz] v (2
8 f v =l + [+ ax
<l = xof +20%) 4 (I — o + ¢ f 1xP )
1
< |xx — xol* + 82(011\2 + ﬂ]i lx|? dx),
1

where we have used that vy, is supported in Bp.
Therefore, for C = aA? + B fp |x|*> dx we have

EX[|Xg11 — xo|* — Clk + 1)&?|Fi] < |Xi — x0|* + Ce* — C(k + 1)&?
= | Xk — xo|* — Cke?,

as we wanted to show. [

Lemma 2.8. The sequence of random variables {| Xy — xo|> — Cke?}y is a submartin-
gale for C = B f5 |x|* dx.

Proof. As in the previous lemma we have
E*[| Xg 41 — xo*|Fl(@) = 05/ lxk — xol* + lez]? dvy, (2)
+ ’B]i lxk — xo|® + |x|* dx.
By dropping the |ez|? term we get
B {Xes — %ol 5)@) = alve = of? + I = ol + f 132 a)

= |xx — x0|> + ,382][ |x|*dx.
B,

Therefore, for C = f f5 |x|* dx we have

EX[|Xgq1 — x0|> — C(k + De?|Fr] = | Xk — x0|* + Ce? — C(k + 1)&?
= | Xx — xo|*> — Cke?,

as claimed. [

We are ready to prove that E¥°[z] is of order 1/g2.
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Lemma 2.9. There exist C1, Cy > 0 such that

C, dist(xg, 0Q)? < E™[¢27] < Cp(diam  + 1)?
1
Jore < +.

Proof. We consider the supermartingale My = |X; — x¢|> — Cke? from Lemma 2.7.
Since the increments of M} are bounded and E*°[r] < 400 we can apply the optional
stopping theorem. We obtain E*°[M;] < 0 and hence

dist(xg, 02)% < EX[| X, — xo|?] < C*E*[1]

as desired. The other inequality can be obtain by considering the submartingale from
Lemma 2.8. In fact, we get

C&?E*[r] < E™[|X; — xo|%] < (diam Q + A¢)?,

where we have used that x; is at a distance of at most Ae from x,—; € £ and therefore
|x: — xo| < diam Q + Ae. m

Now we obtain an estimate for the random variable 2t necessary to bound its second
moment in the subsequent corollary. We follow [4, Lemma 3.6]. The key point here is that
the process is memoryless.

Lemma 2.10. There exist C > 0 and p = p(diam 2) > 0 such that
P (%7 > t) < Ce ™
1

fore < +.

Proof. By Lemma 2.9 there exists C = C (diam ) > 0 such that E*[¢27] < C. Then,
by Markov’s inequality, we have

X0[o2 ~
PXO((?ZT > l) < m < g
- - t Tt

forz > 0 and every xo € 2. Observe that

N.I ™

P¥ (21 > &%n + t|e?t > &%n) < sup P (1 > 1) <
Xn€Q

So, for n, k € N, applying this bound multiple times we obtain
P* (21 > ?nk) = P (%1 > e2nk|e*t > 2n(k — 1))
x PX¥(e21 > 2n(k — 1)|?1 > e2n(k —2))
X - x PY(e27 > ¢2n)

< (i)k 2.5)

&2n
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We define § = Ce + 1 and observe that

P* (%1 > t) < P¥ (821' > 82L£J FJ)

e21L§

By (2.5) choosing n = Lf—zj and k = L%J we get

P*(e27 > 1) < (ngj_sz - (5 _582)3—1 <e it

where we have estimated &2 Lf—zj > § — g2 > Ce. The result holds for C = e and = % ]

Corollary 2.11. There exists C = C(diam Q) > 0 such that
EX[(?1)*] < C
fore < %

Proof. By Lemma 2.10 there exist C > 0and u = p(diam ) > 0 such that
PX((e27)2 > 1) = PX(e27 > t1/2) < G,
Then we can bound

0o 0o 26
E*[(£27)?] = / P ((e27)2 > 1) dt < / Ce ' dr = =. n
0 0 o

3. Dynamic programming principle: Existence and uniqueness

Recall that @ C R¥ is a bounded domain and g: R \ @ — R and f:Q — R are mea-
surable bounded functions. We define
-1
u(x) = E* [sz Y fx)+ g(Xr)],
i=0
where 7 is the exit time from €2. In this section we prove that u is the unique bounded
solution to the DPP (2.2) given by

u(x) :a/u(x +e2) dve(z2) +ﬁ]{3( )u(y)dy + &% f(x)

for x € Q, and u(x) = g(x) for x ¢ Q. For related arguments, see [25], and [1, 14,30] as
well as [5].

In the following lemma we prove that subsolutions are uniformly bounded. We have
required subsolutions to be bounded, which is necessary as shown by Example 3.5 below,
but here we prove that there is a bound that only depends on the parameters of the problem
and not the solution itself.
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Lemma 3.1. There exists C = C(diam 2, f, g, &) > 0 such that u < C for every subso-
lution u to the DPP with boundary values g.

Proof. We consider the space partitioned along the x y -axis in strips of width 5. We define
Sk =1y 1y~ <ke/2},

My e B :iyw <xv =31 _ HyeBiiyn <3

A 9
|B£| |Bl|

and K = &2 supg, f. We have

u(x)fa/u(x+sz)dvx(z)+ﬂ][ u(y)dy + €2 f(x)
B (x)
<asupu+BA sup u(y)+p(1—A)ysupu+ K
YIYN<XN—%

=pA4  sup  u(y)+(1—pA)supu+ K.

YIYN<XN—%

We define p = BA and consider k € Z: for x € Sg+1 wehave {y: yy <xy — 5} C Sk.
Therefore we obtain

supu < psupu + (1 —p)supu + K.

Sk+1 Sk

Then, inductively, we get

n—1
sup u 5((1—p)supu+K)Zpi + p"supu. 3.1
Sn+k i=0 Sk

We assume without loss of generality that Q C {y : 0 < yx < R} for some R > 0.
Then, since u = g in RV \ Q D S, we have supg, U = supg, & < sup g. We assume that
supu > sup g (if not then sup g is an upper bound for u and the proof is finished) and
consider n such that n5 > R; then  C S, and we have supg u = supu. We apply (3.1)
for such n and k = 0 to get

n—1
supu < ((1 = p)supu + K) Y p' + p"supg
i=0
1—p*

= ((1- p)supu + K) 1_—p + p'supg
_ ,n
=(1—p”)supu—i—K1 + p"supg,
—-p
from where we finally get the upper bound
1-p"
supu < K + sup g. ]

pr(1—p)
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Lemma 3.2. There exists uq a subsolution to the DPP with ug = g on RV \ Q.

Proof. We consider v(x) = K + L|x|? where we will choose K € R and L > 0 in what
follows. Since it is convex we have

v(x) < /v(x + ez) dvy(2).

Even more, since it is strictly convex,

v(x) < fB( oy,

and therefore for L large enough we get
v <o [viet e +p vy -1
B:(x

for every x € Q.
We choose K small enough such that v < g in Q.. Then u¢ given by ug = v on Q
and ug = g on RY \ Q is a subsolution. ]

Proposition 3.3. There exists a solution to the DPP with boundary values g.

Proof. We construct the solution by Perron’s method. We consider § the set of subsolu-
tions, that is,

S={wRY >R:Lu+ f>0inQandu < ginRY\ Q}.
The set is not empty by Lemma 3.2. We define

u(x) = supu(x)
ues
for each x € RY. By Lemma 3.1 we have that the function i is bounded. We will show
that u is a solution to the DPP.
The function ¢ given by Lemma 3.2 belongs to §; therefore 4 > uy. Since ug also
takes the right boundary values, we have that i = g on RV \ Q.
For every u € § we have that u < u and hence

u(x) <a / i(x + ez) dve(z) + ﬂ][ i(y)dy + &> f(x).
Be(x)
If we take the supremum over all ¥ € § in the left-hand side, we obtain that i is a subso-

lution.
We consider v: RN — R given by

v(x) = a / (x + e2) due(2) + ﬁ]i )6 A
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for x € Q and v = g in RV \ Q. Since # is a subsolution we have @ < v. Then
v <o ol +endn@ + B v+,
B:(x)

and hence v is a subsolution, which proves that v < u. Thus v = u and we conclude that
u is a solution to the DPP. [

Theorem 3.4. The function

-1
u(x) = E¥ [82 DX+ g(Xz)]
i=0
is the unique bounded solution to the DPP with boundary values g.

