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Dynamics of mean-field bosons at positive temperature
Andreas Deuchert, Marco Caporaletti, and Benjamin Schlein

Abstract. We study the time evolution of an initially trapped weakly interacting Bose gas at pos-
itive temperature, after the trapping potential has been switched off. It has been recently shown in
Deuchert-Seiringer (2021) that the one-particle density matrix of Gibbs states of the interacting
trapped gas is given, to leading order in N, as N — o0, by that of the ideal gas, with the conden-
sate wave function replaced by the minimizer of the Hartree energy functional. We show that this
structure is stable with respect to the many-body evolution in the following sense: the dynamics can
be approximated in terms of the time-dependent Hartree equation for the condensate wave function
and in terms of the free evolution for the thermally excited particles. The main technical novelty of
our work is the use of the Hartree-Fock—Bogoliubov equations to define a fluctuation dynamics.
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1. Introduction and main results

1.1. Background and summary

The time evolution of bosonic many-particle systems in the mean-field limit has received
a considerable amount of attention in recent years. The main theme in most works is the
study of the dynamics of Bose gases that are initially prepared in a ground state (equilib-
rium state at zero temperature) of a trapped Hamiltonian after the trap has been switched
off. It is well known, see e.g. [53,68] and references therein, that under appropriate condi-
tions on the interaction potential, ground states of interacting mean-field systems display
complete Bose-Einstein condensation (BEC), that is, the largest eigenvalue Ay of the
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reduced one-particle density matrix (1-pdm) of the ground state wave function satisfies
An/N — 1as N — oo. It turns out that this structure is stable with respect to the dynam-
ics generated by the time-dependent many-particle Schrédinger equation. More precisely,
it can be shown that the system displays complete BEC also at time ¢ > 0, where the con-
densate wave function (the eigenfunction related to the largest eigenvalue of the 1-pdm)
is given by the solution to the time-dependent Hartree equation.

The first results in this direction were obtained in [46] and then in [39, 40, 71]. The
case of Coulomb interactions has been studied more recently in [5,32] and in [27] with
a relativistic dispersion relation. In [33, 38] the convergence towards the Hartree equation
has been interpreted as an Egorov-type theorem, [2] focuses on the propagation of Wigner
measures, and bounds on the rate of convergence towards the Hartree dynamics have been
obtained in [1,18,51,67]. Once the convergence towards the time-dependent Hartree equa-
tion is established, it is natural to ask whether it is possible to make statements about the
fluctuations around the Hartree dynamics. As shown in [6, 16,4446, 56], for mean-field
systems it is possible to approximate the dynamics of particles outside the condensate
by the time evolution generated by a Bogoliubov Hamiltonian. This, in particular, allows
one to obtain a norm approximation for the wave function, and not only for the 1-pdm.
A systematic expansion for correlation functions in terms of the solution of the Hartree
equation and a Bogoliubov two-point function that approximates the original dynamics to
arbitrary precision has been obtained in [12].

Another interesting scaling limit for the Bose gas is the Gross—Pitaevskii (GP) limit,
which can be used to describe modern experiments with cold alkali gases. In contrast
to the mean-field limit, where particle collisions are frequent but weak, particles interact
rarely but strongly in the GP limit. These strong collisions induce microscopic correlations
between the particles that are the main reason why the GP limit is more challenging from
a mathematical point of view than the mean-field limit. It has been shown in [57, 58] that
ground states of trapped gases display complete BEC also in the GP limit. Moreover, in
the series of works [28—31] it has been established that there is complete BEC also at later
times and that the condensate wave function is given by the solution to the time-dependent
GP equation. For other results in this direction, we refer to [7,11,14,15,19-23,41-43,47,
49,50, 52, 60, 61, 63]. More references concerning the dynamics of BECs in the above
scaling limits can be found in the lecture notes [9] and in the review article [62].

Here we are interested in the dynamics of mean-field bosons, initially prepared in an
equilibrium state at positive temperature (Gibbs state). Just above the critical temperature
for BEC, correlation functions of the many-body Gibbs state have been shown to con-
verge, in the mean-field limit, to correlation functions of the invariant measure associated
with the nonlinear Hartree equation, see [34, 36,37, 54, 55]; observe that, in dimensions
d = 2,3, this requires an appropriate renormalization of the interaction. In [35], also
time-dependent correlations have been proven to converge. In the present paper, we are
primarily interested in initial data prepared at equilibrium below the critical temperature,
where the BEC coexists with a thermal cloud and both phases contain a macroscopic
number of particles. In [25], it has been recently shown that at temperatures lower than
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(but comparable with) the critical temperature of the corresponding ideal (noninteracting)
gas, the 1-pdm of the Gibbs state of a trapped mean-field system can be approximated by
the 1-pdm of the ideal gas, where the condensate wave function has been replaced by the
minimizer of the Hartree energy functional. Our goal here is to investigate the dynamics
of such positive temperature states, after the trapping potential has been switched off. In
our main theorem we show that the 1-pdm of the evolved state is given, to leading order,
by that of the ideal gas, propagated with the noninteracting time evolution, with the con-
densate wave function replaced by the solution of the time-dependent Hartree equation. In
particular, the numbers of particles inside the condensate and outside the condensate are
preserved by the time evolution, to leading order.

1.2. Notation

We denote by (-, ) the inner product in L2(R%), and by B(L2(R?)) the space of bounded
operators on L2(R?). The L2?-norm of a function and the norm of an operator in
B(L*(R?)) are both denoted by || - ||. If p # 2, we denote by || - |, the L? norm of
a function, and ||A||g» = (Tr[(A* A)P/2])!/? is the pth Schatten norm of the operator
A € B(L2(R?)), for p € [1,00). The corresponding Banach spaces of compact operators
with finite £7-norm are denoted by £7. Sobolev spaces are denoted by W":? or by H"
if p =2, with || - ||wn.»r and || - | gz» denoting the corresponding Sobolev norms. For the
Fourier transform in R we use the notation, and the convention,

—/ e* ¥ £(x)dx.
R4

For quantities a, b depending on N and/or ¢, we use the notation a < b to say that there
exists a constant C > Owitha < Ch.Ifa S band b < a we write a ~ b.

1.3. The model

In this article we consider the time evolution of an initially trapped Bose gas, prepared in
a positive temperature state (an approximate Gibbs state), after the trapping potential has
been switched off. We start by introducing our setup.

We will be interested in quantum states with a fluctuating particle number. These states
are naturally defined on the bosonic Fock space

o0
FLAR) = P LR,
n=0
where Lfym (R3") denotes the closed linear subspace of L2 (IR3") consisting of those func-
tions W(xy, ..., X,) that are invariant under any permutation of the coordinates xi, ...,

xny € R3. As usual, we have Lfym(]RO) = C. By a} and a, we denote the creation and

annihilation operators (actually operator-valued distributions) on J that respectively cre-
ate and annihilate a particle at point x € R3. They satisfy the canonical commutation



A. Deuchert, M. Caporaletti, and B. Schlein 4

relations

lax,a3] = 8(x =), lax.ay] =0 = [a}.a;],
where §(x) denotes the delta distribution with unit mass at x = 0. Quantum states on the
bosonic Fock space with an expected number of particles equal to N are elements of the

set
Sy ={T' € B(IF) | >0, Tl =1, T[NT] = N},

where N = fR3 ayay dx denotes the particle number operator on F. The reduced one-
particle density matrix (1-pdm) y of a state I" € Sy is defined via its integral kernel by

y(x,y) = Trlaya;T]

and defines a nonnegative operator on L2(R3) with Try = N.
The time evolution we are interested in is governed by the Heisenberg equation

iatrt = [C%N’Ft], (1.D

where

1
Hy =/ VaiVay dx—i—ﬁ v(x —y)ara ayax dxdy (1.2)

and [A4, B] = AB — BA denotes the commutator of two linear operators A and B. The
prefactor N ~1 in front of v guarantees that, for particles in the condensate, the kinetic and
the potential energy are comparable. Any solution to (1.1) with initial condition I'g € Sy

can be written in terms of the strongly continuous unitary group e #N? ag

T, = e NIyl HNT, (1.3)

The fact that #; commutes with N guarantees Tr[N ;] = Tr[N T]. As explained in
Section 1.1, we are interested in the solution (1.3) for initial data describing equilibrium
states of trapped gases at positive temperature. Let us now recall some known properties
of such states.

1.4. Equilibrium states of trapped Bose gases

Equilibrium states of trapped Bose gases can be defined as minimizers, in Sy, of the Gibbs
free energy functional

F () = Te[Hy"T] — TS(T),

1.4
with the von Neumann entropy S(I") = — Tr[[" In(T")], 14

Here,
HyT = Hy +/ w(x)ayay dx

v(x —y)aya ayax dxdy (1.5)

1
=/R ay(— A+w(x))axdx+2N
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denotes the Hamiltonian of the trapped system and 7" > 0 is the temperature. The potential
w(x) is trapping, that is, w(x) — oo for |x| — oo. Under suitable assumptions on w and
v, the Hamiltonian (1.5) is bounded from below in Fock space and the minimum of (1.4)
is attained for the Gibbs state

= exp(—(%;\r,ap —pN)/T)
Trlexp(—(H 5" — uN)/T)]

where the chemical potential i € R is chosen (depending on N) so that Tr[NT] = N.
This leads to the (grand canonical) free energy

F(T,N) = [min F(T) = =T InTr[exp(—(H " — pN)/T)] +pN.  (1.6)

Before discussing what is known about approximate minimizers of the Gibbs free
energy functional ¥, let us briefly recall some well-known facts about the ideal (nonin-
teracting) trapped Bose gas, that is, the system described by the Hamiltonian in (1.5) with
v = 0. In the following we assume that the trapping potential w satisfies

w(x) _

17
lsto L]x[* (1.7)

for two constants s > 0 and L > 0. The 1-pdm y¢ of the Gibbs state ' of the ideal gas
equals

id 1
v exp((—A +w —pun)/T)—1" (1.8)
The chemical potential py satisfies wy < e, where e denotes the lowest eigenvalue of
—A + w, and is chosen such that Tr y'¢ = N holds. By definition, the system displays
BEC if and only if the largest eigenvalue No(7, N) of y'¢ is of order N in the limit
N — oo, that is, if and only if
No(T,N) 1

lim ——= = 0, here No(T,N) = .
N1—r>noo N g0 = where No( ) exp((e —un)/T)—1

(1.9)

The trapped ideal Bose gas is well known to exhibit a BEC phase transition with critical
temperature given by

N1/a
0= @@y (40
where Sp-3ls 1 6+ 35
K= i /0 1- x)3/2x2 dx and o= TE

Here I'(«) denotes the Gamma function and {(«) is the Riemann zeta function. More
precisely, let us define #.(s) = [(kal ()¢ ())/*]™!, that is, 1.(s) = N~V T.(s). If T =
AN with A > 0, then we have go = [1 — (A/1.(s))%]+ with [x]4 = max{x, 0}. This
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is a consequence of the definition of No(7, N) and the eigenvalue asymptotics of —A +
w; see e.g. [66, Theorem XI1I1.81].! Alternatively, the statement follows on combining
[17, Theorem 2.1] (critical temperature in the canonical ensemble), [26, Lemma A.2]
(equivalence of ensembles), and [66, Theorem XIII.81].

An important property of the ideal gas at temperature 7 = AN /¢ with fixed A €
(0, 2.(s)) is that its density y'¢(x, x) displays a two-scale structure. The condensed par-
ticles are described by the ground state of —A + w. Accordingly, their density varies on
a length scale of order 1, independent of N. On the other hand, since the free energy
is to leading order proportional to NT, see e.g. [25], excited particles carry on average
an energy of order 7. They are therefore characterized by the much larger length scale
R > 1, which can be obtain by equating T = R*. This yields R ~ N2/(6+39) The den-
sity o of the thermal cloud is proportional to oy, ~ N/R? ~ T3/2 ~ N3s/(6+35) « N,
that is, the thermal cloud is much more dilute than the condensate.

As recently shown in [25], this two-scale structure is preserved if we add a weak inter-
action to the Hamiltonian, as in (1.5). To make this statement precise, we introduce, for a
function ¢ in the form domain of —A 4+ w and g € [0, 1], the Hartree energy functional

€'(¢) = (9. -0 +we) + 5 [ P —nlpmPdray.

The function ¢ is interpreted as the condensate wave function and the parameter g as
the condensate fraction. In the following we assume that v is such that the functional
&Y is bounded from below and admits a unique minimizer in the set of functions with
L?(R3)-norm equal to 1. We denote the minimum and the minimizer of &% by EH(g)
and @1, respectively. Using [25, Theorem 1.3 and Lemma 7.1], it can be shown that for
0<T < T.(s), with T(s) defined in (1.10) as the critical temperature of the ideal trapped
gas, the free energy in (1.6) satisfies

lim N7'F(T,N)— Fo(T, N) — No(T, N)E"(go)| = 0.
N—>o0
Here No(N, T) and gg are chosen as in (1.9), and Fy(7, N) denotes the free energy in
(1.6) with v = 0. The effect of the interaction can be observed, to leading order in N, only

in the condensate, because the thermal cloud is much more dilute. Another consequence of
the results in [25] is that for any approximately minimizing sequence I'y € Sy satisfying

lim N7Y#(Tn) — Fo(T, N) — No(T, N)EH(go)| = 0, (1.12)
N—o0
the corresponding 1-pdm y is such that

Jim Ny =0 — No(T. N)I¢™) (97 1 = 0

The theorem in the reference is stated for s > 1 but the proof applies for all s > 0.

2The result in the reference is stated for the special choice w(x) = x2. However, the techniques that
have been used to prove this result also apply to the more general trapping potentials we introduced in the
discussion of the ideal gas.
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holds, where Q = 1 — |/o) (Y| with the ground state ¥ of —A + w. That is, to leading
order in N, yy is the 1-pdm of the ideal gas, where the eigenfunction of its largest eigen-
value (the condensate wave function) has been replaced by the minimizer of the Hartree
energy functional. This, in particular, implies that the interacting systems display a BEC
phase transition with critical temperature given by that of the ideal gas to leading order.
It also indicates that the density of the Gibbs state I'g has the same two-scale structure as
that of the ideal trapped gas.

