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Minimality of the ball for a model of charged liquid
droplets

Ekaterina Mukoseeva and Giulia Vescovo

Abstract. We prove that charged liquid droplets minimizing Debye—Hiickel-type free energy are
spherical in the small charge regime. The variational model was proposed by Muratov and Novaga
in 2016 to avoid the ill-posedness of the classical one. Combining a recent (partial) regularity result
with the selection principle of Cicalese and Leonardi, we prove that the ball is the unique minimizer
in the small charge regime.

1. Introduction

1.1. Background and description of the model

In this paper we deal with a variational model describing the shape of charged liquid
droplets. We investigate the droplets minimizing a suitable free energy composed by an
attractive term, coming from surface tension forces, and a repulsive one, due to the elec-
tric forces generated by the interaction between charged particles. Thanks to the particular
structure of the energy, one may expect that for small values of the total charge the attrac-
tive part is predominant, in this way forcing the spherical shape.

The experiments agree with this guess — one observes the following phenomenon: the
shape of the liquid droplet is spherical in a small charge regime. Then, as soon as the value
of the total charge increases, the droplet gradually deforms into an ellipsoid, it develops
conical singularities, the so-called Taylor cones [24], and finally the liquid starts emitting
a thin jet [7, 8,22, 25]. The first experiments were conducted by Zeleny in 1914 [26], but
in a slightly different context.

Several mathematical models of charged liquid droplets have been studied over the
years. A difficulty is that contrary to numerical and experimental observations, these mod-
els are in general mathematically ill posed; see [13]. For a more exhaustive discussion we
refer the reader to [20].

The main issue with the variational model studied in [13] comes from the tendency
of charges to concentrate at the interface of the liquid. To restore the well-posedness one
should consider a physical regularizing mechanism in the functional. With this in mind,
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Muratov and Novaga [20] integrate the entropic effects associated with the presence of
free ions in the liquid. The advantage of this model is that the charges are now distributed
inside the droplet. More precisely, they suggest considering the following Debye—Hiickel-
type free energy (in every dimension):

Fox.0(Eu,p) = P(E) + Qz{/ ag|Vul dx + K/ o dx}.
R”? E

Here E C R” represents the droplet, P(E) is the De Giorgi perimeter [17, Chapter 12],
the constant O > 0 is the total charge enclosed in £ and

ag(x):=1gc + plg,
where 1 is the characteristic function of a set F and 8 > 1' is the permittivity of the

liquid.
The normalized density of charge p € L?(R") satisfies

plge =0 and / pdx =1, (1.1)

and the electrostatic potential u is such that Vu € L?(R";R") and
—div(agVu) = p in D'(R"). (1.2)
For a fixed set £ we define the set of admissible pairs of functions u and p:
A(E) == {(u.p) € D'(R") x L*(R") : u and p satisfy (1.2) and (1.1)},

where .
—W1,2 R”
Dl(Rn) = Ccoo(]Rn) ( )’ ||(p||pf/1,2(Rn) = ”V(p”LZ(R”)-

Note that the class of admissible couples #A(E) is non-empty only if n > 3 (see [21,
Remark 2.2]). For this reason, the assumption n > 3 will be in force throughout the paper.
The variational problem proposed in [20] is the following:

min{fFﬁ,K’Q(E,u,p) C|E|=V,E C Br,(u,p) € ,A)(E)}.

The a priori boundedness assumption £ C Bpr ensures the existence of a minimizer in the
class of sets of finite perimeter with a prescribed volume [20, Theorem 3].
For convenience we introduce the following notation:

g E):= inf /a Vuzdx—i—l(/ de}.
8,k (E) (u’p)eA(E){ . E|Vul E,O

'Mathematically, considering 8 < 1 amounts to considering the complement of the set E in place of
E. Our proof would work without change for the case B < 1 also. However, some changes would be needed
in [21], so we would not be able to use their regularity results directly.
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For E C R” we set
Fp.x.0(E) := P(E) + 0% k(E).

By scaling (see the introduction of [21]), we can reduce the problem to the case | E| = | By |
and so in the rest of the paper we will work with the following problem:

min{?ﬁ’K,Q(E) : |E| = |Bl|, E C BR}. (g)ﬂ,K,Q,R)

We will often omit the subscripts 8 and K as those are fixed physical parameters. We will
also omit the subscript Q when it is clear from the context.

We note that the model we investigate can be seen as “interpolating” Gamow’s model
and the free interface problems arising in optimal design (see, for example, [10]). For
the former, it has been recently shown [15, 16] that for small enough charges the unique
minimizers are balls. However, in Gamow’s model the non-local term is Lipschitz with
respect to symmetric difference between sets, implying that on small scales the perimeter
dominates the non-local part of the energy.

1.2. Main results

As we mentioned above, one can expect that the shape of the droplet in a small charge
regime is spherical. We confirm this intuition by proving that the ball is the unique mini-
mizer of the functional & for small values of the total charge Q. Precisely, we obtain the
following result.

Theorem 1.1. Fix K > 0, B > 1. Then there exists Q¢ > 0 such that for all Q < Qg and
any R > 1, the only minimizers of (Pg.x,0.r) are balls of radius 1.

The condition £ C Bg in the minimizing problem (£ k0 r) is required to have
existence of minimizers. However, thanks to Theorem 1.1 it can be dropped for small
enough charges.

Corollary 1.2. Fix K > 0, 8 > 1. Then there exists Q¢ > 0 such that for all Q < Qg the
infimum in the problem

inf{Fp k,0(E) : |E| = |B1|} (Pp,k,0)

is attained. Moreover, the only minimizers are balls of radius 1.

Remark 1.3. The constant O we obtain in the proof of Corollary 1.2 is the same as Qg
in the statement of Theorem 1.1. However, we expect it to hold for bigger charges. Let Q.
be a maximal charge such that for any Q < Q. the minimizers of (g x, o) exist and Qp
be a maximal charge such that for any QO < Qj the minimizers of (g g, o) exist and are
spherical. We conjecture that Qp < Q..

For the proof of Theorem 1.1 we combine an improved version of (partial) regularity
results for the minimizers of [21, Theorem 1.2] with second variation techniques. The first
step is to obtain the partial C 2-? -regularity of minimizers. In fact, we are able to prove the
following partial C *°-regularity of minimizers, a result that is interesting in itself.
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We refer the reader to Notation 2.1 for the definitions of eg (xg, r), Dg (xo, r) and
C(x0.7/2).

Theorem 1.4 (C*°-regularity). Givenn > 3 and A > 0, there exists &reg = &reg(n1, A) > 0
such that if E is a minimizer of (Pg.x,0.r) with Q + B + K + % < A4,

X0 €0E and r +CE()C(),I') + QZDE(XO, I‘) = Ereg)

then E N C(xg, r/2) coincides with the epigraph of a C*°-function f. In particular, we
have that 0E N C(xg,r/2) is a C* (n — 1)-dimensional manifold. Moreover,

ke = Cn, Ak, r)

for every k € N withk > 2.

1.3. Strategy of the proof and structure of the paper

We use the selection principle, the technique introduced by Cicalese and Leonardi [5] for
the proof of a quantitative isoperimetric inequality (see also [1], where the authors use a
similar approach to investigate a non-local isoperimetric problem).

First, we enhance the regularity result obtained in [21]. Section 3 is dedicated to
obtaining C ¥ regularity of minimizers. Exploiting the Euler—Lagrange equation and the
CV"-regularity of u up to the boundary dE, we deduce the partial C2-? -regularity of min-
imizers (Theorem 3.9). This improvement of regularity is not trivial and requires delicate
analysis of regularity for minimizers of §g g (E).

In Section 4, by a standard bootstrap argument, we obtain the partial smooth regularity
of minimizers (Theorem 1.4).

To prove Theorem 1.1 we reduce our problem to the so-called nearly spherical sets.
These are the sets which can be described as subgraphs of smooth functions defined over
the boundary of the unitary ball. The advantage is that for this particular class of sets we
are able to deduce a Taylor expansion for the energy near the ball B;.

In Section 5 we show that a minimizer is nearly spherical whenever the total charge
is small enough. First, we prove the L!-convergence of the minimizers to the unitary ball
and the convergence of the perimeters as the charge goes to zero. Thanks to uniform den-
sity estimates for the volume and the perimeter of a minimizer we obtain the Kuratowski
convergence of sets as well as their boundaries. Finally, since for each Q small enough
the corresponding minimal set E¢g has C 2% _regular boundary (with uniform bounds), by
Ascoli—Arzela, up to extracting a subsequence, we easily get that Eo converges to By in
a stronger C 2.9’ _sense for every ¢’ < ¢. This part is standard.

In Sections 6 and 7 we prove Theorem 1.1 for nearly spherical sets. To this end,
we write the Taylor expansion of the energy ¥ using shape derivatives and providing a
bound for the “Hessian”. A direct computation provides a similar (classical) bound for the
perimeter and this allows us to conclude. Here some technical difficulties arise due to the
non-local nature of the functional &g k. Note also that the Euler—Lagrange equations we
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get have transmission boundary conditions while most of the existing literature only deals
with Dirichlet or Neumann ones.

Remark 1.5. An extended version of the paper, containing some standard proofs and
more detailed computations is available at [19].

2. Notation and preliminary results

In this section we fix the notation and collect some results obtained in [21] which will be

useful in the proof of regularity.

Notation 2.1. Let £ C R” be a set of finite perimeter, x € R", v € S*™1andr > 0.

e We call p’(x) := x — (x - v)v and " (x) := (x - v)v, respectively, the orthogonal
projection onto the plane v and the projection on v. For simplicity we write p(x) :=
p"(x) and q(x) := q*(x) = xp.

*  We define the cylinder with center at xo € R” and radius r > 0 with respect to the
direction v € S"7! as

C(xo.r,v) :={x e R" : [p"(x —x0)| <. |¢"(x — x0)| < r},
and write C, := C(0,r,¢e,), C := C;.
»  We denote the (n — 1)-dimensional disk centered at yo € R”~! and of radius r by
D(yo.r) :={y e R" 11|y — yo| <r}.
We let D, :=D(0,r) and D := D(0, 1).
*  We define

eg(x,r):= velél’lf—l o

2
/ |VE(J’) V| d%n—l(y)
9*ENB,(x) 2

We call eg (x, r) the spherical excess. Note that from the definition it follows that

eg(x,r)

1
eg(x,Ar) < T

for any A € (0, 1).
* Let (4, p) € A(E) be the minimizer of §g g (E). We define the normalized Dirichlet

energy at x as
1 / 2
|Vu|* dy.
"t B

Convention 2.2 (Universal constants). Let A > 0 be a positive constant. We say that

Dg(x,r):=

» the parameters 8, K, Q with 8 > 1 are controlled by A if
1
B+ K+ X + 0 < 4;

* aconstant is universal if it depends only on the dimension » and on A.
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Note that in particular universal constants do not depend on the size of the container
where the minimization problem is set.

In the following theorem we collect some properties of minimizers. For the proofs we
refer the reader to [21].

Theorem 2.3. Let E C R” be a set of finite measure. Then we have the following:

(i)  There exists a unique pair (Ug, pg) € A(E) minimizing §g x (E). Moreover,
ug + Kpg =8 x(E) inE,

and
0<up <9 k(E), 0=<Kpg <9 k(E)lE.

In particular, pg € L with

lpElloo < C(n,B, K, 1/|E|).

(ii) (Buler-Lagrange equation) If E is a minimizer of (g k 0,r), then
/B*E divg nd "' — 0 [Rn ag(|Vug|*divy —2Vug - (VnVug)) dx
— Q2K/Rn p% divndx =0
foralln € C}(Br;R") with [ divndx = 0.
(iii) (Compactness) Let Kj,, Oy € R, B, > 1 and Ry, > 1 be such that
Kp—>K>0 fppr—>p=1 Rp—>R=10;,—>0=0,

when h — oo. For every h € N let E}, be a minimizer of (g, k,,0,.R,)- Then,
up to a non-relabeled subsequence, there exists a set of finite perimeter E such
that

lim |[EAE,| =0.

h—o0

Moreover, E is a minimizer of (g k. 0.r) and
ff’vﬂ,K,Q(E) = lim ‘(f’vﬂh,Kh,Qh(Eh)7 lim P(Eh) = P(E)
h—o00 h—o0

Let A > 0. For the following properties we require that B, K and Q are controlled by A.