Proof. Given a solution v to the DPP, we have that {v(Xy) + &2 Zf-:é f(Xi)}k is a
martingale. Indeed,

k
E* [v(xk+1) +& ) f(X)

i=0

?k](w)
k
—a f v(xk + £2) dvg, () + B ]i e ; £xi)

k—1
= v(xx) + 6% ) f(xi).

i=0
Then, by Doob’s stopping time theorem (recall that v and f are bounded), we have

-1
v(x) = Ex[v(Xt) +e7 ) f(X,-)]
i=0
Hence, since v(x) = g(x) for x & Q we obtain v(x) = EX[g(x;) + &2 YI_y f(x;)]. Thus
v = u, and we have proved that u is a solution to the DPP and that every solution coincides
with it, so there is a unique solution. ]

Example 3.5. The uniqueness fails if we do not assume that solutions to the DPP are
bounded. For Q@ = (—2,2) C R we consider the process givenby e = 1, = = 1/2
and v, the uniform probability distribution on B; for every point x € 2 except those in
the set {zlk}keN- There we set

5.1 +46_ 3

v = 2k+1 2k+1
2k 2
In this case the DPP has multiple solutions: the function ¥ = 0 and

4 x=21 keN,
v(x) = tTar
0 otherwise,

which is not bounded. This is why the solutions to the DPP are required to be bounded.
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4. e-ABP estimate

Regarding the classic theory of elliptic PDEs, one of the key inequalities in the Krylov—
Safonov proof of Holder regularity is the so-called Alexandrov—Bakelman—Pucci estimate
(ABP estimate for short), which guarantees a pointwise bound for subsolutions of Lu +
f = 0 by means of the LY -norm of f. Namely, if f is a continuous bounded function in
Q and u € C(Q) satisfies

Tr{A(x) - D*u(x)} + f(x) >0, xeQ,

then there exists a constant C > 0 depending only on N, diam €2 and the uniform ellipticity
of A(x) such that

supu < supu + C || | -
Q QR

See [9, Chapter 3] for the ABP estimate for viscosity solutions and [12, Section 9.1] for
strong solutions.

Given a subsolution u, one of the key ideas in the proof of the classical ABP estimate
was the use of the concavity properties of u at the set of points where the graph of u can
be touched from above by tangent hyperplanes. This set of points (known as the contact
set and denoted by K,,) turned out to carry all relevant information about the subsolution.
To be more precise, if we denote by I' the concave envelope of u, the ABP estimate is
obtained by studying the behavior of I" at those points in 2 where I and u agree. Using
the concavity of I', the first main step in the proof consisted in obtaining an estimate of
supg v in terms of | VI'(2)]. It is worth noting that the structure of the PDE does not play
any role in the proof of this first estimate, which was obtained using exclusively geometric
arguments.

In a second step, and in addition to the concavity of I', it turned out that I" is C L1ip
the contact set so, by virtue of Rademacher’s theorem, I" is indeed C 2 ae. in K,,. This
fact and a change of variables formula gives an inequality of the form

[VI(Q)] 5/ | det DT (x)| dx,
Q

which allowed the equation to be used to estimate the right-hand side and, consequently,
to obtain the ABP estimate.

However, in the case of the DPP, the nonlocal nature of the setting forces us to also
consider noncontinuous subsolutions of the DPP, so the corresponding concave envelope
I" might not be C 1! as in the classical setting. In addition, there is no PDE to connect with
the right-hand side of the previous inequality, and therefore we follow a different strategy
in order to estimate |VI'(€2)|. The idea is to cover the contact set K,, by a finite collection
of balls of radius /4, and then to estimate |VI'(B,/4(x))| by means of the oscillation of
I" with respect to a supporting hyperplane touching the graph of I" from above at x € K,.
This oscillation, in turn, is estimated by using the DPP, which yields the desired e-ABP
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estimate. It is also interesting to note that one can recover the classical ABP estimate by
taking limits as ¢ — O.

In this section we adapt the ideas from [7, Section 8], where an ABP-type estimate
was obtained for continuous solutions of nonlocal integro-differential equations (see also
[8, 10] for similar approaches). Further references are [17] for an ABP estimate for elliptic
difference equations and [13], where an ABP-type estimate is obtained using a general-
ization of the concept of a concave envelope as a nonlocal fractional envelope.

Let u: RY — R be a bounded function and let " be the concave envelope of u™t :=
max{u, SUPRN\ @ u}in §~2As, that is,

inf{¢(x) : for all hyperplanes £ > u™ in S~2A5} if x € Qap,

SUpRN\q U if x ¢ QAS.

I'x):= {

Since u is not necessarily continuous, we define the “contact” set as
K, :={x € Q:limsup, , uT(y) = T(x)}. 4.1

Since ut < T, then K, is a closed subset, and thus compact. Moreover, observe that in
the particular case of u being an upper semicontinuous function in €2, then K, = Q N
{ut =T}.

As we have already pointed out, one of the key steps in the proof of our ABP-type
estimate is the construction of a suitable cover of the contact set K,, by balls of radius
£/4. For this purpose, before stating the main result of this section we introduce the fol-
lowing notation. Given & > 0, we denote by @, (R¥) a grid of open cubes of diameter £/4
covering RY . Take for instance

Q,RY):= {0 = Qe (x):xe NsﬁzN}.

In addition, if A € R¥, we write
Qs(4):={0 € Q. RY): 0 N A # 0}, 4.2)

)
ac | o
0€Q.(A4)

We stress that, while not needed in the proof of the main e-ABP estimate, the assump-
tion of @, being a grid is needed later in the proof of Theorem 4.7.

Now we are in condition to state the main theorem of this section. We use the notation
£eu + f for convenience in some of the proofs, but this is equivalent to the DPP and
stochastic notation as we recall at the end of the section.

Theorem 4.1 (¢-ABP estimate with continuous f). Suppose that u is a bounded Borel
measurable function satisfying
Leu+ >0
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in Q for f € C(Q). Let T be the concave envelope of u™ in Qe andlet Q = Q.(K,) be
the grid of pairwise disjoint open cubes Q of diameter /4 defined in (4.2). Then

N+3

1/N
supu < sup u + (diam  + Ae)( Z (sup f+)N) e. 4.3)
Q RN\Q 0ca o

After proving this theorem we relate the result to the stochastic process and in The-
orem 4.7 we obtain a version of the estimate where the continuity hypothesis for f is
removed.

In what follows we can assume without loss of generality that f > 0 in Q and
supgn\g # = 0. Then u* = max{u, 0}.

It turns out that in order to prove Theorem 4.1 we only need to use the information of
the concave envelope in the set of contact points K,,. Indeed, since

Su(x,y) < 8l(x,y) +2[I'(x) —u(x)].
inserting this inequality in (2.3) we get
1
Lou(x) < L) + 5 [0(x) —u()]
Since I' is concave, then I' is continuous and for any fixed xo € K,;, we have

liminf L,u(x) < LT (xp).
X—>X0

Hence, if f > 0 is a continuous function in  and u is a bounded function satisfying

Lu+ f>0 inQ, @4)
u<0 inRV\ Q,
then
£+ >0 inK,. 4.5)

Therefore, in what follows, we will use (4.5) instead of (4.4).
Before stating the first lemma of this section, we need to define the superdifferential
of I at x € Q2 as the set

VI(x):={§ e RY : I'(z) < T(x) + (£.z — x) forall z € Qa,}. (4.6)

Since T is a concave function in € Ae,> then VI'(x) # @ for every x € Q As. Moreover,
given a set S C Q A, we denote VI'(S) = Uyes VI (X).

