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1 Introduction

Homotopy theory studies homotopy invariants of topological
spaces, i.e., invariants that are stable under continuous deforma-
tions. The fundamental problem is to understand the classification
of continuous maps between spaces under homotopy.

In most situations, the spaces of interest are cellular, i.e., the
spaces built from spheres in various dimensions. In this sense,
spheres are the basic building blocks of spaces, and we would like
to understand homotopy classes of maps from spheres to general
spaces. By taking concatenation of maps, the homotopy classes of
based maps from the n-sphere Sn to a space X form a group for
n ≥ 1, which is called the n-th homotopy group of X. When n ≥ 2,
there are different ways to concatenate maps and the resulting
homotopy groups are commutative.

When X is a simply connected finite CW complex, Serre [41]
proved that all homotopy groups of X are finitely generated abelian
groups. So we can localize at a fixed prime p when studying these
groups, and once we understand the p-local parts for all p, the
structures of the original groups can be recovered.

In this article, we give a survey of the stable part of the ho-
motopy groups of spheres. We will first recall the notion of stable
homotopy, and then discuss an interpretation in terms of the
framed cobordism and an application to the classification of exotic
spheres. In the last part we discuss some methods for computing
these stable homotopy groups.

2 Stabilization of homotopy groups

One basic operation in homotopy theory is the suspension. For
a pointed space X, its (reduced) suspension ΣX is defined to be the
smash product of X with S1, i.e., the quotient space X× S1/X∨ S1.
Roughly speaking, the effect of the suspension operation is to
increase the dimension of all cells (other than the based point) of
X by one. For example, Σ Sn ≅ Sn+1. The suspension operation
is functorial, so we have a suspension homomorphism πn(X) →
πn+1(ΣX). The celebrated Freudenthal suspension theorem says
that it is an isomorphism when X is sufficiently connected:

Theorem 1 (Freudenthal [16]). If X is n-connected, then the sus-
pension homomorphism πk(X) → πk+1(ΣX) is an isomorphism
for k ≤ 2n.

In particular, the groups πn+k(ΣnX) depend only on k when n is
sufficiently large, and we define this group to be the k-th stable ho-
motopy group of X, denoted by πs

k(X). In contrast to the unstable
homotopy groups, the stable homotopy groups form a general-
ized homology theory. This fact makes stable computations much
simpler than those in the unstable cases.

The stabilization process can be categorified. We can define
the (infinity) category of finite spectra by formally inverting the
suspension functor on the category of finite CW complexes. The
category of spectra is then defined as the ind-category of finite
spectra. (See Lurie [27, Section 9] for details.) From the definition
it follows that, for any space X, there is an associated suspension
spectrum Σ∞X. The stable homotopy group πs

k(X) is the group of
homotopy classes of maps from Σ∞Sk to Σ∞X in the category of
spectra.

The computation of the stable homotopy groups of the sphere
spectrum Σ∞S0 has a long history. It is easy to see that the group
πs
n(S0) is trivial for n < 0, and πs

0(S0) ≅ ℤ by the Hopf degree the-
orem. Using geometric methods, works of Hopf [19], Freudenthal
[16], Whitehead [57], Pontryagin [36] and Rokhlin [39] determined
πs
n(S0) for n≤ 3. Serre started the study of homotopy groups using

algebraic machinery. In [40] Serre computed the homology of iter-
ated loop spaces using the Serre spectral sequence and determined
πs
n(S0) for n < 9. Toda [48] introduced the method of secondary

compositions, the Toda brackets. By studying the EHP sequence
with the composition method, Toda determined πs

n(S0) for n≤ 19.
The introduction of the stable homotopy category by Spanier–

Whitehead [44] and Boardman [9] brought to light the analogy
between homotopy theory and homological algebra. Adams [1] in-
troduced the Adams spectral sequence, which can be thought of as
the descent spectral sequence using the Eilenberg–MacLane spec-
trum as a cover for the sphere spectrum. Other covers, such as using
the complex cobordism spectrum, give a more general Adams–
Novikov spectral sequence. May [29], Barratt–Mahowald–Tangora
[7], Bruner [12], Nakamura [34], Tangora [47], Aubry [4] and Ravenel
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[38] studied the Adams (and the Adams–Novikov) spectral sequence
using techniques such as the May spectral sequence, the Massey
product, Toda brackets, power operations, and the chromatic spec-
tral sequence, etc., and determined πs