1.5. Construction of the initial data

In this subsection we define our class of initial states. Our definition is motivated by the
discussion in Section 1.4.

Let ¢ € L2(R?) and let y € B(L?(R?)) be a positive trace class operator. We think
of ¢ as a condensate wave function and of y as a 1-pdm describing excitations of the
condensate. The particle number n(¢, y) of the pair (¢, y) is defined by

w00 = [ 16007 dx -+ Tr.

Let G be the unique quasi-free state on JF that satisfies [G, N&] = 0 and has y as 1-pdm.
We also define the Weyl transformation

W(g) = exp(a™(¢) —a(4)). (1.13)

The above definitions allow us to associate to each pair (¢, y) the state

T'(¢.y) = W($)GW(g)" (1.14)

on the bosonic Fock space. The kernel of its 1-pdm is given by

Trlaja,T(¢.y)] = p(x)p(y) + y(x. ).

which, in particular, implies Tr[N T (¢, y)] = n(¢, ). The state I'(¢, y) is still a quasi-free
state, in the sense that higher-order correlations can be computed through the Wick theo-
rem, summing over all possible partitions in groups of one or two creation and annihilation
operators. Choosing ¢ = /No(T, N)¢™ and y = y¢(Q, it is simple to check that I'(¢, y)
provides a good approximation for the free energy of the system in the sense of (1.12). In
our main theorem, we will describe the evolution in (1.3) for initial data given by suitable
perturbations of a quasi-free state of the form I'(¢, y), under appropriate assumptions on
(¢.7).

To this end, we first use the Araki-Woods representation, see [3,24], to recast a mixed
state I' € Sy as a vector ¥ on the doubled Fock space 3 ® JF. This will allow us to
apply the formalism of Bogoliubov transformations and fluctuation dynamics. Note that
a similar strategy was used in [8] to study the mean-field evolution of fermionic mixed
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states. The vector W is conveniently defined in terms of the spectral decomposition I' =

2211 Ao Va) (Yl as -
U= "1/ ® Va. (1.15)

a=1
where we define the complex conjugate of ¥, in the position-space representation. It
satisfies
Tr[AT] = (¥, (A @ 1)) (1.16)

for A € B(F). It should be noted that this representation is far from being unique. When
we replace the vectors ¥, in the second tensor factor in (1.15) by elements of another
orthonormal basis of F, we obtain an equivalent representation of I'(¢, y) on ¥ ® F in
the sense that (1.16) continues to hold.

For the next step in our construction we need the unitary equivalence

UF(L*(R?) @ F(L*(R?)) = F(L*(R?) @ L*(R?))

defined by the relations UQ ® Q = Q, where  denotes the vacuum vector of F(L2(R3)
® L2(R?)),

Ua(f) @ DU = a(f & 0) = ar(f),

UA®a(fNHU" =a0 f) = ar(f).
Thus, every state I' € Sy can be represented by a normalized vector U =UV e
F(L*(R3) @ L?(R?)) satisfying

(1.17)

Tr[AT] = (PUA @ 1)U D).

If A is expressed in terms of creation and annihilation operators a*, a, then U(4 ® 1)U*
is obtained from A by replacing all operators a* with a; and all operators a with a;. Let
us now consider, in particular, the state (1.14). An important observation is that the quasi-
free state G can be described, on # (L2(R?) @ L2(R3)), by the vector Ug = T (y)<2,
where

T(y) = exp(/ ky(x,y)ag cay, dxdy — h.c.) (1.18)
RS v

and ky (x, y) denotes the integral kernel of the operator k, = arcsinh(,/y). We observe
that 7 () is a Bogoliubov transformation and satisfies the relations

T*()ac(/)T (v) = aguf) +af(vf), (119)
T*(V)ar ()T (7) = ar(uf) + a;f), '

where u = /1 + y and v = ,/y. With (1.19), it is clear that E’G is quasi-free (it satisfies
the Wick theorem) and that it has the same 1-pdm as G, in the sense that

(Tg.af ,ae V) = y(x. y).
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Recalling (1.14), we find that the quasi-free state T'(¢, ), now with a condensate de-
scribed by the wave function ¢, can be described, on F(L?(R3) @ L2(R?)) by the vector
W(p,y) = W(P)T ()2 (sometimes called the purification of I'(¢, y)), in the sense that

Tr{AT (6. 7)] = (2. T* (N W* () UA @ DU*W()T Q). (1.20)
Here we introduced, on F(L?(R3?) @& L?(R3)), the Weyl operator

W(¢) = exp(a;(¢) + a; () —h.c) (1.21)
satisfying the relations

W5 (@)ac(fIW(P) = ac(f) + (f. ),
W (p)ar(f)W(P) = ar(f) +(f.9).
The validity of (1.20) can be checked similarly to the comparable equality for G, using
(1.19) and (1.22).
In our main theorem, we will study the dynamics of initial states I's (¢, ), represented,
on F(L?(R3) & L?(R?)), by the vector W(¢)T (y)E, for a normalized £ € F(L?(R3) &
L?(R?)). That is, the state ¢ (¢, y) is defined so that, for every observable A € B(F),

Ti[ATe(p. ¥)] = (€. T () W () U4 @ DU W(H)T (v)§).

Our assumptions on ¢, y, § will make sure that I'¢ (¢, ) is a perturbation of the quasi-
free state I'(¢, y) (in particular, we will require the expectation of the number of particles
operator and sufficiently many of its moments to stay bounded, in the state &, uniformly
in N). From (1.3), we conclude that the evolution T ,(¢, y) = e #N'T¢(¢, y)e' Nt of
the initial data g (¢, ) is such that

Tr[AT (4. y)]
= . T ()W (@) exp(LN1)UA @ U™ exp(—iLn) W(P)T (y)€). (1.23)

with the Liouvillian

(1.22)

LN = Hng— Hy,r. (1.24)

The operators #Hy ¢ and Hy,, are defined as the original Hamiltonian H# in (1.2) with
ay,ax replaced by ay , agx and a; ., arx, respectively. In other words, on FL2R?) &
L?(R3?)), we are interested in the evolution e 7N W ()T ()& generated by £ on the
initial data 'W(¢)T (y)E&.

Motivated by the properties of approximate equilibrium states of trapped Bose gases
with a trapping potential satisfying (1.7) for some s > 0, we will make the following
assumptions on the pair (¢, ).

Assumptions 1.1. We assume that the pair (¢, y) is such that ¢ € H3*(R3) and
Tr[(1 — A)3/2y(1 — A)3/?] < +00. Moreover, n(¢, y) = N and the following holds for
s > 0:
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(A) The condensate wave function ¢ can be written as ¢ = c(N )(;NS, with a fixed nor-
malized (]3 € L?(R3). The N-dependent constant ¢(N) determines the expected
number of particles in the condensate.

(B) The 1-pdm y obeys
L rvalapag < 1226

with T.(s) as in (1.10), and where y(p, q) denotes the integral kernel of y in
Fourier space.

(C) The operator norm of y satisfies

Il < Te(s).

Part (A) in the above assumption allows us to choose q~5 = ¢ minimizing (1.11) with
gin(1.9),and c(N) = {/No(N, T), as defined in (1.9). Point (B) implies that the density
satisfies |y (x, x)| < Tc3/ z(s), uniformly in x € R3. In fact, it also implies (and this will be
important for us) a bound (uniform in ¢) for the density of the free evolution e'2! ye1A?
and, more generally,

sup (€8 ye 8N (x, y)] < / 9(p.0)| dpdg < T2(s).
x,y€R3 RO

As we will see in Section 2, point (B) is satisfied by y'4Q with the 1-pdm y! of the ideal
gas in (1.8) with the choice w(x) = |x|* and with Q = 1 — |¥o) (¥o|, where ¥y denotes
the ground state of —A + |x|*. Point (C) in Assumption 1.1 is satisfied by y*Q too.

We conclude this section with a brief discussion of the relevant scales related to our
time evolution. In the whole discussion we assume that 7 = kT,(s) with « € (0, 1). This
in particular implies that we have order N particles in the condensate and order N parti-
cles in the thermal cloud. We are interested in following the dynamics of the condensate,
and therefore consider times of order 1. This is motivated by the fact that the energy per
particle in the condensate and the related length scale are both of order 1, independent of
N; see Section 1.4. In contrast, the energy per particle in the thermal cloud is proportional
to T and the related velocity is of the order T1/2 ~ N5/(6+3%) > 1. Thus, particles in
the thermal cloud move much faster than particles in the condensate. For particles in the
condensate, the N ! factor appearing in (1.2) in front of the interaction produces a mean-
field potential and leads to the Hartree equation. In contrast, the typical length scale R of
the thermal cloud scales as N2/(6+35) 5 | (see Section 1.4); hence the thermal cloud is
much more dilute and we can expect that, to leading order in N, it moves according to the
free evolution. Our main result confirms this heuristic picture.

1.6. Main result

Our main result is captured in the following theorem.
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Theorem 1.2. We assume that v € L'(R3) N WP (R3) with p > 3 satisfies v(x) =
v(—x) for a.e. x € R3 and that © € L'(R?), where { denotes the Fourier transform
of v. Moreover, we assume that the pair (¢, y) satisfies Assumption 1.1 with0 < s < 3/2
and that the fluctuation vector § is such that (&, (Ng + Ny)**€) < 1 holds with Ny/r =
f a; rx /T dx. Then there exists a constant ¢ > 0 such that the 1-pdm yg ; of the state
It s (¢, y) defined in (1.23) satisfies

Ve — e ye ™ — ¢ )il g1 S VNT*(s) exp(c exp(cexp(ct))),  (1.25)

where || - || g1 denotes the trace norm and T.(s) is defined in (1.10). The function ¢, is the
solution to the time-dependent Hartree equation

10,0 (x) = (=A + N7 % |¢: (x)|?)ps (x)  with initial datum ¢o(x) = ¢(x). (1.26)

Remark 1.3. We have the following remarks concerning Theorem 1.2.

(1) The right-hand side of (1.25) scales for 0 < s <3/2as N(1+9)/Q@+s) < N5/7 « N
which should be compared to Tryg; = N = Tr[eA ye ™A 4 |p;) (¢, |]. That is,
the 1-pdm e’ ye =A% 1 |¢,)(¢,| yields a good approximation for Ve, for fixed
t > 0 and large N.

(2) The time dependence of the right-hand side of (1.25) can be replaced by
C, exp(c exp(c(t + t37¢))) for & > 0 provided we have either v > 0 or ¥ > 0.
More details can be found in Remark 3.6 in Section 3.2 below.

(3) We can obtain a better approximation for yg, by letting @ = |¢)(¢| + y and
considering the solution to the time-dependent Hartree equation

0,0, = [-A 4+ N7 04, (x), @] (1.27)

with w;—9 = w and g, (x) = w;(x, x). Then, proceeding as in our proof of The-
orem 1.2, we could show that

Ve — willer < V/NT.(s) exp(c exp(c exp(ct))).

In this case the dependence on N on the right-hand side is optimal, already for
t = 0. In fact, taking £ = U(l + ay (@/1#1))2/~/2, with U defined in (1.17), a
short computation shows that

(. J79)
_ 1.28
6l (1.28)

Assume ||y]| ~ Tc(s) and let ¥ denote the normalized eigenfunction of y asso-
ciated with its largest eigenvalue. Choosing ¢ = ¢(N)V so that ||¢|| ~ /N, the
right-hand side of (1.28) is of order /N T¢(s).

(4) The assumption on £ appearing in Theorem 1.2 is needed for s = 3/2. For s < 3/2,
fewer moments are sufficient.

T[N T (9. y)] — Te[N (. y)] =
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(5) The restriction 0 < s < 3/2 is required because, if Assumption 1.1 (C) is violated
for s = 3/2, the largest eigenvalue of y might grow so fast with N that our analysis
breaks down; see the discussion after (5.17).

(6) The theorem holds, in particular, for the following choice of (¢, y): Leth = —A +
|x|* with 0 < s < 3/2. The 1-pdm y is defined by y = y'4Q with y in (1.8),
where the projection Q removes the largest eigenvalue of y'¢ (the condensate),
and the temperature 7 in the definition of y!¢ obeys T < T.(s). The condensate
wave function ¢ is given by /N — Tr[yidQ] times a minimizer of the Hartree
energy functional in (1.11). In Section 2 we show that the pair (¢, y) satisfies all
assumptions of Theorem 1.2. It is also possible to consider traps with s > 3/2, in
particular the harmonic trap w(x) = x2, if we restrict our attention to temperatures
T < T.(3/2) < T.(2). Our analysis applies above the critical temperature as well,
where ¢ = 0 and ||y|| ~ 1; in this case, we can take any s € (0; co) and we only
need weaker assumptions on & (and we get better bounds).

1.7. Proof strategy and organization of the article

For the convenience of the reader we give in this section a short summary of the main
steps leading to a proof of Theorem 1.2.

In Section 2 we show that the initial data in Remark 1.3 (5), consisting of the minimizer
of the Hartree energy functional in (1.11) and the 1-pdm of the ideal gas trapped by the
potential w(x) = |x|% with s € (0, 3/2], satisfies Assumption 1.1.

Our many-body analysis is based on the definition of fluctuation dynamics around the
dynamics generated by the Hartree-Fock—-Bogoliubov (HFB) equations; see e.g. [4, 10].
We do not give a derivation of these equations from quantum mechanics but rather use
them as a technical tool. In Section 3 we introduce the HFB equations, we recall their
well-posedness, as established in [4], and we show how they can be approximated by
the much simpler effective dynamics appearing in Theorem 1.2, if the initial data satisfies
Assumption 1.1. We also prove a bound for solutions of the HFB equations that guarantees
the diluteness of the thermal cloud during the time evolution and is a crucial ingredient
for our many-body analysis.

Section 4 is devoted to the construction of the fluctuation dynamics around the HFB
equations and to the proof of Theorem 1.2. We start by recalling some basic facts about
Weyl and Bogoliubov transformations in Section 4.1, and afterwards define the fluctuation
dynamics in Section 4.2. In Section 4.3 we prove a bound for the trace-norm difference of
ve,r and the 1-pdm related to the solution to the HFB equations in terms of the expected
number of excitations in the time-dependent fluctuation vector. A bound for this quantity
is stated without proof in Proposition 4.3 in Section 4.4. We end Section 4 by showing
how Proposition 4.3 implies Theorem 1.2.