In addition, if S is a compact subset of Q, then VI'(S) is closed. Indeed, if {£,}, C
VT'(S) is a sequence converging to & € Qe by definition there exists {x,}, C S (which
by compactness we can assume converges to some xo € S by passing to a subsequence)
such that I'(z) < I'(x,) + (&4, 2z — xp,) for each z € Q ae. Since T is concave (and thus
continuous), taking limits we get that & € VI'(xo) C VI'(S). In consequence, VI'(S) is
a Lebesgue measurable set.
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Lemma 4.2. Let u: RY — R be a bounded function such thatu < 0 in RN \ Q. Then

1/N
V) wn

supu < (diam Q2 + Ae)(
Q |B1]

where K, is the contact set defined in (4.1).

Proof. Let us assume that supg # > 0 (otherwise (4.7) would follow trivially) and define

_ supqu
P~ dGiam @ + Ae
Since T is the concave envelope of ut and supu = sup I', then for every |§| < p there

exists £ a supporting hyperplane of I' in QA such that VI = . Fix any £ € B,. We claim
that £ € VI'(xg) for some x¢ € K. To see this, let

= sup {ut(2) - (6.2)

z€Q A

and define £(z) = © + (£, z) forevery z € Q.. Then £ > T' > u™ in €2 ,. Moreover, by
the definition of 7, for each n € N, there exists x,, € 2, such that

u+(xn) + % > L(xp) = T'(xy).

On the other hand, by the definition of £, for any z € Q we have

ut(2) < €(z) = L(xn) + (§,2 — xa)
< L(xp) + |€|(diam Q2 + Ae)

= L(x,) + @ supu™
b Q

for each n € N, where in the inequality we have used that x,, € Qe and z € Q, and the
definition of p has been recalled in the last equality. Taking the supremum for z € Q2 we
obtain |

(1 - i') suput < l(xn) <ut(x,) + .
p/ g "

for each n € N. Hence, since || < p and supg u™ > 0, we can assume that x,, € Q for
every n € N. Otherwise, since u < 0in RY \ Q by assumption, if x,, € Qe \ Q for each
sufficiently large n € N, letting n — oo we would obtain a contradiction. Furthermore, by
a compactness argument, we can assume without loss of generality that x, converges to a
point xo € Q. Thus, since T" is continuous, taking limits we get

limsupu™(y) > limsupu™ (x,) > I'(xo).
y—Xx0 n—o00

Finally, since ut < T, wehave in particular that xo € K, and £ € VI'(xg). In consequence
B, C VI'(Ky), so |Bi|p" < |VT(K,)| and (4.7) follows. "
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The idea is to estimate the term |VI'(K,)| in the right-hand side of (4.7) by covering
the contact set K, with balls of radius £/4 and estimating |VI'(B,/4(x))|. This is done by
obtaining an upper bound for the gradients of the concave function I' in Bg/4(x) which
depends on the oscillation of I with respect to a supporting hyperplane touching the graph
of I' at x.

Lemma 4.3. Let T: Q Ae — R be a concave function. Then

VI'(Bg N
FE = (5 o T T+ 6)

(4.8)

foreveryx € Q and & € VI'(x).

Proof. Fix x € Q and any § € VI'(x) and define the auxiliary function ®: B,/ — R by

O(y)=T(x+y)—Tx)— ()

for every y € B,/,. Since I' is a concave function, then ® is also concave in B, /5, s0
VO(y) ={{eRY : ®(y +2) < ®(y) + (¢, z) forall zs.t. y + 2 € Bja} # 0

forevery y € By)». Letus fixany y € B,/4 and any { € V®(y). Since ® is concave, ® <0

and ®(0) = 0 we have

i< ———— =<

g/2

On the other hand, by the definition of ® and VI'(x + y) in (4.6), for any £’ € VI'(x + y)
we have

osc ® =: p. 4.9)

OSCB£/2\B£/4 q) g
€ Bg)

D(y+2)—P(y)—(§'—§2)=Tx+y+2)-Tx+y) —(.2) <0

for every z such that z + y € B,/», so & — & € V®(y). Then, since [{| < p for every
¢ € VO(y) by (4.9), we get that £’ € B, (£) forevery & € VI'(x + y). Thus VI'(x + y) C
B, (&) forevery y € B4, 50 |VT(Bg/4(x))| < |Bi|p" and (4.8) follows. |

The following lemma shows that the graph of I' stays quadratically close to a tan-
gent hyperplane in a neighborhood of any point in which the inequality £.I" + f > 0 is
satisfied. It is noteworthy to mention that this is the only result where the DPP is used.

Lemma 4.4. Suppose that T is a concave function and xo € Q satisfies £:T'(xo) +
f(x0) = 0. Then, for any w > 0, the following holds:

[{y € Be : T(x0) —T(xo + ) + (§.) > w}| _ f(xo)e?

(4.10)
| Be| wph
where & is any vector in VI (xg). Furthermore,
N+2
osc {I'(xo) —I'(xo + ) + (6, )} =< f(x0)e?. (4.11)

yeBs/Z ,3
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Proof. First observe that, since I" is concave in Q Ae» then 6T'(xg, y) < 0 for every y €
B . Thus, we can estimate by zero the «-term in (2.3), so we obtain

£ = 5 sre ) a. @.12)
2¢e B,

Since f(xg) > —£L:[(xo) by assumption, using the definition of 6" (x¢, y) and the sym-
metry of the ball we can estimate

2
f(xTo)e 2_%]{; 8T (xo. y) dy

]i (D(x0) = T'(xo + 1)) d

= TG0 =T o+ )+ 63D dy
for any fixed £ € VI'(xg). Let us define the auxiliary function ®: B, — R by

®(y) = I'(xo) = T'(xo + y) + (§. 7).

Observe that, for the sake of convenience, the sign of ® has been changed with respect to
the previous proof. Notice that & > 0 due to the concavity of I". We split the ball B, in
two sets and we study the integral of ® over each of them. Then

/ ®(y)dy = [ ®(y) dy + / (y) dy
Bg B.N{®d>w} B:N{®d<w}

z/ wdy
B.N{d>w}
= w|B, N{D > w}|,

where in the inequality we used that ® > 0 to estimate the second integral over B, N
{® < w}. Then (4.10) follows by combination of the previous estimates.

Now we prove (4.11). If f(x¢) = 0, then (4.10) yields that ® < w a.e. for every w > 0.
Then, since ® is continuous and ® > 0, we get that ® = 0, so the oscillation in (4.11) is
zero as desired.

If f(xo) > 0, we choose w > 0 so that 0 < ®(y) < w holds for every y € B,/,. Notice
that, as we already mentioned, ® > 0 follows directly from the concavity of I". To check
that @ < w), observe that the inclusion B,/2(y) C B, holds for every y € B,/>. Then (4.10)
yields

{z € Bejp : ®(y + 2) > w}| N 1Be N {® > w}| _ N f(x0)e?
| Be/2l - | Bs| - wp
In particular, choosing w = ZN‘# f(x0)e?, we get that the left-hand side of the previous
inequality is bounded by 1/4, and thus there exists z € B,/, such that

N+2

P(y+z)=w= f(xo)e?.
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Combining the inequalities for z and —z we obtain
1 1
ECD()’ +2)+ ECD()’ —z)=w,
so ®(y) < w follows from the convexity of ® and this completes the proof. |

Now we are in position to prove the main result of this section.