(iv) (Boundedness of the normalized Dirichlet energy) There exists a universal con-
stant C. > 0 such that, if E is a minimizer of (g x,0,r), then for all x € Br,

Q2

rn—l

0°Dg(x,r) = / |Vul? dx < Ce.
B, (x)
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(vi)

Minimality of the ball for a model of charged liquid droplets 463

(Density estimates) There exist universal constants C,, C; > 0 and 7 > 0 such
that, if E is a minimizer of (g,x.0,R): then?

1
Er"—l < P(E,B,(x)) < Cor"™' forall x € E and r € (0,7)

1

and
1 - |Br(x) N E|

G~ [B(x)
(Excess improvement) There exists a universal constant Cqee > 0 such that for
all A € (0, 1/4) there exists egec = dec(n, A, A) > 0 satisfying the following: if
E is a minimizer of (P k. 0,r) and

<C, forallx € Eandr € (0,7).

x €0E, 1+ Q?Dg(x,r) +eg(x,r) < &decs
then

0?DE(x,Ar) + eg(x,Ar) < Caech(eg (x,7) + Q?DE(x,r) + 7).

(vii) (Decay of the Dirichlet energy) There exists a universal constant Cgiy > 0 such

that for all A € (0, 1/2) there exists eqiy = eqir(n, A, L) satisfying the following:
if E is a minimizer of (P x.0.r), X € 0E and

r+eg(x,r) < &g,

then
Dg(x,Ar) < CgurA(DEg(x,r) + 7).

Proof. The proofs of (i), (iii), (iv), (v), (vi) and (vii) can be found respectively in [21,
Proposition 2.3, Proposition 5.1, Lemma 6.5, Proposition 6.4, Proposition 6.6, Theorem
7.1, Proposition 7.6]. The Euler—Lagrange equation (ii) is given in [21, Corollary 3.3]. We
believe it has a sign mistake; see the (classical) computation in [19]. ]

We now state the e-regularity theorem.

Theorem 2.4 ([21, Theorem 8.1]). Let A >0, ¥ € (0,1), R > 1, and let B, K, Q be
controlled by A. There exist constants Creg(n, A, 0) > 0 and ereq = €reg(n, A, 0) > 0 such
that if E is a minimizer of (Pg,x,0.r), X € 0E, r > 0and v € S~ are such that

r+ Q2DE(X,ZV) + eE()C, 27‘7 V) =< Ereg,

2Here and in the sequel we will always work with the representative of E such that

_ LBy ()\E| | |Br(X)NE| .
0E = {x: \Brx(x)\ . |Brx(x)| > 0 forall r > 0};

see [17, Proposition 12.19].
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then there exists a CY? function f:R"™1 — R with’

) =0, [VF©0)=v]*+r’[V 15, < Cueg(r + QDE(x,2r) + g (x,2r,)),

such that
ENB,(x)={ye€B (x):v-(y—x) =< f(p"(y —x))}.

3. Higher regularity

In this section we improve Theorem 2.4. To be more precise, we deduce the partial C2?
regularity of minimizers.

The first step is to obtain better regularity for a couple (u, p) € A(E), where E C R"
is a minimizer of problem (5 k.o r): we prove that u is C '7-regular up to the boundary
of E. We start with some preliminary results.

Notation 3.1. Let £ C R” be such that dE N C(xo, ) is described by the graph of a
regular function f.

« If x € R"*, we write x = (x’, x,,), where x’ € R*"! and x,, € R.

*  We denote by vg the outer unit normal to dE. Moreover, we extend vg at every point
in the following way:

ve(X',xp) = vE(x', f(x") forallx = (x',x,) € C(xq,r).
e Let u be a solution of

—div(agVu) = pg  in D'(B,(x0)),

where
pE € L™(B,(x0)) and agp = Blg + 1ge.
We denote
Tgu:=d,,u+ (14 (8 —D1g)dygu,
where

Bvéu :=Vu—(Vu-vg)vg and 9, u:=(Vu-vg)vg.
*  We denote by

[glxr == —— gdy
B B

the mean value of g € L' (B,(x)). We simply write [g], := [g]o.,-

3Here,
Vfx)-V
[V fl/2 := sup M.
Ay =yl
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*  We denote the restrictions of a function v to E and E€ by v and v~ respectively:

+

v i=vlg, v =vlge.

We are going to use the following lemma.
Lemma 3.2 ([3, Theorem 7.53]). Let v be a solution of
—div(ag Vv) = pg  in D'(B1(x0)),
where pg € L*®(B1(x)) and
H:={y e R": (y —xo)-ep <0},
ag = Blyg + 1ge.

Then there exist y € (0, 1) and a constant Cy = Co(n, B, || pH ||co) > O such that

/ 1T v — [THV]xear* dx
B)r(x0)
< CoA" %Y / |THv — [T ]x.r|* dx + Cor™t!
Br(x())
forall A € (0, 1) small enough. Note that Tgv = (01v,...,0,—10,(1 + (8 — 1)1g)d,v).
We argue similarly to the proof of [3, Theorem 7.53] to show the following lemma.

Lemma 3.3. Let H C R” be the half-space {x,, > 0}. Let v € W'2(By) be a solution of
—div(AVv) =divG  in D'(B)). 3.1
Define

Gt :=Gly, G :=Glgye,
AT = Aly, A = Alge,

v =y, v = vlge.

Suppose Gt € CO%(H), G~ € CO*(H®) and A is an elliptic matrix such that A* and
A~ have coefficients respectively in C%*(By N H) and C%*(B; N HF). Then

v e CY (BN H),
v € Cl’a(Bl/z N 1?)
Moreover, there exists a constant C = C(||G | cow, |G ||coe, | AT || coe, |A™ || coa) >0

such that
+ _
[VU ]Co’a(ﬁmBl/z) < C and [VU ]CO’“(ﬁOBl/z) < C.
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Proof. Fix xo € By, and let r be such that B, (xo) C By. We denote by a* and a™ the
averages of A in B,(x¢) N H and B,(x¢) N H€ respectively. In an analogous way we
define g+ and g~ as the averages of G in B, (xo) N H and B,(x¢) N H¢. For x € B,(xo)
we set

+

g if x, >0,

g~ ifx, <O.

- at ifx, >0, _
A= and G :=
a- ifx, <O,

By the assumptions of the lemma,
|A(x) — A(x)| < Cr* and |G(x)—G(x)| <Cr®. (3.2)
Let w be the solution of

{ —div(AVw) = divG in B,

w="v on 9B, (xg).
Note that the last equation can be rewritten as

—divi@tVuwt) =0 in H N Br(xg),
—div@a=Vw™) =0 in H¢ N By (xp),

wt =w" on 0H N By(x¢),  (3.3)
atVwt.e, —a " Vw e, =—(gT e, —g -e,) ondH N B,(xp),

w=v on 0B, (xg),

where w 1= wWlgng, (xo), W := WlgenB, (xy)- For a function u set

Dou(x) = foi,nviu(x) +G-ey, (3.4)

i=1

Dou(x) = ZAi,nV,-u(x) + G -ey. 3.5)

i=1

The reason for such a definition is that D.v and D.w have no jumps on the boundary
thanks to the transmission condition in (3.3).
Denote the tangential part of the gradient by D, that is,

Ox, U
Ox, U

Dyu =
Ox,_ U

We are going to estimate the decay of D;w and D.w, which will lead to Holder continuity
of D;v and D.v, yielding the desired estimate on Vv.



Minimality of the ball for a model of charged liquid droplets 467

Step 1: Tangential derivatives of w. Since both A and G are constant along the tangential
directions, the classical difference quotient method (see, for example, [12, Section 4.3])
gives us that D, w € WI;C’Z(Br (x0)) and div(AV(D,w)) = 0in B, (xo). Hence, Cacciop-
poli’s inequality holds:

/ |V(wa)|2 dy < CP72/ |Drw — (Drw)x,Zplz dy (3.6)
By (x) By (x)

for all balls B,,(x) C B, (xo) and by De Giorgi’s regularity theorem (see, for example,
[3, Theorem 7.50]), D.w is Holder continuous and thus, if By (x) C By (xo),

/ |Drw_(Drw)x,p|2dy
Bp(x)

o n+2y )
= C(_/> / |Drw — (Drw)y,p|” dy 3.7
P B (x)
for any p € (0, p’/2) and
C
max |D;w|* < / D w|*dy. (3.8)
Bp//Z(x) ‘ (P/)n Bp/ (x) i

Step 2: Regularity of D.w. First let us show that the distributional gradient of D.w is
given by the gradient of D.w on the upper half-ball plus the one on the lower, i.e. that
there is no contribution on the hyperplane. For that, we need to check that

—f ljcwdivgodx=/ Vﬁcw-godx+/ VD.w-@dx

By (xo0) By (x0)* By (x0)~

for any ¢ € C2°(B;(xp); R"). Indeed, if we perform integration by parts on the left-hand
side, we get

—/ Ecwdivgodxz/ Vﬁcw-fpdx+[ VD.w-@dx
By (xo0) By (x0)™ By (x0)~

n
o N ) SA TR
JH N By (x0)

i=1

n
Y, Vi) — g -en)(w en) d e
i=1

for any ¢ € C°(B,(x0); R") and the last term vanishes thanks to the transmission condi-

tion in (3.3). Thus, the distributional gradient of D.w coincides with the pointwise one.
Since D;(D.w) = D.(D,w) — G - ey, the tangential derivatives of D, w are in Lﬁ)c.

As for the normal derivative, by equation (3.3) and definition (3.4), outside dH we have
dD.w

0x,

()= 9 X A i0) = 3 9 D)

i=1 i=1

n n—1
-y, (— 3 fij,ivjwm),

i=1 j=1



E. Mukoseeva and G. Vescovo 468

yielding

)aDC ()| = CIVDaw).

It implies
VD w(x)| = C(IVDrw[ + [[GlLe).

and thus D,w is in wl

loc . Now, using Poincaré’s inequality and (3.6), we have

/ |5cw - (Bcw)x,p|2 dy = sz/ |V(5L‘w)|2 dy
By (x) By (x)

<o / V(D) dy + Cp'
X

o

< C[ |th—(th)x,2p|2dy + Cp" T2
BZp(x)
for any By, (x) C B, (xo). Remembering (3.7), we obtain

/ |50w—(56w)x5p|2 dy
Bp(x)

n+2y
=c(2)™ [ D= (Dew)ypaP dy + o
r r/2(x)

n+2y
< c(’—’) / |Dw|? dy + Cp+? (3.9)
r Br(XO)

for any x € B,/4(x0), p < r/4. Hence, by [3, Theorem 7.51], D.w is Holder continuous
and

C
max [D.w|? < —/ |Vw|*dy + C.
B (x0)

r/4 (xO) rn

Note that from the definition of D.w and using (3.8), we get the same bound holds for the
full gradient Vw:

C
max |Vw|? < —/ |Vw|?dy + C. (3.10)
By (xo0)

r/4 (xo0) rn

Step 3: Comparing v and w. Subtracting the equation for w from the equation for v we

get
dv  Jdw\ Jdg
G d
/r<xo>,,_1 05y, 0yi 8yz)8yj

0 3
/( )Zm,](y)— Ay d

11—1

/ Z(G G)—(pd 3.11)
B

r(x0) ; i=1
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for any ¢ € Wol’z(Br (x0)). We test (3.11) with ¢ = v — w to get

w) (v —w)
A; d
/B (x0) ,]2_:1 o™ 0y

- dv (v — w)
Ai R
/ ,(xo),jzl( )= Ai () R

/r(xo) Z(G ~ ) )

n
SC(/ 3 e )—a(” w))d +/ Z —a(” w)‘d)
By (xo) i,j=1 Br(XO)
< Cgr"‘(/B( )r2“|Vv|2dy +/B( )rz"‘dy)
r(Xo r (X0
+s/ lv—w|*dy (3.12)
B, (x0)

for any ¢ > 0, where for the first inequality we used (3.2) and for the second one we used
Young’s inequality. Since A is elliptic, so is A, and we can bound the left-hand side of
(3.12) from below by Poincaré’s inequality:

w)a(v w)
/ > A4, — dyzc/ v — w2 dy.
- (x0) Vi B (x0)

i,j=1

Choosing & = 5 in (3.12), we get

/ Vv —Vw|*dy < Crz"‘/ [Vv|2dy + Cr"t2®, (3.13)
By (xo0) By (xo0)

which in turn gives us

/ |Vv|2dy§2/ |Vw|2dy+2/ [Vv — Vw|?dy
Bp(xo) Bp(xo) Bp(xo)

<2wup" sup |Vw|2+Cr2°‘/ |Vv|>dy + Crt2
By (x0)

Br/4(x0)

for p < r/4. Recalling (3.10) we obtain
n
[ Vo2 dy < c(f) / IVw|? dy + Cp"
Bp(xo) r B, (x0)
+Cr / [Vv|?dy + Cr™T2e
By (x0)

n
< c(f) / Vol dy + ch“[ Vo2 dy + Cr".
r B (x0) By (x0)
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Now we can apply [3, Lemma 7.54] and get that there exists ro > 0 such that for p <

r/4 <rg,
2 o\ * 2 n—ao
Vol dny(—) Vo2 dy + Cp".
Bp(XO) r By (xo0)

In particular, for p < r¢g we have
f [Vol?dy < Cp"™, (3.14)
Bp(xo)

where C = C(|GT || coa, |G ||coe, |AT || cow, ||A7||coe). Note that the L2 norm of Vv
in B; is bounded by some constant depending only on L°° norms of 4 and G, as can be
seen by testing equation (3.1) with v.

