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Singularities in L1-supercritical Fokker–Planck
equations: A qualitative analysis

Katharina Hopf

Abstract. A class of nonlinear Fokker–Planck equations with superlinear drift is investigated in
the L1-supercritical regime, which exhibits a finite critical mass. The equations have a formal
Wasserstein-like gradient-flow structure with a convex mobility and a free energy functional whose
minimising measure has a singular component if above the critical mass. Singularities and concen-
trations also arise in the evolutionary problem and their finite-time appearance constitutes a primary
technical difficulty. This paper aims at a global-in-time qualitative analysis with main focus on the
isotropic case, where solutions will be shown to converge to the unique minimiser of the free energy
as time tends to infinity. A key step in the analysis consists in properly controlling the singularity
profiles during the evolution. Our study covers the three-dimensional Kaniadakis–Quarati model for
Bose–Einstein particles, and thus provides a first rigorous result on the continuation beyond blow-up
and long-time asymptotic behaviour for this model.

1. Introduction

This manuscript is concerned with a class of Fokker–Planck equations with superlinear
drift taking the form

@tf D r � .rf C vh.f //; t > 0; v 2 Rd ;

f .0; v/ D fin.v/ � 0; v 2 Rd ;
(FP )

where h.f / D f .1C � jf j / for some  � 1 and � D 1. For  D 1 and � 2 ¹˙1º this
equation was introduced in the 1990s by Kaniadakis and Quarati [24, 25] as a model for
the relaxation to equilibrium of quantum particles of Fermi–Dirac (� D �1) and Bose–
Einstein (� D 1) types. We refer to [9, 20] and references therein for more background
on the physical model. The interest of the mathematics community in problems of the
form (FP ) mainly stems from their variational structure: for densities f � 0 the first line
in (FP ) can formally be written as a continuity equation

@tf D r � .h.f /rıH .f //; (1.1)
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with ıH denoting the variational derivative of the convex integral functional

H .f / WD

Z
Rd

�
jvj2

2
f Cˆ.f /

�
dv;

where ˆ.f / WD 1


R f
0

log. s

1C�s
/ ds and thus ˆ00.f / D 1=h.f /. (If � D �1 one should

restrict to 0 � f � 1.) Thus, the free energy H .f / is formally dissipated along solutions
d
dtH .f / D �

R
Rd h.f /jrıH .f /j2 dv � 0. Let us note that for � D 1 the function ˆ

is sublinear at infinity, and the natural extension of H to finite, non-negative measures
(cf. [17]) vanishes on Dirac deltas centred at the origin. We further observe that for � D
1 the nonlinear mobility h.f / D f .1 C �f  / in (1.1) is convex, while it is concave if
� D �1.

The equation for fermions, where � D �1 and  D 1, is mathematically well under-
stood. Here, in any dimension, solutions emanating from suitably regular initial data
0 � fin � 1 remain bounded between 0 and 1, i.e. satisfy 0 � f � 1, consistent with the
well-known Pauli exclusion principle. In the long-time limit they converge to the unique
minimiser of H of the given mass [10,13], namely to the corresponding (smooth) Fermi–
Dirac distribution. The concavity of the mobility even allows a rigorous meaning to be
given to the above gradient-flow structure with respect to generalised Wasserstein dis-
tances [11, 18], which fails for the convex/non-concave mobilities associated with � D 1.

The bosonic case, where � D 1 (and  D 1), is more challenging. Then, equation (FP )
becomes L1-supercritical in dimension d > 2, in which case the large-data long-time ana-
lysis has remained open for quite a while. In fact, a first global-in-time rigorous study of
the L1-supercritical regime has only recently been obtained in [8] for a one-dimensional
analogue, i.e. for (FP ) with � D 1, d D 1, and  > 2, and is based on a Lagrangian
approach and viscosity solution techniques. In the physically most interesting case d D 3
and  D 1, which will be the main focus of this manuscript, no rigorous long-time ana-
lysis exists when � D 1, except for [33] which shows finite-time blow-up for large data
by a virial-type contradiction argument. In the L1-critical case, in contrast, solutions are
globally regular [6]. For numerical studies on the singularity formation in the supercritical
case, we refer to [9, 32]. The qualitative properties obtained in the present manuscript are
in agreement with the simulations in [9], although our approximation scheme is different
and not restricted to the isotropic case. Let us mention that the uniqueness and stability
properties of the present scheme in the isotropic setting may also be of interest numeric-
ally.

In this paper we perform a rigorous global-in-time existence and qualitative analysis
of (FP ) with � D 1 in the L1-supercritical regime in higher dimensions d � 1, our main
interest being the bosonic three-dimensional Kaniadakis–Quarati model (� D 1 and d D 3,
 D 1); thus, hereafter � D 1. Preservation of the variational structure beyond finite-time
blow-up being a primary concern, we build our analysis on a suitably chosen approxim-
ation scheme that respects the basic mass conservation and structural properties of the
continuity equation (1.1). To begin with, we note that the stationary mass-constrained
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minimisation problem for H is well understood. The minimisers of H for a given mass
have been characterised in [3] and are in fact explicit:

Theorem ([3, Theorem 3.1]). For every m 2 .0;1/ the functional H has a unique min-
imiser �min D �

.m/
min on the manifold ¹� 2MC.Rd /W

R
d� D mº.1

This minimiser takes the form

�min D

8̂̂<̂
:̂
f1;�Ld if m � mc , where � 2 R�0 obeysR

Rd f1;� .v/ dv D m;

fcL
d C .m �mc/ı0 if m > mc :

(1.2)

Here
f1;� .v/ D .ˆ

0/�1.�1
2
jvj2��/ D .e.

jvj2

2 C�/ � 1/
� 1 ; � 2 R�0; (1.3)

and we abbreviated fc WD f1;0 as well as mc WD
R

Rd fc.v/ dv 2 .0;1�.

For general  � 1, theL1-supercritical regime as determined by a dimensional analysis
is given by d � 2


> 0. Observe that this is exactly the regime where the critical mass

mc appearing in the above theorem is finite and where minimisers with singular parts
concentrated at velocity zero emerge. Such singular components are termed Bose–Einstein
condensates in the physics literature (at least when  D 1).

Let us now put the analysis of the present work into context with existing literature
and discuss the main new difficulties. Naturally, several aspects of our approach have
their roots in the work [8]. This is particularly true for the fact that our fundamental
a priori bound consists in a space-uniform temporal Lipschitz estimate (of an integral
quantity) that is propagated in time. Both in [8] and in the present paper, such estimates
are derived by means of suitable comparison principles. However, the approach in [8]
relies on a Lagrangian reformulation of the problem in terms of the pseudo-inverse cumu-
lative distribution function giving access to the powerful instrument of viscosity solution
theory [15]. While in higher dimensions such a reformulation is, in principle, still pos-
sible [9, 12, 19], the structural properties of the resulting problem greatly deteriorate.
Indeed, in higher space dimensions, Lagrangian coordinates are vectorial and the corres-
ponding reformulation leads to a quasilinear degenerate second-order system of equations
(cf. [9, Section 2.1.3]). In such situations, classical comparison techniques are rarely avail-
able. Even in the isotropic case, where a one-dimensional scalar problem can be obtained
for the inverse of a rescaled radial cumulative distribution function [9, Section 2.1.2], the
comparison technique in [8] does not directly generalise to higher dimensions, since for
d > 1 the second-order differential operator in the new variables has an explicit depend-
ence on the unknown (see the comments following (7.3) in [23]).

The new challenges we encounter in higher dimensions are thus mainly of a technical
nature. In particular, the derivation of the universal space profile at ¹v D 0º for unbounded

1We define H .�/ WD 1 if
R

Rd jvj
2 d� D1.
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densities in Section 3 (applying to isotropic flows) is significantly more delicate than in
the one-dimensional case and requires several intermediate steps. Determining the profile
at the first blow-up time is still quite feasible and, as in the one-dimensional case, amounts
to solving an ordinary differential equation – to be combined, in higher dimensions, with a
bootstrap argument. However, in (FP ) solutions may regularise after a first blow-up, and
such successions of “blow-ups” and “blow-downs” could in principle be highly oscillatory.
Thus, for a global-in-time analysis a particular challenge lies in gaining information at
general points in time. We should emphasise that the space profile, while of interest in
its own right, encodes a certain time-uniform continuity-at-infinity property that appears
to be vital for proving relaxation to the minimiser �min in the long-time limit. (Observe
that when only looking at equation (FP ) from a PDE point of view, other stationary
“solutions” consisting of a smooth steady state f1;� for some � > 0, plus a suitably
weighted non-trivial Dirac measure at zero, are conceivable, though unphysical.) Let us
finally point out that, in contrast to [8] where the mass of the condensate component (i.e. of
the singular part of the measure solution, which turns out to be supported in ¹v D 0º) has
only been shown to be a continuous function of time, the present approach allows us to
infer Lipschitz continuity in the isotropic case and thus refines [8] (cf. [23]). Some of the
basic ideas of this manuscript have been sketched for the one-dimensional model in the
author’s PhD thesis [23, Chapter 5]. As indicated in [23, Section 5.3], when d D 1, the
solutions to be constructed below coincide with those obtained from the viscosity solution
approach in [8].

1.1. Main results

In the subsequent analysis, unless specified otherwise, we assume the following general
hypotheses:

(H1) L1-supercriticality: d
2
> 1, where  2 Œ1;1/, d 2 NC are fixed parameters.

(H2) Initial data:

• fin � 0 a.e. in Rd .

• Either fin 2 .L
1
d
\ L1

2dC1
/.Rd / and fin is isotropic, or fin 2 .L

1
`
\

L1
`CdC1

/.Rd / for some ` > 3d C 1 is (possibly) anisotropic.

The spaces Lp
`
.Rd / in (H2) are weighted Lp spaces with norm kf kLp

`
WD k.1 C

j � j`/f kLp.Rd /; see Section 1.3.
For the asymptotic analysis leading to Theorem 1.2 and all subsequent main results, we

further impose the hypothesis 2

C 2� d > 0 (cf. (1.5)), which covers the most interesting

case  D 1, d D 3. For more details on this restriction, we refer to Remark 1.3.
Our results for the nonlinear Fokker–Planck equations (FP ) rely on a careful analysis

of the proposed approximation scheme, which is devised in such a way as to preserve
the Fokker–Planck-type gradient-flow structure (1.1). Approximation schemes for con-
tinuation beyond blow-up have been employed in the literature for various other PDE



Singularities in L1-supercritical Fokker–Planck equations: A qualitative analysis 5

problems. Closest to the present situation are perhaps the constructions in [30, 34] for the
two-dimensional Patlak–Keller–Segel model.

Approximation scheme. Pick an even function �2C 0;1.R/\C1.R n ¹0º/ that satisfies
�.s/D �.�s/ for all s 2R, �.s/D s for s 2 Œ0;1�, �0.s/D 0 for s � 2, and which is further
such that .0;1/ 3 s 7! �.s/

s
is non-increasing. For " 2 .0; 1� we let �".s/ WD "��."s/ and

h".s/ WD s.1C �".s//

DW s C #".s/; where #".s/ WD s�".s/: (1.4)

Note that the choice of � implies that h".s/� h"0.s/� h.s/ for all s � 0 and 0< "0 � "� 1.
We then consider the associated Cauchy problem

@tf" D r � .rf" C vh".f"//; t > 0; v 2 Rd ;

f".0; v/ D fin.v/ � 0; v 2 Rd :
(FP:reg)

For details on the variational structure of (FP:reg) we refer to Section 4. The global exist-
ence of non-negative mild solutions of (FP:reg) for suitably regular data can be deduced
using the linear growth of h" at infinity in conjunction with the fact that Fokker–Planck
equations like (FP:reg) (and (FP )) propagate moments of order higher than 2 (cf. Propos-
ition 2.4 below). The relatively strong decay hypotheses in (H2) are primarily needed to
establish estimates that are independent of " (cf. Proposition 2.6). The notation MC.Rd /,
Ld and further conventions used in the following proposition are specified in Section 1.3.

Proposition 1.1 (Limiting measure for (FP )). Suppose (H1), (H2). Then there exists a
non-negative Radon measure � on Œ0;1/ �Rd with the following properties:

(i) Mass-conserving curve: � can be represented as d� D d�t dt for a family of
measures ¹�tºt�0 �MC.Rd / with the property that t 7! �t is a weakly-� con-
tinuous curve in MC.Rd / that satisfies �t .Rd /D kfinkL1 DWm for all t � 0 and
admits a decomposition according to (ii).

(ii) Decomposition: There exists a measurable function aW Œ0;1/! Œ0;m� and a non-
negative function f 2 L1loc.Œ0;1/ � Rd / \ C 1;2..0;1/ � U/, U WD Rd n ¹0º,
such that for all t � 0

�t D a.t/ı0 C f .t; �/L
d ;

where ı0 denotes the Dirac measure concentrated at the origin.
The function f is a classical solution of (FP ) in .0;1/ � U . Moreover,

f is strictly positive in .0;1/ � Rd if kfinkL1 > 0 in the sense that for all
K �� .0;1/ �Rd there exists c.K/ > 0 such that fjK � c.K/ a.e. in K.

(iii) Approximation property: Denote by f" 2 C.Œ0;1/I .L11 \L
1
3/.R

d // the unique
mild solution2 of (FP:reg) (cf. Section 2.1) and let �."/ D f"L1Cd

C , where L1Cd
C

denotes the .1Cd/-dimensional Lebesgue measure on Œ0;1/ �Rd .

2The approximate solutions f" enjoy further regularity properties, which will be needed in the analysis;
see Section 2 for details.
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Then, along a subsequence " # 0,

�."/
�
* � in MC.Œ0; T � �Rd / for all T <1;

f" ! f in C 1;2loc ..0;1/ � U/;

where U WD Rd n ¹0º.

(iv) Unique limit: If fin is isotropic, the convergence in (iii) is true along any sequence
" # 0.

(v) Lipschitz continuity of point mass: If fin is isotropic,3 the map t 7! �t .¹0º/ is
Lipschitz continuous.

See Section 2.3 for the proof of Proposition 1.1. Later on we show for the isotropic
case that the limiting measure � satisfies (FP ) in the sense of renormalised solutions.
One of the technical difficulties of problem (FP ) is related to the fact that the function
t 7! �t .¹0º/ in general fails to be monotonic (cf. Section 5.2).

Proposition 1.1 (ii) implies that supp�sing
t � ¹v D 0º. Hence, recalling the sublinearity

of ˆ.s/ as s !1, we infer that for every t � 0,

H .�t / D H .f .t//:

Since all relevant measures in this work will have singular parts supported at the origin,
we (continue to) denote by the symbol H both the functional acting on densities and the
extended functional acting on non-negative finite measures.

The following result provides a sharp characterisation of the space profile near the
origin of isotropic solutions and, moreover, it is a key ingredient for uniquely identifying
the long-time asymptotic limit. It will be established in Section 3.