Proof of Theorem 4.1. Let us consider the pairwise disjoint collection of open cubes
Q. (K,) defined in (4.2). Then the following conditions are satisfied:

(1) diam Q = ¢/4,

(2) 0N K, # @ foreach Q € Q,(Ky,);

3) Ku € Ugea, k) Q-

Since K, is bounded, we can label the cubes in @,(K,) as Q1,..., Q,, where n =
n(e) € N. Furthermore, we select a point x; € K, N Q; foreachi = 1,...,n so that
Qi C B./4(x;). From the above considerations we can estimate

<Y IVT(Q0)] < D IVT(Bea(x)).

i=1 i=1

Jvrn

i=1

IV (Ky)| =

Combining this with the estimates from Lemmas 4.3 and 4.4 we obtain

IN+3 N n v\ v
VI K| = 1B1l(=5-) (Z fx) )e :
i=1
Moreover, since x; € Q;, we can estimate f(x;) < supy, f foreachi =1,...,n. Then
the result follows by replacing this in the estimate from Lemma 4.2. ]

As we saw in Section 3, solutions to the DPP can be interpreted as expected values.
Thus the e-ABP extends to this setting as well.

Corollary 4.5. Given f € C(Q) such that f > 0 and the family @ = Q,(RQ) of pairwise
disjoint open cubes Q of diameter /4 defined in (4.2), there exists C > 0 such that

—1 1/N
E* |:g2 Zf(Xl):| < C(diam Q2 + AS)( Z (Sup f)N) E. (4.13)
i=0 oca 2

More precisely, C = 2N+3/8.

Proof. We consider u: RV — R,
7—1
u(x) = E* [82 > f(X,-)].
i=0

By Theorem 3.4 we have that £,u = — f in Q and u = 0 in RV \ Q. The result follows
by applying Theorem 4.1 to u. ]
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Let us observe that the e-ABP estimate (4.3) yields the classical ABP estimate after
taking limits as ¢ — 0. Since each Q in @,(K,,) has diameter ¢/4, then ¢ = 4/N|Q|'/V
and thus

( > (Supf+)N)l/N8=4W( > (SngJr)NlQI)l

0ea. (k) 2 0€@.(K,)

/N

Furthermore, letting ¢ — 0 the size of the cubes in @.(K,,) converges to zero, and since
f is continuous, we obtain the Ly (Ky)-norm of T as the limit of Riemann sums, that
is,

N\ /N
- + _ +
im (X (e r)) e = VR v,

Q€@ (Ky)

where
1/N
TR (/K f+<x)Ndx) .

Thus, replacing this in the e-ABP estimate (4.3) we get

2N+5 /N diam
supu < sup u +
Q RN\Q B

Lf ey g,y + 0 ().

which is the classical ABP estimate plus an error term vanishing when ¢ — 0.

Observe that the error depends on f; moreover it does not vanish uniformly on f.
Also observe that the ABP estimate requires f to be continuous. The standard version of
the ABP estimate in the context of PDEs is with the L -norm of f on the right-hand side.
Unfortunately, such an inequality does not hold in our setting. That is, for a general f, an
inequality such as

7—1
EX[eZZf(xi)} <Cllflw
i=0

does not hold, as the next example shows.

Example 4.6. Let us consider 2 = B, e = 1,and f = 1w, for which

Ifllv = 0.

Let v be given by
bt
X — 2 k]
where vy is such that x + v, € Q. It follows that EX[ f(x;)] > 5 for any x. Then since
E°[¢27] > ¢ we have

-1
I EES
i=0
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We overcome the difficulty of the previous example in the following theorem, where
we obtain a weaker version of the result. Fortunately it is enough for our purposes; see
Lemma 5.1.

Theorem 4.7 (¢-ABP estimate with measurable f). Given f:Q2 — R a nonnegative
bounded measurable function, there exists C > 0 (depending only on N ) such that

-1

B[22 X 700 < € + @B Lo + Ciam @ + A0
i=0

Proof. First we extend £:Q — R outside Q defining f(x) = 0 for every x € RV \ Q.
Then we define f:RY — R as the function given by

F) =]€”)f(y)dy

for every x € RY, so f is continuous in RY and, in particular, f € C(Q).Fori > 1 we
have

B[/ (X0)| Fior](@) = @ / Fxios + £2) dvgy_, (2) + B ][ F()dy

Be(xi—1)

<l flloo + BS (xiz1). (4.14)

Since EX*[ f(X;)] = EX[E*[ f(X;)|F;-1]] we obtain

7—1 —1
o [82 ) f(Xi)] —EF [azf(Xo) e ZEX[ﬂX,-)w«:-_l]]
i=0

i=1
7—1

< | flloo + E* [82 S @l f oo + ﬁf(x,-_m],
i=1

where we used (4.14). Rearranging terms we get

7—1 T2
B 3 10| = 1 f o+ B0 = DI Lo+ B F 0]
i=0

i=0

t—1
< (& + aE* 2] floo + PE [82 3 .f(x»].
i=0
Observe that since f € C(Q) and f > 0 we can apply Corollary 4.5. We obtain

7—1
S EMWLIE
i=0

2N+3

AN\ /N
(diam © + As)( 3 (sup f) ) . (4.15)

a.@ 2
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For any fixed Q € @.(R2), let xo denote the center of Q, so Q = Q
diam Q = &/4, then |x — xo| < /8 for every x € Q. Then

Q C Be(x) C Belx—x/(X0) C Bog/s(x0) C Qosyalxo) = 9VNQ s (x0) = 9N Q.

Let{ = £(N) € N be the unique odd integer such that £ —2 < 9+/N < {.In consequence,
0CB (x) C LQ for every x € Q. Since f is continuous in R¥, there exists some X € Q
such that f (¥) = supy f and thus

AN N
(sup 7) =( _f(y)dy) <{ o / FOW dy.
(¢ B (%) B.(x)

T 1B
where in the first inequality we have recalled Jensen’s inequality for convex functions.
Moreover, since the cubes in @.(€2) form a grid, it turns out that £Q can be expressed
as the union of the cubes Q' such that O’ € @Q.(R2) and Q' C £Q. Since any particular

0’ € Q:(R) belongs to card{Q € Q,(Q) : 0’ C £Q} = £V number of cubes £Q, we can
estimate the overlap and get

Z (supf)N_ Z [f(y)Ndy

oca.(@) 2 Qe@ )
1
=5 Y card{Q € Q(Q): 0 ceQ}/ FO)N dy
¢l ore@. (@) o’
|B| 3 f FOIN dy
0'e@.(2)
= o [ a,

where the last equality comes from the fact that f = 0 outside 2. Taking the N th root we

finally obtain
N 1/N 1/N
(2 60")" o) "

Q:(2)

and the result follows after inserting this in (4.15). ]

5. De Giorgi oscillation lemma

The main goal of this section is to prove Lemma 5.8, a version of the classical De Giorgi
oscillation lemma.

We follow the Krylov—Safonov argument in [15, 16]; see also [3, Chapter V, Section
7]. However, our case is partly discrete and ¢ sets a natural limit for the scale that can be
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used in the proofs. This causes considerable changes. The key result is Theorem 5.7 where
we prove that a set of positive measure is reached by the process with positive probability.
This then implies the De Giorgi oscillation lemma in a straightforward manner by using a
level set as the set of positive measure.

One of the key steps in this section is the use of an adapted version of the Calder6n—
Zygmund decomposition, Lemma 5.4. The main difference from the classical version is
that we do not consider cubes of scale smaller than ¢. If we simply stop the decomposition
once we reach cubes of scale ¢, then we would lose control between the original set and
the union of cubes in the decomposition. Therefore we need a subtle additional condition
in the decomposition for cubes of size €.

The first step in our argument is to prove that sets of “large density” are reached by the
process with positive probability. This is done in the following lemma. There we employ
the e-ABP estimate, Theorem 4.7, with the characteristic function of A as a right-hand
side, and further estimates from Section 2.4. Recall that T4 denotes the hitting time for A
and t4 the exit time, that is,

TAzmin{keN:XkeA} and rA=min{k€N:Xk¢A}.