In Section 5 we give a proof of Proposition 4.3 that is based on a Gronwall argu-
ment for the expected number of particles in the fluctuation dynamics, and we start our
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analysis in Section 5.1 with the computation of its generator. In Section 5.2 we introduce
a fluctuation dynamics with a cutoff in the particle number and prove the equivalent of
Proposition 4.3 for this dynamics. Section 5.3 is devoted to the proof of weak a priori
bounds for the original fluctuation dynamics without a cutoff, that are later used in Sec-
tion 5.4 to show that the two fluctuation dynamics are close in a suitable sense. Finally, in
Section 5.5 we use the results of the previous sections to give a proof of Proposition 4.3,
thus concluding the proof of Theorem 1.2.

2. Properties of the 1-pdm of the ideal gas and of Hartree minimizers

In this section we provide an example of a physically relevant initial pair (¢, y) satisfy-
ing Assumption 1.1. To this end, we choose y as the 1-pdm of the ideal gas described
by the Schrodinger operator 7 = —A + |x|* for some s € (0, 2] and ¢ as the mini-
mizer of the Hartree functional (1.11), again with 7 = —A + |x|® and with a sufficiently
regular interaction potential v (Theorem 1.2 describes the evolution of perturbations of
the state T'(¢, y) in (1.14), if s € (0; 3/2]). The next proposition shows the validity of
Remark 1.3 (5).

Proposition 2.1. Let h = —A + |x|*, for some s € [0, 2], and

1
V=g 12

with a chemical potential p € R satisfying h > p and with Q = 1 — |¥o){Vo| denoting
the projection on the orthogonal complement of the ground state Yo of h. Then, for every
B > 0, there exists a constant C < oo (depending on ), with

Tr(1 — A)¥2y(1 — A)¥? < C. 2.1)
Moreover, denoting by y(p, q) the integral kernel of y in Fourier space, we find ||y| <
T.(s) and
/R 7(p.9)ldpdg 5 T2(s) 22)
forall B > 0 with B~1 < T.(s).
Letv € WHP(R3) for some p > 3 and let ¢ € H'(R?) with ||¢|| = 1 solve the Hartree
equation
(=A + |x " + g [p) (1)) (x) = ¢ (x) 23)

with g € [0, 1] in the sense of distributions, for some ! € R. Then we have ||¢|| g3 <
(14 [[v]leo + pH)3/2.

In order to prove Proposition 2.1, we will make use of the following lemma.
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Lemma 2.2. Let w € M;gl(R3) be real valued, with w(x) > —C, for some C > 0. Let
hy = —A 4+ w, denote k = 1 + C, and assume the operator inequality

IVw]?> < (k + hy). (2.4)
Then we have
(1—=A)2w? < (k+hyw)? (1—A)2° < (k+hy) (2.5)

Remark. In applications we will use Lemma 2.2, with w(x) = |x|® and with w(x) =
X + g (v * [¢]?)(x), for s € [0,2].

Proof of Lemma 2.2. Pick u € €%°(R?). A short computation shows
(u, (k — A 4+ w)?u) = (u, [(1 = A)? + (C + w)*Ju) 4+ 2(Vu, (C + w)Vu)
+ 2Re{u, (Vw)Vu) 4+ 2(u, (C + w)u). (2.6)
With (2.4), we find
[(u, (Vw)Vu)| < [[(Vw)u| [Vull < (u, (€ + hw)u).

Estimating (k 4 hy) < e(k + hy)? + C, and using w > —C we conclude, from (2.6),
that
(u, (e + hw)?u) Z (. [(1= A + (C + w)]u). @7

Since hy, is essentially self-adjoint on CC°°(R3) (see for instance [65, Theorem X.28]),
this proves the first bound in (2.5). To show the second bound, consider

1-A)P=(10-A)?-V-(1-A)>*V.
From (2.7), we have (1 — A)? < (k + hy)? and therefore that

—V-(1=A)?V < —V-(k + hy)?*V
= —((hw + )V + [V, hy]) - (V(hw + €) = [V, hy])
S (kK 4+ hw)(=A)(k + hy) + [V, ho] .

With —A <k + hy, [V, hy] = Vw and assumption (2.4), we conclude that
(1=A)3 < (k + hy)?. "

We will also need the following estimate of the Fourier transform of the heat kernel
associated with /.

Lemma 2.3. Let k;(p, q) denote the Fourier transform of the kernel of the operator
exp(—th) fort > 0. The function (p, q) = k.(p, q) is nonnegative a.e. and satisfies

/Ré ki(p.q)dpdg < (/1)*2. (2.8)
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Proof. Let us define P;(v) as (27)~%/2 times the Fourier transform of the function
exp(—t|x|*). We have [ P,(v)dv = 1, and from [66, Theorem XIII.52 and Example 2
on p.220] we know that it is nonnegative. Accordingly, P;(v — w) defines a probability
transition kernel.> Moreover, we have the Markov property

/11{3 Po(v—2)P,(z—w)dz = Ps 44, (v —w)

forty,t, > 0.
From the Trotter product formula, see e.g. [64, Theorem VIL.31], we know that

exp(—th) = (exp(—t|x|*/n) exp(t A /n))" (2.9)

lim
n—oo
holds in the strong operator topology. Let us denote by K, (v, w) the Fourier transform

of the integral kernel of the n-dependent operator on the right-hand side of the above
equation. With the notation g9 = v and ¢,, = w, we can write

n n t 2
0= Ku(v.w) z/(npt/n(%'—l_%')) CXP(—Z Z’ )dql--.dqn—l

i=1 i=1

< / (]_[ Piin(qi-1 — q,-)) (% ZeXP(—tq,-z)) dg1 ... dgn—1
i=1

i=1

1 n
= Z[ Pitjn(v —q) exp(—tqz)P(n_i)t/n(q —w)dg. (2.10)

i=1

To get from the first to the second line, we applied Jensen’s inequality. Let ¢, ¥ €
L?(R3) N L*°(R3) be two nonnegative functions. In combination, (2.9) and (2.10) imply
the bound

05/ o)k (v, w)Y(w)dvdw = lim/ ¢(V) Ky, (v, w)y (w) dvdw
RG n—>o0 R6

oo n

.
< liminf — %" /R L W) Pigjn(v = q) exp(=16%) Pu-iye/n (g = w) ¥ (w) dv dg dw
i=1

< ||W||oo||<i>||oo/]Rs exp(—1¢*) dg = ||V lloo I} oo (r/1)*/. (2.11)

The first bound in (2.11) implies that k,(p, g) > 0 holds for a.e. (p, ¢q) € R®. The bound
in (2.8) follows from (2.11), when we take the supremum over all functions ¢, ¥ with
0 < ¢,y < 1 on both sides. This proves Lemma 2.3. ]

We are now ready to show Proposition 2.1.

3The function P, (v — w) is the transition kernel of an s-stable Levy process; see e.g. [48, Example 6.5].
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Proof of Proposition 2.1. To show (2.1), we remark that, with the choice w(x) = |x|*, for
s € (0;2], we have |[Vw(x)| = s|x|*~! and therefore

IVw(x)]* < [wx) + |x]2+ 1] < (1 +h)

with i = —A + w(x). In the last step, we applied Hardy’s inequality. Thus, we can apply
Lemma 2.2 to estimate

Te(1 — A2y (1 — A2 < H(l _ AP ( Te(1 + h)3y.

i

The claim follows by noticing (with {e; }°° o indicating the eigenvalues of /) that

(14+¢)°<Tre" < / e~ C®20x < 00 (2.12)

ePlei—) 1 R3

> 1
3, _
Te(1+h)Py = e
j=1
for some constant ¢ > 0, where we used e; > ey > w in the first step, see [66, Theo-
rem XIII.47], and in the second step the bound for the trace of the propagator of the heat
equation below [13, equation (6.5)]. The bound | y| < T¢(s) follows from (h — n)Q >
e1 —eg =: Ae > 0, which implies that

1 1
< < < [C .
Iyl = exp(BAe) —1 ~ BAe ™ )

Next we show (2.2). We use here the notation v; for the eigenfunction of / corre-
sponding to the eigenvalue e;, for j € N. The identity (exp(x) —1)~! = >0 | exp(—ax)
for x > 0 allows us to write

[e.o]

y = Y (exp(=B(h — @) — exp(—B(eo — w)a) o) (Vo).

a=1

Using the above representation of y and the notation k, from Lemma 2.3, we estimate

M o] [ore]
9(p. @)l < exp(Bumkpga(p.q) + Y. Y exp(—Belei — w)|¥i(p)| i)
a=1 a=M+1i=1
M ~ A~
+ > exp(=B(eo — W) |0 (p)| 1Y0(9). (2.13)
a=1

where M € N. An application of Lemma 2.3 shows that the L' (R®)-norm of the first term
on the right-hand side is bounded by

/
ZeXp(ﬂW) / kpa(p.q)dpdg < ZeXp(ﬂeooz)( Ba )3 i

a=1

< (71/,3)3/2 exp(BeoM) Za_3/2. (2.14)

a=1
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To obtain the first bound we used ey — 14 > 0, and for the second one eg > 0. The L (R®)-
norm of the term in the last line is bounded by

Zexp( Bleo - w)a) / 0(0)] 170(@)] < MIPol2. 2.15)

a=1

The norm on the right-hand side is bounded by the H?-norm of . Since v/ is an eigen-
function of &, we conclude with Lemma 2.2 that it is finite. It remains to consider the
second term on the right-hand side of (2.13). To that end, with Ae = e; —ep > 0 we
estimate

o0 e BM+D)(ei—p)

> Zexp( Balei - u))w,(pmwl(qn—Zmn&i(mm&i(m

a=M+1i=1 i=1 1

< Zhe Ze—ﬂf‘“et D1 (P Vi (@)l
Integrating over p, g, the right-hand side is bounded by

o]

1 1
EZ e M)(/Iw(pndp) <mze‘m"f‘”(wi,(l—A)ZW

Ze—ﬂM(ez ”“)(1 + e )2

i=1

,BA

Choosing M € N with M > B~1, (2.2) follows from the last equation (proceeding as in
(2.12) to bound the sum over i), together with (2.13), (2.14), and (2.15).

Finally, let us show the bound on ||¢| g3, for a normalized ¢ solving the Hartree
equation (2.3). Let w(x) = |x|* + g(v * |¢|?)(x) and sy, = —A + w. Since v € L>®(R?)
(by Sobolev embedding), we have ||v * [¢]?[lco < ||V]loo. We also have (choosing p’ < 3/2
suchthat 1/p +1/p' = 1)

IV 16 loo < IVVIpl@13, S IVVIlpllell,-

Therefore, we can apply Lemma 2.2, with w = |x|* + g(v * [¢|?)(x) and k = 1 + ||v]|oo
to show that
11— 2211 S [l + hw)* 2]l = (e + 2,

which proves the claim. u

3. The Hartree-Fock—-Bogoliubov equations

As explained in Section 1.7, we use the HFB equations to define our fluctuation dynamics
in Section 4.2. Here we introduce the equations and collect some of their properties that
we need for the many-body analysis.
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For the triple (¢, yr, ;) consisting of a condensate wave function ¢, € L2(R?), a
positive trace class operator y; (a 1-pdm), and a pairing function o; € L?(R®), the HFB
equations take the form

10:p: = h(y))pe + k(@) gy,
0y = [h(P), ye) + k(e)af — ark(a?)*, 3.
.0, = [h(y?), @)y + k@), yil4 + k@),

where [A, By = AB* + BA*,y® =y + |¢)(¢], and a® = a + |¢)(¢|. By A we denote
the operator with the complex conjugate integral kernel in position space. Moreover, we
use the notation

1
h(y) =—-A+b(y), k(x)= Nvﬁoe, 3.2)
where | .
b(y) = yUrert Nvﬁ%

vflo denotes the operator with kernel v(x — y)o (x, ¥), and the density associated with the
1-pdm y is given by 0, (x) = y(x,x). Here v is an interaction potential satisfying suitable
assumptions to be specified later. The mean-field scaling we are interested in is reflected
in the factor N ~! multiplying v in the equations.

The HFB equations arise naturally as a quasi-free approximation of the many-body
dynamics (which does not preserve quasi-freeness) for quasi-free initial data. Their deriva-
tion from many-body dynamics is an interesting problem. At zero temperature, several
rigorous results are available, in the mean field as well as more singular scalings. At pos-
itive temperature, this problem cannot be addressed by our analysis. Indeed, using (4.25)
we can only show that the HFB equations approximate the many-body dynamics, at the
level of the 1-pdm, up to errors of order /N T,(s). This bound is optimal for our choice
of initial states, as pointed out in Remark 1.3 (3). However, at this level of precision we
cannot resolve the difference between the HFB evolution and the simpler Hartree evolu-
tion (1.27). In (3.5) we bound the difference by O (/N T,()). but it is actually expected
to be much smaller. For more information about the HFB equations and their derivation
from many-body dynamics, we refer the reader to [4, 10,23,41-45].

3.1. Well-posedness

In this subsection we state conditions that guarantee the well-posedness of the HFB equa-
tions. We define M = (1 — A)'/2, and for j > 0 we introduce the linear spaces

H=MTL M and K2 ={aeL?| Ma,aM’ e £%)
with £/ defined in Section 1.2, which are Banach spaces when endowed with the norms

yllgein = IM7yM7 g1 and el geso = M7 el g2 + llaM? | 2.
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respectively. These norms are natural in the sense that, if y = |y )(y| is a rank-one pro-
jection, then ||y || g1 = ||V ||§{ ;» while ||| g2 reduces to the standard Sobolev norm on
H/(R®) when « is identified with its integral kernel. We also define the Banach space
(X7, 1+ llxs), where

X' = HI x H < H7? and |18, v.0)llxs = 16las + 1yl + llell o

The following holds true; see [4, Theorem 5.1].