Theorem 1.2 (Universal space profile). In addition to (H1), (H2) suppose that

2


C 2 � d > 0: (1.5)

Further assume that the initial value fin is isotropic and let g.t; jvj/ WD f .t; v/, where f
denotes the density of the regular part of the limiting measure obtained in Proposition 1.1.
There exists r� 2 .0; 1� and a bounded function A 2 Cb..0;1/� .0; 1// such that for each
Ot > 0 either g.Ot ; �/ 2 L1.0; 1/ and there exists a neighbourhood JOt � .0;1/ of Ot such
that fjJOt�B1 is smooth or

g.Ot ; r/ D gc.r/C A.Ot ; r/r
2�d for r 2 .0; r�/; (1.6)

where gc.jvj/ WD fc.v/ D f1;0.v/ (cf. (1.3)), i.e. gc.r/ D .ˆ0/�1.�12r
2/.

3In the anisotropic case, we will see in Section 3 that t 7! �t .¹0º/ is at least continuous; see Corol-
lary 3.4.
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The radius r� > 0 and the function A 2 Cb..0;1/�.0; 1// can be chosen in such a
way that

g.Ot ; r/ � gc.r/C A.Ot ; r/r
2�d for all r 2 .0; r�/ and all Ot 2 .0;1/: (1.7)

For all Ot > 0 satisfying �Ot .¹0º/ > 0, the second option, i.e. (1.6), must hold true.

See Section 3.3 for the proof of Theorem 1.2. The main challenge is to show the
lower bound g.Ot ; r/ � gc.r/C A.Ot ; r/r2�d , r 2 .0; r�/, encoded in (1.6). For its proof
we combine different techniques: based on the global temporal Lipschitz continuity of
the partial mass function, we first establish a partial result on the “stability from below”
of the unbounded steady state fc by employing a bootstrap argument that bears some
elements of classical intersection comparison [21, 22]. This step strongly relies on the
radial symmetry assumption. It allows us to infer (1.6) at times Ot where �Ot .¹0º/ > 0, for
instance. The full characterisation in Theorem 1.2 is only achieved upon a combination
with specially tailored semi-group estimates for mild solutions along with a contradiction-
type argument. We refer to Remark 3.2 for more details. The upper bound (1.7) also holds
in the anisotropic case (see Remark 1.8 and Corollary 3.4).

We further note that gc.r/ D . 2

/
1
 r
� 2 C O.r

� 2C2/ for 0 < r � 1, so that the
remainder O.r2�d / in (1.6) is indeed of lower order under condition (1.5). Moreover,
in the expansion for g one can replace the limiting steady state gc.r/ by the power law
. 2

/
1
 r�

2
 since d > 2


.

Remark 1.3 (The regime (1.5)). In the present work, we focus on the range 2

C 2� d > 0

as it covers the most interesting case of the three-dimensional Kaniadakis–Quarati model
for bosons ( D 1, d D 3). If 2


C 2 � d < 0, the flux into the origin associated with

the nonlinear drift term div.vh.fc// induced by the unbounded steady state fc vanishes
in the sense that limr#0

R
@Br .0/

h.fc/v�� dHd�1 D 0. Here, Hd�1 denotes the .d�1/-
dimensional Hausdorff measure and � the outer unit normal to @Br .0/, so that v�� D r for
v 2 @Br .0/. Heuristically, this suggests that an upper bound of order fc on the space profile
of the density f .t; �/ near zero (as asserted in Theorem 1.2 for regime (1.5)) might not be
compatible with the formation of a point mass at the origin in the case 2


C 2 � d < 0. In

view of Theorem 1.7, asserting in particular the formation of a Dirac mass in finite time
for mass-supercritical data, we conjecture that some new phenomena may be encountered
when (1.5) is violated.

Owing to the strong nonlinearity in the drift, one cannot expect the limiting dens-
ity f to be a distributional solution of (FP ) in .0;1/ � Rd . Our analysis leading to
Theorem 1.2 allows us to show that the limiting measure satisfies (FP ) in the sense of
renormalised solutions.

Definition 1.4 (Renormalised solution of (FP )). Let � be a non-negative Radon measure
on Œ0;1/ � Rd and denote by � D �reg C �sing D f .t; v/L1Cd

C C �sing its Lebesgue
decomposition into regular part �reg with density f 2 L1loc.Œ0;1/ � Rd / and singular
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part �sing. We call � a renormalised solution of (FP ) in .0;1/ �Rd with initial data fin

if d� D d�t dt for some weakly-� continuous curve Œ0;1/ 3 t 7! �t in MC.Rd / with
preserved mass

R
d�t � kfinkL1.Rd /, if Tk.f / WDmin¹f;kº 2 L2loc.Œ0;1/IH

1
loc.R

d // for
every k > 0, and if for all � 2 C1.Œ0;1// with compactly supported derivative � 0, for
a.a. T 2 .0;1/ and all  2 C1c .Œ0; T � �Rd /,Z

Rd

�.f .T; �// .T; �/ dv �
Z

Rd

�.fin/ .0; �/ dv �
Z T

0

Z
Rd

�.f /@t dv dt

D �

Z T

0

Z
Rd

.rf C h.f /v/ � r.� 0.f / / dv dt: (1.8)

As usual, the gradients of f on the RHS of (1.8) are to be understood as rTk.f / for
k D k.�/ large enough such that � 0.s/ D 0 for s � k (cf. [4, 16]).

Let us emphasise that the above definition of renormalised solutions should be seen
as preliminary. For a “better” and more complete paradigm, the solution concept may
have to be complemented by suitable energy or entropy conditions as it is classical for
conservation laws and nonlinear elliptic/parabolic equations, see [4, 5, 7, 27], where they
are crucial for uniqueness. A general analysis of the question of uniqueness for (FP ) is,
however, beyond the scope of the present manuscript and will be left for future research.

Theorem 1.5 (The limit � is a renormalised solution). Assume the hypotheses of The-
orem 1.2. Then the limiting measure � constructed in Proposition 1.1 satisfies (FP ) in the
renormalised sense as specified in Definition 1.4.

The proof of this theorem is given in Section 4.2 and makes use, among other results,
of a local and truncated version of the energy dissipation estimate. The following energy
dissipation identity is crucial for deducing the long-time asymptotic behaviour.

Proposition 1.6 (Energy dissipation (in)equality). Assume (H1), (H2) and use the nota-
tion of Proposition 1.1. Then for all t > 0,

H .f .t// �H .fin/ � �

Z t

0

Z
Rd

1

h.f /
jrf C h.f /vj2 dv d�: (1.9)

When supposing in addition the hypotheses of Theorem 1.2, the stronger balance law
holds true: for all t � s � 0,

H .f .t// �H .f .s// D �

Z t

s

Z
Rd

1

h.f /
jrf C h.f /vj2 dv d�: (1.10)

See Section 4.3 for the proof of Proposition 1.6.
The long-time behaviour and further transient dynamical properties can be seen as

corollaries of the above results (cf. Section 5 for details). Let us here only highlight the
long-time asymptotics.

Theorem 1.7 (Convergence to minimiser). Assume the hypotheses of Theorem 1.2 and
denote bymD

R
fin > 0 the total mass of the initial data. Further let �min WD �

.m/
min denote
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the unique minimising measure of H for the given mass m (cf. equation (1.2)). Then, as
t !1, H .�t /! H .�min/ and, moreover,

�t
�
* �min in MC.R

d / and �t .¹0º/! �min.¹0º/;

f .t/! fmin in C 2loc.R
d
n ¹0º/;

f .t/! fmin in Lp.Rd / for any p 2
�
1; d

2

�
;

where fmin denotes the density of the regular part of �min with respect to the Lebesgue
measure.

The proof of this result will be completed in Section 5.1.

Remark 1.8 (Anisotropic case). While the main conclusions in Theorems 1.2, 1.5,
and 1.7 are restricted to the isotropic setting, several of the intermediate results derived
in this paper are proved for anisotropic data. Below, we summarise the most relevant res-
ults obtained for anisotropic data satisfying (H1), (H2), where for simplicity we restrict to
regime (1.5).

(a) Limiting measure & upper bound for density: Convergence of a sequence of
approximate solutions to a mass-conserving curve t 7! �t D a.t/ı0 C f .t; �/L

d

as detailed in Proposition 1.1 (i)–(iii). The density f .t; �/ satisfies the pointwise
bound

0 � f .t; v/ �
�
2


� 1
 jvj

� 2 min
®
1C C1jvj

2
C2�d ; C2jvj

�.d� 2 /
¯

for all t > 0, v 2 Rd , and the point mass at the origin t 7! �t .¹0º/ is continuous;
see Corollaries 3.4 and 2.9.

(b) Energy dissipation inequality: The density f obeys inequality (1.9) for all t > 0.

(c) Finite-time condensation and relaxation to free energy minimiser for certain data:
If fin is bounded below by an admissible isotropic density of supercritical mass,
the limiting measure obtained in (a) exhibits a Dirac mass at the origin after a
finite time and converges, in the long-time limit, to the (singular) minimiser of
the free energy with the same mass.

The crucial compactness property leading to the convergence result in (a) is obtained by
pointwise comparison at the level of the approximate densities with an isotropic envelope.
It is at this point that the stronger decay hypothesis on the data imposed in the anisotropic
case (cf. (H2)) enters, since for this argument the initial data fin need to lie below an
admissible isotropic envelope Ofin, i.e. fin � Ofin. The assertion in (c) follows from sim-
ilar comparison arguments combined with the time-asymptotic results obtained in the
isotropic case. Finally, key to the energy dissipation inequality (b) are the Fokker–Planck-
type variational structure of the regularised problem, lower semi-continuity properties of
the convex free energy, and the strong convergence properties away from the origin in
Proposition 1.1 (iii). This paper leaves open the question of whether the limiting meas-
ure obtained in (a) relaxes to the minimiser of the free energy with the same mass for all
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admissible anisotropic data. While the energy dissipation inequality allows us to conclude
convergence of the density f along a sequence of times tk !1 to f1;� for some � � 0,
our estimates do not allow us to rule out the case of the parameter � being larger than that
of �min for a given mass, i.e. the case of a simultaneous presence of a smooth density and
a Dirac mass at zero. The main problem is the lack of sufficiently strong lower bounds
for anisotropic densities in the presence of singularities and concentrations. Such bounds
might possibly be obtained by suitably controlling the change of mass in small neighbour-
hoods of the origin. In the isotropic case, the crucial estimate is (2.18). It follows from the
comparison principle structure of the equation for the partial mass function (2.13).

1.2. Outline

The remaining part of this paper is structured as follows. In Section 2 we establish global
existence for the approximate problem (FP:reg) as well as uniform estimates, which allow
us to pass to the limit "! 0 in Section 2.3. An important ingredient is the uniform bound
in Proposition 2.6, which is obtained using a comparison technique. Section 3 lies at the
heart of our analysis. Its main purpose is to establish the universal profile asserted in
Theorem 1.2 (see Section 3.3). In Section 4 we introduce entropy tools and use the results
from Section 3 to show, for the isotropic case, the renormalised solution property of (FP )
as well as the energy dissipation identity. Section 5 concludes with a characterisation of
the long-time asymptotics and some additional remarks.

1.3. Notation

Unless specified otherwise, we adopt the following notation:

• L
p

`
.Rd / for p 2 Œ1;1�, ` � 0: Weighted Lp-space with norm kf kLp

`
WD k.1 C

j � j`/f kLp.Rd /, where j � j denotes the function v 7! jvj. The spaces Lp
`
.Rd / are

Banach spaces.

• C 1;2..0;1/ � Rd /: Space of continuously differentiable functions f D f .t; v/ that
are twice continuously differentiable with respect to v 2 Rd .

• MC.G/: Set of non-negative finite (Radon) measures on a given Borel set G � RN ,
N 2 N. Usually, G D Rd or G D I �Rd for an interval I � Œ0;1/.

• �n
�
* � in MC.G/ for �n; � 2 MC.G/ stands for the convergence

R
G
' d�n !R

G
' d� for all ' 2 Cb.G/. This mode of convergence will be referred to as weak-�

convergence of measures. It is induced by a distance on MC.G/ [2, Section 5.1], [26].

• We write d� D d�t dt for non-negative Radon measures � on Œ0;1/ � Rd and
�t on Rd , t � 0, with �t .Rd / � const: 2 RC if for every ' 2 Cc.Œ0;1/ � Rd /
the function t 7!

R
Rd '.t; v/ d�t .v/ is Lebesgue measurable and

R
Œ0;1/�Rd ' d� DR

Œ0;1/

R
Rd '.t; v/ d�t .v/ dt .

• �reg, �sing: Regular and singular part of � 2 MC.G/ with respect to the Lebesgue
measure on G � RN .
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• Ld : d -dimensional Lebesgue measure.

• L1Cd
C : .1Cd/-dimensional Lebesgue measure on Œ0;1/ �Rd .

• A . B for non-negative quantities A, B stands for A � CB for a fixed constant C 2
.0;1/. The relation A & B is defined as B . A.

• sC WD max¹s; 0º for s 2 R.

• Br WD Br .0/ WD ¹v 2 Rd W jvj < rº.

• gc.r/D fc.v/ for r D jvj, where fc D f1;0 as defined in (1.3). Equivalently, gc.r/D
.ˆ0/�1.�1

2
r2/.

2. Approximation scheme

As pointed out in the introduction, local-in-time classical solutions of (FP ) emanating
from initial data that are large in a suitable sense, may cease to exist in L1.Rd / after a
finite time. The main purpose of this section is to establish global existence for the approx-
imation scheme (FP:reg) in spaces of suitable regularity, as well as certain compactness
and convergence properties for the corresponding approximate solutions. In the isotropic
case, our scheme obeys a monotonicity property and, as a consequence, gives rise to a
unique limiting measure. Note that this feature may also be of interest from a numerics
point of view. A key ingredient in the analysis is a uniform temporal Lipschitz bound for
the partial mass function of isotropic solutions (see Proposition 2.6).

2.1. Mild solutions

The local-in-time well-posedness of equations (FP ) and (FP:reg) in suitably weighted
spaces can conveniently be obtained in the framework of mild solutions using the Duhamel
integral formulation of (FP ), resp. of (FP:reg), given by

f .t; v/ D

Z
Rd

F .t; v; w/fin.w/ dw

C

Z t

0

Z
Rd

F .t�s; v; w/
�
divw.wjf jf /

�
j.s;w/ dw ds; (2.1)

f".t; v/ D

Z
Rd

F .t; v; w/fin.w/ dw

C

Z t

0

Z
Rd

F .t�s; v; w/
�
divw.w#".f"//

�
j.s;w/ dw ds; (2.2)

where F DF .t;v;w/ denotes the fundamental solution of the linear Fokker–Planck equa-
tion @t f D r � .rfC vf/, i.e. (cf. [14])

F .t; v; w/ D edtG�.t/.etv � w/

with
�.t/ D e2t � 1; G�.�/ D .2��/

� d2 e�
j�j2

2� :
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In this subsection we collect several auxiliary results for mild solutions, many of which
can be obtained as in [10]. The reasoning is therefore kept brief.