Lemma 5.1. There exist 1 > 0, 0 > 0 and ¢ > 0 such that if 0 <& < &1, x € Q1/2,
AC Qrand|Q1\ A| < 0 then

P*(T4 < 19,) > c.
Proof. We denote T = 79, and A° = QO \ A. We write
E*[e?7] = E¥[e*tli1,<ny] + EX[*Tl{r,501]

7—1
< E*[(21)2]2P* (T4 < 7)2 + E* [82 D e (X,-)}, (5.1)
i=0

where we have used the Cauchy—Schwarz inequality and that Zf;l 14¢(X;) = v when
T4 > ©. By Theorem 4.7 we have

-1
E* |:82 Z 14c (Xi):| < &2 4 aE~¥[e27] 4 C|A¢ |V,
i=0
Combining this inequality with (5.1) we obtain

E*[¢27] < E¥[(620)2]2P* (T4 < 1) + 62 + aE¥[e2¢] + COVN
and, rearranging terms,
BE*[e27] < E¥[(27)2]2P*(Ty < 1)2 + &% + COVN
By Lemma 2.9 (observe that dist(x, R¥ \ Q1) > 1/4) and Corollary 2.11 there exist
c1.¢2 > 0such that ¢; < E¥[¢27] and Ex[(szr)z]% < ¢,. Therefore

Bcr < eP¥(Ty < r)% + COYN 42

and the result follows for ¢ and 6 small enough. ]
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In the following lemma we prove that sets of positive measure are reached by the
process with positive probability when g¢/2 < & < gp. By performing a scaling of the
space and step size we later use the result for cubes of size comparable to ¢ in Theorem 5.7;
see Remark 5.3.

Lemma 5.2. Given 0 < g9 < 1, there exists y = y(eo) > 0 such that if e9/2 < € < &,
x € Q1, AC Q1, we have

P¥(Ty < ‘L’me) > y|Al.

Proof. We define Ny = {%ﬁl + 1 and consider the event E of the first Ny movements
to be uniformly distributed. Thatis £ = {c¢; = -+ = cn, = 1}. We have

PX(Ty < 19,, ) = P*(Tu < t0,, |E)P(E).

Observe that P(E) = 0. If a uniform random step occurs, then the step size is at most &.
Hence, after Ny uniform random steps the token is at a distance of at most

2+ N

Noe = Nogo < (—— +2)e0 < 2¢/N +2 < 4VN
&0

from the starting point. Therefore, we have that all the steps until time Ny are inside

00w and we have P*(Ty < rQ10W|E) > P*(Xpn, € A|E). We have proved that
P¥(Ty < 0, ) = P*(Xn, € A|E)BN.

We consider U; a sequence of independent random variables uniformly distributed in B;.
And we define ¥ = ZZN=O1 U;. Let f denote the density of Y'; it is a radial decreasing
function strictly positive in the ball of radius Ny. Given xo = x € Q1 and y € Q1 we can
bound

Sl ) = o (=06 = 5 F(INJE) = o [N o).
0 0

Since %ﬁ < Ny we have f(2+/N/gg) > 0.
Finally we obtain

1
PH(Ts < 10, 5) = B* (X € AIE)BY = 0 fVN /c0)l AIB™.

Therefore the result holds for y = % F(2/N /eg)pNo. u

Remark 5.3. Given a cube Q there exists an affine transformation 4(x) = ax + b such
that 1(Q) = Q1. Given the process X; we can consider the process /(X ). Observe that
this new process is of the type that we are considering for € = ae and the pushforward mea-
sure U given by Dy (A) = vj-1(4)(A4). Then results established for Q1 such as Lemma 5.2
can be applied to cubes of any size. Moreover, if g9/2 < & < &g, then the constant y only
depends on &.
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Now we state our version of the Calder6n—Zygmund lemma. In the discrete setting, the
¢ sets a natural limit for the scale. To control the error when stopping the decomposition
at the level ¢, we introduce an additional condition. When applying the decomposition, a
careful choice of the parameters allows us to guarantee the two opposite goals: there are
enough cubes in the decomposition and the share of A in measure is still large enough.

First we introduce some notation. We denote by £, the family of dyadic open sub-
cubes of Q; of generation £ € N. That is, Dy = {Q,}, D is the family of 2V dyadic
open cubes obtained by dividing Q1, and so on. Given £ € N and Q € D, we define
pre(Q) € Dy—1 as the unique dyadic cube in Dy_; containing Q.

Let0<8<8<land A C Q1 a measurable set, such that

|4 < 6.

Next we will construct a collection of (open) cubes @ g, containing subcubes from gener-
ations Dy, D1, ..., D, and a set

B := U 0.

0€dp
By the assumption we first observe that
101N Al =6[01].
Then we split Q; into 2V dyadic cubes D;. For those dyadic cubes Q € D, that satisfy
|[AN Q[ >§[0]. (5.2)

we select pre(Q) into @p.

For other dyadic cubes that do not satisfy (5.2) and are not contained in any cube
already included in @p, we keep splitting, and again repeat the selection according to
(5.2). We repeat splitting L € N times. At level L, in addition to the previous process, we
also select those cubes Q € Dy (not the predecessors) into @ g for which

§10] > 14N Q| >$§|0] (5.3)

and are not contained in any cube already included in @p. Now the following lemma
holds.

Lemma 5.4 (Calderén—Zygmund). Ler A C Q1,0 <8 <8 < 1, L € N and B be as
above. It holds that }
|A| < 8|B| + 6.

Proof. Observe that for pre(Q) selected according to (5.2) into @p, it holds that

|A 0 pre(Q)| < 8| pre(Q)|
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since otherwise we would have stopped splitting already at the earlier round. Also for
cubes Q selected according to (5.3) into @p, it holds that [A N Q| < §|Q|. Summing up,
for all the cubes Q € @p, it holds that

AN Q] <4|Q|. (5:4)

Moreover, by construction, the cubes in @p are disjoint.
We define Gy, as a family of cubes of Oy, that covers Q; \ B a.e. It immediately holds
a.e. that

Aacoi=Jovl o

Qelp (373

By this, using (5.4), as well as observing that |[A N Q] < 3| Q| by (5.3) forevery Q € &,
we get

Al= > [ANQ|+ > 14N Q|

Qe@p (01573
< > 58101+ > 80
Qelp (=73
< §|B| +§. n

Before proceeding to the main result, we need to show that if the stochastic process
starts in a certain cube, it will reach any subcube in the next level of the dyadic decom-
position with positive probability. We also need to show that for any starting point in Q1,
the process reaches Q/, with positive probability. We obtain these results as a corollary
of the following lemma.

Lemma 5.5. Given 0 < Ry < Ry < Rj3, there exist 3 = €3(R1, R2, R3) > 0and p =
P(R1, R2, R3) > 0 such that for x € Br, we have

P*(Ty, < tBg,) Z P
fore < &;.

Proof. For ¢ > 0 we consider the radial increasing function ¢(x) = —|x|7¢. For x €
Bgr, \ Br, we have

o(x +ez) + p(x —€z2)
B ]gs(x) e(y)dy + a/ 5 dvx(2)
< o(x)+ ﬁ—ng<p(x) + ag?A? sup (D2<p(x)z,z) + 0(82),

2(N +2) zi|z|=1

where we have used the second-order Taylor expansion for ¢ in Bry4As, \ BR,—Ae,-
Observe that ¢ is smooth in that region for &, small enough.
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%ﬂ

Figure 1. The inclusions of balls and cubes defined in Corollary 5.6 in the case that P = Q1 N
{x:x;>0fori =1,..., N}.