Step 4: Holder continuity of Vv. We show local Holder continuity of D.v and D.v,
Holder continuity of Vv in By, N H and in B, /2N H¢ follows immediately.

Take p < rg, where rg is from the previous step. Let d be any real number. Using the
definitions (3.4) and (3.5), we get

/ |Dov —d|*dy
Bp(XO)

n 2
= / ECU —d + Z(Ai,n - fii,n)viv + (G — G) ~en| dy
Bp(x()) i=1
[— n _ 2
<2 (Dev-dPdy+d [ (Y (ip = AnVio|
By (x0) By (x0) i=1
+4/ |(G—G)-en|2dy
Bp(xo)
— n - 2
52/ Dcw—d—i-ZAi,n(Viv—V,-w) dy
Bp(XO) i=1
+ Crzo‘/ |Vv|>dy + Crt2
Bp(xo)
54[ |Dow —d|*dy + Cr*t2e, (3.15)
Bp(xo)

where we used inequalities (3.2) for the second-to-last inequality, and inequalities (3.14)
and (3.13) for the last inequality. Thus, we have for p < r/4, r < ry,

/ |Dev — (Dcv)xo,p|2 dy < / |Dcv — (Bcw)xo,p|2 dy
B,a(x()) B, (x0)

54/ |50w—(56w)xO,p|2 dy + Cr"t®
Bp(x())

n+2y
< c(f) / |D;w*dy + Cr"t™,  (3.16)
r B (x0)
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where we used the fact that [, | f(x) — t|? dx is minimized by t* = {o [ for the first
inequality, the inequality (3.15) with d = (D.w) xo,p for the second inequality, and (3.9)
for the last inequality. Similarly, using (3.7) instead of (3.9) we get

n+2y
/ 1Dev — (Dev)xy o2 dy < c(f) / IDw|?dy + Cr'*®.  (3.17)
Bp(XO) r B, (x0)

Applying [3, Lemma 7.54] to (3.16) and (3.17), we deduce that D.v and D,v are Holder
continuous by [3, Theorem 7.51]. [

Lemma 3.4. Given a minimizer E of (g k. 0.r), let (u, p) € A(E) be the minimizing
pair of §g x (E). Let A > 0 and let B, K, Q be controlled by A. Let f € Cl’ﬁ(D(xa, r))
and suppose that

ENC(xo.r) ={x = (x",xn) € D(xg.r) xR : x4 < f(x")} N Clxo.7)

for some r > 0. Then for every y € (0, 1) there exist C = C(n, A, 0,9, | fllc1.9) > 0 such
that the following inequality holds true:

0* \Vul?>dx < Ci*™7 (3.18)
B; (x0)
foreveryr <r.
Proof. Let us first show that it is sufficient to prove (3.18) for 7 < 7 for some small

r=rm, A%y | flc.s) > 0. Indeed, suppose 7 € (7, r). Then by Theorem 2.3 (iv)
there exists a universal constant C such that

0? \Vul?dx < Ci*~' = CF"7 7~ < (CF=h)i" 7.
Bj(x0)
Thus we only need to prove (3.18) for small 7.
Fix y € (0,1). Choose A = A(y,n, A) € (0, 1/4) such that
(1 + Cdec)k =< Al_y»
where Cgee = Cyec(n, A) is as in Theorem 2.3 (vi). Let s = s(A,n, A) < % be such that

A
Cain(Ce + 1)s < ng()
where g4ec = €gec(n, A, A), Cair = Cair(n, A) and C. = C(n, A) are as in Theorem 2.4
and Theorem 2.3 (vii), (iv). Define

n—1 gdecz()‘) ’ Edir(s)}-

Since dE N C(xo, r) is regular, we can take a radius 0 < 7 = F(A,n, A, || fllc1s) <
min(r, 1, é) such that

e(A,n,A) = min{s

7 +eg(xo,7) <e.

Now a straightforward application of Theorem 2.3 (iv), (vi), (vii) gives us (3.18). ]
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Proposition 3.5. Let E be a minimizer of (Pp k.0 r), let (u, p) € A(E) be the minimiz-
ing pair of §g x (E), xo € 0E, vE(x9) = e, and f € CU’(D(x{), r)). Let A > 0 and let
B, K, Q be controlled by A. Suppose that

ENC(xg,r) = {x = (x",xp) €D(xg,7) xR : x, < f(x')} N C(xo.r)

for some 0 < r < 1. Then there exist a = a(%) € (0, 1) and a constant C = C(n, A, ¥,
lolloos | f | c1.8) > O such that

Q2 |TEu - [TEu]xo,)Lr|2dx
Blr(xo)
< CQZA"“"‘/ |Tgu — [TEulxy.r|* dx + Cr"t (3.19)
B, (x0)

for all A > 0 small enough.

Proof. Without loss of generality assume xo = 0. Let A € (0, 1/2) be such that Lemma
3.2 holds and let v be the solution of

—div(agVv) = p in B3,
v=u on 08,5,

where H is the half-space {x = (x’, x,) : x, < 0}. In particular, w =v —u € WOI’Z(B,/Z)
and
—div(agVw) = —div((ag — ag)Vu). (3.20)

Since [Tk g]s minimizes the functional m — |, B, |Tgg —m|? dx, we have

/B |TE“_[TE“]Ar|2dx§/ |Teu — [Tgulp, | dx
Ar A

r

< 2(/ |Tgu — [Tauls,|* dx
Blr

+/ |TEu—THu|2dx). (3.21)
B,

Now we want to estimate the first term on the right-hand side of (3.21). Notice that, since
u = v — w, by linearity of Ty we have

\Tau — [Taular ? < 2(1Tav — [Tavlar? + | Taw — [Taw]ar]?).

Hence, integrating the above inequality on B, we obtain
2
[t T 2 dx
B)r

< 2([ |Tgv — [Tavla ) dx + [ | Taw — [Tgw]i|? dx)
B, B,
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- z(/ \Tov — [Taola P dx +/ |THw|2dx)
By, B,

< C(/ [Vw|?* dx +/ |Tgv — [THv]mzdx). (3.22)
B/lr B/lr

Now we estimate the second term on the right-hand side of (3.21):

|Teu — Tgu| = |Vu — (Vu-ve)ve + (1 + (B — D1g)(Vu - vg)vEg
— (Vu —(Vu-ep)e, + (1 + (B —D1g)(Vu - en)e,,)\
=|(Vu-en)en — (Vu-ve)ve + (1 + (B — D1g)(Vu - ve)vg
— (14 (B =D1g)(Vu - en)en)|
<1+ B)I(Vu-en)en — (Vu-vg)vg|
+ (1 4+ (B=D1g) = (14 (B = D1a))(Vu - en)ey|
=1+ B)|((Vu-en) — (Vu-vE))en, + (Vu-vg)(en — vE)|
+ (B—=D1ean|Vu -en|
< (A +B)lve —enl + (B —D1ganm)|Vul.

Therefore,

[ |Teu — Tyu|? dx
B,

< C(/ |Vul*lvg —en|? dx +/
B, B,

Combining (3.21), (3.22) and (3.23) we obtain

[Vul*1gag dx). (3.23)

r

[ |TEu—[TEu],\,|2dx§C/ |THU—[THU]Ar|2dX+C/ [Vw|? dx
By, B, Br/2

+C(/ |Vu|2|vE—e,,|2dx+/ |VM|21EAHdX).
B, B,

By Lemma 3.2 we have

/ |THU—[THU],1r|2dx SCAYH_ZV/ |THU—[THU]r/2|2dX+CVn+1.
B,

Br/2

Arguing as above, one can easily see that

|TEu—[TEu]r/2|2dx+C/ |Vw|? dx

Br/2

/ ITirv — [Tl dx < c/
Br/2

Br/2

+C(/ |Vv|2|vE—en|2dx+/ |VU|21EAde)~
Br/Z Br/2
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We note that

[ 1velve —enPax+ [ VoPLpan ax
Br/2 Br/2
52/ |Vw|2|vE—e,,|2dx+/ |Vul?lve —en|? dx
Br/2 r/2
+2/ |Vw|21EAde+2/ |Vu|21EAde
Br/Z Br/2
§C/ |Vw|2dx+/ |Vul?|vg —en|? dx
Br/Z Br/2
~|—2/ |Vu|21EAde.
Br/Z
Bringing it all together, we get
[ Teu = reuti, P ax < €ar [ freu— 7pupP dx + ot
B, Br/2

+C/ |Vul?|vg — en|? dx
Br/2

+c/ |Vu|21EAde+C/ |[Vw|* dx.
Br/2 Br/2

474

(3.24)

We need to estimate the last three terms on the right-hand side of the above inequality.
Since E is parametrized by f € C?(D,) in the cylinder C(xo, r), there exists a constant

C > 0 such that
[((EAH) N By|

| By

We will estimate the last two terms together. Testing (3.20) with w, we deduce

§Cr0.

/ |Vw|? dx 5/ apg|Vw|? dx =/ (ag —ag)Vu-Vwdx.
Br/Z Br/2 Br/z

Applying the inequality of arithmetic and geometric means in (3.26) we obtain
1 1
/ |[Vw|? dx < —/ |Vw|2dx+—/ (ag —ag)*|Vu|* dx,
Br/2 2 Br/2 2 Br/2

which yields

/ |IVw|? dx < C/ |Vu|? dx.
Br/2 (EAH)mBr/Z

By higher integrability [21, Lemma 6.1], there exists p > 1 such that

1
| i
( / Vu|?? dx)p <C
|Br/2| B,/

1
r r

(3.25)

(3.26)

(3.27)

(3.28)
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Hence, by exploiting Holder inequality, (3.25) and (3.28) we have

/ |Vul? dx < I(EAH)HB,/2|1_11>(/ \Vu|2? dx)p
(EAH)nBr/2 Br/2

1
- ! |Br| |Br/2| B, />

< crl’“—}ﬂ{/ |Vu|? dx + r”+2||p||§o}. (3.29)

Therefore, (3.27) together with (3.29) (recall r < 1) yields

/ |Vu|21EAHdX+/ |Vw|2dx
Br/2 Br/2

< c{r’m-i)/ |Vul? dx + r"+2||p||§o}. (3.30)
B,
On the other hand, by Lemma 3.4 we have
n—y
sz IVul? dx < c(f) : (3.31)
Br/2 2
Hence, combining (3.30) and (3.31), we obtain
Q2( / VulPlgan dx + / |Vw|2) < C{P U 22 ),
Br/2 Br/Z
Finally, we estimate the second term in (3.24). Notice that
/ [Vul?|vg —en|? dx =/ [Vu(x', xp)?|ve (x, xp) — en|? dx
Br/2 r/2
= [ VuPe 60 - el dx.
Br/2

Since /141 <1+ 5 foreverys > 0,
e, f) —enfp =2 m ——
s n -
VIHIVLEN?
N2
S2(\/1‘|‘|Vf(x)| 1
VIFH V)P

Thanks to (3.31) and (3.32), and using that V f is #-Holder, we deduce

) <|Vf(&"* (3.32)

QZ/ |Vu|?|vg — en|?dx < Cr"+20-7, (3.33)
Br/2
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Let
o= min{y,ﬁ(l —1/p) —y,20 — y}.