Theorem 3.1. Let (¢g, yo,00) € X3 and suppose that

r(1)= Yo (240]
0 a 1+ 70

is positive, i.e. F(()l) > 0 as an operator on L*(R3) ® L?(R3) (this is always the case if
Yo, Qo are the reduced 1-pdm and pairing density of a state T' on F(L*(R3))). Assume
also that the interaction potential v satisfies v(x) = v(—x) and v € WP (R3) for some
p > 3. Then there exists a unique triple (¢;,y;, ;) € C1([0,00), X1) N C°([0, 00), X 3)
satisfying (3.1) with initial datum (¢, Yo, &to) in the classical sense in X1, Moreover, the
number of particles

ny) = [P dx+Tey,

and the energy

E(¢r, ye.ar) = Trlh(y?)yi]

2 T Il + 0190 (91 Dyi) + 30 T * 0y, + 0By

L _ 2
+ N/Mv(x Woe(x, y) + ¢ (x)ds (y)|“ dx dy

are conserved along the evolution, i.e. n(¢s, y:) = n(do, vo), &(Ps, Vi, r) = & (o,
Yo, &), for every t > 0. Finally, the dynamics is positivity preserving, that is,

(@] V43 (o7
ri/’=(_ _]>0 3.3
! (Olt 1+ Vt) - )

foreveryt > 0.

3.2. Approximation of the HFB dynamics

Although we use the HFB equations to define our fluctuation dynamics in Section 4.2,
we ultimately want to show convergence of the full many-body dynamics to a simpler
effective dynamics, with ¢, solving the time-dependent Hartree equation (1.26), y; =
€Al ype A evolving freely, and a; = 0. To reach this goal, we will use the next proposi-
tion.
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Proposition 3.2. Let the pair (¢o, vo) satisfy Assumption 1.1 with s € (0, 00), and let the
interaction potential v satisfy the assumptions of Theorem 1.2. Moreover, let (¢y, V¢, att)
denote the solution to the HF B equations (3.1) with initial datum (¢, Yo, 0). Then there
exists a constant ¢ > 0 independent of N and t such that

lye —viller < NYV2T/4(s)t exp(et),

3.4)
lpe — @Fll < T2/*(s)t exp(ct),

where ¢! is the solution to the time-dependent Hartree equation in (1.26) with initial

condition ¢po and yF = e!Blyge 181,

Remark 3.3. We have the following remarks:

(1) Our assumptions on (¢, o) and v guarantee that the HFB equations are well
posed; see Theorem 3.1. It is well known that they also guarantee the global well-
posedness of the time-dependent Hartree equation in H'(R3), and that the L2-
mass of the solution is preserved along the Hartree flow.

(2) Asexplained in Section 1.4, the scaling of the critical temperature with the number
of particles is given by Ts(s) ~ N/¢ = N &%, In particular, 72>/ *(s) < N1/2
for every s > 0, showing that the bounds given in (3.4) are nontrivial.

(3) It is possible to get better rates than those in (3.4) if one compares to a slightly
more complicated evolution for the 1-pdm. Indeed, let wy = |po){(Po| + o, and
define w; to be the solution of the Hartree equation (1.27) with initial datum
w¢=0 = wg. Then we have the improved bound

1) (@l + ve — i 1 S NY2TH2(s)t explet). (3.5)

for some constant ¢ > 0 independent of # and N. As a consequence, one gets
a better (indeed, optimal) rate of convergence in (1.25) by replacing |¢!) (¢pH] +
el At yoe_iA’ with w; in the statement; see Remark 1.3 (3). Estimate (3.5) is proven
by a suitable adaptation of the Gronwall-type argument given below, but since
we do not need it for our main result, we omit the details. We only highlight
that the gain from using (1.27) is that it allows one to replace the direct term
[v * |¢:|?, y+] appearing on the right-hand side of (3.9), which we can only bound
by N/ 2TC3/ 4(s) (see (3.16)), with some simpler terms that can be shown to be of
order N2V (s).

Proof of Proposition 3.2. We introduce the notation 6; = (¢;, y;, o;), and we write the
HFB equations as
iatQt = A@, + f(gt)’ (36)

where
A8 = (_A¢7 [_A’ V]7 [—A,(I]+) (37)
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is a linear operator on X ® with domain D(A) = X2, and f € C(X°) is defined by

1) = (b(n)¢ + k@),
by?).y] + (k(@®)a* — ak(@®)*)y.
b2, ]y + [k(@®), al4 + k(@?)).

Applying Duhamel’s formula to (3.6) and (1.26) we get
H TN 2 1 H|2  H
b=l = =i [ I8 (Fv b — o Pl

+ b()s + k() ds. (3:8)
t

Ve—vi = —i/ ei(t_s)A([b(yss), ¥s] + k(@®)ak — ozsk(ozg’x)*)e_i(t_s)A ds, (3.9
0
t

a = —i / STIEAB) ([h(y8), o]y + k(@) v+ + k(@f))ds. (3.10)
0

Here we identify o, with its kernel o, (x, y) in L?(R®) and we denote by Ay + A, the
Laplacian acting on this space.
Let us start by deriving a bound for the right-hand side of (3.8). We use the identity

01970y — v x 98P0 = (v (19l — 190 )l
1
+ (v *19s) s — 0.

Young’s inequality, and the conservation of the particle number for the Hartree and HFB
equations, to see that

S N7 olloo(lgsll® + 15 1% 15 — ¢5'

< N7 wlloo (ol + 7ol e llds — 2
< llgs — 1.

In the second term on the right-hand side of (3.8) we write

o 525 — o x 68 Pg)

b(ys)ps = b(V§)¢s +b(ys — Vf)fps,

and we estimate the two terms separately. First, we bound the operator norm of
b(ysF) =N"lux 0y + N_lvﬂyf.
Using Assumption 1.1 (B), we see that

INT'v o6l = N7 o oyrll < N7 ol sup |yg(x, x)| $ NT'T%(s). B.11)

x€R3
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Moreover, for any ¥ € L?(R3) we can estimate
N7y () < N7 [R3 [o(x = )] lys e Y ()] dy
=N s ] [ o=l o)y

x,y€ER3
S NTIT2(s) (o] * |y (x),

which implies
N7 iVl S N T22@)| vl * [yl] S N T2 vl
For the operator norm of b(ys — y&) we have the bound

N7 v (oy, — 0,0 = N7 HJv * (0y, — 0,7 lloo

22

<Nl [ It = E 0l S N = e,

and

1/2
N ot =D < N[ ot 0Pt = P asay)

< N wlloollys = v5llez < N7y — vl

(3.12)

where in the last step we used the fact that the Hilbert—Schmidt norm of a trace-class

operator is bounded by its trace norm. Collecting (3.11)—(3.12) we deduce

by < NTIT32(s),
16(s — ¥l < N7 lys — ¥Ell g

The above bounds and the conservation of the particle number imply

15Crs)sll < N7V2(llgoll® + llyoll2) /2
X (NTV2T32(s) oy + N2 [0 lloollys — vl 1)
SN2 ol + N2 vlleollys — il

Similarly, we estimate
-1 —-1/2
lke(@)esll < N7 vllollosllz2 sl S N2 vlloo sl 22-

‘We have thus shown that

e — ¢H| < N™V2T2/2(s)t

t
+ [0 (s — @5l + N2 lyg — yEller + N2 |orgl| 2) ds.

(3.13)

(3.14)
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We now turn to the right-hand side of (3.9). Using the bounds in (3.13) again, we find

1@ ysller < 162 ysler + 1vsb(rf)ller
< 2(lysler (16 s =y + 12GDID + Db} (@sDvs | 1
+ | 6s) (@5 Dl lys — v5 1)
< Ivlloollys = viller + 722wl
+ N7 * syl + N7 (0fles) (@sDyE | g
+ |65 ) (bsD [ lvs — viler (3.15)

The third term on the right-hand side of (3.15) is bounded by
-1 2 <N~ 1 1/2 2y . F\1/2
I * 1¢s1*)ys Nl 1y lgn 1w 165 () V2 | 22

1/2
< N—1/2( /R 1 19 PY ) P1s . x)| dx)

S NPT () v = (¢
< N2T34 )|l < NYV2T34(s). (3.16)

The exchange term can be estimated by

[otles) (@l ¢, < / 3|17 g5} e sl o, dp < 19111511

thus,

N7 otlgs) (@slvs | ¢, < 75l < Te(s).

As for the term on the last line of (3.15), we have
Hb(|¢s)<¢s|)””7/s - Vf“:ﬁl = N_l(”U * |¢s|2||oo + va¢s)<¢s|”)”ys - Vf”xl
< vlloollys — ¥5 llgr-

Going back to (3.15) we find
IG2). yslller < lvs — villgr + NY2T4(s) + T2 (s) + Te(s).

To bound the last two terms in the integral on the right-hand side of (3.9), we use the
elementary inequality |log ||?$2 < (1 + Trys) Tr ys, which follows from (3.3). We find

k(@@ )afller < k(@) g2l 2
< N7 olloo(llgsl® + (1 + llyslzn) P llesller S laslez,  (3.17)

and similarly
losk (@) N1 < lles 22
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We conclude that
lye = viller S (NY2T2HGs) + T2() + Telo))e
+-/Ct(”Vs—'Vf”£1'+|h1H$2)dS~ (3.18)
We also need to control the operator norm of (3.9). Thus, we observe that

I < N 7w * (oy, + 195D loo + N7 0(rs + [ds) (ds]) | 2
SN lloo(lysller + 18517 < lvlloo. (3.19)

which implies
1), vsll < 2062 Hysll < Uys = vs | + Te(s)).

Similarly, we find
Ik(@@)ef |l S lk@f)eyller S losl gz

where we used (3.17) in the second step. We conclude that
t
o= VIS T+ [ = pE0 + sl s (3:20)
0

Finally, we combine (3.10), (3.19), [k(@?)|| < |lk(@®*)|lg2 < ||v]lco, and | AB|| g2 <
Al | B]l > to see that

t
lloellg2 = /0 MB(rd), asle + (@), ysle + k(@) 22 ds

t
smm+/um—ﬁwwmmms (3.21)
0

holds.
Let us define the norm

161 = T4 lpll + NPT @)y ller + T Uy I+ lel22).

In combination, (3.14), (3.18), (3.20), and (3.21) imply

t
|M—@Mh§0+K/H%—%ﬂw
0

for constants C, K > 0 independent of ¢ and N. Here, 8; = (¢;, y;, ;), while 6; ¢ =
(¢, yE,0). With an application of Gronwall’s lemma we conclude that

16; — Oco0ll+ < CleKt,

which proves the claim. ]
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Assumption 1.1 guarantees the diluteness of the thermal cloud when propagated with
the free time evolution at all times. We now prove that this property continues to hold for
the 1-pdm evolved with the HFB equations up to a double exponential growth in time. The
precise statement is captured in the following proposition.

Proposition 3.4. Let the pair (¢g, yo) satisfy Assumption 1.1 with s € (0, 2], and let v be
as in Theorem 1.2. Moreover, let (¢y, V¢, ;) denote the solution to the HFB equations in
(3.1), with initial datum (o, Yo, 0). Then there exist constants ¢, C > 0 such that

sup |y (x, y)| < T2*(s) exp(c exp(ct))
x,y€R3

holds fort > 0 and N > C exp(c exp(ct)).

In order to prove Proposition 3.4 we need two lemmas. The first one concerns the
growth of the L!-norm of the Fourier transform of the solution to the time-dependent
Hartree equation in time.

Lemma 3.5. Assume that ¢; is a solution to the time-dependent Hartree equation in
(1.26) with initial condition ¢ € H*(R3) and v satisfies the same assumptions as in
Theorem 1.2. There exists a constant ¢ > 0 such that

dellt < llgolls explet),

where (]3, denotes the Fourier transform of ¢;.

Proof. We use Duhamel’s formula to write ¢; as
b= Mo i [ I[N x i) s
0
Taking the L'-norm in Fourier space on both sides, we find
~ ~ 1 t S ~
Ipzlly < lidolls + N~ / 151651115 111 ds
0
r
< lidolls JrN_lllf)lll/0 1151 lloollps 11 ds
~ t ~ ~ t ~
=< li¢ollx + N_1||17||1||¢>o||2/ @1l ds < llollx +/ ll@sll1 ds,
0 0

where we used the conservation of the L2-mass in the last step. An application of Gron-
wall’s lemma yields

Ipslls < lidollr exp(er),

which proves the claim. ]
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Remark 3.6. If v > 0 or 0 > 0 it can be shown that there exists a constant C > 0 depend-
ing only on ||@o|l2, EH(¢), with & defined in (1.11), and & > 0 such that

el 2wy < CA + 129l doll 2 w3)- (3.22)

This result follows from the analysis in [69, Section 5]. It allows us to replace the exponen-
tial time dependence in Lemma 3.5 by the polynomial time dependence on the right-hand
side of (3.22) (because the H?(R3)-norm of a function dominates the L'(R3)-norm
of its Fourier transform), the double exponential time dependence in Proposition 3.4
by exp(c(t + t3%9)), and the triple exponential time dependence in Theorem 1.2 by
exp(c exp(c(t + 319))).

The second lemma is a generalization of Gronwall’s inequality which follows from

[72, Corollary 3.2].

Lemma 3.7. Let p € N\ {0,1}, T > 0, and let a, b, ¢ be continuous, nonnegative, and
nondecreasing functions on [0, T] such that e*D@=DT < 1 4 b(t)/(a(t)? ' c(t)) for
everyt € [0, T]. Ifu € L*°[0, T] satisfies u(t) > 0 and

u(t) <a(t) + b(t) /: u(s)ds + c¢(¢) j(;t u?(s)ds

forae. t €[0,T] then, fora.e. t € [0, T], we have

1

u(t) < a(z)[l - %((z(?‘“b(’” - 1)]_’"1 eP®r,

Remark 3.8. As a consequence of the power-law nonlinearity in the integral inequality
in Lemma 3.7, the bound for u(¢) blows up as ¢ approaches the smallest time 7'* such that

T =b(T") " (p = D7 In(1 +b(T™)/(@(T*)? " e(T™))).

For times satisfying 0 < ¢ < T*/2, the nonlinearity is irrelevant and functions obeying
the integral inequality satisfy the standard Gronwall estimate

u(t) < a(t)exp(b(o)r).
We are now prepared to give the proof of Proposition 3.4.