Using integration by parts, equation (2.1) can formally be rewritten as

f .t; v/ D

Z
Rd

F .t; v; w/fin.w/ dw

C

Z t

0

e�.t�s/
Z

Rd

rvF .t�s; v; w/ � wjf j
f j.s;w/ dw ds: (2.3)

Analogously, we may rewrite equation (2.2). To estimate the integrals appearing on the
RHS of (2.3) we use the semi-group estimates in [10, Appendix A]. By [10, Proposi-
tion A.1] the linear operator

FŒf �.t; v/ WD

Z
Rd

F .t; v; w/f .w/ dw

enjoys the following smoothing estimates for all t 2 .0; T � and T <1:

kr
k
vFŒf �.t/kLq

`
� CT �.t/

� d2 .
1
p�

1
q /�

k
2 kf kLp

`
(2.4)

for any 1� p � q �1, `� 0, and k 2N0, where the constant CT D CT .d; q; k/ is given
by CT D C exp.. d

q0
C k/T / with 1

q0
C

1
q
D 1 and C <1 a universal constant. For the

definition of k � kLp
`

we refer to Section 1.3.
In the rest of this section, C denotes a constant that may depend on fixed parameters,

but not on time. Constants that additionally depend on the (final) time T <1 are denoted
by CT . Any such constants may change from line to line.

We begin with a uniqueness result.

Lemma 2.1 (Uniqueness of mild solutions for (FP ) and (FP:reg)). Let p > d . There
exists at most one mild solution f 2 C.Œ0; T �I .L1 \ Lp1 /.R

d // of equation (FP ). An
analogous result holds for equation (FP:reg).

Proof. Let f; Qf 2 C.Œ0; T �I .L1 \ Lp1 /.R
d // both satisfy equation (2.3) for t 2 Œ0; T �.

Note that since p > d , we have ˛ WD 1
2
C

d
2
1
p
2 Œ0; 1/. We may thus estimate for t 2 Œ0;T �,

using bound (2.4) and recalling that �.t/ D e2t � 1,

kf .t/ � Qf .t/kL1

� CT

Z t

0

�.t�s/�˛kw.jf jf .s; w/ � j Qf j Qf .s; w//kLp ds

� CT k jf j C j Qf j k


C.Œ0;T �IL
p
1\L

1/

Z t

0

.t�s/�˛kf .s/ � Qf .s/kL1 ds;

where we used the fact that �.t/ � 2t . Invoking the singular Grönwall inequality (see
e.g. [1, Theorem 3.3.1]), we infer that f .t/ D Qf .t/ for all t 2 .0; T �, which shows the
asserted uniqueness.
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We now seek to construct solutions taking values in the Banach space

X`;n D .L
1
` \ L

1
n/.R

d /

for sufficiently large `;n2 Œ1;1/. Global-in-time existence of non-negative mild solutions
to (FP:reg) will be obtained under the additional hypothesis that nD n.`;d/ be sufficiently
large; cf. (2.8). The reason for this condition is that our approach to control the L1

`
-

norm of a local solution relies on an a priori control in L1n for n D n.`; d/ large enough;
see the proof of Proposition 2.4. The uniform L1n-control of non-negative solutions, see
Lemma 2.3, is a consequence of the Fokker–Planck structure, which naturally ensures the
propagation of higher moment bounds.

The canonical norm on X WD X`;n will often be abbreviated by k � kX , i.e. we let
kf kX WD kf kX`;n WD max¹kf kL1

`
; kf kL1nº.

Lemma 2.2 (Local existence for (FP ), (FP:reg) in X and basic properties). Let
`;n� 1. For anyL 2 .0;1/ there exists T D T .L/ > 0 such that for every fin 2X`;n with
kfinkX`;n � L there exists a unique mild solution f 2 C.Œ0; T �IX`;n/ of equation (FP ).

On any time interval Œ0; T �/, where the local-in-time mild solution exists, one has the
extra regularity t 7! �.t/

1
2 jrf .t/j 2 Cb..0; T /IX`;1/ for every T 2 .0; T �/.

Furthermore, if fin � 0, the following additional properties hold true:

(i) Positivity: f � 0 in .0; T �/ �Rd .

(ii) Smoothness: f 2 C 1;2..0; T �/ �Rd / and (FP ) holds in the classical sense.

(iii) Mass conservation: kf .t/kL1 D kfinkL1 for all t 2 .0; T �/.

(iv) Preservation of radial symmetry: If fin is isotropic, so is f .t/ for all t 2 .0;T �/.

Given non-negative initial data f .i/in 2 X`;n, i D 1; 2, denote by f .i/; i D 1; 2, the mild
solution emanating from f .i/in and let Œ0;T �/ be a common time interval of existence. Then
the following properties also hold true:

(v) L1-contractivity: kf .1/.t/� f .2/.t/kL1 � kf
.1/

in � f
.2/

in kL1 for all t 2 .0; T �/.

(vi) Comparison: If f .1/in � f
.2/

in , then f .1/ � f .2/ in .0; T �/ �Rd .

Completely analogous statements hold for the regularised problem (FP:reg).

Proof. The proof is similar to that of [10, Theorem 2.5]. Abbreviate X WD X`;n. To prove
the existence of a mild solution f 2 C.Œ0; T �IX/ of (FP ) we show that the operator

T Œf �.t/ WD FŒfin�.t/C

Z t

0

e�.t�s/
Z

Rd

rvF .t�s; v; w/ � wjf j
f j.s;w/ dw ds

defines a contraction mapping on a closed ball in C.Œ0;T �IX/ provided T D T .kfinkX / >

0 is small enough. For this purpose, we rely on (2.4) and estimate

kT Œf �.t/kL1n � CT kfinkL1n C CT

Z t

0

�.t � s/�
1
2 k j � j jf .s/jC1kL1n ds;
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where j � j jf .s/jC1 denotes the function w 7! jwj jf .s; w/jC1. We next observe that

k j � j jf jC1kL1n.Rd / �

Z
Rd

.1C jwjn/.1C jwj/jf .w/jC1 dw

�

Z
Rd

.1C jwjn/jf .w/j dw k.1C j � j/jf jkL1

� kf kL1nkf k


L11
;

where the last step uses the fact that  � 1.
Next, we estimate, for p WD d C 1,

kT Œf �.t/kL1
`
� CT kfinkL1

`
C CT

Z t

0

�.t � s/
� 12�

d
2p k j � j jf .s/jC1kLp

`
ds

and

k j � j jf jC1k
p

L
p
`
.Rd /
�

Z
Rd

.1C jwj`/p.1C jwjp/jf .w/j.C1/p dw

� C

Z
Rd

.1C jwj.`C1/p/.1C jwj`Œ.C1/p�1�/�1jf j dw

� k.1C j � j`/f k
.C1/p�1
L1

� Ckf kL1nkf k
.C1/p�1

L1
`

;

where the last step uses the fact that

.`C 1/p� `Œ. C 1/p� 1�D `pCp� `p� `pC `D `C d C 1� `.d C 1/ � 1� n;

which follows from the choice p D d C 1, ` � 1, and  � 1.
In combination, this shows that the mapping T obeys an estimate of the form

kT Œf �.t/kX � CT kfinkX C CT �.T /kf k
C1

C.Œ0;T �IX/
; t 2 Œ0; T �;

for some function � 2 C.Œ0;1// that satisfies �.0/ D 0.
Using the above estimates and analogous bounds for the difference T Œf � � T Œ Qf �,

one may now follow [10] to show the contraction mapping property of T and deduce the
existence of a fixed point f 2 C.Œ0; T �IX/ for small enough T as asserted in Lemma 2.2.
By construction, this fixed point is a mild solution of (FP ). The extra regularity
t 7! �.t/

1
2 jrf .t/j 2 Cb..0; T /I .L

1
`
\ L11/.R

d // follows from similar arguments (see
[10, Section 2.2]) combined with the uniqueness of mild solutions in C.Œ0; T �I .L1 \
L
p
1 /.R

d // for p > d shown in Lemma 2.1. (Of course, the contraction mapping property,
whose proof we have not presented in full detail, also provides uniqueness.)

Properties (i)–(vi) can be deduced from classical arguments as in [10, Sections 2.3
and 2.4] (see also [28, 31]).

The analogous results for the regularised problem (FP:reg) are obtained along the same
lines using in particular the bound 0 � �".f / � jf j , where �" is defined in the line
above (1.4).
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Lemma 2.3 (Uniform moment bound). Assume that ` � 1, n � 2, and let fin 2 X`;n
be non-negative. Denote by f" 2 C.Œ0; T �/IX`;n/ the non-negative (local-in-time) mild
solution of (FP:reg) as obtained in Lemma 2.2. Then, for all t 2 Œ0; T �/,Z

Rd

f".t; v/.1C jvj
n/ dv � C.n; d/kfinkL1n : (2.5)

We emphasise that the constant C.n; d/ <1 in the above lemma is independent of "
and T �. Moreover, the bound (2.5) equally holds for the local mild solution of (FP ).

Proof of Lemma 2.3. Let us first provide the formal argument leading to the above estim-
ate. We abbreviate f WD f" and define for k 2 Œ0;1/,

Ek.t/ D

Z
Rd

jvjkf .t; v/ dv:

Then, by Lemma 2.2, E0.t/ � kfinkL1.Rd / DW B0. Clearly, B0 � kfinkL1n .
We now argue inductively and assume that supt2Œ0;T �/ Ek�2.t/ � Bk�2 for some

k 2 Œ2; n� and a positive constant Bk�2 obeying the bound Bk�2 � CkfinkL1n with C D
C.n; d/. Formally, we may then compute

1

k

d
dt
Ek.t/ D �

Z
Rd

jvjk�2v � .rf C vh".f // dv

D

Z
Rd

div.jvjk�2v/f dv �
Z

Rd

jvjkh".f / dv

� .k � 2C d/

Z
Rd

jvjk�2f dv �
Z

Rd

jvjkf dv

D .k � 2C d/Ek�2.t/ �Ek.t/; (2.6)

which implies that

Ek.t/ � max
®
Ek.0/; .k � 2C d/Bk�2

¯
DW Bk ; t 2 Œ0; T �/: (2.7)

Since k � n, the new upper bound Bk again satisfies the estimate Bk � CkfinkL1n for
some possibly larger constant C D C.n; d/.

We now let k D 2 in the above step to find that supt E2.t/ � max¹E2.0/; dB0º D B2.
By interpolation we infer thatEk.t/�B

k
2
2 B

2�k
2

0 DWBk for all k 2 .0;2/ and all t 2 Œ0;T �/.
Observe that Bk � CkfinkL1n for all k 2 .0; 2/. We may now complete the induction
argument: starting with k � 2 D n � 2bn=2c (which lies in Œ0; 2/) and iterating the above
induction step bn=2c times, we arrive at the bound supt En.t/ � C.n; d/kfinkL1n .

Finally, let us note that the computation (2.6) can be made rigorous by introducing
a smooth, compactly supported cut-off function 'R, R � 1, with 'R.v/ D '.R�1v/ for
some ' 2 C1c .R

d / satisfying 0 � ' � 1 and ' � 1 on ¹jvj � 1º. The time derivative of
t 7! 1

k

R
jvjkf .t; v/'R.v/ dv then satisfies an inequality which leads to (2.6)–(2.7) in the

limit R!1.
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Global existence for (FP:reg) in X`;n will be obtained under the decay conditions

` � 1;

n � `C d C 1:
(2.8)

Proposition 2.4 (Global existence for (FP:reg)). Let " 2 .0; 1�. Let `, n satisfy (2.8), and
suppose that fin 2X`;n is non-negative. There exists a unique global-in-time mild solution
f" 2 C.Œ0;1/IX`;n/ of the Cauchy problem (FP:reg).

Note that, as a consequence of Lemma 2.2, the function f" in the above proposition
enjoys additional properties (i)–(iv). In particular, it is a classical solution of (FP:reg) in
.0;1/ �Rd .

Proof of Proposition 2.4. Local-in-time well-posedness of (FP:reg) in X WD X`;n follows
from Lemma 2.2. Thus, for proving global existence it suffices to show that, for " > 0

fixed, kf".t/kX cannot blow up in finite time. For this purpose, let T <1 and suppose
that f" 2 C.Œ0; T /IX/ is a mild solution of (FP:reg) on the interval Œ0; T /. Since n � 2,
we may invoke Lemma 2.3 to infer that kf".t/kL1n remains bounded uniformly in time:

sup
t2Œ0;T /

kf".t/kL1n � CkfinkL1n <1: (2.9)

Next, we let p WD d C 1 and estimate for t 2 Œ0; T /,

kf".t/kL1
`
� CT kfinkL1

`
C CT

Z t

0

�.t � s/
� 12�

d
2p kf"�".f"/kLp

`C1
ds; (2.10)

where we used the fact that k j � j Qf .�/kLp
`
� 2k Qf kLp

`C1
for Qf 2 Lp

`C1
.Rd /. Since

.`C 1/p � `.p � 1/ D `C d C 1 � n

and hence .1C jwj`C1/p . .1C jwjn/.1C jwj`/p�1, we further have

kf"�".f"/k
p

L
p
`C1

� C."/p
Z

Rd

.1C jwj`C1/pjf"j
p dw

� C."/pkf"kL1nkf"k
p�1

L1
`
:

Hence, using the Young inequality ab � 1
p
ap C p�1

p
b

p
p�1 , we deduce

kf"�".f"/kLp
`C1
� C."/kf"kL1n C C."/kf"kL

1
`
:

Inserting this bound into (2.10), using (2.9), and applying the generalised Grönwall in-
equality [1, Theorem 3.3.1] yields

sup
t2Œ0;T /

kf".t/kL1
`
� CT;".kfinkL1

`
C kfinkL1n/ exp.CT;"/;
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where the constants CT;" depend on ", T , and fixed parameters. This shows that the
unique local-in-time mild solution can be extended beyond the time T , and since T 2
.0;1/was arbitrary, the function f" extends to a unique global-in-time mild solution f" 2
C.Œ0;1/IX/.

For later reference, let us note the following consequence of the above theory.

Corollary 2.5 (Short-time consistency). Assume the hypotheses of Proposition 2.4.
Now let f 2 C.Œ0; T �I X`;n/ be a local-in-time mild solution of (FP ), let 0 < �� <

.kf kC.Œ0;T �IL1//
�1, and " 2 .0; ���. Then, since h".s/D h.s/ for s � "�1, the function f

is also the unique mild solution f D f" 2 C.Œ0; T �IX`;n/ of (FP:reg) in Œ0; T �. In particu-
lar, as long as the mild solution of (FP ) obtained in Lemma 2.2 exists, the scheme ¹f"º"
trivially converges to this solution as " # 0.

2.2. Uniform bounds

2.2.1. Preliminaries. From now on we assume hypothesis (H2), which imposes a some-
what stronger decay condition on the initial data as compared to Proposition 2.4. In
particular, fin 2 X`;`CdC1 with ` D d , resp. ` > 3d C 1, if fin is isotropic, resp. aniso-
tropic. Let us note that the specific regularity conditions in (H2) have been made for
convenience, and we have not attempted to optimise them.