Therefore, by multiplying (3.24) and (3.30) with Q2 we have that (3.33) implies (3.19).
[

We are now ready to prove that u is regular up to the boundary. Recall that u™ = ulg
and u™ = ulge.

Theorem 3.6. Let E be a minimizer of (Pg k0 .r), let (u, p) € A(E) be the minimizing
pair of 8.k (E), xo € 0E, vE(xo) = e, and f € Cl”y(D(x(’), r)). Let A > 0 and let B,
K, Q be controlled by A. Suppose

ENC(xo.r) ={x = (x",xn) € D(xg.7r) xR : xp < f(x")} N Clxo.7)

for some 0 <r < 1. Then there exists n = () € (0, 1) such thatut e C"(E N C,/2(x0))
andu~ € CY1(E° N C,/2(x0)). Furthermore, let A > 0 and let B, K, Q be controlled
by A. Then there exists a constant C = C(n, A, 9, ||plloo, | f | c1#) > O such that

104  llcrn@ne, peon € and QU cinczenc, pxon = € (3.34)

Proof. Let ug := Qu. By Proposition 3.5 there exists C = C(n, A, 9, ||plloo, || f Il c1.5)
> 0 such that

/ ITEug — [TEUQlxar|” dx
Blr('xO)
< C)L"+2°‘/ |Teuo —[TEuQ]xO,r|2 dx + Cr"te,
Br(xo)

where « € (0, 1) is as in Proposition 3.5. Therefore, [3, Lemma 7.54] implies that there
exists a constant C = C(n, A, 0, ||plloos | f |c1.0) > 0 such that

1
| Br| JB, (x0)

2n

_ 2 r

|TEug — [TEuglxr|I”dy < C(R)
for some n = n(¢) € (0, 1). Hence, by [3, Theorem 7.51], recalling the definition of Tg,
we getugly € CU(E N Cpya(xo)) anduglpe € CH1(EC N Cpya(xp)) and (3.34). m

In the next proposition we rewrite the Euler—Lagrange equation (see Theorem 2.3 (ii))
in a more convenient form by exploiting the regularity of JE.

Proposition 3.7 (Euler-Lagrange equation). Let E be a minimizer for (g x o r) and
(u, p) € A(E), xo € 0E, vE(xg) = en. Let A > 0 and let B, K, Q be controlled by A.
Assume that f € CYP(D(x{,r)) and

ENC(xo.r) ={x = (x",xn) €D(xg.7) xR xy < f(x")} N Clxq.7)
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for some 0 < r < 1. Then there exists a constant C = C(n, A, 9, ||plloo, | fllc19) > O
such that

()
VIFHIVLE)P?
= Q*(BIVut > = |[Vu™ | + Kp») (', f(x))
—202(Bo,utVut —0,u"Vu) (X', f(X) - (-Vf(x), )+ C  (3.35)
weakly in D(xg, 7).

Proof. Let E C R” be a minimizer of (g x o r) and let (u, p) € A(E).
Notice that £ N C(xg, r) is an open set of R”. Moreover, by an approximation argu-
ment, we can integrate the following identity over £ N C(xg, r):

|Vut|2divy = div(|Vu™*n) — V|Vu™? - g
= div(|[Vu™*n) — 2div(Vut (Vut - 9)) + 2AutVut .y
+2Vut - (VpVu™)

for every n € C2°(C(xo,7),R"). Therefore,
/ (IVu™|?divy —2Vut - (VyVut)) dx
ENC(xp,r)

:/ div(|Vu™t*n) dx —/ 2div(Vu™ (Vu™ - n))dx
ENC(xo,r) ENC(xo,r)

+/ 20utTVut - ndx. (3.36)
ENC(xg,r)
On the other hand, since (u, p) € A(E), we have
—BAuT =p in D'(E N C(xg,r1)).
Moreover, by Theorem 2.3 (i) we deduce
Vut =—KVp in E N C(xo,r).

Then, by multiplying equation (3.36) by 8, we have
/ B(IVut|?divy —2Vu™ - (VyVu't)) dx
ENC(xg,r)

= / B div(|Vu+|2n) dx — / 28 div(Vu+(Vu+ -n)) dx
ENC(xg,r) ENC(xo,r)

+ K 2pVp-ndx. (3.37)
ENC(xq,r)
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Integrating by parts the first and the second term on the right-hand side of (3.37), we can
write

/ B(IVu™[>divy —2Vu™t - (VnVu')) dx
ENC(xg,r)
=/ BIVut|?n-vgdd"!
JENC(xg,r)
—/ 28(Vut ) (VuT -vg)d !
dENC(xg,r)

+ K 2pVp-ndx. (3.38)
ENC(xp,r)

Arguing as above, one can also prove
/ (IVu~|*divn —2Vu~ - (VnVu~)) dx
E<NC(xo,r)

= / div(|Vu~|?n) dx — [ 2div(Vu~ (Vu™ -n))dx. (3.39)
E<NC(xg,r) E<NC(xg,r)

Integrating by parts the right-hand side of (3.39), we can write

/ (|Vu_|2 divn —2Vu~ - (VnVu_)) dx
E<NC(xg,r)

:—/ [Vu~|>n-vg dJ"!
JENC(xg,r)
+ / 2(Vu™ -n)(Vu~ -vg)dF" L. (3.40)
dENC(xq,r)

Therefore, combining (3.38) and (3.40), we get

/ ag (divn|Vu|* —2Vu - (VnVu)) dx
Rn
— [ @Ivat = v Py ve age
JoE
—/ 2(,3(Vu+ -n)(Vu+-vE)—(Vu_~n)(Vu_~vE))th?"_l
0ENC(xg,r)

+ K 2pVp-ndx. (3.41)
ENC(xo,r)

Notice that the following identity holds true:

K prdivndx = K div(p®n) dx — K 2pVp-ndx
R~ ENC(xp,r) ENC(xg,r)

=K/ o*n-vgdH"!
JENC(xg,r)

- K 2pVp-ndx. (3.42)
ENC(xp,r)
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Combining the Euler—Lagrange equation of Theorem 2.3 (ii), (3.41) and (3.42), we find
/ divg nd 3" !
oE
= Q2/ (BIVu™]> = [Vu™ > + Kp*)n- v d #"!
oE
-20? / B -Vut)(Vut -vp) — (- Vu ) (Vu~ -vp)dH"1  (3.43)
oE

for every n € C}(B,(xo),R") with [ divydx = 0.
Now we are ready to prove (3.35). The tangential divergence of n on J0F is

n

divg n :=divn — Z (ve)i(ve)jo;n; ondE, (3.44)

ij=1
where vg: 0E — S™! is the normal vector to JE:
e
vg i= ————(-V £ 1).
V1+|Vf]?

Letn:= (0,...,0,n,); then by (3.44) we have

n—1

. 1
divg n := annn+m{28jnn8jf—8nnn} on 0F. (3.45)
j=1

Choose 7, (x) := @(px)s(x,), where ¢ € C1(D(x{, r)) is such that fD(x’O,r) ¢ = 0 and
s:(=1,1) — R” is such that s(t) = 1 for every |¢| < || f|l0o- Since now 7, does not
depend on the nth component on JE, we have

vp = —PY 9 A Clr.r). (3.46)

STV T

and the above equation (3.45) reads

divg n = |2Vg0 -V f ondE N C(xg,r). (3.47)

1
1+ |Vf

Moreover,

/divndxz/ (n-veg)dH" ! =/ (Vg -en) dFH" !
E 0E dENC(x9,r)

- / (X (£ () (vE - en) d I
dENC(xg,r)

_ / ¢(px) n—1 _ / gdx = 0.
IENC(x0.r) v/ 1+ |V f(px)| p(AENC(x0,r))
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This implies that 7 is admissible in (3.43). Hence, by using 7 as a test function in (3.43),
by combining (3.46) and (3.47) and using a change of variables, we have

/ v/ Vo1 +|Vf|2dx
D

Gy 1+ T+|VfR
= Q? (BIVu™ > — |[Vu™ > + Kp?) (", f(X'))g(x") dx’
D(xg,r)
-20°? (,88,,u+Vu+ — Bnu_Vu_)(x’, F(xXN) - (=V £ De(x")dx’
D(xg,r)
for any ¢ € C!(D(x{, r)) with fD(x(,,r) 0 =0. n

Corollary 3.8. Let E be a minimizer for (g ko r) and (u, p) € A(E), xo € 0E,
VE (x9) = ey. Assume that [ € C“’(D(x(/,, r)) and

ENC(xo.r) = {x = (x",xn) € D(xg.7) xR : xp < f(x")} N Clxo,7)

for some 0 < r < 1. Then there exists a vector field M:R" — R”" such that the matrix
VMV f) is uniformly elliptic and Hélder continuous and a Holder-continuous function
G such that

—div(VM(V f)V0; f) = 0;G  weakly on 0E N C(xg,r/2)
foreveryi =1,...,n

Proof. Exploiting Proposition 3.7 we have

- div(—vf ()
VI VP

where, for x’ € D(x;, r/2),

) =G(x', f(x) forae.x" € D(xy,r/2), (3.48)

G(x', f(x')) = Q*(BIVu™ > — |[Vu™ > + Kp*)(x', f(x"))
—20%(Bo,utVut —0,u"Vu) (', f(x) - (=Vf(x), 1)+ C.

Hence, (3.48) is equivalent to
—diviM(Vf)) =G ae.ondE NC(xg,r/2), (3.49)

where

__5
VI+IEP

By [17, Theorem 27.1] we can take the derivatives of (3.49). Then

M) := for all § € R".

—div(VM(V f)V0; f) = 0;G ae.ondE N C(xg,r/2)
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foreveryi = 1,...,n. Notice that

: (1a- s®f
VI+I§2 L+ 1§12

meaning that the matrix VM (V f') is uniformly elliptic; more precisely,

VM(§) =

) forall £ € R”,

N> = VMM f)n-n> 1+ |V fle)>?n* forallneR"

Theorem 3.6 gives us Holder bounds for Q Vu, while Theorem 2.3 (i) ensures that p is
Holder continuous. Thus, G is Holder continuous. By the definition of M and by the
regularity of f* we also have that VM (V f) is Holder continuous. |

We prove now the partial C2-?-regularity of minimizers.

Theorem 3.9 (C 27 -regularity). Givenn >3, A> 0and ¥ € (0,1/2), there exists Ereg =
Ereg(n, A, V) > 0 such that if E is a minimizer of (Pg.k,0,r), B, K, Q are controlled by
A, xo € OE and

r+eg(xo,r) + Q2DE(x0,r) < Eregs

then E N C(xq,r/2) coincides with the epigraph of a C*? -function f. In particular, we
have that 3E N C(xg,r/2) is a C*? (n — 1)-dimensional manifold and

[f]CZ»ﬁ(D(x(’],r/z)) =< C(Vl, A, 9, I‘). (3.50)

Proof. Choose & as the minimum between the one in Theorem 2.4 and 1. Then there
exists f € CL¥(D(x},r/2)) such that

ENC(xo.r/2) = {x = (x',x4) € D(x(,7/2) xR : xp < f(x")}.
By Corollary 3.8 we have
—div(VM(V f)VO; f) =09;G ae.ondE N C(xg,r/2).
Hence the following Schauder estimates hold:
[fle20mer/2) = Cr_z_ﬂ{nvf||L2(D(x(’),3r/4)) + [Glcon(c(xo,3r/4) )
for some universal constant C. By the definition of G, recalling (3.34), Theorem 2.3 (i),
Theorem 2.4, and using the Poincaré inequality, one can easily see that there exists C =
C(n, A, v, r) > 0such that
[Gleos (cxg.r/2y < Cnn, A, 9,1).