Proof of Proposition 3.4. For a Hilbert—Schmidt operator y we use the notation |y ||z =
J17(p.q)|dpdq, where 7(p, q) denotes the Fourier transform of the integral kernel of y.
For ¢ € L2(R?) we also define ||¢]lq = [|$||1. We will prove that there exists a constant
¢ > 0, independent of # and N, such that

lyella < T2 (s) exp(c exp(et)),
leeella < T2/%(s) exp(c exp(ct)),
lpe — ¢ lla S exp(c exp(ct))
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holds for # > 0, and N large enough depending on ¢, which implies the claim. To this end,
we start by noticing that the operator e 74¢~=) with A as in (3.7), acts in Fourier space
by multiplication with a complex phase, and therefore preserves the norm || - ||4 for ¢, y,
and «, for every t > s > 0. Thus (3.9) implies, for t > 0,

!
yella < e lla +/ 1b(e)ys + k(af)ay — ask(a?)*[lads, (3.23)
0
with yF defined below (3.4). Young’s convolution inequality implies
IV %@ s )yslla = N7V (0ag0) 1 9 )
< N7Ho 1ol + yollD)lIvslla < s lla.

where f *; Ps(-,-) denotes the convolution of f with the ith variable of the kernel
7s(p,q). A straightforward computation shows that, for any Hilbert-Schmidt operator y,
we have

O = o [ 5@ - p— )t (.24
It follows that

IN~ iy pslla

= N" / / BE) oz — £ p— ) + sz — D)ba(p — ) Ps(z.q) d dz

= N7l ( sup [ [B@I(17:(z ~ & p = )]+ Iu(z — ).(p — ))& dp).

zeR3

dpdg

Bounding |0(§)| < |lv|l1 and integrating first in p and then in &, we find

INT @y yslla < N7 I s lla + s ID1yslla
SN Holliyslla + llgs = o815 + N85 1D vsla
< NTHpsllE + N7 s llallgs — 513 + exp(er) [yl

In the last step we used Lemma 3.5. Similarly, we see that

Ik (@?)ery — ask(@?)*lla < N~ vl (letslla + s 1D Nevslla
< N7l (leslla + ligs — & 115 + g 1) lles lla
< N7 eslis + N7 e llallgs — '3 + explet) s la-

In combination, (3.23) and the above bounds imply
t
yella < llyilla + € eXp(ct)/ (I¥slla + lleslla) ds
0

t
+CN™! /0 [ysld + llosl§ + llgs — @5 13 Uyslla + lloslla)] ds. - (3.25)
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Next we consider the right-hand side of (3.10). Estimates similar to those above show

M), asle + k@), ys]+lla
< N7l (s = o513 + I 1D s lla + lleslla) + l1vsllalleslla)
S N7 yslla + llaslla)lids — @115 + explet)(lyslla + lleslla) + N7 ysllallecsla

and

k@) lla < N7 101 Uleslla + llgs — o115 + st 13)
S N7 aslla + N7 Igs — @115 + exp(er).

which implies
t
e lla < expler) + eXp(ct)f (lyslla + lleeslla) ds
0

t
+ N7 /0 [ysld + lles + lgs — o 13+ lyslla + lleslla)]ds.  (3.26)
Finally, we consider (3.8). We use the identity
651> = [¢51 = (s — 1) + (95 — B,

Lemma 3.5, and Young’s inequality to see that

D05 (el — 161G la < N7V (e — 65 % s + (e — 6580) |, 611
< N2 exp(en) o llalids — 6 lals | + 1)
< exp(en) s — BV a.

as well as

IV % 1652 (s — 98 < N7 1010 P s — 9F s < s — @

Out of the remaining terms on the right-hand side of (3.8), the direct term is bounded by

[N~ v % 0y slla = N7H(B8y,) * dsllt < N7 156y, 11 lIds 1

We use the identity 0y, (§) = (2m)~3/2 [ Ps(p. p— &) dp to see that
16511 = @02 [ 15e(pp = 6)1dp de 5 Il

which implies

IN" o % 0y @slla < N7 ol lysllaCligs — 5'lla + Nl la)
< N7 ysllaligs — ¢5'lla + N 72 exp(er)llysla-
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Using (3.24) another time, we can bound the remaining term on the right-hand side of
(3.8) by

IN " vl (ys + o) slla
SN_I/ ‘/ SE) (PG —Ep—E) +8(g —E p—5)ds(q) di dg| dp
R3|JRs

< N7 ol (ysha + lleslla) s — ¢t la + llgglla)
S N7 Uysla + laslla)llgs — @3tlla + N2 explet)(yslla + les o).

In combination, (3.8) and the above estimates imply
t
e — ps'lla < CXP(ct)/O [lgs — &5 lla + N2 (lyslla + lleslla)] ds

t
4N / s — 8 laClyslla + lltsllo) . (3.27)
0
Let us define

u(t) = T, 1yella + T3 () llowe la + lpe — ' lla

We collect the bounds in (3.25), (3.26), and (3.27), and use the assumption s < 2 to find
t
ut) <1+ exp(ct)TC73/2(s) + exp(ct)/ u(z)dz
0
t t
+ N_1T03/2(s)/ u(z)?’dz + N1 / u(z)>dz
0 0

< exp(ct) + exp(ct) /01 u(z)dz + N7! /(;t u(z)>dz

for every t > 0 and some ¢ > 0 independent of # and N . For any ¢ > 0, the assumptions of
Lemma 3.7 are satisfied with T = ¢, as long as N > C exp(c exp(ct)), and we conclude
that, under this condition,

u(t) < exp(cexp(ct)),

which proves the claim. u

4. Fluctuation dynamics

As explained in Section 1.7, the proof of Theorem 1.2 is based on the construction of a
suitable fluctuation dynamics on the double Fock space F(§ @ ) with h = L2(R3). In
this section we construct the fluctuation dynamics and discuss some of its properties. We
start by recalling a few well-known facts about Weyl operators and Bogoliubov transfor-
mations.
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4.1. Weyl operators and Bogoliubov transformations

We recall the definition of the Weyl operator W(¢) acting on F(h) in (1.13), as well as the
Weyl operator W(¢) acting on F(fh) @ b) in (1.21). Both operators act as shifts on creation
and annihilation operators, i.e.

W(@)*axW(p) = ax + ¢(x), W) *aiW(¢) = al + ¢ (x),
and

W) arxW(P) = arx + ¢(x). W) *a; W) = aj , + ¢(x).

- 4.1
WD) arxW(@) = arx + ¢(x). WD) a W(P) =a;, +¢(x).

To express (4.1) in a more compact form, we denote x = (0, x) € {£,r} x R3 and for a
given ¢ € b we define ¢: {£,7} x R3 — C by

3 o). o=t
4’(")_"’(0”‘)_{@, o
This allows us to write (4.1) as
W(P)*axW(p) = ax + ¢(x), W(@P)*aiW(p) = af + ¢ (x). (4.2)

Next we recall some well-known facts about Bogoliubov transformations. We are
interested in the case where the one-particle Hilbert space is given by h or by h @ § = h2.
The complex conjugate A of an operator A € B(H") with n € {1,2} is defined as the oper-
ator whose integral kernel, in position space, is the complex conjugate of the kernel of A.
For n = 1,2, a bounded linear map v: (" & §*) — (§* & bh") of the form

u v
v = (V U) 4.3)

is called a symplectomorphism if

V¥8§v =8 and vS$v* =S8, with$§ = (g _Oﬂ) 4.4)

Here 1 denotes the identity operator on h”. If V' is a Hilbert—Schmidt operator, v is imple-
mentable on F(5H"), see [4,59,70], i.e. there exists a unitary 7, on F(§") such that

Tya(N)Ty = a(Uf) +a*(V f),
Tya*()Ty = a*(Uf) +a(V f),
hold for f € b”. The operator T, is called the Bogoliubov transformation corresponding

to v. For Bogoliubov transformations on F(h?) it is convenient to introduce a compact
notation, similar to (4.2). For a symplectomorphism v: (52 @ §2) — (52 @ h?) of the
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form (4.3), with U, V' € B(H?), we denote by U(x,y), V(x,y) the kernels* of U, V, that
is,

Ul(x, Y) = Uo,a’ (x,y),

where x = (0, x) and y = (07, ), and the same for V. We also define Uy (y) = U(y, x),
Vx(y) = V(y, x). With this notation, we can write

TraxT, = a(Uy) + a*(Vy), @5)
Tv*a:Tv = a*(Ux) + a(vx) .

4.2. Construction of the fluctuation dynamics

In this subsection we use the Hartree—Fock—Bogoliubov (HFB) equations in (3.1) to define
our fluctuation dynamics. As explained in Section 1.7, we do not intend to derive the HFB
equations, but rather to use them as an intermediate step between the many-body evolution
and the simple effective dynamics appearing in Theorem 1.2 (or in Remark 1.3 (3)).

First of all, we discuss how our reference state, associated with the solution of the
HFB equations, can be conveniently expressed as a vector in F(h?). Let (¢, y) satisfy
Assumption 1.1 and let (¢, y¢, ;) be the solution of the HFB equations (3.1), with initial
datum (¢, y, 0). We denote by G, the density matrix of the quasi-free state on F(), with
1-pdm y; and pairing density o, and we define its generalized 1-pdm by

1) 12; (273
r“/=12= _ 4.6
! (Olz 1+ J/t) (4-6)

(the condensate will be added later on, through conjugation with a Weyl operator). As
proven in [4, Proposition 3.9], we can write

r® = wrriPu, 4.7

m _ (v 0
To _(0 1+;7)

and an implementable symplectomorphism

with

w= (i %)
satisfying the equation
9. U g with AV — [0F) k@)
10, U; = SA, HU;F, with A7) = (lg(aft) ﬁ(y,‘”’))’ 4.9)

4Since V € £2(H?) its kernel is a function in L2(R3) @ L2(R?). The kernel of U is a distribution.
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with /1(y), k(o) defined in (3.2) and the initial condition Uy = 1 (with § defined in (4.4)).
Raising U, to h2, we obtain the map R,: h? — §2, defined by

n, o
R, = —
(6 o)

[T 0 _ l?t 0
Ht—(o E) and @t—(o 1_7[)

As U, the map R, is an implementable symplectomorphism, for all # € R. Hence, we
find a family of unitary operators &R, on F(H?), with

where we defined

RiaR: = a(l;y) +a* (@) and RFaR, = a*(Mpy) + a(@r).

Let us also introduce the unitary family 7; = R;7 (y), with T (y) as defined in (1.18).
We observe that 77 is again a family of Bogoliubov transformations, satisfying

T axT: = a(Usx) + a*(V;x) and Tra; T = a*(Urx) + a(Vix) (4.10)

with
U =Upll, + VO, V= WIl; + UpBy, 4.11)

and

_(VTHY 0 (0 7
Uo—( 0 ¢—1—y) Vo—(ﬁ 0). (4.12)

In other words, 7; implements the symplectomorphism

u, Vv,
T, = ToR; = (V’ th) (4.13)
t t

The following lemma provides us with bounds for the operator norms of U; and V;.

Lemma 4.1. Under the assumptions of Proposition 3.2, there exists a constant ¢ > 0 such
that

IU:Nl < VTe(s)exp(ct) and |[Vil| S v/ Te(s) exp(ct) (4.14)
hold. Here || - || denotes the norm of a linear operator on ) @ b.

Proof. We first prove a bound on the operators 7, ¥; in (4.8), from which the claim will
follow. To do this we observe that, as a consequence of (4.9), s, ¥, satisfy the system of
PDEs

0,7 = h(y?)m* + k(@?)9],

: * [ZANCES b\ % 4.15)
10,97 = h(y?)0} + k(@77
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Let ¥ with || < 1 belong to an appropriate dense subset of L2(R3). Using (4.15) and
the fact that h(y? ") is self-adjoint we get

d d —
i NI =i (v ) = (, (k@ )97 — k() )y
= 2Tm(y. mk(af)DFY).

thus we can estimate

d
EIIN:WII2 < 20k @)yl + 190y ]1%). (4.16)

Proceeding in the same way, we also find
d
EIIZ‘/‘:I//II2 < 20k@f) v 1 + 199 1. (4.17)

The operator norm of k(af’) is easily bounded by

k@) < k@) g2
1/2
< N—luvnoo( [ et + 18 Pig P o dy) <,

for some constant ¢ > 0 independent of ¢, N, and . To obtain the bound, we used
loell%e < lvell%: + lvellgr < N(N + 1) and [|¢|> < N. Inserting this into (4.16) and
(4.17) we find

d
E(Ilﬂm/fll2 H 0y I?) < cllmy I + 19y 1),

which together with the initial condition 7y = 1, ¥y = 0, and an application of Gronwall’s
lemma lets us conclude

lrewr | < explen),  [B:yI|* < explen).
Therefore, taking the sup over { we find
l7re[I* < exp(er).  [19:]1* < exp(ct). (4.18)

Using (4.18), (4.11), (4.12), and point (C) of Assumption 1.1, we deduce (4.14). ]

We claim that 7;Q € F(H?) describes exactly the quasi-free state on F(§) with gener-
alized 1-pdm (4.6). In fact,
(U T Q. (a* (9)a(f) ® 1)U T2)

= (T (). (a} (7:8) + ac(D:2)) (ae(mi ) + a; (3. /)T (r)R)
=(f[7Fym +9F A+ ¥)9]g) = (f.veg). (4.19)
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with U in (1.17). To get to the last line we used (4.7). A similar computation shows
(W2, (a(g)a(f) @ DU T Q) = (f . g). (4.20)

Next we add the condensate. To this end, we apply the Weyl operator ‘W(¢;). Proceed-
ing as in (4.19) and (4.20), and using (4.1), we find that the vector W(¢,)7; 2 € F(5?)
describes the quasi-free state associated with the solution of the HFB equations. With this
reference state, we are now ready to define the fluctuation dynamics as

UM(t, 5) = T W(de)* exp(—iLn (t — ) W(gs)T; (4.21)

with £ in (1.24).