Let f 2 C.Œ0; T �I X`;`CdC1/ denote the local mild solution of (FP ) obtained in
Lemma 2.2. Then, replacing f by the time-shifted solution f .t0 C �/ emanating from
f .t0/ for some small t0 2 .0; T=2/, we may henceforth assume, without loss of general-
ity, the additional regularity f 2 C 1;2.Œ0; T=2� �Rd / with rf 2 C.Œ0; T=2�IL1

d
.Rd //

and, moreover, that f is strictly positive in Œ0; T=2� � Rd (if m > 0, the strict positivity
of f .t0/ follows from [31, Proposition 52.7]).

Thus, from now on we may assume the following stronger version of hypothesis (H2):

(H2) and the local regular solution f of (FP ) with f .0/ D fin

satisfies f 2 C 1;2.Œ0; ��� �Rd /, rf 2 C.Œ0; ���IL1d .R
d //,

f > 0 in Œ0; ��� �Rd for some fixed �� > 0.

9>=>; (H20)

Furthermore, we henceforth denote by f", " 2 .0; ���, the global mild solution of the
regularised equation (FP:reg) as obtained in Proposition 2.4, where �� 2 .0; 1� is chosen
small enough such that

f" � f in Œ0; ��� for all " 2 .0; ���: (2.11)

Such an �� exists by virtue of Corollary 2.5.

2.2.2. Isotropic solutions. In this subsection we assume fin to be isotropic and write
gin.r/D fin.v/, jvj D r . By Proposition 2.4 (iv), the global mild solution f" of (FP:reg) is
isotropic, allowing us to write g".t; r/ WD f".t; v/ for r D jvj � 0. Observe that g" satisfies
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the equation

@tg" D r
�.d�1/@r .r

d�1@rg" C r
dh".g"// in RC �RC;

0 D lim
r!0

.rd�1@rg" C r
dh".g"//;

(2.12)

where the limit in the last line holds locally uniformly in t 2 Œ0;1/.
Our fundamental a priori bound for (FP ) relies on the fact that, in the isotropic case,

equation (FP:reg) can be expressed as an evolution equation for the partial mass function

M".t; r/ WD

Z r

0

g".t; �/�
d�1 d� D c�1d

Z
Br

f".t; v/ dv � c�1d kfinkL1.Rd /; (2.13)

where cd denotes the area of the unit sphere @B1 in Rd . The equation for M" is obtained
by multiplying (2.12) by rd�1 and integrating in r :

@tM" D r
d�1@rg" C r

dh".g"/: (2.14)

Using the relations

@rM" D r
d�1g";

@2rM" D r
d�1@rg" C

.d � 1/

r
@rM";

one arrives at8̂̂̂<̂
ˆ̂:
@tM" D @

2
rM" �

.d � 1/

r
@rM" C r

dh".r
1�d@rM"/; t > 0; r 2 RC;

M".t; 0/ D 0; t > 0;

M".0; r/ DMin.r/; r 2 RC:

(2.15)

We note that, as a consequence of (2.11),

M" �M in Œ0; ��� � Œ0;1/ for all " 2 .0; ���; (2.16)

where M.t; r/ D c�1
d

R
Br
f .t; v/ dv with f 2 C.Œ0; ���IXd;2dC1/ denoting the local-in-

time mild solution of (FP ). Hence, thanks to the regularity established in Lemma 2.2 and
hypothesis (H20) we can ensure that

M 2 C 1;2.Œ0; ��� � Œ0;1// with sup
�2Œ0;���

k@tM.�; �/kL1.Œ0;1// � K <1; (2.17)

where the last estimate follows from (2.14) and the regularity f 2 C.Œ0; ���IL1d .R
d //,

rf 2 C.Œ0; ���IL
1
d
.Rd //.

Proposition 2.6 (Global Lipschitz regularity in time). Suppose that fin is isotropic and
satisfies the hypotheses in (H20). Denote by M" the partial mass function (2.13) of the
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global solution f" of (FP:reg) obtained in Proposition 2.4. In particular, M" is a classical
solution of equation (2.15) satisfying (2.16), (2.17) and is such that f" enjoys the uniform
moment bound (2.5) for n D 2d C 1. Then

sup
"2.0;���

sup
t;r>0

j@tM".t; r/j � K�; (2.18)

where

K� WD max
°
K;
zm

��

±
<1 (2.19)

with K as in (2.17) and zm WD c�1
d
m D c�1

d
kfinkL1.Rd /.

Proof. Let K� be as in (2.19). We will show by contradiction that

sup
"2.0;���

.M".t; r/ �M".s; r// � K�jt � sj

for all t; s; r > 0.
Suppose the last inequality is false for some " > 0. Then there exist t1; s1; r1 > 0 such

that
M".t1; r1/ �M".s1; r1/ �K�jt1 � s1j > 0:

Pick some T �max¹t1; s1º C 1. Without loss of generality we further assume that T > ��
with �� being as in (2.16), (2.17). Then, for ı > 0 small enough, we have

M".t1; r1/ �
ı

T � t1
�

ı

T � s1
�M".s1; r1/ �K�jt1 � s1j > 0

and hence

sup
.t;s;r/2Q

�
M".t; r/ �M".s; r/ �K�jt � sj �

ı

T � t
�

ı

T � s

�
> 0;

where Q D .0; T / � .0; T / � .0;1/.
We assert that the function

P.t; s; r/ WDM".t; r/ �M".s; r/ �K�jt � sj �
ı

T � t
�

ı

T � s

attains its (positive) supremum in the interior of Q. This can be seen as follows: By the
uniform continuity of M" on Œ0; T � � Œ0; 1� and the fact that M".�; 0/ � 0, there exists
r 0 > 0 such that P < 0 in Œ0; T � � Œ0; T � � Œ0; r 0�. Moreover, by (2.16) and (2.17) one
has P < 0 in Œ0; ��� � Œ0; ��� � Œ0;1/. The bound M" � zm further shows that P < 0 in
Œ0; T �� ŒT � �; T �� Œ0;1/ and in ŒT � �; T �� Œ0; T �� Œ0;1/ for some � D �.ı; zm/ > 0.
Next, for all Ns 2 Œ��; T � and r 2 Œ0;1/, we have P.0; Ns; r/ � zm�K��� � 2ı

T
< 0 thanks

to the choice of K�. Likewise, P.Nt ; 0; r/ � �2ı
T

for all Nt 2 Œt�; T � and r 2 Œ0;1/. Hence,
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it remains to rule out the existence of a maximising sequence .tn; sn; rn/ with rn !1.
To this end, we take advantage of the bound (2.5) (for n D 2) to estimate

P.t; s; r/ � c�1d

Z
Rd nBr

f".s; v/ dv �
2ı

T

�
1

cd .1C r/

Z
Rd nBr

f".s; v/.1C jvj/ dv �
2ı

T

�
1

cd .1C r/
kfinkL12.R

d / �
2ı

T
:

Observe that the RHS is negative whenever r � R� for a finite radius R� D R�.kfinkL12
;

T; ı/ large enough. Hence, the same is true for P.t; s; r/.
Thus, the supremum of P must be attained at some interior point p� D .t; s; r/ 2 Q.

At the point p� we have the optimality conditions

@tM".t; r/ �K�
t � s

jt � sj
D

ı

.T � t /2
;

�@sM".s; r/CK�
t � s

jt � sj
D

ı

.T � s/2
;

and hence

@tM".t; r/ � @sM".s; r/ D
ı

.T � t /2
C

ı

.T � s/2
:

Moreover,
@rM".t; r/ D @rM".s; r/

and thus
h".r

1�d@rM".t; r// � h".r
1�d@rM".s; r// D 0: (2.20)

Further note that 0 � @2rP.t; s; r/ D @
2
rM".t; r/ � @

2
rM".s; r/.

In combination with equation (2.15) we deduce at the point .t; s; r/ D p�,

0 D @tM".t; r/ � @sM".s; r/ � .@
2
rM".t; r/ � @

2
rM".s; r//

�
ı

.T � t /2
C

ı

.T � s/2
> 0;

which is a contradiction. This completes the proof of Proposition 2.6.
Let us remark that, thanks to the smoothness of M", estimate (2.18) may alternat-

ively be proved by directly considering the equation satisfied by N" WD @tM", at least
if one assumes a slightly stronger decay hypothesis on fin. Indeed, notice that positive
constants above supN".0; �/ of the problem forN" are supersolutions, while negative con-
stants below infN".0; �/ are subsolutions. And if f" 2 C.Œ0; T �IL1` .R

d // and rf" 2
C.Œ0; T �IL1

`�1
.Rd // for some ` > d , we may use (2.14) to find that N".t; r/ ! 0 as

r !1, uniformly in t 2 Œ0; T �.
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The comparison principle underlying the proof of Proposition 2.6 can further be used
to deduce monotonicity in " of M".t; r/.

Proposition 2.7 (Monotonicity of the scheme). Let the hypotheses of Proposition 2.6
hold. For any 0 < "0 � " � ��,

M"0.t; r/ �M".t; r/; t; r > 0:

Proof. To begin with, we recall that h" � h"0 whenever 0 < "0 � " because of the non-
increase of the function .0;1/ 3 s 7! s��.s/.

The remaining reasoning is similar to the proof of Proposition 2.6. By contradiction,
one assumes that there exist t1; r1 > 0 such thatM".t1; r1/�M"0.t1; r1/ is positive. Next,
one fixes a finite-time horizon T � t1 C 1 and picks ı > 0 small enough such that the
function

zP .t; r/ WDM".t; r/ �M"0.t; r/ �
ı

T � t

has a positive supremum on .0; T / � .0;1/. At an interior maximum point, one uses
elementary calculus as before, where the main difference is that instead of line (2.20), we
have now an inequality

h".r
1�d@rM".t; r// � h"0.r

1�d@rM"0.t; r// � 0:

The conclusion is then obtained by conceptually following the proof of Proposition 2.6.

The bound in Proposition 2.6 combined with the conservation of mass allows us to
infer a uniform pointwise bound of the family ¹f"º" away from the origin. Let us emphas-
ise that, at this stage, we do not aim for optimal blow-up rates as r # 0. Such sharp rates
will be derived in Section 3.

Lemma 2.8 (Bound away from origin: isotropic case). Assume the hypotheses of Propos-
ition 2.6 and let K� be as in (2.19). Then for all " 2 .0; ���, all t > 0, and all r > 0,

g".t; r/ � 2max
®
K�; d zm

¯
r�d ;

where, as before, we let g".t; jvj/ WD f".t; v/ for f".t; �/ isotropic.

Proof. The inequality s � h".s/ and (2.14) imply the bound g".t; r/� r�dK� � r�1@rg".
Hence,

g".t; r/ � K�r
�d whenever @rg".t; r/ � 0:

Suppose now that @rg".t; r/ < 0 for some t; r > 0. If @rg".t; �/ � 0 on Œ2�
1
d r; r�, then

g".t; r/
rd

2d
D g".t; r/

Z r

2
� 1
d r

�d�1 d� �
Z r

2
� 1
d r

g".t; �/�
d�1 d� � zm;
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where the second step uses the monotonicity of g".t; �/ on Œ2�
1
d r; r� and the third step fol-

lows from mass conservation. Otherwise, there exists r0 2 Œ2�
1
d r; r� such that @rg".t; �/ <

0 for all � 2 .r0; r� and @rg".t; r0/ D 0. In this case, we estimate

g".t; r/ � g".t; r0/ � K�r
�d
0 � 2K�r

�d :

In combination, this shows the bound g".t; r/ � 2max¹K�; d zmºr�d for all r > 0 and
every t > 0.

2.2.3. Anisotropic case. For non-isotropic initial data fin satisfying (H20) and thus in
particular fin 2L

1
`
.Rd / for some ` > 3d C 1, we consider as in [6] an isotropic envelope

Ofin.v/ � fin.v/ given by

Ofin.v/ D
kfinkL1

`

.1C jvj`/
:

Since `� .2d C 1/ > d , the isotropic function Ofin satisfies (H20) and thus in particular the
hypotheses of Proposition 2.4. Invoking this proposition, we obtain non-negative global-
in-time (mild) solutions f" and Of" of (FP:reg) emanating from fin, resp. Ofin, where by
the comparison property, Proposition 2.4 (vi), f" � Of" in Œ0;1/ �Rd . Thus, the uniform
bound away from zero in the isotropic case (cf. Lemma 2.8) implies a similar result for
anisotropic solutions:

Corollary 2.9 (Bound away from origin: anisotropic case). Assume (H20); thus in par-
ticular fin 2 L

1
`
.Rd / for some ` > 3d C 1 if fin is non-isotropic. There exists a finite

(non-explicit) constant yK� only depending on kfinkL1
`

, ` and fixed parameters such that
for all t > 0 and all v 2 Rd n ¹0º,

f".t; v/ � 2max
®
yK�; d ym

¯
jvj�d ;

where ym D c�1
d
k OfinkL1 .

2.3. Passage to the limit

Proof of Proposition 1.1. For " 2 .0; ��� let f" be the global-in-time mild solution of
(FP:reg) emanating from fin as constructed in Proposition 2.4. In the rest of this proof
we abbreviate U WD Rd n ¹0º.

We first show assertions (i)–(iii).

Approximation property (iii) and regularity of f . We assert that for every compact set
G �� .0;1/ � U , we have an "-uniform bound of the form

kf"kH1C ˛2 ;2C˛.G/
� CG (2.21)

for some ˛ 2 .0; 1/, where H 1C ˛
2 ;2C˛.G/ denotes the parabolic Hölder space with

˛
2

-Hölder continuous first-order temporal and ˛-Hölder continuous second-order spatial
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derivatives. Inequality (2.21) can be shown using standard results on parabolic regular-
ity [28, 29]. To sketch the main points, we first observe that each f" is strictly positive
unless fin � 0 (cf. [31, Proposition 52.7]) and smooth in .0;1/ � Rd . Moreover, as a
consequence of Lemma 2.8, resp. Corollary 2.9, the family ¹f"º" is "-uniformly bounded
in L1.G/. Hence, rewriting (FP:reg) as @tf" D �f" C h

0
".f"/v � rf" C dh".f"/, The-

orem 11.1 in [28, Chapter III] on linear parabolic equations provides us with an "-uniform
gradient bound krf"kC 0.G/ � CG . For higher-order spatial derivatives, "-uniform bounds
on G are obtained by applying a similar reasoning to the equation satisfied by @vif" etc.,
and time regularity follows from the equation itself.