We consider s = |x| and ¢ (s) = ¢(x). Recall that for a radial function the eigenvalues
of D2¢ are ¢” (s) with multiplicity 1 and ¢’(s)/s with multiplicity N — 1. We obtain

plx +62) + gl —2)
pf, etdstaf ! e

BN —1) ¢'(s) p
< 2 (_ A2 " ) 2y 55
_¢(S)+8(2(N+2)+Ol ) . +2(N~|—2)¢ ()) +o(e%) (5.5)
We have ¢'(s) = cs~ ¢! and ¢”(s) = —c(c + 1)s~°~2. Therefore, the right-hand
side in (5.5) is smaller than ¢(x) for every x € Bg, \ Bp, for c large enough and &, small
enough. Hence, ¢(x,) is a supermartingale.

If ¢ = P*(TR, < tRr;), We obtain

¢(R3)(1 = ¢) +¢(Ri — Ae2)q = E¥ [z, 15, )] = ¢(x) < @(Ra2).

9(R3)—¢(R>)
Hence ¢ = 5k =gtk ~hen) > -

Corollary 5.6. There exist &5 > 0 and p > 0 such thatife < ez, x € Qrand P C Q1 is
a cube of side length 1/2, we have

PX(Tp < 0, 5) = P-

Proof. For y the center of P, Ry = 1/4, R, = 3v/N/2 and R3; = /N (5+/N + 1/4),
we have
Br,(y) CP C Q1 CBgr,(») CQypyxw C Brs(»).
as shown in Figure 1.
Since Bg,(y) C P and Q. /5 C Bgr,(y) we have
PX(Tp < ‘L’me) > PX(TBRl(y) < TBR3(Y))'

As x € Q1 C Bg,(y), the result follows from Lemma 5.5. |
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We are ready to prove our main result, that a set of positive measure is reached by
the process with positive probability. The idea is the following: given a suitable set A we
construct B using the Calder6n—Zygmund lemma such that B is larger than 4 in measure.
Using this, we prove that the process reaches B (estimate (5.7) below) and then A by
considering two alternatives (estimates (5.9) and (5.10) below).

Theorem 5.7. There exist g9 > 0 and a nondecreasing function ¢: (0,1) — (0, 1) such
that for every ¢ < g9, A C Q1, |A| > 0 and x € Q1, we have

PH(Ty <79,y ) > ¢(AD.

Proof. We define g = min{eq, &5, 1} where &1 and &, are given by Lemma 5.1 and Corol-
lary 5.6, respectively. We also define

@(§) = inf{P* (T4 <10, ) V.6 <eo, AC Q1, |[A| = Eand x € 01}

for £ € (0, 1). Observe that ¢(§) is nondecreasing since for a larger £ the set where the
infimum is taken is smaller. We set

qo = inf{ € (0,1) : p(£) > O}. (5.6)

Since we want to prove that go = 0, we suppose, aiming for a contradiction, that go > 0.
First, observe that

PX(TA < ‘L’Q f) = ]P’x(TQ1 < ‘L’Q f)yelnf]‘ 2Py(TA < ‘L'Ql)
By Corollary 5.6 we have that P* (T s <79, f) is positive and by Lemma 5.1 we have a
positive lower bound for PY (T4 < rQl) for y € 01/, whenever | Q1 \ A| is small enough.
Therefore the probability P* (T4 < 0, «/ﬁ) is uniformly bounded from below for A such
that |Q1 \ A| is small enough. We get 1 > ¢o.
By the previous observation, we may choose g > g such that (¢ + ¢?)/2 < qo. Thus,
for n := (g — ¢?)/2 we have

q+q°
=5 <d0<4

Given A C Q; with g > |A| > ¢ — n, we consider the union of cubes B constructed in
Lemma 5.4 for § = ¢, § = n and L € N such that 2L¢ < g9 < 2L+1s. Observe that L
depends on ¢, that is, the depth of the Calderon—Zygmund decomposition depends on ¢.
This is what allows us to have the smaller cubes in the decomposition of side length
comparable to ¢. All the other constants are independent of . With these choices, by the
Calder6n—Zygmund lemma, Lemma 5.4, we have |A| < g|B| + n, that is

[Al=n _q=2n_q-(q-9*) _

q q q

|B| >
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Hence, by the definition of ¢ and (5.6), we have

P*(Tp <70, ,5) = ¢(q) > 0, 5.7

since by the choice of ¢ we had g > go. We can estimate
P*¥(Ty < rQlOﬁ) > PX(Tp < rQwﬁ)yigg PY (T4 < thOW). (5.8)

Now we estimate P (T4 < 7g ﬁ)’ separating into two cases depending on y € B.
Because of the construction of B we know that one of the following must hold:
¢ There exists a dyadic cube Q with side length equal to 1 /2% such that y € Q C B and
AN Q| >38[Q]=nlQ|. or
« there exists a dyadic cube Q with side length larger than or equal to 1/2F such that
y €pre(Q) C Band [AN Q| > 5|Q| = q|Q|.
In the first case, by scaling the cube Q to Q; (see Remark 5.3) we obtain a process
for & with g9/2 < & = 2Le < g9. By applying Lemma 5.2 we obtain for y € Q C B,

PY (T4 < erﬁ) > ny(eo). 5.9

Observe that y depends on &g but not on ¢.
In the second case we scale pre(Q) to Q1 and obtain a version of the process for
& < g¢ and some v. We may assume that the scaled versionof Qis P = Q1 N{x:x; >0
fori = 1,..., N}. We can bound the probability of reaching P by Corollary 5.6 and then
the probability of reaching A using that |4 N Q| > ¢|Q|. By the choice of ¢, we obtain
for y € pre(Q) C B,
PX(T4 < 70,, ) = Po(q) > 0. (5.10)

Using (5.9), (5.10) and (5.7) in (5.8), we conclude that

PY(Ty <10, ) = ¢(g) min{ny, pp(q)} > 0.
Hence, (&) > 0 for every & > g — n, which is a contradiction. |

Now we state a version of the classical De Giorgi oscillation lemma for the subsolu-
tions of the DPP.

Lemma 5.8 (De Giorgi oscillation lemma). There existk > 1 and C, &g > 0 such that for
every R > 0 and ¢ < ggR, if u is a subsolution to the DPP in Byg withu < M in Brgr
and

[Br N {u <m}| > 0|Bg|,

for some 0 > 0 and m, M € R, then there exists n = n(0) > 0 such that

supu < (1 =M + nm + CR?|| f || o-
Bpr
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Proof. Recall that u is a subsolution, that is,
u(x) < Ot/u(x +e2)dvx(z) + ﬁ][ u(y)dy + & f(x).
Be(x)
We define 1(x) = u(2Rx); we have

i(57) = afﬁ(x 22) due() + B » i(2) dy + £ £ (0).

2R 2R

We consider ¥ = 5% and define & = 5%, ¥ such that v, = ¥z and 7 such that €2 f(x) =
&2 f(X). We get

(%) < a[a(fc +82)diz(2) + B ]{W) i(y)dy + 8 f(%).

That is, 7 is a subsolution to the DPP in By, for &, U and f as defined above. We consider
the value of &9 given by Theorem 5.7. Observe that & = 5% < &¢. Also observe that it < M
in Bk/z and
|Bijo N{u < m}| > 0|Bys|.
We have B/, C Q. We take k = 2(5N + Aegg), such that Xrle/ﬁ € Byj». We
define A = By, N {1i < m} and consider the stopping time

T = min{Ty4, erﬁ}.

For every X € Q1, we have
T-1
i) < B a0 + 2 Y ()|
i=0
< E*[a(X7)|Ta < 70, 5 1P* (T4 < 70, )
+E[i(X7)|Ta > 1o, 101 = PX(T4 < 70, ) + || fllocE* [°T]
< MPY(Ty < 70, ) +m(1—P¥(Ts <70, ;) + Cllflloo,

where the first inequality holds since i is a subsolution to the DPP and we have bounded
E*[€>T] by Lemma 2.9.