By Theorem 2.4 it follows that

1

pn—1

f Vf2dz < Cep(xo.r) < Cong,
D(x;,3r/4)

which implies (3.50). ]
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Remark 3.10. By scaling one can get that the constant on the right-hand side of (3.50)
grows as r1=7,

Remark 3.11. A minimizer Eg of problem (£, x, 0, r) satisfies the hypothesis of Theo-
rems 3.9 and 1.4 whenever Q > 0 is small enough. Indeed, assume xo € dB;. Then, by
the regularity of dB1, there exists a radius r = r(n) > 0 such that

£
r + ep, (xo,2r) < %

where &, is as in Theorem 1.4. On the other hand, by Proposition 5.3 we have that E¢
converges to Bj in the Kuratowski sense when Q — 0. Hence, by properties of the excess
function, eg, (xo,2r) — ep, (xo,2r) when Q — 0.

As for the Dirichlet energy, we recall that by Theorem 2.3 (iii) we have

Fp.x,0(EQ) — Fp,k0(B1) = P(B1), P(Eg)— P(By).
On the other hand,
Fp.k.0(Eg) = P(Eg) + 0*8p k(Eg) = P(Eg) + QZ/W agy|Vul® dx
> P(Eg) + 0*(2r)" ™' D, (x0,2r).
Thus, 02 Dg, (xo.2r) — 0 when Q — 0. Therefore,
r+egy(xo,2r) + Q2DEQ (x0,2r) < &reg

when Q > 0 is small enough.

4. C regularity

In this section, by a bootstrap argument, we obtain the C *° partial regularity of minimiz-
ers. Since this result is not necessary for the proof of the main theorem, the reader may
skip it unless interested.

Improving the regularity from C2 to C® is easier than from C 1" to C2*", because
we can straighten the boundary in a nice way once it is C 2. More precisely, we have the
following lemma.

Lemmad4.1. Letk € N, k > 2 and f is C5? (D). There exists € > 0 such that if
I/ llczomy <& and f(0) =0,
then there exists a diffeomorphism ® € Cck-10 @ Ci_e = Ci_¢, such that

DTy NCi—g) = {x = (x",xy) €D1_¢ xR : x, =0},
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where Ty is the graph of f. Moreover,

(VO™ (1) (YO@ ' (x1)"),, =0 forall j #n,

@.1)
(VO@ ! (x)(VO@ ' (x)"),, #0.

Proof. Define

-V N1
V(x', xp) = (', f(xX") + xnw forall x = (x', x,) € C1—;
V1I+IVX)|?
then ® := W™! is the desired diffeomorphism. n

Lemma 4.2. Let k be a positive integer and let f be a C*T1-2 -Helder-continuous func-
tion defined on D(xg, r) such that || f || ck+1.0 < € for some ¢ > 0 and

ENC(xg,r) ={x = (x',xp) € D(xg,r) xR : xp < f(x')} N C(xq,7).
Suppose v is a solution of
—div(agVv) =h in D'(Br(x9)), ag :=1gc + Blg,

with h™ and h~ C*"-Holder continuous respectively on E N C(xq,r) and E€ N C(xq, r),

where ht = hlg, h™ = hlge. Then v, v~ are C¥ TV _Holder continuous respectively
on E N C(xg,r) and E€ N C(xq, 7).
Moreover,

W7 lekrinEencaory <€ and (107 |l crrinEncon = €

for some constant C > 0 which depends on the C*"- Hélder norms of h* and h~ and on
the CK+L? norm of f.

Proof. Assume x¢g = 0. Let H := {x € R" : x, = x - ¢, < 0} be the half-space in R".
By Lemma 4.1, we can assume that

Ffﬂcr =0H NC,,
where I'r N C, 5 := {(x/, f(x")) : x" € D,}, f(0) = 0, and that v solves the equation
—div(ag AVv) = h, “4.2)

where by (4.1), 4 is a C¥~1?_continuous elliptic matrix such that A4 in = 0 for every
j #n, Ay # 0.

We continue the proof by induction on k. For clarity, we do the detailed computations
for the case k = 1, the case of general k is analogous.
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Case k = 1. Taking the derivatives with respect to the tangential coordinates j # n of
(4.2), we deduce

—div(ag AV9jv) = d;h + div(dj(ag A)Vv)
= div(hej + dj(ag A)Vv) in D'(R").

Notice that ay is constant along tangential directions and that (ag A)™, (ag A)™ have
coefficients respectively in C%7(H¢ N C,) and C%"(H N C,). Furthermore,

(hej 4+ 9;(ag A)Vv)T € CO"(H® N C,)

and
(hej + d;(ag A)Vv)~ € C®"(H N C,).

Hence, exploiting Lemma 3.3 we deduce
vt e CY"HNC,) and d;v” € CY"(H N C,) forall j # n. 4.3)
Furthermore, by (4.2) we have
n
- Z {am Aijdijv + d;(apm Aij)d;v} = h.
i,j=1
Thanks to the form of the matrix 4 we obtain

—ag ApnOpnv = Z {aHA,-jE)ijv + 8,~(aHA,-j)3jv} + h.
i,j#n

Since the right-hand side of the previous equation is Holder continuous, we have

v € COT(H NC,) and 9,,v~ € CO(H N C,).
Moreover, (4.3) implies

vt € COMH NC,) and dpv~ € CO¥"(H NC,)
for every j # n. Therefore,

vt e C2T(H NC,) and v~ e CPT(H*NC,).
By Lemma 3.3 we deduce also that
Vv llcingne,y and Vv lcunene,)

are bounded by a constant which depends on the Holder norms of VA', Vi~ the coeffi-
cients of (ag A)™ and (ag A)~.
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General k. Analogous to the case k = 1. L]

Proof of Theorem 1.4. Fix § = %. If we prove

[flcks o2y = Cln, Ak, r, 9),

we prove the theorem since [ f] o« is bounded by [ f]c.s.
If we choose &, as in Theorem 3.9, then there exists /' € C 2,8 (D(xg,7/2)) such that

ENC(xo.r/2) = {x = (X', x4) € D(x(,7/2) xR : xp < f(x")}.
By Corollary 3.8 we have
—div(VM(Vf)V0; f) = 0;G a.e.ondE N C(xp,r/2) 4.4

foreveryi = 1,...,n, with VM(V f) uniformly elliptic and Holder continuous and G-
Holder continuous.
Now we argue by induction on k. The induction step is divided into two parts:

Claim I1: fisC *_Hélder continuous = u ™+, u™ are C*-Hélder continuous respectively
on E N C(xp,7/2) and E€ N C(xg,7/2).

Moreover, there exists a universal constant C = C(n, A) > 0 and n € (0, %) such that
10w  llcknEncig oy =€ and QU llcka@encroray <€ (45)
Claim 2: f is C¥-Hblder continuous = f is C¥*!-Holder continuous.
To prove Claim 1, we apply Lemma 4.2 to v = Qu and h = Qp. By (3.34) the norms

10VuTllconanc,,y and 1QVY llconmenc, )

are bounded by a universal constant. That gives us (4.5).

As for Claim 2, notice that by the definition of M, since f is C k_Holder continuous,
we have that VM (V f) in (4.4) is C¥~'-Hélder continuous. By Claim 1 we deduce that
G is Ck~'-Holder continuous with its norm uniformly bounded. Then, using Schauder
estimates for (4.4), we get that f is C**1-Hslder continuous. ]

5. Reduction to nearly spherical sets
In this section, by combining Proposition 5.3 with the higher regularity (Theorem 3.9), we

prove that for small enough values of the total charge the minimizers are nearly spherical
sets. Recall the following definition.
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Definition 5.1 (C > -nearly spherical set). An open bounded set Q@ C R” is called nearly
spherical of class C? parametrized by ¢, if there exists ¢ € C2? with ||¢]|Le < % such
that

92 = {(1 + ¢(x))x : x € 0By }.

We first show the L°°-closeness of minimizers to the unitary ball in the small charge
regime. Let us start with the following proposition.

Proposition 5.2 (L!-closeness to the ball). Let E C R” be a minimizer of (Pp,x,0,R)-
Then there exists a point xg € R" such that

|[EAB(x0)]> < C(P(E) — P(B1)) < CQ*9p,k(B1).

Proof. By the quantitative isoperimetric inequality [11, Theorem 1.1], there exists a point
xo € R” such that
|EAB1(x0)|> < C(P(E) — P(B)))

for some constant C = C(n) > 0. By the minimality of £ we have
F(E) = P(E) + Q*p x(E) < P(B1) + 0*9p x(B1) = F (By).

Hence,
|EAB1(x0)|* < C(P(E)— P(By)) < CQ*93 x(B1)

for some constant C = C(n) > 0. |

Thanks to the density estimates (see Theorem 2.3 (v)), we can now get the L°° con-
vergence.

Proposition 5.3 (L °°-closeness to the ball). Let {Qp}nen be a sequence such that Qp, > 0
and Qp — 0 when h — oo. Let { Ep}pen be a sequence of minimizers of (Pg.k,0,.R)-
Then, up to translations, E,, — By and 0Ej;, — 0B in the Kuratowski sense.

Proof. First, by Proposition 5.2 we can easily get that up to translations Ej, — Bj in L!.
Indeed, Proposition 5.2 gives us that for every 4 there exists a point x; such that

|EnABy(xp)*> < C(P(En) — P(B1)) < CQ*%p x (B)).
Since §g g is invariant under translations, we can assume that x; = 0 for every £, so that
|EnAB1|> < C(P(Ep) — P(B1)) < CQ*8p k(B1).

Then Qj — 0 implies E;, — B; in L' and P(E};) — P(B;) when i — oo.

The rest of the argument is classical and follows from the density estimates (see The-
orem 2.3 (v)). We do not include it here for brevity; see the proof of [19, Proposition
3.2]. [
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Remark 5.4. Note that a priori the translated sets are not necessarily inside the ball B,
so they might not be minimizers for (°g k.o, r). However, in R” Kuratowski convergence
is equivalent to Hausdorff convergence, so for / big enough the translated sets will be in
the ball By, for any ¢ > 0 (and hence in Bg since R > 1).

Theorem 5.5. Let {Qp,}nen be a sequence such that Qp, > 0 and Qp — 0 when h — oo,
let By, and Ky, be controlled by A and let Ry, > 1. Let { Ej, }peN be a sequence of minimizers
of (Ps,.k,,,05.R,)- Then for h big enough Ej, is nearly spherical of class C, i.e. there
exists g, € C°° with uniform bounds and ||gp||Le < % such that

AEp = {(1 + n(x))x : x € dBy}.
Moreover, ||gp| ck — 0 when h — oo for every k € N.

Proof. We do not provide a proof since this result is classical. See, for example, [4, Proof
of Proposition 4.4]. Note that all the regularity estimates we obtain are universal, so they
do not depend on R and depend on A rather than on specific values of 8 and K. ]

6. Theorem 1.1 for nearly spherical sets

To prove Theorem 1.1 for nearly spherical sets we are going to write the Taylor expansion
for the energy. We only need to deal with the repulsive term &, as the expansion for the
perimeter is well known. To this end, we need to compute shape derivatives of the energy
G near the ball and get a bound on the second derivative. For the convenience of the reader
we show these calculations later in Section 7 as they are rather technical.

In this section we first replace our problem with an equivalent one and write the Euler—
Lagrange equations for it. We do so to facilitate the computations of Section 7. We then
conclude the proof of Theorem 1.1 for nearly spherical sets given the Taylor expansion.
Thanks to the quantitative isoperimetric inequality for nearly spherical sets, we see that
we can be crude in the bounds of Section 7 as we have a small parameter in front of the
disaggregating term.