n(S0) up to n = 45 at the
prime 2, up to n= 108 for p= 3, and up to n= 999 for p = 5. See
also [54] for a survey of classical methods. Recently, Isaksen [21]
and Isaksen–Wang–Xu [22, 23] made progress by using motivic
methods, extending the knowledge of the p = 2 component of
πs
n(S0) up to n = 90.

3 Framed cobordism

The Pontryagin–Thom construction gives a geometric interpretation
of the homotopy groups of spheres.

Suppose we have a smooth map f ∶ Sn+k → Sn. Take a generic
point x0 ∈ Sn. Then the pre-image f−1(x0) is a k-dimensional sub-
manifold of Sn. Moreover, the normal bundle of f−1(x0) is the
pull-back of the normal bundle of x0 in Sn, so it is a trivial bundle
and has a preferred trivialization. Pontryagin showed that πn+k(Sn)
is isomorphic to the group of cobordism classes consisting of k-
dimensional submanifolds of Sn+k equipped with a framing on the
normal bundle.

The Pontryagin–Thom construction can be stabilized. The spe-
cial case of the Freudenthal suspension theorem for spheres can
be deduced from the Whitney embedding theorem. Once the
background space is of sufficiently large dimension, the cobor-
dism classification of k-manifolds becomes independent of the
embedding. In particular, we have:

Theorem 2 (Pontryagin [36]). The stable homotopy groups of
spheres classify the cobordism classes of manifolds equipped with
framings of their stable normal bundles.

For simplicity, manifolds with framings of their stable normal
bundles will be referred to as framed manifolds (to be distinguished
from manifolds with framings on their tangent bundles).

Using Pontryagin’s theorem, one can see immediately that
πn(Sn) ≅ ℤ for n ≥ 1. Using the knowledge of π1(SO(n)) and the
classification of 1-manifolds, one can show that π3(S2) ≅ ℤ and
πn+1(Sn) ≅ ℤ/2 for n ≥ 3, generated by the Hopf map (i.e., the
attaching map in ℂP2) and its suspensions.

The geometric computation of the second stable homotopy
group of spheres is more subtle. One has to take care of the fram-
ings on the normal bundle of surfaces. Given such a surface and
an essential loop on it, the obstruction to filling the loop and
extending the framing is an element in π1(SO) ≅ ℤ/2 (where
SO = colimn SO(n)). It turns out this obstruction is quadratic in
the mod 2 homology class of the loop, and the obstruction for
the framed surface to be a boundary is the Arf invariant of this

quadratic form. It follows that πs
2(S0) ≅ ℤ/2. See [36] for detailed

arguments.
There is a special class of framed manifolds, consisting of those

whose underlying manifolds are the standard spheres. Since all
framings on the sphere Sk can be classified by the group πk(SO),
we have the J-homomorphism

J ∶ πk(SO) → πs
k(S0)

introduced by Whitehead [56]. The image of J was computed by
Adams [3] in terms of the Adams conjecture, which was later
proved by Quillen [37] and Sullivan [46]:

Theorem 3. The image of the J-homomorphism is a direct sum-
mand of πs

n(S0), and is cyclic for all n.
• If n ≡ 0 or 1 mod 8, the image of J has order 2.
• If n = 4k− 1, the order of the image of J is the denominator

of B2k/(4k), where B2k is the Bernoulli number.
• In all other cases the image of J is trivial.

Recall that the Bernoulli number is defined by the generating
function

x
ex − 1

= ∑
Bkxk

k!
.