Observe that infzep, , PX*(Ty < rme) is positive as stated in Theorem 5.7. Also
observe that || f loo = 2R)?| f |loo- Therefore, we have proved the result since bounding
1i(x) for every X € By, C Q1 is equivalent to bounding u(x) for every x € Bg. |

Observe that the values of k and 7 do not depend on & nor R. And an analogous
statement holds for supersolutions.
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6. Proof of the Holder estimate

The Holder estimate follows from the De Giorgi oscillation lemma, Lemma 5.8, after a
finite iteration. We include the details here as we have to take special care of the role of &
in the arguments.

Given a function ¥ we define

M(R) = supu, m(R) = iélfu and O(R) = M(R) —m(R).
Bpr R

We also define
osc(A) = supu — infu.
A A
Observe that osc(Bgr) = O(R).

Lemma 6.1. There exist A < 1 and k > 1 such that for every solution u to the DPP defined

in Brgr we have
O(R) < AO(kR) + CR?| flloo

for every R and ¢ < Rey.

Proof. We can assume that O(kR) # 0 where k is given by Lemma 5.8. We consider
[ = (M(kR) + m(kR))/2. Either

{u > 1} N Br| > |Bgrl/2

or
{u <1} N Br| > |Bgr|/2.

Suppose that the first holds (the proof is completely analogous in the other case); then
since u > m(kR) and / = m(kR) + 0(§R), Lemma 5.8 implies that

O(kR)

m(R) > m(kR) + 1 >

—CR?|| flo

for some 7 = n(%) > 0. Then, since M(R) < M(kR), we have
O(R) = M(R) — m(R)
< M(cR) =m(kR) = JO(KR) + CR?| f |
= (1-3)0UR) + CR?| f oo
Thus, the statement holds for A = 1 — /2. |

By iterating the oscillation estimate from Lemma 6.1 we can obtain the Holder regu-
larity. To that end we prove the following lemma.
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Lemma 6.2. If O(s) > 0 is a nondecreasing function and O(s) < A0 (ks) + Cs2| f |lco
for every s > & for some A € (0,1), k > 1 and § > 0 such that A\k* > 1, then

0 = %(%)y(m) +CR| )

)L

forevery R > p > & where y =

Proof. Since k > 1 there exists a unique m € Ny such that

km<§<km+1'
TP

By repeatedly using that O (s) < A0 (ks) + C 52| f ||oo, for s = kim, kf_l e

() < 0( 1)
<10 (rr) + € () 1 leo
<1201y ) 4 2C (g ) 1 e + € () 17 o

m 2
<A"O9(R) + CR ||f||°°(k_2++m+kz_m

Am=l A 1 )

, % we obtain

1 I !
—_— m 2 m
= A"O(R) + CR?|| f oA (Akz Tt e T (/\kz)m>

1

m 2 "
= A"OR) + CR7|| fllooA™ 35—

Observe that we have used the hypothesis for values larger than &, in fact

R R
2 m 2z 2p>E

>

We have
R
log— < (m + 1)logk,
P

log %

< (m+1),

log k
log R

A logk > Am+1

Thus, the inequality follows since

1 1. 2% 1 /p\Y
A’m — _/xm-}—l — YTk = — (2 )
PR (%)
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Observe that Lemmas 6.1 and 6.2 prove that, given u a solution to the DPP defined in
BR (x),
1L/p\” >
0se(By(x)) < = (%) (ose(BR(x) + CR?| f 1)

for ¢ < peg. We are ready to prove the Holder estimate.

Proof of Theorem 1.1. Given x,z € Bgr we consider p = |x — z]|.

If p > R, we have
lx —z[”
RY

|u(x) —u(z)| < 2sup |ul

Byr

If p < R and ¢ < pgg, we employ the previous lemma and obtain

[u(x) —u(z)| < osc(B,(x))

< (B (ose(Brt) + CRI /o)

1
(&) (ose(Bar) + CR?I £ o)

_ 2supp, [u] + CR?| f |1
- RYA

|x —z]".

In the case ¢ > pegg then we can estimate osc(B,(x)) by osc(B, (x)) for p’ = % We
get

|u(x) —u(z)| < osc(By(x))

< osc(By(x))

/

(%)V(OSC(BR(X)) + CR?| f o)

=

/

(%) (osc(Bar) + CR| £ o)

IA

bt R el B i e B

IA

(goiR)yz(sup | + CR2||f||oo).

Byr

Observe that we have p’ < R since ¢ < goR. ]

7. Generalization to Pucci-type operators and inequalities

Here we explain how to modify our arguments to include solutions to Pucci-type operators
and inequalities. Our method is robust and essentially the same arguments remain valid.
We start by defining the operator and then a stochastic process associated to it.
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Definition 7.1. Let u: RY — R be a bounded Borel measurable function. We define the
maximal Pucci-type operator

ELu(x) = 2; ( sup /8u(x ez)dv(z) +ﬂ][ Su(x,ey) dy)

VEM(B,p)

= 212 (a sup Su(x,ez) + B Su(x,ey) dy)

Z€EB) B,

where Su(x, ey) = u(x + €y) + u(x — ey) — 2u(x) for every y € Bp; £, is defined

&
analogously, just replacing sup by inf.

For related operators, see [6].

For each & > 0 we consider a stochastic process starting at xo € RY. The process
is driven by a controller. Given the value of xj, the next position of the process xx 41
is determined as follows. A biased coin is tossed. If we get heads (probability «), the
controller chooses z € Bp and we have x;4+1 = x; * £z, each with probability 1/2. If
we get tails (probability ), xx 41 is distributed uniformly in the ball B (xy).

To be more precise, a strategy S for the controller is a measurable function defined on
the partial histories, that is,

S(x0,X1,...,Xk) =z € Bj.

Then the process is moved according to this choice. That is, given A € B andc =0or 1,
we have the following transition probabilities:

1 6_y /A —
o Z+2 Z( xk) ifec =0,
£
s (xo, (c1,x1)s...,(ck,Xk),{c} x A) = 140 Bo(xp)|
—_— ifc =1,

| Be|

where z = S(xg, X1,...,X).

For a fixed strategy we have a process as before. The only difference is that now the
measure v may depend not only on x but S (this does not introduce any difference into
our arguments). For a fixed S we can consider E’, the corresponding expectation. All the
estimates obtained for E* hold for E5” and are independent of S

We consider a game where the controller is paid g(x;) at the end and therefore it is
their goal to maximize that value. The expectation for earnings is given by

u(xo) = sup E[g(xo)].

where ]Efé" stands for the expectation with respect to the process and S is the strategy
adopted by the controller. The function u: RY — R satisfies the DPP given by

u(x +¢ez)+u(x—ez
u(r) = o sup MOEFEDTUXTED) L g [y
z€B) 2 Bs(x)

for x € Q, and u(x) = g(x) for x & Q.
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We can consider a version of the game where whenever the token leaves a point x;,
the controller is paid 2 f(x;). In this case the expectation for earnings is given by

-1
u(x) = sup E [82 3 Fxn + g(xr)}. (7.1)
i=0

It turns out, as will be shown below, that u is the unique bounded Borel measurable func-
tion that satisfies

u =a sup WEETHEED g wgyay 2w a2
zZ€B) B (x)

for x € Q and u(x) = g(x) for x ¢ Q. Or equivalently £ u + f = 0.
The existence of a solution to equation (7.2) can be seen as before. Next we prove the
equivalent to Theorem 3.4.

Theorem 7.2. The function u given by (7.1) is the unique bounded solution to equation
(7.2) with boundary values g.