4.3. Bound by the expectation of the number of particles

For £ € F(H?), we define the fluctuation vector £ = UM (¢, 0)£. By definition, we have

W(p)Ti&r = e ENW(P)Tof = e ENTW(P)T (y)E,

which is exactly the vector in F(h?) associated with the state T ;(¢, ) defined in (1.23)
and considered in Theorem 1.2. Hence, the 1-pdm of the state I'¢ , (¢, ) can be written as

Vg,t(xJ’) = Tr[a;axrs,t@» ] = &, Tt*W*(¢t)az,ya£,xw(¢t)(/7§t>~

A short computation that uses (4.2), (4.5), and

e = 2 [ V@ te. . d: @)

oe{l,r}

allows us to write the kernel of yg ; as

Ver(x.y) = () (y) + vi(x.y)
+ (6. (@* U y)aUsex) + a* Vig)a(Vigy)E)
+ (Eu (a(m)a(Ut,e,x) + a*(Ut,e,y)a*(m))ét)
+ (& A{D ()@ Urey) + a(Vig,y))
+ 60 () (@Use2) + a* (Vo)) Vi), (4.23)

With this representation for yg ;, we obtain the following lemma, which bounds the trace
norm of yg ; — [¢;) (¢+| — v+ in terms of the expectation of the (shifted) number of particles
operator

N=N+N+5=d4d'(1) +5, (4.24)

on the fluctuation vector. The shift in the definition ensures that N — 4 is a strictly positive
operator, which is technically convenient for our estimates in Proposition 5.3.
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Lemma 4.2. Under the assumptions of Theorem 1.2 and with Uy, V; as in (4.11), we have
the bound

Ve — e} (el — vellgr < (WU + Vel P (Ee, NE)
+2N2(UNP + VIV (& NENY?
+ 20l |- (WUNP + IV 2 (e, NENV2 (4.25)

Proof. Let J € B(h). We take the trace of (4.23) against J: this will allow us to prove
(4.25) by duality. Denoting by J(x, y) the integral kernel of J, the contribution of the
third term on the right-hand side of (4.23) is given by

| [ Wry)atUsen) + 0" VreadaVi,) e ds dy

::l/Tlhl(Zz,x)J(X,y)LGJ(Zl»Y)

+ Vt,E(Z2$ X)J(.x, y)I/t’[(Zl B y)](étv a:lalzgt> dzl dZZ dx dy
= (&.dT(J1 + J2)&). (4.26)

where we used the notation [ dz =, (s ) Jgs dz. The operators J; and J; are defined
by

N = [ TG ) UG d dy,
B aa) = [ Vel e, V) ddy.
The absolute value of the right-hand side of (4.26) is bounded by

[(6:,dT (J1 + J2)&) < (11l + 121D (€, N&:).

With
Il < WUAPIJ - and 1ol < IVelP Il

we conclude that
[ Il Wt )a W) + " rmra Ty lerh x|
< WIAUN? + Vel e, N&o). (4.27)

Next we consider the contribution of the fourth term on the right-hand side of (4.23).
Defining J3, J4: ) — H & § by

B = [ Vu@oTEne.  sen= [ Il
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we write
| e [a e )aUetn) + " We )" (Vi J) e dy

= [ feeTimatangndy + [ (6ra® ana” et v, 429

R3
The absolute value of the first term on the right-hand side of (4.28) is bounded by

1/2

1/2
(/ <s,,a(m)a*<V7,y)sz>dy) (/ <sz,a*(13,y)a(J3,y)st>dy)
R3 R3

Using the canonical commutation relations, (4.22), and Tr y; < N, we see that the first
factor is not larger than
IVl (2, NrEe) /% + N2,

For the second factor we have the bound
I T5l1(&. NENYZ < T U (Ee NENY2

The second term on the right-hand side of (4.28) can be bounded similarly by the same
expression, and we thus find

'/RG J(x’ y)(ét’ [a(Vt,Z,y)a(Ut,Lx) + a*(Ut,K,y)a*(Vt,(,x)]ét) dx dy
<201 I NTN Vel (e, NE) + NY2IT U (€ NE)?). (4.29)
It remains to provide bounds for the terms on the right-hand side of (4.23) that are linear

in creation and annihilation operators.
We define the operator J5 via its integral kernel

Js(z.x) = A Vi@ TG ) dy

and write

M@s ¢e () (, ){Er, (@ (Urgy) + a(Veey)Ee) d(x, Y)‘

- ] |, 8 @ (s + alUs0)) v

< e 2T NATN + IVl (6, NENY2 (4.30)

The remaining term on the right-hand side of (4.23) can be estimated in the same way. In
combination, (4.23), (4.27), (4.29), and (4.30) prove the claim. [
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4.4. Proof of Theorem 1.2

In the next proposition, whose proof is deferred to the next section, we control the growth
of the expectation of the number of particles operator.

Proposition 4.3. Let v satisfy the same assumptions as in Theorem 1.2, and let the pair
(¢, ) satisfy Assumption 1.1 with 0 < s < 3/2. For every k € N, there exist constants
¢, C > 0independent of N, t such that

(. M) < exp(c exp(c exp(ct))) (£, NE)
+ CN@20/M exp(c exp(c exp(ct)))
X (6, N*E)/2 + N7y (g, NHF2E)1/2 (4.31)
forevery N e N, t > 0.

Remark 4.4. Similar bounds can be established for higher moments of the number of
particles operator on the fluctuation vector (£, N'/£,), for any j > 2. The proof is essen-
tially the same as for (4.31). We do not pursue this generalization here because we do not
need it for our main result, and we want to keep the notation as simple as possible.

Next we show how Proposition 4.3 implies Theorem 1.2.

Proof of Theorem 1.2. We combine (4.25) and Lemma 4.1 to see that

||V§,t — ) (be| — ve ”;@ < exp(ct) (Te(s) (€, N &) + VNTe(s) (&1, th)l/z) (4.32)

An application of Proposition 4.3 with k = 42 proves

(51, NE&) < exp(cexp(cexp(cr))), (4.33)

under the assumptions of Theorem 1.2. Plugging (4.33) into (4.32) and using the bound

[}l + e = (168) (@1 + €4 ye 4 | 1 S NPT 4 (s)expler),  (434)
which follows from (3.4), we get (1.25), concluding the proof of the theorem. [

Remark 4.5. Remark 1.3 (3) is proven by using the bound (3.5) instead of (4.34) at the
end of the proof of Theorem 1.2.

5. Study of the fluctuation dynamics
The aim of this section is to prove Proposition 4.3. We will apply a Gronwall argument,

and therefore start our analysis with the computation of the generator of the fluctuation
dynamics U™z, 5) in (4.21).
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5.1. Generator of the fluctuation dynamics

The propagator of the fluctuations satisfies the equation
10, UM (2, 5) = Gy U™, 5)
with the time-dependent generator
G = (10.T,)T; + T, (0, W)W, Ty + T, Wi L W, T,

where we used the shorthand W; = ‘W(¢;). In the following proposition we compute Gy ;.
To keep formulas at a reasonable length, we introduce the notation

vix—y) ifo=0 =¢,
v(X,y) =3 —v(x —y) ifo=0" =r, 5.1

0 instead,

where x = (0, x) andy = (0, y). We recall the notation [ f(x) dx = Za=l,r [ f(o,x)dx
for f:{l,r} x R3 — C, which was introduced in Section 4 and will be used throughout
the present section.

Proposition 5.1. Let v be an interaction potential satisfying the same assumptions as in
Theorem 1.2, and let ¢ € H3(R3), y € H>1. The generator of the fluctuation dynamics
UMN(t, 5) can be written as

Iy = I + IG5, + IG5, + 1Y), (5.2)

where
10, = 55 [ V&N Una UaUieyarn
+a (Ut x)a Vi y)a(Vt y)a(Ut x)
+a* (U y)a™ (Vt,x)a(Vt,x)a(Ut,y)
+a* (Vix)a* Viya(Vey)a(Ve)
+ 2a*(Ut,X)a*(IT,y)a(IT,y)a (U,,x)) dx dy

collects the terms that are quartic in a and a* and commute with N,

19, = 5y [ P Wa Wia (Trpa” (7
+a*(Urx)a* (Upy)a™ (Vi yaUtx)
+ a*(Ur)a* (Viy)a* (Vex)a(Vey)
+a* (Urn)a*(Ury)a™ (Vix)a(Uyy)
+ a*(Ury)a*(Viy)a*(Vix)a(Vix) + hec.) dxdy
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contains the quartic terms that do not commute with N,

10, = 3 [ VEDBM( Uia® Uip)a* (7ry) + 0 (Ui’ Uin)a Uiy
4@ (Ua* Try)a(Viy) +a* (Ury)a* (Vrg)a(Vr)
+a* (Vey)a(Vix)a(Vey) + a*(Urx)a(Viy)a(Uyy)
+ 0" (Ui a(ViaUsy) + a(Tr)a(Tig)a(Usy)
+h.c.} dx dy

the cubic terms, and

I = T L) + 5 [ vy 0P dxdy,

—A 0
L=(0 A), (53)

Remark 5.2. Comparing with the literature (especially [8, Proposition 3.1]), it may seem
surprising that the kinetic energy dI'(A) of the excitations does not appear in (5.2). This
is a consequence of a different definition of the symplectomorphism 7} in (4.13), which
of course leads to a different Bogoliubov transformation 7;. In particular, from (4.11),
we observe that the HFB propagator U; only acts from the right on the initial data (4.12).
Effectively, this amounts to considering the fluctuation dynamics in the interaction picture.

with

is a time-dependent constant.

Proof of Proposition 5.1. We start our proof with the computation of (id, 7;*)7;. Our anal-
ysis for this term follows that in the proof of [8, Proposition 3.1]. We observe that

TFAL.9) T = A(Ti(f. 8)

holds for f, g € § @ b, with the notation A( £, g) = a(f) + a*(g). If we differentiate both
sides with respect to time we find

(0, T T A(T: (f. ) + AT (f. 8) 7,10, T7) = —A((19,: Tr)(f. 8))-
We use 0 = i0,(7,*T7) = (19, 7;*)T; + 7, (19, T7) to arrive at
[(0: T T2, A(T2(f.8)] = —A((0: T)(f. 8))- (54)

Since T; is a symplectomorphism and (5.4) holds for f, g € b @& b, we conclude that
(10, 7;*)T; is quadratic in creation and annihilation operators. That is, we can write it as

1
(i0,7%)T; = /C,(x, y)ayaydxdy + 5(/ D (x,y)ayay dxdy + h.c.), (5.5)
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where C;(x,y) and D, (X, y) denote the kernels of two operators C; and D; on ) & ). The
operator C; is self-adjoint, i.e.

Ct (y7 X) = Ct (Xv y)7

and we assume
D(x,y) = D(y,x),

which will be justified a posteriori. We use (5.4) to determine the kernels. A straightfor-
ward computation shows that

|:/ Ci(x,y)agaydxdy, A(T:(f. 0))- =—a(C,Us f) + a*(CtI7tf_),

1 7 o
[5 | Pix.aza; axay. acticr 0| =~a" (.0 f).

[%/D,(x,y)axaydxdy,A(T,(f,O))- =a(DV, f).

We insert this into (5.4) and obtain the following system of equations for C;, D;:

-U; W : o
(C[ Dt) ( Vtt _(171) = (_latUt 13; Vt) .

Using (4.4) and (4.9), we see that

. . _ U* V*
(Ct Dt) = (l 3,Ut _latVt) (I/_:* (]—tt*)

B — (H: K\ (Ur Vr
- (% w) (7 )

C, = —(UH U + UKV} + VKU + V,H, V),
D, = —(UH,V} + UK, U} + V,K,V} + V,H,U}),

OB (k@ o
H"( 0 h(yf’f))’ K’_( 0 k(a;‘”))'

Observe that D, is indeed symmetric, that is, D_;" = D;.
Next we compute 7,*(10; W, ) W, 7;. A short computation shows

and hence

(5.6)

where

(0; W)W, = —(a*(10:¢;) + a(i0:9;)).
which implies

T (0, WYW, T, = —(a* (U, (10,:)) + a*(V: (=i0,9,)) + h.c.).
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We write £y = £ + Vy with
Lo = dl'((=A) — dI''(=A) = dI'(L),
1
Vy = N / v(x — y)ag ay ,ag,yaexdxdy

N V(X = y)ay  ay ,aryardxdy

= % / v(X, y)ayayayax dxdy,
and L as defined in (5.3). A straightforward calculation shows that
WrELoW: = Lo+ a(Le;) +a*(Le,).
Using (4.5) we can compute
T*LoT; = AT (U, LU} + V,LV}) + Te(V, LV/)
+ /a;‘a;‘ (U:LV;*)(x,y) dxdy + h.c.,
as well as
T*[a(Lpe) +a* (LT = a(Ui L, + ViL,) + a* (Ui L, + VLy).
We conclude that
TXWrLoW, T; = a(U, L, + ViL,) +a* (U L, + V,Lp,) + Tr(V,LV/)

+ dT(U, LU} + V,LV}) + (/ aral (U, LV})(x.y) dxdy + h.c.).