Hence, by the Arzelà–Ascoli theorem, there exists a function f 2 C 1;2..0;1/ � U/,
f � 0, such that, upon passing to a subsequence " # 0 (not relabelled),

f" ! f in C 1;2.G/ for every G �� .0;1/ � U ; (2.22)

and f is a classical solution of (FP ) in .0;1/ � U .
Combining (2.22) with the moment bound in Lemma 2.3 yields, for all � > 0,

lim
"!0
kf".t/ � f .t/kL1.Rd nB�.0//

D 0 (2.23)

locally uniformly in t 2 Œ0;1/. Moreover, Fatou’s lemma implies
R

Rd f .t/ � m for all t .
Let us now show that f is strictly positive for non-trivial initial data fin, i.e. whenever

m > 0. For this purpose, we pick some � > 0, define f #
in WD min¹f1;� ; finº, and let

¹f #
" º"2.0;�� � with �� WD .kf1;�kL1.Rd //

�1 > 0 denote the family of global-in-time mild
solutions of (FP:reg) starting from f #

in . For " 2 .0; �� � the steady state f1;� is a classical
solution of (FP:reg) with rapid decay as jvj ! 1, and thus in particular a mild solution.
Hence, the comparison principle in Lemma 2.2 (vi) implies that

f #
" � min

®
f1;� ; f"

¯
; (2.24)

showing in particular that f # WD f #
" is independent of " for " 2 .0; �� � (cf. the argument

in Corollary 2.5). By Lemma 2.2 (ii), f # is a non-negative classical solution of (FP:reg)
(and (FP )) with initial datum f #

in 6� 0. From a classical strong comparison principle (see
e.g. [31, Proposition 52.7]), comparing f # with the zero solution, we deduce that f # is
strictly positive in .0;1/ � Rd . Taking the limit "! 0 in (2.24) along the subsequence
obtained in (2.22) yields f # � f , and thus provides us with a locally uniform positive
lower bound for f away from zero.

The family of measures ¹�."/º", �."/ WD f"L1Cd
C , is tight on any finite-time horizon

as ensured by Lemma 2.3. Hence, by Prokhorov’s theorem, there exists a non-negative
Radon measure � on Œ0;1/�Rd such that after possibly passing to another subsequence
" # 0,

�."/
�
* � in MC.Œ0; T � �Rd / (2.25)

for any T <1. In fact, due to (2.22), (2.23) and
R

Rd f".t/ � m, the passage to a sub-
sequence " # 0 would not have been necessary at this point (see also the next paragraph).
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Mass-conserving curve and decomposition. By (2.23) the family �."/t WD f".t/L
d sat-

isfies
lim
"!0

Z
Rd

 d�."/t D
Z

Rd

 .v/f .t; v/ dv (2.26)

for all  2 Cb.Rd / with supp � Rd n ¹0º, where the limit is taken along the same
sequence " # 0 as in (2.23). At the same time, the tightness of the family ¹�."/t º" ensures,

upon passing to a subsequence "j # 0 which may (initially) depend on t , that �."j /t

�
* �t

in MC.Rd / for some �t 2MC.Rd / with �t .Rd / D m. As a consequence of (2.26), we
have supp.�t � f .t/Ld / � ¹0º, independent of the chosen subsequence "j # 0. Since
�t .Rd / D m, this entails that �t .¹0º/ D m � kf .t/kL1.Rd / WD a.t/. Hence,

�t D a.t/ı0 C f .t/L
d ; t � 0; (2.27)

and the convergence
�
."/
t

�
* �t in MC.R

d / (2.28)

holds for the entire sequence " # 0 as obtained in (2.22)–(2.25). Now let ' 2 Cc.Œ0;1/ �
Rd /. On the one hand, identity (2.25) implies that

lim
"#0

Z
Œ0;1/�Rd

' d�."/ D
Z
Œ0;1/�Rd

' d�:

On the other hand, the function �".t/ WD
R

Rd '.t; v/ d�."/t .v/ admits the uniform bound
j�".t/j � mk'kL1 for all t � 0 and converges pointwise to

R
Rd '.t; v/ d�t .v/ as

" # 0. Hence, using dominated convergence for the RHS (in conjunction with the compact
support of ' in time), we may pass to the limit " # 0 in the identityZ

Œ0;1/�Rd

' d�."/ D
Z
Œ0;1/

Z
Rd

'.t; v/ d�."/t .v/ dt

to deduce the representation d� D d�t dt .
To prove the asserted weak-� continuity of the mapping Œ0;1/ 3 t 7! �t 2MC.Rd /,

let us first recall that MC.Rd / endowed with the weak-� topology is metrisable (see
e.g. [2, 26]), so that it suffices to show sequential continuity: given Ot � 0 and a sequence
.tj / satisfying limj!1 tj D Ot , we need to prove that �tj

�
* �Ot in MC.Rd /. By the port-

manteau theorem (see e.g. [26, Theorem 13.16]), it suffices to show for every open subset
O � Rd the estimate Z

O

d�Ot � lim inf
j!1

Z
O

d�tj : (2.29)

If 0 2 O , then B�.0/ � O for � > 0 small enough, and (2.29) holds with an equality.
Indeed, the smoothness of f away from v D 0 and the moment bound in Lemma 2.3
(which implies an analogous bound for the pointwise limit f of f") ensure that f .tj /!
f .Ot / in L1.Rd nO/, and henceZ

O

d�Ot D m �
Z

Rd nO

f .Ot / D lim
j!1

�
m �

Z
Rd nO

f .tj /

�
D lim
j!1

Z
O

d�tj :
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If 0 62 O , inequality (2.29) is equivalent to
R
O
f .Ot ; v/ dv � lim infj!1

R
O
f .tj ; v/ dv (by

virtue of (2.27)), and this bound is a consequence of Fatou’s lemma since f .tj /! f .Ot /

a.e. in Rd . This establishes (2.29).

It remains to prove assertions (iv) and (v).

Unique limit. We now show (iv). In the isotropic case, Proposition 2.7 ensures that the
limit M.t; r/ WD lim"!0M".t; r/ D c

�1
d

lim"!0 �
."/
t .Br / is well defined for all t; r > 0.

Thus, in this case, the limiting density f in (2.22) and hence � can be uniquely recovered
from M , which is independent of the choice of the sequence " # 0. In view of the above
compactness properties, this implies assertion (iv).

Lipschitz continuity of point mass. Restricting to isotropic data, we have for r > 0,

cdM".t; r/ D �
."/
t .Br /! �t .Br / as "! 0;

�t .Br /! a.t/ as r ! 0;

where the first line follows from (2.28) and the fact that supp�sing
t � ¹0º. Thus, the Lip-

schitz bound (2.18) implies that ja.t/ � a.s/j � cdK�jt � sj, hence part (v).

3. Universal space profile

Equipped with the uniform control (2.18), we will now combine ODE and bootstrap argu-
ments with localised semi-group estimates to study the regularity and the space profile of
the density f near the origin. A rigorous analysis is achieved by working with the family
of approximate solutions f" constructed in Section 2.1. We will show that for isotropic
data the solution at any fixed positive time is either regular and smooth, or the density of
the regular part follows, up to a lower-order term with explicit rate, a universal profile at
the origin that is uniquely determined by the limiting steady state fc . This even slightly
improves the profile obtained in [8] for d D 1.

Throughout this section we assume (H20) and let K� denote the least upper bound
such that inequality (2.18) holds true, i.e.

K� WD sup
"2.0;���

sup
t>0;r>0

j@tM".t; r/j: (3.1)

By virtue of Section 2.2.1, it is clear that the main conclusion of the present section,
Theorem 1.2, only requires hypothesis (H2) and not its stronger version (H20).

3.1. Lower and upper bounds

The analysis in this subsection mostly concerns isotropic solutions, for which the uniform
bound (2.18) is available. As introduced in Section 2.2.2, in the isotropic case we write
g".t; r/ WD f".t; v/whenever r D jvj> 0, and likewise g.t; r/ WD f .t; v/ for the pointwise
limit obtained upon sending " # 0.
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Proposition 3.1 (Lower bound). Abbreviate ˛c D 2


. In addition to (H1), (H20) suppose
that

˛c C 2 � d > 0:

Further assume that the initial value fin is isotropic. Pick any ˛ 2 ..d � 2/C;˛c/. If d D 1,
assume in addition that4 ˛ > 1

�1
. For ˛ 2 Œ˛;˛c � let Qg.r/D cr�˛ , where c D .2=/1= .

For t > 0 and " 2 .0; ��� define

Qr" D Qr".t/ D sup
®
r > 0Wg".t; �/ < Qg.�/ for all � 2 .0; r/

¯
:

There exists a constant B <1 and a radius r� 2 .0; 1� only depending on K� (cf. (3.1))
and on ; d; ˛ (but not on ˛) such that for all t > 0 and all " 2 .0; ��� the following holds:
whenever Qr".t/ 2 .0; r�/, then

g".t; r/ � Qg.r/ � Br
2�d for r 2 . Qr".t/; r�/:

Remark 3.2. Let us note that for ˛ D ˛c it is (a priori) not clear whether the unboun-
dedness of the limiting function f at some time t , i.e. kf .t/kL1.Rd / D 1, implies that
lim inf"#0 Qr".t/ D 0. This is the main reason why the derivation of the universal lower
bound on the spatial singularity profile in Theorem 1.2 requires several further steps
(cf. Sections 3.2 and 3.3). To rule out fine spike-like singularities in f .t/ near the origin
that are dominated by a subcritical power law, i.e. by Cr�˛ for some ˛ < ˛c , we exploit
the fact that such subcritical singularities are smoothed out instantaneously (cf. Propos-
ition 3.5) and so cannot form at a positive time. To deal with potential intermediate
situations (e.g. oscillatory power laws), it is crucial that the stability result in Proposi-
tion 3.1 is valid not only for ˛ D ˛c but also for a small range of subcritical exponents ˛
near ˛c ; see Section 3.3 for details.

Proof of Proposition 3.1. To begin with, we note that for any ˛ 2 Œ˛; ˛c �,

�˛ � �˛ < 2 � d � 4 � d � ˛:

Now let t > 0 and " 2 .0; ���. Observe that the radius Qr".t/ may be infinite and that the
assertion of Proposition 3.1 only concerns the case where Qr".t/ > 0 is small. (If Qr".t/ � 1
for all " 2 .0; ��� and t > 0, the assertion is trivially satisfied for r� D 1.) Hence, in the
following we may assume that Qr".t/ 2 .0; 1/. Then, by continuity, g".t; Qr".t// D Qg. Qr".t//,
and we may define a radius Qr1;" > Qr" via

Qr1;".t/ WD sup
®
r 2 . Qr".t/; 1/Wg".t; �/ �

1
2
Qg.�/ for all � 2 . Qr".t/; r/

¯
:

To proceed, we abbreviate b".t; r/ WD @tM".t; r/ and note that (cf. (2.14))

rd�1@rg" C r
dh".g"/ D b":

4In dimension d D 1 condition (H1) reduces to  > 2, which implies that ˛c > 1
�1

.
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In the rest of the proof we are concerned with suitably estimating an integrated version
of this differential equation. The following calculations being of a purely spatial type, we
henceforth omit the fixed time argument t . Recall that ˆ0 is a primitive of 1

h
, i.e. ˆ00 D 1

h
,

whence

d
dr
ˆ0.g"/ D

@rg"

h.g"/
D �r

h".g"/

h.g"/
C b"r

1�d 1

h.g"/
� �r �K�r

1�dg�.C1/" ;

where we used the fact that h".s/
h.s/
� 1 and h.s/ � sC1 for all s > 0. Renaming r by � and

integrating the above inequality in space over � 2 . Qr"; r/ for r 2 . Qr"; 1� yields

ˆ0.g".r// �ˆ
0.g". Qr"// � �

1

2
r2 C

1

2
Qr2" �K�

Z r

Qr"

�1�dg".�/
�.C1/ d�: (3.2)

We next expand for s � 1,

ˆ0.s/ D �
1


log.s� C 1/ D �

1


s� CO.s�2 / D �

1


s� .1CO.s� //: (3.3)

Note that the increasing function ˆ0W .0;1/! .�1; 0/ is bijective and for �1� Os < 0,

.ˆ0/�1.Os/ D .exp.� Os/ � 1/�
1
 D .� Os/

� 1 .1CO.Os//: (3.4)

Furthermore, we assert that there exists rı D rı.˛; / 2 .0; e�1� such that

r2 � �2 � r˛ � �˛ for all 0 < � < r � rı: (3.5)

Inequality (3.5) can be shown as follows: since ˇ WD ˛
2
� 1, concavity yields

ˇrˇ�1.r � �/ � rˇ � �ˇ for all 0 < � < r < 1:

Upon multiplication by r C � � rˇ C �ˇ , we deduce ˇrˇ�1.r2 � �2/ � r2ˇ � �2ˇ . This
implies (3.5), since ˇrˇ�1 � 1 for all ˇ 2 Œ˛

2
; 1� and r 2 .0; rı� if rı >0 is small enough as

above. (To see the latter, note that ˇrˇ�1 � 1 is equivalent to r � ˇ
1
1�ˇ , where ˇ

1
1�ˇ " e�1

as ˇ " 1.)
Letting � D Qr" in (3.5) we infer from (3.2), also using (3.3) and the identity g". Qr"/ D

c Qr
�˛
" ,

ˆ0.g".r// � �
1

2
r˛ CO.r2˛ / �K�

Z r

Qr"

�1�dg".�/
�.C1/ d�

whenever Qr" < r < rı. For � 2 . Qr"; Qr1;"/ we have g".�/�.C1/ � 2C1 Qg.�/�.C1/ DW
C1./�

˛C˛ . We will now show that there exists r� 2 .0; rı� only depending on K�,
˛ and fixed parameters such that Qr1;".t/ � r� for all t > 0 and " 2 .0; ��� for which
Qr".t/ 2 .0; 1/. To this end, we let Qr2;" WD min¹Qr1;"; r�º for some r� 2 .0; rı� to be fixed
later. For r 2 . Qr"; Qr2;"� we have

ˆ0.g".r// � �
1

2
r˛ .1CK�C1./r

2�dC˛
CO.r˛ //:
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The last two terms in the brackets on the RHS behave like O.r2�dC˛/ for 0 < r � 1,
because 2� d C ˛ < ˛ for all ˛ 2 Œ˛; ˛c � (if d D 1 it follows from the choice ˛ > 1

�1
;

if d � 2 this follows from the condition  > 2
d

in (H1), which implies that ˛. � 1/ >
˛. 2
d
� 1/ D ˛

d
.2 � d/ � .2 � d/ since 2 � d � 0 and ˛ � 2


< d ), where the hidden

constants in O.�/ only depend on K� and fixed parameters. Hence, using the fact that ˆ0

is increasing and recalling the expansion (3.4), we infer for r 2 . Qr"; Qr2;"�,

g".r/ � .ˆ
0/�1

�
�
1
2
r˛ .1CO.r2�dC˛//

�
D cr

�˛.1CO.r2�dC˛// D cr
�˛
CO.r2�d /: (3.6)

Since 2� d C ˛ > 0, this shows that after possibly decreasing r� 2 .0; rı� (only depending
on K�, ˛, and fixed parameters) we can ensure that g".t; r/ � 3

4
Qg.r/ for all r 2 . Qr"; Qr2;"�,

t > 0, and " 2 .0; ���. As a consequence, Qr1;".t/ > Qr2;".t/ and Qr2;".t/ D r�. This, in turn,
means that inequality (3.6) is valid for all r 2 . Qr"; r�� whenever Qr".t/ < 1, completing the
proof of Proposition 3.1.