Proof. Let v be a solution to equation (7.2). Given a strategy So we have

k
Eg, [v(ka +&2 Yy f(X0)

i=0

fk}(w)

v(xg +ez) + v(xg —ez)

k
+8 v(y)dy + > f(xi)
i=0

<o sup
ZEB) 2 Be(x)
k—1
=v(xp) +&% Y fxi).
i=0

Thus {v(X;) + &2 Zf-:é f(Xi)}x is a supermartingale. Then, by Doob’s stopping time
theorem (recall that v and f are bounded), we have

-1
v(x) > E¥, |:v(Xr) +e2 ) f(X,-)].

i=0

Since this holds for every strategy and v(x;) = u(x;), we get

-1
v(x) > supEg |:v(X,) 4 g2 Z f(Xi)] = u(x).
S i=0

On the other hand, given n > 0 we consider a strategy Sy that almost maximizes the
right-hand side of (7.2), that is, So(xo, ..., Xx) = Z € Bp such that

v(xg + €2) + v(xg —€2) = sup v +ez) + vl —ez) pa—Ge+ D).
2 ZEBA 2
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The strategy can be taken measurable similarly to [25, Lemma 3.1].

We have
k
EQ [v(ka +e2 ) f(Xp) -2 *FD ﬁk}(a))
i=0
V(xg +€z) + v(ixg — ez
> o sup (xk ) + v(xk )+ﬁ o(y) dy
z€By 2 Be(xi)
k
+ 82 Z f(xi) _ nz—(k-ﬁ-l) _ 7’}2_(k+1)

i=0

k-1
= v(xe) +2 ) fx) —n2 7.

i=0

Thus {v(X;) + &2 Zf:é f(X;) — n27%}; is a submartingale. Then

-1
v(x) —n < B3, [v(xa +e) 0 f(Xi) - n2_’]

i=0

-1
< supE§ [v(xa +e2 ) f(X»}
S i=0
= u(x).
Since this holds for every n > 0 we conclude that v < u. Thus v = u, and we have proved

that u is a solution to (7.2) and that every solution coincides with it, so there is a unique
solution. ]

Finally, we state Theorem 1.2 again, which is our main result of this section: one only
needs Pucci-type inequalities in order to obtain the regularity result.

Theorem 7.3. Let f be a bounded Borel function. There exists g9 > 0 such that if u
satisfies
Liuz=—fl. Lou<|f] (7.3)

in Byg where ¢ < goR, there existy > 0 and C > 0 such that
¢ 2 4 4
) = w(2)] = = (sup lul + B2 £ lloo ) (x = 21" + &)
RY \Bor

for every x,z € Bp.

Remark 7.4. Observe that the e-ABP estimate (Theorem 4.1), as well as all the results
from Section 4, is valid if we consider the maximal Pucci-type operator £ instead of L.
This is due to the fact that (similarly to equations (4.4) and (4.5)), if u is a bounded Borel
measurable function satisfying éﬁju + f > 0in £, then éﬁjF 4+ f >0in K, where I’
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is the concave envelope of u and K, is the set of contact points defined in (4.1). Hence,
using this together with the fact that the second differences satisfy §T"(xq, y) < 0 for each
X0 € K, we can estimate the o-term in éC:F(xO), SO

£000) = 55 srced,
2e2 B,
This is analogous to inequality (4.12) in the proof of Lemma 4.4, and it is indeed the
cornerstone in all the estimates from Section 4.

With the analogous results of Sections 2 and 4 for cfj in hand, those of Section 5 fol-
low. However, there is a key modification needed in the analogous version of Lemma 5.8
where, after establishing some estimates related to the stochastic process, solutions to the
DPP are considered. Here we adapt our argument to functions satisfying (7.3).

Lemma 7.5. There exist k > 1 and C, g9 > 0 such that for every R > 0 and ¢ < goR, if
u satisfies £u > —| f| in Bxg withu < M in Byg and

|Br N {u <m}| > 0|Bg|
for some 0 > 0and m, M € R, then there exists n = n(0) > 0 such that

supu < (1 =M + nm + CR?|| f ||so-

Bgr
Proof. The function u satisfies éﬁju > —| f], that is,

u(x) < sup u(x +ez) + u(x —ez)

zZEBA 2

+ﬂ][ u(y)dy + 21 ().
Bs(x)

We define 1(x) = u(2Rx). We have

(X ﬁ(x;rng) f‘(xz_igz () 2
u(ZR) azseufg\ 2 P Bg(x)u(ZR) A

We consider X = 5% and define & = 5% and £ such that €2 f(x) = &2 f (¥). We get

i <o sp "CEEDIIEZE) g [ Gy s2ifon, a4
zeB,) Bz(x%)

where i is defined in By ,. We consider the value of gy given by Theorem 5.7. Observe
that £ = 5% < &o. Also observe that i < M in By, and

|Bij2 N{u < m}| = 0|Bys].

Given n > 0 we consider the strategy So the almost maximizes the right-hand side of
(7.4), that is, So(xg, ..., Xx) = Z € Bp such that

u(x + ez) +u(x —ez) > sup u(x +ez) + u(x —ez) B r)2_(k+1).
2 ZEB) 2
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As in the proof of Theorem 7.2 we get that {v(Xy) + &2 Zf:_(} f(Xi)—nm2 My is a
submartingale for E’;o.

We have By, C Q1. We take k = 2(5N + Aegy), such that Xthﬁ € Bi/n. We
define A = By, N {ti < m} and consider the stopping time

T = min{Ty4, TQIO«/W}'

For every X € Q1 (and in particular for those in By,,) we have

T-1
il(¥) —n < E, [a(xr) +& ) 1S (X)) - 772_T}
i=0

ES, (X7 Ta < 70, P35, (T4 < T0,, =)
E§, [@(X7)|Ta > 70, )1 =P¥ (T4 < 70, ) + | /o, [E°T]
< MPS (Ty < 70,, ) +m(1 = P§ (T4 < 70, )) + C| oo

where we have bounded E§ [szT] by Lemma 2.9.

Observe thgt infzep, , P* Y(Ty < 0, m) is positive as stated in Theorem 5.7. Also
observe that || £ ||eo = (2R)?|| || co. Therefore, we have proved the result since bounding
1i(x) for every X € By, is equivalent to bounding u(x) for every x € Bg. Finally since
the inequality holds for every n > 0 it holds without it. ]

Remark 7.6. Given nonempty subsets M, C M(B,) for each x € RY with suitable
measurability requirements, we can consider solutions to the equation

u(x) = a sup /u(x+sz)dv(z)+,3][ u(y)dy + €% f(x).
VEMy B:(x)
Observe that such functions would satisfy (7.3) and therefore would be in the hypothesis
of Theorem 7.3.
Our results also cover tug-of-war games with noise. Indeed, the value functions satisfy

1
2( (sup u+ 1nf U —2u(x) + ,3][ Su(x,ey) dy) + f(x) =0. (7.5)
2¢ B.(x) B:(x B;
Since

sup u + inf u < sup (u(x 4+ ez) + u(x —ez))

B:(x) B (x) z€B;
we have 0 < f + £Fu and similarly 0 > f + £, u. Therefore, solutions to (7.5) satisfy
(7.3). Moreover, we can consider solutions to the DPP associated to the normalized p(x)-
Laplacian given by

u(x) = &( sup u + 1nf u + B(x) u(z)dz + % f(x). (7.6)
2 Bv)  Belx Bo(x)
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Let 7 := infyeq B(x) > 0. Then we observe that

0< f(x)+ ;?(a(x) sup du(x,ez) + B(x) + du(x,ey) dy)

z€B) B

< f(x)+ 2—;((1 — B7) sup Su(x,ez) + B~ Su(x, ey) dy).

ZEBA B,

Similarly,
0> ! inf § ) d
= 10+ 555 (o) inf Bute.e2)+ B0 . sute.en)dy )
1
> f) + E((l ~B7) inf Su(x.en) + - ]i i) dy).

Thus solutions to (7.6) satisfy the hypotheses of Theorem 7.3.
In a similar way, there is a large family of discrete operators associated to different
PDE:s that are in the hypothesis of our main result.
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