6.1. Changing minimization problem

For a fixed domain E we are solving the following minimization problem:

9(E)=inf {3} [pu(ag|Vul® + Kp?)dx : —div(agVu) = p, [g. pdx = 1}.
ueH'(R")
plgc=0
We want to get rid of the constraints and make it a minimization problem over single
functions rather than over pairs. More precisely, we prove the following lemma.
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Lemma 6.1. For any E C R” the energy § can be represented in the following way:

9(E) = 1/ aE|w|2dx+—/ v dx
R~

—_— — inf
2|E| weHl(R")(2 |E|

1 2
- 2|E|K(/E ‘/’dx) o f,¥ dx)'

Proof. We use an “infinite-dimensional Lagrange multiplier”:

1 1
9(E) inf {-[ aE|Vu|2dx+—f Kp* dx
ueH!®R") |2 JRrn 2 JE
plgpc=0

+  sup |: (aEVu-VW—pl//)dx]:/pdx=1}
R# E

veH!(R")

1
= inf sup {—/ agp(|Vul? +2Vu - V) dx
ueHl(]R") YveHI(R") 2 n

plgc=0
1
+—/(Kp2—2p1//)dx:/ pdx:l}.
2JE E

The convexity of the problem allows us to use the Sion minimax theorem ([23, Corol-
lary 3.3]) and interchange the infimum and the supremum:

1
S(E)= sup inf {—/ ag(|Vul? 4 2Vu - Vi) dx
weHl(]R")MGHI(R”) 2 Jre

1 2 : _
+2/E(Kp 2p1//)dx./Epdx—l}

1
= sup { inf —/ ag(|Vul* +2Vu - Vi) dx
veH(R") ueHI(R") 2 n

+ inf /(Kp —2pw)dx}

plgc=0 2
Jg pdx=1

We denote the infimums inside by I and II, that is,

1
I[:'= inf {-/ aE(|vu|2+2vu-w)dx},

ueH!R" |2 Jr
1
II: 1nf{ /(Kp —2p¥)dx : /pdle}.
E

We want to compute both I and II in terms of .
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For I it is immediate. Since a g is positive we get

1
I= inf {-/ aE(|vu|2+2vu-w)dx}
R”

ueHIR?) | 2

1
= inf {-/ aE(|Vu+VWI2—|V1/f|2)dX}
ueHIR") | 2 Jre

1
:——/ ap|Vy|*dx.
2 Jrn

We note that the corresponding minimizing u equals —1.
To compute II, note that

II—1nf{1/(Kp —2p¥)dx : /Epdx=l}
ngf{ /(x/_p—ﬁydx:/Epdx:l}—%/szdx
:gi?f{/}i(f—(%—%))zdx:[Efdxzo}—%/]iwzdx.

Then the minimizing function f* is the projection in L2(E) of a function (% — Ulf_l) onto
the linear space { f : [ f dx = 0}. Thus, [* = (% — ﬁ) — ¢, where c is the constant
such that [ f* =0,ie.c = |T1\ fE(% — \ll?_l) The corresponding minimizing p equals

1Ex (0 + 11— & [ ¥ d0)K).
Bringing it all together,

K 1
9(E)=———=+ sup (——/ aE|V1//|2dx——/ Y dx
2|E| WEHI(RIL) 2 n |E|

1 1 i
+2|E|K(/EWZ’C) __/ 4 d")
K 1
- —  _  inf — Vv l*d —/ d
2E| we;II}(R")(2/RnaE| VIt g [V

1
- d — Zdx ).
eET A ") o fvar)
We now consider the following minimization problem:

_ 1 2 2
g(E)‘wGé?me(szn”E'w' d”|E|/‘” 2|E|K(f ‘”dx)

1 2
—K/Ew dx). 6.1)

6.2. Euler-Lagrange
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Remark 6.2. Note that (£) < 0. By Lemma 6.1,

(E) = % —9(E).

By [21, inequality (2.1)], §(E) < C(n, K, B, | E|). This implies that
|#(E)| = C(n, K, B.|E|). (6.2)

A minimizer for this problem exists, and it is unique by convexity. Indeed, to see the
coercivity of the functional note that

1 2 5
—2|E|K(/Ede) —I-ﬁ/Ew dx >0

by the Jensen inequality. As for convexity, we use that

st s o= (o v o

Note that the minimizers in the definitions of § and § coincide since the set is fixed. We
denote the minimizer by {£. We would also need the interior and exterior restrictions of
the function Vg, i.e.

Vi =velp. Vg = VElpe.
Proposition 6.3. The following identities hold for Vg :
(i) (Euler-Lagrange equation, integral form) For any ¥ € D! (R"),

1
/ aEV1/fE-V\IIdx+E/ YEWdx
n E

o) o)

— / np(lEI‘fE —div(aEVwE)) dx

4 / YV —Vyg) - v dan!
oE

1 1
+m(/E\Ifdx)(1—E/E1//EdX)=O. (6.3)

(i) (Euler-Lagrange equation)

| 2 1
—BAYE = _?WE + ?&’(E) — E inE,
Ayg =0 in E°, (6.4)
Vi =vg on JE,

BVYE v =Vyg-v on JOE.
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1
(i) J(E) = M/EWE dx. (6.5)

(iv) There exists a constant C = C(n, K, B, |E|) such that

/ ag|Vyg|*dx <C. (6.6)
R”

Proof. Equations (6.3) and (6.4) are the standard Euler-Lagrange equations for problem
6.1).

To prove (6.5) we use Y g as a test function in (6.3).

To see (6.6), we use Yg as a test function in (6.3) and the Cauchy—Schwarz inequality

to get
1
/ aEIVWEIdeS——(/ Iﬂde)-
R~ |E|\JE

Now we apply (6.5) and (6.2) to obtain
|| aslVysl? dx < -23(E) < 2C0.K.p. ). .
R~

Proposition 6.4. Let Vg be the minimizer for §(B1). Then Yy is radial.

Proof. Let R:R" — R”" be any rotation. Since R(B;) = Bj, ¥ o R is also a minimizer
for 4(B1). But the minimizer is unique, so we obtain that ¥y o R = ¢ for any rotation
R. This implies that ¥ is radial. ]

6.3. Proof of Theorem 1.1
We will use the following notation.

Definition 6.5. For an open set €2, xo denotes the barycenter of €2, namely

).
xg=— [ xdx.
12] Jo

We want to prove that for Q small enough the only minimizer of ¥ (2) = P(Q2) +
02%6(R) for Q nearly spherical is a ball.
We will use the following theorem proved by Fuglede.

Theorem 6.6 ([9, Theorem 1.2]). There exists a constant ¢ = c(N) such that for any Q a
nearly spherical set parametrized by ¢ with |2| = |B1|, xqg = 0, the following inequality
holds:

P(Q) - P(Bl) = C”('DHIZ'-Il(BBl)'

We will also need the following bound on the energy ¢; see Section 7 for the proof.

Lemma 6.7. Given ¥ € (0, 1], there exists § = §(N, V) > 0 and a constant C = C(6)
such that for every nearly spherical set E parametrized by ¢ with |¢||c2.0 g,y < & and
|E| = |B1|, we have
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Remark 6.8. One can show that at the ball a stronger estimate holds. More precisely, we
have

39 (B > —c|lg]|?
GBI, el z =cloll y o -

For the detailed computations see [19, Appendix Al].
Finally, we are ready to prove the main result of the paper.

Proof of Theorem 1.1. Argue by contradiction. Suppose there exists a sequence of min-
imizers Ej corresponding to Qj — 0 such that Ej are not balls. By Theorem 5.5 we
have that starting from a certain & the sets (possibly, translated) are nearly spherical
parametrized by ¢ with ||¢p[|c2.y58,) < 8, where § is the one of Lemma 6.7.

To apply Theorem 6.6 and Lemma 6.7 we need the sets to have barycenters at the
origin. It is not necessarily true for the sequence E}; however, we can exploit the fact that
nearly spherical sets have barycenters close to the origin. We choose the sequence Ej so
that £, — By in L®. One can easily show that it implies x Ep — 0. So if we now look at
the sequence of sets Eh = {x —xg, : x € Ep}, we see that Eh — Bjpin L*° and Xg, = 0.
It remains to apply Theorem 5.5 to the sequence { £}, } to see that these new translated sets
are still nearly spherical. For the sake of simplicity let us not rename the sequence and
assume that the sequence { £} is such that xg, = 0.

Now we can apply Theorem 6.6 and Lemma 6.7. We want to show that ¥ (Ej) >
F(By) for h big enough. Indeed, if O, is small enough, we have

F(En) = P(Ep) + Q39(En) = P(B1) + cllgnllZ om,) + Q,,( D)

2| By

— 9B = llenl s, )

v

P(By) + C”‘Ph”?{l(aBl) + Qh(2|B |

> P(B) + 03 (551~ #(BD) = F(By). .

2| By
We can now prove Corollary 1.2, which follows from Theorem 1.1 and properties of
minimizers established in [21].

Proof of Corollary 1.2. Let Qy be the one of Theorem 1.1. Let E be an open set such that
|E| = | B1|. Let us show that ¥ (E) > ¥ (Bj). If E is bounded, then ¥ (E) > F(B;) by
Theorem 1.1. Assume now that E is unbounded.

We can assume that E is of finite perimeter, since otherwise ¥ (E) = oco. Then, by
[17, Remark 13.12], there exists a sequence Rj — oo such that £ N Bg, — E in L1,
P(E N Bg,) — P(E). Rescale the sets so that their volumes are the same as that of the
unit ball, i.e.

Qp =ap(ENBg,) withay = (&)1/”
" |E N BRh|
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Note that since |E| = |B1|, a5 — 1, so also for Qj we have |Q2,AE| — 0, P(R2;) —
P(E). Now, by the continuity of the functional & in L! (see [21, Proposition 2.6]), we get

F(Qp) = P(Q2p)+9(R2,) > P(E)+8(E)=F(E). 6.7)
On the other hand, 2, C « Bg,, so it is bounded and hence, by Theorem 1.1,
F(Qp) = F(By) forevery h.

Combining the last inequality with (6.7), we get ¥ (E) > ¥ (B1). Thus, the infimum in
problem (53 k. o) is achieved on balls.

Let us show that the only minimizers are the unit balls. Let £ be a minimizer for
(#p,k,0). If E is bounded, then by Theorem 1.1 it should be a ball of radius 1. We now
explain why E cannot be unbounded. Indeed, suppose the contrary holds. Then we can
find a sequence of points x such that x; € E, |xx — xj| > 1 for k # j (for example, we
can define x; := E\ Bumax{|x],|x2],...]x;_ [}+1)- Now, by density estimates for minimizers
(Theorem 2.3 (v)), we have

|Br(x) N E| < 1
|B,| ~C

.....

forx € E,r € (0,r). (6.8)

Note that even though Theorem 2.3 (v) deals with minimizers of (°g k.o, r), the constants
C and 7 do not depend on R, so it applies in our case. It remains to use (6.8) for x = x
and r = min(1/2r, 1/2) to see that

El = 3 1B (x) N E| = Y0 = = o0,
k=1 k=1

which contradicts the fact that |E| = |By|. Thus, E is bounded and it is a ball of radius 1.
[

7. Proof of Lemma 6.7

We will need the following technical lemma, which is almost identical to [4, Lemma
A.1]. Since we need a slightly different conclusion than in [4], we repeat the proof here.
Throughout this section we will be using the following notation.

Notation 7.1. We denote by J, (x) the Jacobian of ®; at x:
Jo,(x) = det Vo, (x).

Lemma 7.2. Given 9 € (0, 1] there exists § = §(n, ) > 0, a modulus of continuity w and
a constant C = C(n, 0) such that for every nearly spherical set E parametrized by ¢ with
lollc2oop,) < 8 and [2] = |B1|, we can find an autonomous vector field X, for which
the following holds true:
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(i) div X, = 0in a §-neighborhood of 0B1;
(ii) if ®; := D(¢, x) is the flow of X, i.e.
8,CI>t = X(p(th), CDO(x) =X,

then ®1(0B1) = 0F and |P;(B1)| = |B1| forallt € [0, 1];
(iii) denote E; := ®,(By); then

[®: — Id]|c20 < o([l@llc29p,)) foreveryt €0,1], (7.1)
|Jo| < C in a neighborhood of By, (7.2)
I1X -viimiee) < Cllela @s,)- (7.3)

and for the tangential part of X, defined as X = X — (X - v)v, there holds
| X*| < o(l¢llc2o@p,))|X v ondE;. (74)

Proof. Such a vector field can be constructed for any smooth set, see for example [6].
However, for the ball one can write an explicit expression in a neighborhood of dB;. The
proof for the case of the ball can be found in [4, Lemma A.1]. For the convenience of the
reader we provide the expression here, as well as a brief explanation of how to get the
needed bounds. In polar coordinates, p = |x|, § = x/|x| the field looks like

(1+¢0)" 1
}’lpn_l
1
,(p.0) = (p" +1((1 +¢(0)" —1))¥ 0
for |p — 1| <« 1. Then we extend this vector field globally in order to satisfy (7.1). Notice

that (7.2) is a direct consequence of (7.1).
By direct computation we get

X,(p,0) = 0,

(X 9) OCDI -X- VoB, = (X : VZ)Bl)f on aBla (75)

with || f || c2.0 a8,) < @(ll@llc2.938,))- Now we can get bound (7.3). Indeed, (7.5) together
with (7.2) gives us
1X -vigoe) < CIX -viig@a)-

From the definition of X, on dB; we have

1 ([ n .
— X .p=— i
eoxv= 20

and thus
lo — X -vilgi@es) < olellczs @) IIX - viai@B))-
yielding inequality (7.3).
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To see (7.4) we use that by definition X is parallel to 6 close to dB;. Thus,
|XT 0@ = [((X-6)8) 0 D — ((X - v)v) 0 D
= |(X - va5,) (1 + o9l c2995,))) Va5, (1 + @(ll@l c2 95,)))
— (X -vpg) (1 + o(l@ll c2 38,)vas, (1 + (@]l c2.038,)|
= o(ll¢llc2o @) (X - v) o Dl L]

Let E be the nearly spherical set from Lemma 6.7 and let E; be the sequence provided
by Lemma 7.2. In what follows we omit the subscript ¢ for brevity.