Proposition 3.3 (Upper bound). Use the notation and assume the hypotheses of Proposi-
tion 3.1. There exists a finite constant B and a radius r� only depending onK�,  , d such
that for all t > 0 and all r 2 .0; r�/,

g.t; r/ � gc.r/C Br
2�d ; (3.7)

where gc.r/ D .ˆ0/�1.�12r
2/.

Note that, in contrast to the lower bound in Proposition 3.1, the upper bound (3.7) is
formulated only for the limiting function g obtained after sending " # 0.

Proof of Proposition 3.3. We adopt the notation of Proposition 3.1 and its proof, where
here it will suffice to consider the choice ˛ D 2


. Thus, we let Qg.r/ D cr

� 2 and set

r" D r".t/ D sup
®
r > 0Wg".t; �/ < Qg.�/ for all � 2 .0; r/

¯
:

Let r� be the radius obtained in Proposition 3.1. For r 2 .0; r".t// we trivially have
g".t; r/ � Qg.r/ D .


2
r2/
� 1 , or equivalently (cf. (3.3))

ˆ0.g".r// � ˆ
0. Qg.r// D �

1

2
r2.1CO.r2//; r 2 .0; r".t//: (3.8)

The main step in the proof of the upper bound (3.7) is to establish a bound similar to (3.8)
on the interval r 2 Œr".t/; r�/ in the case where r".t/ < r�. Of course, due to the possible
formation of a point mass at the origin, such a bound can in general only be expected to
hold true up to some error term that tends to zero as " # 0.

If r".t/ < r�, we note that as in the proof of Proposition 3.1 we have the formula

d
dr
ˆ0.g"/ D

@rg"

h.g"/
D �r

h".g"/

h.g"/
C b"r

1�d 1

h.g"/
:
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Hence, for all r 2 Œr"; r�/,

ˆ0.g".r// D ˆ
0. Qg.r"// �

Z
.r";r/

�
h".g"/

h.g"/
d�C

Z
.r";r/

b"�
1�d 1

h.g"/
d�;

where we omitted the (fixed) time argument t . To proceed, we define the set

J" D J".t/ D
®
� 2 Œr".t/; r�/Wg".t; �/ � "

�1
¯
:

On Œr"; r�/ n J" we have h".g"/
h.g"/

� 1, while on J" we only know that 0� h".g"/
h.g"/

� 1. Hence,
we may estimate for r 2 Œr"; r�/, also using the bound g".�/ & �

� 2 for � 2 .r"; r�/ from
Proposition 3.1,

ˆ0.g".r// � ˆ
0.cr

� 2
" / �

Z
.r";r/nJ"

� d�C CK�r
2�dC.C1/ 2

� �
1

2
r2" CO.r

4/ �
1

2
.r2 � r2" /C r�L

1.J"/C CK�r
4�dC 2



� �
1

2
r2 C C.K�/r

4�dC 2
 C r�L

1.J"/: (3.9)

Here, we further used (3.3) in the second step and d > 2


in the third step.
Combining (3.9) with (3.8), we deduce (independently of whether r" < r� or r" � r�)

ˆ0.g".r// � �
1

2
r2.1CO.r

2�dC 2
 //C r�L

1.J"/ for all r 2 .0; r�/;

where O D O.�/ only depends onK� and  . Mass conservation, i.e.
R

Rd f".t/ �
R

Rd fin,
implies that lim"!0L1.J".t// D 0. Thus, sending "! 0, we infer the bound ˆ0.g.r// �
�
1
2
r2.1CO.r

2�dC 2
 // for all r 2 .0; r�/. Finally, we invoke (3.4) and arrive at

g.r/ � cr
� 2 .1CO.r

2�dC 2
 //.1CO.r2// D gc.r/CO.r

2�d /; r 2 .0; r�/:

For anisotropic data, the approximate solutions ¹f"º are dominated by an isotropic
scheme ¹ Of"º (cf. Section 2.2.3). Hence, the density f .t; v/ of the regular part of the lim-
iting measure in Proposition 1.1 inherits the upper bound obtained above for the isotropic
case.

Corollary 3.4 (Upper bound on space profile: anisotropic case). In addition to (H1), (H2)
suppose that 2


C 2� d > 0. There exists a finite constant yB and a radius Or� only depend-

ing on fin (non-explicitly) and on  , d such that for all t > 0 and all v with jvj 2 .0; Or�/,

f .t; v/ � fc.v/C yBjvj
2�d :

In particular, the point mass at the origin t 7! �t .¹0º/ D m�
R
f .t; �/ is continuous (as a

consequence of Lebesgue’s dominated convergence theorem).
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3.2. Instantaneous regularisation

For the nonlinear problem (FP ) the Lebesgue space Lpc .Rd /, pc WD
d
2

is critical (as
regards high values of the density). Thus, for p > pc one would expect equation (FP ) to
enjoy a smoothing property in Lp . The following result formalises these heuristics.

Proposition 3.5 (Smoothing out subcritical singularities). Let ¹f"º"2.0;"0� be a family of
(suitably regular) non-negative mild solutions of the "-regularised problems (FP:reg)5 with
uniformly controlled mass kf".t/kL1 � m. Let p > pc WD

d
2

, let t0 � 0, and suppose the
following conditions:

(C1) There exists L <1 such that kf".t0; �/kLp.Rd / � L for all " 2 .0; "0�.

(C2) There exists t1 2 .t0; t0 C 1�, a constant L0 <1, and a radius r0 2 .0; 1� such
that f".t; v/ � L0jvj

� 2 for all t 2 Œt0; t1�, all v 2 Rd with jvj � r0, and all
" 2 .0; "0�.

(C3) For all Qr0 > 0 there exists L00 D L00. Qr0/ <1 such that f" � L00 in Œt0;1/ �
¹vW jvj � Qr0º for all " 2 .0; "0�.

Then there exists T DT .L;L0;L00.r0/;p;d;;m/2 .0;1� such that for yT WDmin¹T; t1�t0º
and for all � 2 .0; yT �,

sup
"2.0;"0�

sup
t2Œt0C�;t0CyT �

kf".t; �/kL1.Rd / <1: (3.10)

Proof. We proceed in two steps. In a first step, we derive smoothing estimates based on
the mild formulation (2.2) satisfied by f", where, as in Section 2, the nonlinear term is to
be rewritten analogously to (2.3).

Step 1: Localised smoothing estimate. Fix some sufficiently small �1 > 0 such that

pc

p
� 1 � 2�1:

Let Qp; Qq 2 Œp;1� with Qp � Qq. Then

a WD
d

4

1

Qq
C
1

2
D
1

2

�pc
Qq
C 1

�
� 1 � �1: (3.11)

Defining b WD d
2
. 1
Qp
�
1
Qq
/. 
2
C 1/ we further have

aC b �
d

2

� 1
Qp
�
1

Qq

�
D
d

2

� 1
Qp
�
1

Qq

�
2
C
d

4

1

Qq
C
1

2
D
1

2

�pc
Qp
C 1

�
� 1 � �1: (3.12)

We assert that if Qp, Qq are sufficiently close in the sense that

b D
d

2

� 1
Qp
�
1

Qq

��
2
C 1

�
� 1 � O�1 (3.13)

5The family ¹f"º does not have to take the same initial data.
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for some O�1 > 0, there exists an (explicit) strictly increasing function � 2 C.Œ0; 1�/ only
depending on �1, O�1, d and on L0 and L00 WD L00.r0/ with �.0/ D 0, and a finite constant
C1 D C1.d/ such that for all t 2 Œ0; t1�t0�,

k�¹jvj�r0ºf
.t0/
" kZt � C1kf".t0; �/kL Qp.Rd / C �.t/kf

.t0/
" kZt .kf

.t0/
" k


2

Zt
C 1/; (3.14)

where f .t0/" .�; �/ WD f".t0 C �; �/ and

k Qf kZt WD k
Qf k
Z
. Qp; Qq/
t
WD sup

s2Œ0;t�

�.s/
d
2 .

1
Qp
� 1
Qq
/
k Qf .s; �/kL Qq.Rd /:

Proof of Step 1. Let � 2 C1c .R
d / with 0 � � � 1, � D 1 on ¹jvj � r0º, supp � � B2r0.0/.

By the mild solution property of f", we have (cf. Section 2.1)

f .t0/" .�; v/ D

Z
Rd

F .�; v; w/f".t0; w/ dw

C

Z �

0

e�.��s/
Z

Rd

rvF .��s; v; w/ � w#".f
.t0/
" .s; w// dw ds: (3.15)

Using the bound j#".g/j � jgjC1 (cf. definition (1.4)), the fact that6 jwjf

2
" .s; w/ �

C.L0;/ for jwj � r0 and jf".s;w/j �L00 for jwj � r0 for all s 2 Œt0; t1� (cf. (C2) and (C3)),
we now estimate for 0 � s < � � t � t1�t0,ˇ̌̌̌Z

Rd

rvF .��s; v; w/ � .w#".f
.t0/
" .s; w/// dw

ˇ̌̌̌
� C.L0/

Z
¹jwj�r0º

jrvF .��s; v; w/j.f
.t0/
" /


2C1.s; w/ dw

C C.L00/e��s
Z
¹jwj>r0º

jrvF .��s; v; w/j.jvj C je�.��s/w � vj/f .t0/" .s; w/ dw:

The integrals on the RHS will be handled similarly to the proof of [10, Proposition A.1].
To estimate the L Qq.Rd /-norm, Young’s convolution inequality is employed. For the first
term on the RHS we invoke inequality (2.4) and estimateZ

Rd

jrvF .��s; v; w/j.f
.t0/
" /


2C1.s; w/ dw


L Qq.Rd /

� C�.��s/
� 12�

d
2

� 
2C1

Qq
� 1
Qq

�
k.f .t0/" /


2C1.s/k

L
Qq=.


2C1/.Rd /

� C�.��s/
� 12�

d
4 Qq �.s/

� d2 .
1
Qp
� 1
Qq
/.

2C1/kf .t0/" k


2C1

Zt

D C�.��s/�a�.s/�bkf .t0/" k


2C1

Zt
:

6Any dependence on the fixed parameter  will henceforth not be explicitly indicated.
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Here and below, C denotes a positive constant that only depends on fixed parameters, but
which may change from line to line.

We next estimate�.v/ Z
¹jwj>r0º

jrvF .��s; v; w/j jvjf
.t0/
" .s; w/ dw


L Qq.Rd /

� C

Z
Rd

jrvF .��s; v; w/jf
.t0/
" .s; w/ dw


L Qq.Rd /

� C�.��s/�
1
2 �.s/

� d2 .
1
Qp
� 1
Qq
/
kf .t0/" kZt ;

where the second step follows from (2.4).
Finally, the rapid decay of the Fokker–Planck kernel allows us to further estimateZ

Rd

jrvF .��s; v; w/j je�.��s/w � vjf .t0/" .s; w/ dw

L Qq.Rd /

� C�.��s/�
1
2 �.s/

� d2 .
1
Qp
� 1
Qq
/
kf .t0/" kZt I

see Lemma A.1 for details.
Inserting the above estimates into (3.15), we infer for � � t 2 Œ0; t1�t0� � Œ0; 1�,

�.�/
d
2 .

1
Qp
� 1
Qq
/
kf .t0/" .�/�kL Qq.Rd /

� C1kf".t0/kL Qp.Rd / C C.L
0; L00/�.�/

d
2 .

1
Qp
� 1
Qq
/

Z �

0

�.��s/�a�.s/�b ds

� kf .t0/" kZt .kf
.t0/
" k


2

Zt
C 1/;

where once more we used inequality (2.4) as well as the fact that a� 1
2

and b � d
2
. 1
Qp
�
1
Qq
/.

To proceed we estimate for t 2 Œ0;1�, using the bound s � 2s � �.s/� 2e2s for all s 2 Œ0;1�
and a change of variables,

sup
�2Œ0;t�

C�.�/
d
2 .

1
Qp
� 1
Qq
/

Z �

0

�.��s/�a�.s/�b ds

� C sup
�2Œ0;t�

�
d
2 .

1
Qp
� 1
Qq
/C1�a�b

Z 1

0

.1�Qs/�.1��1/ Qs�.1�O�1/ dQs

� Ct�1
Z 1

0

.1�Qs/�.1��1/ Qs�.1�O�1/ dQs DW �.t/;

where we abbreviated C D C.L0; L00/ 2 .0;1/. In the first line we used inequality (3.11)
and hypothesis (3.13); in the second line we used (3.12).

Hence, for all t 2 Œ0; t1�t0�,

k�f .t0/" kZt � C1kf".t0/kL Qp.Rd / C �.t/kf
.t0/
" kZt .kf

.t0/
" k


2

Zt
C 1/;

which proves the assertion of Step 1.
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Step 2. We are now ready to complete the proof of Proposition 3.5 using estimate (3.14)
and property (C3) with L00 WD L00.r0/. The idea is to perform a finite number of iterations
in the integrability exponents to eventually upgrade the "-uniform Lp bound on f".t0/ to
an "-uniform L1 bound on f".t0 C �/ for given � > 0 small.

It is elementary to verify that for any Qp � p > pc and for Qq WD 2 Qp the tuple . Qp; Qq/
satisfies the hypotheses of Step 1 with parameter �1 only depending on p,  , d and with
O�1 D

1
4

. Indeed, for this choice we have d
2
. 1
Qp
�
1
Qq
/. 
2
C 1/D pc

Qp
1
2
.1
2
C

1

/ � 3

4
D 1� O�1,

showing (3.13). Hence, by Step 1, there exists a strictly increasing function � 2 C.Œ0; 1�/
with �.0/ D 0 only depending on p,  , d and on L0, L00 such that for any Qp � p, for
Qq D 2 Qp, and all t 2 Œ0; t1�t0�,

k�¹jvj�r0ºf
.t0/
" kZt � C1kf".t0; �/kL Qp.Rd / C �.t/kf

.t0/
" kZt .kf

.t0/
" k


2

Zt
C 1/; (3.16)

where f .t0/" .�; �/ WD f".t0 C �; �/ and k � kZt WD k � kZ. Qp; Qq/t
.

In the following, we abbreviate F.t/ WD k�¹jvj�r0ºf
.t0/
" k

Z
. Qp; Qq/
t

. Thanks to mass control
and (C3), we have for any t 2 Œ0; 1� and any Qq � Qp � 1 the estimate

kf .t0/" kZt � F.t/C sup
s2Œ0;t�

�.s/
d
2 .

1
Qp
� 1
Qq
/
k�¹jvj>r0ºf

.t0/
" .s/kL Qq.Rd /

� F.t/C sup
s2Œ0;t�

�.s/
d
2 .

1
Qp
� 1
Qq
/
.mC L00/

� F.t/C C#; (3.17)

where C# D C.d/.mC L
00/.