By the von Staudt–Clausen theorem, it follows that the order of
πs
k(S0) is unbounded as k increases. The following is a list of some

Bernoulli numbers:

k 2 4 6 8 10 12 14 16 18

Bk
1
6 − 1

30
1
42 − 1

30
5
66 − 691

2730
7
6 − 3617

510
43867
798

4 Exotic spheres

The classification of manifolds with the homotopy type of the
sphere is a long-standing problem in topology, starting with
Poincaré’s famous conjecture on simply connected 3-manifolds.
By works of Smale [42], Freedman [15] and Perelman [35], all ho-
motopy spheres are homeomorphic to the standard sphere. For
the smooth classification, in dimension 2 and 3, any manifold has
a unique smooth structure, according to work by Moise [31]. In
dimension 4, it is still unknown if there exist exotic 4-spheres. In
dimension ≥ 5, we can classify exotic spheres by Kervaire–Milnor
theory in terms of stable homotopy groups of spheres.

For n ≥ 5, we let Θn be the set of smooth structures on the
spheres. (By the h-cobordism theorem of Smale [43], this is the same
as the classification of h-cobordism classes of homotopy spheres.)
It forms an abelian group under connected sum. Kervaire–Milnor
[26] introduced a two-step strategy to study Θn. First we classify
the homotopy spheres up to framed cobordism, and then classify
the homotopy spheres that bound framed manifolds.

2 EMS MAGAZINE (2023)



One can prove that all homotopy spheres admit stable framings,
and the choices of the different framings are cosets by the image
of J. So we get a homomorphism

Θn → πs
n(S0)/ Im(J).

One needs to understand the kernel and the cokernel of this map.
We let Θbp

n denote the kernel, which consists of the homotopy
spheres that bound framed manifolds.

The study of the cokernel amounts to the following:

Question 4. What is the obstruction for a framed cobordism class
to have a homotopy sphere as a representative?

This question can be studied with the surgery theory, intro-
duced by Milnor [30]. Suppose X is an n-manifold. A surgery on
X is to first remove from X an embedded Dk × Sn−k, and then
to fill its boundary Sk−1 × Sn−k along the other direction with
Sk−1 × Dn−k+1. When X is framed, one needs to pay additional
care to extend the framing. The operation of surgery is exactly what
happens to the level set of a Morse function when crossing a critical
point. So preforming surgery does not change the cobordism class
and in fact generates the equivalence relation of cobordism.

For a framed n-manifold, one can perform suitable surgeries to
kill all homotopy groups below the middle dimension. By Poincaré
duality, in odd dimensions we would end up with a homotopy
sphere. For n even, the intersection form in the middle-dimensional
cohomology enters the scene. If n = 4k, then the obstruction to
killing the middle cohomology is the signature of the intersection
form. Since our manifold has trivial stable normal bundle, by Hirze-
bruch’s signature theorem, this obstruction vanishes and we end
with a homotopy sphere. In the case when n = 4k+ 2, similar to
the situation in dimension 2, we can define a quadratic form on the
modulo 2 cohomology, and the obstruction to getting a homotopy
sphere via surgery is its Arf invariant. This is called the Kervaire invari-
ant, originally introduced by Kervaire [25] to construct topological
manifolds that admit no smooth structures. In summary, a framed
cobordism class of dimension n = 4k + 2 contains a homotopy
sphere if and only if its Kervaire invariant is trivial.

To understand the structure of Θbp
n , we start with a homotopy

sphere which bounds a framed (n+ 1)-manifold X. Then again
we try to do surgery on X to make it contractible. If this can be
achieved, then by the h-cobordism theorem, the boundary will be
the standard sphere when n ≥ 5. As before we can kill homotopy
classes below the middle dimension, and for n+ 1 odd there are
no obstructions, so Θbp

n = 0. When n+ 1 = 4k, the obstruction
to killing the middle dimension is the signature of the intersection
form, which can be any multiple of 8 using the plumbing construc-
tion. There is another operation we can perform, namely, taking the
connected sum with a framed manifold whose boundary is a stan-
dard sphere. The boundaries of these objects are classified by the
kernel of the J-homomorphism. Using Theorem 3 and Hirzebruch’s

signature theorem, the effect of this operation is fully understood.
Finally, if n + 1 = 4k + 2, then the obstruction for the middle-
dimensional surgery is the Kervaire invariant, which can take any
value in ℤ/2. Again we can alter X by taking the connected sum
with a closed framed manifold, so this obstruction either becomes
trivial, or does not depend on the existence of a closed framed
(n+ 1)-manifold of Kervaire invariant 1. In summary:

Theorem 5 (Kervaire and Milnor [26]). Let n ≥ 5.
• When n ≠ 2 mod 4, there is an exact sequence

0 → Θbp
n → Θn → πn/J → 0.