7.1. First derivative

We want to compute % F(E;). Let ¥, be the minimizer in the minimization problem (6.1)
for E;. Recall that by (6.4) it means that ; satisfies

—BAY, = —%% + %3’(Et) - ﬁ in Ey,

Ay; =0 in E7, (7.6)
vt =y on dE,,

BVY, v =Vy, v on dF;.

First we notice that v, is regular since it is a solution to a transmission problem. More
precisely, by Lemma 4.2, the following holds.

Proposition 7.3. There exists § > 0 such that if ||¢|| 2.0 (35,) < 6, then

IVellc2g,) = € foreveryt €[0,1].

To compute the derivative of J(E;) we would like to use the Hadamard formula (see
[14, Chapter 5]). For that, we first need to prove the following proposition.

Proposition 7.4. The function t — v, is differentiable in t and its derivative Vi, satisfies

. 1 . 2 .
—BAY: = —El/ft + E(?(Et) in E;,
Ajr =0 in EY, 1.7)
Yt =g = —(Vy;T = Vy)  v(X ) on IE,.

By v — VY v = —((BVIVY, - VIVY; DX) v ondE,,
where 3’(Et) = %g(Et)

Proof. The proof is standard; see [14, Chapter 5] for the general strategy and [2, Theo-
rem 3.1] for a different kind of a transmission problem. We were unable to find a result
covering our particular case in the literature, so we provide a proof here.

We first deal with the material derivative of the function 1, i.e. we shall look at the
function ¢ — ¥ := V(P (x)). The advantage is that its derivative in time is in H! as we
will see. Note that the time derivative of ¥, itself is not in H! as it has a jump on JE;.
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Step 1: Moving everything to a fixed domain. We introduce the following notation:
Ar(x) 1= DO (x) (DD () Jo, (x).

Note that A; is symmetric and positive definite and for ¢ small enough it is elliptic with a
constant independent of 7.

Now we perform a change of variables in Euler-Lagrange equation for v, (6.3) to get
the Euler-Lagrange equation for 1},:

[ ve@na T dr+ o [ WTie ) ax

B

1 1 5
+ W(/Bl Vg, (x) dx) (1 -< /Bl Vi Jo, (x) dx) =0 (7.8)

for any W € D!(R").

Step 2: Convergence of the material derivative. Let us for convenience denote

1 1 ~
f([) = W(l — ? B 1[/,Jq>l(x) d)C)

We write the difference of equations (7.8) for @,Jrh and 1;, and divide it by & to get

ApsnVUssn — A VY 1 Vion — W
/ qu(aBl t+hVVitn — Ay Wt)dx_’_z | W(M)J@(x)dx
" 1

h h

R A h) —
g v R ([ e, ax) RO
+ ( /B | e (x)h_ Jo. () dx) ft+h) =0

for any W € D!(R").

Now, introducing g (x) 1= w also for convenience, we get

1
[ v Vedr+ o [ guta, 0 dx
n B,

J¢t+h —Jo,

A —A; _~ 1 ~
+/ V\I](alh%th) dx + }/ ‘-IJI//t+h dx

B h
ft+h)— 1)
- (/Bl Ve, ) dx) -

+ ( / g 72 = Jo () dx) fe+h) =0 (7.9)
B

h

for any ¥ € D!(R").
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Now we want to get a uniform bound on g in D! (R"). To do that we argue in a way
similar to the proof of (6.6). We use g, as a test function in (7.9) and get

1
/ aB1Vgh'(At+thh)dx+_/ giJo, (x)dx
e K Jp,

Aryn —Ar  ~ 1 ~ Jo,,—Jo
Vo, - (2 "'y d _ ZTn "7 g
+ /Rn ap,V&n ( h Wt) X+ K Js, EhVi+h A X

+ (/Bl thcp,(x)dx)w

Jo, ,(x) = Jo,(x) _
+(/Blg,, . dx)f(t+h)—0.

Since w is bounded in L* and A; is uniformly elliptic we know that there
exists some positive constant ¢ independent of / such that

A A, ~
[ anVer- (Ve dx+ [ an Ve (FE=E0T) ax
R” R?
zc/ |Vgh|2dx—C/ |V1ﬁ,|2dx.
R~ R~
Thus,
2 1 2
o[ Vel ax+ ¢ [ e, dx
R K /B,
1 ~ Je,,, —Ja,
sc [ vwPars ¢ [ el et dx
R” K Jg, h
t+h)— f(t
+ | L2 TON g, o)l
B,
J —J
n <I:‘H—h(x) q’[(x)’dx
h
t+h)— f@t
§C+C/ |gh|dx+‘w‘/ lgn| dx
Bl Bl
+|f(t+h)|/B lgal dx. (7.10)
1

where in the last inequality we used inequality (6.6), Proposition 7.3 and (7.1). We want
to show now that f is bounded and Lipschitz. Indeed, we recall the definition of f and
use the definition of v, and (6.5):

1

1
f(t)_|B|( K 1ﬂt']CIJt(x)dx)_

o~ T,

We get that f is bounded by (6.2). To get Lipschitz continuity, we notice that by direct
computation in Lagrangian coordinates one can get that w is uniformly
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bounded; see [21, Lemma 3.2]. Plugging this information into (7.10), we get

1
c/ |Vgh|2dx+—/ gqu>,(x)dx§C+C/ lgn|dx.
R7 K /B, B,

Finally, we use Young’s inequality and (7.1) to obtain

1
c/ |Vgn?dx + — g;zlJ(p,(x)dx <C.
R 2K Jp,

Thus, g, is uniformly bounded in D'(R") and up to a subsequence, there exists a weak
limit go as & goes to zero. Note that gq satisfies

d ~
/ V\IJ(aBIAthO)dx—i—/ V\p(aBld—A,w,) dx
Rn ]Rn t

1 1 ~ .
— WooJ d — Wi, Jo, d
+K/31 goJa, (x) x+K/;;1 Vi Jo, dx

1 ~ .
- TE ( /B W, () a’x) ( /B oo dx = | Tide, dx)

1 . 1 ~
+m(/1;1 \I’Jq;,(x)dx)(l—E . 1//,Jq>[(x)dx) =0 (7.11)

for any W € D1 (IR"). Let us show that equation (7.11) has a unique solution. To that end,
assume that both g and gy, are solutions of (7.11). Then their difference w = go — g
satisfies

1
/ VVW(ap, A;Vw)dx + —/ Ywle, (x)dx
R~ K B;

1
|B1|K JB,

W, (x) dx/ wle, (x)dx =0 (7.12)
By

for any W € D!(R"). Since w € D! (R"), we can test (7.12) with w and get

1 1 2
v A:Vw)dx + — 2J dx — —— J dx) =0.
/n w(ap, ArVw)dx + K/zalw @, (x)dx |31|K(/Blw ®, (x) x)

By the Cauchy—Schwarz inequality, it yields
/ Vw(ap, A:Vw)dx <0,

which in turn gives us w = 0 by ellipticity of A,. Thus, the solution of (7.11) is unique
and thus the whole sequence gj converges to go.

To get the strong convergence of the material derivative, we observe that using g as a
test function in its Euler—Lagrange equation, we get the convergence of the norm in H! to
the norm of go. That, together with weak convergence, gives us strong convergence of gy,.
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Step 3: Existence of the shape derivative. We want to show that
Vo= LG - X-Vy
t — d t t t
in DY(E;) N DY(E?). Indeed, since ¥, (x) = fﬁt(fbt_l(x)), we have

Virn(0) = Yepn(x) _ Vern(P7,(0) — ¥ (D], (x))
h N h

L V(@00 — v (97 ()
h

The first term on the right-hand side converges strongly to %wt(cbt_l(x)) as h goes to
0 by Step 2 and continuity of ®;. As for the second term, by Proposition 7.3 and the
definition of @, it converges to —V v/, (®;1(x)) - X strongly in D1(E,) N D(E?).

Step 4: Equation for the shape derivative. Now that we know that # — v, is differentiable,
we can differentiate the Euler—Lagrange equation for v; given by (7.6) and we get

. 1. 2. .
—BAY, = —E% + Eg(Et) in E,
A’(/./t — 0 in Ef,
U= == (VY = VY- X on dE;,

BVY v — Vil v = —((BVIVY; ] = V[Vy;DX)-v ondE,.

Now we can use the boundary conditions in (7.6) to get rid of the tangential part in the
right-hand side. Indeed,

(VY = VY X = (VY = V) - X = (VY = Vy) - u(X )
and V¥y,m = V®y; by differentiating the equality w;r = v, onthe boundary of E;. =

The following observation, which is a consequence of equality for v/, will be useful
for us.

Lemma 7.5. There exists f € H>?(E,;) N H¥?(ES) such that
[E=VYE X ondE, | fFlgae < CIVYE - Xllmoe)  (713)

Consider the function v := 1/}t + f. Then v satisfies the equations

1 2 . 1
—BAv = XV + ?&’(Et) —-BASf + ?f in Ey,
Av=Af in EY,
vt —v™ =0 on 0E,,

BVt v — Vo v = (—(BV[VY; = V[VY, DX + BVSfT =V fT)-v ondE,.
v = 1/}tjE+V1ﬁti-X on JE;.
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Moreover; the following bounds hold:

lvllwizE) + Ivlpreesy < CAFED] + 1X vl or)). (7.14)
[vll L2 ®ny < CUFED] + X vl @E,))- (7.15)

Proof. The function f exists since Vy/i* - X € H'(dE,). The equation for v follows from
the equation for v/, and the definition of f. Using the divergence theorem, we get

1
/ —vzdx—}—/ ,3|Vv|2dx+[ |Vv|? dx
E; K E; Ef

2 . 1
= / (ZdE) - paf + —f)vdx—/ Afvdx
g K K Ee
! t
+ /BE (—BYIVY; 1= VIVY DX + BV ST =V f7) - v)vdx,
t
which by the Young, Cauchy—Schwarz and trace inequalities, recalling (7.13), implies that

[vllwize,) + IvlprEs < C(4(E)| + |V “Xlla10E,))
which in turn implies by Proposition 7.3 and (7.4),

lvlilwizg,) + vlprEs = CUFED| + 11X - vilaoE,))-

Moreover, we can also bound the L?" norm of v. Indeed, since v does not have a jump
on the boundary of E;, we know by (7.14) that it belongs to the space D!(R"). Thus,
employing the Gagliardo—Nirenberg—Sobolev inequality we get (7.15). ]

Proposition 7.6. Foranyt € [0, 1],

7 = 1 1 n—1
F(E:) = (I_E/;E, Wtdx)m o5, VE (X -v)dH

1
5 [ BV R = 19w P v et
0E;

1 2 -1
— . n
+ 2K o, Yr(X-v)dH

- /3 T T = VU)X ) e

1 1 1
= (1——/ e dx)—[ div(y; X) dx + -/ div(ag, |V, |*X) dx
K JE, |E:| JE, 2 Jrn

1
+ — | div(y2X)dx — f div(ag, (Vi - v)*X) dx.
2K Et R~

In particular,

F(B1) = 0.
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Proof. Since v is the minimizer for ¢, we have by (6.1),