Inequalities (3.16) and (3.17) show that for . Qp; Qq/ D .p; 2p/ the function F.t/ obeys
a bound of the form

F.t/ � B C �.t/.F.t/C C#/
�
.F.t/C C#/


2 C 1

�
; t 2 Œ0; t1�t0�; (3.18)

whereB only depends on fixed parameters (here one may chooseB DC1L). Since �.0/D
0, there exists, for every B > 0, a unique maximal time TB 2 .0; 1� such that

sup
t2Œ0;TB �

�.t/ �
B

.2B C C#/..2B C C#/

2 C 1/

;

i.e.
TB WD �

�1
�

min
°
�.1/;

B

.2B C C#/..2B C C#/=2 C 1/

±�
;

where ��1 denotes the inverse of �. With this choice, we deduce from (3.18) that F.t/ �
2B for all t 2 Œ0; yTB �, where yTB WD min¹TB ; t1�t0º. In particular, for B D B1 WD C1L we
infer

k�¹jvj�r0ºf".t0 C t /kL2p � �.t/
� d
4p 2B1; t 2 Œ0; yT �;
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where yT WD yTB1 . Combined with (C3) and mass control this shows that

sup
"2.0;"0�

kf .t0/" k
L1.Œ�; yT �IL2p.Rd //

� C.�/ for all � 2 .0; yT �; (3.19)

for some non-increasing function C.�/, which depends on further fixed parameters. This
argument can be iterated to give the asserted bound (3.10) for the same time yT (D yTB1 ).
Let us provide some details. Fix some N 2 NC large enough such that 2Np > d . For
� > 0 small and . Qp; Qq/ D .2ip; 2iC1p/, i D 1, the (time-shifted) function F.t/ WD

k�¹jvj�r0ºf
.t0C�/
" kZt obeys a bound of the form

F.t/ � B C �.t/.F.t/C C#/
�
.F.t/C C#/


2 C 1

�
; t 2 Œ0; t1�.t0C�/�; (3.20)

where B D B.�/ <1 is non-increasing in � > 0. This allows us to infer (for i D 1) that

sup
"2.0;"0�

kf .t0/" k
L1.Œ�; yT �IL2

iC1p.Rd //
� C.�/ for all � 2 .0; yT �; (3.21)

for a non-increasing function C.�/. Observe that, thanks to the non-increase with respect
to � of the constants C.�/ and B appearing in (3.19) and (3.20), the locally uniform
bound (3.21) can indeed be achieved on the entire time interval .0; yT � (by iteration), so
that the final time yT does not need to be decreased. Repeating the argument for i D
2; : : : ;N�1, we deduce a bound of the form sup"2.0;"0� kf

.t0/
" k

L1.Œ�; yT �IL2
N p.Rd //

� C.�/

for all � 2 .0; yT �. For � 2 .0; yT / and f .t0/" replaced by f .t0C�/" we may now take Qp WD
2Np > max¹d; pcº in Step 1, in which case the choice Qq D 1 is admissible. (Indeed,
with this choice we have b D d

2
. 
2
1
Qp
C

1
Qp
/ < d

2
. 1
d
C

1
d
/ D 1, so that (3.13) is fulfilled.)

Arguing similarly to before we infer (3.10).

3.3. Space profile

Finally, we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Thanks to the short-time regularity for (FP ), we may assume with-
out loss of generality the strengthened version (H20) of (H2). We fix some ˛ < ˛c WD 2


as

in Proposition 3.1 and let r� > 0 denote the associated radius obtained in Proposition 3.1.
Now let Ot > 0. We assert that the behaviour of g.Ot ; �/ near zero is determined by whether
or not the hypotheses of Case 1 are fulfilled, where Case 1 is determined as follows:

Case 1. There exists ˛ 2 Œ˛; ˛c/, a time Ot0 < Ot , a radius r0 2 .0; r�/, and "0 2 .0; ��� such
that for all " 2 .0; "0�, all r 2 .0; r0�, and all t 2 ŒOt0; Ot �,

g".t; r/ � Qg
.˛/.r/ WD cr

�˛; where c WD
�
2


� 1
 : (3.22)

Here, ¹g"º denotes the family of isotropic approximate solutions in radial coordinates.
If Case 1 is fulfilled, Proposition 3.5 implies the existence of a constant ı > 0 such

that
sup

"2.0;"0�

sup
t2.Ot�ı;Ot�

kf".t; �/kL1 <1: (3.23)
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Indeed, since ˛ < ˛c , we can choose p > pc such that f .˛/.v/ WD c jvj
�˛ 2 Lp.B1/,

where B1 WD ¹vW jvj � 1º. Hence, combining (3.22) with mass conservation and the uni-
form bound away from the origin (cf. Lemma 2.8), we find that

sup
"2.0;"0�

kf".t; �/kLp � L

for all t 2 ŒOt0; Ot � and some finite constant L. Property (3.22) further guarantees the
bound sup"2.0;"0� f".t; v/ � L

0jvj
� 2 for all v 2 Br0 , all t 2 ŒOt0; Ot �, and suitable L0 <

1. Finally, Lemma 2.8 ensures that for all Qr0 > 0 there exists L00. Qr0/ < 1 such that
supt>0 sup"2.0;"0� f".t; v/ � L

00. Qr0/ whenever jvj � Qr0. Hence, for every t0 2 ŒOt0; Ot / \
ŒOt�1; Ot / and for p as above, conditions (C1)–(C3) of Proposition 3.5 are satisfied with
t1 D Ot , which implies (3.23) for suitable ı > 0.

It is easy to see that, after possibly decreasing ı > 0, the bound (3.23) even holds
with supt being taken over t 2 JOt WD .Ot � ı; Ot C ı/. (To this end, one may adapt the
estimates in the proof of Proposition 3.5 and choose p D 1 in (C1). In this case, the
proof greatly simplifies, condition (C2) is not needed, and one may deduce an estimate of
the form (3.10) even with � D 0.) Given this uniform bound, we can argue classically as
in the proof of Proposition 1.1 (iii) to infer the smoothness of the limiting density f on
JOt �Rd � JOt � B1.

Case 2. It remains to consider the situation where the hypotheses of Case 1 are not satis-
fied. In this case, we can find sequences

j̨ " ˛c ; tj " Ot ; rj # 0; "j # 0;

with ˛ � j̨ and rj < r� for all j , in such a way that

g"j .tj ; rj / � Qg
. j̨ /.rj / for all j 2 N:

Thus, invoking Proposition 3.1, we infer

g"j .tj ; r/ � Qg
. j̨ /.r/ � Cr2�d for all r 2 .rj ; r�/: (3.24)

By construction, limj!1 g"j .tj ; r/ D g.Ot ; r/ for every r > 0. Hence, sending j !1 in
inequality (3.24) yields

g.Ot ; r/ � Qg.˛c/.r/ � Cr2�d for all r 2 .0; r�/;

which implies that

g.Ot ; r/ � gc.r/ � Cr
2�d for all r 2 .0; r�/:

In view of the upper bound in Proposition 3.3 this completes the proof of the main asser-
tion in Theorem 1.2.

Now let ˛ D ˛c in Proposition 3.1 and define Qr" correspondingly. If Ot is such that
�Ot .¹0º/ > 0, we must have lim"!0 Qr".Ot / D 0. Proposition 3.1 (combined with Proposi-
tion 3.3) thus implies the assertion concerning this case.
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4. Renormalised form

4.1. Variational structure

Our subsequent analysis relies on the following gradient-flow structure of the regularised
Fokker–Planck equation (FP:reg). Such a structure was previously used in [8, Section 3.3]
for the proof of an energy dissipation identity. To proceed, let us recall that ˆ0.s/ D
�
R1
s

1
h.�/

d� and ˆ.0/ D 0.
We define the approximate free energy functional by

H".f / D

Z
Rd

�
jvj2

2
f Cˆ".f /

�
dv;

where ˆ" 2 C.Œ0;1// \ C1..0;1// satisfies

ˆ".s/ D ˆ.s/ for s 2 Œ0; "�1� (4.1)

and
ˆ00" D

1

h"
; ˆ" � ˆ: (4.2)

The function ˆ" with the above properties can now be obtained by setting ˆ".s/ DR s
0
ˆ0".�/ d� , where ˆ0".s/ is given by

ˆ0".s/ D �

Z B"

s

1

h".�/
d�;

with the constant B" > 1
"

being such thatZ B"

1
"

1

h".�/
d� D

Z 1
1
"

1

h.�/
d�:

Identity (4.1) is a consequence of the fact that h".s/ D h.s/ in Œ0; "�1�, while the second
property in (4.2) follows from the inequality h" � h.

Notice that the functional derivative of H" is given by ıH".f / D
1
2
jvj2 C ˆ0".f /,

which allows us to rewrite (FP:reg) as

@tf" D div.h".f"/rıH".f"//:

Lemma 4.1 (Energy dissipation balance for (FP:reg)). Under the hypotheses of Proposi-
tion 2.4, the solutions f" of (FP:reg) obtained therein satisfy for all 0 � s � t <1,

H".f".t//C

Z t

s

Z
Rd

1

h".f"/
jrf" C vh".f"/j

2 dv d� D H".f".s//: (4.3)

Proof. Recall that f" 2 C 1;2..0;1/ �Rd / is a classical solution of (FP:reg). Hence, the
only task in deriving equation (4.3) lies in appropriately controlling the tails as jvj ! 1.
This is a consequence of the moment control of the bounded function f" and follows from
classical arguments; see e.g. [10].
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Lemma 4.2. Suppose (H1), (H2) and use the notation in Proposition 1.1. For any t � 0,

lim inf
"!0

H".f".t// � H .f .t//;

where the lim inf is taken along the sequence " # 0 selected in Proposition 1.1 (iii).

Proof. Since ˆ" � ˆ (cf. (4.2)), we have
R
ˆ".f".t// �

R
ˆ.f".t//. Next, given ı > 0,

we let L D L.ı/ > 0 be large enough such that jˆ.s/j � ıs for s � L. ThenZ
ˆ.f".t; v// dv �

Z
ˆ.f".t; v//�¹f"�Lº dv C

Z
ˆ.f".t; v//�¹f">Lº dv

�

Z
ˆ.f".t; v//�¹f"�Lº dv � ım;

where m D
R
fin. First sending "! 0 (using dominated convergence) and then L!1,

we infer lim inf"!0
R
ˆ".f".t// �

R
ˆ.f .t// � ım and hence

lim inf
"!0

Z
ˆ".f".t// �

Z
ˆ.f .t//:

For the kinetic part, we let A� WD ¹� � jvj � �
�1º for 0 < �� 1 and estimateˇ̌̌̌Z

Rd

1

2
jvj2f".t/ �

Z
Rd

1

2
jvj2f .t/

ˇ̌̌̌
�

ˇ̌̌̌Z
A�

1

2
jvj2.f".t/ � f .t// dv

ˇ̌̌̌
C �2mC C�kfinkL13

;

where we used mass conservation and the bound kf .t/kL13 , kf".t/kL13 � CkfinkL13
<1

(cf. Lemma 2.3). We deduce lim"!0

R
Rd

1
2
jvj2f".t; v/ dv D

R
Rd

1
2
jvj2f .t; v/ dv, where

we used the locally uniform convergence in Proposition 1.1 (iii) and the fact that 0< �� 1

can be taken arbitrarily small.

4.2. The limiting measure is a renormalised solution

Proof of Theorem 1.5. The weak-� continuity of the mass-conserving curve t 7! �t in
MC.Rd / has already been established in Proposition 1.1.

We next show that Tk.f /D min¹f; kº has a weak derivative rTk.f / 2 L
2
loc.Œ0;1/�

Rd /. For this purpose, we choose s D 0 and t D T in estimate (4.3) and, letting �� > 0 be
small enough so that, by Lemma 4.2, �H".f".T // � �H .f .T //C 1 for all " 2 .0; ���,
we infer the "-uniform boundZ T

0

Z
Rd

1

h".f"/
jrf" C vh".f"/j

2 dv d� � H .fin/ �H .f .T //C 1: (4.4)

To deduce a bound on rTk.f"/, we note that

jrTk.f"/j
2
� 2jT 0k .f"/Œrf" C vh".f"/�j

2
C 2jT 0k .f"/vh".f"/j

2:
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Hence, using the fact that jT 0
k
j � 1 and T 0

k
.s/D 0 for s > k, we deduce from (4.4) for any

R 2 .0;1/,Z T

0

Z
¹jvj�Rº

jrTk.f"/j
2 dv dt � C.k/.H .fin/ �H .f .T //C 1/C C.k;R/T: (4.5)

Thanks to the convergence in Proposition 1.1 (iii),

Tk.f"/! Tk.f / a.e. in Œ0;1/ �Rd ;

Tk.f"/! Tk.f / in Lploc.Œ0;1/ �Rd / for all p 2 Œ1;1/;

and thus, by (4.5); rTk.f"/ * rTk.f / in L2loc.Œ0;1/ �Rd /:

As a consequence,Z T

0

Z
¹jvj�Rº

jrTk.f /j
2 dv dt � C.k/

�
H .fin/ �H .f .T //C 1

�
C C.k;R/T: (4.6)

If the gradients rTk.f"/ were known to converge strongly in L2loc, the renormalised for-
mulation (1.8) could easily be derived from that for f" in the limit "! 0. For general
anisotropic solutions such a result is, however, not available at the moment. The proof
of (1.8) presented below in the isotropic case uses a somewhat different argument that
will be taken up when deriving the entropy balance law (1.10).

Now let � 2 C1.Œ0;1// have a compactly supported derivative � 0, let T <1, and let
 2 C1c .Œ0; T � �Rd /. Further let ' 2 C1.Œ0;1/I Œ0; 1�/ satisfy '.r/ D 0 for r 2 Œ0; 1�
and '.r/ D 1 for r � 2, and abbreviate '�.r/ D '.r=�/ for � 2 .0; 1�. Then, since f is a
classical solution of (FP ) in .0;1/ � .Rd n ¹0º/, a direct calculation givesZ

Rd

�.f .T; �// .T; �/'�.jvj/ dv �
Z

Rd

�.fin/ .0; �/'�.jvj/ dv

�

Z T

0

Z
Rd

�.f /@t '�.jvj/ dv dt

D �

Z T

0

Z
Rd

.rf C h.f /v/ �
�
� 00.f /rf  '�.jvj/C �

0.f /r '�.jvj/
�

dv dt

�

Z T

0

Z
Rd

.rf C h.f /v/ �
h
� 0.f / '0�.jvj/ �

v

jvj

i
dv dt: (4.7)

By the dominated convergence theorem and since '�.r/
�#0
��! 1 for all r > 0, the LHS

of (4.7) converges, as �! 0, toZ
Rd

�.f .T; �// .T; �/ dv �
Z

Rd

�.fin/ .0; �/ dv �
Z T

0

Z
Rd

�.f /@t dv dt:

Likewise, thanks to the bound (4.6) and the compact support of � 00, � 0 and of  , the
dominated convergence theorem allows us to pass to the limit in the first integral on the
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RHS of (4.7), giving the term

�

Z T

0

Z
Rd

.rf C h.f /v/ �
�
� 00.f /rf  C � 0.f /r 

�
dv dt:

We are left to show that the last integral in (4.7) vanishes in the limit � # 0. First, since
jh.f /� 0.f /j � C.supp � 0/ < 1 and '0�.jvj/ D 0 for jvj � 2� as well as jv'0�.jvj/j D
j��1v'0.j��1vj/j . 1, the dominated convergence theorem yieldsˇ̌̌̌Z T

0

Z
Rd

h.f /v �
h
� 0.f / '0�.jvj/ �

v

jvj

i
dv dt

ˇ̌̌̌
�

Z T

0

Z
Rd

jh.f /� 0.f /j j j jv'0�.jvj/j dv dt ! 0 as �! 0:

The remaining part of the integral is more delicate. We estimate using the radial symmetry
of f .t; v/ (DW g.t; jvj/),ˇ̌̌̌Z T

0

Z
Rd

rf �
h
� 0.f / '0�.jvj/ �

v

jvj

i
dv dt

ˇ̌̌̌
� C

Z T

0

Z 2�

0

j� 0.g/@rgj�
�1
j'0.��1r/jrd�1 dr dt

D C

Z T

0

A.t; �/ dt;

where we abbreviated

A.t; �/ D

Z 2�

0

j� 0.g/@rgj�
�1
j'0.��1r/jrd�1 dr:

As a consequence of the bound (2.18), we have j� 0.g/rd�1@rgj � CK� C C.supp � 0/rd .
We hence infer the following .t; �/-uniform bound on jA.t; �/j:

jA.t; �/j � C

Z 2�

0

��1j'0.��1r/j dr D C
Z 2

0

j'0. Or/j d Or:

Thus, to show that lim�!0

R T
0
A.t;�/dt D 0 it suffices to prove the pointwise convergence

lim�!0A.t; �/D 0 for (almost) all t 2 .0; T �. Thanks to Theorem 1.2, only the following
two cases may occur.