• When n = 2 mod 4, there is an exact sequence

0 → Θbp
n → Θn → πn/J

Φ
−→ ℤ/2 → Θbp

n−1 → 0.

• If n is even, then Θbp
n = 0.

• If n = 4k− 1, then

Θbp
n ≅ ℤ/22k−2(22k−1 − 1)ck,

where ck is the numerator of 4B2k/k.
Here Φ is the Kervaire invariant and B2k is the Bernoulli number.

Together with the knowledge of the stable homotopy groups
of spheres, we can partially answer the question: In which dimen-
sions does the sphere have a unique smooth structure? Based on
Serre’s computations [40] and Toda’s computations [48], Kervaire
and Milnor found that S5, S6, S12 have a unique smooth struc-
ture. Isaksen’s computation [21] implies that S56 also has a unique
smooth structure. The last sphere we know of that has a unique
smooth structure is S61, by work of Wang–Xu [55]. This solves the
problem in all odd dimensions.

Theorem 6. S1, S3, S5 and S61 are the only odd-dimensional
spheres with a unique smooth structure.

In even dimensions, by Behrens–Hill–Hopkins–Mahowald [8],
the only spheres below dimension 140 which have unique smooth
structures are S2, S6, S12, S56 and perhaps S4. Based on the above
results, we have following conjecture:

Conjecture 7. If Sn has a unique smooth structure, then either
n ≤ 6, or n = 12, 56, 61.

5 The Adams spectral sequence

A basic homotopy invariant is cohomology. Maps inducing non-
trivial homomorphisms on cohomology are not homotopic to
constant maps. To get finer invariants, we consider cohomology
operations.
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Cohomology operations are natural transformations of coho-
mology theories. To understand stable homotopy, we usually con-
sider stable cohomology operations, i.e., the ones commuting with
the suspension. The Bockstein homomorphism is such a stable oper-
ation. More generally, the Steenrod reduced power operation (see
Steenrod–Epstein [45]), which arises from the Spanier–Whitehead
dual of the diagonal map, turns out to be stable. Since (ordinary)
cohomology theories are represented by the Eilenberg–MacLane
spectra, the stable cohomology operations can be classified by the
cohomology of these objects, which was computed by Cartan [13].

Theorem 8. The stable cohomology operations on mod p co-
homology form a graded associative algebra 𝒜∗ generated by
the Steenrod squares Sqi for p = 2, and by the Steenrod reduced
powers P i and the Bockstein β for p odd. They satisfy the Adem
relations, which for p = 2 are

Sq i ∘ Sq j = ∑
0≤ k≤ n

2

(j− k− 1
i− 2k

)Sq i+ j−k ∘ Sqk

when 0 < i < 2j.

The algebra 𝒜∗ is called the Steenrod algebra.
One can use these cohomology operations to detect non-trivial

maps that induce trivial homomorphisms in cohomology. For exam-
ple, consider the Hopf map η ∶ S3 → S2 and its mapping cone, i.e.,
the complex projective plane ℂP2. The Steenrod square Sq2 acts
non-trivially on the mod 2 cohomology of ℂP2, and consequently
η represents a non-trivial stable class in πs

1(S0).
In general, if there is a map f ∶ X → Y that induces the trivial

map on mod p cohomology, then we have a short exact sequence

0 → H∗−1(X) → H∗(Cf) → H∗(Y) → 0.

Here C f is the mapping cone of f and we abbreviate H∗( ⋅ ; 𝔽p)
by H∗( ⋅ ). These cohomology operations act on every term, so
this is a short exact sequence of 𝒜∗-modules, and therefore it
corresponds to an element in Ext1𝒜∗(H∗(Y),H∗−1(X)).