Let us continue with the computation of 7,* W;Vy W, 7;. Using (4.1), we obtain

W,*a:a;ayaxwt = a:a;ayax + (¢,(x)a:a;ay + qT(x)a;ayax + (x < y))
+ (I (V) Pazax + ¢ (s (Y)agay + (x < y))
+ (. (0 (V)azay +h.c.)
+ (a5¢:(®)d: (VI + axp: X)|p: (V) * + (x < y))

+ 1607 1g: (),
where (x <> y) is a shorthand notation for the expression preceding it with x and y
exchanged. We conjugate both sides with 73, apply (4.5), bring all terms to normal order,

and integrate the result against the potential ﬁ v(X,y). We omit the details of this lengthy
but straightforward computation, which leads us to

3
TIWVNWT =Y IV, +Q+2+C,
i=1
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where the operators I 1(\’,)t are defined below (5.2). Moreover,
— 5y [ PED 08,0 Uia WUi) + 0" Winla(Tiy)
+a*(U; y)a(Vt x) + a(Vt xa(V y)] +h.c. } dx dy

oy [V WP UalUi) + @ U )
+a(Vix)a(U:x) + a*(Vix)a(V, x)] dxdy

L / v(x. 1) (0B P[0 Urn)a(Usy) + a* Us)a* (Vi)
+ a(Vt x)a(Ut y) +a (Vt y)a(Vt x)] dx dy

1 — _
+ N v(x, Y){(Ut,ya Vix) [a*(Ut,y)a(Vt,X) + a*(Ut,X)a*(Ut,y)
+a(Vix)a(Viy) + a*(Urx)a(Viy)] +hec.} dxdy

L / v(%.Y) (Vi Vi) [a* Uen)a(Us) + a* Trm)a (Vi)
+a (Ut x)a (Vt x) + a(Vt xa(U; x)] dxdy

L / v, ¥) Trg. Vi[a* Us)a* (Vi) + a(Frm)a (Ui y)
+a (Vt y)a(Vz X) +a (Uz x)a(Ut y)] dx dy

contains the quadratic terms,

1 — J—
— 5 [ & {e [P + 7 Top)lia” Ue) + a7
+ (Vo Upy)@(Usy) + a* (Vi)
+ (Vi Vi) @ (Usy) + a(Fig) | +he.} dxdy — (5.7)

the linear terms, and

1
= 5 [ O VIB 0PI P axay

is a time-dependent constant. Here we used the notation (-, -) for the inner product in
(L?(R3) @ L*(R3),dz), that is,

(f.0) = [ Tre@aa (5:8)
Equation (4.7) implies
(IT,yv W,X) = Vt* Vt (Xv y) = )7[ (X’ Y) and (Ut,yv W,x) = dl (X’ Y)’ (59)

where y;(x,y) and &;(x,y) denote the kernels of the full 1-pdm p; € B(H & b) and
of the full pairing function &; € B(h & h) of the vector state ¥; = 7;Q2 on F(h & b),
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respectively. It should be highlighted that

)’;t((xve)» (y’z)) = yt(x» y)’
a((x,0), (y.0)) = s (x, ).

We use J; (X, y) = 7:(y,x) and & (X, y) = @;(y.x) to write £ in (5.7) as
£ =a*(Ur(v* (1:1” + 0y,)91)) +a(Ve(v * (191> + 0y,))9:)
+a* (U (vie)$:)) + a(Vi((iag:))
+ a* (U (vlye)¢s)) + a(Vi(viy)e:)) + hec.
=" (U((0 % 16 + v % 0y, + vy + (o))
+ V(v B + v x 0y, + viy)gs + (V@) + he.

In the final step we use the HFB equations to cancel all terms that are linear or
quadratic in @ and a*. We start by collecting all linear terms. Using the HFB equations in
(3.1), we find

£+ a(UiLey + ViLy) +a* (U Lo + ViLs) + T, W)W, Ti
= {a (UL +v 219 +v % 0y, + vy + (va))
+ Vi((L +v % 9P +v %0y, + viy)ds + (viad:) )

—a*(U,(i0:¢1) + W(M))} +he =0.

Similarly, we write
Q= l(/a*a*(Ut(Uﬁ(|¢t)<¢5_t| +a,)UF
5 xy p
+ Vi (I) e + @) V) (x,y) dxdy + h.c.)
+ [ atay(U:(vti(1¢:)(@:| + )V, + V(i) (@:] + ))U) (x,y) dx dy
+ [a;"a;(U;(v * (|6 + 0y,))V;) (x. y) dxdy + h.c.)
aray(Ur(v = (161> + 0y DU + Vi (v x (191> + 0y,) Vi) (x,y) dx dy
+ /a:a’y"(Ut(vﬁ(|¢t)(¢t| + y) V) (x,y) dxdy + h.c.)

+ [ aiay(U: vii(1@:)(b:| + yo))US + Vi(vii(lg:) (@:] + )’t))V_z*)(Xa y) dxdy.

_|_
—~— T e T Y—
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Combining these terms with the quadratic terms coming from W} 7,* £07; W; we get
dU(U, LU} + V,LV{) + (/ azay (U, LV)(x,y) dxdy + h.c.) +Q
/a ay(UH U} + UK VE + VK UF + Vi H V) (x,y) dxdy

1 -
+ E(/ a:a;(ZU,HtVt* + UthUt* + VthVt*)(X, y) dXdy + hC)
= —(i0,T,) 7.
The last equality follows from (5.5), (5.6), and

/a:a;‘(VtH,Ut*)(x,y)dxdy = /a:a;‘(UtH,Vt*)(y,x)dxdy

= /a:a;‘(UtH, V;)(x.y) dxdy. (5.10)

Equation (5.10) is a consequence of the canonical commutation relations and H; = H;.
Thus all linear and quadratic terms in the generator cancel. This concludes the proof of
Proposition 5.1. ]

5.2. The truncated fluctuation dynamics

As explained in Section 1.7, we will apply a Gronwall argument to control the expected
number of particles in the fluctuation vector &;. The main problem to overcome in this
approach is that the operator norms of U; and V; in the generator §y,; grow with N. To
solve this problem, we introduce an auxiliary fluctuation dynamics ‘uﬂm with a time-
dependent generator ﬁNn defined similarly to §u,, but with a cutoff on the number of
particles. We will then prove a bound on the growth of the expectation and of the moments
of the number of particles operator with respect to ‘w},““; later we will compare with the
true fluctuation dynamics ufvet | A similar strategy was used in [67] (at T = 0) and in [8]
(for fermionic systems).
We choose 7 € (0, 1), recall the definition of N in (4.24), and define

4
m ._ (8]
gN,t = § :INZ ’

i=1
where
100 = 5 [ v Ua U)aigattin)
+a*(Urx)a™ (Vey)a(Vey)a(Uy)
+a*(Ury)a* (Ve)a(Vex)a(Uyy)
+a*(Vex)a* Viya(Vey)a(Ve)
+2a* (Usx)a*(Viyg)a(Vey)a(Us ) L(N < N7)dxdy,
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160 = 55 [Pl Wia Wia Topa* (7
+0" (Ui)a” Ury)a” (Try)a(Usy)
4@ U (Tr)a* (T)a(Vry)
+0" (Ui)a” Ury)a” (Vr)a(Usy)
+a" Ury)a® (Viy)a® (Vi)a(Vi) )L < N7) + he.} dxdy,

50 = % / V(& PP (a* (Us)a* Ury)a* (Viy) + a*(Up)a* (Usy)a(Usy)
+ a*(Ura*(Viy)a(Viy) + a*(Usy)a* (Viy)a(Viy)
+a* (Viya(Vea(Vey) + a*(Urx)a(Vey)a(Usy)
+a*(Ury)a(ViaUsy) + a(Vea(Veg)a(Usy))

x I(N < N") + h.c.} dxdy,

and 7 5\‘;}") =1 %)t By I(N < N") we denote the spectral projection of the number of
particles operator onto the linear subspace of F(h @ ), where & < N7 holds. We also

introduce the fluctuation dynamics ugm (; s) as the unique solution to the equation
19, UM (1 s) = GV UNN(rrs)  with UM (si5) = 1,

which is well defined because for every ¢ > 0 the Hamiltonian 51(\,"3 is a bounded self-
adjoint operator on F(§ @ b). The fluctuation vector related to the above dynamics will be
denoted by &, ; = U%”Ct(t; 0)&. The goal of this section is to prove the following proposi-
tion.

Proposition 5.3. Let the interaction potential v satisfy the same assumptions as in Theo-
rem 1.2, and let the initial datum (¢, y) satisfy Assumption 1.1 with0 < s < 3/2. Moreover,
letn € (0,1/7]. For every j € N, there exists a constant ¢ > 0 independent of N € N and
t > 0 such that

(6 N7 En) < explc explc exp(ci)) (€. NTE)

forevery N e N, t > 0.
Proof. We start by noting that

d . = Pk
i N ) = = D (En NN NN ), (5.11)
k=0

A simple computation shows

=(2, =(3,
[‘51(\237 N = II(V.tn) + Igv,zn)»
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where

j](\%,’t") = —%/v(x, y){(2a*(U,,x)a*(Ut,y)a*(W,y)a*(IT,X)
+ a*(Urx)a™(Ury)a™ (Viy)a(Ustx)
+a* (Ura™ (Viy)a® (Vix)a(Vey)
+a*(Ur)a* (Ury)a™* (Vex)a(Uyy)
+a* (Ury)a* (Vya* (Vixa (Vi)
X I(N < N") —h.c.} dxdy (5.12)

and

g0 = —% V(& DPX) (3a* (Usx)a* Upy)a* (Vey) + a*(Up)a* (Usy)a(Usy)
+a*(Urx)a* (Vey)a(Vey) +a*(Ury)a™ (Viy)a(Vey)
—a*(Viya(Vix)a(Vey) —a*(Ur)a(Viy)a(Uyy)
- a*(U,,y)a(IT,x)a(Ut,y) - 3a(IT,x)a(IT,y)a(Ut,y))
x I(N < N") —h.c.} dxdy. (5.13)

We insert the first term on the right-hand side of (5.12) into (5.11) and estimate it by

j—1

2 * * * Y7 Xx /Y7
> [l er M0 Ve Wig)a* (Fo)a” ()
k=0 x 1(N < NN *71g, )| dxdy

j—1

2 i/2—k—1 _* * * Y7 NAX(1/

=)~ / & W) Enss NN = 472K (U )a* U y)a* (Viy)a* (Viy)
k=0 x I(N < NN I2g, )| dxdy

(1 . s 1/2
<2j (ﬁ / v IaUc)aUe) (N =972 N g | dxdy)

1 o o ) 1/2
x (N / lvx. y)l|a*(Viga* Vi) L(N < NN g, ||2dxdy) . (5.14)

The square of the first factor on the right-hand side of (5.14) can be estimated by

1 j/2—k— * *
~ / v D (En e NN = 92T Uy (Ur)a(Uiy)a(Ury)
x (N — 4)/27* =1 vke, ) dxdy

v 9—k—1 % *
< Il [ (Ene NN = 4)7 271" (U, ) AT (U, U)a (U, )

< '
X (N — 4PN R, ) dy

2
_ IvlleollUe ]l

< N / (Ene NN — 4)727F10% (U, ) (N = 3)a(Uyy)

X (N — 42kt vke, ) dy
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_ IvlsllUP?

2 [l W = )220 (U, (W)

X (N _ 4)j/2_k_1/2'/vk5n,t)dy

4
_ IvlleollUe ]l

= T (e N ). (5.15)

To treat the second term on right-hand side of (5.14) we first note that
a(Vex)a(Vey)a* (Veg)a™ (V)
= a" (Vipa* (Vy)a(Viy)a(Vex) + a* (Vex)a(Vex) 7e(y.y)
+a* (Viy)a(Vey)7e (%, %) + a* (Ve)a(Vey) 72 (¥, %)
+a* (Vey)a(Vex) 7 (x,y)
+ Ve (X X)Pe (¥, ) + Ve (X, Y) Ve (¥, X), (5.16)

with y; as defined in (5.9). We insert the first term on the right-hand side of (5.16) back
into the second factor on the right-hand side of (5.14) and find

1 o s
¥ [ e laFnaFonw < 8w, | axay

[ollooll Ve ll* [ollol VI
< = "~ - =
~N N1=21

To estimate the contributions from the last two terms on the right-hand side of (5.16), we
note that, by Cauchy—Schwarz, |7, (x,y)|> < 7:(x.X)7;(y.y). Hence we can bound

||Nj/2+1]1(N < Nn)gn,t“z < (é‘-n,t» :/ngn,t)~

1
[ P03 + 7 ] axy

< 4llv[li N 7" sup IVz(x,X)I/Vz(x,X)dx < vl exple exp(et) T (s).

x€R3

In the first estimate we used the bound

sup fv(x,y)dy < vl
xe{l,r}xR3

which follows immediately from definition (5.1) of v(X,y), and the fact that for x = (o, x)
we have

) ye(x,x) ifo=¢,

Vixx) =9

yi(x,x) ifo=r,

which lets us control the diagonal of y, with that of y;. The second estimate follows from
Lemma 3.4 and Tr y; < N. Similar considerations show that the contributions from all
remaining terms on the right-hand side of (5.16) can be bounded by a constant times

N~ exp(et exp(e) T @) ol Vel (En e, N En i)
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The above considerations show
1 J— _ ) 5
[ el T Tt < wmaie, | axey
< [IlvlloolleII4
~ N1-27
which combined with (5.15) implies
(5.14) £ (lvlh + [vlloo)(Enes N Ene)

[||U,||2||Vt||2 exp(c exp(ct)) T2 * ()| Uy ||
N1-n N1/2
< exp(c exp(ct)) {Enes N £y r). (5.17)

In the second step, we used definition (1.10) of 7,(s) and Lemma 4.1 to see that
NTRT4$)|U? S explet) NTV2T]1(s) S exp(et) NN G55 < exp(er)

+ exp(et exp(e) T2l (1 + NV | 4 800),

(1+ N2y ]

for 0 < s < 3/2 (this determines the restriction on the range of s that we can treat), and
the condition n < 1/7, again with Lemma 4.1, to show

N7THUAP VR NTV22) 1| < explet).

Next we consider the second term on the right-hand side of (5.12). An application of
Cauchy—Schwarz yields

j—1
1 * * *x Y7

> [0l Ve WUra” Wip)a* (T )aUi)

k=0 X 1N < NT)NT=*=1g, )| dxdy

<j (% f e aUeaUn) (N =72+ N kg, | ax dy)

1 e ) 1/2
x (ﬁ / vyl |a* Vep)aUe)IN < NN gy, ||2dxdy) - G13)

The first factor on the right-hand side can be estimated similarly to the first term on the
right-hand side of (5.14). The second factor is estimated by

1 : — —
[ D PN = NN (U da(Tig)a (Try)a(Uien)
x (N < N)N2E, ) dxdy

1 : o
=N f & (En.e. NPUN < NTYa*(Urn)a* (Vig)a(Viy)a Uy )
x I(N < NTNI2g, ) dxdy

1 - i *
by [ DI @ e NN = N W)
x I(N < NTNI2g, ) dxdy
U

+ vl exp(c expen) T () (i ) s N i)

M ARNA
~ N1-2n
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Using Lemma 4.1 and the assumptions on s and 7 as above we conclude that

(5.18) < exp(c exp(ct)) (€. N Enr).