1 1 1 2
160 = [ aeivnla+ o [ weav- i ([ v

|E:| JE, 2|E|K
1
+§ l/ftzdx
_ 1 Vi, | 2' d 2 d 7.16
=5 | arlvyi P+ se | vidx. 016

where we used (6.5) for the last equality.
Now we differentiate (7.16) to get

. . 1
§E) = [ ap v Vivdx 3 [ @9wR - 1ve P ase
#2450 — IERFENLED + . [ v d

1 2
— X -v)dx.
+2K/3E,w’( v
We note that by (6.5),

. 1 . 1
E) = —— dx + —— X -v)dHxr L. 7.17
J(E,) 25 I, 2 2E] s tl/fz( ) (7.17)

Using (7.17) and (7.7), we obtain

1 1 . 1
Q(E) = |Et|(/ wtdx)(l—E/ wtdx)+z;z(E,)(1—f/Etw,dx)

/ BIVYHE = [V P)X v dde + - [ y2(x vy dx

2K JaE,

+ BYTVY v =T VY vy d R

E;
_ 1 1 1
—(1 IR )|E,| [ vrvan

/ BIVYE =1V vy s+ o [y ase

2K
- /a VU = VU)K e

1 1 1
=(1- div de+—/ div(ag, |V, [*X) dx
(1-% [ o) [ aveyas 5 [ aivia Ivuep)

1
+— d1v(1//t2X)dx — / div(ag, (Vi -v)*X) dx.
2K R

Note that from the second-to-last expression it is easy to see that g (B1) = 0as Y is radial
by Proposition 6.4 and the volume of E; is constant (hence [, g, (X -v)dH 1 =0). m
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7.2. Second derivative

Now we differentiate again to get

§(E) =~ d(ED [ divex)dx

+ ] (/E[dw(%X)dx—i—/Et div(y, X)(X -v)d J

+ /. (BYY -Vt =V VY (X -v)d At

1
+ 5/ VIBIVYL P = VY Pl X(X vy dxen™!

t

1 . 1
4 —/ Ve (X ) a2 [ vy, x(x ) daen?
K aEt K BEt

-2 /aE (BOVEE - v) (VY- v) = (Vi - v)(VYr ) (X -v)d H"!
- / VIB(VY" - v)? = (VY - v)?]- X(X - v)d "
J0E;

Using that the vector field X is divergence-free in the neighborhood of dB; we get for
t small enough,

G(E,) = —gz(Et)faE Vo(X vy dden!

1 — Z|E|g(Er)
|E|

] (BVY; VY = VY VY )X -v)d I

( V(X -v)dan! +/ (Vyt - X)(X - v)d%”_l)
JoE, 0E;

1
+3 /BE VIBIVYS P = IV Pl X(X vy d g™

i it . n—1 i + . . n—1
S 9 PR AZC ST RS BEAALZaS (SO,
- 2/aE (BOVY - (VY v) = (Vi - 0) (VY- v)) (X -v) dd"!

—/ VIB(VY - v)> = (VY -v)?]- X(X -v)dH" . (7.18)
0E,

Now, to prove Lemma 6.7 we only need the following bound on the second derivative.

Lemma 7.7. There exist § > 0 and a constant C such that if ||¢| c2s < 6, then

IF(ED| < CIX vl o8,

We will need the following proposition.



Minimality of the ball for a model of charged liquid droplets 503

Proposition 7.8.

IV oz + 1V laieey < CUX -vigier,) + |§(ED).

To prove the proposition we will use the following theorem concerning Sobolev
bounds.

Theorem 7.9 ([18, Theorem 4.20]). Let Gy and G, be bounded open subsets of R" such
that G, € G, and Gy intersects an (n — 1)-dimensional manifold T, and put

QF=G;NQ* and T;=G;NT forj=12.
Suppose, for an integer r > 0, that T'5 is C" TVl and consider two equations
Put = fi on in
where P is strongly elliptic on G, with coefficients in Cr’l(Q_zi). Ifu € L?(G,) satisfies
ut e H'(QF)., Tulr € H2 (), [Buulr € H' T2 (1),
and if f* € H"(QF), thenu® € H™2(QF) and
W greag@ry + e 2@y < CUT gy + 1 10y
Ol g gy + 1Bl iy )
+ U gy + 1S e p):

We need an analogue of the above theorem for r = —%. To get it, we are going to
interpolate between r = 0 and r = —1. We first prove the following lemma.

Lemma 7.10. Let E be a set with the boundary in Cb! and let R > 0 be such that
Br D E. Consider the equations

BAut = fT inE,

Au= = f~ in BR\E,

ut =u~ on JE, (7.19)
BVut-v—Vu=-v=g ondE,

u" =0 on dBg,

where f+ € H"YE), f~ € H"Y(BR\E) and g € H™'2(dE) are given. Then there
exists u, the solution of (7.19) in WOI’Z(BR), and it satisfies

”u”%-Il(BR) = C(||f+||§-1—1(5) + ||f7||%_171(BR\E) + ”g”%—l/zw}g)) (7.20)

4Here, B, denotes the conormal derivative. In our case it reduces to agd, since we deal with the
Laplacian.
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with C = C(n, R) > 0. Moreover, if f* € H™V2(E), f~ € H"V2(BR\E) and g €
L?(0E), then

125280 < CUSF Byorracey + 1 Bvagomy + 181320z) (72D
with C = C(n, R) > 0.

Proof. First we observe that the solution in H! exists since it is a minimizer of the fol-
lowing convex functional:

1 F2_ gt lo —2 - -
/E,<§’3|W 2 ftu )dx+ E,c(ilw 2 fu )dx
+/ gt —uT)dxr
J0E;

Note that if we test the equation with the solution itself, we get
1 +2 1 -2
=B|IVuT|"dx + —|Vu~|“dx

E, 2 E; 2

=—/ f+u+dx—/ f_u_dx—f—/ utgdy" !
E, E, JE,

By Poincaré, Cauchy—Schwarz, Young and the trace inequality we obtain (7.20).

Now we consider an operator that takes the functions of the right-hand side and returns
the solution of the corresponding transmission problem, i.e. we define T'(fi, f2, g) for
e H (Ey), e H'(Ef), g € H’+%(8E,) as the only H! solution of (7.19).

By (7.20), T: H" x H" x H™*2 — H"+2 for r = —1. Moreover, (7.20) together
with Theorem 7.9 yields T: H" x H" x H™2 — H"*2 for r > 0, an integer. Thus,
interpolating between r = 0 and r = —1 we get that

T:H 2 xH 7 xL?—> H3,
so (7.21) holds for an appropriately regular right-hand side. ]

Proof of Proposition 7.8. Since we are interested only in the value of I/'ft on JE;, we mul-
tiply it by a cut-off function 7. The function n € C°(R") is such that

0<n=<1, n=1inB;, n=0 outside B3, |Vn[=<2, [An|=C(n).

We would also like to eliminate the jump on the boundary in order to use Lemma 7.10, so
we consider a function u := vn, where v is as in Lemma 7.5 (we recall that v = 1/}, + f,
where f is an H3/? continuation of Vi, - X from 9E, inside and outside). For § small
enough, all sets E; lie inside B3, so

u=1y,+Vy,-X ondE;. (7.22)
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Note that u satisfies

~pAu = v+ 2 G(E)+AS in E,.
Au=Vv-Vn+ ¥ + f)An in Ef,
ut —u= =0 on dF;,
BVut v —Vu v = (—(BVIVY - VIVY; DX + BV ST =V f7)-v ondE,,
u=20 on 0B3.

By Lemma 7.10,

+ —
1 3 ey 1 N g3 e

< C(IBVIVY; - XD - virawy,y + 1(VIVY; - XD) - vllL2ry))
+ C(||(5V[V%+] - X) - vllamy) + 1(VIVYT- X)) - vliary)

(g luseey * |7 Le)
el PRUE =101 B Vv R,

+C(Ivo- Vi + oAl )

H™2(ES)
Now we employ Proposition 7.3, inequality (7.4) and the definition of f to get

i

2 + [ < CUIX -vlmiog,) + 1F(EDD)

+ C([IVv -V

H3(E,) H3(ES) —

+ llvAn]| )-

1 1
H™2(Ef) H™2(EY)

Remembering (7.22), using the trace inequality and properties of 1, we have
10l QD + 197 e o
= CUX -vig e, + 1FEID) + C(IVv -Vl
< CUX vilmee) + 1FEI) + CUVY - Vl2ge + [vADllL2(ee))
< CUX -vimee,) + 1FED]) + C([VvllL2eey + IvliL285\8,))-

H—% (Ec + ||UATI||H_7(EC))

Now it remains to recall bounds (7.14) and (7.15) and notice that || - [|z2(B,\B,) =<
Cll - ll2* (Bs\By)- "
Proof of Lemma 7.7. Let us first show that the lemma is implied by the following claim.
Claim: |F(E)| < C(I1X - vll31 45, + FEDNX -viigi@azy)-

Indeed, suppose we proved the claim. Denote j(E ¢) by h(t). Then we know the fol-
lowing:
() < C(I|X - V||%11(331) +hOIX vl @op,))-
h(0) = 0.
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Let us show that
R < I1X - via@B,): (7.23)

then the lemma will follow immediately. Suppose that there exists a time ¢ € (0, 1] such
that the inequality (7.23) fails. We denote by ¢* the first time when it happens, i.e.

t*:= inf {r:(7.23) fails!.
t€1[r(1),l]{ ( )als}

Since inequality (7.23) is true for t = 0, the following holds:
|h(@*) = I1X -vigiesy, O] <X -vigis,) fort €[0,1%].

Now, as #(0) = 0, we can write

h(t™*) = /Ot K (t)dt

and thus
t*
1X vl sy = ()] < /0 (1), di

t*

< [ CUX VB + O vl asy )
0

<2C|IX Vi3 98,

However, that cannot hold for || X - v||z1(3p,) small enough. That means that (7.23) holds
for all times ¢.

Proof of the claim. By (7.18) we have
. 2 .
§E) = —2d(ED [ wxvyaze
JIE;
+l[ V[BIVY 1> = VY, 1] - X(X -v)da"!
2 JoE,

1—2(Bi|g(E) 1 N .
+ /BEt(T + E%)(Vl/f, X)X v)dK

b ((TEIPEED) |y )i et

+ (BYY -V = VY -V ) (X -v)dgen!
-2 fa . (BOVEE -0V - v) = (Vi - v) (VY - 0) (X -v)d Hm!

- / VBV - v) — (Vi v X(X - v) dHn?
0E;

= ]1(Z) + ]z(l) + 13(1) + ]4(l) + ]5(1) + 16([) + ]7(l).
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We start with ;. Using the expression for 5((E ¢) obtained in Proposition 7.6, we get

K _ g n—1
i = z(Et)/aEt V(X ) d

_(1- ! X d%"—lz
—( K 1/’t )|B|( V(X -v) )

/ (ﬂlvllf+|2— IV%_IZ)(X-V)M’"_lf Ye(X -v)d !

+ﬁ . w,(X v)d K"~ 1/ V(X -v)dH" L.

Thus,
L)) < (el IX -2 om,
for some bounded function g.

To prove the bounds for /5, I3 and 17, we rewrite X as (X - v)v 4+ X7 and use that

X7 o @] < o(ll@lc20)1X - v, |

Indeed,
B =3 [ VIBIVY P = VY] X e
=5 ], BT TR e
+%[ VIBIVY = VU7 P XX v d e
and thus

1)) < gVl 2 IX - viIZ2 0k,

for some bounded function g. The terms /3 and /7 are treated in the same way.
To bound 14, I5 and I we use Propositions 7.8 and 7.3. Let us show that the inequality
for Is, 14 and I¢ can be treated in a similar way:

: BVY VY = VY VY )X -v)d I

=/, (IBVY - VY [+ VY, - VY DIX -v|dd" !

s((/ |ﬂvw,+-vw|2d%"—l)2
0E;

1

. 2
+ ( [a ] w;-wnzd%"—‘) )||X-v||L2(aE,)
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1
< g<||vf,||cm>(( [ vize d,}(’"‘l)
t

1
. 2
+ ( /8 ) |wf,|2d=%’"1) )||X-v||Lz(aE,)

< gl c2 )X Vil or) + 1FEIDIX vz, "

Now we are ready to prove Lemma 6.7.

Proof of Lemma 6.7.

. 1 .
4(E) = $(B)) + 4(By) +[0 (1— ) §(Ey) ds.

By Proposition 7.6 we know that 5( (B1) = 0. Now use Lemma 7.7 to bound the integral.
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