More generally, suppose a map f ∶ X → Y can be written as the
composition of a sequence of maps

X = X0
f1
−→ X1

f2
−→ ⋯

fn−1

−−→ Xn−1
fn
−→ Xn = Y (1)

such that each fi induces a trivial map on mod p cohomology.
Then we have an element in Ext1𝒜∗(H∗(Xi+1),H∗−1(Xi)) for each
i, and composing them together gives an element in Extn𝒜∗(H∗(Y),
H∗−n(X)). In contrast to the n = 1 case, the decomposition of f
is not necessarily unique, and in general different decompositions
yield different classes in the group Extn𝒜∗(H∗(Y),H∗−n(X)). How-
ever, we will see below that we do get an invariant by taking the
cosets by certain subgroups of Extn𝒜∗(H∗(Y),H∗−n(X)) (which
are hit by some Adams differentials).

The method of the Adams spectral sequence introduced by
Adams [1] is in some sense taking the universal example of the

above decomposition. For a spectrum Y, an Adams tower is a se-
quence of maps ⋯ → Y2 → Y1 → Y such that each map induces
a trivial homomorphism in mod p cohomology, with its cofiber
being homotopy equivalent to a wedge sum of (suspensions of)
Eilenberg–MacLane spectra. The spectral sequence associated to
an Adams tower is called the Adams spectral sequence. Adams
towers always exist, and different towers for the same Y always
induce the same spectral sequence from the E2-page. Moreover,
the Adams E2-page is the Ext groups over the Steenrod algebra.

Theorem 9 (Adams [1]). Suppose X and Y are finite spectra. Then
we have the Adams spectral sequence

Es,t2 = Exts𝒜∗(H∗(Y),H∗− t(X)) ⇒ [Σt−sX,Y]∧p

which converges to the p-completion of homotopy classes of maps
from X to Y.

For general spectra that are not necessarily finite, we still have
the Adams spectral sequence, but the convergence issue is more
subtle. See Bousfield [10] for details.

We say an element f ∈ [Σ∗X,Y] has Adams filtration ≥ n if it
factors through Yn in an Adams tower. Then this Adams tower gives
a decomposition of f in the form (1). The corresponding element in
Extn𝒜∗(H∗(Y),H∗(X)) is the element detecting f in the E∞-page
of the Adams spectral sequence. (Here we adopt the convention
that 0 ∈ Extn𝒜∗(H∗(Y),H∗(X)) “detects” elements with Adams
filtration ≥ n+ 1.)

If X and Y are both the sphere spectrum, then the composition
induces a ring structure on πs

∗(S0), which is commutative (in the
graded sense). In this case, the Adams spectral sequence is multi-
plicative. The multiplication on the E2-page is the Yoneda product
on Ext groups, which also turns out to be commutative (in the
graded sense).

Let us give some examples of elements in πs
∗(S0) with low

Adams filtrations.
The identity map is essentially the only class with Adams filtra-

tion 0. For Adams filtration 1, note that Ext1𝒜∗(𝔽p,𝔽p) is generated
by the indecomposable elements in 𝒜∗, which turns out to be the
vector space with basis {Sq2i for i = 0, 1,…} at the prime 2. We
denote by hi the class that corresponds to Sq2i.

The multiplication by 2 map is detected by h0 in the Adams
E2-page. The previous example regarding the Hopf map tells us
that η is detected by h1. Furthermore, the attaching maps in pro-
jective planes over the quaternions and octonions give us elements
ν∈ πs

3(S0) and σ∈ πs
7(S0) that are detected by h2 and h3, respec-

tively. We cannot produce more examples along this way because
there are no more division algebras over the real numbers. In fact,
Adams [2] proved that all the hi’s for i ≥ 4 do not survive in the
Adams spectral sequence, and consequently there are no more
Hopf invariant one classes. As a consequence, S1, S3, S7 are the
only spheres that have a trivial tangent bundle.
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By computations of Adams [2], Ext2𝒜∗(𝔽2, 𝔽2) is spanned by
elements of the form hihj under the relations hihi+1 = 0. Among
these classes are the Kervaire classes h2

i . By Browder’s theorem [11],
the Kervaire invariant for framed manifolds is trivial in dimensions
other than 2n − 2, and the existence of framed (2n − 2)-manifold
with Kervaire invariant one is equivalent to the statement that h2

n−1

survives in the Adams spectral sequence.
By the existence of η, ν and σ, we deduce that there exist