The contributions of all remaining terms on the right-hand side of (5.12) can be estimated
in the same way.

Let us now consider the terms on the right-hand side of (5.13). The contribution arising
from the first of these terms can be bounded, with Cauchy—Schwarz, by

j-1
> / 600, VEns, M (U )a* Upy)a* (Tig LN < N7)
k=0 X :A/jik*lég',,’,)‘ dx dy

1 .
<j (N / e aUeaUn) (N =721 N kg, | ax dy)

1 o ) 1/2
(3 [ s DIB0ORLa" Toih < NN 2%, Paxay) . 519

The first factor can again be estimated as the first factor on the right-hand side of (5.14).
We estimate the other one by

1 . — J—
[ DB 721N < Na(Top)a” (T2
x I(N < NTN/2g, ) dxdy

1 . —
= [ WD B (s MUY = N7 (Tey)a(Try)
x I(N < NTN/2g, ) dxdy

1 .
oy [ P DIBELT e FLN = N )axcy

S Mollaa NIV + vl exp(c exp(e)) T ()] (Enes N En,e).

where we used Lemma 3.4 and ||¢; |3 < N. We conclude with the help of Lemma 4.1 and
n < 1/7 that
(5.19) < exp(c exp(ct)){Enar N ).
The contribution of the other terms on the right-hand side of (5.13) can be bounded simi-
larly.
Collecting all bounds, we find

0 (Eneo N7 Ene)| S exple exp(ct)) (Ene, N En ),

and we conclude by an application of Gronwall’s lemma. ]

5.3. Weak bounds on the original dynamics

In order to prove that ‘ugum remains close to the full fluctuation dynamics, we need some
rough a priori bounds on the growth of the number of particles operator when conjugated
with Yfuet,
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Lemma 5.4. Let v be an interaction potential satisfying the same assumptions as in The-
orem 1.2, and let ¢ € H3*(R?), y € #H> withn(p,y) = N. For j e Nandt > s > 0,
we have
UM, ) NPT UM, 5) < (WU + VDY AU P+ Vs3> N
+ A+ P+ VeI )N (5.20)
Proof. We claim that the bounds
WNYW, S NY 4 N,

W NI W S NP+ N o
and 5; 2 2N2j «r2f 2j
TN T < (|U)? + | Vs TN + N7/,

NI S (U2 + V) (5.22)

TN TS (WU + Vel N2+ N2
hold for every j € N and ¢ > 0. Assuming these bounds for the moment, (5.20) is easily
proved by a repeated application of (5.21), (5.22). Indeed, by the definition of the fluctua-
tion dynamics we have

:uﬂucl(t, S)* NZj uﬂuct(t! S)
— T*'W*eith(t_s)W,'T,NZj’];*'W;ke_ith(t_s)WS’f}
S S

5 (”Ut ”2 + ”Vt ||2)2jg}*W:eitiN(tfs)WtcN-Zj W;kefitiN(tfs) Wsrj; + N2j

S U + VAP TENY T + (L + | U PP + Ve 1> N

S UUAP + 1V AU 12 + Vs 1P N2+ (L + (U + IV lP) N,
where in the second estimate we also used the fact that the Liouvillian £ p defined in
(1.24) commutes with the number of particles operator. Thus we just need to prove (5.21),
(5.22). The bounds in (5.21) follow by a straightforward adaptation of the arguments in
[67, Lemma 3.6].

The proof of (5.22) is also inspired by the proof of the same lemma, but since the

adaptation is less straightforward in this case, we provide the details. We start with the

first bound in (5.22), and we proceed by induction on j € N. For the base case, we use
(4.10) to compute 7,* N 7;, bring all terms to normal order, and find

TENT, = / [a* (Us0)a(Us) + a* (Vima(Vim) + a*(Urn)a* (Vi)

+a(Vix)aUex) + (Vix, Vix)]dx + 5, (5.23)

where (-, -) denotes the inner product defined in (5.8). To obtain a bound for 7,* ¥ 27;, we
square (5.23) and apply Cauchy—Schwarz. This yields

TINT <14 / [0* (Us)a(Us)a* Ury)a(Usy) + a*(Via(Vim)a* (Vig)a(Viy)

+ (Vex Vi) (Viy Vi) + a* (Urn)a™ (Vix)a(Viy)a(Us,y)
+a(ViyaUy)a™ Urx)a* (Vix)] dx dy. (5.24)
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The first two terms in the integral are bounded by (|| U, ||* + || V;]|*)N'2, and we use
[T T = [ [, 0.0.0) 4 7Gx, rrp)] an
= 2[1;3 ye(x,x)dx <2N (5.25)

to see that the third term in the integral is bounded by 4N 2. To bound the first term in the
second line of (5.24) we write it as

/ a*(Uy)a(Vrg)a* (Vima(Us.y) dx dy + [ a* (U )a(Usy) (o Vi) dxdy.

Using Cauchy—Schwarz and (5.25), it is easy to check that the first term is bounded by
MU 21V I2N 2 + ||Us |> N . The second term equals the second quantization of the oper-
ator U, V,*V,U}¥. Accordingly, it is bounded by ||U; ||?||V;||?-V . To obtain a bound for the
last term on the right-hand side of (5.24), we write it as

[laia Weppattia® (7o)
+ a*(m)a(m)(ljt,yv Ut,x) + (W,yy W,x)(Ut,ys Ut,x)] dxdy.
Applying Cauchy—Schwarz shows that the first term is bounded by 2||U; |||V, ||?N 2 +
|V¢]>N . The second operator is the second quantization of V,U;*U,V;*, and is therefore

also bounded by || U ||?||V;||?>¥. A computation that uses (4.4) and (5.9) shows that the
last term in (5.25) can be written as

TV V, U U] = Te[pe (1 + 7)) < 2N + (Trj)* < 2N + 4N2.

To obtain the second bound we used || - ||¢2 < || - || £1. Collecting the above estimates we
find
TIN?T < (0P + VPP N2 + N2 (5.26)

It remains to consider the induction step. Let us denote ad4(B) = [B, A] and X; =
T;* N'T;. From (5.23) we have

ad’}, (X;) = (-2)" /a*(Ut,x)a*(IT,x) dx + 2”/a(m)a(U,,x) dx.
Therefore, for any n € N we can bound
lady (X0 S (1U1* + U DN + N2 (5.27)
From the induction assumption, we find
'Tt*JVZjHTz _ Xt'Tt*JVZjTtXt < Xt(CthJVZj + N2j)Xz
SCYX NY X, + CEN?NY + N¥+2
SCHX N X, + CHPNYH2 4 N2F2, (5.28)
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where we defined C; := ||U,||? + ||V;||?>. With Cauchy-Schwarz, (5.26), (5.27), and the
commutator expansion

n—1

(A", B] = Z(Z)Amadﬁ_m(B),

j=0
we obtain
X, N X, <2NIXEZNT 4 2|[N, X,
j—1
<ONTXPNT + 47T Y " N ad) " (X )P
n=0

< CENHT2 4L N2NY, (5.29)
Inserting (5.29) into (5.28) we get
T*N2j+2!]; < Ct2j+22/v2j+2 + sz""z
¢ < ;

which proves the induction step.
Finally, the second bound in (5.22) follows from the first bound and the observation
that 7,* is also a Bogoliubov transformation, implementing the symplectomorphism

_ ur -V
Tt1:STt*S:(_I;—t* U_f)
This concludes the proof of the lemma. ]

5.4. Comparison of the two fluctuation dynamics

In this subsection we compare the fluctuation dynamics U™ and ‘L(%“Ct. The goal is to
prove the following lemma. Throughout the section we use the shorthand notation C; :=
IUN? + VelI? and T¢ = Te(s).

Lemma 5.5. Let the assumptions of Lemma 5.4 be satisfied, and let k € N, n € (0,1/7].
There exists a constant ¢ > 0 independent of t, N such that

6 N €1 = )|+ nas N G — )
< N™Y271k/2 ex (¢ exp(c exp(ct)))
« (T7 (6, NEVV? 4 TSN?)TN V2 4 TV2NI2 4 734N
e e (5.30)

where we recall that £ = U™(¢,0)¢ and &,, = ‘U%“Ct(l‘, 0)¢&.
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Proof. We only prove a bound for the first term on the left-hand side of (5.30). A bound
for the second term can be obtained with the same arguments. We start by noting that

(. N (Er = En.0) = (& N (UM (1, 0) — UT (2, 0))§)
= /O l ds(&r, N U™, 5) (G, — Gy U (5, 0)8)
t 3 .
=i /0 ds<g,,Nuﬂu“(t,s)(ngj;’”>)ugum(s,0)g>, (5.31)
i=1

where T 1(\’,;7) *” is defined exactly as T 1(\’,;7) ,with 1(;N < N7) replaced by 1(N > N 7). The

contribution from the term with four U operators appearing in I 2 ’t")’> can be estimated

by

2 t
3 [ 1oyl MU 90" e Ue)a(Un)aUin)
0 x I(N > N”)é,,,s)| dxdyds
2

t
=N (/ V&Y. N UM (. 5)a™ (Us)a”® (Us.y)a(Us.y)a(Us.x)
0

1/2
X ‘uﬂ”“t(t,s)*NE,)dxdy)
x ( / ) (Erss LV > NYa* (Us)a™ Uy )a(Us )a(Us.x)

1/2
x I(N > N")En,s)dxdy) ds. (5.32)
An application of Lemma 5.4 shows that

/ v, y)|(E, N UM, 5)a* (Usx)a* (Usy)a(Usy)aUsx) UM (1, 5)* N &) dx dy

< Ivlloo | Us*{&r, N UM (2, ) N2 UM (2, 5)* N /)
S llowCI[CICT (€, N*E:) + CIN? (61, N2E4)]
S lleoCI(CPCECH + CLCH(E NHE) + (CICP + CHN?. (5.33)

To bound the second factor, we use
1N > N") < (N/N"* (5.34)

with k € N \ {0}. Using (5.34) and Lemma 5.3, we obtain

/ [v(x, Y)|(§n,m (N > Nn)a*(Us,x)a*(Us,y)a(Us,y)a(Us,x)ﬂ(N > Nn)én,s)dx dy

< IolloolUsll* N 77 (6. N H285,5)
< [0lloollUs]|* N 7" exp(c exp(c exp(es)) (£, N F2). (5.35)
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We note that Lemma 4.1 implies C; < T, exp(ct). When combined with (5.33) and (5.35),
this gives

[0l T
Nk SXP(e exple expler)) (€, NEH24) 12

x [T7 (g N*E)'/2 + T2 N?). (5.36)

(5.32) <

When inserted into (5.31), the other terms in I 2’}")’> can be estimated in the same way
by the right-hand side of (5.36).

Next we consider the terms arising from 7 1(5’}") *”. We start by considering the term
with four creation operators. We bound its contribution to (5.31) by

2 t J— J—
= / [ o ) Er N UM, 5)a* (U )a* (Us g)a* (Fog)a® (Vo)
0 X 1N > NT)E, )| dxdy ds

t
( f v, Y) (&, N UM, 5)a* (Usx)a* (Usy)a(Usy)a(Usx)
0 1/2

2
< =
- N

X ‘l,(ﬂ“C‘(t,s)*Né,)dxdy)

x ( [ 1D 1Y > NToa(Toga” (Fo)a® (T
1/2
x 1(N > N")g,,,s)dxdy) ds. (5.37)

A bound for the first factor was obtained in (5.33). To estimate the other factor, we use the
identity (5.16). The normal-ordered term was considered in (5.35). We use Proposition 3.4
and estimates similar to those above to bound the remaining contributions by

”U”l exp(c exp(c exp(cs)))[TCS/ZN—ﬂ(k-’rl) + Tc3/2Nl—ﬂ(k+2)](é-’ Nk+25§),

Hence, we have
vl + [[v]loo
N 1+nk/2
X [Tc 4 T/ANT2 N_"T3/4N1/2](§ Nk“f)l/z
C C ’ .

(5.37) < exp(c exp(ct exp(ct)))[Tg(S, N4§)1/2 + TCSNZ]

(2,m),>
Nt

The remaining terms in I can be estimated analogously.

We are left to consider the contributions from I S’tn)’>

creation operators into (5.37) and find

. We insert the term with three

3 [t B
‘N /0 [ V(X Y)s (X)(E, N UM, 5)a* (Usx)a* (Usy)a* (Vs y)
X I(N > Nn)én,s)dXdyds
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IA

3 t 1/2
N/o (/ [, Y| a(Us,y)a(Us ) UM (e, 5)* N E; szde)

o R 1/2
X (/Iv(x,Y)l|¢s(X)|2||a*(Vs,y)Il(N > Ny | dde) ds

_ (ol + vleo)
~ TN 1/2+nk/2

« [Tcl/zN—n/z + TC3/4N_"]($, :Nk+2§>1/2.

exp(c exp(c exp(ct))) [TC7(§, N7§) 12 4 TCSNz]

The remaining terms in 7 S’tn)’> can be estimated in a similar way by the right-hand side

of the above equation.
Collecting the above bounds, and using N =1/ 234 = N-1/234 (s) < 1 (which fol-
lows from the condition s < 3/2), we obtain

(60, N (&1 — Eq.0))| S N2 K2 exp(c exp(c exp(ct)) (T) (€. N *8) /2 + T2N?)
e (TCN—I/Z + TC1/2N—7]/2 + TC3/4N_7])<$’ cA/‘]C-‘:-Zg:)l/z' u

5.5. Proof of Proposition 4.3

We are now ready to prove our final bound for the growth of the number of excitations in
the fluctuation vector. For 1 € (0, 1/7] we have, by Proposition 5.3 and Lemma 5.5,

(60 N&i) < (St NEna) + [(Enes N (§e — En))| + (61 — &), NEr)
< exp(c exp(c exp(ct))) (&, NE) + N~Y2=nk/2 exp(c exp(c exp(ct)))
x (T (£, N2 4 TCSNZ)(TCN_UZ 4 Tcl/zN—n/z 4 TC3/4N_")
x (£, NE+2£)1/2

Choosing = 1/7 and using T, = T.(s) < T.(3/2) < N?/7 we arrive at (4.31).
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