Case 1: g.t; 0C/DC1. In this case, there exists r� > 0 such that � 0.g.t; r//D 0 for all
r 2 .0; r�/. Hence, we trivially have lim�!0A.t; �/ D 0.

Case 2: g.t; �/ 2 L1. In this case, by Theorem 1.2, there exists a neighbourhood J of t
such that fjJ�Rd is smooth. In particular, @rg.t; �/ 2 L1.0; 1/. If d > 1, the conclusion
lim�!0 A.t; �/ D 0 then directly follows from the definition of A.t; �/, while for d D 1
we resort to the fact that supr2.0;�/ j@rg.t; r/j ! 0 as �! 0.
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4.3. Energy dissipation identity

An argument similar to that in the proof of Theorem 1.5 shows that isotropic solutions
satisfy the energy dissipation balance. In the anisotropic case, we obtain an inequality.

Proof of Proposition 1.6. Combining Lemmas 4.1 and 4.2 with the convergence proper-
ties of f" to f in Proposition 1.1 (iii), we readily infer for all t > 0 the inequality

H .f .t//C

Z t

0

D.f .�// d� � H .fin/;

where
D.f / WD

Z
Rd

1

h.f /
jrf C h.f /vj2 dv:

It remains to prove that in the isotropic case the above inequality holds with an equal-
ity. Then the asserted identity (1.10) follows by subtracting on both sides the quantity
H .f .s//, which is then known to equal H .fin/�

R s
0

D.f .�//d� . Thus, in the remainder,
we assume that fin is isotropic. Moreover, without loss of generality, we may assume
hypothesis (H20). Otherwise we replace fin by f .t0/ for small t0 > 0. From the argu-
ments below we will then obtain the identity H .f .t// C

R t
t0

D.f .�// d� D H .f .t0//,
and taking the limit t0 # 0, using monotone convergence for the term

R t
t0

D.f .�// d� and
dominated convergence for H .f .t0// we will arrive at the assertion.

As in the proof of Theorem 1.5 (cf. Section 4.2), we pick a non-decreasing function
' 2 C1.Œ0;1/I Œ0; 1�/ satisfying '.r/ D 0 for r 2 Œ0; 1� and '.r/ D 1 for r � 2, and
abbreviate '�.r/ D '.r=�/ for � 2 .0; 1�. Then, defining

H .�/.f / WD

Z
Rd

h1
2
jvj2f Cˆ.f /

i
'�.jvj/ dv;

one has

H .�/.f .t// �H .�/.fin/ D

Z t

0

Z
Rd

h1
2
jvj2 Cˆ0.f /

i
div.rf C h.f /v/'�.jvj/ dv d�

D �

Z t

0

Z
Rd

1

h.f /
jrf C h.f /vj2'�.jvj/ dv d�

�

Z t

0

Z
Rd

h1
2
jvj2Cˆ0.f /

i
.rf C h.f /v/ �

v

jvj
'0�.jvj/ dv d�:

We note that
lim
�!0

H .�/.f .t// D H .f .t// for all t � 0:

Furthermore, monotone convergence gives

lim
�!0

Z t

0

Z
Rd

1

h.f /
jrf C h.f /vj2'�.jvj/ dv d� D

Z t

0

Z
Rd

1

h.f /
jrf C h.f /vj2 dv d�:
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Hence, it remains to prove that the quantity

B.�; �/ WD

Z
Rd

h1
2
jvj2 Cˆ0.f /

i
.rf C h.f /v/ �

v

jvj
'0�.jvj/ dv

satisfies

lim
�!0

Z t

0

B.�; �/ d� D 0: (4.8)

Using the isotropy of f .�; �/ we write

B.�; �/ D cd

Z 2�

0

h1
2
r2 Cˆ0.g/

i
.@rg C h.g/r/'

0
�.r/r

d�1 dr;

where cd denotes the area of the unit sphere. We can now argue similarly to the proof
of Theorem 1.5. The function jB.�; �/j is uniformly bounded for .�; �/ 2 Œ0; t � � .0; 1�
thanks to the estimate j.@rg C rh.g//rd�1j � K� and the fact that, by (H20) and Propos-
ition 1.1 (ii), infŒ0;t��.0;1� g DW � > 0. Indeed, note that for .�; �/ 2 Œ0; t � � .0; 1�,

jB.�; �/j � C.ˆ0.�//K�

Z 2�

0

j'0.��1r/j��1 dr D C.ˆ0.�//K�

Z 2

0

j'0. Or/j d Or:

Identity (4.8) therefore follows from the dominated convergence theorem provided we can
prove the pointwise convergence lim�!0 B.�; �/ D 0 for a.e. � > 0.

Case 1: g.�; 0C/ D C1. In this case, we estimate

jB.�; �/j � CK�

Z 2

0

j'0. Or/j d Or � sup
r2.0;�/

j
1
2
r2 Cˆ0.g.�; r//j

and note that the sublinearity of ˆ at infinity implies

sup
r2.0;�/

j
1
2
r2 Cˆ0.g.�; r//j ! 0 as �! 0:

Hence, lim�!0 jB.�; �/j D 0.

Case 2: g.�; �/ 2 L1. Here, the assertion lim�!0 jB.�; �/j D 0 is obtained similarly to
Case 2 of the proof of Theorem 1.5 using the regularity of g.�; �/ shown in Theorem 1.2.

5. Long-time behaviour

5.1. Relaxation to equilibrium

Proof of Theorem 1.7. Let

D.f / WD

Z
Rd

1

h.f /
jrf C h.f /vj2 dv D

Z
Rd

h.f /jrıH .f /j2 dv:
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Proposition 1.6 implies that
R1
0

D.f .t// dt � H .fin/ � infMC H <1, and hence there
exists an increasing sequence tk !1 such that

lim
k!1

D.f .tk// D 0: (5.1)

The sequence ¹�tk ºk �MC.Rd / of measures of massm is tight since supk
R
jvj3 d�tk

� CkfinkL13
<1. Prokhorov’s theorem thus ensures the existence of a measure �1 2

MC.Rd / with
R

Rd d�1 D m such that, along a subsequence (not relabelled),

�tk
�
* �1 in MC.R

d / (5.2)

and, moreover,
Z
jvj2 d�tk !

Z
jvj2 d�1:

At the same time, by Proposition 1.1 (ii), �tk D a.tk/ı0 C f .tk/L
d , where f satisfies

a time-uniform bound of the form jf .t; r/j � C.�/ for all r � � > 0 (cf. Lemma 2.8,
resp. Corollary 2.9). Thus, the sequence fk.t/ WD f .tk C t / obeys an estimate analogous
to (2.21) for G �� .�1;1/ � .Rd n ¹0º/, where we assume without loss of generality
that t1 � 1. We may therefore argue similarly to the proof of Proposition 1.1 and invoke
the Arzelà–Ascoli theorem to infer the existence of f1 2 C 2.Rd n ¹0º/ \ L13.R

d / such
that, after possibly passing to another subsequence,

f .tk/! f1 in C 2loc.R
d
n ¹0º/: (5.3)

Notice that �reg
1 D f1Ld and supp�sing

1 � ¹0º, as a consequence of (5.2) and (5.3).
We will now show that �1 agrees with the minimiser of H of mass m. To this end,

let �.s/ D exp.ˆ0.s// D s

.1Cs /1=
and note that

h.s/

�2.s/
D
s.1C s /1C2=

s2
� .1C s /

1C 1
 � 1

for all s 2 .0;1/. Hence,

D.f / D

Z
Rd

h.f /jrˆ0.f /C vj2 dv

D

Z
Rd

h.f /

�.f /2
j�.f /rˆ0.f /C �.f /vj2 dv

�

Z
Rd

jr�.f /C v�.f /j2 dv:

Thanks to the convergence (5.1), the last estimate applied to f WD f .tk/ implies that

r�.f .tk//C v�.f .tk//! 0 in L2.Rd /:

At the same time, using (5.3), we may pass to the limit in the sense of distributions

r�.f .tk//C v�.f .tk//! r�.f1/C v�.f1/ in D0.Rdn¹0º/:
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Thus,r�.f1/C v�.f1/D 0 in D0.Rdn¹0º/, and hencer.e
1
2 jvj

2
�.f1//D 0 in Rdn¹0º.

This implies that ˆ0.f1/C 1
2
jvj2 � �� for a constant � 2 R�0, where the sign of � fol-

lows from the fact that ˆ0 � 0. Hence, f1.v/ D .ˆ0/�1.�1
2
jvj2 � �/ D f1;� .v/. To

determine � , recall that �1.Rd / D m. Thus, if kf1;�kL1.Rd / < m, then �1.¹0º/ > 0.
In this case the convergence (5.2), combined with the time-uniform upper bound
supt>0 f .t;v/�C jvj

� 2 2L1.Br�/, which follows from Theorem 1.2, resp. Corollary 3.4,
implies the existence of k 2N such that �tk .¹0º/ > 0 for all k � k. Invoking Theorem 1.2
once more (now using the radial symmetry assumption), we find that (1.6) holds true for
all such tk and, owing to the convergence (5.3), we conclude that � D 0. If on the other
hand kf1;�kL1.Rd / D m, there is no excess mass and we must have �1 D f1;�Ld . In
conclusion, we have shown that the measure �1 coincides with the unique minimiser
�min D �

.m/
min of mass m.

From the convergence properties established so far we infer limk!1 H .�tk / D

H .�min/. Since t 7! H .�t / is non-increasing, this immediately yields

lim
t!1

H .�t / D H .�min/:

Combining this result with the above compactness properties, mass conservation, and the
uniqueness of the minimiser �.m/min , one can easily deduce the remaining convergence prop-
erties along any sequence t !1 as asserted in Theorem 1.7. Here, also recall the bounds
supt>0 f .t; v/ . jvj�

2
 for jvj � r�, f .t; v/ . 1 for jvj � r� and supt>0 kf .t/kL13 .

kfinkL13
, which guarantee limt!1�t .¹0º/D�1.¹0º/ and limt!1 kf .t/� f1;�kLp.Rd /

D 0 for p 2 Œ1; d
2
/.

5.2. Long-time and transient properties

Let us briefly point out some implications of the above analysis on further qualitative
dynamical properties, restricting for consistency to the isotropic case. If m < mc , The-
orem 1.7 along with Theorem 1.2 implies the eventual regularity of �t after some suffi-
ciently large time T � 1. However, using a contradiction argument, finite-time blow-up
and the formation of a condensate (i.e. �t .¹0º/ > 0 for some t > 0) can be shown to
occur for any size of the mass m > 0 by choosing the smooth initial data sufficiently
concentrated near the origin (cf. [8,33]). Hence, there exist flows exhibiting transient con-
densates with singular parts compactly supported in time. On the other hand, whenever
m > mc , the above theory implies the eventual formation of a condensate: there exists
T � 1 such that �t .¹0º/ > 0 for all t � T . This is a consequence of the convergence
limt!1�t .¹0º/D�min.¹0º/. It is also possible to infer information on the spatiotemporal
features of singularity formation and regularisation using rescaling methods. We refer
to [23, Chapter 5.2], where such dynamics have been shown to be of “type II” for the
one-dimensional case.

Finally, we note that finite-time condensation in the mass-supercritical case and con-
vergence to the entropy minimiser can also be deduced in the anisotropic setting if fin

admits a mass-supercritical isotropic lower barrier, i.e. fin � f
#

in for some non-negative
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radially symmetric function f #
in with

R
f #

in > mc . In this case, the density f .t; �/ is
squeezed between two isotropic barriers which, by virtue of Theorem 1.7, both converge
to fc as t !1.

5.3. Concluding remark

The comparison principle structure provides us with a priori bounds that allow for a
detailed characterisation of the singularities which isotropic flows starting from regular
data may exhibit (and even gives uniqueness in the one-dimensional case [8, 23], resp.
convergence of the scheme to a unique limit in higher dimensions). However, one may not
expect such a structure to persist in more complex situations. Particularly with regard
to the study of uniqueness and stability properties in the presence of singularities, it
would be interesting to see whether variational problems like (FP ) allow for more robust
approaches.

A. Auxiliary estimate

Recall that F .t; v; w/ D edtG�.t/.etv � w/, �.t/ D e2t � 1, G�.�/ D .2��/�
d
2 e�

j�j2

2� .

Lemma A.1. Let T � 1 and let Qq 2 Œ1;1�. There exists C D C. Qq; d/ <1 such that for
all t 2 .0; T �,Z

Rd

jrvF .t; v; w/j je�tw � vj jf .w/j dw

L Qq.Rd /

� Ckf kL Qq.Rd /

� C�.t/�
1
2 kf kL Qq.Rd /: (A.1)

Proof. The second bound in (A.1) is trivial.
To verify the first inequality, we compute for t 2 .0; T �,Z

Rd

jrvF .t; v; w/j je�tw � vj jf .w/j dw

D .2��.t//�
d
2 edtet .2�.t//�

1
2

Z
Rd

2
jetv � wjp
2�.t/

e�
jet v�wj2
2�.t/ je�tw � vj jf .w/j dw

D .2��.t//�
d
2 e2dtet .2�.t//�

1
2

Z
Rd

2
jet .v � zw/jp

2�.t/
e�
jet .v� zw/j2
2�.t/ j zw � vj jf .et zw/j d zw

D .2��.t//�
d
2 e2dt

Z
Rd

2
jet .v � zw/j2

2�.t/
e�
jet .v� zw/j2
2�.t/ jf .et zw/j d zw:

Now the asserted inequality follows upon an application of Young’s convolution inequal-
ity, ka � bkL Qq � kakL1kbkL Qq .
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