Kervaire-invariant one manifolds in dimensions 2, 6 and 14. In fact,
one can take manifolds S1 × S1, S3 × S3 and S7 × S7 with suitable
framings. Mahowald–Tangora [28] and Barratt–Jones–Mahowald
[6] proved (see also Xu [58]) that the elements h2

4 and h2
5 survive

in the Adams spectral sequence. Using equivariant methods, Hill–
Hopkins–Ravenel [18] proved that for n ≥ 7, h2

n all support non-
trivial differentials, and consequently the last dimension where
there could exist a Kervaire-invariant one manifold is 126.

6 Motivic homotopy theory

In general, it is hard to determine differentials and hidden exten-
sions in the Adams spectral sequence. Various techniques are used,
but none of them can solve all the problems. This phenomenon is
described as the Mahowald uncertainty principle; see [24] for more
details. Nevertheless, one of the most recent technique involves
motivic homotopy theory and it turns out to be very effective.

The original motivation for developing motivic homotopy the-
ory in Morel [32] and Morel–Voevodsky [33] is to construct a homo-
topy theory in the world of algebraic varieties. From the perspective
of topologists whose main focus is classical homotopy theory, mo-
tivic homotopy theory is obtained by adding new objects in the
world of topological spaces.

In classical homotopy theory, simplices are the basic building
blocks. The classical homotopy category is equivalent to the cate-
gory of simplicial sets, i.e., presheaves over simplices. In general,
a category of presheaves can be viewed as the category freely
generated from certain building blocks. The motivic category is
constructed by first formally adding smooth varieties along with
simplices as basic building blocks. In contrast to simplices, smooth
varieties are not “independent”, in the sense that two varieties can
be glued together to form a new one. To incorporate these rela-
tions, we consider simplicial sheaves (under certain Grothendieck
topology, the most fruitful one being the Nisnevich topology) over
the category of smooth varieties, instead of just presheaves. Finally,
we invert 𝔸1-homotopy equivalences to get the motivic homotopy
category. See Morel–Voevodsky [33] for details of this construction.

An interesting fact in the motivic world is that there are two
kinds of spheres, the simplicial sphere S1,0 and the multiplicative
group S1,1 = 𝔾m (the sheaf represented by the punctured affine
line). Taking the smash product of these objects, we obtain motivic
spheres S i, j, where the first index i indicates the dimension and the

second index j is the motivic weight. They are analogs of represen-
tation spheres in equivariant homotopy theory. To construct the
stable motivic homotopy category, we mimic the construction in
the equivariant setting, inverting suspensions with respect to both
kinds of spheres. Analogously, we can define the notion of stable
motivic homotopy groups, and as a result there are two gradings.

Now suppose we work with the base field ℂ. These two kinds
of spheres are related by an element τ constructed as follows.
At a prime p, for any n, we take a pn-th root of unity, which
induces a map S0,0 → S1,1, representing an element in πs

0,0(S1,1)
of order pn. So it is the image of some element τn ∈πs

1,0(S1,1;ℤ/pn)
under the Bockstein homomorphism. When we take a compatible
system of pn-th roots of unity for all n, then the resulting τn’s are
compatible, and we define τ to be the limit of τn in πs

1,0(S1,1;ℤp),
which can be viewed as a self-map of the p-completed sphere
of degree (0,−1). Intuitively, τ can be regarded as the Bockstein
pre-image of the infinitesimal generator of the multiplicative group.
See Hu–Kriz–Ormsby [20] for more details.

By works of Voevodsky [49–52], as in the classical case, we can
define motivic cohomology, motivic Steenrod algebra and motivic
Adams spectral sequence. Over ℂ, the coefficient ring of mod p
motivic cohomology is a polynomial ring 𝔽p[τ] generated by τ. The
motivic Steenrod algebra 𝒜∗,∗

mot is generated by a motivic analog
of the Steenrod reduced powers, satisfying a motivic analog of the
Adem relations.

There is a Betti realization functor from the motivic homotopy
category to the classical homotopy category, induced by the func-
tor sending a complex analytic variety over ℂ to its underlying
topological space. Under the Betti realization, the map τ becomes
an equivalence and the two kinds of motivic spheres become clas-
sically equivalent. Moreover, Dugger–Isaksen [14] proved that the
τ-inverted motivic Adams spectral sequence for the motivic sphere
recovers the classical Adams spectral sequence for the classical
sphere. So intuitively we find that (after p-completion) the classical
homotopy theory is the τ-inverted motivic homotopy theory.

From a computational perspective, we can view τ as a defor-
mation parameter of the motivic deformation. The generic fiber is
the world of classical homotopy theory. Gheorghe–Wang–Xu [17]
discovered that the special fiber lands in the algebraic world:

Theorem 10 (Gheorghe, Wang and Xu [17]). Let S0,0/τ be the
cofiber of τ. The category of cellular S0,0/τ-modules in the stable
motivic homotopy category over ℂ is equivalent to the derived
category of BP∗BP-comodules as stable ∞-categories.

The latter algebraic category can be further identified with the
derived category of quasi-coherent sheaves over the moduli stack
of p-completed formal groups.

In particular, the Adams spectral sequence in the category of
S0,0/τ-modules is also algebraic in nature. In fact, we have the
following:
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Theorem 11 (Gheorghe, Wang and Xu [17]). The motivic Adams
spectral sequence for S0,0/τ is isomorphic to the algebraic Novikov
spectral sequence.

Recall that the algebraic Novikov spectral sequence computes
the Ext groups of BP∗BP-comodules using the filtration by powers
of the augmentation ideal of BP∗. The structure of the algebraic
Novikov spectral sequence can be determined effectively with
a computer using a minimal resolution. See Wang [53] for an
algorithm of this computation.

So in principle we can get information on the special fiber of
the motivic deformation as far as we wish. To get information on
the classical homotopy theory, we try to propagate the information
from the special fiber to the generic fiber of this motivic deforma-
tion. In practice, we use the τ-Bockstein spectral sequence. We
have a square of four spectral sequences:

Ext∗,∗,∗
A∗,∗
mot

(𝔽p,𝔽p[τ])[τ]

Algebraic τ-Bockstein SS

t|
Motivic Adams SS

!)
Ext∗,∗,∗

A∗,∗
mot

(𝔽p[τ],𝔽p[τ])

Motivic Adams SS

#+

π∗,∗S0,0/τ[τ]

τ-Bockstein SS

u}
π∗,∗S0,0

One notes that the algebraic τ-Bockstein spectral sequence is equiv-
alent to themotivic analog of the classical Cartan–Eilenberg spectral
sequence, and the τ-Bockstein spectral sequence is equivalent to
the motivic analog of the classical Adams–Novikov spectral se-
quence. Hence, our theorem links these classical objects through
motivic theory and we are able to compare data obtained from
different classical perspectives.

Remark 12. In Bachmann–Kong–Wang–Xu [5], the above motivic
square over ℂ is extended to one over a general base field. In
general, we replace the τ-adic tower by the Whitehead–Postnikov
tower with respect to the Chow t-structure. Consequently, the
motivic Adams spectral sequences of these layers are different, but
they are still algebraic.

As an illustration of the method, we compute the first few
Adams differentials in stem 15. By Theorem 11 and computer
output, there is a motivic Adams differential d2(h4) = h0h2

3 for
S0,0/τ. By comparison using the map S0,0 → S0,0/τ, we find that
in the motivic Adams spectral sequence for S0,0, h4 must support
a non-zero differential of length at most 2. The only possibility is
that d2(h4) = h0h2

3 also holds for S0,0. By inverting τ, we arrive
at the same differential for the classical Adams spectral sequence
for the sphere. The differential d3(h0h4) = h0d0 can be proved
similarly. In fact, all non-zero differentials up to stem 45 can be

computed in this way, with very few exceptions. See the appendix
of Gheorghe–Wang–Xu [17] for more details.
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